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Preface 

This textbook is a revision of Pre-Algebra Mathematics, 1965. The author 

is grateful to the many teachers and students who have made constructive 

suggestions for improving the original version of the book. In response to 

these suggestions, the chapters have been arranged in a more teachable 

order, and the work on numeration systems has been reduced by eliminating 

computations in bases other than ten. 

The textbook has proved to be well suited for a modern general mathe- 

matics course or for a course to precede a modern course in algebra in junior 

or senior high school. 

Throughout the entire text development, the student is made an active 

participant in the learning process by means of the consistent use of the 

discovery approach. Significant mathematical topics are presented so that 

students have the opportunity to develop the mathematical maturity necessary 

for the study of algebra. 

While students pursue the study of structural characteristics of mathe- 

matics, constant attention is devoted to the development and maintenance 

of computational skills and the uses of mathematical concepts in solving 

problems. Arithmetic, algebra, geometry, and an introduction to coordinate 

geometry are balanced to provide a sound foundation for further study of 

mathematics or to serve as a terminal course in mathematics. 

The labors of many colleagues — mathematicians, mathematics educators, 

and teachers—who explored new ideas and thereby made an impression 

upon the author, are hereby acknowledged. 
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n(A) 

a) 

GG) F5(35,42) 

D.CuNis (2.3) 

Symbols 

the set consisting of the numbers 1, 2, and 3 

(11) 

belongs to, is an element of, is a member of 

(12) 

does not belong to, is not an element of, is not a 
- member of (12) 

one, two, three, and so on [continues in the same 
pattern | (13) 

the empty set, the null set (15) 

union (18) 

the number of elements in set A [Read: n of A] 

(19) 

intersection (20) 

Greatest Common Factor of 35 and 42 (23) 

Least Common Multiple of 2 and 3 (24) 

is a subset of (3:1) 

is not a subset of (32) 

is not equal to (32) 

is less than (42) 

is greater than (42) 

ten to the fourth power, or ten to the fourth, or the 
fourth power of ten (69) 

the 09 repeats on and on (115) 

Square root of four (131) 

is approximately equal to (132) 

cube root of 1,000 (133) 

segment with endpoints 4 and B (140) 

universal set (149) 

complement of set A (150) 



eae cera 

[a] 

aRb 

(a, b) 

A(x, y) 

Q1 
AABC 
> 

AB 

AB 

SYMBOLS Xi 

a is matched with b (152) 

per cent (161) 

positive five (190) 

negative five (190) 

absolute value of negative three (200) 

opposite of x (244) 

is less than or equal to (256) 

is greater than or equal to (256) 

is not less than and is not equal to (256) 

is not greater than and is not equal to (256) 

the set of all numbers x such that x is greater 

than a G57) 

greatest integer not greater than a (261) 

a is related to b (268) 

the ordered pair of numbers a and b (275) 

point A with first coordinate x and second coordi- 

nate y (287) 

first quadrant (293) 

triangle ABC (322) 

line with points A and B on it (324) 

half-line starting after point A with point B on it 

(324) 

ray with endpoint A and point B on it (324) 

angle ABC (326) 

measure of AB. —_ (327) 

measure of angle A (327) 

35 degrees (627) 

half-plane which contains point C (331) 

rectangle ABCD (345) 

area of rectangle ABCD (345) 

parallelogram ABCD (347) 

is perpendicular to (348) 

pi (359) 

arc from B to C (381) 

is similar to (394) 



CHAPTER ONE 

Whole Numbers, 
Divisibility, and Factoring 



DIVISIBILITY | 

DIVISIBILITY BY 2 

When we speak of divisibility, we will be concerned with the whole 

numbers. To show the whole numbers, we write 

Fe i Behan Sia ce 

The three dots mean that we continue on and on in the same pattern. 

The smallest whole number is 0. But there is no largest whole number. 

16+2=8. We say that 16 is divisible by 2, because when 16 is 

divided by 2, the quotient is a whole number, 8, and the remainder is 0. 

We call 2 a divisor of 16. 

15+ 3=5. Why is it true that 15 is divisible by 3? Is 3 a divisor 

Of iae 

M@ We say that a whole number x is divisible by a whole number y if 

the quotient, x + y, is a whole number, and the remainder is 0. 

y is called a divisor of x. 

1. 147+7=21. Why is 147 divisible by 7? 

2. a. Is 64 divisible by 4? Why or why not? 

b. Is 64 divisible by 12? Why or why not? 

c. Is 64 divisible by 32? Why or why not? 

3. Is 1001 divisible by 11? Why or why not? 

4. Which of the following numbers are divisible by 2? 

a0 d. 329 g. 114 j. 1,024 

ba e15 h. 584 k. 2,408 

c. 32 f. 326 ie 1. 433 

5. Put the numbers in exercise 4 into two groups: even numbers and 

odd numbers. 

6. Are all even numbers divisible by 2? 

7. Are any odd numbers divisible by 2? 

8. What digits may be in the units’ place of numbers divisible by 2? 

Did you find the following to be true? Even numbers are divisible by 

2. Odd numbers are not divisible by 2. 

We say: 2 is a divisor of every even number because when dividing 

an even number by 2, the quotient is a whole number, and the remainder 

is 0. 



2 CHAPTER ONE 

DIVISIBILITY OF A NUMBER BY ITSELF AND ONE 

1. Classify each of the following into two groups: even numbers and 

odd numbers. 

a. 1,378 d. 399 g. 4,011 j- 9,067 

b. 1,012 e. 204 h. 210 Ke 2323 

c. 3,763 f. 1,166 i. 965 3 242 

2. Give answers to the following: 

2.90/41 C397 e. 904= 1 g,9/3:74) 

b. 371-1 do 143 sa] f342 1 ee a 

3. Explain why the following statement is true. 

Every whole number is divisible by 1. 

The following pattern is suggested by the examples in exercise 2. 

@ For every whole number n, n+1=n. 

4. Complete this sentence to describe the pattern above. Every whole 
number divided by ____ is equal to ___. 

5. Give answers to the following: 

is BMPs: 3) ec 41+ 41 e 114-114 g. /6— 76 

b. 142 + 142 d. 10+ 10 f. 8989 h. 53 + 53 

The following pattern is suggested by the examples in exercise 5. 

@ For every whole number n (except 0), n+n=1. 

6. Complete this sentence to describe the pattern above. Every whole 
number (except zero) divided by is equal to ___. 

We can draw two conclusions from the examples just given. 

1. Since every whole number is divisible by ol isisea 
divisor of every whole number. 

2. Since every whole number (except zero) is divisible 
by itself, every whole number is a divisor of itself. 

7. Why is every whole number (except zero) divisible by itself? (See 
the definition of divisibility on page 1.) 

You have probably noticed that we avoided division by 0. Later you will 
see that there are some good reasons for this. 



DIVISORS 3 

DIVISORS OF WHOLE NUMBERS 

We can now conclude that every whole number (except zero) has itself 
and 1 as divisors. 

1. Which number has exactly one divisor? 

Some numbers have exactly two divisors. For example, 5 and 13 are 
such numbers. 

The divisors of 5 are 1 and 5. 

The divisors of 13 are 1 and 13. 

2. Which of the following numbers have exactly two divisors? 

a7 d. 11 g. 37 

b. 9 e. 19 h. 21 

C2 fanls, i. 41 

Some numbers have more than two divisors. 

10+1 =10 

10+2 =5 

10-5 =2 

10+ 10=1 

11. 

12. 

. How many divisors does the number 10 have? 

. List the four divisors of 10. 

. List all divisors of each of the following numbers. 

a. 12 di g. 36 

ba2/ e. 49 h. 62 

Cy 17: 16 225) i. 43 

. List the five smallest numbers which have 3 as one of their divisors. 

. List the five smallest numbers which have 9 as one of their divisors. 

List the five smallest numbers which have 5 as one of their divisors. 

. What digits are in the units’ place if a number is divisible by 5? 

. If a number is divisible by 10, is it also divisible by 5? 

If a number is divisible by 5, is it also divisible by 10? 

If a number is divisible by 15, is it also divisible by 5? 



4 CHAPTER ONE 

Test Your Arithmetic Skills 

If you make errors in any of the exercises, take the test keyed to that 

exercise. The table on the next page shows where to find the tests. 

Add. 

ib Ne 3. 12, 4. 35 5. 356 
6,366 fe 49 

144 134 122 36 
5,379 ; 79 

986 5 i 68 

7, Hah 63 54 6, 23417 
25 . 505 

4,618 Oy We 3.13 
339 — — 17712 

5,112 56.28 

Subtract. 

7. 17,365 9. 172 10. 3682 11, 3695 
3,423 ; 29.85 

16— 69% 
8. 117,365 ee = ps Vers ey: 

19,489 98.279 

Multiply. 

13. 236 508. 4 22-17-23 422 16. 5 x7 as 38 

14. 1,376 3.3 4 239123 985 hb de, 20. 32 x6 sere 

15. 2,481 5 ied 24. 6.58 some 18. 2x8 21. 35% 5; ne 

Divide. 

a 2. 25. 35)376,205 28. 12+— 30. 5 +6 32. 25) 1.25 

26. 198)209,397 29, c+3 Bly dee 33. .7) 10.15 
Saas! 

27. 321) 482,507 34. .5)3.765 



ADDITION TEST 5 

Where to Find the Tests 

This table shows where to find the tests which you may need for addi- 
tional practice. 

Test in Addition of Whole Numbers 

1456 4 9 4. 67 55 21 
8 9 28 32 98 
3 7 8 45 18 47 
2 6 2 BD 12 63 
1 1 7 58 79 75 
9 6 if 61 43 26 

pee 2 6 5. 106 908 888 
9 8 3 368 685 735 
Sea 9 wp) 398 370 
4 4 4 908 406 569 
1 9 1 867 398 176 

9 9 7 198 769 306 
6 5 6 206 805 509 

3. 36 11 oF 6. 809 1,695 2,366 
25 37 36 38 98 1,703 
13 84 72 SP. 389 9,507 
87 1D 85 466 74 3,506 
91 45 46 9,008 8,003 4,007 
46 56 39 1,762 689 1,776 
53 39 18 84 365 5,365 
84 68 91 369 88 1,837 

If you had fewer than two problems correct in any one group, turn to 

pages 423-424 for practice in adding whole numbers. 



6 CHAPTER ONE 

Many interesting things about divisibility of numbers can be learned 

from observing patterns. In this discussion and others like it, we will use 

“sum of the digits” to mean “sum of the numbers named by the digits.” 

Each number listed under Num- 

ber in the table is divisible by 3. Note Number | Sum of the digits 

that the sum of the digits in each 

numeral is also divisible by 3. 3 3 
6 6 

1. Do you think you can find a num- 9 9 

ber divisible by 3 in which the Ee 1+2=3 

sum of the digits is not divisible 15 oe. 
9 ' 

cya mney 18 1+8=9 
21 2-3 

Add the digits. If the sum is divisible 24 pe ge 
by 3, the number is divisible by 3. 7 14 788 
Otherwise, the number is not divisi- - - 
ble by 3. 30 ni a 
2. Use the Test for Divisibility by 3 x ieee es 

and tell which of the following 36 27 OS) 
numbers are divisible by 3. 39 3+9=12 

a. 303 f27563822 42 44+2=6 

b. 112 g- 106,523 45 4+ 3=9 

c. 1,951 h. 471,862 48 a S412 
d. 20,361 i412 ; 

e. 78,201 j. 919,191 
3. Divj : ; 

ivide the numbers in exercise 2 333 oa 
by 3. 

336 = 12 
a. In the case of numbers not di- eae 

visible by 3, is the remainder oe i 
ever greater than 2? 

b. Why do we never have a re- 
mainder of 4 when dividing a 

number by 3? 987 9+8+7=24 
c. What would be the greatest 990 9+9+0=18 

possible remainder when di- and so on 
viding a number by 5? 9? 25? 



DIVISIBILITY 7 

Test in Subtraction of Whole Numbers 

[ee S75ueewns 75) © £503 AWer3 5060 e3367 508 = 90,305 
626 gue 158) 484 1,628 S332 7,416 

a Oe a 5. 643,115 503,116 980,000 
184 398 599 512,004 424,115 891,111 

3. 1,120 3,765 2,063 6. 37,205 406,375 100,000 
865 98 907 307 8,499 9,806 

If you had fewer than two problems correct in any one group, turn to 

page 424 for practice in subtracting whole numbers. 

DIVISIBILITY BY 9 

E: 

2. 

List the names for the first ten numbers divisible by 9. 

Compute the sums of digits for the numbers in exercise 1. 

a. Are the sums divisible by 9? 

b. Is 42 divisible by 9? 

c. 4+2=6. Is 6 divisible by 9? 

. Is every number which is divisible by 3 also divisible by 9? Give 

two examples to support your answer. 

. Is every number which is divisible by 9 also divisible by 3? Give 

two examples to support your answer. 

Test for Divisibility by 9 — 

Add the digits. If the sum is divisible by 

9, the number is divisible by 9. Other- 

wise, the number is not divisible by 9. 

. Using the Test for Divisibility by 9, tell which of the following are 

divisible by 9. 

a. 909 C589 3919 i. 5,454 

Deee2s721 f. 12,348 Np 16235; 

c. 1,008 g. 10,017 k. 10,343 

d. 7,899 h. 88,884 l 123,453 



8 CHAPTER ONE 

6. Divide the numbers in exercise 5 by 9. 

a. In the case of numbers not divisible by 9, is the remainder ever 

greater than 8? 

b. Why do we not ever have a remainder of 10 when dividing by 9? 

c. What would be the meaning of remainder 9 when dividing by 9? 

Would it mean the same as remainder 0? 

FACTORS AND PRIME NUMBERS 

The number 24 is divisible by 1, 2, 3, 4, 6, 8, 12, and 24. Each of the 

eight divisors is called a factor of 24. 

1. Give four pairs of factors, each pair having 24 for the product. 

2. Every number except | has at least one pair of different factors. 

One of these factors is 1. What is the other factor? 

™@ Numbers which have only themselves and 1 as different whole 

number factors are called prime numbers. 

3. The first 6 prime numbers are: 2, 3, 5, 7, 11, and 13. What are the 

next 5 prime numbers that follow 13? 

™@ Numbers which have more than two whole number factors are 

called composite numbers. 

The number | is neither prime nor composite. Why? 

The number 4 has three factors: 1, 2, and 4. It is the smallest com- 

posite number. 

4. Give the names for the other composite numbers less than 10. For 

each number, list all of its factors. 

5. Classify each of the following as either a prime number or a com- 
posite number. 

a. 27 d. 67 g. 81 j. 417 

b. 17 e. 49 h. 547 k. 601 

c. 109 £333 i. 205 1. 204 

6. Give the least factor, different from 1, of each of the following 
numbers. : 

a. 14 Crm del e. 49 Cac 

b. 35 d. 81 fel h. 91 



10. 

11. 

12. 

13. 

14. 

MULTIPLICATION TEST 9 

. Give the greatest factor, different from the number itself, of each 

of the following numbers. 

a. 14 Call e. 49 g. 202 

bee35 d. 81 feei2t hee is 

. List all factors of each of the following numbers. 

a. 22 ce. 105 e. 1,024 g. 243 

b. 33 d. 91 f. 441 h. 465 

. Classify each of the following numbers as either even or odd. 

a. 1,013 Ca 25376 €2923,70) g. 99,100 

b. 17,108 d. 9,901 f. 17,009 h. 48,077 

Which of the following numbers are divisible by 3? 

a 37 b. 2,005 c. 16,479 d. 3,143 e. 176,367 

Which of the following numbers are divisible by 9? 

a. 989 b. 3,078 c. 16,479 d. 96,307 e. 80,838 

Write the greatest possible three-digit numeral using the digits 1, 

Beands. 

Write the least possible three-digit numeral using the digits 1, 3, 

and 5. 

Tell why each of the numbers you gave as answers in exercises 12 

and 13 is divisible by 9. 

Test in Multiplication of Whole Numbers 

ie3 136 358 4. 709 830 907 

Bn Ser 20 6 90 
2. 467 899 189 5. 411 S17, 367 

col eu ae pie mimmtieieni 56 
3332 547 359 6. 709 1,105 9,007 

Mju 23g edo 2 6pm 07 305 
If you had fewer than two problems correct in any one group, turn to 

page 425 for practice in multiplying whole numbers. 



10 CHAPTER ONE 

COMPLETE FACTORIZATION 

Every prime number has exactly two factors. 

1. One of the two factors of a prime number is the number 1. What 

is the other factor? 

It is easy to tell whether a small number is a prime number. But it is 

not always easy to tell whether a large number is a prime number. 

™@ A prime number which is a factor of some number is called a 

prime factor of that number. 

2. 2 is a prime factor of 12. What is the other prime factor of 12? 

3. 3 is a prime factor of 15. What is the other prime factor of 15? 

4. Give all prime factors of these composite numbers. 

a2! c. 18 E7930 Faded | i Ae. 

b. 22 d. 14 f. 49 h. 40 je 112 

Can every composite number be given as a product of only prime 

factors? The examples below suggest that the answer to this question 

may be “‘yes.”’ 

12=2x2x3 25 = 505 620=2xX2xX5X3l1 
2 and 3 5 2, J), andl 

are prime numbers. is a prime number. are prime numbers. 

M@ When a number is named as a product of prime numbers only, we 

say that the number is completely factored. 

5. Give the complete factorization of the following numbers. 

Example. 30'— 5 X07 

Since 5 and 7 are prime numbers, 5 X 7 is the com- 

plete factorization of 35. 

Example2 64=2x2x*x2x2x2x2 

Since 2 is a prime number, 2 X 2 X 2 X 2X2 X 2 is 

the complete factorization of 64. 

a. 10 €. 2 i. 150 m. 1,000 

b. 9 f. 66 j. 390 n. 3,000 

c. 34 g. 96 k. 460 o. 1,024 

d. 42 heel 25 1ayeO2) p. 2,048 



SETs ll 

6. For each pair of numbers, name the greatest number which is a 

common factor of both numbers. 

Example 8.12 

4 is the greatest common factor of 8 and 12. 

a. 2,4 C2557 55 g. 50, 70 j. 60, 75 

bao g25 e. 14, 35 h. 48, 36 k. 51, 34 

ce. 10, 15 f. 50, 100 ipo I. 12, 60 

7. Itis claimed that perhaps every even number greater than 2 can be 

shown as the sum of a pair of primes. Show each of the following 

even numbers as the sum of a pair of primes. 

Examples 4=2+2 18=11+7 24=19+5 

a. 6 Cane. e. 42 g. 84 i. 100 

b10 d. 26 f. 36 h. 78 j. 200 

8. Two prime numbers which differ by 2 are called twin primes. For 

example, 11 and 13 are twin primes because each of them is a prime 

number, and their difference is 2. Find 5 more pairs of twin primes. 

SETS 

@ A set is a collection of things. Objects which belong to a set are 

called members, or elements, of the set. 

1. On the right is a picture of a set of 

dishes. How many members does 

this set have? <7 G2 

2. On the right is a picture of a set of 

golf clubs. How many members 

does this set have? 

3. What are the two members of the set of prime factors of 12? 

4. What are the elements of the set of prime factors of 15? 

When discussing sets, we list the names of their members within 

braces { }. For example, the set of all factors of 6 is designated as 

fl a 5 
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5. How many members are there in the set of factors of 6? 

6. Why does 4 not belong to the set of factors of 6? 

7. Choose any whole number. Is it true that the number you have 

chosen either belongs to the set of factors of 6 or it does not belong 

to this set? 

We use capital letters as short names for sets. Let A be the set of all 

factors of 12. Then A = {1, 2, 3, 4, 6, 12}. 

8. How many elements belong to A? 

9. B is the set of all factors of 21. List the elements of B. 

10. Set X consists of numbers named oes 

inside the rectangle on the right. 

Arrange the elements of X in order 

from the smallest to the largest. 

11. How many elements belong to X ? 

12. Is this a correct description of X: X is the set of all even numbers 

which are between | and 21? 

To say that 6 belongs to the set X, we write 6 € X. 

Read 6 € X as six belongs to set X, 

or six is an element of set X, 

or six is a member of set X. 

13. Write each of the following in words in three different ways as 
shown above. 

Py We Leys be tery C0 a 

7 is not a member of the set X pictured above. We write 7 € X to mean 
seven does not belong to set X, or seven is not a member of set X. 

14. Write each of the following in words in two different ways. 

a. 10 €0O b. 25 € R Co lS GS 

15. Let E be the set of all even numbers. Which are true and which 
are false? 

a 6E€E8E c. BIS F e. JOE E g. 300,208 € E 

b 18 ¢EE d. 10244¢E f. 10300E€E h. 500,000 € E 
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FINITE AND INFINITE SETS 

Set C of all whole numbers greater than 2 and less than 10 is: {3, 4, 5, 

6, 7, 8,9}. Is it true that every member of set C is greater than 2 and 

less than 10? Set C consists of seven elements. It is a finite set. It is 

possible to count the elements of every finite set. It would not take you 

very long to count the elements of set C. 

It probably would take quite a long time to count all the elements 

in a set which has 367,507 elements. But, given sufficient time, they can 

be counted. Therefore, such a set is a finite set. 

1. Is the set consisting of students in this class a finite set? Why or 

why not? 

2. Is the set consisting of students in this entire school a finite set? 

Why or why not? 

3. Is the set of all human beings in this town a finite set? Why or why 

not? 

4. Is the set of all human beings in the world a finite set? Why or why 

not? 

5. a. List the elements of set M@, where M is the set of all odd num- 

bers less than 10. 

b. How many members does M have? Is M a finite set? 

Let us start naming whole numbers in order. 

OMe 545 06/69. Oe 

. What do the three dots mean? 

. Can you complete counting all whole numbers? Why or why not? 

6 

7. 

@ The set of all whole numbers is an infinite set. 

8. Name the first ten members of the set of even numbers. 

9. Is the set of all even numbers a finite set? Why or why not? 

10. Name the first ten members of the set of odd numbers. 

11. Is the set of all odd numbers a finite set? Why or why not? 

12. Name the first ten members of the set of numbers divisible by 5. 

13. Is the set of all numbers divisible by 5 a finite set? Why or why not? 
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14. Is the set of all whole numbers greater than 10,000,000,000 a finite 

set? Why or why not? 

15. Is the set of whole numbers less than 10,000,000,000 a finite set? 

Why? If it is a finite set, how many elements does it have? 

It is impossible to list all members of an infinite set. To show that there 

are more elements in an infinite set, we list a few, then write three dots. 

By observing the pattern which is true for the listed elements, we decide 

what other elements belong to the set. 

16. If A = {2,4, 6,8, 10,...}, which are true and which are false? 

a. 102 € A c. 1630 € A e. 10,000 € A 

bs 3/5°e-A d. 9031 ¢ A f. 100,000 ¢ A 

g. Every even number belongs to 4. 

h. No odd number belongs to A. 

i. Some odd numbers belong to A. 

17. If M = {3,6,9, 12, 15,. ..}, which are true and which are false? 

12EM d. 33 € M g. 1002 € M 

b. 17EM e SOE M h. 5001 € M 

ec. 21EM f. 102¢ M i. 10,005 € M 

j. Every odd number belongs to M. 

k. Every even number belongs to M. 

1. Some odd numbers belong to M. 

m. Some even numbers belong to M. 

n. All numbers divisible by 3 belong to M. 

o. No numbers which are not divisible by 3 belong to M. 

Some numbers divisible by 6 belong to M. 

Some numbers divisible by 9 belong to M. 

5 No numbers divisible by 100 belong to M. 

1830 = (5, 10, IS, 20, 25, 30,. . .}. Describe the elements of H by 
completing the following statement: Every number which belongs 
to H is divisible by ____. 



THE EMPTY SET 15 

THE EMPTY SET 

There are no pink elephants in this room. The set of pink elephants in 
this room is the empty set. 

@ A set which has no elements is called the empty set. 

Which of the following describe the empty set? For non-empty sets, 

list their elements. 

1. the set of whole numbers which are less than 11 and also greater 

than 10 

2. the set of mathematics books on the “‘fiction shelf” in your library 

3. the set of even numbers which are divisible by 3 

4. the set of numbers which are less than 10 and also divisible by 5 

5. the set of numbers which are less than 100 and also divisible by 100 

6. the set of numbers which are less than 21 and also divisible by 20 

7. the set of brooms in a closet filled to capacity with clothes 

8. the set of polar bears whose natural habitat is Africa 

9. the set of prime numbers which are divisible by 2 

™@ The symbol for the empty set is ¢. The empty set is also called 

the null set. 

10. Make up two descriptions of your own for ¢. 

Test in Division of Whole Numbers 

82) 5) 5255 9) 2,079 2) 11,007 

2a A205 8) 3,700 36) 4,392 25) 5,300 

3. 12) 2,640 63) 1,268 85) 3,306 17) 9,007 

4. 25) 789 51) 96,845 110) 119,206 368) 405,990 

If you had fewer than three problems correct in any group, turn to 

pages 425-427 for practice in dividing whole numbers. 
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Checking Division by Multiplication 

The operations of division and multiplication are related. As you work 

the exercises below, you will notice how they are related. 

1. Replace the frames to obtain true statements. 

Example 1 125 ~+5=25 means 25 x 0 = 125 

5 for LJ gives a true statement; 

25 x 5S= 125 

a. 366 + 2 = 183 means 183 LJ = 366 

b. 576+ 4 = 144 means [J x 4 = 576 

ce. 121+ 11=11 means OD X O= 121 

d. 500 + 25 = 20 means 20 x 25=0 
Example 2 36+5=7, R1 means (OC x 5) + 1 = 36 

7 for LJ gives a true statement; 

(72G5) Sali 36 

e. 56+5=11, R1 means (1 x 5) +1= 56 

f. 210+ 4=52, R2 means (52 x 0) +2=210 

g. 115+50=2, R15 means (OD xX 50) + 15 = 115 

h. 200 + 80 = 2, R40 means (2 x 80) + LD = 200 

2. Explain why the remainder is always less than the divisor. 

Patterns in Mathematics 

Watch for patterns in mathematics. Patterns save work! If you know 
that the following is true, 

1.26 X 1.35 = 1.701 

then you know, without having to do any work, that the following two 
Statements are also true. 

LS7 Olt 35 91926 

1.701 + 1.26 = 1.35 

1. For each multiplication statement, give two related division 
statements. 

a. 3.05 X 3.7 = 11.285 ce. 56.1 X 1.1 = 61.71 

b. 12.1 X .9= 10.89 d. 39.5 X .S = 19.75 
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Addition and subtraction are related in a way similar to multiplication 
and division. For example, if 

6.583 + .769 = 7.352 

then the following statements are also true. 

7.352 — .769 = 6.583 
7.352 — 6.583 = .769 

2. For each addition statement, give two related subtraction state- 
ments. 

a. 25. 0.4 15.2 = 38.9 c. 1.25 + 3.67 = 4.92 

b. 15.6 + 19.7 = 35.3 d. .68 + .21 = .89 

THE FOUR BASIC OPERATIONS 

The most commonly used operations with numbers are addition, sub- 

traction, multiplication, and division. Each of these operations produces 

one number from a pair of numbers. Below we show a different way of 

writing addition. 

10,15 11 
1,105 11 

1. Is it true that for any two whole numbers n and kK, if n, k + 1, then 

k,n>t? Why or why not? 

Subtraction can be written in a similar way. For example, 

9,4—>5 1762s 15 

2. Replace each LJ to obtain a true statement. 

Py G2) Ceol >a) C2 0025, 8) 

Dimli9 > i ds*457 10> 5 f.ee1205 402.181 

3. Explain why 3, 7 > Chas no answer among the whole numbers. 

4. Give an example to show that if a, b > c, then it does not follow 

that b, a= c. 

5. Replace each LJ to obtain a true statement. 

eel OL Oi > ie) betel 3/1 3 Jalal Coral 2623 12625 si 

6. On the basis of your answers to exercise 5, replace the LJ to make 

a true statement. For every whole number a: a, a> L. 
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The following two statements are true. 

3,67> 18 10,52 

7. Replace each L] to obtain a true statement. 

a 3,450 d. 7,530 g 4.450 

b. 4,350 e. 10,1250 ee 0 ie 

e572 > f. 12,1050 indies Sg 

8. Is it true that for any two whole numbers a and bd, if a, b s Cc; Bien 

b, a> c? Why or why not? 

9. Replace each LJ] to obtain a true statement. 

a. 30, 10>0 d. 10,550 g 55 ae, 
b. 10,30>0 e 12,350 h. 12, 12 50 

Silas tipeb Ah ace) pedihse | 

10. Is it true that for any two Ree x and y, if x, yz, then 

y, x > z? If your answer is ‘ > give an example showing that 
it is not always true. 

UNION 

It is possible to have operations with sets just as it is possiblé.to have 
operations with numbers. 

Consider a pair of sets: = {1,2,3,4}; B= {4,6, 8,10}. We 
form a new set C by’ ‘ ratte the elements . sets A and B. 

C1253 4On8 al 0F 

M@ The union of sets A and B is the set cqntaining all the elements of 
set A and all the elements of set B. The symbol for union is U. 

mm 
* 

The union of sets A and B consists of the elements in the entire shaded 
fe area. y 

f 

AU B={1, 2,3, 4,6, 8, 10} 
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. Of what letter does the symbol for union remind you? 

. Given X = {2, 4,6} and Y = {4, 6, 15}. 

a. Sets X and Y have two elements in common. Name them. 

b. Where do the elements common to both sets X and Y lie in the 
set diagram below? 

& 

2 ()) » 

c. List the elements of X U Y. 

. R= {1,3,5} and T = {4, 6, 8, 12} 

a. What is R U T? 

b. How many elements are there in R? in T? 

c. How many elements are there in R U T? 

= If n(R) [Read: n of R] means the number of elements in set R, 
what does n(7) mean? 

e. ‘What does n(R U T) mean? 

f. Is it true that n(R) + n(T) =n(R U T)? Why? 

. G = the set of all girl students in your school f 
B = the set of all boy students in your school 

a. What is G U B?* 

b. Isn(G) +n(B) =An(G U B) true? 

. D={2,3,4} and £ = {3, 4,5, 6,7} 

a. What is D U E? 

b. Is n(D) + n(E) =n(D U E) true? If not, how do n(D) + 

n(E) and n(D U E) compare; that is, which is larger? 

. If finite sets A and B have no common elements, how do n(A) + 

n(B) and n(A U B) compare? 

. If finite sets A and B have at least one common element, how do 

n(A) +n(B) and n(A U B) compare? 
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INTERSECTION 

A = {10, 20, 30} B = {20, 30, 40, 50} 

Sets A and B have two elements in common. The common elements 

are the numbers 20 and 30. 

{20, 30} is the set of all elements common to A and B. 

1. Give the set of all elements common to each pair of sets. One 

pair has no common elements. 

a. 

b. 

- 

{1,2}; {1,5, 10} 
{0936 ) 910 5910) 

Epa paar 
OPS Bea) ? DRE tale eS 

. the set of all students in this school; the set of all boy students 

in this school 

the set of all students in this school; the set of all teachers in 

this school 

@ The intersection of sets A and B is the set containing all those 

elements which are common to set A and set B. The symbol for 

intersection is M. 

Consider sets A and B given at the top of the page. 

A (B= {20, 30} 

The elements of A / B lie in the shaded area in the diagram. 

2. What is the intersection of {2, 4, 6} and {4, 6, 15}? 

Sets {1, 2,3} and {4, 6,8, 10} have no common elements. Therefore, 
their intersection is the empty set: {1,2,3} M {4,6,8, 10} = d. 

3. Give the intersections for the following pairs of sets. 

a. {1,10}; {100, 10} CLO} OP L020} 

ia eh a ee apeue ae de {15} Sait 
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Suppose A is any set. 

a. What is A U A? c. What is A U ¢$? 

b. What is A M A? d. What is A M ¢? 

Two sets which have no common elements are called disjoint sets. 

What is the intersection of two disjoint sets? 

Give the union and the intersection of each pair of sets. 

a. the set of states bordering on Lake Michigan; 

the set of states bordering on Lake Superior 

b. the set of United States presidents whose names begin with 

the letter M; 

the set of United States presidents whose names end with the 

letter N 

c. the set of United States presidents inaugurated after 1928; 

the set of United States presidents inaugurated after 1932 

me Ono Ul Pee met oso ld LS. at 

i Gaon gas 
DeASSao) #247 67.8 

f. the set of states bordering on the Pacific Ocean; 
{Nevada, California, Idaho} 

MOTO NO Ah Le LS epee | eae 9281 So 2 10,4 5.054 Seek et 

fr 94 2680) Ole en 6; 12118524 30536-8) 

18 10815-20725. ee ts 120240, 602805100; } 

a. Give the set of all factors of 8. 

b. Give the set of all factors of 10. 

c. Give the set of all common factors of 8 and 10. 

a. Give the set of all factors of 5. 

b. Give the set of all factors of 17. 

c. Give the set of the common factors of 5 and 17. 

Why is {0} not the empty set? 

Why is {0,5} M {0, 8} not the empty set? 
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SETS OF FACTORS OF WHOLE NUMBERS 

Every number multiplied by 1 is that number. Therefore, | is a factor 

of every number. 

For every number n,n X l=n. 

1 is also a factor of 0, because 0 X 1 = 0. 

fg ata te 

Let G be the set of all factors of 5. Then G = {1, 5}. 

Let H be the set of all factors of 11. Then H = {1, 11}. 

What is G N H? 

Is 5 a prime number? Why or why not? 

Is 11 a prime number? Why or why not? 

a. Give the set of all factors of 19. 

b. Give the set of all factors of 31. 

c. What is the intersection of the set of all factors of 19 and of 31? 

d. Are 19 and 31 prime numbers? Why or why not? 

. a. Give the set of all factors of 17; call this set A. 

b. Give the set of all factors of 37; call this set B. 

c. Whatis A M B? 

d. Are 17 and 37 prime numbers? Why or why not? 

What common factor do any two prime numbers have? 

Supply the missing part to make the following statement true. The 

intersection of the set of factors of each of two prime numbers is 

6 and 8 are even numbers. 

The set of factors of 6 is {1, 2, 3, 6}. 

The set of factors of 8 is {1, 2, 4, 8}. 

What is the intersection of the set of factors of 6 and of 8? 

a. Is 12 an even number? Why or why not? 

b. Is 26 an even number? Why or why not? 

c. Give the set of factors of 12. 
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d. Give the set of factors of 26. 

e. What is the intersection of the set of factors of 12 and of 26? 

10. What two numbers belong to the set which is the intersection of 

the set of factors of each of two even numbers? 

GREATEST COMMON FACTOR 

iehemsetortactors Ol.3 51S ls, 7.3 
iehesset ontactors 0194218 415230677, 14-21-42". 

The set of common factors of 35 and 42 is {1,7}. 
The greatest number which is a common factor of 35 and 42 is 7. 

7 is the Greatest Common Factor of 35 and 42. 

A commonly used abbreviation for Greatest Common Factor is 

G.C.F. We shall abbreviate the statement, ‘““The Greatest Common 

Factor of 35 and 42 is 7,” as follows: 

G:C. F. (35, 42) = 7 

1. Give the G.C.F. of each pair of numbers. 

a. 35, 42 f. 24, 36 k. 196, 32 

Ds aL} pie Ne 216) 1. 49, 196 

125185 h. 10, 50 m. 104, 125 

d. 51, 48 ils: 24 n. 121, 289 

e. 42, 43 ip ads Osmo 2s Se 

2. If both members of a pair of numbers are the same number, what 

is the G.C.F. of this pair? 

3. What is the G.C.F. of any two prime numbers? 

4. Is 2 the G.C.F. of any two even numbers? If your answer is “no,” 

give an example of two even numbers for which the G.C.F. is 

greater than 2. 

5. Can 8 be the G.C.F. of two even numbers? If your answer is 

“yes,” give an example of two such numbers. 

6. Can 2 be the G.C.F. of two odd numbers? 

9 

7. Can 3 be the G.C.F. of two odd numbers? If your answer is “yes,” 

' give an example in support of your answer. 
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8. Can 5 be a factor of an even number? If your answer is “yes,” 

give an example to support your answer. 

9. Can 5 be the factor of an odd number? If your answer is “yes,” 

give an example to support your answer. 

10. Can 5 be the G.C.F. of two numbers, one of which is even and the 

other odd? If your answer is “‘yes,”’ give an example to support it. 

LEAST COMMON MULTIPLE 

When adding fractional numbers, we use a common denominator. For 

example, when adding . and a 5 3 we usually do the following: 

The common denominator we chose for : and ; was 6. Of course, 

12 would also be a common denominator for 1 and 1 We could write 
2 3 

ete 8 
Di he Non dike AN WS 6 

We prefer the smaller common denominator because it involves simpler 
computations. 

Addition of fractions involves finding a common multiple of two or 
more numbers. Let us find a few more common multiples of 2 and 3. To 
do that let us find separately the set § of multiples of 2 and the set T of 
multiples of 3. 

S={2, 4,(6,) 8, 10,(12)14, 16,(18,)20, 22,04). on 

P=, 9,(12) 15,(18,)21,(24). a 

The set of common multiples of 2 and of 3 is the intersection of § and T. 

Siete 16,12, 18 24pener 
The smallest number in § Q T is 6. 

6 is the Least Common Multiple of 2 and 3. 

We shall abbreviate the statement, ‘“The Least Common Multiple 
of 2 and 3 is 6,” as follows: 

L.C.M. (2,3) =6 
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Let F be the set of multiples of 4. 

Pe (4,8, (2,)16, 20, 64,28, 32,66, 40, 44, 48, ot 

Let X be the set of multiples of 6. 

gs {6, (2,18, 04,80, 66, 42, 48, 54, ee 

The set of common multiples of 4 and 6 is the intersection of F and X. 

F ) X= {12, 24, 36, 48,.. .} 

The smallest element of this set is 12. Therefore, L.C.M. (4,6) = 12. 

1. For each number, give the set of all multiples less than 100. 

Example 9 The set of all multiples of 9 less than 100 is 

19°18, 27; 36, 45, 54,63, 72, 81, 90,99}. 

ae De eC O10 ee le fold) oe lOMe nals 

2. Using the sets in exercise 1, give the set of common multiples less 

than 100 for each of the following pairs of numbers. 

Pe oy Wi e. 10, 18 rh toy HIG m. 5, 14 

b. 5,8 feegi4 ip tee n. 5, 11 

Cans 5510 k. 10, 11 o. 5, 18 

Aree h. 5, 16 1. 16, 18 p. 14, 16 

3. If you were asked to continue beyond 100, how many common 

multiples of 5 and 7 exist? of 5 and 8? of 16 and 18? 

The sets of multiples of 2, of 3, and of 4 are given below. 

Ai 2.4678. 10, 42, )14, 16519900, 22, 64,06, a 

Beao06. 9,2 15, 18, 21,24,27, 30, 33, 66,89, a 

C= {4, 8, (2,)16, 20, 24,28, 32,66, 0, ae 

Now let’s consider the set of elements which are common to sets A, B, 

and C. This set is the intersection of the three sets, or A 1 BN C. 

AMER IQR 112 24.36, 28. 

4. List four more elements in the set A M BN C above. 

5. What is the Least Common Multiple of 2, 3, and 4? 
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Find the L.C.M. of the following: 

a. 2,4,6° “bye 274,07 2Cro et, De ee, tu e. 2,4, 8 

. Find the L.C.M. of the following: 

oles b. 1, 15 ck, 36 d. 1, 100 eb 

What is the L.C.M. of | and n, where n is any number? 

Find the L.C.M. of the following: 

Aeon, BLD ey Ce d. 3 sipeme Grell ars fo Sele 

What kind of numbers are 2, 3, 5, 7, 11, 13 and 17? 

Give a rule for determining the L.C.M. of two prime numbers. 

MORE ABOUT DIVISIBILITY 

ib Each of the following numbers is divisible by 2 and by 3. Test each 

number to see whether it is divisible by 6. 

a. 6 b. 72 c. 294 d- 3,072 €.. 55,872 

Can you find a number which is divisible by both 2 and 3, but is not 

divisible by 6? Why or why not? 

Each of the following numbers is divisible by 5 and by 6. Test each 

number to see whether it is divisible by 30. 

a. 60 b. 120 c. 600 d. 930 e. 33,030 

Each of the following numbers is divisible by 4 and by 6. Test each 

number to see whether it is divisible by 24. 

asalZ b. 24 c. 60 d. 48 €.13132 

If a number is divisible by a and by J, is it always divisible by the 
product a xX b? 

- a. What number when multiplied by 1,001 will give 707,707 for 
the product? 

b. Is 707,707 divisible by 1,001? 

- a. What number when multiplied by 1,001 will give 917,917 for 
the product? 

b. Is 917,917 divisible by 1,001? 
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8. Show that each number is divisible by 1,001. 

age 3.13 b. 507,507 c. 319,319 d. 569,569 

9. Do you see that each of the numbers in exercise 8 has a name of 

the form abc,abc? 

KEEPING ARITHMETICALLY FIT 

For exercises 1-4, numerals in parentheses refer to pages where you 

can find similar exercises. 

1. Add. (423-424) 

a. 237 b. 4,367 coast d. 111 
315 5,005 1,266 6,702 
921 6,372 56,109 37 
106 7,005 300 89,004 
711 1,607 578 6 
210 3,575 30,000 99 
409 4,495 7,005 63,741 
370 3,001 46 3,456 

2. Subtract. (424) 

a. 4,062 b. 135,367 c. 10,004 d. 10,000 

389 8,409 5,999 9,009 

3. Multiply. (425) 

a. 36 CeO), en 2,937 g. 1,006 

» ep) 26 3/3 

Daily d. 3,766 f. 6,801 h. 2,075 

9 8 oD 803 

4. Divide. (425-427) 

ae) 233080 c. 12) 2,005 e. 93)106,395 g. 105)210,300 

b. 2)4,407. d. 45)46,109 f. 49)567,101 hh. 306)712,809 

5. Compute to see if the following are true. 

ye BY SOCIEST GD al < c. 6 X 49= (6 X 50) —6 

b. 5 x 49= (5 X 50) —5 49 (020) 2 
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6. The pattern illustrated by the four examples in exercise 5 can be 

shown as 

Ox 49 = (0 x 50) -—O 

Replace (1 by each of the following and perform the necessary 

operations to see if the statements you obtain are true. 

a. | b. 4 C1) d. 10 e. 20 

VOCABULARY REVIEW 

complete factorization (10) infinite set (13) 

composite number (8) intersection (20) 

disjoint sets (21) Least Common Multiple (24) 

divisible (1) member (11) 

divisor (1) null set (15) 

element (11) prime factor (10) 

empty set (15) prime number (8) 

factor (10) set (11) 

finite set (13) union (18) 

Greatest Common Factor (23) whole numbers (1) 

A CHALLENGE TO YOU 

1. Show that 1,001 is a factor of every number whose name in base 

ten is of the form abc,abc. 

2. How many years would it take to count 100 billion one-dollar bills 

by counting one every second? 

3. In a barn there are some hens and pigs. There are 13 heads and 

34 legs altogether. How many hens and how many pigs are there 

in the barn? 

4. The number of bacteria enclosed in a bottle doubles each minute. 
If the bottle is completely filled with bacteria after 30 minutes, 

after how many minutes was the bottle half full? 

5. A farmer carries a basket of eggs across three bridges. At each 

bridge he has to pay ; of his eggs plus 5 egg. After he has crossed 

the three bridges, he has no eggs left. How many eggs did he have 
to start with? 
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CHAPTER TEST 

- Which numbers are divisible by 2? 

a. 102 C52 e. 0 g. 3,054 be Shee 

b. 18 d. 1,002 f. 87 h. 5,043 j. 430,044 

2. Which numbers are divisible by 3? 

a. 102 Coro e. 0 g. 3,054 Leo S2 

b. 18 d. 1,002 f. 87 h. 5,043 j. 430,044 

3. Which numbers are divisible by 6? 

a. 102 C52 e. 0 g. 3,054 ih Sins sy) 

b. 18 d. 1,002 f. 87 h. 5,043 j. 430,044 

4. Which numbers are divisible by 9? 

a. 1764 c. 4,013 e. 8,236 g. 1,008 

b. 909 d70 {9215365 h. 2,609 

5. Which numbers are prime numbers? 

hy b. 15 Crt d. 33 e. 49 fe, g. 77 

6. Give the complete factorization of each number. . 

ies eee) cael ed 221 me. 77 mk (53 eee 99 

ieeit A= {4, 8, 12,16, . . .}, which are true and which are false? 

10. 

11. 

12. 

a. 16 EA b. 20 € A c. 1,000 € A d. 26 ¢€ A 

Give the union and intersection of each pair of sets. 

ee flr UNO) abe 10) 40, 2)me. e204, 6, a 311,30 Seka 

Give the G.C.F. and the L.C.M. of each set of numbers. 

a. {4,5} Da ole acre 1OnIS) d. {7, 11} 

Which of the following describe the empty set? 

ch dps? (@) Sal ey b ONO 12 ce. {0,5} N {0} 

Explain why a number which is divisible by 9 is also divisible by 3. 

Is it true that the greater the number, the more divisors it has? If 

your answer is “no,” give an example to support your answer. 
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NATURAL NUMBERS AND WHOLE NUMBERS 

In counting, we use the numbers 1, 2, 3, 4,5, 6,... The three dots mean 

that we continue on and on. 

M@ The set {1,2,3,4,5,6,.. .} is called the set of counting numbers. 

Another name for counting numbers is natural numbers. 

1. What is the least natural number? 

2. Is there a greatest natural number? 

Suppose Al claims that he knows the greatest natural number. We can 

prove that he is wrong as follows: 

We ask AI to add 1 to the number he claims to be the 

greatest natural number. Now AI has a number which is 

1 greater. Therefore, the number he had previously was 

not the greatest natural number after all. 

3. Jimmy claims he has the greatest even natural number. Prove that 

Jimmy is wrong. 

4. Mary claims she has the greatest odd natural number. Prove that 

Mary is wrong. 

The set of natural numbers 

Bie e345 Oe S09. 10) L112) sy * 

is an infinite set. There is no end to the natural numbers. 

@ The set of whole numbers consists of all the natural numbers and 0. 

Every natural number, therefore, is a member of the set of whole 

numbers. 5 

5. Is every whole number a member of the set of natural numbers? 

Why or why not? 

SUBSETS 

W =the set of whole numbers= {0, 1, 2,3, 4,5,6,...} 

N = the set of natural numbers = {1, 2, 3,4, 5,6, .. .} 

The set of natural numbers N is a subset of the set of whole numbers 

W, because every element of N also belongs to W.N C W means N is 

a subset of W. 

Example 1 A=({1,3,5}; B= {10,5,6,3, 1}.A € B, because every 

element of A also belongs to B. 
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Example 2 C= {2,49}; (D = {23479 }) © GeDypecause™ every 

element of C also belongs to D. Note also that D C C, 

because every element of D is an element of C. 

Example3 X= ({3,5,10}; Y={5, 10,15}. It is mot true® that 

X C Y because not every element of X is an element 

of Y. 

X Z Y [Read: X is not a subset of Y] means that at least one 

element of X is not an element of Y. 

™@ Two sets are equal whenever they have the same elements. 

For example, if A ={0,2,4} and B={0,3+1,1+1}, then 
A=B8B, because 0=0, 1+1=2, and 3+1=4. Thus, each set 

has the same elements, the numbers 0, 2, and 4. So, {0,2,4} and 

{0,3 +1, 1+ 1} are two names for the same set. 

1. Write out an argument for the truth of the following statement. For 

any two sets A and B, if A C Band B C A, thenA =B. 

2. What number should you “toss” into the set of natural numbers 

to obtain the set of whole numbers? 

3. For each pair of sets A and B, tell if A is a subset of B. 

a. A = the set of thirteen original states 

B = the set of all present states 

b. A = {John Adams, James K. Polk, James Buchanan, John F. 

Kennedy, Lyndon B. Johnson, Richard M. Nixon} 

B = the set of all United States presidents 

c. A =the set of all students in this math class 

B = the set of all girls in this math class 

d. A = {1, 2, 3}; B= {1,2} 

e. 4—={0),. 8B=1{0) 254, 6.8910} 

f. A = {2, 4, 6}; B= {2, 4, 6} 

Note that {0} is a set consisting of one element, the number 0. Thus {0} 
is not the empty set, because it has one element in it, whereas the empty 
set has no elements. 

{0} # ¢ 
The set consisting of the number zero is not equal to the empty set. 
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4. Do you agree that the set of even whole numbers is a subset of 
the set of whole numbers? 

5. Is 0 an even or an odd number? 

Read thoughtfully the following mathematical argument, because it 
shows the way we can derive certain statements from other statements. 
We will show that 0 is an even number. 

We agree that: 

1. Every whole number is either even or odd (not both). 

2. If two numbers differ by 2 and one of the numbers is 

even, then the other is also even. 

3. 8 is an even number. 

Now, 8 — 6 = 2, so 6 is even. Why? 

6— 4=2, so 4 is even. 

4 —2=2, so 2 is even. 

2—0=2, so 0 is even. 

Here is another way to prove that 0 is an even number. 

We agree that: 

1. An even number + an even number = an even number. 

(For example, 8 + 6 = 14.) 

2. An odd number + an odd number = an even number. 

(For example, 5 + 7 = 12.) 

3. Every whole number is either odd or even (not both). 

, 4. Any number added to 0 is that number. 
(Therefore, 0 + 0 = 0.) 

Now suppose 0 is an odd number. We know that 0 + 0=0. And 

so we have that an odd number + an odd number = an odd number. 

But agreement 2 above states that an odd number + an odd number 

is an even number. So, 0 cannot be an odd number. Therefore, by 

agreement 3, 0 is an even number. 

6. Is the set of even whole numbers a subset of the set of natural 

numbers? Why or why not? 

7. Is the set of prime numbers a subset of the set of natural numbers? 
Why or why not? 

8. Is the set of students in this pre-algebra mathematics class a subset 

of the set of all students in this school? Why or why not? 

9. Is {5} a subset of the set of natural numbers between | and 10? 
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THE NUMBER ZERO 

There are some special things which are true about the number zero. 

These properties are not'true of other numbers. 

1. 

THE NUMBER ONE 

Read the examples on the right. Complete the 1+0=1 

following statement: When the number zero is 5+0=5 

added to any number, the sum is ___.. 98 + 0 = 98 

; 590 + 0 = 590 
. Is the Property of Zero for Addition, which you Se 

stated above, also true for zero? Verify your poy pe 

answer. [HINT: Is it true that 0 + 0 = 07] 

Read the examples on the right. Complete the 1x0=0 

following statement: When any number is 10 x 0=0 

multiplied by zero, the product is ____. 25x 0=0 

ee 96 x 0=0 
Is the Property of Zero for Multiplication, = Ae 

which you stated, also true for zero? Verify WeO=6 

your answer. [HINT: Is it true that 0 x 0 = 07] 

Read the examples on the right. Complete the 0+3=0 

following statement: When the number zero is Oe 10 

divided by any number except zero, the quo- 0+ 125=0 

tient is 07a 7160 

. In each case, supply the missing number in 0+n=0 

place of LJ to obtain a true statement. 

a. LJ + 367=0 d. 67x D=0 g. 3,001 x D=0 

b. 59+ LJ) = 59 e. LI+0=0 h. LI + 5,000 =0 

ce 37+0=0 f. L1+0=69 iol 7 lO 

The number one also has some properties which are not true of any 
other number. Examples below will help you discover these properties. 

1. Read the examples on the right. Complete the 
following statement: When any number is 
multiplied by the number one, the product is 

Is the Property of One for Multiplication also 
true for the number one? Verify your answer. 

3x 1=3 

bie ua" 17 

92°xX b= 92 

125. le 125 

nxl=n 
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Read the examples on the right. Complete the 

following statement: When any number is 

divided by 1, the quotient is __. 

Is the Property of One for Division also true for 

the number one? Verify your answer. 

Read the examples on the right. Complete the 
following statement: When any natural number 
is divided by itself, the quotient is 

Is the property you stated in exercise 5 also 

true for the number one? Verify your answer. 

In each case, replace LJ to obtain a true state- 

ment. 

17+1=17 

35+1=35 

40 + 1= 40 

160 + 1 = 160 

n+l=n 

35 +35= 1 

99 + 99 = 1 

150 + 150 = 1 

738 ~ 738 = 1 

n-n=1 

a. 47+ 0 =47 d. 4642+ H1=462-~—s g. 107 X DL = 107 

bao = 1 e. 905 x DD =905 h. 465+ 465= 0 

ec O+15=0 f. 131--0=— i Ox1=0 

Test in Addition (Fractional Numerals) 

Find the sums. Give the simplest name for each answer. 

ik 

1 

tr eancn teh jr 
Bese horas 2 ef fgets 
15 +55 94 +75 et 6e 35422 eh 

35 1 55 32 +44 6,472 a+75 | 4n4+ 78 

ee 
425 35+ nn ae s84+45 98+ 105 

dot 24245 35+ 40 +34 $2432 4 97 

If you had more than one problem incorrect in any group, turn to pages 

428-430 for practice in addition (fractional numerals). 
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Patterns in Mathematics 

2 4s 2 5 4x3 0 20 
Ay Se iS Se SOON IS 15 is ts 

my ASS S465 IT DA OS RA Se 
sie 26 eT C6 OCG ee aD 42 AD eae 

BLU gC x7 Gea aeen 6 alien Owais 
VBA e 2. 7 ea en 4 14 14 

Here is the pattern illustrated in the three exercises above. Two sym- 

bols are missing in this pattern. Copy the pattern and fill in the missing 

symbols. 

Be Cea OX Aa GR A/a (OS) a) 
Khel) ee ay 

Make sure you know this important pattern in addition (fractional 

numerals). 

THE COMMUTATIVE PROPERTIES 

Each of the two statements below is true. 

7+9= 16 

9+7= 16 

The statement 7+ 9=9-+ 7 follows from the two statements and is 

also true. 

1. For each statement below, give its related statement as above. 

Then write the statement which follows from the two statements. 

Example 15 +9= 24 

9+ 15=24; 15+9=9+ 15 

as leis 24 c. 30+ 17 = 47 

b. 12+ 36= 48 d. 45+ 10= 55 

2. The pattern shown in such statements as 7+9=9+7 can be 
shown for all whole numbers by writing x + y=y+x. Using u 
and w instead of x and y, write a statement showing the same 
pattern. 

The property shown by this pattern is called the Commutative Property 
of Addition. 

xy = y tx 
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3. The example 5+ 8=8-+ Sis a specific instance of the Commuta- 

tive Property of Addition. Is this property true for any pair of 
numbers? 

4. The statement 3 X 7 =7 X 3 is true because 3 X 7 = 21 and7 X 3= 

21. Is the statement 4 x 5=5 xX 4 true? 

5. Using x and y, write a statement about multiplication similar to the 

Commutative Property of Addition. 

The property shown by this pattern is called the Commutative Property 

of Multiplication. 

XXY=YXX 

6. Using the numbers 2 and 5, write a statement which is a specific 

instance of the Commutative Property of Multiplication. 

7. Using the numbers 2 and 5, show that the operation of division 

does not have the commutative property. 

8. Using the numbers 2 and 5, show that the operation of subtraction 

does not have the commutative property. 

We conclude: 

Addition and multiplication are commutative operations. 

Subtraction and division are non-commutative operations. 

9. Change the order of the numbers in each exercise and tell whether 

the result is still the same. If you think that there is no answer 

among the whole numbers, write “no answer.” 

Examples Sx 11 Salli) 5. Lex = 5. Dhesresultars 

the same. 

Example 2 10+5 10+5=2: 5+ 10, no answer. The re- 

sults are different. 

Example 3 10-7 10 — 7=3; 7— 10, no answer. The re- 

sults are different. 

A iD) fan i25c5 k. 5+1 

ts Jerse ie g. 5—0 Vente 

a =A h. 0+ 10 m. 1 Xx 1 

AL 55 in Bexti7 teal 

5, OPO j. 0x12 % teil 
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We will make up some new operations. Each operation is defined in 

terms of familiar operations. 

10. 

11. 

12. 

13. 

T means add twice the second number to the first number. Com- 

pute the answers. : 

Example 3AL*D 375=3+ (2X5) =3+10= 13 

[NOTE: The parentheses in ‘3 + (2 X 5)” 

mean to first find the product of 2 and 5, 

and then add this product to 3. | 

aL OR wy, Cree beiiez elie 13s 

Dee fera10 diezeie 2 fail aielt 

g. Examine the answers to these pairs of problems: a and b; ¢ 

and d; e and f. Is JT a commutative operation? 

M means multiply twice the first number by the second number. 

Compute the answers. 

Example 5M9° 5M9=(2x5) X9=90 

a. 4M7 ec 2M5 e. 6M 11 

b. 7M4 d. 5M2 f. 11M 6 

g. Is M a commutative operation? 

H means multiply 2 by the sum of the pair of numbers. Compute 

the answers. 

Example 9H 6 9H 6=2 xX (9+ 6) =2 X 15 = 30 

sae EEO Capote é. 402 

bs Codal d. 15 H 3 f. 12H 4 

a 

b 

g. Is H a commutative operation? 

S means take the smaller of the pair of numbers. Compute the 
answers. 

Example 5 S 36 5 S$ 36 =5, because S is less than 36. 

a 354 c. 5 § 120 e 150 

b. 4853 d. 1208 5 f. OS 1 

g. Is S a commutative operation? 

h. Using the operation S, give an example which has no answer. 



14. 

i: 

16. 

Li 

18. 
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G means take the greater of the two numbers. Compute the 
answers. 

a. 5G 100 CaHeGUO er l4:G 7 

b. 100 G5 d= 0'Gal f. 17G 14 

g. Is G a commutative operation? 

h. Using the operation G, give an example which has no answer. 

Q means add three times the second number to twice the first 

number. Compute the answers. 

Example 409 4Q9=(2xX4)+ (3 X 9) =8+4+ 27=35 

ae lO 2 CeO e. 100 10 

b. 201 d. 405 f. 404 

g. Is Q a commutative operation? 

R means divide the product of the first and second numbers by 

the product of the second number and itself. Compute the answers. 

Example 4 R-2 4R2=(4xX2)+(2X2)=8+4=2 

a. 8R4 Comoe? e. 10 R 10 

b. 4R8 dee 2756 flirt 

g. IsRa commutative operation? 

N means multiply each of the pair of numbers by itself and add the 

results. Compute the answers. 

Example 3N9 3N9= (3 X 3) +(9X 9) =9+ 81 = 90 

asl tN 6 ce ONS e. ONO 

b. 6N 1 d. 3N0 i. 22N3 

g. Is N a commutative operation? 

D means take the first number as a factor in a product the number 

of times indicated by the second number. Compute the answers. 

Example 5 D4 5) D 4X x 5X = .625 

ao D2 rey 9290) e. 6D4 

b. 2D9 d. 3D {- .0.D» 

g. Is D a commutative operation? 
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THE ASSOCIATIVE PROPERTY OF ADDITION 

Parentheses are important punctuation marks in mathematics. They 

help us to say clearly what we mean. For example, 3 + (4 X 6) means 

multiply 4 and 6 first; then add this product to 3. 

3+ (4x 6) =34+24=27 

(3 + 4) X 6 means add 3 and 4; then multiply the sum of 3 and 4 by 6. 

(34+4) x6=7x6=42 

1. Is the statement 3 + (4 x 6) # (3+ 4) X 6 true? Why or why not? 

[NOTE: The symbol ¥ means is not equal to. ] 

2. Is the statement (25 — 2) x 12 ¥ 25 — (2 X 12) true? Why or why 

not? 

3. Is the statement (5+ 3) +7 #5+ (347) true? Why or why not? 

4. Is the statement (3 x 2) x 4 ¥ 3 X (2 X 4) true? Why or why not? 

5. In place of each LJ, supply the correct missing number. 

a. (34+4)+1=74+1= 
34 (44+1)=34+5= 

(7+5)+6=12+6=18 
7+ (5+6)=7+11=18 

(10+ 3) +7=13+7=20 
10+ (3+7) = 10+ 10=20 

(10+ 6)+9=16+9=2 
10+ (6+ 9) =10+ 15= 

(1+ 17) +12 = 18+ 12=30 
1+ (17+ 12) =1+29=30 

4 (G4) + Peep 

| 745) +6=74 (+6) 

} Go+3)+7=04 (347) 

5 } Go +0) +9= 10+ (049) 25 

} +17) 40=140740) 

6. Fill in the two missing symbols to show the pattern displayed by 
the examples in exercise 5. 

Fara) Yi B90 he (Gen hs a ea 

The property shown by this pattern is called the Associative Property 
of Addition. 

COSY eres vate ela) 
7. Replace x by 2, y by 3, and z by 4 in this pattern and compute the 

answer both ways. 
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THE ASSOCIATIVE PROPERTY OF MULTIPLICATION 

1. In place of each LJ, supply the correct missing number. 

a. 

b. 

Cc. 

(3X2) X7=10.x7= 

5X (2X7) =5*X 14= 

(4X1) x9=4x9= 36 

4x (1x 9)=4x9= 36 

(10 x 5) X 6=S0 X 6 = 300 

10 x (5 X 6) = 10 X 30 = 300 

at (SE? PT SS XD 

} (4x1) x9=Ox (1x9) 

| (10x 5) x6= 10x (x6) 

2. Fill in the two missing symbols to show the pattern displayed by 

the examples in exercise 1. 

Ce EX = Ie (xX) 

The property shown by this pattern is called the Associative Property 

of Multiplication. 

(PEXTY BXe zi — EX (Cy Xa) 

3. Replace x by 9, y by 1, and z by 4 in this pattern and compute the 

answer both ways. 

4. Work each example in two ways as written. - 

a. 

b. 

a © 

e. 

f. 

(3 ition as et (Sta) 

(99+ 1) +48; 99+ (1+ 48) 

(142 + 58) +78; 142 + (58 +78) 
(ax 6) xr 22985 x0 (6° X212) 

GISD<GO) EX Sa lex (6D< 8) 

(205 eal 55 20 < (OG 15) 

5. Is it easier to do (48 + 52) + 92 or 48 + (52 + 92)? Why? 

6. Use the appropriate associative property to make the work easier 

in finding answers to the following: 

a. 

b. 

Cc. 

d. 

Pau (27e 8) RN GIS2 25 e875 een 6 x12) 

(34449) +151  f. 1,136 + (864+785) j. 15x (6x9) 

488 + (12+99) _g. 25 x (8 X 13) k. (9 x 18) x 5 

(963 e888 el (2am) a5) 1 3935)? 
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7. Work each example in two ways as written. 

a. (24 +4) 222456 (45672) Ob) (100 10) 9271008" 10 +2) 

8. Does division have the associative property? 

9. Work each example in two ways as written. 

an (13 310) 4 15 (10 = 94) ba 2S) anh 12) 

10. Does subtraction have the associative property? 

4 < 6means 4 is less than 6. 6 > 4 means 6 is greater than 4. 

11. Replace the blank with either =, <, or > to make each of the 
following a true statement. 

Boer? ie eo et) 

Deo ty (ee) 

| BFP Uc I cea a ye St | 

332 (4-1 Ue 33 a 

Test in Subtraction (Fractional Numerals) 

= 

Find the differences. Give the simplest name for each answer. 

aw re hi Oi 
ly ee ge 
td $1 dab oe aos 
HE, ep eee 
5. 4-4 1-4 6-52 9-65 10-950 

2 a aaa 
7. 3, — 16 so 32. 93-35 ist— 41 63 —48 

If you had fewer than four problems correct in any group, turn to pages 

430-432 for practice in subtraction (fractional numerals). 
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Patterns in Mathematics 

Use LU, A, O, and // to write the pattern suggested by each pair of 
examples. 

oh ik Seat bE ee ate apie ee ee Les 
AE Ue GREG OT I has al, Emenee 

PROM TRS 
A een, 

l a a 4 ee 1 6 al 
Ae 5 ANSeS aj G Tax 6 

St SOS eG 
i : = |= 

SECIS ae 6 821 a Om 30 

1 7 1 2 2 3. (2+3) x5= (2x5) + (4x5); (3+) x4= (3x4) +(2 x4) 

Dee SO) wt, ete ie 
Siaes me? 7 A013 

5, (7+2) 2=(74 2) (2 2) (4+3) age ee oa +5) 

THE LEFT-DISTRIBUTIVE PROPERTY 

Are these two amounts of money the same? 

‘**30 tickets and 70 tickets, each at 60¢”’ 

“100 tickets at 60¢”’ 

The answer to the question above is “‘yes.’’ We shall use this fact to 

illustrate a very important mathematical property involving two opera- 

tions. Consider the following: 

Example The Prudent Junior High had a two-day sale of tickets to 

a school play. The price of a ticket was 60¢. The first day 

30 tickets were sold; the second day 70 tickets were sold. 

Find the total amount of money taken in from the sale of 

the tickets. 

How to We compute the amount of money taken in the first day. 

Solve 60 x 30 = 1,800. Answer: $18.00 

We compute the amount of money taken in the second day. 

60 X 70 = 4,200. Answer: $42.00 

Total taken in: $60.00 
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The computations can be written in this way: 

(60 x 30) + (60 X 70) = 1,800 + 4,200 = 6,000 

Another We compute the number of tickets sold during both days. 

Way to 30 + 70 = 100 

Solve We compute the total amount of money taken in. 

60 x 100 = 6,000. Answer: $60.00 

Each solution leads to the same answer. Thus, we can conclude the 

following: 

60 x (30 + 70) = (60 X 30) + (60 x 70) 

1. Compute the answers to each pair of examples. 

as 105 4515) (10 <5) 10 xe15) 

b. 4X (3417); (43) + (4 xX 17) 

Cn OX (213) nO a oe Oaxe 3) 

d27 X41 0520) 2 tL x10) (720) 

e296 X27 493) sas (6X27) (6 <3) 

Examples like 

60 x (30 + 70) = (60 x 30) + (60 X 70) 

fit the following pattern. 

OX (EA y= CO" x) a C@e 28) 

[ Salaaeet ihpigd| heal 
6053070 com 00a Ono 

2. In the example above, what numeral always fills 

ae@? b. (1? ro Oe 

3. Using a, b and c in place of O, 0, and A, respectively, rewrite 
the pattern above. 

The property shown by this pattern is called the Left-Distributive 
Property of Multiplication over Addition. 

xX (y +z) = (x X y) + (x X 2) 

4. How many operations are involved in the Left-Distributive 
Property? 

5. What operations are involved in the Left-Distributive Property? 
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THE RIGHT-DISTRIBUTIVE PROPERTY 

Compute the answers to each pair of examples. Show each step, as in 
the example. 

Example ent) ees Pe) 7e<3) 

(5+7) X3=12 x3 = 36 

(5 X 3) + (7 X 3) = 15 + 21 = 36 

pO 4 4) 155 (6715) 44: x 15) 

Clea yex-5 2) (1x5) (1265) 

CPi ee a )ee 10mg <o10 et Bea0) 

(20 + 30) X 10; (20 X 10) + (30 x 10) 

(eal Glee (15 5615) iat 15.x815) 

(ie Oe 21 xe) 97) 

(Sirs eX eh ee Sor) ta 1 xa.) 

Peete ee) ee, (191+9) x9; (191 x 9)+ (9x9) 

Each of the examples above fits the following pattern. 

CO le) cx (Oe ee (IS Xe) 

The property, shown by this pattern is called the Right-Distributive 

Property of Multiplication over Addition. 

(x+y) X z= (x Xz) + & Xz) 

9. Replace x by 4, y by 7, and z by 11 in this pattern and compute 

the answer both ways. 

There are two ways of finding the num- 3 5 

ber of squares in the large rectangle on : : | 

the right: 4 | 4 
First way: (3 x 4) + (5 x 4) = 12+ 20 tel al 

=139 ML 
Second way: (3+5) X4=8x4=32 eevee aie ail 

10. The two ways of finding the number of squares in the rectangle 

above involve the Right-Distributive Property. Explain how this 

property is involved. 
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11. a. Use two ways in finding the number of squares in the large 

rectangle below. 

fs) 10 

. 4 

| | 
— ——OO—ey>=SE 

15 

b. Show how one of the distributive properties is involved in this 
problem. 

EXTENSION OF THE LEFT-DISTRIBUTIVE PROPERTY 

Example 4X (2+3+5) =4x 10=40 

(4x 2)+ (4x 3) + (4x 5) =8+124+20=40 

Therefore, 

4x (2+3+5)=(4x2)+ (4x 3)+ (4x5) 

Compute the answers to each pair of examples. 

De OG 23) (SGI r(x te (ae) 

2.51 XA 24 6 E10), (7o0 2) +) (ex 6) (P10) 

Se LEX (Or Se 3) 5 a 1 D9 Jit (83 ee Seas) 

Test in Multiplication (Fractional Numerals) 

Find the products. Give the simplest name for each answer. 

Lax 5x 2x4 =x 6 16 x2 

Lhd ORE odd Be fe 
3. Sx 4 5x33 2Ex 6E x 2 5 x 62 

4. 15X25 45x 55 3f x 42 2b x 35 44 x 28 

If you had less than four problems correct in any group, turn to pages 
432-433 for practice in multiplication (fractional numerals). 
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Different Ways of Saying ‘“Multiply”’ 

We have been using the symbol “x” to mean “multiply.” There are 
other symbols for multiplication. One of these is ‘“‘-”’. 

**5 + 6” means the same as ‘‘5 X 6” 

1. Rewrite each multiplication example using “-”’. 

5 ce all 1 7 
Sa EL ~7X= .=>xX= eS = a b. 7 8 c BAG) d 25% 459 

Another way to indicate multiplication is to enclose numerals in 
parentheses. 

‘“*(S)(6)’’ means the same as “‘5 X 6” 

2. Rewrite each multiplication example using parentheses. 

a. 367 b. 2x7 ane a. 32x 154 
4 rnd 6 13 

When describing patterns, we used the symbols O, LJ, and A which 

can be replaced by numerals. When using such symbols, multiplication 

is indicated by writing these symbols next to each other. 

The symbol “A (]”’ means the same as “A X [)” 

Sometimes in place of these frames we use letters, and so we agree that 

“ab” means the same as “‘a X b” 

‘a - b” also means “multiply a by b” 

“(a)(b)” also means “‘multiply a by b” 

3. Why would it be wrong to abbreviate 2 X 3 as 23? 

4. For each product, give two other ways of writing it. Whenever 

possible, give three other ways. 

Examples 1 5-6 may be shown as 5 X 6 or (5) (6). 

2 mxXtmay be shown as (m)(t), m-: tor mt. 

3 5X5 may be shown as (5)(s), 5- s or 5s. 

ao e tXu i. mx m.n X 5 

b. 19-5 fq San fe 25) ne (7) (8) 
c. (20) (6) Ca at k. 4xd 0. (a) (b) 

d. 125-0 hv2etd Lu xc p. st 
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ORDER OF OPERATIONS 

Parentheses are used to make clear what is meant. For example, 

3 x (2+7) means: 

Add 2 and 7 first, then multiply 3 by the sum of 2 and 7. 

3x (2+7) =3 X9=27 

Sometimes, two or more operations are shown, but parentheses are 

omitted. What does the following mean? 

Shee ee Tl 

It may mean: add 3 to 5, and multiply the sum by 7. 

34+5X7=8xX7=56 

or it may mean: add the product of 5 and 7 to 3. 

SS KI 3 35. 38 

Certainly, these two meanings are different because 56 is not equal 

to 38. 

We shall use the following agreement. 

AGREEMENT If parentheses are not included, multiplication and divis- 

ion are performed first, then addition and subtraction are 

performed in the order in which they appear. If only addi- 

tion and subtraction are involved, perform the operations, 

one at a time, from left to right. If only multiplication and 

division are involved, perform the operations, one at a 

time, from left to right. 

Study each example to see how these agreements are put to use. 

Example 1 3+6X9=3+54=57 

Multiplication is performed first (6 x 9 = 54), 

then addition (3 + 54 = 57). 

Example 2 5X7+16+2=35+8= 43 

Multiplication and division are performed first 

(5567 =35;:16-2= 8). 
then addition (35 + 8 = 43). 

Example 3 3X25—9+3+2x5 

= 75—3+10=72+ 10= 82 

Multiplication and division are performed first 

(3 X 25=75;2 x 5=10;9+3 =3), 
then addition and subtraction from left to right 

(75 —3 = 72; 72 + 10 = 82). 
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12x5+3=60+3= 20 

Operations are performed from left to right. 

In the three exercises below, explain in what order the operations were 

performed. 

1. 36+4—-—10 X 2= 36+ 4— 20 = 40 — 20 = 20 

2. 2X 10+2=20=2=10 

St 25 — 7 3. 4 = 27 1 3 4 20 3 4 = 234 = 19 

Compute the answers. 

4. 

10. 

11. 

12. 

13. 

14. 

iS: 

16. 

17. 

18. 

19. 

20. 

=) 

6 

IE 

8 

9 

ISS 3 

7X4+ 32 

weer 8 

12—3x4 

007041 24 —— 6 

OS tO 

Boxe 145 x) 

50 x 2 — 200 + 10 

78 — 10+ 22+ 11 

30 x 10 — 100 — 50 

3X8+42+6 

3x 10+2 

100 + 25 x 5 

3x 17+ 35 

36 — 105 +5 

2 ae Use 8) 

16—-5x2 

21. 

22. 

23: 

24. 

25. 

26. 

21; 

28. 

29. 

30. 

Sh 

32. 

33. 

34. 

ARS 

36. 

Sie 

60 + 100 — 500 + 50 

105 eee 6 10 

14X24 26 3e4— 20:10 

USED Sk ES SS 

Be 2 te er oe | 0 

si ee oe AV lieve oie 

Bee ote Oe? cian 

BEC9 X D262 a KA 

SUE 40x 10-2 x) 

§x3x2-50+2+5+20x2=+4 

Secale G32 

Beet 2Or 19 tl ai 

3x4x54+12+2x3-—12+4 

12x*4+3-—12+4+3428+4 

DSS AUS OX sess Sail Se 22 OS lover 3 

16966 e123 X40 

42-45 = 5 — 2.X 20 — 36 = 12 
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SUMMARY OF PROPERTIES 

We have introduced a number of properties of numbers and operations. 

These properties are listed below. Letters are used to indicate that the 

properties are true for all whole numbers. 

@ Property of Zero for Addition 

n+0=n 

@ Property of Zero for Multiplication 

a) 

@ Property of Zero for Division 

0+n=0 [n# 0] 

M@ Property of One for Multiplication 

nXl=n 

®@ Property of One for Division 

n+l=n 

™@ Property of Number and Itself for Division 

n+n=1 [n#¥0] 

& Commutative Property of Addition 

X+ty=yt+x 

M Commutative Property of Multiplication 

xy = yx 

M Associative Property of Addition 

(x4 ye z= x Oy +z) 

® Associative Property of Multiplication 

(19) ZU (v2) 

® Left-Distributive Property of Multiplication over Addition 

A (Verkes) at het Xa) 
M@ Right-Distributive Property of Multiplication over Addition 

gay) Ze (xe eta (ya) 

State the property or properties illustrated in each exercise below. 

1. 3+7=7+3 

2. 127+0= 127 

3. (3+ 9)(2) = (3 x 2) + (9 x 2) 

4. 0+67=0 
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53 X 317 = 317 x 53 

(4+ 109) + 216=4-+ (109 + 216) 

(5+ 17) Xx9=(9X 5) + (9 x 17) 

1 X 138 = 138 

i (3 xX 9) Xx 98 =3 x (9 x 98) 

10. (4 x 15) X 20=4 x (20 x 15) 

11. 60X0+1=1+0 

12. 0+0=0 

As 1-0 —1 

14. 6(4+ 3) = (6 xX 4) + (6 X 3) 

15. 1x0=0 

16. (1+ 1) X1=1x (1+1) 

17. 16738 = 1,738 = 1 

We can show that the properties for whole numbers listed on page 50 

are also true for fractional numbers. 

Make the necessary computations; then name the property which each 

exercise illustrates. 

Dyad Tae wee) 
Example | 3X7 5X3 

Of ee OAmES 
So) ex. 21 

4D OS 
TB ES Fee eae a | 

The Commutative Property of Multiplication is illustrated. 

Example 2 37.605 X 0 

37.605 X 0=0 

The Property of Zero for Multiplication is illustrated. 

ie) a Pe 12 
5S SS a . : : SOF Gare TS. x 18 a 7 19. 217.36 x 0 20. 0 73 PAV TES 9 
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l A> ee Lee l 5) 
= — a4 ° ~— — —-xX= m2. 4x ($42); (Fx) + (5x3 

232 (125 Pa SS lose let oso ey 

DAS 1 3-2) X35 lx 3) 3) 

Fn, aca len, eed Rea . (2xi)x=; 2x(Sx 
a Goi ale 

26. 2.78+3.16; 3.16+2.78 

27. —-+ 1 

28. 

Test in Division (Fractional Numerals) 

Find the quotients. Give the simplest name for each answer. 

‘= is 2. 2. a 1. = 2 gees 372 ue 57 2 

ail men oak are) ae 2. 6+, a5; cara aia i] 

ape 4 Sa 6. 3 [ee BPT 8) 

et hay 5, 46 2 orn) eG eh 

aoa (j & Ee ay AY 2 PENG) 

Lee, L 2a Bee. oh Gena Lata | 6. 5725 Ra a 57 4, he thor 

lmeyl Lee 12 3.2 ee 12a eee a LPG a7 tas S55 

1.3! Wi 254 Iai Ve 52 8. 252355 | Aa Sp Wlsenca® Reto em 

If you had fewer than four problems correct in any group, turn to 

pages 434-436 for practice in division (fractional numerals). 
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Understanding Division (Fractional Numerals) 

. Give correct replacements of frames in the following: 

gehen 2Xi4 558 se teed XS feel? 
“ie ace a i ait eS a A 

pt AXA ig gaa SIE 
“Sy Led Ne a9. 14 9 90D e585 

eee le A. PR ae ee 20 
SET REY Sep) yee aS as 

. Give correct replacements of frames in the following: 

1 1 4a a4 

Reiger pen ee es Ps Bot Be ranneeee 
oe a ft aN Ve ae GA 

hueTpos ie 
3 3 >) =) 

, Higaus 1 eee seat: 
arAvieG ORES aan (5 ah eon 4 ans eee A 

Ge A se 

. Compute the products and compare the results with the examples 

in exercise 2. 

. Observe the relation between division and multiplication: 

Jabot] 
gei-ds 
fabat] 

Now complete the pattern. 

9-B-—»— 
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CLOSURE 

Suppose you have the following set of numbers {0,1}. That is, the 

only numbers you have to work with are 0 and 1. Let us see how much 

we can do with these numbers. ; 
Addition: 0+0=0; 0+1=1; 1+1=?. We do not have the 

number 2 in our set, so there is no answer in our set. 

Subtraction: 0 —0=0; 1—0=1; 0O—1=?; 1—1=0. There is 

no answer to 0 — | in our set. 

Multiplication: 0 X 0=0; | X 0=0; 1 X 1=1. We are able to do 

all multiplication combinations in the set {0, 1}. 

Division: 0 + 0 = ?; 1+ 0= ?. Soon we will show why we avoid 
dividing by 0. 

0+1=0;1+1=1. So our set is all right for division 

if we ignore division by 0. 

M@ If we are able to perform all operation combinations within a given 

set, we say that the set is closed under this operation. We have 

closure for this set under this operation. 

We saw that {0,1} was closed under multiplication. Is it closed 

under addition? 

1. As in the example above, perform all combinations of four opera- 

tions with the elements of the set {1,2}. Are there answers to all 

combinations? 

2. Is the set {1,2} closed under 

a. addition? c. multiplication? 

b. subtraction? d. division? 

The set of whole numbers, {0, 1, 2,3, 4,5,6,.. .}, is an infinite set. 
3+7=10 36 — 15= 21 
0+ 25 = 25 17—1= 16 

100 + 78 = 178 

We can always add two whole 

numbers, and the answer is a 

whole number. 

The set of whole numbers is 

closed under addition. 

15 — 36=? 

Not every subtraction prob- 

lem with whole numbers has 

an answer among whole num- 

bers. 

The set of whole numbers is 
not closed under subtraction. 



2 

CLOSURE 55 

Is the set of natural numbers closed under addition? 

Prove that the set of natural numbers is not closed under subtrac- 
tion. [HINT: It is sufficient to find one case in which the difference 
of two natural numbers is not a natural number. | 

Prove that the set of whole numbers is not closed under division. 

To prove that the set of whole numbers is closed under multiplication 
is difficult. Since the set is infinite, it is impossible to display all pairs 
of numbers and their products. 

10. 

5 X 6= 30 It is reasonable to claim that the set of 
35 X0=0 whole numbers is closed under multipli- 
1 X 78 = 78 cation. Anyone who disputes this claim 
92 x 3 = 276 has the burden of displaying a pair of 

: whole numbers whose product is not a 

whole number. Can you find such a pair? 

Prove that the set {0, 1, 2, 3} is not closed under addition. 

Prove that the set {4, 2} is not closed under division. 

T = the set of multiples of 3. That is, T = {3, 6,9, 12, 15, 18,.. .}. 

a. By experimenting with addition, tell whether set T is closed 

under addition. [Remember that if you claim no closure, you 

must show an example where the sum of two multiples of 3 is a 

number which is not a multiple of 3. ] 

b. Do the same for multiplication, subtraction, and division for the 

SClele 

A = {0, 1, 2}. 

a. By checking all addition combinations, tell whether set 4 is 

closed under addition. 

b. Do the same for multiplication, subtraction, and division for the 

set A. [HINT: Ignore division by 0. ] 

F =the set of multiples of 5. That is, F = {5, 10, 15, 20, 25, 30, . . .}. 

a. By experimenting with addition, tell whether set F is closed 

under addition. 

Do the same for multiplication, subtraction, and division for the 

set F. 
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11. G =the set of multiples of 4. That is, G = {4, 8, 12, 16, 20, 24,. . .}. 

a. By experimenting with addition tell whether set G is closed 

under addition. 

b. Do the same for multiplication, subtraction, and division for the 

set G. 

We can draw reasonably reliable conclusions concerning the closure of 

infinite sets under a given operation by examining a few examples. It is 

also possible to prove that a set is closed under a given operation so that 

no doubt is left. 

Proof The set of multiples of 3 is closed under addition. 

Every multiple of 3 is of the form 3 X n or 3 X m, where 

n and m are natural numbers. 

3 X n and3 X m are multiples of 3 

The sum of any two multiples of 3 is | 

3X ia 3 a 

According to the Left-Distributive Property, 

3Xm+3xXn=3X (m+n) 

Since m + n is a natural number, for any natural numbers 

m and n, 3 X (m+n) is a multiple of 3. Therefore, the 

sum of any two multiples of 3 is a multiple of 3. 

Did you understand each step in the proof? If not, be sure to ask your 
teacher to explain to you the parts which you do not understand. 

ADDITION AND SUBTRACTION 

Adding 5 to a number, then subtracting 5 from the result is the same 
as leaving the number alone. 

(n+5)—S5=n 

Addition and subtraction are related operations. Every subtraction 
statement can be changed to a corresponding addition statement. 

1. Change each subtraction statement to a corresponding addition 
statement. 

Example 9—2=7 means7+2=9. 

a. 17—6=11 b. 14-—9=5 c. 20—7= 13 
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2. Replace the blank to obtain the correct pattern showing the relation 
between addition and subtraction. 

h—A=>© means O + 2 =f) 

3) Using a, b, and c in place of 0, A, and O, write the pattern show- 
ing the relation between addition and subtraction. 

The relation between addition and subtraction can be shown in a 
different way: 

(S85 ApS 7 

Subtracting 2 undoes what adding 2 does. 

4. In each example, replace () with the correct numerals to obtain 

true statements. 

ars(9-e 3) = 9 die ( 15i Nal) EES =.15 

bale) 7 14 e. (LI— 10) + 10 = 36 

Ca 1178) 3178 = f. (150 — 100) + J = 150 

The operations of addition and subtraction are related in a way shown 

in the previous examples. 

@ Subtraction is called the inverse of addition. 

It follows that addition is also the inverse of subtraction. That is, 

addition and subtraction are inverse operations. 

5. a. Given the set of numbers A = {2, 5,7, 15, 20}. Add 5 to each 

member of the set. Call the new set B. 

b. Subtract 5 from each member of the set B. Did you obtain set A? 

Subtracting 5S undoes what adding 5 does. 

6. For each addition statement, write a related subtraction statement. 

Example 4+ 15=19; 19—15=4 

a 8+3=11 (ee Pale (sy e. 55+9= 64 

b. 123+88=211 d. 320+90=410 f. 430+ 110=540 

7. For each subtraction statement, write a related addition statement. 

Example 360 — 90 = 270; 270+ 90 = 360 

ade i 10.15 Co te) e. 45 — 12 = 33 

b. 99 —20=79 dig 36 3 lje—31 199 ioe 20 12 =) 199 
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8. In each example, replace L) with the correct numeral to obtain a 

10. 

11. 

12. 

13. 

14. 

true statement. 

(35) 13) — =35 a. 

b. (8) +Fr12)' 1239 

ce. (37+ 0) — 24 = 37 

d. (17+ 96) — 96 =U 

es) (127-436) = = 127 

(Gi 20) 20 = 91 = 

= oe 

k. 

1. 

(112 +0) — 13 = 112 

(14+ 120) — 120=0 

(56 + 130) -O= 56 

(me Sty) ee ay 

(52 + 96) — 96 =U) 

(500 + LJ) — 700 = 500 

a. List the members of the set which you obtain by adding 1 to 

each member of the set A = {0, 1, 2, 3, 4, 5}. 

b. Subtract 1 from each member of the set you obtained in part a. 

Did you get set A? 

Describe the inverse of each of the following: 

a. opening a door 

b. traveling east 

c. taking off shoes 

d. assembling a radio 

2 

one 

hanging up a coat 

opening a book 

. unlocking a door 

. flying upward 

Perform each operation and check by performing the 
operation. 

Ase oi d. 37,006 
+965 9-379 

b. 22,385 e. 3,006 
+4,890 ==982 

c. 1,004 f. 4,963 

+985 Sy 

g. 88,368 j. 
~9,429 

h. 16,002 k. 
—~7,004 

i) 3487 1. 
+5.68 

What is the inverse operation of adding 35? 

What is the inverse operation of subtracting 12? 

inverse 

3,468 

mAs PY! 

5,063 
—3,084 

12,349 
8413 

On December 24, the temperature in Frazer, Colorado, was 40° 
below zero. How many degrees does the temperature have to rise 
before it will reach 0°? 
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16. 

Lye 

18. 

19: 
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If the temperature were 60° below zero, how many degrees would 

it have to rise to reach 0°? 

In Holland there is a meadow whose altitude is 10 feet below sea 

level. How high should you make a heap for its top to reach sea 

level. 

How many feet is it from 20 feet below to 400 feet above sea level? 

How many degrees is it from 5° below zero to 37° above zero? 

Which is a larger change: from 10° below zero to 20° above zero, 

or from 0° to 30°? 

MULTIPLICATION AND DIVISION 

Multiplying a number by S, then dividing the result by 5 is the same as 

leaving the number alone. 

1. 

(nxX5)+5=n 

For each multiplication statement, give a related division state- 

ment using the pattern suggested in the example. 

Example 6X5=30 30+5=6 

a. 3X4=12 Cane si 21 

bEseae 0 d. 12X4=48 

On the basis of examples in exercise 1, give the pattern involving 

division for O X D=A. 

The example, (30 x 5) + 5 = 30, shows the relation between multi- 

plication and division in a different way. Replace each L) to obtain 

a true statement. 

aia <b) =3— 12 f. (987 x 67) +O = 987 

bag <p) = go 12 (el) 3700 = 12 

mm) 7 — 15 h. (OX 7) +7=1,268 

dmG6ra5) > =o) en O00L It). 17 

em 9) 9 73 j. (697 x 781) +O = 697 

4. Replace the blank to complete the pattern. 

(O18 ee eae 
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10. 

11. 

12. 

CHAPTER TWO 

a. 

b. 

c. 

Given the set M = {1,2,3,4,5}. Multiply each member of 
M by 3. Call the new set T. 

Divide each member of T by 3. Do you obtain the set M? 

Does dividing by 3 undo what multiplying by 3 does? 

Replace x by the correct numerals to obtain true statements. 

a. 

b. 

60+ 15=x ec 66+x=11 e x+2=52 g. x-6=48 

x-15=60 d.il-x=66 f. 52:2=x h. 48+6=x 

What is the inverse of multiplying by 12? 

What is the inverse of dividing by 16? 

Perform each operation and check by performing the inverse 
operation. 

a:802S) dine 125 g. 45 k. 19)5,795 

x72 x 125 x45 

b. 1,036 ene 3S h. 37)4,625 1. 3.6)1,296 
x 105 x47 

i. 12)7,476 m. 4.2 )5,250 
C2 #136 fl 27 

x 138 x 139 j- 235)184,710 n. 3.9)4,914 

Replace LJ with the correct numerals to obtain true statements. 

asve(OPX47) = 5 én (122 GGP) =s5e513 

b? (@rxe12) = [ies f. (50 xO) +11 =50 

ec (LJ X 6) +6=17 g. (36 X 2) +2=i9 

de (i xe 12) 1 20 h. (13 X¥9)+9= 

a. If set X¥ = {0,2,5,9}, list the members of the set you obtain 
by multiplying each member of set X by 7. 

Divide each member of the set you obtained in part a by 7. 
What set do you get? 

For each multiplication statement, write a related division 
Statement. 

Example 21X3=63 635-321 

a. 9x 3=27 b. 11 X 9=99 c. 12 X 13 = 156 
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SOLVING PROBLEMS 

Study the solution of the problem below. It will provide you with some 
help in solving problems. 

Example 5 is added to a number. The result is multiplied by 4 
giving the product 32. What was the original number? 

How to We use [] in place of a name of the number we are after. 

Solve 5 is added to a number: [1+ S. 

The result is multiplied by 4: (11+ 5) x 4. 

ihe product is 32> (lg +5) ~4=82. 

What number multiplied by 4 gives 32? Answer: 8. 

Therefore, L) + 5=8. 

5 added to what number gives 8? Answer: 3. 

Therefore, 1) = 3. 

The number we are looking for is 3. 

Check 5 is added to 3; the result is 8. 8 multiplied by 4 is 32. 

Solve each problem. 

1. A number is added to 12. The result is multiplied by 5 giving the 

product 105. What was the original number? 

2. A number is subtracted from 23. The result is divided by 7 giving 

1 
7° What was the original number? > the quotient 

3. Doubling a number and then multiplying the result by 5 gives 35. 

What is the number? [HINT: Doubling means multiplying by 2.] 

4. Adding 6 to a number and then multiplying the result by 7 gives 56. 

What is the number? 

5. Squaring a number and then dividing the result by 4 gives 16. What 

is the number? [HINT: Squaring a number means multiplying the 

number by itself. | 

6. Square a number, multiply the result by 4, add re then multiply the 

result by 6. The answer is 3. What was the original number? 

7. Multiply a number by 6, then add 3 to the product. Divide the 

result by 2. The answer is TS What was the original number? 
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KEEPING ARITHMETICALLY FIT 

1. Add. 

a. 1,407 b. 48.75 Cc. 30/26 d. 497.6 . 

395 19.36 76.9 231 

406 25.07 80.1 81.09 

9,808 13.78 1ae 670.01 

589 95.25 36.9 2et 

2. Subtract. 

a. 22,305 b. 569.33 c. 486.06 d. 724.00 

3,498 479.44 227.68 99.99 

3. Multiply. 

a. 709 b. 3,266 CoS. d. 325.9 

832 $09 7.56 4.25 

4. Divide. 

a. 15)1,766 b. .11)34.54 Ca 24)).67,0 d. 82)218.94 

For exercises 5-9, numerals in parentheses refer to pages where you 

can find more practice in these operations. 

5. Supply the missing numerators. (428) 

FT = =F ka Eee Bah ad 

eild OA Le Ee TG Sint baad ono 72 

6. Add. (428-430) 

4.3 oes fsa ee A ae BE i! Sali a ati Daa mace ne de> 

7. Subtract. (430-432) 

AGO ret ls ored 3 a. 8. 8 b. 7 5 c. ree d. Soa a 

8. Multiply. (432-434) 

A} 7 es BS, Demons c. 45 X5 d. 33% 55 

9. Divide. (434-436) 

192 a Th ee ee b. 46 ee Loe ee) 5 seston) Oe a 
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10. Copy the examples and fill in the missing numerals to obtain true 

11. 

12. 

13. 

14. 

1s: 

16. 

17. 

18. 

19. 

statements. 

a c69 | b. 79.58 

ae labley: se UI 
9,748 

Compute the answers. 

a. DE ithey ein: 

aol ft24/in: 

Dee. diss lept. 

2, Gb ali pt: 

Cael tt. in: 

x4 

de it. Sin, 

+4 ft. 10 in. 

Ce Ord Seosqtsa) pt: 

—3 gals. 4 qts. 1 pt. 

i.) 3’ gals: 3 gts. pt: 

x5 

g. 8 yds. 1 ft. 10 in. 

se OeyUsec Loe) lin: 

Co LA25 

242.2? 

il 

—999 2 5 
589 

h. 3.6 X (1.4+ 7.9) 

ope) 40/4 Ot 925) 

Kp led exe exalt} 

l (75 +5) + 30 

m. (100 + 1,000) + 10 

Tie 421674291277) 7 

1 1 1 1 

Gallia 
ie (livAyset shy i Osh sch 5))) 

OB MRI se Ly) (C2 ae Bits) 

yea 
iS EEG, 

2 

What number added to 12.5 gives 99.6? 

What number multiplied by 12.5 gives 15,625? 

What number subtracted from 1,776 gives 1,258? 

What number divided by 13.5 gives 182.25? 

An article costs $1.89. Find the cost of a dozen of these articles. 

One gross is the same as 12 dozen. What is the cost of a gross of 

articles if the price of each article is $.12? 

A man paid $84.36 for 76 yards of wire fencing. What was the price 

of one yard of fencing? 

A lecture lasted 1 hr. 40 min. and ended at 3:05 P.M. At what time 

did the lecture begin? 
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VOCABULARY REVIEW 

Associative Property of Addition is less than (42) 

(40) Left-Distributive Property of 

Associative Property of Multipli- Multiplication over Addition 

cation (41) (44) 

closure (54) natural numbers (31) 

commutative operations (37) Property of One for Multiplica- 

Commutative Property of Addi- tion (34) 

tion (36) Property of Zero for Addition 

Commutative Property of Multi- (34) 

plication (37) Property of Zero for Multiplica- 

counting numbers (31) tion (34) 

equal sets (32) Right-Distributive Property of 

infinite set (31) Multiplication over Addition 

inverse operations (57) (45) 

is greater than (42) subset (31) 

A CHALLENGE TO YOU 

1. For the pattern below, write the next two steps. Then study the 

pattern and answer the following questions. [HINT: 2? means 
2 X 2 and 23 means 2 X 2 X 2.] 

1+3=4=2? 

1+3+5=9= 3? 

1+3+5+7=16= 4? 

1+34+547+9=25=5? 

a. What is the sum of the first 20 odd whole numbers? 

b. What is the sum of the first 50 odd whole numbers? 

c. What is the sum of the first n odd whole numbers? 

2. a. For the pattern below write the next two steps. 

13+ 23=9= (1+ 2)?= 32 

19+ 23+ 33° = 36=(1+2+4+3)?=62 

1°+ 23+ 33+ 43= 100 = (1+2+3+4)?=102 

1° + 2° + 39+ 48+ 53=225=(14+2+3+4+5)2=15? 

b. What is the sum of the cubes of the first 10 natural numbers? 

c. What is the sum of the cubes of the first n natural numbers? 
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CHAPTER TEST 

. Is the set X a subset of the set Y? 

jen 11 let 
X= ar = miei rr [.54t ¥=105.5,42 

If you know that 105 x 27 = 2,835, then what property tells you 

that 27 xX 105 = 2,835? 

If you know that (37 x 3) X 55 = 6,105, then what property tells 

you that 37 < (3 x 55) = 6,105? 

Write the related subtraction statement for 13 + 21 = 34. 

Write the related division statement for 11 <x 15 = 165. 

Prove that the set {0, 1, 2} is not closed under addition. 

What property tells you that if 5 x (15 + 10) = 125, then (5 xX 15) 

+ (5 X 10) = 125? 

What property is illustrated by 2+ 7 =7-+ 2? 

What property is illustrated by (3 + 6) +5=3-+ (6+5)? 

Multiply 375 x 29, then check by dividing. 

. Replace the blanks with either =, <, or > to obtain true statements. 

aed 12 12 4 ree NSE TV SK TOs, DOC x TD) 

bialex 3 (oe 0357 do (24-6) 2 4 (62) 

According to what property is 3,607 + 0 = 3,607 true? 

. According to what property is 5,632 x 1 = 5,632 true? 

According to what property is 9,607 x 0 = 0 true? 

. A jar contains 1,120 nickels. How many dollars is it? $56.00 

A. 

The product of two numbers is 51. One of the numbers is De 

What is the other number? 

A number is added to 5 and the sum multiplied by 7. The answer 

is 42. What was the original number? 



ion systems Numerat 



DECIMAL NUMERATION SYSTEM 67 

THE DECIMAL NUMERATION SYSTEM 

To record work with numbers, we write number names. Number names 
are called numerals. Every numeral names some number. Every num- 
ber has many different names. 

1. Each group of numerals below names some number. In each group, 
one numeral does not fit with the group. Find it! 

a. 21x 10 15 : , 100 -- 20 : Vv 

I 18 I 81 
e — X a aoa jaage b. 34 %3 ; 1+8 45x 2 ; 

es 0 1,1 3x0 10 — 10 27? 

2. Write five different names for the number 7. 

We call our system of writing numerals the decimal system. The Latin 
word decem means tenth. The word ‘decimal’ is suggestive of ten 
Symbols Ot 23,4. 5. 6, 7; 82.9. 

When we write 

785,205 

we read it “seven hundred eighty-five thousand, two hundred five.” Its 

meaning can be pictured as follows: 

3. Write numerals in the decimal system for the following: 

a. forty-six 

b. six hundred eighty-seven 

five thousand, three hundred eighty-nine 

= seventy-six thousand, nine hundred thirty-four 

e. three hundred forty-eight thousand, seven hundred nine 
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4. Write in words the names for the following: 

a. 14 d. 167 g. 5,641 j. 672,503 

b. 40 e. 305 h,” 76,125 k. 908,005 

c. 234 f. 603 i. 43,005 ata Uy 

It is easy to read names for very large numbers once we observe the 

regularity of our decimal system. This pattern is shown below for the 

numeral 205,376,174,290. 

The word name for 205,376,174,290 is: two hundred five billion, three 
hundred seventy-six million, one hundred seventy-four thousand, two 
hundred ninety. 

5. Write word names for the following: 

a. 135,600 Cy. 335,365,105 e. 78,365,700,341 

b. 806,705 d. 170,006,340 f. 263,109,305,700 

PLACE VALUES OF BASIC NUMERALS 

There are ten basic numerals in the decimal system of numeration. 
They are: 0, 1, 2, 3, 4,5, 6, 7, 8, 9. Basic numerals are also called digits. 

For example, 3,001 is a four-digit numeral. The place value of 3 in 
3,001 is three thousand. 

1. Tell the place value of 3 and the number of digits for each of the 
following numerals. 

a. 35 c. 31,005 e. 300,000,000 

b. 93 d. 39,100,907 f. 3,609 

2. Tell the place value of 5 in each of the following: 

a. 56 c. 50,007 e. 305,763 g. 151,000,000 

b. S01 d. 567,001 f. 159,867 h. 356,001,367,900 
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How many ones make a thousand? 

- How many tens make a hundred? 

- How many tens make a thousand? 

3 

4 

5 

6. How many hundreds make a thousand? 

7. How many thousands make a million? 

8 - How many millions make a billion? ‘ 

POWERS OF TEN 

There is another way of showing the ten character of our numeration 
system. Look at this pattern. 

100 = 10 x 10 

1,000 = 10 x 10 x 10 

10,000 = 10 x 10 x 10 x 10 

100,000 = 10 x 10 x 10 x 10 x 10 

and so on 

We can simplify writing by the use of the following abbreviation: 

10 x 10 = 10? 

Read “10?” as “‘ten squared” or “‘the second power of ten” or “‘ten to 

the second power.” 

10 < 10 x 10'= 102 

Read “10%” as “ten cubed” or “‘the third power of ten’’ or ‘“‘ten to the 

third power.” 

10 x 10 x 10 x 10= 104 

Read “10%” as “‘the fourth power of ten” or “‘ten to the fourth power.” 

It took man centuries to develop our present decimal system. This 

system was developed in India and brought to Europe by the Arabs. It 

is called the Hindu-Arabic system. 

1. Write as powers of ten. 

a. 10 x 10 x 10 x 10 x 10 

b. 10 x 10 x 10 X 10 x 10 X 10 

10 x 10 x 10 x 10 x 10 x 10 x 10 x 10 

10 x 10 x 10 x 10 x 10 xX 10 x 10 xX 10 x 10 x 10 a 9 
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2. Write two ways of reading each of the following: 

Example 10° the ninth power of ten; 

ten to the ninth power 

a. 10° b. 108 ce. 10*° d. 1014 

Although 10! and 10° seem to be the simplest powers of ten, their 

meaning is more difficult to decide upon. In mathematics, we quite often 

decide upon the meaning of symbols by observing patterns. 

Let us build a pattern. 

10,000 = 104 
1,000 = 10? 
100 = 10? 

What is the next line in this pattern? It is 10 = 10'. So, now we 

agree that 10' means simply 10. 

What line comes after 10 = 10! in this pattern? It is 1 = 10°. So, 

in order to continue the pattern, we agree to define 10° to be 1. 

10'= 10 10°=1 

10 to the first power is 10. 10 to the zero power is 1. 

We can show values of digits using powers of ten. 

23=2x10+5%X1 

2) =2 X 10'+5 X 10° 

349 = 3 x 107+ 4 x 10'+ 9 x 10° 

4,801 =4 x 10? +8 x 102+ 0 x 10!+ 1 x 10° 

3. Expand by powers of ten. 

Example 346 346 =3 x 107+ 4 x 10'+ 6 x 10° 

a. 37 d. 540 g. 37,165 
b. 98 e. 1,394 h. 98,003 
c. 239 f. 7,003 i. 405,301 

4. Write each of the following in powers of ten form. 

Example 100,000 100,000 = 10° 

a. 10,000 d. 1 g- 1,000,000,000 

b. 1,000,000 e. 100,000,000 h. 1,000,000,000,000 

c. 10 f. 100 i. 10,000,000 
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5. Given an expansion by powers of ten, write each numeral in the 
ordinary form. 

Example 4x 107+ 0 x 10!'+ 3 x 10° 

=4x 100+0x 1043 
= 400 + 3 
= 403 

B10 108 

aa1085e 2x 10E 7 108 

9x 10°+0 x 107+ 0 x 10!'+6 x 10° : 

7X 10*+0 x 103+ 0 x 107+ 0 x 10!+0 x 10° 

e. 3 x 10°+ 4 x 104+3 X 10°+ 0 x 107+ 0 x 10'+ 0 x 10° 

ioe Og 0° 

O02 ale al xa10 

h. 4x 107+ 1 x 10° 

Lene 10° 

ee 

a © 

Test in Addition (Decimal Numerals) 

Find the sums. 

in 9 & 5. 3.15 39.09 40.63 
ae 6 5 26.09 4.16 58.13 

705 e183 a 9106 

ye Lisl 5.8 23.6 6734.63me 15 18 e513 
6.4 7.9 (CP PRP IES 

(eS DES ee 49.08 46.78 59.07 

Seo) 26! 58 7 e306" =P) £909 I 508186 
‘Gj 92a 73 519.081 806 
be ae 69 620 107  —.005 
BO wk 35 364 865.980 

amd 25 358) © 1.66 8. 1.136 9.983 3.265 
Wont ES eb 2.605 7.009 8.099 
3.59 2.08 7.16 4.990 6.805 7.603 

If you had fewer than two problems correct in any one group, turn to 

pages 436-437 for practice in addition (decimal numerals). 
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CHAPTER THREE 

Understanding Decimal Numerals 

How many times as great as 0.01 is 0.1? [HINT: By what number 

must you multiply 0.01 to obtain 0.1?] 

How many times as great as 0.05 is 0.1? 

n X 0.02 = 0.1. What in place of n gives a true statement? 

How many 0.01’s are there in 1? 

How many 0.01’s are there in 10? 

How many 0.01’s are there in 100? 

How many 0.1’s are there in 1? 

How many 0.1’s are there in 10? 

How many 0.1’s are there in A 

How many 0.5’s are there in 1? 

. How many 0.5’s are there in 10? 

. How many 0.5’s are there in 100? 

How many 0.5’s are there in 1,000? 

POSITIONAL SYSTEM 

Recall from page 68 our explanation of the place value of a numeral. 

We will sometimes use merely value of a numeral to mean the same 

thing. 

1. 

ae ee 

Sh 

In 257, what is the value of 2? 

In 25, what is the value of 2? 

In 2, what is the value of 2? 

In 200, what is the value of 2? 

In 2,000, what is the value of 2? 

The answers to the five questions above show that the same numeral 
can have different values. The value of a numeral depends on its posi- 
tion. These examples illustrate why our system is called a positional 
system. 
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In the following table, place values are shown using the powers 
of ten. 

1 followed by no zeros = 10°= 1 

1 followed by one zero = 10!= 10 

1 followed by two zeros = 10? = 100 

1 followed by three zeros= 10? = 1,000 

In the figure at the right, 9 is the base; 4 is the 4 

exponent. We say that 94 is the fourth power of N 

9. What is the fourth power of 9 equal to? (What Sed 
ase is9X 9X9 x9?) eg 

6. What are the exponents? 

Example 123 The exponent is 7. 

a. 10° Daze c. 363 d. 85° e. 34 

7. 107 means | followed by how many zeros? 

8. 1036 means 1 followed by how many zeros? 

9. 10” means 1 followed by how many zeros? 

10. What are the bases? 

ao 0; Deal Cameo d. 26° eos 

11. Tell the exponent and the base in the following: 

he ir b. 4° Cas de 22 a ek fei 0rte 

12. Write the following as products. 

Example ae D4 = DEX EK 

asl O2 be3., Caer d. 6? e. 8° 

13. For each number, write a name consisting of 1, followed by the 

correct number of zeros. 

Example 10° 10° = 1,000,000 

a. 10° b. 10° CaO: d. 104 e. 107 
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14. Write the following using 10 with the correct exponent. 

a. 10,000 b. 1,000,000 pea gl d. 10 e. 100 

be - 
15. For each number, write its name in words. 

Example 125,675 one hundred twenty-five thousand, six 

hundred seventy-five 

a.) c. 5,375,000 e. 3,120,001,756 

b. 10,398 d. 360,000,003 f. 999,999,999 000 

16. Write each number as a base-ten numeral. 

a. five thousand, six hundred seventy-three 

b. seventy-five thousand, one hundred nine 

c. nine million, seven hundred seventeen thousand, three hundred 

d. ten billion, three hundred 

17. Tell the value of 6 in each of the following: 

Example 260,112 The value of 6 is sixty thousand. 

a. 63 C2 215°116 e. 5,060,000,318 

b. 10,672 d. 35,695,000 f. 56,000,000 

EXPONENTIAL NOTATION 

Every number has many different names. 

The name for 256 in expanded product form is 

2X2 SO 2EX DOC DOGS DGD 

The name for 256 in exponential form is 28. 

De KX) Xe? a) ee 

The work above shows that the exponential form is an economical 
way of naming numbers. 

1. Write the following using exponential form. 

Example EX ATES eee, fis 

a 3 d. 8xX8x8x8&x8&x8 

b. 10 x 10 X 10 x 10 e. 100 x 100 x 100 

CX ex Xx) Foy 37 XS EX 7 
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The decimal system has the number fen for its base. In order to write 

numerals in the decimal system, we need ten basic numerals: 0, 1, 2, 

3, 4, 5, 6, 7, 8, 9. Numerals beyond that consist of tWo or more basic 

numerals. Thus in 10, 1 means one ten and 0 means no ones. 

Expanding a numeral by powers of ten shows the decimal (ten) 

nature of our system. 

2. Expand by powers of ten. 

Example 37,498 3X 10%-- 7 X'10% 4x: 102-49 x 10! 

+8 x 10° 

a. 465 c. 436,879 e. 5,368,972 

b. 1,059 d. 100,106 f. 7,003,007 

3. Given an expansion by powers of ten, write each numeral in the 

ordinary form. 

Example sox MP see WR set) < tienen? ecliyy 302,907 

Boe Ue L022 x 102 

Depa 08 a LO OSGI 0: 

C07 Se xal OS Sex 102 br 1 104-78 xn 04-33 X00 

dom lexe10 2 lex HiOS Pa 10 7 ale 102 

emOrdUS 9a Os Jl 0> tx 102 

f. 9x 10°+1x 10?+8 x 10! 

g. 8x 10°+9 x 10° 

ho3 <7 10745210: 

ia Oe le 0 al 08 

PATTERNS IN NUMERALS 

We know that the ten basic numerals (digits) in the numeration system 

in base ten are 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, and that 235 is a three-digit 

numeral and 5,000 is a four-digit numeral. 

1. Tell the value of each basic numeral in the following numerals in 

the decimal system. 

Example 349 The value of 3 is three hundreds. 

The value of 4 is four tens. 

The value of 9 is nine ones. 

ase 2 b. 318,962 c. 1,234,567 d. 987,654,321 
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2. Write the numerals that have the following values. 

a. three hundreds, five tens, seven ones 

b. nine millions, five thousands, three hundreds, eight ones 

c. one billion, two tens, seven ones 

3. Supply the missing number in each pattern based on the number 2. 

af 2 Oa 32 0.802 Sa xe a4 

Dee ra 5) a e. 2’ =2 

Cre eX a =?) fa 

4. Supply the missing numbers in each pattern based on the number 7. 

a. 7°>=7X7X7X7X ?= 16,807 d. 77=7X ?=49 

b. 7 =7X7X7X7=? e. 77? =7 

c= 7 XX 7 =) f. 7=1 

5. Is the statement 7° = 2° true? Prove your answer. 

6. What is any number raised to the zero power equal to? 

Test in Subtraction (Decimal Numerals) 

1 9 a] 8 6. 3.683 5.982 7.005 

ES 4 4 1.241 3.984 3.016 

Zoe eO 3.8 4.6 7. 3.25 — 1.08 

Ding) 1.9 3.8 7.63 — 2.75 

10.05 — 3.93 
3.803 62 .87 

42 58 59 8. Subtract: 
— ao 1.5 from 3.6 

4. 9.36 2.38 4.35 3.7 from 10.5 

PEAY AP pe) 2.9 from 11.8 

5a 32 ee SOG GS 9. Subtract: 
m2 602 116 10.3 from 23.1 

a aa 1.26 from 3.27 

1.03 from 9.2 

If you had fewer than two problems correct in any one group, turn 
to pages 438-439 for practice in subtraction (decimal numerals). 
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ABACUS FOR BASE TEN 

You have seen that in the numeration system in base ten we counted 
by tens. An abacus helps in studying the positional values of basic 
numerals. 

(2 
() 
©) 
() 
() 
©) 
©, 
Q 
©) QOOODOOOOO) QOOOOOVOO) QCOOOOOOUO) OQOOOOOOLO CQOOOOOOOO) 

® 
c 
je) 

When we want to show some number on the abacus, we move beads 

into the lower part. The abacus below shows the number 850,039. 

acess. ae hee COOOOOOOO) 

OOOOOO 

es 

besa aa — 

OCOOOOOOOO 

The abacus below shows the number 159,403. 

ee wid ~ fer 

OOUOOO 

OOOOO) OOOOOOOOO) OOOO OOO 
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For each abacus below, write the name of the number it shows 

a. as a numeral in base ten 

b. in words 

COSCO 

b
e
e
n
 
n
e
e
.
 

[sol ead 

OOOSOESO 

a
y
 

Make a picture of an abacus to show each number. 

101,101 6. 3. 2/00) 1,007,303 4, 
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ABACUS FOR BASE SEVEN 

The abacus you have been working with may be called an abacus for 
base ten. In this abacus each rod has nine beads. Explain why it is not 

necessary to have ten beads on each rod. 

Let us make a picture of an abacus for base seven built on the same 

principle as the abacus for base ten. Let us draw a picture of a very 

simple abacus having only three rods (columns). 

OQOOOLD) OCOOOOO 

Q) 
) 
) 
() 
©) 
0) 

Write in words the name of the number in base ten shown on each 

base-seven abacus. 

Example Column 1: four ones = 4 

Column 2: one seven = 7 

Column 3: two forty-nines = _98 
109 

The number shown is one hundred nine. 

1. 

ae 
COOOOOD 
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10. 

11. 

Res 

Pee Ee 

a it a er 

bes be 
© 

() 
) 
(4) 
©, 
() 
C) 

COOOU0OO 
el 

COOOOO 

Make a picture of the abacus for base seven with three columns 

showing the greatest possible number. 

. Write the name of this number in words. 

Write a numeral for it in the decimal system. 

Make a picture of the abacus in base seven with three columns 
showing the smallest possible three-digit numeral. 

. Write the name of this number in words. 

Write a numeral for it in the decimal system. 

If you have a base-seven abacus with two columns, what is the 
greatest possible number you can show? 

If you have a base-seven abacus with two columns, what is the 
smallest possible two-digit numeral you can show? 



12. 

13. 

14. 

15. 

16. 

17. 

18. 
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Would your answer to exercise 9 be different if the abacus had 

four columns? What would be the answer? 

Would your answer to exercise 10 be different if the abacus had 

four columns? What would it be? 

Make a picture of the abacus for base seven with three columns 

showing the number 0. 

For each pair of abaci below, first write in words the name of the 

number each abacus shows. Then add the two numbers and write 

in words the name of the number both abaci show together. 

Ae 

Gil Pe 

OOO 

eat 

COOO0OO 

What is the largest number of beads you would ever have in the 

lower part of any one column in the abacus for base seven? 

What number would be shown on a five-column abacus for base 

seven with one bead in the fifth column on the bottom and no beads 

at the bottom of other columns? 

What number would a six-column abacus for base seven show 

with one bead in the sixth column and no beads at the bottom of 

other columns? 
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BASE-SEVEN NUMERALS 

We can name all possible numbers of beads in any one column on the 

bottom of the abacus for base seven by the seven basic numerals: 0, 1, 

Pie Rad Wire 5 

Read the numeral 213 yen as 

‘“‘two-one-three, base seven.”’ 

For each picture of an abacus write: 

a. the base-seven numeral it shows 

b. the word name of the number 

c. the base-ten numeral for this number 

Example a.) 124 even 

b. sixty-seven 
Cre Gee 

1. 4. F 

()) 
() 
()) 
) 
U) 

Zz 5. 
() () 

8 
3 3 
Vy) Y) 

() 
() 
©, 
() 

ean 

3. r 6. 
() 
() 

V) 
SSS ee ey 

a 
OQCOOOOO 

ae 
OOOOOO OCOOOOO 
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FOUR-DIGIT BASE-SEVEN NUMERALS 

The diagram below shows the positional pattern of a four-digit numeral 

in base seven. 

Example 1141 <ven = (1 X seven®) + (1 X seven?) + (1 X seven’) 

it. 

+ (1 X seven?) 

=e esaie rede 407 etd Xa eae Gla xsl) 

=1343,,,+49 et +l 

= 400 ten 

Why is it necessary to write the “ten” in “343 ten?” 

For each base-seven numeral, write its equivalent base-ten numeral. 

Example 6012 ven = (6 X seven*) + (0 X seven?) 

17. 

18. 

19. 

20. 

A nw Fw oN 

+ (1 X seven!) + (2 X seven’) 

=a 9X34 et Clee) (2X) 

=) O98, ft 
= 2,067 ten 

Lieven ieee 2 even IP SRER ite 

21 seven S000 caren 132 6000 cen 

B2eeven O97 G00 seven 14. 6432 seven 

Osan 10. 1000 seven 15. 6500 seven 

66 seven 10 1066 seven 1658 05) 5cc,en 

What is the greatest number that can be named with a four-digit 

base-seven numeral? 

Write the base-ten name for the number in exercise 17. 

Which is larger, 56 seven OF 56 ten? 

Which is larger, 111 seven OF 111 ten? 
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Test in Multiplication (Decimal Numerals) 

Compute the products. 

TiO 8 100 x 7.35 100 x 4.7 10.1 

2. 100 Xx .45 1,000 x .109 10 x .102 10 x .12 

3.) LO aes 10 X 3.68 100 x .5 10 x .159 

4. 2x4 et OA | ‘Osa L03626 

SO ad. rai Xess, .07 X 9 SLX eo 

6 9:6) 89 316 3.9 ji pea | SB 3a) 

i nS _8 6 8 9 
7 9h 83 95 .306 411 109 

Lf 9 3 8 5 2 
8. 3.65 7.05 4.11 9.05 52.0 86.1 

) 9 223 .86 9 1.6 

9573.9 4.5 3.16 7.09 3.116 10.004 

a3) 7.6 OS! 3.8 ad, 8 

If you had more than one problem incorrect in any one group, turn 

to pages 439-440 for practice in multiplication (decimal numerals). 

FROM BASE TEN TO BASE SEVEN 

In finding base-seven names for numbers, it is necessary to keep in 

mind the place values of the base-seven numeration system. 

Example I Given 13 ten, how do we write a base-seven name for it? 

First: How many sevens in 13;,? Answer: 1 

Second: How many ones are left? Answer: 6 

Thus3137 lOc. 

Example 2. Given 109 ten, how do we write a base-seven name for it? 

First: How many forty-nines in 109,.,? Answer: 2 

2 X 49 = 98 109 — 98 = 11 

Second: How many sevens in 11 je,? Answer: 1 

1x7=7 11—7=4 

Thus, 109 ten = 214 seven: 
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Example 3 Given 524,%,, how do we write a base-seven name for it? 
First: How many three hundred forty-three’s in 524;4.,? 

Answer: | 

343 524 

£91 — 343 

343 181 

Second: How many forty-nines in 181,.,? Answer: 3 

49 181 

oS —147 

147 34 

Third: How many sevens in 34;.,? Answer: 4 

7 34 

x4 =28 
28 6 

Thus, 524 ten = 1346 seven: 

For each of the following give the base-seven numeral. 

i 107. 4. 42 ten tb 89 ten 10. 455 ten 

Zs eyes 5; 49 ten 8. 267 ten 11. 35 ten 

82 Zs 6. STien ds, Bes: (Be pally ss 

There is another way of finding the base-seven numeral for a number 

given in base ten. To learn this method, we shall first divide some 

number, say 2,365;i-,, by ten, and record quotients and remainders. 

2,365 + 10 = 236, R 5 

236 + 10 = 23, R 6 

232 102 RB 

These successive divisions can be recorded in one array. 

2 RES 

10)23, R 6 

10) 236, R 5 

10 )2,365 

Now note that if we write the last quotient followed by the remain- 

ders, we have 2,365, which is the name of the number we started with 

in base ten. If we divide by seven, instead of by ten, we should obtain 

the name for this number in base seven. 
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Example 1 2,365 ten =__? seven 

6, R6 Check using base ten: : 

*) ) 48, R 1 343 49 ef 1 2,058 

7 )337, R 6 6 ox Ga eX 1 a) 266; 294 

7) 2,365 2,058 294 7 6 tf 

: _ = 6 
Answer: 2,365 ten = 6616 seven 2,365 

Example 2 1,970 ten au ren 

5,R5 Check using base ten: 

7) 40, R 1 343 49 T 1 13715 

f ay R 3 Oe ee PAS) 245 

76 1,970 Ve Saeed ts 3 4 

RB = aes Answer: 1,970 ten = 5513 seven 1,970 

Use the method shown in the examples to find base-seven numerals 

for each of the following. Then check using base ten. 

Le Ware 15.7 26 ten T7386) ten 19 ISGm, 21. [35a 

14. 19 ten 16. 45ten 18. 95 ten 20. 301 ten 22. 2,000 ten 

Test in Division (Decimal Numerals) 

1. 36.5+ 10 376.9 + 100 45.9 = 100 100.1 + 1,000 

2. .4+ 10 .05 + 10 109 + 100 3+ 100 

3. 3.6+2 1.8+3 2.8+4 3.6+9 

4. 3+.1 17+ .01 36+ .1 50.01 

5. 4)5.6 3)74.4 9)81.9 6) 42.06 

6205155, Bal .7)8.4 .6)9.6 

705) 15 .03) .306 .04) .404 032102 

8. 4.02)64.32 .7)47.6 11.8) 106.2 90.6) 18.12 

If you had fewer than three problems correct in any one group, turn to 
pages 440-442 for practice in division (decimal numerals). 
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THE BINARY NUMERATION SYSTEM 

All of us are familiar with the electric switch. It is always in one of 

the two positions, “‘on”’ or “‘off.” It would be very convenient to ‘“‘write”’ 

numerals by means of a switch if we had a system which uses only two 

symbols. 

1. A base-ten numeration system uses ten basic numerals. Write 

these numerals. 

2. A base-seven numeration system uses seven basic numerals. Write 

these numerals. 

®@ A binary numeration system uses two symbols: 0, 1. 

“Bi” means ‘“‘two.” The binary numeration system, or base-two system, 

is used by many electronic computers. 

on means | off means 0 

To understand the base-ten, or decimal system, we study powers of ten. 

3. Tell what each of the following is equal to. 

Example 106 1,000,000 

age 0" b. 104 Ca 10% dae e. 10° 

Showing numerals in expanded notation helps us to see the values of 

the basic numerals. 

4. Show each numeral in expanded notation. 

aris 3,265 B5a105 10-0. 10 al 08 

acl? Dadeo93 c. 367,205 

5. What is the value of 2 in each of the following numerals? 

a. 1,268 b. 1,628 c. 1,682 d. 2,861 

To understand the base-two, or binary system. we study powers of two. 

6. Tell what each of the following is equal to. 

Fea bez Cr deze Cx82% F123 g. =2° 
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i 

Base 

Ten 

CHAPTER THREE 

Study the record of counting from one through sixteen in the binary 

system. Then continue writing on your paper through thirty-two. 

Base 

I one 

(1 two) + (0 one) 

(1 two) + (1 one) 

(1 four) + (0 two) + (0 one) 

101 (1 four) + (0 two) + (1 one) 

110 (1 four) + (1 two) + (0 one) 

111 (1 four) + (1 two) + (1 one) 

1000 (1 eight) + (0 four) + (0 two) + (0 one) 

1001 (1 eight) + (0 four) + (0 two) + (1 one) 

1010 (1 eight) + (0 four) + (1 two) + (0 one) 

1011 (1 eight) + (0 four) + (1 two) + (1 one) 

1100 (1 eight) + (1 four) + (0 two) + (0 one) 

1101 (1 eight) + (1 four) + (0 two) + (1 one) 

1110 (1 eight) + (1 four) + (1 two) + (0 one) 

1111 (1 eight) + (1 four) + (1 two) + (1 one) 

10000 (1 sixteen) + (0 eight) + (0 four) + (0 two) + (0 one) 

Give the value of each basic numeral. Then write the name of the 

number in base-ten notation. 

1010 iwo (1 eight) + (0 four) + (1 two) + (0 one) 

= 10 een 

acne c10l e. 1000in, 

b. 1 Ecce d. Lil ieee f. 1011 eo 

Write in words the value of 1 in the following: 

a. 10000two b. 100000 iwo C. 1000000 iwo 

What is the greatest possible number that can be named by a 
three-digit binary numeral? 

What is the least possible number that can be named by a three- 
digit binary numeral? 

What is the greatest possible number that can be named by a four- 
digit binary numeral? 
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THE ELECTRONIC COMPUTER 

We said that working with the binary system can be likened to a switch 

with “off” and “‘on’’ positions. Look at the picture of a box with light 

windows to see how it can record numbers in the binary system. 

The compartments “thirty-two,” “‘four,” and ‘‘one” are lighted. Thus 

the machine shows 100101 ,y,. = thirty-seven = 37 ten. 

1. Make pictures of a six-digit binary machine like the one above and 

show on it the following. Light on means 1, light off means 0. 

ame Olive con holes ee. LLOITS 

b: > 100 frvc d. 100011 ino f. 100010iy. 

Write in words the name of each number in exercise 1. 

Could you show the number sixty-three on the six-digit binary 

machine? Why or why not? 

Could you show the number sixty-four on the six-digit binary 

machine? Why or why not? 

How many digits must a machine have to show two hundred 

fifty-six? one thousand twenty-four? 

Which is greater, 101. or 1000 two? 

What is the least possible number that can be named by a four- 

digit binary numeral? 

What is the greatest possible number that can be named by a four- 

digit binary numeral? 

It takes more digits to write a numeral in the binary system than to 

write it in the decimal system. 

91 ten iS a two-digit numeral in the decimal system. 

91 ten — 1011011 two 

10110114. is a seven-digit numeral in the binary system. 
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Each of the following numerals is in base ten. Write a binary numeral 

for the same number. Tell the number of digits in each system. 

Example 70 1000110 two 

2 digits in the decimal system 

7 digits in the binary system 

oz 12. 10 150325 18. 64 21. 200 

10. 4 13. 15 16. 32 19. 100 22. 256 

11. 8 14. 16 179 20. 128 25s 

POSITIONAL NUMERATION SYSTEMS 

The base-ten, or decimal, numeration system uses ten basic numerals. 

The place value of the numeral depends on the position in which it is 

written. 

1. What is the place value of the basic numeral 2 in each of the fol- 

lowing numerals in base ten? 

Example ZOU ae The place value of 2 is two hundred. 

ae2ne b. 2,001 ten 782570032, d. 200,000i., 

Because the value of a nunteral changes with its position, the base ten 

system is called a positional system. 

2. What is the place value of the basic numeral 3 in each of the fol- 

lowing numerals in base seven? 

B00 cen Dae L03 2 even ©2230 fever dS 00 leven 

3. What is the place value of the basic numeral 1 in each of the fol- 
lowing binary numerals? 

a. 100iwo b. 1000 two Can LO tee d. 1000001. 

All positional systems have the following property. 

@ For all positional systems, the base is the same as the number of 

basic symbols used. 

4. How many symbols are used in the binary system? What are they? 

5. How many symbols are used in the quinary (base-five) system? 

What are they? 
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The place value of each digit depends on the position it occupies in 

the numeral. 

6. What is the place value of the digit 4 in each of the following 

quinary numerals? 

a. AOD tive b. 4 Cc. 400 five d. 4000 five 

We stated two properties which all positional systems have. There 

iS ONe more important property. 

M The value of each succeeding place to the left is obtained by 

multiplying the value of the preceding place by the base. 

In a base-ten numeral of the form LJ A;,,, the place value of A 

is A X one, and the place value of LJ is LJ X ten. In 256, 

The value of the place occupied by 6 is one. 

The value of the place occupied by 5 is one X ten, or fen. 

The value of the place occupied by 2 is ten X ten, or hundred. 

7. In 25ie,, what is the value of the place occupied by 

a. 5? b. 2? 

8. To obtain the value of the second place from the right, by what 

number did you multiply the value of the first place? 

9. In a5 708 what is the value of the place occupied by 

eee es be Cro! 

10. To obtain the value of the third place from the right, by what 

number did you multiply the value of the second place? 

11. In 35.eyen, What is the value of the place occupied by 

ai. 52 ba? 

12. To obtain the value of the second place from the right, by what 

number did you multiply the value of the first place? 

13. In 452..yen, What is the value of the place occupied by 

Wet 224 b. 5? c. 4? 

14. To obtain the value of the third place from the right, by what 

number did you multiply the value of the second place? 
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EXPANDED NUMERALS 

The following example shows an expansion of a three-digit quinary 

numeral. 

Example 340 ave = (3 X 25ten) + (4 X 5) + (0 X 1) 

= (f) ten Sue 20 ten 

= EPL 

The following example shows an expansion of a three-digit numeral 

in base twelve. To write numerals in a base greater than ten, we need 

more than ten basic numerals. 

Example T = ten; E = eleven 

L2ZE weve — (10ten x 144 ten) ee (2 x Wien) he Clin x 1) 

= 1,440 ten se 24 ten a= | ee 

= 1,475 ten 

Expand each numeral. Then write the base-ten numeral naming the 
same number. 

Teidee 6 B2T I steven 11. 2706 cient 

Dea Ane TARO SS ee ies, JP Ppa 

ch Yoh 8. 4102.:x Best ioe 

Zh OPA he AAT Dire 14. 10244 five 
5. 716 cicht 10. 1088 nine 159511271 tes 

16. How many basic numerals are needed for the numeration system, 
base fifteen? 

17. What is the value of the second place from the right in the numer- 
ation system in each of the following bases? 

a. five b. eight c. ten d. twelve e. fifteen 

18. What is the value of the third place from the right in the numer- 
ation system in each of the following bases? 

a. five b. eight c. ten d. twelve e. fifteen 

19. Give a base-ten numeral for each of the following: 

a 100 tive C. 100 cignt LOO cae: £- 100 tweive 

b. 100 three d. 100 pine f. 7 100 geen h. 100 sitteen 
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FRACTIONAL NUMERALS 

1. Give a word name for each number. 

Examples 1 0.1 ten one-tenth 

See Oeleence one-twelfth 

a. 0.1 two b. 0.1 five c. 0.01 two d. 0.01 five 

Give a fractional numeral in base ten for each number. 

Example (79) = cel 
11 twelve 13 ten 

10 10 10 

2 (ii) s. (ir) - (it) 1] two 1] seven ‘ l eight 

10 10 10 
3. iy ° Bee e Sa, 

( 1 ] le 4 ( 1 1 ).. ( 1 I 

10 10 10 4. a 7. fd 10. (a 
11 four 11 eleven 11 thirteen 

In the following base-ten numerals, place values are shown. 

(ok Rik ale | 

| t____one-ten-thousandth 

one-thousandth 

one-hundredth 

one-tenth 

11. To obtain one-hundredth, by what number must one-tenth be 

multiplied? 

12. To obtain one-thousandth, by what number must one-hundredth 

be multiplied? 

13. 0.1111 is a fractional numeral in base two. 

one-half 

a. What is the value of | in the second place to the right of the 

point? 

b. What is the value of 1 in the third place to the right of the 

point? 

c. What is the value of 1 in the fourth place to the right of the 

point? 
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Add. 

1. 36.78 
9.46 

Subtract. 

San .U60 

159 

Multiply. 

9. 3.6 
7.9 

10. 10.6 

95 

Divide. 

17. 17)11,376 19. 

18. .2)365.6 

Add. 

253s 

95 

1,166 

469 

105 

Subtract. 

29. 13.62 

8.79 

KEEPING ARITHMETICALLY FIT 

2. 

11. 

12. 

20. 

26. 

30. 

105.9 
96.8 

LeSyelot 5 

DS TOMS 

1.63 

TES 

9.03 

6.25 

8.38 

135.01 

49.99 

13; 

14. 

21. 

22. 

27. 

31. 

0.1) 13.6 

0) 31).0 

Nn ive) — 

oo 

376.8 

199 

15. 

16. 

23. 

24. 

28. 

32. 

2.3)0.023 

0.06) 9.66 

375.6 

38.9 

117.6 

35.9 

17.8 

Pare 



Multiply. 

33203.76%.0.06 

34. 17.6 x 0.1 

35. 0.05 x 100 

36. 0.009 x 0.1 

S¥ig UUs ThE 

Divide. 

ASS 35'— 0.1 

49. 7+ 0.01 

50. 10+ 0.01 

51100 = 0.1. 

S226 O01 

53. 3 — 0.001 

54. 50= 0.001 

abacus (77) 

base (73) 

base-seven numeration 

(84) 
basic numeral (68) 

binary numeration system (87) 

decimal numeration system (67) 

digit (68) 
expanded product form (74) 

exponent (73) 

38. 

39. 

40. 

41. 

42. 

ab) 

56. 

Sis 

58. 

59: 

60. 

61. 

VOCABULARY REVIEW 

335 x 6 43. 39.5 x 0.01 

x 57 44. 6.70.01 

3 =x 98 45. 0.001 x 135 

Ly 662 46. 0.01 X 0.2 5 x 665 wy 

78 Xe 47. 0.01 x 0.09 

0.1 +10 62. 0.1 ~ 100 

0.01 = 10 63. 0.01 = 100 

0.1-+0.1 64. 0.1 = 1,000 

0.1+0.01 65. 0.01 = 1,000 

0.01 = 0.001 66. 0.001 = 10 

0.1 + 0.001 67. 0.001 = 100 

0.001 = 0.1 68. 0.001 = 1,000 

VOCABULARY REVIEW 

exponential form (74) 

Hindu-Arabic numeration system 

(69) 
system numeral (67) 

place value (68) 

position (72) 

positional numeration system (90) 

positional system (72) 

power (73) 

quinary numeral (90) 

value of a place (91) 

25) 
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1. 

A CHALLENGE TO YOU 

Write names for the numbers one through fifty in the base-seven 

system. Examine the sum of the digits for the numbers divisible 

by 3. State a rule for divisibility by 3 when numerals are written 

in the base-seven system. 

Give the answers to exercises 2-5 without performing the multi- 
plication. 

2. Is 101 1iwo X 111,w. an even or an odd number? 

3. Is 10liwo X 10000110,,,. an even or an odd number? 

4. [s 3021 sour X 223 sour an even or an odd number? 

5. Is 64 seven X 53 seven aN Even or an odd number? 

6. Write binary fractional numerals for the following: 

— 

1 1 l 1 

oe rahe Lt Gralla ia beh e (nol 

Let us write names for 1, 2, 3, and 4 using exactly four 4’s. 

4+4 pened psec 4-44 
4+4 4 V4x V4 a4 

( V4 is read ‘“‘square root of 4” and is equal to 2, because 2 X 2= 4.) 

Now keep going! See how many more you can get. 

CHAPTER TEST 

Expand by powers of ten. 

a. 10,987 b. 9,001 c. 343,107,205 

Write 10,000 as a power of ten. 

Give the base-seven numeral for each base-ten numeral. 

a. 10 b. 49 C4 d. 343 

Using each of the basic numerals 0, 1, 2, and 3 once, write the 
base-seven four-digit numeral for the least possible number. 

Using each of the basic numerals 3, 4, and 5 once, write the base- 
seven three-digit numeral for the greatest possible number. 
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10. 

11. 

| 4s 

13: 

14. 

15. 

16. 

17. 

18. 

19. 

CHAPTER TEST 97 

Explain why 82..ye, makes no sense. 

In base ten, which names the greater number, 2° or 37? 

Which is the exponent and which is the base in 417? 

Write a four-digit base-seven numeral meeting the following condi- 

tions. In the second place from the left is 6. The other three digits 

are 5, 4, and 3. The numeral names the least possible number. 

Write in words the value of | in the following binary numerals. 

ase lO feo b. 1000 two CmnlOO ro d. 10000iwo 

Tell the value of each digit. 

a. the second digit from the right in the base-four system 

b. the third digit from the right in the base-three system 

c. the second digit from the right in the base-eight system 

d. the third digit from the right in the base-four system. 

Write names for the number seven in the following bases. 

a. seven b. eight c. four d. five 

What is the value of 1 in 0.01 sour? 

Which is greater, 0.01 three or 0.01 tour? 

Write names for the number twelve in the following bases. 

a. twelve b. eleven c. two d. five e. nine 

In 689 je,, what is the value of 

aso b. 8? c. 6? 

In 135.even, What is the value of 

ae bres. Comes 

Which is greater, 21 jen OF 12 twenty? 

Which is greater, Wika or 13 gignt? 



Rational and Irrational 

Numbers of Arithmetic 
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SUCCESSORS AND PREDECESSORS 

The set of whole numbers is closed under addition; that is, the sum of 

each pair of whole numbers is a whole number. It is also closed under 

multiplication; that is, the product of each pair of whole numbers is a 

whole number. 

The set of whole numbers is not closed under subtraction, however. 

For example, 2 — 5 is not a whole number. This one example is suf- 

ficient to disprove the closure of the set of whole numbers under 

subtraction. Similarly, the set of whole numbers is not closed under 

division. One example, like 2 +7 which is not a whole number, is 

sufficient to establish this. 

Natural numbers are used in counting, because for every natural 

number, there is a next natural number. Also, for every natural number 

except 1, there is a natural number which precedes it. 

®@ A natural number which follows a given natural number is called 

its successor. 

5 is the successor of 4. 

@ A natural number which precedes a given natural number is called 

its predecessor. 

4 is the predecessor of 5. 

1. Name the’ successor and the predecessor of each number. (One 

number has neither of these. Find it!) 

a2 b. 998 r 135 AL LOS e. 10,000 

There is a first number in the set of natural numbers. It is the least 

number. 

2. What is the least natural number? 

Natural numbers have the qualifications which make them convenient 

for counting. You are familiar with numbers other than natural numbers. 

Some of these are > =, 1.3, and .7. These numbers are not used for 

counting. 

: 1 
3. Is there a next fractional number after 5? 

4. Why are numbers such as , and 1.3 not used for counting? 
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THE ARITHMETIC MEAN 

What is the number half-way between . and 1, To find it, we multiply 3. 

5 by the sum of 5 and *. Check the computations below. 

yp sii Dy eh ee 
Gale +4) 

SUPE 
Zae6 

5 
l 

One way to check that on is half-way between and ; is as follows: 
12 

[sith 6 Wa rag Si cot Aes ee 1 D and ae We know that 1p IS half-way between DD and 1D 

because 5 is half-way between 4 and 6. 

2 is called the arithmetic mean, or average, of 5 and 

@ To find the arithmetic mean of two numbers, multiply > by their 

sum. 

1. Find the arithmetic mean of each pair of numbers. 

ces. ap eg! 4. ae se), e. 5° 5 i. 46 m. 25; 3 

Bs Te f. a jenaaite n. 7.25; 7.27 

c. 8:15 g. 0:5 ik ie een EES 

d. 2:17 h 5 yeni! ship bce i 

Suppose someone claims that ; is the next number greater than = 

To prove that this is not true, we find a number which is closer to ; 

1 BPR as : : ; than 51s and which is greater than > One such number is the arithmetic 

mean of 3 and We have already found it to be 2. 
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iis 5 Sie " i 3 is less than D and 1D is less than = We write this as 

5 1 
-—-< 

ape Nl 

a. Is there a number half-way between = and aL Find it. 

b. Find the number half-way between ; and the number you found 

in part a. 

c. Find the number half-way between 5 and the number you found 

in part b. 

d. How far can this process be carried on? 

Find the number half-way between + and ct 

Find the number half-way between at and 2 
Dee) 50 

In exercises la-d, subtract the smaller number from the larger. 

Divide the difference by 2 and add the result to the smaller number. 

Do you get the arithmetic mean of the two numbers in each case? 

In exercises la—d, divide the difference of the two numbers by 2 

and subtract the result from the larger number. Do you get the 

arithmetic mean in each case? 

There are several ways of finding the arithmetic mean of two numbers. 

Each way may be shown as a general pattern. One such pattern is the 

following: 

{kh 

For the numbers LJ and A, the arithmetic mean is x se 7). 

In the pattern above replace LJ by 6 and A by 1 and perform the 

operations. Did you get the arithmetic mean of 6 and 1? 

If O is the arithmetic mean of LJ and A, is the following statement 

true? O is between LJ and A. 

Illustrate your answer to exercise 8 with an example. 
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10. The pattern used in exercise 5 may be described as follows: 

aaa 
Zz 

Ifo > A, then A + is the arithmetic mean of LJ and A. 

In a similar way, show the pattern used in exercise 6. 

1 
3 

of the three numbers. The arithmetic mean of 5, 6, and 8 is 

l EW eo ee gS 4. OS Nene tO ae 

11. Find the arithmetic mean of each group of numbers. 

> iso he eee Se ceein dao 5 

To find the arithmetic mean of three numbers, we multiply = by the sum 

To find the arithmetic mean of four numbers, we multiply ri by the sum 

of the four numbers. 

12. State the rule for finding the arithmetic mean of five numbers. 

13. State the rule for finding the arithmetic mean of 75 numbers. 

14. On a test six students received the following scores: 65, 92, 78, 

80, 66, and 98. Compute the arithmetic mean of their scores. 

15. Ifastudent received the scores of 80 and 90 on two tests, then what 

score must he make on the third test in order to have the arithmetic 

mean of the three tests equal to 90? 

16. If a student received the scores of 70, 75, and 80 on three tests, 

then what score must he make on the fourth test to have the arith- 

metic mean of the four tests equal to 80? 

Numbers Between Two Given Numbers 

We have learned that such numbers as : and ; do not have numbers 

which are next larger or next smaller. We now want to answer the 

question, how many numbers are there between : and 3 [Warning: 

between does not mean half-way between.] 

™ The number a is between the numbers b and c if c<a< bor 
Dad ae 
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Example I 3 is between 10 and 0, because 0 < 3 < 10. 

Remember that 0 < 3 < 10 means: 0 is less than 3 and 3 

is less than 10. 

Example 2 For the number pair = and : subtract the smaller number 

from the larger. Then multiply ; by the difference and add 

the result to the smaller number. Verify that the resulting 

number is between : and ot 

How to STEP | 

solve 

STEP 2 

Bean ee LO 
TG as LE a 
16 2 

STEP 4 Is 45 between 3 and a We prove that it is: 

Mn) Wile Wir 

x 

STEP 3 

3 
9 We, SU 
45 a 45 & 45 is true, because 9 < 16 < 30. 

LS Gy? 
Therefore, 5 A 45 <a 3° 

1. For the number pair = and = multiply r by their difference and add 

the result to the smaller number. Verify that the resulting number 

: 2 1 
is between 3 and 5" 

2. For the number pair @ and us multiply L by their difference and add 
3 5 5 

the result to the smaller number. Verify that the resulting number 

2 l 
is between 3 and 5" 

u 
5” 

add the result to the smaller number. Verify that the resulting 

3. For the number pair : and =, multiply a“ by their difference and 

number is between 5 and = 
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4. 

10. 

11. 

12. 

1S: 

14. 

What is your guess—how many numbers are there between 

2 1 tf =) 3 and 5. | 

For the number pair 2 and 3, subtract the smaller number from 

the larger. Multiply 5 by their difference and add the result to the 

smaller number. Verify that the resulting number is between 
2 and 3. 

. For the number pair 2 and 3, multiply 7 by their difference and 

add the result to the smaller number. Verify that the resulting 

number is between 2 and 3. 

For the number pair 2 and 3, multiply 5 by their difference and 

add the result to the smaller number. Verify that the resulting 
number is between 2 and 3. 

What is your guess—how many numbers are there between 
2 and 3? 

- For the number pair 2.5 and 2.6, multiply : by their difference and 

add the result to the smaller number. Verify that the resulting 
number is between 2.5 and 2.6. 

For the number pair 2.5 and 2.6, multiply a by their difference 

and add the result to the smaller number. Verify that the resulting 
number is between 2.5 and 2.6. 

What is your guess—how many numbers are there between 2.5 
and 2.6? 

For the number pair 3.21 and 3.22, multiply 7 by their difference 

and add the result to the smaller number. Verify that the resulting 
number is between 3.21 and 3.22. 

For the number pair 3.21 and 3.22, multiply a“ by their difference 

and add the result to the smaller number. Verify that the resulting 
number is between 3.21 and 3.22. 

How many numbers are there between 3.21 and 3.22? How would 
you prove your answer? 
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RATIONAL NUMBERS OF ARITHMETIC 

248 ‘ 
Numbers such as 375° 5, .25, and 3.6 are called rational numbers of 

arithmetic. Each of these numbers has a name of the form ae where 

a and b are whole numbers, and b # 0. For example, in ee a=2 and 

b = 3. We can express the numbers 5, .25, and 3.6 as follows: 

ap) oe ls — i 25 4 3.6 5 

a 

b 

whole numbers, and b = 0, is called a rational number of arith- 

metic, or a rational arithmetic number. 

™ Every number which has a name of the form <, where a and b are 

Note that each rational arithmetic number has many names of the form 

a SLO lS 
Bb For example, we can express 5 as 19°73? and so on. 

1 
Is 1 a rational number of arithmetic? Yes, because 1 = 1 . Explain 

why 0 is also a rational arithmetic number. 

‘ a 
For each number, write a name of the form —, where a and b are whole 

numbers. 

ies 4. 103 7. :107 10. 2.176 

2. 13 5056 8. 3.2 11. 10.5 

3, 55 5 9. 4.65 12. 125.1 

From the problems you worked on pages 103-104, it is possible to 

conclude that there is an infinite number of numbers between any two 

rational arithmetic numbers. This means that there is no limit to how 

many numbers there are between any two rational numbers. This prop- 

erty of rational numbers is called density. 

™@ The set of rational arithmetic numbers is a dense set, because 

between any two rational arithmetic numbers, there is an infinite 

number of rational numbers. 
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Give three other names of the form © for each rational arithmetic 
b 

number. 

3 Gals ie0 Example a Three other names are 3° 20° and 40° 

13. ; 15:4 17. .5 19. .17 

14. 33 16. 10 18. .9 20. 3.5 

COMPARING RATIONAL NUMBERS 

Because between any two rational numbers of arithmetic, there is an 

infinite number of rational arithmetic numbers, the set of such numbers 

is called a dense set. Dense means closely packed, or compact. 

1. a. Is there a whole number between | and 2? 

b. Is there a whole number between 121 and 122? 

c. How many whole numbers are there between 5 and 7? 

d. Explain why the set of whole numbers is not a dense set. 

2. For every pair of whole numbers, is there an arithmetic mean 

which is also a whole number? Give two examples to support 

your answer. 

We will now examine ways of telling which of two given rational num- 

bers of arithmetic is the greater. You should discover ways of doing 

this from the examples below. Study them thoughtfully. 

Example 1 ee also 132 x Te [32 | 

Example 2 > 5: also3X2>4xX1 [6> 4] 

Reeeh Example 3 rear’ alsoSX8>4x9 [40 > 36] 

6295: Example 4 art also6X6>7X5 [36 > 35] 

3. Write a pattern involving multiplication which follows from 2 > © 
bards 

and which is based on the examples above. 
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Replace each LJ to obtain a true statement. 

4. V also fa 2 = 7c | 

also4xOi>9x3 

Ain ol es 
alsOt x tl eet 

a Also 11x bi ex 10 

On SO le ee US XaLS 

4 af 
mS: 9 5 > 73° AlSO: 4% 1135-> Lae (e] 

107 

10. In exercises 4-9 perform the multiplication to verify the truth of 

the statements you obtained after replacing U). 

Here is another set of examples for your study. 

Example 1 alsolxX4=2x2 [4=4] 

Example 2° ==-—; also2X12=3xX8 [24=24] 

Example 3 also3 X 25=5X15 [75=75] 

—_ a Example 4 also7 X 16=4X 28 [112=112] 
BIN UID WIN Ne 

— Nn 

11. Write a pattern involving multiplication which follows from ¢ 

and which is based on Examples 1-4 above. 

Replace each L] to obtain a true statement. 

3." 9 
——— 15S hhx9 12. 57 15: also 3 L] 

ipi4 fal eB x —— ay - 7 = 593 also 1 x OJ 

Zhe 
al” 
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14. 7 =2; also 3 x7 = 1x0 

15. 22; alsoL] X 1=5 x5 

Study thoughtfully the following examples. 

Example I a5) also1x2<4 1, [2.<34] 

Example 2 <4; also3X4<4%4 [12 =<16] 

Example 3 ae also5X7<6x6 [35 < 36] 

Exampled 2<1; also6xS<5Xx7 [30<35] 

16. Write a pattern involving multiplication which follows from 

and which is based on Examples 1-4 above. 

Replace each LJ and A to obtain a true statement. 

7. 2 <5; alsolOlx9<AxX8 

1 1 
18. 3 <5; Alsou Cel x 

tae Be 
19. 7 <5) alsor7 x Bl 4s 

Which are true and which are false? 

20. noe 24, s=2 28. 7-8 

21. s<3 25. += 2 39. ae 

eee 6. <5 0. E> 

23 2> 5 Tee a1. <3 

32. 

aes 

34. 

BRE 

b 
a G —<-, 
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DIFFERENT NAMES 

Every rational number of arithmetic has many different names. When 

adding rational numbers, one name may be more convenient to use than 

1 
another. For example, when adding 7 and * we choose the name : 

1 2 i 
for 5 and the name 6 for 3° 

There is a method for finding different names for the same number. 

This method is suggested by the examples below. 

Replace each L] and A to obtain a true statement. 

er eee 1 AS 
Example a ane 5 re Sas 

fee 2 3, 2-2%8. 2_0 
YY alpen Sek ees Sed Sete eae avAN 

Be a Oia Ay i te 
~ Byi See Bene 5a 105 aN 

Replace each LJ and A to obtain a true statement. 

Poh ee es ae 
P {515 2a eS eA SaaS 

2 ibe sy skal ~ Dee, 2 oe 
7020-5 ot 20 ~ WP tie el PX se ya 

» (BRE nS ol Aieoieesh Wire (e 
"24 24+6' 24 A m8 0208 eS eek 

Find another name for the first number in each pair by multiplying the 

numerator and the denominator by the second number. 

an Bee a> 
Example 7539 17-17 K 5 85 

4. 2. i De 4. oi Ao kh ee hs ey 2 13 ae 

Find another name for the first number in each pair by dividing the 

numerator and the denominator by the second number. 

wy Mean tg, SG, 2 a tee 
18” ap Ag 56’ ea? 65° > 
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MATHEMATICAL GENERALIZATIONS 

Suppose we decide to use letters of the alphabet in place of numerals. 

These letters will be replaced by different numerals to obtain names of 

numbers. 

Replace the letters by the designated numerals to obtain names of 

numbers. 

Example In is replace a by 3, b by 7. Result: 2. 

1. In replace x by 4, y by 9. 3. In s replace*c by 9ed by 2- 

2. In replace m by 5,n by 27. 4. In E replace w by 6, z by 11. 

Find the products. 

Example Eve SPSS 
ree ETC) Rabo 

ed 2a 4,9 dived. 5a Xa ae hrc Lee gra 

5 12 6.8 be 2s 6.5 Xa 8. 5X5 10. 5X 12. 3X7 

The pattern illustrated by the examples above is 

OC = A oc de 

bd bxd_ bd 
Recall that a X b is abbreviated as ab. 

We know that any non-zero number divided by itself is 1. 

a a 4 [x ~ 0] 

P F aXe = 
In the generalization a: 1, replace x by the given numeral and write 

the resulting statement. 

Example 5 for x 2 = 1 

13/5) 0 orsx 16. 12,606 for x 

14. 7 for x 17. 999 for x 

15. 125 for x 18. 1,000 for x 



RECiPROCALS' 111 

RECIPROCALS 

Is there a number which when multiplied by 3 gives the number 1 for 

the product? This number is = because 3 X has it 

We call . the reciprocal of 3 \X 7 

because the product of ; and 3 is 1. 

Similarly, 3 is the reciprocal of 5, because - x 3 = 1. 

1. For each number, give its reciprocal. Then check to see whether 
the product of each number and its reciprocal is 1. 

Example > The reciprocal of 5 is 2 because 2 x2= 3 = 1. 

e 4 2 10 a. 5 c 3 e. 7 8 3 ee) 

1 3 a b. 3 d. 4 f. 5 h. 10 Joon! 

2. What number is its own reciprocal? 

3. Is the following generalization true? For all natural numbers m 

m n 
and n, 7 and am are reciprocals. 

4. Show that the product = and x is equal to 1. 

The number 0 does not have a reciprocal. Let us see why. 

Recall that multiplication and division are related operations. 

i then c X b= a. 

If 0 had a reciprocal, it would be = What does + mean? Suppose it is 

some number 7; thavist : =n. Then it follows that n X 0 = 1, or the 

number n multiplied by 0 is 1. But we know that there is no such num- 

ber because any number multiplied by 0 is 0. Therefore, 

a does not name any number. 5 iS a meaningless symbol. 
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: a 
5. For each number, give a name of the form —, where a and bd are 

whole numbers with no common factor other than 1. 

WR PETG Wee Ayn is) 
Example DS) 2.5= ioe eo ee 

a. 3:0 C. E2057 eh ve Pe GI 

bs i2.5 dé 1725 f. 500.2 h., 999.999 

6. For each number, find its reciprocal. 

—25_5 Example a5) 2.5= 1072: 

Therefore, the reciprocal of 2.5 is a 

1 3 
rr) Wy? b. 3.6 Cal0.3 do 5:2) e. 1; f. 37 

Which of the following natural numbers have reciprocals which are 

also natural numbers? 

oa) 8. 2 9. 100 10. 1 

11. Name all natural numbers which have reciprocals which are also 

natural numbers. 

For each set of numbers, check whether each member of the set has a 

reciprocal in that set. Then tell whether the set is closed under the 

operation take the reciprocal of. 

Example {1 - 3| 

Reciprocal of 1 is 1; it is in the set. 

Reciprocal of 3 is 3; it is in the set. 

Reciprocal of 3 is 3 it is in the set. 

Therefore, we can conclude that et is closed 

under the operation take the reciprocal of. 

I 1 5 1 PS a hea? 14. 45, = ei % 2 : (9 5| 7 3 s| {I 3} 

13. {1,.1, 10} 15293 Le2} V7 lel sno} 1951 LOL 
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TERMINATING DECIMALS 

It is rather easy to find names of the form > [a and b are whole num- 

bers, b ¥ 0] for such numbers as 1.5, 2.67, 3.906, and 159.3967. 

mee _ 267 _ 3,906 _ 1,593,967 NS) ty ea MERE sana 

Decimals such as 1.5, 2.67, 3.906, and 159.3967 are called terminating 

decimals. What does “‘terminate’”? mean? Look it up in a dictionary. 

There are decimals which are not terminating. For example, 

1.666 . . . is a non-terminating decimal. 

Three dots mean that 6 is repeated without end. 

A non-terminating decimal like 1.666... 

is called a non-terminating repeating decimal. 

Let us develop a way for finding decimal names for numbers in 

fractional form. We do this by performing division. Study these 

examples. 

15 
75 

Pripiele = 74 )3100 4 28 
20 
20 
0 

lw 

875 
epic eee 17858 7000 = 875 8 8 64 

60 
56 
40 
40 
0 

075 
ee = S000 ee 01S 

40 40 2 80 
200 
200 

0 
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.028 

Example 4 
250 5 00 

2 000 
2 000 

0 

— =» 250)7.000 = .028 

CONCLUSION Some rational numbers of arithmetic have names which 

are terminating decimals. 

Find a decimal name for each number. 

1. Ws 

i) 

NIN N |b oo |. 

le) 

MIN UmIWBW UI 

10. WIS 

11. 

— Bln Ble — 

CA) tm 12. =| 

13. 

14. 

15; 

16. 

17. 

18. 

00 |\o 00 |W 

— — 

col lites “allies C3 

| A Pa pe 

20. 

21S 

22a 

PE ors 

24e 

Copy the following and replace the blanks with either =, <, or >, to 

obtain true statements. 

36 36 
Example 70 — 3.6 Om 3.6 

25. 1.0756 ___ 1.0656 29. .6 = 

1,075 3 26, HEP 1.075 30, 1.5 __ 3 

3,763 21 27, 2237.63 3, 

14 2, 2 __2.8 32. 2.737 ___2.7371 

1.05 

33. 

35% 

36. 
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For each number, give the simplest fractional name. 

Example 1 

Example 2. 3.122 3.122 = >= = 

Sake? 

5.3) ie) 

BB ee 

40. .09 

wl) 
Boe ri00 25 

3,122 1,561 
1,000 500 

41. .04 45. 10.32 

42. .95 46. 1.326 

4321812 47. 2.008 

44. 5.46 48. 10.605 

NON-TERMINATING REPEATING DECIMALS 

The example below shows how to divide 1 by 6. 

1666 
6)1.0000 

mD 
40 
36 
40 
36 
40 
36 
4 

ih ra 
6 1666 

As we continue dividing, 6 will be repeated. The bar 

in .1666 means that 6 repeats on and on. The decimal 

Wye Kan i : 
name for 6 isa non-terminating repeating decimal. 

1. Divide 1 by 3. Carry out the process to four decimal places. Place 

a bar above the last repeating digit. 

2. Divide 1 by 9. Carry out the process to four decimal places. Place 

a bar above the last repeating digit. 

3. Divide 1 by 11. Carry out the process to six decimal places. Place 

a bar above the last two repeating digits. 

4. Divide 1 by 7. Carry out the process to twelve decimal places. 

Place a bar above the last six repeating digits. 
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For each rational number give a decimal name. Some will have ter- 

minating, others non-terminating decimals for their names. 

joo ae 
Example 1 5 Ca ly 1.8 

833 
A TIE ak Se RREN TS eee cae a eee SS. 9 Sie mea nine Chm 6 

20 
18 
20 
18 
2 

4 5 2 u 5. 4 3.2 un. 4 4. 4 

2 4 i ay 6. 9, 2 12. 3 15. 2 

1 7 8 7 2 t 10. 7 134 16. 2 

Give fractional numerals for the following numbers. 

17S 18. 10.45 19. 1.1076 20. 56.235 21. 100.1001 

Once we know that ; = 0.1666, it is possible to find a repeating deci- 

mal name for? using multiplication. 

AR te or .166 or .1666 

16 166 .1666 
x5 x5 x 5 
1832 9833 BeeS3 33 

5 pee 

Therefore, ja .8333. (From the pattern do you see why we do not 

write 0 in the ten-thousandth’s place?) 
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, 1 = : j 
22. Given oF -11, write decimal numerals using multiplication. 

2 4 6 8 10 Cn = _= = > a 9 "39 seo =70 PD 

3 5 i 9 11 b. = d= be Ries Pec" 9 9 5 eG 7G 

23. Given + = .0909, write decimal numerals for the following: 

25 25 SS an a5 
E 1 — —_ = _—_—_* — — xample 1 1 27 Ti 0909 X 3 = .2727 

Therefore, 25 = 00707: 

fea ee) = 15 _ ob 
att [414 > Ti 2 ip ee it 

BI Bt 12 23 58 
ih oi Gi ar as 

24. Given 5 = .142857142857, write decimal numerals for the fol- 

lowing: [HINT: Do not forget to adjust the first digit on the right. ] 

8 9 10 36 76 a. 7 b. 7 €: 7 d. 5 e. 7 

25. Given ; = .166, give a repeating decimal name for 10 x 7 

26. Given + = .0909, give a repeating decimal name for 100 x i 

MULTIPLYING REPEATING DECIMALS 

Recall that to find a decimal name for a fractional numeral, we divide 

the numerator by the denominator. The process either stops, or it goes 

on with a repetition of one or more digits. 
What about finding a fractional name for a decimal numeral? If the 

decimal numeral is terminating we proceed as in the examples below. 

zs 7 125 =12 00065 = —°> 
~ 1,000 100,000 

But if the decimal numeral is repeating, our task is not so easy. 

al 
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Let’s try to find a fractional name for .77. First, observe the 

following: 

If n= .77, then 10X n=7.77 ae 

If n= .1212, then 100 Xn=12.1212) 
If n = .105105, then 1,000 x n = 105.105105 

1 If A533; what.is1 0X ni? 

If n = .7878, what is 100 x n? 

If n = .37633763, what is 10,000 x n? 

If n = 1.33, what is 10 X n? 

If n = 5.0909, what is 100 x n? 

If n = 17.3535, what is 100 Xx n? 

If n = 12.906906, what is 1,000 x n? 

See ee ee If n = .10691069, what is 10,000 x n? 

9. If n = 138.26012601, what is 10,000 x n? 

To find a fractional name for .77 we need another important pattern. 

After discovering this pattern, we shall return to this problem. 

The following example suggests a pattern that may be true in 

general. 

oes Dee ee UG pe Bip TREN A o=! OBST Nag = me Ew Pt 

To check whether the last statement is true, we carry out the necessary 

operations. 

ape Boge eae Se tnd 5 eed 0 ne ie: 
4 2 

Thus, the statement, 2 _ ; = .75 — .25, is true. 

A more convenient form of writing the example above is 

ae SnD s Zeek 4 75 Check: Ae a es 

1 5 l 
— =) 5 3 i =, = — A Te 25 50 1072 

bic will 
eT 75 — .25 
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As in the preceding example, use subtraction and write the statement 

which follows from each pair of given statements. Carry out the neces- 

sary operations to check whether your statement is true. 

2h ae ZA ah 10. me ee) 11. a 9 12. 5 .84 13. 0 55 

21-4 7M a! 4_ oi ree 50 Te aes Sie 

14. Given the two statements below, write the pattern you used in 
exercises 10-13. 

c=d 

DISTRIBUTIVE PROPERTIES 

We found the pattern called the Right-Distributive Property of Multi- 

plication over Addition to be true for all whole numbers. 

(x y)z = (xz) + (yz) 

Find the answers for each pair of problems to see whether the Right- 

Distributive Property holds for the rational numbers of arithmetic. 

Le (2 vib ll 
= lle sel ees) 

OMA) WEA Idee oT eyT TELL AE meLS 
lGvaies mw ee Ss 

2 1 (ea thyenbi Ts Wiles AB 
Coe eager 105 105 
The Right-Distributive Property holds. 

rio Wb tat eee 
Lesa eee iaailes 

by YAN aie 
Gia (3*3)+(3*3) 

4 Deel Sint ea ligeas 
Grae Pe alc) 

(O07) < 0.25" (071 X,0.2) + (0:7 X 0.2) 

Example (2 os , x 

=" 

Oy 

ve 

= 

(cas) \exel. San Qtr le) (327 1:5) 

(375-1516) 2.455 (395) X 274) + (1.6 X 2.4) Dom 
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Let us now investigate another pattern which is like the pattern on 

page 119, except that subtraction takes the place of addition. 

ho sb aosie Pleyel) ll 
Canes eo} ai 
Dcllh i iibewal pmb ba grt 22 
Ge (4*5)=3 Sac 

BL h\calay oe ihycaval itil It follows that € 4) x$= (9x5) es) 

Find the answers for each pair of problems. Are the answers in each 

pair the same? 

Ed (a) 
2 kd) (be) 
9. Gane Celle) 

10. eda (eesti ih) 

1. Ug) se (ela (exe) 

Wh, CR = 18) = (15 x5) (22 x4) 

Ee (Gi KIS GS HS) 

14) (215 1,9) 134 12 5s) Co aie) 

Bar Gime Oe Cabs VOIO< Ib = (Cb S< aby) 

16. The pattern which follows from the examples in exercises 7-15 
is called the Right-Distributive Property of Multiplication over 
Subtraction. Write this pattern using x, y, and z. 

Replace each CL] to obtain a true statement. 

| 1 1 tecen! 
Y.-J = Sx == Xx=)—-(=x= ( 3 2 (a 5) & - 5) 

4 18. (9 1) ome OAL eee) 
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19. (5-3) *3=(5%5)-(2x0) 

20. (G7) x9= x9) - (1x9) 

ai: (s—§) x= (5 xa) - (4x2) 
eS) 

eS ae Ve (Oars 22am LO 0) x; (6x 2) Ge) 

Distributive Patterns sometimes help to simplify computations. 

(37 X 5) + (13 X 5) = (37+ 13) X 5=50 X 5 = 250 

Use the distributive patterns to simplify computations. 

23. (88 xX 9) + (12 x9) 26. (111 x5) + (89x 5) 

1 1 3 3 <= = Ea =e 24 (197 5) + (3 x5) 27 (212 x =) (102 x +) 

3 3 4 4 25. (217 x 3) (17 x3) 28. (217 x a (67x = 

REPEATING DECIMALS AS FRACTIONAL NUMERALS 

Let us now return to the problem we posed on page 118. 

What is a fractional numeral for .77? 

To answer this, we will use the following three principles. 

aie 71 2. (a— b)c= (ac) — (bc) 5 Ifa=b 
and c=d 

thena—c=b—d 

Suppose we let n = .77 
Then 10 X n=7.77 

Now we will subtract n from 10 X n. On the right we tell which 

principle we have used for each step. 

(10x n) —n= (10 Xn) — (1 Xx) Principle 1 

(OR i) ert Principle 2 

=9Xn 

=9n 
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Thus, we can conclude that 10n — n = 9n. We will now use this sub- 

traction in vertical form. 

10n = 7.77 
n= eld. e 

Oa EOL en iT | Principle 3 

9n=7 

pack 
9 

| 
Therefore, .77 = 9° 

1. Using the necessary principles, show that 10x — x = 9x. 

2. Using the necessary principles, show that 100n — n = 99n. 

a 

b. 

© 

a 

. If n=.1212, what is 100n equal to? 

What is 100” — n equal to? 

What is 12.1212 — .1212 equal to? 

. From the answers in parts a-c, find a fractional numeral for 

21s 

Eo! 

= 

If n = .206206, what is 1,000n equal to? 

What is 1,000 — n equal to? 

What is 206.206206 — .206206 equal to? 

From the answers in parts a-c, find a fractional numeral for 

.206206. 

Every repeating decimal numeral has a name in the form of a fractional 

numeral. The method above gives a way to find fractional names for 

these decimals. 

Find fractional numerals for the following: 

5.33 

6. .44 

Tro, 

8. .66 

9. .88 13. .1414 ek COT 

10. .99 14. .1515 18. .216216 

11. .1010 15. .2525 19. .987987 

12 LOLS 16. .8989 20. .10011001 
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If we have a repeating decimal for a number larger than 1, we can 
temporarily “‘set aside’? the whole number and work only with the 
decimal part, as shown in the example below. 

Example 15.7373 15.7373 ="15 42.7373 Let n= .7373. 

100n = 73.7373 
pes ysne) 

100n — n = 73.7373 — .7373 
99n = 73 

ppl 
99 

perce ms erefore, 15.7373 = 1399: 

15a i is sometimes called a ‘“‘mixed numeral.’’ How would you justify 

this name? 

Find mixed numerals for the following: 

Ak al 24. 1,002.22 op. Aba PAGES 

O25 Orn 25 e323 28. 268.112112 

kh, Gee) 26. 126.3232 29. 176.109109 

mM Every number named by a repeating decimal has a name of the 

a 
form b? where a and b are natural numbers. Therefore, every 

repeating decimal names a rational number. 

There are repeating decimals in which the repetition does not start 

immediately to the right of the decimal point. 

Example Give a fractional numeral for .12626. 

Let n= .12626 _ 
1,000n = 126.2626 

10n= 1.2626 

990n = 125 
cas) 2 

~ 990’ *' 198 

P25 
Therefore, .12626 = 198° 



124 CHAPTER FOUR 

Find fractional numerals for the following: 

30. .122 SKY We ALAS 

31. .844 35. .42626 

aye eel 36. .96262 

33. .399 S7Et Ola L 

DECIMALS AND DENOMINATORS 

38. .2166 

39. 3533 

40. .9022 

41. .4688 

Below are given fractional numerals and their decimal equivalents. 

Supply decimal numerals wherever there is a question mark. 

L 5=.5 12. 

2, = 33 13 — 

1 ey 3.957 14. 

I 4, 1=9 : 15 

1 
===) 5.453 16. 

6. 5 = 142857142857 17. 

I 
—-=°9 7 ga 1 18. 

8 Ne il 19 on: 

9, 959 20 10 ae, 

1 —— 

10. + = .0909 21. 

u. t=» 

| _ 976923076923 
13 

1 _ 774085 
14 

es 
IS 

ae 
16 

a 0588235294117647 

Weare 
18 

| _ 053631578947368421 
19 
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22. Refer to exercises 1-21 and write down all denominators of those 
fractional numerals which correspond to terminating decimals. 

Since 4 = 5 has a terminating decimal for one of its names, so do 2 a and 
SP Ge 

Y Vialespea é 1 Beh. 
5 Similarly, since 7 has a non-terminating repeating decimal for one 

DAPSTEAES 6 
of its names, -,=,- = SO do 7, 7°77 and = 

Refer to exercises 1-21 and tell which of the following can be expressed 
as terminating decimals. [HINT: Be sure fractional numerals are in 
simplest form. | 

BS 28. 3 23, 4 x8, 4 
a 29, 8 34. 3 39, = 

I 30. = 35. 2 40. 2 

26. x 31. a 36. 2 41. 3 

oT 2 ) | oe 2 a7 a 42. a 

NON-REPEATING NON-TERMINATING DECIMALS 

By this time you may be asking yourself whether there are any non- 

terminating decimals which are also non-repeating. The answer to your 

question is “‘yes, there are, and plenty of them.” In fact, you will be 

able to make them up yourself. Here is one of them. 

2S) SS ONE SS OIIP Sip! PDE Re SOLIDS ERS OO DPI 5 

1. In the example above, explain how we made sure that there would 

be no group of digits which would repeat on and on. 

2. Here is another non-repeating decimal. 

7.17 12 7 123 7 1234 7 12345 7 123456 7 1234567 7 12345678 7 
123456789 7 12345678910 7 1234567891011 7... 

Explain how we made sure that there would be no repetition in this 

example. 
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3. Make up four non-repeating and non-terminating decimals. 

Non-repeating non-terminating decimals are not names for rational 

numbers of arithmetic. 

™ Numbers named by non-repeating non-terminating decimals are 

called irrational numbers of arithmetic. 

In the two examples on page 125 we chose decimals which have pat- 

terns in them. Once we observe the pattern, we can continue writing 

on and on as far as we please. But a non-repeating decimal does not 

have to have a pattern. 

Suppose we toss a die and whatever “‘comes up”’ we write down to 

the right of a decimal point. We may obtain a decimal that looks 

something like this: 

16253335 162211644615421442561 .. . 

It is unlikely that we will get a repeating decimal. How would you argue 

that this is true? 

4. Give an example of a non-repeating non-terminating decimal 

determined by drawing cards from a deck and replacing them 

before drawing again. 

DIVISION BY ZERO 

We have stated that we never divide a number by 0. Now we will show 
why this is the case. 

First, consider dividing a non-zero number by zero, say 5 + 0. 

Suppose 5 + 0 is some number x. 

If 5 + 0 = x, then it follows that x -0=S. 

But we know that any number multiplied by 0 is equal to 0. Sox - 0=5 
cannot be true for any number x. Therefore, 5+ 0 is a meaningless 
statement. By similar arguments, we can show that n + 0 is meaningless 
for every non-zero number n. 

Now consider dividing 0 by 0. Suppose 0 + 0 is some number y. 

If 0 + 0 = y, then it follows that y - 0=0. 

But y can be replaced by 5 or 16 or any numeral, since any number 
multiplied by 0 is equal to 0. Thus, we can conclude that 0 ~0=5 
and 0 + 0 = 16. But this means that 5 = 16. Since this is obviously not 
true, we must conclude that 0 + 0 is meaningless. 

Thus, n + 0 is meaningless for every number n. 
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KEEPING ARITHMETICALLY FIT 

Here is a shortcut for multiplying by 50. Consider 36 x 50. 

36 x 50 = 36 X (100 x a | Replace 50 by (100 x A 

= (36 X 100) x5 [ Assoc. prop. mult. ] 

l = x = 3600 5 

= 1800 

Thus, to multiply a number by 50, multiply it by 100; then multiply the 

result by >: 

1. Use the short cut above to find the products. 

a. 78 X 50 ce 212 -<750 e. 96 x 50 

b. 128 x 50 d. 250 x 50 fo I <a50 

Now, let’s find a quick way to multiply by 25. Consider 72 x 25. 

72x 25=72 x (100 x *) | Replace 25 by (100 x a 

= (72 X 100) x4 [ Assoc. prop. mult. ] 

= 7,200 x 7 

= 1,800 

Thus, to multiply a number by 25, multiply it by 100; then multiply the 

result by i: 

2. Use the short cut above to find the products. 

a. 44 x 25 c. 444 x 25 e. 1,608 x 25 

b. 240 x 25 d. 880 X 25 fe 21 5 

3. Develop a short cut of your own for multiplying by ee 

4. Use the short cut you developed in exercise 3 to find the products. 

Ba 333 b. 114X 333 c. 201 <a d. 441 x 333 
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For exercises 5-23, numerals in parentheses refer to pages where you 

can find similar exercises. 

Add. (436-437) 

5. 5.406 6. 25.09 Trai sia 8. 367.3 9. 100.3 
3711 36.17 206.9 25.9 99.7 
eo Ie 98.26 310.4 9.8 82.9 

Subtract. (438-439) 

10. .409 1122-45 12. 9.003 13. 1.103 14. 2.063 
389 9.86 8.237 .998 .989 

Multiply. (439-440) 

15. 3.9 16. .896 17. 8.07 18. 9.07 19. .67 
4.7 9 39 41 93 

Divide. (440-441) 

20:9 1252125 21. .6) 9.42 22. 3.9) 49:53. 23.9.006) 2:7 

VOCABULARY REVIEW 

arithmetic mean (100) 

dense set (105) 

irrational number of arithmetic 

(126) 

non-repeating non-terminating 

decimal (125) 

non-terminating repeating deci- 

mal (113) 

predecessor (99) 

rational number of arithmetic 

(105) 

reciprocal (111) 

Right-Distributive Property (119) 

successor (99) 

terminating decimal (113) 

A CHALLENGE TO YOU 

1. Given the terminating decimal .n,n.n3, where n,, nz, and ng are 

the three digits, give its name of the form a where a and b are 

lites . 
12 is such a name, where n,n is a two- 
100 

digit numeral with the digits n, and n, |. 

whole numbers. [ HINT: 

- Given the terminating decimal with k digits,.nyn.... nx, give 

its name of the form ©. [HINT: Recall that 10 x 10 = 102, 10 x 10 

x 10 = 10°, and so on]. 

3. Given the repeating decimal ‘775, give its name of the form ©. 
b 
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CHAPTER TEST 

Find the arithmetic mean of each pair of numbers. 

leat ie 
ik SS ee ; ak , Rome Remarte | Bes i 575 Boel, 132)” 4.251079, 248.5 15,15 

Find the number 4 of the way from the smaller to the larger number. 

Garston TTD e140 rk 5 6 ONO Tie are 
, é an 3° 4 

Give a terminating or a repeating decimal name for each number. 

1 3 it a i a 11. 5 12. 4 13. 37 14. 7 15. 8 16. 12 

Give the simplest fractional name for each number. 

17 ell [Sa 12 12 19. .078078 20. .251616 

Which are true and which are false? 

hoa 30 10 Oh 3a [Fes Ss _==2 . >> he eer ae Tle ca TOG ee OEE 

45775 12a 4 Eh PA! oe 
22. 7 <8 24 B35 26. 5 = 45 28. 5 <5 

Give the reciprocal of each number. 

29. 3 300K ae de 32. 1.5 33. .06 

Give the statements which follow from the distributive patterns. 

345 Ge 1D) xa36 3500 (31i—al7 exes 

Which are repeating and which are non-repeating decimals? 

Aly gSRER ER ce 88.05. 231232233234735 0 

37. .010010001 ... 39. .11507635076350763 .. . 

40. How many whole numbers are there between 30 and 76? 

41. How many rational numbers are there between * and Se 

42. Use the distributive patterns to find the answers. 

ae 18o 15) 22713) Deel Seal) (on ly) 



Real Numbers of Arithmetic 
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SQUARE ROOT OF A NUMBER 

We have seen that every rational number has a name of the form 

where a and b are whole numbers and b = 0. 

OBSERVATION A decimal numeral for a rational number of arithmetic 

is either a terminating decimal or a repeating non- 

terminating decimal. 

ee 
b’ 

We have also seen that there are non-repeating non-terminating 

decimals. These decimals name irrational numbers of arithmetic. To 

understand these irrational numbers better, let us consider the problem 

of multiplication of a number by itself. 

2 is a square root of 4, because 2 X 2= 4. 

The symbol for square root is V . 

Thus V4 = 2 means a square root of 4 equals 2. 

In the table below are given squares of the numbers from | through 

25. It would be well if you could commit these to your memory. Of 

course, the squares of the numbers from | through 10 should be ‘‘old 

friends” to you. 

Name each of the following as a whole number. 

Lage V2.5 4. V169 7. V324 10. V4,900 

2. V64 Sa V2) 8. V576 11. V8,100 

Save 21 6. V196 9. V1,600 12. V 14,400 
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Name each of the following as a fractional numeral. 

2. +9 3 Nolen ay 
Example ico 3 because 2 4° mh 3 SPH 

[25 81 | 64 [324 [289 
13. 36 14, 100 15. D1 16. 756 17. 625 

Square roots of some whole numbers are whole numbers. For example, 

V576 = 24 and V841 = 29. Square roots of some rational numbers 

leer? j25 _ 5 are rational numbers. For example, moe and 6A 8° 

You have seen that V9 = 3 because 3 X 3 = 9. Thus, V9 x V9 

= 9. Similarly, V2 is a number such that the following is true. 

VV. = 2 

Since 1 X 1 = 1 and 2 X 2=4, V2 is between | and 2. 

a ee) 

In exercises 18-26, we examine a number of approximations to V2. 

Explain why each statement is true. 

Example 1 V2>1 VOX V2 = 2 and 1 xis Since? —aliis 
true, V2 > 1 is true. 

Example2 V2 < 1.6 V2 x V2 =2 and 1.6 X 1.6 = 2.56. Since 
2 < 2.56 is true, V2 < 1.6 is true. 

18.5 V2 22 Mh, WS EA Ve LAS 

19. V2> 1.4 225 N/ Or? 25 2 14 14? 

D0 MBN O15 232) Von e414 26. 5V 21-4145 

From exercises 25 and 26 we can conclude the following: 

1.4142 < V2 < 1.4143 

The last statement means: 1.4142 is less than V2 and V2 is less than 
1.4143, or simply, V2 is between 1.4142 and 1.4143. Correct to three 
decimal places, V2 = 1.414. [Read: V2 is approximately equal to 
1.414. ] 
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There are various methods of computing approximations to square 
roots of numbers to as many decimal places as are necessary. 

On page 421 there is a table which gives squares, square roots, 
cubes, and cube roots of numbers from 1 through 100. We say that 

10 is the cube root of 1,000, because 10 X 10 X 10 = 1,000. 

The symbol for cube root is WY” . 

Thus V1,000 = 10 means the cube root of 1,000 equals 10. 

Use the table and give the answers to the following: 

Examples 242 242=576 V16  V716 = 8.718 
493 493 = 117,649 W905 W95 = 4.563 

27. 502 30. 812 33. V80 36. V37 

28. 503 31. 602 34. V/100 37. W10 

29. 812 32. 603 35. W92 38. W77 

Use the table and give the answers to the following: 

39. V9,216 42. V10,000 45. °/97,336 48. /8,000 

40. V7,744 43. V5,476 46. V/512 49. ¥/1,000,000 

41. V2,209 44. V5,776 47. \/729,000 50. °/64,000 

REAL NUMBERS OF ARITHMETIC 

Recall that the set of real numbers of arithmetic consists of two dis- 

joint subsets: the set of rational numbers and the set of irrational 

numbers of arithmetic. 

OBSERVATION If a square root of a whole number is not a whole num- 

ber, then it is an irrational number. 

1. Read the important observation above once more. Now answer 

these questions. 

a. Is V2a whole number? 

b. What kind of a number is V2? 

2. Tell which are irrational numbers. 

a. VI c V16 e: V25 g. V9 hey 705 

b. V5 d. V20 f. V30 h. V2,601 j. V29 
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3. a. Multiply 3.162 by itself and subtract the product from 10. 

b. Multiply 3.1622‘by itself and subtract the product from 10. 

c. Is the answer in part a larger than the answer in part b? 

d. Which is a closer approximation to V10, 3.162 or 3.1622? 

Now study Examples | and 2 carefully. Watch for a pattern. 

Examplel1 V4xX9=V36=6 

V4V9=2x3=6 

Thus, V4 xX 9= V4 x V9. 

Example 2 V25X4=¥V100= 10 

V25x V4=5X2=10 

Thus, V25 x 4= V25 x V4. 

Here is the pattern which you may have discovered. 

™@ For all whole numbers a and b, Va X b= Va X Vb. 

In the table on page 421 are listed the squares of whole numbers from 

1 through 100. Using this table and the pattern above, we can find 

approximations to numbers such as V 200. 

Example V 200 V 200 = V 100 x 2 

= V 100) <i 2 
= 10x V2 
= 10 x 1.414 (We find in the table 

that V2 = 1.414.) 
= 14.14 

Thus, V 200 = 14.14. 

Using the table on page 421, find an approximation to a square root 
of each of the following: 

4. 300 9. V675 [HINT: 675 = 225 x 3] 

5. V'500 10. V3,200 [HINT: 3,200 = 1,600 x 2] 

6. V700 11. 32,000 [HINT: 32,000 = 6,400 x 5] 

7. V1,000 12. 49,000 [HINT: 49,000 = 4,900 x 10] 

8. V 1,700 13. V 36,000 [HINT: 36,000 = 3,600 x 10] 
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RIGHT TRIANGLES 

Squares of numbers have an interesting relation to right triangles. 
First we shall learn to construct a right triangle. For this you will need 
a straightedge (ruler used only for drawing lines) and compass. 

1. Follow these directions as you construct a right triangle on your 
paper. Identify various parts as they are constructed in the picture. 

a. 

= ge 

into ° 

Make a picture of a 

straight line; call it k. g 

On line k mark any h 

point; call it A. 

Put the foot of the 

compass at A and E 

make an arc. It does 

not matter how much 

you open your com- 

pass. Call the two 

points in which the , 

arc crosses line k, B B A C F 
and C. 

Put the foot of the compass at point B and make an arc g with 

an opening larger than the distance from B to A. 

Without changing the opening of the compass, put the foot of 

the compass at C and make another arc h. 

Call the point where arcs g and A intersect, D. 

Connect points A and D and call this line segment m. 

. Angle CAD is a right angle. 

Pick any point on m different from A; call it E. Pick any point 

on line k different from A; call it F. 

Connect E and F. Triangle FAE is a right triangle, with angle 

EAF the right angle. 

Construct a right angle using the procedure given above. Make 

one side of the angle 3 in. and the other 4 in. long. 

Connect the two points to make a right triangle. 

Measure the length of the hypotenuse (side opposite the right 

angle). How long is the hypotenuse? 
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INTERESTING TRIPLES OF NUMBERS 

If you made the construction on page 135 correctly and made measure- 

ments with care, you found the hypotenuse to be 5 in. long. The lengths 

of the three sides of the triangle are then 3 in., 4 in., and 5 in. 

The numbers 3, 4, and 5 have an interesting relation to each other. 

It is shown below. 

37=9 47= 16 5? = 25 

9+ 16 =25 
Bah 4s 52 

1. a. Square each of the numbers 6, 8, and 10. 

b. Is the statement 67 + 8?= 10? true? 

c. By what one number should you multiply each of the numbers 

3, 4, and 5 to obtain the numbers 6, 8, and 10? 

2. a. Square each of the numbers 9, 12, and 15. 

b. Is the statement 9? + 12? = 15? true? 

c. By what one number should you multiply each of the numbers 

3, 4, and 5 to obtain the numbers 9, 12, and 15? 

3. a. Square each of the numbers 12, 16, and 20. 

b. Is the statement 127 + 167 = 20? true? 

c. By what one number should you multiply each of the numbers 

3, 4, and 5 to obtain the numbers 12, 16, and 20? 

You have seen that to show patterns in mathematics, we frequently 

use letters which are replaced by various numerals. For example, we 

write 5x to mean 5 - x, where x can be replaced by a numeral for a whole 

number. 

4. Give the number which is obtained when x is replaced by 6 in each 

of the following: 

Examples 1 3x 3:6= 18 

2 4xx 4-6:6= 144 

a. 10x c. 4x CXS 9.6 Xx re Oox 

b. 15x d. 20x Foxe 4x h9x.=39% iB wks 

An abbreviation commonly used for xx is x? (x squared). For example, 

if x is replaced by 7 in x”, we obtain 7? which is equal to 49. 
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5. In the pattern (3x)? + (4x)? = (5x), replace x by the given num- 

ber name and make the necessary computations to check whether 

the statement you obtain is true. 

3 (BS eee 483) 2905s) 2 

92 122 = i152 

81 + 144 = 225 

225 = 2235 is true. 

Therefore, the statement 92 + 12? = 15? is true. 

Ave b. 4 ce d. 6 e. 10 

It appears that the pattern (3x)? + (4x)? = (Sx)? gives rise to triples 

of numbers with the property 

a? +b =C¢" 

All we have to do is replace x by a whole number name, and a triple 

with this property is created. Below are listed twenty such triples. 

9+ 16= 25 I 3% AP ee bP 
2 6° +. 87= 10? 36+ 64= — 100 
3 O24 124 15% 8i+ [44= 225 

4 12% 167 = 20? 144+ 256= 400 
> 13% 207 = 25" 225+ 400= 625 

6 182+ 247= 30? 324+ 576= 900 

7 217 F287 = 35% 441+ 784= 1,225 

8 242 + 327= 40? 576 + 1,024 = 1,600 

9 277 + 362 = 45? 729 + 1,296= 2,025 

10 307+ 40?= 50? 900 + 1,600 = 2,500 

11 337+ 442= 55? 1,089 + 1,936= 3,025 
12 367 + 482= 60? 1,296 + 2,304 = 3,600 

13 397 + 32% = 65° 1,521 + 2,704= 4,225 

14 427+ 567= 70? 1,764 + 3,136= 4,900 

15 452 + 60? = 75? 2,025 + 3,600 = 5,625 
16 482+ 642= 80? 2,304 + 4,096 = 6,400 

17 517 68" = 85* 2,601 + 4,624 = 7,225 

18 547+ 722= 90? 2,916 + 5,184 = 8,100 

19 S77 + 76° =. 957 3,249 + 5,776 = 9,025 

607 + 80? = 100? 3,600 + 6,400 = 10,000 
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1. Inthe pattern (3x)?+ (4x)*= (5x)? replace x by the following and 

perform the necessary operations to check whether the resulting 

statements are true. 

a. 100 b. 1,000 c. 10,000 

Are there other triples of numbers, not derived from 3, 4, and 5, which 

have the property a? + b?=c?? 

Here is one such triple: 5, 12, 13. 

<= 2) 127 = 144 137 = 169 

25 + 144 = 169 

52+ 127 = 13? 

2. In the pattern (Sy)?+ (12y)? = (13y)? replace y by the following 

and make the necessary computations to check whether the result- 

ing statements are true. 

ne b. 3 c. 4 d. 10 e. 20 

3. Make a list of ten triples obtained by replacing y in Sy, 12y, and 

13y by | through 10 consecutively. 

4. Make the necessary computations to see whether the triple 7, 

24, 25 has the property a? + b?=c?. 

5. Make the necessary computations to see whether the triple 8, 15, 

17 has the property a? + b?=c?. 

6. Each of the triples below is derived from one of the following basic 
triples. 

A: 3, 4,5 Gea Ae 

Bas al 2eel3 De Se oad] 

Label each triple A, B, C, or D according to which basic triple it 
is derived from. 

a. 10, 24, 26 f. 30, 40, 50 

b. 30, 72, 78 g. 24, 32, 40 

c. 14, 48, S50 h. 24, 45, 51 

d. 16, 30, 34 i. 70, 240, 250 

e. 40, 75, 85 j- 800, 1500, 1700 

Do you see that there is no limit to the number of triples of whole 
numbers with the property a2 + b2= c?? 
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FROM PAIRS TO TRIPLES 

You may have been wondering how you can discover triples of num- 

bers with the property a? + b= c?. Actually it is not hard. First we 

must observe that the triple 3, 4, 5 can be obtained from two numbers, 

2 and 1, as follows: 

STEP 1 Square 2: 2 = 4; square 1: 17= 1; 

subtract: 27 — 17=4—1=3. 

STEP 2 Multiply 2 by 1: 2 x 1=2; 

multiply this product by 2: 2x 2=4. 

STEP 3 Square 2: 2 = 4; square 1: 17= 1; 

adds422 Sal 4 = 5, 

And so, we have the numbers 3, 4, and 5: 

324+ 42=5? 

Now, we start with another pair of numbers, 3 and 1, and do the 

same as we did with 2 and 1. 

STEP | Square 3: 32 =9; square 1: 17= 1; 

subtract: 37— 17=9—-—1=8. 

STEP 2 Multiply 3 by 1: 3 x 1 = 3; 
multiply this product by 2: 3 x 2=6. 

STEP 3 Square 3: 32 =9; square 1: 17= 1; 

add: 3?+ 17=9+1=10. 

And we have now obtained the triple 6, 8, 10. 

Observe: 62 = 36 S204 10? = 100 

36 + 64 = 100 

62 + 82 = 10? 

1. a. Begin with the pairs of numbers, 3 and 2. Perform on these 

numbers the operations as in Steps 1, 2, and 3; that is, 

STEP 1 Subtract the square of 2 from the square of 3. 

STEP 2 Double the product of 3 and 2. 

STEP 3 Add the square of 3 to the square of 2. 

b. What triple did you obtain? Check to see whether it has the 

property a? + b?=c?. 

2. Follow the three steps in exercise 1a and obtain triples of num- 

bers from the following pairs. 

a. 4, 1 b. 4, 2 Ca eal ds5.45 e. 6, 1 
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3. Make the necessary computations to check whether the triples you 

obtained in exercise 2 have the property a? + b? =c?. 

Let m and n be two numbers such that m > n. We shall now describe 

the pattern used in the three steps in exercise la. 

STEP | m?—n 

STEP 2 2(mn) 

STEP 3 m? + n? 

4. Make the following replacements for m and n in Steps 1, 2, and 3 

above to obtain triples of numbers. 

a. 5S for m; 2 for n b. 5 for m; 4 for n c. 6 for m; 4 for n 

5. Make the necessary computations to check whether each triple of 

numbers you obtained in exercise 4 has the property a? + b? = c?. 

THE PYTHAGOREAN RELATION 

A triangle consists of three line segments. 8 

In the triangle on the right, the three seg- 

ments are AC, BC, and AB. [We use a bar 
over two letters to indicate a segment. | 

The small square symbol at point C 

tells us that triangle ABC is a right triangle. 

Sides AC and BC are called legs. AB is —b 
called the hypotenuse. 

On page 135, you were asked to construct a right triangle with legs 
measuring 3 in. and 4 in. You found that the hypotenuse measured 
5 in. We know that 3? + 42 = 5?. That is, 3, 4, and 5 fit the pattern. 

G2 bac" 

If you were to examine many right triangles, you would find that 
the lengths of their sides all fit the pattern, a2+ b?=c2. The first 
accepted proof of this relation is credited to the Greek philospher, 
Pythagoras (584 B.c.-495 B.c.). It is therefore called the Pythagorean 
Relation. 

@ The Pythagorean Relation 

In a right triangle, a2 + b2 = c?. 

Note that a and b are the lengths of the legs, and 
c is the length of the hypotenuse. 
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The Pythagorean Relation enables us to compute the length of the 

third side of a right triangle once we know the lengths of two sides. 

Example 1 

Example 2 

Example 3 

The lengths of two legs in a right triangle are 6 in. and 

8 in. What is the length of the hypotenuse? 

We know that 

2 G2 pic" 

= Thus, 62+ 82=c? 

ae 36+ 64=c? 

100 = c? 

Think: 100 is equal to what number squared? 

Answer: 10, because 10 X 10 = 100. 

Thus, c = 10, and the hypotenuse is 10 in. long. 

The lengths of two legs in a right triangle are 2 in. and S in. 

What is the length of the hypotenuse? 

ae be =cC* 

2” = 2452 62 
4+ 25=c? 

5” 29=c? 

Think: What number squared is 29? 

Answer: V29, because V29 X V29 = 29. 

Thus, the hypotenuse is V29 in. long, which is approxi- 

, mately 5.4 in. [V29 = 5.4]. 

The length of the hypotenuse in a right triangle is 7” and 

the length of one of the legs is 3”. What is the length of 

the other leg? 

a a*® + b? =c2 

3” B28 bee 

9+ b?=49 
b 

Think: What number added to 9 is equal to 49? 

Answer: 40. Therefore, 

b? = 40 

What number squared is equal to 40? 

Answer: V40, because V40 x V40 = 40. 

Thus, the length of the second leg is V40 in., which is 

approximately 6.3 in. [V40 = 6.3]. 
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he Consider a right triangle with legs measuring a in. and b in. and 

hypotenuse measuring c in. Fill in the missing measures in the 

table. The first problem is solved for you in the example below. 

If the answer is an irrational number, state it as a square root. 

Example [first column in the table] 

32-54 = Cc 3” < 

925i cc? 

34=c? 5” 

V34=c 

The hypotenuse is V 34 in. long. 

What is the length of the hypotenuse in a right triangle in which 
each leg is 1 in. long? 

In a right triangle, which of the three sides is always the longest? 

For the given measures, tell which can be sides of right triangles 
and which cannot. 

Example 1 in., 4 in., 6 in. 127+ 44=1+16=17 

6? = 36 
Since 17 ¥ 36 [17 + 42 # 62], these measures do not 
form a right triangle. 

ay 2 3 in 4 int d. V2 in., V3 in.,V5 in. 

ba lain-in, 3. int e. V6in., V7 in., V13 in. 

Celine Ss iheay Onn: Pe NVonn= Pine Wa: 

; A 
Using the lengths marked in the picture, a 
compute the lengths of the following: 3” oe 

—— 
part 2) Sr B a. AB b. AD c. BD 

If, instead of walking from A to D, then to C, ‘ 
you walk directly from A to C, how many  60ft. 
feet do you save? 

Cc 
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7. Ifa side of a square is 4 in. long, what is its area? 

10. 

4” 

The Pythagorean relation 

can be shown in terms of 

areas of squares built on the 

sides of a right triangle. Copy 

the picture at the right on 

your paper. 

. Build a square on the hypote- 

nuse as one of its sides. 

What is the area of square 

ABCD? 

. What is the area of square 

EFGB? 

What is the area of the square built on the hypotenuse? 

What is the sum of the areas of squares ABCD and EFGB? 

Is it the same as the area of the square built on the hypotenuse? 

EFCD and ABFE are rectangles. 

F 

= 

How long is AD? 

How long is EF? 

How long is DF? 

How long is AF? 

D C 

a yen tessa oc 
A B 

A steel bail rolls from D to A at the speed of 4 in. per second. 

How long does it take the ball to get to A? 

It now continues from A to B at 

the same speed. How long does it 

take to roll from D to B via A? 

How much time is saved by roll- 

ing the ball directly from D to B? 

D C 

ed 

A 12” B 
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A NUMBER RAY 

You are familiar with the idea of a straight line. The arrows in the 

picture of a line suggest that a line does not end. It extends indefinitely 

in two directions. 

—————— ee 

Using the idea of a ruler, we will make markings on a line and 

assign numbers to these points. To do this, we will consider only a ray. 

It will have a beginning but no end, as is shown in the picture. 

0 1 Ze 4 Soo i 8 910 

We have marked eleven points on the ray. We can continue marking 

points to the right as far as we wish. There is no end to how far we 

can go. 
The points we have marked are only those which correspond to 

whole numbers. But you know that between any two points we have 

marked, there are many other points. Let us enlarge the part of the ray 

between 0 and 2 and mark a few more points. 

Make a picture of a part of the ray between 0 and 2 and mark on it 

the points corresponding to the following: 

fs ihe) 4.— 6.2c- Sim 10. 1 
WwW — 

Mle clr 

Imagine a picture of a ray and describe where the points corresponding 
to the following numbers would be. 

Example 13 three tenths of the distance from 1 toward 2 

1 8 3 iW tee 13.1525 Hy tees = 5 15 7 17 5 19. 1.01 

1 i 9 
12. ox 1 e Fa = 

5 4 8 16. 5 18. .99 20. 1.99 
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RATIONAL NUMBERS AND A RAY 

When we marked points on a ray, we chose only rational numbers for 
the points. Recall that the set of rational numbers is dense. This 
means that there are infinitely many rational numbers between any 
two rational numbers. 

Find the number half-way between the two given numbers. 

Example 2,10 5 (2+ 10) =3 (12) =6 
6 is half-way between 2 and 10. 

eis 4. 570 7. a0 1095905 

7h Ss SDD MS 11. 1.03, 1.04 

eee! Cn 0S yh MAAS 12. 2.001, 2.002 
Find the number one-third of the way from the smaller toward the 

larger number. 

2 2 2 I Se Ba A Example 4,6 3 (6 4) =3 (2) gi 4t3 45 

45 is one-third of the way from 4 toward 6. 

(yes OMT oe 8 19. 2.5, 2.8 22. nie 

14. 10, 13 17. 503 20. 6.7,7 23. 1.12, 1.15 

i ae 18. 1.2, 1.5 21. oe PANT IG MIn1I6 

Find the number one-hundredth of the way from the smaller toward 

the larger number. 

ain 4 ema ieee 
! = = ———_ = —* — = ~4— 

Example = 3,7 799 (7 — 3) = 499 (4) = t09 = 95° 3 F 25 = 725 
3S is one-hundredth of the way from 3 toward 7. 

Ny: 27. 1,4 29. 2.2, 12.2 51 

Ys fh, 3 28. srl 30. 3.1, 4.1 32. .01, .02 
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Find the number one-hundredth of the way from the larger toward 

the smaller number. 

Pearle Te A. (12-7) = ah (5) = 353 12-1 

M3 is one-hundredth of the way from 12 

toward 7. 

33. 5,6 553412 37. 4.5, 4.6 39: BIA SoD 

34. 9, 11 36. 100, 200 38. 3.2, 3.4 40. 6.24, 6.34 

IRRATIONAL NUMBERS AND A RAY 

We think of a ray as having no “holes.” That is, a ray “flows” without 

any break in it. As we ‘“‘move”’ along a ray we “‘move”’ along the points 

with no empty spaces between them. 

You may wonder whether every point on a ray has a rational num- 

ber corresponding to it. There is nothing to stop us from imagining 

that between | and 2 on a ray we have assigned all rational numbers 

to the points. Now have we used up all the points? 

The answer to this question is “‘no.”’ There would still be some 

points left with no rational numbers assigned to them. That is, there are 

points on a number ray which cannot be located by means of rational 

numbers. These are the points which correspond to irrational numbers. 

First recall that V2 is an irrational number. To show that there 

are points on a number ray which correspond to irrational numbers, 

we will prove that there is a point on a number ray which corresponds 

to an irrational number. 

1. Using a compass and ruler, draw a picture according to the direc- 
tions below. 

a. Make a picture of part of a 

ray and mark points corres- 

ponding to 0, 1, and 2. 

b. Label the point correspond- 

ing to 0 with the letter A and 

the point corresponding to 1 

with the letter B. 

c. Draw BC perpendicular to 
AB and make BC 1 unit long. 
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d. Connect A and C to make the right triangle ABC. 

e. AC is V2 units long. Why? 

f. With the foot of the compass placed at A, draw an arc from C 

to D. 

g. Point D corresponds to V2. Why? 

h. Is there a point on a number ray corresponding to an irrational 

number? What is it? 

2. Using a construction similar to that in exercise 1, show that there 

is a point on aray which corresponds to V3. [HINT: A right triangle 

with one leg V2 units long and one leg 1 unit long has the hypot- 

enuse V3 units long. ] 

Recall that the set of rational numbers and the set of irrational numbers 

of arithmetic are disjoint sets. That is, they have no common elements. 

If we combine both of these sets, we obtain the set of real numbers. 

These two ideas are expressed in concise statements below. 

O = the set of rational numbers of arithmetic 

I = the set of irrational numbers of arithmetic 

R = the set of real numbers of arithmetic 

On 
QUI=R 

3. The answer to each of the following is either R, J, or Q. Give the 

correct answer for each case. 

a On) eae ce, OLR = €2Otg: CO: — = 

bibles QR. = wore Bed? sl al: Ries 6 i I Ot Se 

UNIVERSAL SET 

When forming sets of things, we select the things from some specified 

set. For example, if the specified set is the set of natural numbers, 

N = {1,2,3,4,5,6,...}, we may form the following sets. 

Hil, TICS vey {25, 100} {5000, 33, 17} ti lleg OM 

We cannot obtain the set {0} for example, because 0 is not in the set of 

natural numbers. 

@ The set from which we select elements to form subsets is called 

the universal set. 
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Most of the time, when we work arithmetic problems, the universal 

set for answers will be the set of real numbers of arithmetic, that is, 

the rationals and irrationals we have just mentioned. Occasionally we 

may restrict our universal set to just the rationals or the irrationals, 

or perhaps even to the natural numbers or the whole numbers. 

1. QO = the set of rational numbers of arithmetic 

I = the set of irrational numbers of arithmetic 

R = the set of real numbers of arithmetic 

Which are true and which are false? Recall that ‘‘ C”’ means “‘is a 

subset of.”’ 

a.) Ore Cur seer e. R 

bitivG:R dai Gd fle RaCae h QNI=¢ 

N = the set of natural numbers; W = the set of whole numbers 

Which are true and which are false? 

a. NCW bh WCN c N=W d. NO W=N 

Recall that every number which has a name of the form 7 where a 

and b are whole numbers and b #0, is a rational number. 

3. For each whole number, give a name of the form S where a and b 

are whole numbers. 

Ob 5) b. 100 C23 d. 1,206 e. 980 

Is every whole number a rational number? Why or why not? 

Is every rational number a whole number? If your answer is ateny 
give an example of a rational number which is not a whole number. 

Can a whole number be an irrational number? 

N = the set of natural numbers 

W = the set of whole numbers 

Q = the set of rational numbers of arithmetic 
I = the set of irrational numbers of arithmetic 
R = the set of real numbers of arithmetic 

Which are true and which are false? 

a. NEON d. ONW=Q Tew ia laducacre 

b NUW=W e 1NW=0 h, OU R=R 

c QUN=N f. RON=N i IN N=N 
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8. For each false statement in exercise 7, change the right side of the 

equation to obtain a true statement. 

9. Which of the five sets of numbers given in exercise 7 would you 

say is the most inclusive set (that is, the ‘‘richest’’)? 

In each problem, you are given a universal set U. Which of the sets 

in parts a-d are formed from the elements of the universal set? 

10. U = the set of all U.S. presidents 

{John Quincy Adams, James Buchanan, Harry S. Truman} 

. {Martin Van Buren, Abraham Adams} 

c. {John F. Kennedy, Grover Cleveland} 

d. {Richard M. Nixon, Thomas Hayes} 

sp 

11. U =the set of all U.S. presidents inaugurated before 1880 

a. {William McKinley, Lyndon B. Johnson} 

b. {James Monroe, Abraham Lincoln, John Adams} 

c. {Warren G. Harding, Calvin Coolidge} 

d. {James K. Polk, Zachary Taylor} 

12. U = the set of all states bordering on Canada 

a. {Maine, Minnesota, Washington} 

b. {Michigan, North Dakota} 

c. {Vermont, Idaho, West Virginia} 

d. {New York, New Hampshire, Maryland} 

13. U =the set of all rational numbers 

tiie Si! 
—.-,.-,—,-—,... prs al BOSE on 

be ae 3 | aH J 

13] tele al 1 
b. {V2, V3, V4, V5, V6, -V7,.- 3 f eee ee 

1 1 
2 2 2 cee ay Buiizo? 32047057862, 0. .} or coe 

d. {V1, V4, V9, V16} ne | Pe} 
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THE COMPLEMENT OF A SET 

Consider the set U = {1,2,3,4,5,6}. This set may be described in 

several different ways. Here are three different descriptions. 

U = the set of all natural numbers less than 7 

U = the set of all whole numbers less than 7 and greater than 0 

U = the set of all whole numbers between 0 and 7 (Whenever we 

say “between,” we do not include the end numbers, 0 and 7 

in this case.) 

1. Is A = {1,3, 5} a subset of U = {1,2, 3, 4,5, 6}? 

2. Give the set which consists of the elements in U = {1, 2, 3, 4, 5, 6} 

which are not in A = {1, 3, 5}. 

M@ The set consisting of the elements in U which are not in A is the 

complement of A in U. The symbol for the complement of A is A. 

Example U = {5, 10, 15, 20, 25} and A = {5, 20} 

Then A = {10, 15, 25}. 

3. If U={1,2, 3,4, 5,6}, give the complement of each set. 

a. B= {1,2, 3} d. T= {1} 

b. M= {1,4} €. == 2345) 

ce. S= {1,6} FPO fF 2935 24.506) 

4. What is the complement of any universal set? 

5. What is the complement of ¢? 

6. Use the sets in exercise 3 and complete each of the following: 

ep Way CS 

b MUM=___ (da [pals eae 

7. For every set X, what is ¥ UX equal to? 

8. Use the sets in exercise 3 and complete each of the following: 

a8 i) be Cee eS eee 

b MNM=_._ 5 Gla tees 

9. For every set X, what is ¥ M X equal to? 
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ONE-TO-ONE CORRESPONDENCE 

Every point on a number ray has either a rational or an irrational 

number corresponding to it. Here are some points with numbers 

corresponding to them. 

3 v2 2} 3.7 V20V245.2 v37 V52 

0 1 2 3 4 5 6 i 8 

Of course, there is no limit to the number of points on a ray. 

Similarly, there is no limit to the number of real numbers. However, 

we can imagine that we have mentally assigned a real number to every 

point on the ray. Also, we can imagine that we have assigned a point 

on the ray to every real number. The correspondence between the 

points and the real numbers is called a one-to-one correspondence. 

One-to-one correspondence: 

one point for each number, one number for each point. 

A number ray can be used to tell which of two given numbers is 

the greater. If the picture of the number ray is in a horizontal position 

with numbers arranged from left to right, then the following example 

suggests a rule for telling which of two numbers is the greater. 

6 > 5 because the point corresponding to 6 is to the 

right of the point corresponding to 5. 

1. In each’ instance, insert either < or > to obtain a true statement. 

1 1 1 ae 2024 ern g. acces) WI 

bees ge 372 ee NO heey 0 eee 5 

Cay 2p V1 faeo= = V.63 1.0) gee 

2. Give three rational numbers which are between 

aoe band 2 b. 3 and 4 c. 10 and 12 

3. Give an irrational number which is between 

Aneel ean b. 3 and 4 c. 10 and 12 

4. Make a picture of a number ray showing points from 0 to 8. Mark 

points corresponding to the following numbers. 

a. V8 b. V25 c. V17 d. V63 e. V64 
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MATCHING FINITE SETS 

The arrows establish a one-to-one correspondence between the two 

sets below. These two finite sets are called matching sets. 

Jane Suzie 

@ If it is possible to establish a one-to-one correspondence between 

two sets, then the sets are called matching sets. 

It is easy to see that two finite sets with the same number of elements 

are matching sets. Consider sets A and B below. 

A=({1,2,3} B= {8,10, 12} 

There are several ways in which we can establish a one-to-one corre- 

spondence between A and B. 

1 2 3 Match: 1 with 8 

t ay t 2 with 10 

8 10 12 3 with 12 

1 2 3 Match: 1 with 10 

) t ) 2 with 8 
10 8 12 3 with 12 

1 2 3 Match: 1 with 8 

} : t 2 with 12 
8 12 10 3 with 10 

1 2 3 Match: 1 with 10 

) t t 2 with 12 
10 2 8 3 with 8 

1. Show two more ways of matching sets A and B. 

2. X = {1,2} and Y = {100, 101}. In how many different ways is it 
possible to establish a one-to-one correspondence between Y and 
Y? Show all of these ways. 

3. There are four couples in a dance club. How many different sets 
of four dance couples can be formed? Let a, b, c, dbe girls; x, y, v, 
w be boys. Show four different ways of forming couples. [HINT: 
Two sets of four dance couples are different if the sets differ in at 
least one couple. | 
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MATCHING INFINITE SETS 

It is easy to decide whether two finite sets are matching by counting 

the elements in each set. If the number of elements in each set is the 

same, the sets are matching sets. 

There is no end to the elements in an infinite set. Therefore, it is 

impossible to count all the elements in such a set. Then how can we 

tell whether two infinite sets are matching sets or not? 

To answer this question, we try to establish a one-to-one corre- 

spondence between the sets. If we succeed, we know that the sets are 

matching. Let us consider two infinite sets. 

A 1293 4550.78 es) 

Bi OPASORS a1ON ay 

A is the set of all natural numbers; B is the set of even natural numbers. 

ke 1 2, 3 4 5 6 

lori yh vehi tsa etn“ bat 
Bae2t eA Gn 8 veel Oe wel? 

1 in A is matched with 2 in B, 2 in A with 4 in B, 3 in A with 

6 in B, and so on. It is easy to see the relation between the matched 

elements of A and B. Every element in B is twice the element in A with 

which it is matched. 

1. For the sets A and B given above, what element in B is matched 

with the following? 

a. 1,000 in A b. 5,000 in A c. 100,250,361 in A 

2. What element in A is matched with the following? 

a. 500 in B b. 5,000 in B c. 250,360 in B 

3. What element in B is matched with n in A? 

4. What element in A is matched with m in B? 

5. Is there any element in set A which is not matched with an element 

in set B? 

6. Is there any element in set B which is not matched with an element 

in set A? 

As we have seen, it is sometimes possible to establish a one-to-one 

correspondence between two infinite sets. Thus, two infinite sets can 

be matching sets. 
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Let us consider the set of all natural numbers 

N= 15233 yA nS) Osea 

and the set of all natural numbers except 1 

Mien 3, 4205005 ee} 

Sets N and M are matching sets. Here is one way to establish a one- 

to-one correspondence between these two sets. 

Nilay id Raetnan 46 65 eiee 6 
Ya we a 

Mo lee ees eke Cee 

Thus, | in N is associated with 2 in M, 2 in N with 3 in M, 3 in N with 

4 in M, and so on. Generally, if x belongs to N, then x + 1 in M is 

associated with x in N. 

1. Display a one-to-one correspondence between N, the set of all 

natural numbers, and P, the set of all odd natural numbers. 

2. For each of the following numbers in set N in exercise 1, give the 

corresponding number in set P. 

a. | d. 5 p25 j. 2,500 

b. 2 e. 10 h. 500 k. x 

Cao f. 100 i. 1,000 lL ow 

3. For each of the following numbers in set P in exercise 1, give the 

corresponding number in set N. 

a. | d. 7 g. 99 j. 1,001 

ban Coe h. 499 k. y 

C2) f. 49 i. 901 Len 

4. Let N be the set of all natural numbers and L be the set {101, 102, 
103, 104, 105, 106,. . .}. Thus, L is the set of all natural numbers 
greater than 100. Display a one-to-one correspondence between 
N and L. 

5. For each of the following numbers in set N in exercise 4, give the 
corresponding number in set L. 

a. | c. 8 e. 500 g. 10,000 
b. 2 d. 14 f. 1,002 h. a 
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6. For each of the following numbers in set L in exercise 4, give the 
corresponding number in set N. 

a. 102 c. 205 e. 1,998 g. 10,450 

ba199 d. 502 f. 7,264 h. b 

Below is shown a one-to-one correspondence between the set of natural 
numbers and a subset of the rational numbers of arithmetic. 

dea oe) SRW LY Spot in) 
es th ae 

er Lae ail aka a ee 
GAD a ES 

X and Y are infinite sets. Because there is a one-to-one correspondence 
between these two sets, they are matching sets. 

1 
ne XxX: ee € Y; the correspondence follows the pattern: n @ a 

n 
ce 9 ee 99 

noe = means the number v7 is matched with the number Ly 
n 

7. A= the set of all multiples of 3. 

B = the set of all natural numbers. 

Display a one-to-one correspondence between A and B. 

8. For each of the following numbers in set B in exercise 7, give the 

corresponding number in set A. 

Ales Doe 2 Cas d. 40 e. 300 {or 

9. For each of the following numbers in set A in exercise 7, give the 

corresponding number in set B. 

ob 8) b. 6 COS d. 1,011 e. 5,274 fm 

10. C =the set of all multiples of 5. 

D = the set of all multiples of 10. 

Display a one-to-one correspondence between C and D. 

11. For each of the following numbers in set C in exercise 10, give the 

corresponding number in set D. 

ae) is 1 oh Sey) d. 205 e. 5,050 fp 

12. For each of the following numbers in set D in exercise 10, give the 

corresponding number in set C. 

a. 10 b. 20 cc. 100 d. 1,500 e. 2,610 se 2 
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KEEPING ARITHMETICALLY FIT 

Add. 

1. 2,340 2S 4. 37.65 

985 .78 17.90 

1,362 EoD, 39.58 

9,088 

172 3. 3.06 

1,765 5.98 

349 7.36 

Subtract. 

8..3,L15 10. 20,362 12. 

229 17,895 

9. 4,781 11. 13,365 13. 

2,930 987 

Multiply. 

16. 68 x 312 192 36.2 x25 Jip on 

bk, ale >.< eis 20. .37 x 1.9 DBS, 

1899255 3333 21 2 5gx 24. 

Divide. 

28. .3)78 31. .03 63 34, 

29. .2)34 32. .01)782 35. 

30. .5)215 33. .01)3.175 36. 

Give decimal names for the following: 

Z 135 
40. = 

5 100,000 nee 

ak. 3 41. 10 43. 75 45. 

de 

1 yr 1 
ae a 5 

4 

3 2 6. 32+ 165 

32.75 14. 
13.89 

381.6 15. 
198.7 

01 X .06 25. 

002 X .09 ~—-.26. 

he ay 
paae x uy F BO oF 

3).1011 37. 

.09).01026 38. 

.002 ).26 39. 

19 an 46. 

11 
te 47. 

GC se2 3 TOS el 2 eZ 

9 here A hs 

.23 )3.91 

.87 ).2001 

.035)7 

31 
32 

13 
64 
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Compute the arithmetic mean of each group of numbers. 

48. 

49. 

50. 

SL: 

52. 

32243 

12367 

ger a9 ied Woy We) 

S55 1641116 

54. 3.34; 4.34 

Sime UbsS25 BI25 

56. 

BW. NESS 

VOCABULARY REVIEW 

complement (150) 

hypotenuse (135) 

irrational numbers of arithmetic 

(147) 

is approximately equal to (132) 

leg (140) 

matching sets (152) 

number ray (144) 

Pythagorean Relation (140) 

rational numbers of arithmetic 

(147) 

real numbers of arithmetic (147) 

right triangle (135) 

square root (131) 

triples of numbers (136) 

universal set (147) 

one-to-one correspondence (151) 

A CHALLENGE TO YOU 

The sum of two numbers is 55. One number is 4 times the other. 

What are the two numbers? 

The sum of two numbers is 33. One number is 5 more than the 

other. What are the two numbers? 

The teacher calculated that if he gives each student three sheets 

of paper, he will have 31 sheets left. If, however, he gives each 

student 4 sheets of paper, he will have 8 sheets left. How many 

sheets of paper did he have, and how many students are there in 

the class? 

A car travels 1 mile up hill at 30 mph. How fast should it travel 

1 mile down hill in order to have an average speed of 60 mph over 

the entire 2 mile stretch? 

How soon after 12 o’clock are the two hands of a clock together? 
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CHAPTER TEST 

Which are true and which are false? 

1. 1.414 is an irrational number of arithmetic. 

2. The intersection of the set of rational numbers of arithmetic and 

the set of irrational numbers of arithmetic is the empty set. 

3. The union of the set of rational numbers of arithmetic and the set 

of irrational numbers of arithmetic is the set of real numbers of 

arithmetic. 

4. W/125 is an irrational number of arithmetic. 

5. The Pythagorean Relation holds for the numbers 1, 2, and 3. 

6. There is a finite number of rational numbers of arithmetic between 

any two rational numbers of arithmetic. 

7. A number ray consists of only those points which have rational 

numbers of arithmetic assigned to them. 

8. The set of real numbers of arithmetic includes the set of whole 

numbers. 

9. Itis not possible to establish a one-to-one correspondence between 
the set of even numbers and the set of odd numbers. 

10. re is a rational number of arithmetic. 

U = {2,4, 6, 8}. List the elements of the following sets. 

11. Complement of {2} 13. Complement of U 

12. Complement of {2, 6, 8} 14. Complement of ¢ 

15. Sets A and B are matching sets. If for every number n in A, the 
corresponding number in B is n+ 11, what number in B corre- 
sponds to 25 in A? 

16. What is the length of the hypotenuse in a right triangle in which 
the two legs are 4 in. and 6 in. long? 

From the table of square roots. give an approximation for each of 
the following: 

po Wom 18. V99 19. W/20 20. V80 



21. 

22. 

23. 

24. 

25. 

26. 

CHAPTER TEST 159 

Show how you would establish a one-to-one correspondence be- 

tween the set of all natural numbers and the set of natural numbers 

greater than 20S. 

Is V156 a rational number? Why or why not? 

N = the set of natural numbers 

O = the set of rational numbers of arithmetic 

I = the set of irrational numbers of arithmetic 

R = the set of real numbers of arithmetic 

Which are true and which are false? 

aN —O Tk (Oe IN POs Ri mice 26660 

bol CIR en Ol N Lahey eT kN OL=o 

CONG GIR =f tN UO = OF lite V20CER L SEN 

If A = {6, 12, 18, 24,. . .}, which are true and which are false? 

a 1208@ Ac, 486A e. 1,302 € A g. 38,100€ A 

Dae 0) s46 0.2900, — 4A f. 5,001 EA h. 38,106 € A 

Check to see which of the following are Pythagorean triples. 

has e055, Ve e. 6, 8, 10 

bie ea} d. 5, 6, 61 fae Leg L3 

One leg of a right triangle is 5 in. long and the hypotenuse is 

\/29 in. long. How long is the other leg? 



Per Gent and Its Uses 
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WHAT DOES PER CENT MEAN? 

“Per cent” means “per hundred.’ For example, 35 per cent means 

35 per hundred, or 35 out of one hundred. 

The symbol for per cent is %. 

mage dead Wh 
Hoe 100 GE 100 

And generally, 

ie 
nyo = 7 

PER CENTS TO FRACTIONAL NUMERALS 

For each per cent, give the simplest fractional name. 

Example 1 29% 29% = at = is the simplest name since 29 

and 100 have no common factors other than 1. 

Example 2 35% 35% = 2 =F 

1. 1% 4. 79% Th PIALO 10. 41% 

2. 4% ao 4270 8. 2% 11. 3% 

3. 80%" - 6. 99% 9. 55% PA, PRYO 

In exercises 1-12, we dealt with per cents between 1% and 99%. Let 

us now turn to numbers greater than 100%. First note that 

100% = T= 1 

For each per cent, give the simplest whole number or mixed numeral. 

Example 1 120% 120% =72 = 124 = IZ 

Example 2. 300% 300% = O7 3 

13. 110% 16. 320% 19. 1,000% 22. 4,013% 

14. 400% A727 17% 20 lel 3770 23. 10,000% 

15. 560% 18. 950% 21. 5,000% 24. 6,172% 
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n : n [ee 
= —— —=n X —, it fol that We know that n% 10) sane 100 n 109’ it follows a 

be 1 
n%=NX v9 

This relation helps us to find fractional names for per cents which are 

less than 1%. 

For each per cent, give the simplest fractional name. 

Example 1 5% 5% =3 x aA = = 

Example 2 2% 2% = 2x T= B= 

25, 5% 7. 2% 9, 3% = 31, 2% 33. 32% 

26. 2% = 8, 2% =. 2% 3. I % M4. S% 

For each per cent, give the simplest fractional or mixed numeral. 

Example 1 250% 250% = 4°) =25 

Example 2 13% 18% = 12 xX Fea 3 x a ad 

35. 15% 37. 75% 39, 240% © 41. 22% 43. 62% 

36. 20% 38. 150% 40. 500% 42. 285% 44, 1230% 

PER CENTS TO DECIMALS 

Recall the basic relation 

ine 
Since 100 ~ .01, we have 

n% =n xX .01 

We use this relation to find decimal names for per cents. 
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For each per cent, give a decimal name. 

Example 1 30% 30% = 30 X .01 = .30 

1. 45% 3. 98% ty SEES Tk, SYNE 9. 2% 

2. 67% 4. 3% 6. 25% 8. 88% 10. 50% 

Example 2 685% 685% = 685 x 0.01 = 6.85 

11. 750% 13. 101% 15. 980% 17. 1,250% 19. 20,670% 

12. 230% 14. 533% 16. 1,000% 18. 2,000% 20. 32,758% 

Example 3 0.5% 0.5% = 0.5 X 0.01 = 0.005 

Example 4 0.015% 0.015% = 0.015 X 0.01 = 0.00015 

21. 0.1% 24. 0.03% 27. 0.105% 30. 0.125% 

22. 0.26% 25. 0.016% 28. 0.001% 31. 0.0001% 

23. 0.95% 26. 0.268% 29. 0.007% 32. 0.0009% 

Example 5 2.5% 2.5% = 2.5 X 0.01 = 0.025 

33. 45% 37. 96.5% 41. 22.5% 45. 0.06% 

34. 90% 38. 525% 42. 67.9% 46. 0.012% 

35.) 11% 39. 0.4% 43. 1,300% 47. 100.6% 

36. 210% ° 40. 15.2% 44. 1.25% 48. 1.006% 

For each per cent, give the simplest fractional or mixed numeral. 

150 ee OL 
Example 6 150% 150% = 700 1500 1; 

1 1 ID LE ne aictepl Ba case 1 Lee eee | ee ee Le ~ Example 7 375% 375% = 375 X Tog > * 100 200. 8 

— 

49. 65% 53. 2,000% S73 5 0 61. 16% 

3 2, 
50. 34% 54. 4” 58. 9” 62. 500% 

51. 660% 55. 4% 59. a % 63. 10,000% 

1 3 2 
LW 3” 56. 125% 60. 25% 64. 163% 
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FRACTIONAL AND DECIMAL NUMERALS TO PER CENTS 

If a fractional numeral has the denominator 100, it is easy to find its 

per cent name. 

For each number, give its per cent name. 

We GG Example 100 100 > 17% 

uf 
15 Pal 3m 

y 100 > 100 id 100 

47 n Tk—1 

“ 100 S 100 at 100 

360 kao n+m 

2: 100 if 100 et 100 

1,765 h—-1 IL Neat 

Me 100 e. 100 iz 100 

For each number, give its name in the form of a fractional numeral 

with the denominator 100. Then give its per cent name. 

Ss Set ee Eni ta ae = - am 
UE SA ROG PT ge ee 

1 1 TRE 
Example 2 ae ais 2 ane malder = 31 

200 ~—«-200 1. 100° 200 -2 200 x 5 

12) sll 4 aN 0 ee 
E l 3 ES — = —’* —_ = 

POSS 530010. 108810 1000 

1 21 22 20 1a 16. + _ 22 — 20 
2 6. 55 AG a2. 7195 

3 19 24 30 1d 7, 2 _ 24 pelt 
4 20 2G A Tr 

ho 63 18 24 iG, oo is, & eels: 24 
10 50 21. 500 24. 300 

To find a per cent name for a decimal, we use the relation 

n%=nxX .01 



RATIO 165 

For each decimal, find a per cent name. 

Example 1.369 = 36.9 X .01 = 36.9% 

Example 2. 3=300 X .01 = 300% 

eee O 

26. .70 

27. .04 

RATIO 

28. 1.32 Whee 34. .563 

29. 26.04 32. 98 35. .09 

30. 89.1 33. 430 36. .0058 

30 boys and 33 girls came to a party. The ratio of the number of boys 

to the number of girls was a The ratio of the number of boys to the 
33 

number of those present was 7. Explain the last ratio. 

Loin 

the 

the example above, what was the ratio of the number of girls to 
number of all present? 

2. A mixture is in the ratio of 1 cup of orange juice to 2 cups of water. 

a. What is the ratio of the number of cups of orange juice to the 

number of cups of water? 

What is the ratio of the number of cups of orange juice to the 

number of cups of the entire mixture? 

What is the ratio of the number of cups of water to the number 

of cups of the entire mixture? 

3. For every 5 pedestrians in downtown Chicago there are 2 drivers. 

a. What is the ratio of the number of drivers to the number of 

pedestrians? 

What is the ratio of the number of pedestrians to the number 

of drivers? 

What is the ratio of the number of pedestrians to the number 

of all people? 

What is the ratio of the number of drivers to the number of all 

people? 

What is the ratio of the number of all people to the number of 

drivers? 
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4. A mixture of 3 quarts contains 5 quart of fertilizer. The remainder 

is black soil. What is the ratio of the number of quarts of fertilizer 

to the number of quarts of black soil? [Give the ratio as a fractional 

numeral containing two whole number names. | 

The school chorus has 50 members. 22 members are girls. What is 

the ratio of the number of girls to the number of boys? 

A large square is divided into 225 small squares. 5 small squares 

are shaded. What is the ratio of the number of shaded squares to 

the number of unshaded squares? 

Jim ‘“‘hits” the basket 8 times out of 11 throws. What is Jim’s ratio 

of “‘hits”’ to “‘misses’’? 

Ann’s collection of stamps consists of 85 U. S., 15 German, 3 

French, and 12 Canadian stamps. 

a. What is the ratio of the number of German stamps to the total 

number of stamps? 

b. What is the ratio of the number of U. S. stamps to the number of 
Canadian stamps? 

c. What is the ratio of the number of French stamps to the total 

number of stamps? 

PROPORTION 

We know that the ratio of 1 to 2 is the same as the ratio of 2 to 4. 
To say this, we write 

The statement above is called a proportion. 

@ A statement of the form 

Uf 

(ris 
pard 

Write three more proportions showing other pairs of numbers 
which are in the ratio of | to 2. 

is called a proportion. 

Replace each L] to obtain a true statement. 

eet eS: ese (ay. ia a. ari x42 <x D3 OF Cl xX 9 = 3°x"*6 
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35 2; 3xO=4x 15 f. = rat 4x 180=9xO 

a. e=5 lex 7= Tl <4 g =4 $; 0 xX9=36x4 

ETH 50xO=160x5 h. arama 2x 40=0x1 

The examples in exercise 2 suggest the following pattern. 

m i1f¢=5 thenaxd=b*xc. 
bad? 

Which are true and which are false? 

Example 1 a=2 True, because 8 X 60 = 24 x 20; 

8 x 60 = 480 and 24 x 20 = 480. 

Fecemple? 2-8 Faleenbecaisess 13a 10. 6: 

5 x 13 = 65 but 12 X 6=72. 

ee 12_ 60 Sh 
si Dees us 13. 64 Lt 16 88 Rt 

2 eels SelS. eee 8) 4, Zoey ae 12 Se 16. 

apt 17 _ 34 45 _ 225 Saye a hs oy sag See 173 

Orme 2s a, 2k EL ake 
o: 50a I 1 330800 Unt 60 120 ok 

19. Replace each LJ to obtain a true statement 

eee ees fo) ear LOU aan 
pa Se ee [60 ma16 50) eel 

ey Ea ea OS ated ees 

6. By LO wa Onn. 
i Ta ene 2 f old 

Feet eee Goel 28 fe el 
ik] wae) Sead ee fe nis O00 e410 2500 
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20. Using the pattern 

=== x bX if} _ then a X d= fe 

check whether each statement you obtained in exercise 19 is true. 

Part a is done for you below. 

a. a 2 xid=1x 4) 4= 4: therefore = == ieitruc. 
Lb 2 Peery. 

The examples in exercise 19 suggest the following pattern. 

baad: 
= hen —=-. a as t en? 

21. Supply the ite numbers to follow the pattern given in the 
example below. 

Example ae 8=2xO 8 =2 x 16 

a $=8; 2=8x0 e faa 4-2 xo 

b. S=5; 3a x4 ie 16 =4 x 36 

2 a= 2, o=3x7 a ang 25 = 7 x 1,000 

d. aaa: 50 = = x 160 h. SNE 15 = =xo 

22. Check the truth of the statements you obtained in exercise 21 by 
doing the necessary computations. 

2 2 1 
l — xX — —_— — = Examp e 8 16 x 16 xX 16=8 

The following pattern is suggested by the examples in exercise 21. 

M@ if?=*, thena=£xb. 

23. In the pattern above, make the following replacements for a, b 
c, and d, respectively. 

b 

Example = 5,6, 15,18  It2 =e then sm oer 
Goel se 18 

a 12 Orel) b. 7, 3.5, 14, 7 Ceo 3 50 aD 
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PROPORTIONS AND PER CENTS 

One way to find a per cent name for a number is to find its fractional 

name with the denominator 100. We can use proportions to do this. 

Example 1 Find a per cent name for oe 
20 

We write the proportion 

SO EL 
100 20 

3 Here we use 
=—x 
oO agen the pattern: If 

_ 300 GeeG Beat. n= 70 b q then a aXe: 

n= 15 

nm _ ab a Ie Since 100 > n%, we know that 50 ~ 100 15% 

. 4 
Example 2 Find a per cent name for 7 

Tie oi 
100 7 

ee a 00 
7 57 

ees 00) 7)400 
7 35 
1 50 n=s57= 

7 49 
1 

575 
Therefore, 5 = T00 = 575%. 

Find a per cent name for each fractional numeral. 

2 1 3 1 2 
ile, 5 4. 3 78 8 10. 8 13. 18 

3 1 2 5 25 
pap a 5: 6 8. 3 11. 12 14. 40 

2 5 8 36 
3. 8 6. 9 9, 6 12. 15 15. 57 
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16. Copy the chart below and fill in the missing numerals. 

Fractional Numeral Decimal Numeral Per cent 
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FINDING n% OF A NUMBER 

Example 1 

How to 

Solve 

Note that to find 30% of 60, we multiplied 

What number is 30% of 60? 

Let us estimate. The number should be somewhat less 

than ; of 60, or less than 20. 

To solve, we let x represent the number and we write the 

proportion 

ee 30 
60 100 

x= =n x 60 [What pattern did we use here? ] 

pcg St 30 
10 is a Simpler name for —~ 

10 100° _ 180 
10 

x= 18 

Thus, 18 is 30% of 60. (The answer agrees with our 

estimate.) 

© yy 60. Since —~ ee 
100 ae 100 

we could have multiplied .30 by 60. The answer would still be 18. 

Example 2 

How to 

Solve 

What number is 5% of 350? 

» Estimate: 5% of 100 is 5, so 5% of 350 should be some- 

what more than 3 times 5, or more than 15. 

Let x represent the number. 

pee ST, Ds, 
350 ~=—: 100 

ee 5 100 ~ 2°! 

1 
= — X i 50 350 

_ 350 
20 

yal x= 17, 

Thus, 175 is 5% of 350. (The answer agrees with our 

estimate.) 
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Note that to find 5% of 350, we multiplied = by 350. The answer 

would be the same if we had multiplied .05 by 350. Why? 

We can generalize as follows: 

@ To find n% of a number, we multiply rad by the number. 

Example 3 What number is 32% of 35? 

The answer should be close to 10. Why? 

How to To find the number, we multiply 2 by 35. 

Solve 
32 “Ad ri 
100° > .32 X 35 = 11.20 

Therefore, 11.2 is 32% of 35. 

Solve as in Example 3 above. Be sure to estimate first. 

1. What number is 50% of 37? 4. What number is 3% of 1,000? 

2. What number is 37% of 120? 5. What number is 10% of 1? 

3. What number is 1% of 15? 6. What number is 90% of 6? 

Now we can solve certain problems involving per cent. 

Example 4 There are 150 students in an auditorium. 40% of them 

are girls. How many girls are there in the auditorium? 

Estimate: We know 40% is somewhat less than > There- 

fore, the answer should be less than 75 girls. 

How to To find 40% of 150, we multiply - * by 150. This is the 

SO same as multiplying .40 by 150. 

.40 < 150 = 60.00 

Thus, there are 60 girls in the auditorium. (The answer 

agrees with our estimate.) 

Solve each problem. Be sure to estimate first. 

7. Dan receives a weekly allowance of $5.50. He spends 30% of it 

on lunches. How much does he spend on lunches? 

8. A football team won 60% of the total of 15 games played. How 

many games did they win? 



10. 

11. 

12. 

13. 

14. 

ike 
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Out of the 180 school days last year Nancy was absent from school 

5% of the days. How many days was she absent? 

Jim bought a bicycle for $62.00. He sold it, after some use, at a 

loss of 15%. How much money did he lose? 

The area of a square is 450 sq. in. The area of a rectangle is 120% 

of the area of the square. What is the area of the rectangle? 

The speed of a jet is 180% of the speed of a conventional plane. If 

the conventional plane flies at 350 mph, how fast does the jet fly? 

The traffic during the Christmas holidays is 160% of the regular 

traffic. If there are 24 million cars on the road during the regular 

traffic, how many cars are there on the road during the holidays? 

A certain house was appraised at $26,500. An addition to the house 

and certain innovations raised its value by 30%. How much were 

the addition and innovations worth? 

How many dollars is a raise of 15% on an allowance of $12.50? 

PUTTING PROPORTION TO USE 

Example 1 161s 12% of what number? 

Estimate: 16 is 10% of 160. Since 10% is less than 12%, 

the number is somewhat less than 160. 

How to ; To solve, we let x represent the number and we write 

Solve this proportion: 

16_ 12 
x 100 

x _100 ~ J|Here we use the 
Key LY fi pts 18 

attern: If —=—, 
= Why 16 . Datd 

12 heed 
25 then — = — 

x=—xX G 
3 

— 400 
3 

x = 133- 

Therefore, 16 is 12% of 133 3" (Compare with estimate.) 
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Answer the following questions. Refer to Example 1. 

1. 23 is 10% of what number? 5. 10 is 80% of what number? 

2. 12 is 5% of what number? 6. 5 is 1% of what number? ° 

3. 1 is 3% of what number? 7. 50 is 125% of what number? 

4. sis 4% of what number? $2218 5% of what number? 

Example 2 15 is what per cent of 200? 

Estimate: 15 is 10% of 150; 150 is less than 200, so the 

answer should be somewhat less than 10%. 

How to To solve, we let x represent the number and we write 

Solve . 5 aye Cee Loe 
this proportion: 100 > 200° 

abe pe Peet 

TS an IN oe) 

Therefore, 15 is 13% of 200. (Compare with estimate.) 

Answer the following questions. Refer to Example 2. 

9. 1 is what per cent of 25? 13. 50 is what per cent of 25? 

10. 2 is what per cent of 200? 14. SO is what per cent of 50? 

11. 12 is what per cent of 60? 15. ris what per cent of 5? 

a2. zis what per cent of 10? 16. sis what per cent of 32? 

Give answers to the following questions without using pencil and paper. 

17. If a person saves $10 out of $100, what per cent is saved? 

18. If a person earns $30 and saves $10, what per cent is saved? 

19. If a person earns $10 and saves $10, what per cent is saved? 

20. If a person is 20 years old now, what per cent older will he be 

20 years from now? 

21. If a person is 10 years old now, what per cent older will he be 

20 years from now? 
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PUTTING PER CENT TO WORK 

Per cent is a very useful concept. It has many applications in business, 

industry, and government, as well as in an individual’s daily life. The 

problems below illustrate some of its uses. 

Example I 

How to 

Solve 

Example 2 

How to 

Solve 

15% of the students were absent from school on Monday. 

527 students were absent. How many students are there 

in the school? 

We reason as follows: If 15% of the students were absent, 

then 85% were present. 

Let x represent the number of all students in the school, 

that is, 100% of the students. The ratio of the number of 

students present (527) to the total number of students (x) 

is the same as the ratio of 85 (85% of the students are 

present) to 100 (100% of the number of students is the 

total number of students). 

or th 
Ke 100 

_x__ 100 
52/7 5) 

100 = —— X x, 85 527 

20 =—.x x 17 yal 

_ 10,540 
A 

x = 620 

Therefore, there are 620 students in the school. 

After an excise tax of 10% is added to the price, a tube 

of shampoo costs 88 cents. What is the price of the tube 

before the tax is added? 

If the price of the tube before the tax is added corresponds 

to 100%, then the price after 10% tax is added corre- 

sponds to 110%. 

Let x represent the price before the tax is added. Then 

the ratio ae is the ratio of the price after tax to the price 
ve 

before tax. We write the proportion shown at the top of 

the next page. 
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88 _ 110 
x 100 

x 10 
Ss 110 

_ 100 X=Tio X 88 

_ 10 x=7] x 88 

. — 880 
11 

x = 80 

Therefore, the price is 80 cents before the tax is added. 

Solve the following problems. 

1. There were 140 questions on an examination. Bill answered 120 

questions correctly. What per cent of the questions did Bill miss? 

Susan answered 81 questions on an examination correctly and 

received the grade of 90%. How many questions did she miss? 

John received a grade of 68% on an examination which contained 

150 questions. How many questions did he answer correctly? 

While on vacation, a family spent 28% of its budget of $450 for 

food. The rest was spent on other items. How much money was 

spent on other items? 

Out of the total U.S. investment abroad of $9.7 billion, 17% is 

invested in chemicals. How much money is invested in chemicals? 

Since a new junior high school was built last year, the student body 

of Oiltown Junior High School has decreased 40%. Oiltown Junior 

High now has 2,340 students. How many students were enrolled 

at Oiltown Junior High before the new school was built? 

Every month, 4% of Miss Jones’ salary is deducted for teachers’ 

retirement and 3% for investment in the teachers’ credit union. 

How much is deducted for the retirement fund and how much for 

the credit union, if her monthly salary is $580? 

An assembly line produces 600 units of electronic equipment per 

day. The manager demands an increase of 17%. How many units 

does he expect to be produced? 
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9. 45% of 600 students in a school are girls. How many of the 600 
students are boys? 

10. A path 150 feet long is 80% as long as another path. How long is 
the other path? 

11. The price of a candy bar dropped 20%. If the original price was 

5¢, what is the new price? 

12. An article sold during January for $5.20. The price during Feb- 
ruary dropped 10%. During March the price increased 10% of the 

February price. What did the article sell for during March? 

13. Mr. Needy withdrew 5% from his $200 account. Then he withdrew 

10% of the remainder. How much money was left in the account 

after the two withdrawals? | 

14. A driver reaches the maximum speed of 70.8 mph, which is 18% 

over the legal maximum speed limit. What is the legal maximum 

speed limit? 

DISCOUNT 

Discount is usually given as a per cent of the marked price. Study the 

following examples. 

Example 1 For a clearance sale, a store offered a 20% discount on 

all clothing. If a sweater was originally priced at $12.00, 

how much less did it cost when on sale? 

How to To find the amount of the discount, we find 20% of $12.00. 

Sa Recall that to do this, we multiply ai NDS 

20 £ Ls 
100 * 12 = .20 X 12 = 2.40 

Thus, when on sale, the sweater cost $2.40 less. 

Solve each problem. 

1. How much is a discount of 30% on an item regularly costing $10? 

2. An item which regularly sells for $25 is on sale at a discount of 

40%. How much less does it cost on sale? 

3. How much is a discount of 5% on an item regularly costing $20.00? 
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4. How much is a discount of 5% on an item regularly costing $40.00? 

5. Is it true that, given a certain fixed per cent discount, the higher the 

price of an item, the more dollars the discount amounts to? 

6. Item A is twice as expensive as item B. The same per cent discount 

is allowed on each item. Is the discount in dollars on item A twice 

the discount on item B? Defend your answer by an example. 

Example 2 Every student is entitled to a discount of 15% on every 

item in a store. If the regular price of shirts is $3.98, what 

is the price for students? 

How to A 15% discount means that students pay 85% of the 

Seale regular price. To find 85% of $3.98, we multiply ze by 

3.98. This is the same as multiplying .85 by 3.98. 

3.98 X .85 = 3.3830 

Thus, the price for students is $3.38. 

Solve each problem. 

7. The regular price of an article is $3.70. What is the price of this 

article after a 10% discount? 

8. The list price of a fountain pen is $2.95. What is the selling price 
at the discount of 20%? 

9. Every item in an electrical appliance store was marked down 35%. 
Compute the selling prices of the following items whose marked 
prices are as follows: 

a. Iron: $24.50 

b. Coffee maker: $37.98 

c. Radio: $75.90 

Example 3 Ted bought a used bicycle for $72. He obtained a discount 
of 20% on the price of the bicycle when it was new. What 
was the price of the bicycle when new? 

How to Since Ted obtained a discount of 20%, the bicycle cost 
Solve him 80% of the price of a new bicycle. Let x be the price 

of the new bicycle. We write the proportion shown on 
the next page. 
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72 _ 80. 
i 100 

ey OU 
72 #80 

_ 100 x= 80 tel, 

2} x= X72 

x= 90 

Therefore, the price of the bicycle when new was $90. 

Solve each problem. 

10. Jim bought a used book for $1.75. He obtained a discount of 40% 

on the price of the new book. What was the price of the new book? 

11. In a sporting goods store, the following selling prices were posted 

after a discount of 30% was applied to the list prices. Compute the 
list prices. 

a. Ping-pong set: $6.30 c. Football: $3.90 

b. Tennis racket: $12.50 

COMMISSION 

Many salesmen receive a commission, which is usually given as a 

per cent of their sales. If a salesman works on the basis of a com- 

mission of 5%, he receives $5 for every $100 worth of goods he sells. 

The per cent commission varies from company to company and from 

product to product. It may be, for example, as little as 1% or as much 

as 40%. 

@ ‘The per cent commission received is sometimes called the rate of 

commission. 

Example A salesman sold $150,330 worth of electrical equipment 

in one year. His rate of commission is 8%. How much 

commission did he earn? 

How to The salesman’s commission is 8% of $150,330. To find 

Solve this amount, we multiply a by 150,330. Or we can 

multiply .08 by 150,330. 

150,330 X .08 = 12,026.40 

Therefore, the salesman’s commission is $12,026.40. 
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Solve each problem. 

1. Mr. Commission gets 40% of his sales as his pay. Last week his 

sales amounted to $655. What was his commission? 

A salesman whose rate of commission is 25% sells $120,000 worth 

of merchandise. What is his commission? 

Mr. Travel sells two cars. Each car is priced at $5,400. If his rate 

of commission is 20%, how much commission does he receive? 

Mr. Gethim receives commissions at the rate of 10% for up to 

$10,000 of sales, and 25% for sales in excess of $10,000. What is 

his commission on $25,000 of sales? 

Salesman A works at a certain rate of commission. B’s rate of com- 

mission is twice A’s rate. If A and B sell the same dollar worth of 

goods, how will their commissions compare? Defend your answer 

with an example. 

In exercise 5, how should the sales of A and B compare in order 

for them to receive the same commission? Defend your answer 

with an example. 

BATTING AVERAGES 

If a batter makes 1 hit out of 2 times at bat, his batting average is y It 
2 

is reported in the form of a decimal to three decimal places, or .500. 

1. If a batter makes | hit out of 4 times at bat, what is his batting 

average? (Give it as a decimal to three decimal places.) 

If a batter makes 3 hits out of 8 times at bat, what is his batting 

average? (Give it as a decimal to three decimal places.) 

& To compute a batting average, divide the number of hits by the 

number of times at bat. Then round off the result to 3 decimal 

places. 

Recall that to give the result to 3 decimal places, we carry out the 

division to 3 decimal places. If the remainder is one-half of the divisor, 

or more, we add | to the third decimal place. If the remainder is less 

than one-half of the divisor, we leave the third decimal place unaltered. 
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Example If a batter gets 27 hits out of 89 times at bat, what is his 
batting average? 

How to We divide 27 by 89, and round to 3 decimal places. 
Solve 

303 
89)27.000 

267 
30 
00_ 
300 
267 
33 

Since the remainder (33) is less than half of the divisor 

(89), we leave the third decimal place unaltered. 

Therefore, his batting average is .303. 

3. Compute batting averages to 3 decimal places. The first number is 

the number of hits, and the second is the number of times at bat. 

a. 12; 82 Come 90 CD OeL92 

ba3 52595 d. 36; 123 f. 43; 203 

What does a batting average of .303 mean? It means that on the average, 

a batter gets 303 hits out of 1,000 times at bat. It does not mean that 

he has necessarily been to bat 1,000 times. 

4. Tell the meaning of each of the following batting averages. 

a. .346 b. .401 c. .200 d. .000 

5. What does the batting average of 1.000 mean? 

6. What does the batting average of .001 mean? 

7. Is it possible to have a batting average which is greater than 1? 

Why or why not? 

8. Is it possible to have a batting average which is less than .001? 

Why or why not? 

9. Is it possible to have a batting average of 0? Why or why not? 

10. If a batter has a batting average of .306, what is the ratio of the 

number of hits to the number of “‘misses”’ for this batter? 
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PER CENT CHANGE 

Per cent is frequently used to describe the increase or the decrease 

from one number to another. 

Example 1 The population of Bulgetown increased from 12,000 to 

16,000. What was the per cent increase? 

How to 16,000 — 12,000 = 4,000, the amount of increase. 

Solve Let n be the per cent increase. 

pre 74000 
100 12,000 

pilin 
100% 

1 
=—-— X n=» 100 

— 331 n= 33 3 

Therefore, the per cent increase was 335%. 

Example 2. The price of an article dropped from $4.50 to $3.60. 

What was the per cent decrease? 

How to 4.50 — 3.60 = .90, the amount of decrease. 

Solve Let n be the per cent decrease. 

wl teaelagticall 
100 4.50 

on gel 
100 5 

1 
arr 100 

n= 20 

Therefore, the per cent decrease was 20%. 

In general, if n is the per cent increase (or decrease), we write the 

proportion 

n__ amount of increase (or decrease) 

100 original amount 

Solve each problem. 

1. The population of Welcome High School at the beginning of the 

year was 2,400. It increased to 2,600 at the end of the year. What 

was the per cent increase? 
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. A bicycle factory turned out 15,200 bicycles in one week. The 

following week 14,600 bicycles were manufactured. What was the 

per cent decrease in the number of bicycles from one week to the 

next? 

The Martins’ January electricity bill was $24. Their February bill 

is $21.50. What is the per cent decrease from January to February? 

If the average weekly earnings of a worker increased from $80 to 

$95, what is the per cent increase? 

The following are the numbers of students aged 5 to 34 years 

enrolled in schools and colleges in various years. 

1947 28.6 million 

1950 30.3 million 
1955 37.4 million 

1960 46.3 million 

1968 56.4 million 

Compute per cent change in enrollment from 

a. 1947 to 1950 d. 1950 to 1960 

b. 1950 to 1955 e. 1960 to 1968 

c. 1955 to 1960 

. Below are given daily averages in billions of gallons of total water 

used in the United States. Figures for the future are projected. * 

Year Daily Average in Billions of Gallons 

1910 65 

1920 90 

1930 110 

1940 13) 

1950 200 
1960 320 

1970 410 

1980 500 

Compute the per cent change of water consumption from 

a. 1910 to 1920 d. 1940 to 1950 g. 1970 to 1980 

b. 1920 to 1930 e. 1950 to 1960 h. 1910 to 1950 

c. 1930 to 1940 f. 1960 to 1970 i. 1910 to 1980 

* Source: Road Maps of Industry, No. 1304, Dec. 23, 1960. 
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KEEPING ARITHMETICALLY FIT 

For exercises 1-36, numerals in parentheses refer to pages where you 

can find similar exercises. 

Add. (436-437) 

5. 26.33 
9.48 

39.12 

10. 23.08 
9.99 

et 
—x 2=s 2=x7 

Suun6 62 X 72 

pRyey 
— xX — Dex. 

ib ea 

RES Kies 

i Ane t7 

.24 

a bP) 

1. 3.706 2. 37.09 3. 109.5 4. 1.26 
5.895 24.12 AG 9.68 
3.226 37.08 23.9 8.73 

Subtract. (438-439) 

6. 8.368 7. 23.68 8. 8.006 9. 1.206 
2.179 17.89 5.998 898 

Multiply. (439-440) (432-434) 

11. 2.368 14. 10.65 17. xe 20. 
12 34.5 

oe 12. 36.12 15. 7.486 3. x5 on. 
755 38 

13. 365.5 16. .5692 19. 2 8 4. 
as 52.8 I5 

Divide. (440-442) (434-436) 

23. .2)1.6 27. .02)13.26 31. isa 34. 

24. 37453 28. 1.32782 32. a+ 8 35 

25. .03)100.2 29. .32)1,024.64 33. aa 36. 

26. .9)36.9 30. .11).3333 
Give the simplest fractional name for each of the following. 

3 400 37 p faa ’ a 40. Oe 43. .008 46. 

4 325 | 38. 41. 5 44. .75 47. 

39, 120 42. .12 45. .009 48. SH .875 
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VOCABULARY REVIEW 

batting average (180) proportion (166) 

commission (179) rate of commission (179) 

discount (177) ratio (165) 

per cent (161) 

A CHALLENGE TO YOU 

. Gregg has a certain number of boxes and marbles. If he drops 6 

marbles into each box, he will lack 16 marbles. Whereas, if he drops 

3 marbles into each box, he will have a surplus of 8 marbles. How 

many boxes and how many marbles does Gregg have? 

. The sum of two numbers is 20. If one number is doubled and the 

other is multiplied by 4, the sum of the two new numbers is 66. 

What are the two numbers? 

. Class A has 5 students more than class B. If 4 students from class A 

are transferred to class B, how many more students will be in 

class B than in class A? 

. A man is : of the way across a railroad bridge when he suddenly 

hears a train which is traveling at 60 mph. He can run in either 

direction in an effort to get off the bridge and just make it. How fast 

does he have to run? 

CHAPTER TEST 

. Give a decimal name for each per cent. 

a. 17% rh Be PE B30, d. 1% 

. Give the simplest fractional name for each per cent. 

a. 36% b. 6% ry 4% d. 25% 

. Give a per cent name for each decimal numeral. 

a. .306 b. 9.85 Cae 039 d. 50.6 

. For each per cent, give a fractional numeral with denominator 100. 

42 bo 18 32. 
4 £250 m3) " 300 
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KE 

16. 

173 

18. 

Give a per cent name for each fractional numeral. 

13 ial 8 1 
a 50 C3 e 5 g- 3 ) 

3 b) 2 . 
—— 5 toe | io h. 

is 25 sc 2 3 6 

Tell which of the following name the ratio of 4 to 5. 

8 30 36 2) ihz 
a. 10 b. 74 c. 44 d. “i e. “oii 

Zz 4 

Replace each L] to obtain a true statement. 

kal aap ulead Beael 
ge eS 7120 ans Soe 15 50 

Baaake 5 > Tet oT Cra wesd 

eel, wD ae P 637512 

. What number is 15% of 60? 

. What number is 120% of 55? 

. 20 is 40% of what number? 

. 45 is 150% of what number? 

8 is what per cent of 25? 

13 is what per cent of 39? 

What is the meaning of .125 batting average? 

What would be the meaning of a 100% discount? Why would such 

a discount be unreasonable? 

What would be the meaning of a 100% commission? Why would 

such a commission be unreasonable? 

Bob bought a book for $4.80. This was 15% of his monthly allow- 

ance. What is Bob’s monthly allowance? 

Mr. Freewheel spends $10.40 on gas weekly. If his weekly wages 

are $208, what per cent of the wages does he spend on gas? 



19. 

20. 

21. 

22. 

23. 

24. 

25. 
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The length of a rectangle is 16 ft. The width is 35% shorter than 

the length. What is the width? 

Jane spent $12 on clothing. This was 150% of her weekly allow- 

ance. What is her allowance? 

In a class of 120 students enrolled in mathematics, 10% received 

the grade of A, 45% the grade of B, and the remainder the grade 

of C. How many students received the grade of C? 

What is the per cent increase from 

ame OOr2 le c. 100 to 101? 

b. 50 to 51? d. 1,000 to 1,001? 

What is the per cent decrease from 

a. 20 to 19? c. 100 to 99? 

b. 50 to 49? d. 1,000 to 999? 

Which per cent increase is greater? 

a. from 20 to 30 or from 30 to 40? 

b. from 100 to 200 or from 200 to 300? 

Which per cent decrease is greater? 

a. from 50 to 40 or from 40 to 30? 

b. from 200 to 150 or from 150 to 100? 



CHAPTER SEVEN , 

Directed Numbers— 

Addition and Subtraction 
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NUMBER LINE 

We have learned that there is a one-to-one correspondence between 
the real numbers of arithmetic and the points on a number ray. We 
have observed that each real number of arithmetic, either rational or 
irrational, has one point on the number ray which corresponds to it. 
The picture below shows a ray. Some points and their numbers are 
marked in this picture. 

5 V2 48 90 

hah ee he re Cy Geek, SCP ee a 

1. Make a picture like the one above on your paper, marking first 
only the points corresponding to the whole numbers. Then mark 

the points corresponding to the following numbers. Write the 

appropriate number name next to each point. 

a. 7.5 co 27 e. VI5 g. ts 

b. V43 do117 f. VI0l h. 2 

Notice that a ray has a beginning point, but it does not have an end- 

point. The arrow on the right in the picture above suggests that the ray 

goes on and on. We know, however, that a complete line has neither a 

beginning nor an endpoint. This picture shows that a line continues on 
and on in both directions. 

To obtain a complete number line, we need to mark points to the 

left of the point associated with the number 0 as well. We can do this 

in the following way. 

ey bole BD 
See Bae 
Cowes 2 0 ams) 4.5) G6 

2. From the picture, tell what number corresponds to point B. 

3. What number corresponds to point A? 

4. What number corresponds to point D? 

5. What number corresponds to point C? 
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6. How many points correspond to the number 1? 

7. How many points correspond to the number 2? 

To have a one-to-one correspondence, there must be exactly one point 

for each number and exactly one number for each point. If there 

are two points for one number, then we do not have a one-to-one 

correspondence. 

POSITIVE AND NEGATIVE NUMBERS 

Perhaps you have thought of several ways of assigning numbers to the 

points to the left of the point which corresponds to the number 0. The 

accepted way of doing this is shown in the picture below. ~1 is read 

negative one; ~2, negative two, and so on. 

MEBANE OSS aA ME SiC Peer are 

Bia p48 ir 2 One Cie Oe 4 eee 

The arrows on the picture of the line above indicate that the line 

does not end. It continues on and on in both directions. 

To clearly differentiate between the numbers assigned to the 

points on the left of A and those on the right of A, we have marked the 

points on the right as +1 (Read: positive one), *2 (positive two), and 

sO on. 

1. What number corresponds to each of the following points on the 

number line above? 

Examples 1 H +5 (positive five) 

2M ~6 (negative six) 

a. F b. B c. A d. / e. J £3 gD 

2. What point corresponds to each of the following numbers on the 
number line above? 

Examples 1 +3 point C 

2S point J 

ieee | Di 64 ae Cee Pay Nerme Pe st Ut) g. 4 

3. The point which corresponds to the number 0 is called the origin. 
How would you justify this name? [What does “origin” mean?] 

4. What letter is assigned to the origin on the number line above? 
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What number corresponds to point C? 

cay What number corresponds to point J? 

5 What is the distance from C to the origin? Give the distance as 

the number of units marked on the picture. 

6. a. What number corresponds to point K ? to: point G ? 

b. What is the distance from K to the origin? from G to the origin? 

7. a. What number corresponds to point H? to point E? 

b. What is the distance from H to the origin? from EF to the origin? 

INTEGERS 

When we assigned numbers to points on a number line, we used only 

whole numbers. Some were positive numbers, others were negative 

numbers. 

@ The set consisting of all positive whole numbers, negative whole 

numbers, and the number 0 is called the set of integers. 

1. Tell which of the following are integers. 

+ 

Beebe 17 305: $ Hb dies Aine oe NS 

Each integer has an opposite integer. The two examples in exercise 2 

give you a clue as to how to find the opposite of an integer. 

2. Give the opposite of each of the following integers. 

Examples 1 +2 The opposite of *2 is ~2. 

Pew Say The opposite of ~5 is *5. 

ree es) Domez CaO d. *70 e. ~980 f. +980 

3. Is ~876,532,967 the opposite of 876,532,967? 

4. Complete each statement. 

a. The opposite of a positive integer is a ______ integer. 

b. The opposite of a negative integer is a ______ integer. 

The opposite of 0 is 0. 

0 is the only integer which is its own opposite. 
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5. Make a picture of a number line. Label points as in the picture 

on page 190. Answer the following questions. 

a. Are +4 and ~4 opposites of each other? Are the distances from 

I to A and from B to A the same? 

b. Are *6 and ~6 opposites of each other? Are the distances from 

F to A and from M to A the same? 

c. Are +3 and ~4 opposites of each other? Are the distances from 

C to A and from B to A the same? 

6. What conclusion can you draw about the distances from the origin 

of points corresponding to opposites? 

7. If two numbers are not opposites of each other, then what is true 

of the distances from the origin of the points corresponding to 

these two numbers? 

DIRECTED REAL NUMBERS 

Positive and negative numbers are called directed numbers. These 

numbers help us to answer not only the question “how many?’’, but 

also “in what direction?” 
We consider the direction to the right to be positive, and the 

direction to the left to be negative. 

negative direction positive direction 

96 5 de 3 Oe” Ot aa 2 a Ago G 

There are many more points between the points which are marked 

on the number line. For example, there is a point half-way between 

“lvandi2Z. 

What number would be assigned to each of the following points. 

1. : of the way from 0 toward *1 

1 2. 
3 

of the way from 0 toward *2 

3. t of the way from 0 toward ~ 1 

4. ri of the way from 0 toward ~2 
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— 

= of the way from +3 toward +4 

Ny MN 
3 f the way from ~1 toward ~4 

; of the way from ~5 toward ~3 

: of the way from ~2 toward 0 

of the way from +4 toward *1 

Below is an enlarged picture of the portion of a number line between 

pagand: 1 

10. 

iF 

=a 0 A 

Copy this picture on your paper. Mark as accurately as you can 

the points corresponding to the following: 

Make an enlarged picture of a number line between ~2 and *2. 

Mark on it the points corresponding to the following: 

A, iS d. +1.1 YD j. 3 

bit e. 2 heey) k. +V3 

i +5 ais 4 
c eA 7 i. 5 law 

Each of the following numbers is a directed real number. 

= A 
3 2 44.5 -V2 +*V2 2 +360 +1,176.5 

12. Give examples of four other directed real numbers. 
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USES OF DIRECTED NUMBERS 

On the right is a picture of a thermometer. 

Directed numbers are used in telling the tem- 

perature. Thus, instead of saying “twenty below 

zero,” we may say “‘negative twenty” (~20). Or, 

instead of saying “‘thirty above zero,” we may 

say ‘positive thirty” (+30). 

1. Give the directed number describing each of 

the following temperatures. 

a. fifteen below zero 

b. seventy-five above zero 

forty below zero e 

d. twenty-one above zero 

e. six and a half above zero 

Directed numbers can be used to describe the 

status of your basketball team as compared with 

the opponent. A positive number would show the 

number of points by which your team is ahead of 

the opponent, and a negative number the number 

of points by which your team is behind the 

opponent. 

2. Use a directed number to show each of the following standings of 

your basketball team as compared with the opponent. 

a. ahead four points d. behind two points 

b. ahead one point e. behind five points 

c. tie f. ahead seven points 

In football, directed numbers can be used to describe gain or loss in 

yardage. A positive number would be a logical choice for the descrip- 

tion of gain, and a negative number for the description of loss. 

3. Use a directed number to describe each of the following outcomes 

in football. 

a. gain of five yards c. loss of thirty-three yards 

b. gain of twenty-five and a d. neither loss nor gain 
half yards 
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MOVES ON THE NUMBER LINE 

Directed numbers can be used to describe ‘‘moves”’ along the number 

line. To make the illustrations simple, we shall use first only whole 

directed numbers and zero, that is, integers. 

Ree aeM ree Bae ee DaiGw Ade Kis (oCen lee Hom reerQ. BN 

Bae rab! 5) 4 oy 2 Ps O84] or A 5 abe 7: +6 

Let us agree that for every move, the beginning point is the origin. 

On the picture above, trace these moves mentally. 

Examples 1 from A to L Ol 

2 from A to B ~4 

3 from A to A (standstill) 0 

1. For each description of a move, give the directed number. 

a. from A to D c. from A to C e. from A to / 

b. from A to Q d. from A to E f. from A toR 

We do not need to restrict the beginning of our moves to the origin. 

We can start our moves anywhere and still use directed numbers to 

describe these moves. Trace these moves mentally. 

Examples 4 from C to H ae. 

5 from N to L S05, 

2. For each description of a move, give the directed number. 

a. from P toB c. from N to A e. from N toR 

b. from R to E d. from Q toG f. from Q to Q 

Four different moves are shown on the picture below. 

Ramps IMmEe piel 0 De Ge tA | K ELe CAG! Wah ore QeaN 

pak Gent i 3 2 al Omer eee AS A Gril al S 

| gone lise! “4 et 4 

| +3 1 

3. a. What number describes the longest positive move marked on 

the picture? 

b. What number describes the shortest positive move? 

c. What number describes the longest negative move? 

d. What number describes the shortest negative move? 
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4. On a number line showing points from ~8 to +8, make pictures of 

four different moves each described by *2. 

5. On a similar number line, make pictures of four different moves 

each described by ~3. 

6. What is the meaning of a move described by the number 0? 

7, Think of the number line as extending without an end in both 

directions: positive and negative. How many different moves 

could you find described by ~5? by *4? by 0? 

The picture below shows two moves, one followed by another. Trace 

these two moves. 

Ga Agee Kea, eC | int LF 

-1 0 +1 +2 +3 +4 +5 +6 
a | 

Move from 4A to L: *2 

Move from L to H: *3 

Now consider the following: 

Move from A to H: *5 

Observe that two moves, from 4 to L and from L to H, are equivalent 

to one move from A to H. For this reason, we say that 

2. 

8. What number describes the move from A to K? from K to H? 

from A to H? Make an addition statement similar to that above 

showing that the combined effect of the first two moves is the same 

as that of the last move. 

9. What number describes a move from 4 to /? from J] to F? from 

A to F? Make an addition statement showing that the combined 

effect of the first two moves is the same as that of the last move. 

10. Describe moves which illustrate each of the following. Use the 

number line at the top of page 195. 

a. t1+41=+2 d. -1+-2=-3 

b. 2+ +4= +6 6224 5S 7 

e *3+41=+4 f SHirlies4 
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ADDING DIRECTED NUMBERS 

The idea of moves on a number line can be used to good advantage 
in learning to add directed numbers. 

Example 1 Ere 2 See kee OF ye” Wa Me | H 
SS SS 

Soa 4 3" =? lO Sele Ce Face re ees) 
a | 

Wenn 

A move from A to L: +2 

Followed by a move from L to H: +3 

Result is the same as a move from 4 to H: +5 

Therefore, *2 +73 =*5. 

Example 2 E B J D G A K L C | H 

=) 4 3 2 1 OF ee ee oa 4e aD 
Le A 
lg] 

A move from A to D: ~2 

Followed by a move from D to J: 71 

Result is the same as a move from A to J: ~3 

ibhereforess2- +a l——3- 

For each picture, describe each pair of moves as in Examples 1 and 2. 

Then write the resulting addition statement. 

rb, Ef ee Sele Cr Ame Ke le Cora) weer 

aa Se Se TET ie “Se Gee ae aa 
| le 

y) Come aD. Oe CEA Key Gh LC. oleae ts 

saat : a 

Bae NG Ay Ki ck Cot Ae 

(ay ey 
| a 

Py.) sp aloe oe 31 yl hel ogee hog Verh Seamed ee dee Maa «| 
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6 E.\B oid § DeiG  AR eee cen ee 
a er cr or or rn 

TOES 84 ce gel cand pained wie cam BS 

i oR fue 
Look at your answers for exercises 1-6. Complete the following: 

7. The sum of two positive numbers is a _______. number. 

8. The sum of two negative numbers is a ______ number. 

Answer the following without using a number line. 

OR 20 13. *600 +*2,500 L755, 0a 8 

10. *11 + 736 14. *70 + 71,360 18. ~200 + 130 

1 Seen g PA) 15.85 1er es? 19. ~300 + ~740 

12.7 7125 +7300 1625, 395 12 20. = 1260-130 

Example —E B J DigeeG A Ku bet c | H 

A move from A to C: *3 

Followed by a move from C to D: ~5 

Result is the same as a move from A to D: ~2 

Therefore, 3 + ~5 =~2. 

For each picture, describe each pair of moves, as in the example above. 

Then write the resulting addition statement. 

Die E B J D G A K L ¢ | H 

-SacAs Tgoie reg Hl 20, STI s27 Saas AS 

: — 
—— a 

22 Espa) Ds Ge Ak aoe H 

232° 8 Ea Cee ee Sn 
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24. E B J D G A K L C | H 

| | 

ES ee 

ILS, | MS et Pu Spates Keen. eC =! l= fH 

| 

ee 

ZOSLAES B26) oD aCe A @ 6 Kis Lb.) Ce Cole ec 

ile E B J D G A K [L C | H 

Look at your answers for exercises 21-27. Complete the following: 

28. The sum of a positive and a negative number is sometimes a 

number, sometimes a ___________ number. 

29. The sum of a number and the opposite of this number is 

30. One of the six statements below is false. Find it! 

a. +14-7=-6 ce. *11+711=0 Wie Se 

beol0 oi d. *30+720=710 f. 40+ ~30=~10 

31. Two of the nine statements below are false. Find them! 

a0 16+ 8—"8 d.97 1325, 1320" Fe 38 +6 — 32 

b:) 30-10-20) e2 207 75) — G15 h. “SO + 712 = ~38 

Cue AO 10 —— 30a f. 200-2 200 — 0 is a2 472 2 

Add. 

S20 Oe o2 36. “34-4 40. *39 + ~39 

SS let, Ole cid 41. *40+0 

34 2 9 She ayes may 42. 0+ 735 

thy Ques 4s 39 wee Sia 99 43a 126-9126 



200 CHAPTER SEVEN 

Add. 

130 gl sl Wags rates) 
=4 = ~ ste. . ate 44. ree a 51 37 6 58 a+ 4 

ears 3 shee ribet 
45. at 7 52. Aue 8 59. Int I; 

ss wal inte lees 
46 gt 9 53. at 14 60. nae 25 

AT eal. Oc le AY ces ho 61. 410.7 11% 

48. —-1.5 -+7.3 Si) ee ONT 627°°73.64- 128 

49. ~3.7+ 4.3 56, *3.6--- LS 63. —~3.6+ 71.8 

50 e LOr2 ee LOL 5/42 435-4120 6455-710.9--" 171 

ABSOLUTE VALUE 

Every directed number has an absolute value. From the examples 

below you should be able to tell the absolute value of any number. 

We use the symbol | | to denote the absolute value. For example, 

|-3| is read: absolute value of negative three 

|*7| is read: absolute value of positive seven 

Read each example. 

lees 2 aye) si 3 ed 
|-10| = +10 4 4 |+2,000| = *2,000 8 8 

|-167| = +167 [1.5] = "1.5 |*7.9| = *7.9 |0| = 

Complete each statement. 

1; (307 SP Ot e 54 Se 

B2 3 =| 
2. |~2,506| = —_ 4.>|5— | - |= 2% ale welt 

Complete the following: 

7. The absolute value of 0 is ___.. 

8. The absolute value of a positive number is a________ number. 

9. The absolute value of a negative number is a_________ number. 

10. The absolute value of any non-zero number is a 

number. 
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COMPARING DIRECTED NUMBERS 

A number line gives us a very good way of comparing two directed 

numbers. To compare two directed numbers means to tell which is 

the greater. We will use the following method. 

@ Ona number line, locate the points corresponding to the two num- 

bers. The number whose point is farther to the right is the greater 
of the two numbers. 

negative positive 

en Th aah SS Se AO) aril suede) snZAl ontey antsy e7/ “ugs} 

Example 1 +5 is greater than *1 [+5 > *1] because the point corre- 

sponding to *S is to the right of the point corresponding 

tos 1: 

Example 2 ~8 is less than ~2 [~8 < ~2] because the point corre- 

sponding to ~8 is to the left of the point corresponding 

Lobes 

oe 
Insert either ‘‘>”’ or ‘‘<”’ to obtain true statements. 

ECQImMpleSele see 1 a) gee es 

29 =e St fea 

ee een | pe) toca * 

Vb SAY cease a Sie d ) Pe Sey he a or 

2ee Se ae 4 O.sai/ae a 102 2 200 

Se 2 20) Ta ee LO Wh “WEP 2 

Aj oie = 0 8:24 poor A 12 5,000 22 3 

Insert either ‘“‘greater’’ or “‘less” to obtain true statements. 

13. Any positive number is _________ than _ any negative number. 

14. Any negative number is ________ than any positive number. 

15. Any positive number is ______ than 0. 

16. Any negative number is ______ than 0. 

17. Ois ________ than any negative number. 

18. 0 is _______ than any positive number. 
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19. The statements below are arranged in related pairs. Both state- 

ments in one pair are false. Find them! 

ae Sorts aglesioe a4} 88 mot Totes ara! 

b. +17 > +3; |[+17| > [+3] —e. 1,200> +3; |+1,200| > |+3| 

ai Ae Ni ia! Li fat | ae a a a eet td ee ba) 

20. Insert either ““<”’ or ““>” to obtain true statements. 

a. Given two positive numbers a and b, 

if a<6b, then |a\)a— 2b) 

b. Given two positive numbers c and d, 

if c > d, then |c| |d| 

21. The statements below are arranged in related pairs. Both state- 
ments in one pair are false. Find them! 

Beer 3 Oe = eG 05 6306-6 st SO 6. 

ie el ile tt e. ~40 < -50; |-40| > |-50| 

Cope eG] fc 100. <5 22) W100 =e 

Insert either ‘““<”’ or ‘‘>”’ to obtain true statements. 

22. Given two negative numbers x and y, 

if ve—ey then. || aan | 

23. Given two negative numbers n and p, 

if n> p, then |n| lp| 

Which are true and which are false? 

D7 SY faa Wes Pd 30. |~200| < |*1| 36. aiid lea 

25. |0| 4 |-1| 31 fal |2200) STem te Ol 120) 

2 cs ol iy | 26. |~200| > |0| S27 10/e= eI) 38. 5 — 5 

27 Olea 33. |-2| 4 |*2| 39. |*5,000| |~5,000| 

28-0 23 ee nel 34. |*500| = |~500| 40. |-1| < |-3| 

29. |*200| > |-1] 35. |*10] < |-10) 41. |-2,000| ¥ |+2,000| 
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ABSOLUTE VALUE AND ADDITION 

We have observed some patterns in addition of directed numbers. 

These patterns are summarized below. 

1. The sum of any two positive numbers is a positive 

number. 

2. The sum of any two negative numbers is a negative 

number. 

3. The sum of two numbers which are opposites is 0. 

4. The sum of a positive number and a negative number 

is sometimes a positive number and sometimes a 

negative number. 

The last statement is somewhat vague. Can we tell exactly when 

the sum is positive and when it is negative? The examples below sug- 

gest the answer to this question. 

1. Supply the missing parts. The first example is completely done. 

Study all of the examples in order to discover the pattern. 

gs es: (25/1 2 dh 1 2 = 

Deseo 14 eB eg) ee 4 5 | ey 

Cate 3 ee l= Solis (ee eda ee? 2D ae Ole >see 

oS 

2. a. Is the sum of two numbers in each example in exercise 1 a 

positive or a negative number? 

b. In each example, is the absolute value of the positive number 

less than or greater than the absolute value of the negative 

number? 

3. Fill in the missing words to obtain a correct description of the 

pattern illustrated by the examples in exercise 1. 

A positive and a ________ number are added. If the 

absolute value of the positive number is 

than the absolute value of the _______. number, then 

the sum of the two numbers is a _________ number. 

4. Supply the missing parts. The first example is completely done. 

Study all of the examples in order to discover the pattern. 

Sao esa 3) 7 1) d. *3+___=~4; | Lees) 

b. *4+7-7 =—3; | aa emeLd ee i= 1, et ese ee | 

Ce ee ete ts ef | 
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5. a. Is the sum of the two numbers in each example in exercise 4 

a positive or a negative number? 

b. In each example, is the absolute value of the negative number 

less than or greater than the absolute value of the positive 

number? 

6. Fill in the missing words to obtain a correct description of the 

pattern illustrated by the examples in exercise 4. 

A positive and a _________ number are added. If the 

absolute value of the negative number is 

than the absolute value of the _________ number, then 

the sum of the two numbers is a __________ number. 

Add. 

Example 712+ 716=128 

a3 ae > 3 7, *74++ . ata . ate tsp) 10 4 a 3 13 5 =8 9 

8. +26++3 fi Se aoa ify a 
3 4 128 

+4 5) 1 1 
97137-9738 Pe Bee We a as wie Wiese 5 7 a 95 15 99 0 0 

Example [13.45.62 = "75 

e 2 +, eee] Z 1 
ike ss 1 Lf SSr = oe Ona 19 5 3 5 22 65 me 5 

e rs cot cal 1 5) 
17534-6512 20. =+4 Oe oe 0 i oh 8 23 8 5S 95 

bs a ey Lee 1 1 
18. ~45+ —16 els = ~ 42+ -5= 21 3 a 3 24 45 + 54 

Example MDE ay 7. 

is ge i oll he ee 25, 7 204-°6 Ppa te, acts 28 ii = 4 S133 3 + 3 

= it iy oe 1 3 26. tr 29. -—-+ = -190—-++202 9 3 4b 4 32. 107 se 206 

+ —_ 

27. +32 +-16 30 /e eee oy epee 
ee TS ae , 5 6 



Example Pass PICS 

3410-5 37: 

S5cpen 220) 38. 

36-39 + 123 39. 

PRACTICE IN ADDITION 

PRACTICE IN ADDITION 

40. 

41. 

42. 

205 

l l cag) fe = — Tot 125 

Now we are able to add any combination of two directed numbers. 

The exercises here offer practice in addition. 

ads 

1. 11443 2 

Deets 13 3 

oT pal gh geet 

4. -300 + ~505 

5. -125 + +80 

6. -1.6+7-3.4 

£35051 mele) 

we 0c 365), 

Sf ese ee 

5 MUD se ibe) 

13. 

Write down the answers as quickly as you can. 

1993-22 

20 ale, 44 

2 Or eel 

22 et 2 0 

23m le 4 

244-17 

25. 

26. 

27. 

28. 

29. 

30. 

plickee3 

g4iche-/ 

Sorel’) 

Ae aye 

a4-- 2 / 

27+ 4 

oa Oca |, 

s30)1 ES 16.2 

a Ta aah f 

BO: etme. 

ahs clip 561 "4, 

5 INN Sop ey 

5 ae aw A 

welder 12 

sec l2'-tae |S 

ook ae 

4s 
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ee AL ey S: (AT ae eee ST oge Orr a0 

38. 715+ 14 48. ~4+ 71 58. *40+ *70 

39. *3+ 74 49. aie 3 59. *150+ *6l 

40. “4+ 77 502 0. 12 60. *61 +7150 

415. "7 aid Siig glo aaa) 61. ~500 + *250 

42.0 105-30 52m eel 2 62. *250 + ~500 

a30 edo. ao 5320 29 63. *1,000 + ~500 

44. “1+ 7*4 54. -3 + 720 64. ~500 + *1,000 

QS) 912 higutepach) LS 65275413 

46. 15+ *40 562, 13-8 66. 13 + ~34 

COMMUTATIVITY OF ADDITION 

Give answers to the following pairs of addition problems. 

Ui cee 4s ee aot Atal te Ol ete 

ee 20 ee ee 0 Rh SeSe e 

By Viera Ki VS elo 6533.6 5 oi Gl Oa. 6 

Each picture suggests an addition statement. Compare these statements. 

Example a, —e}—_j——_f} dd =e 
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Write the addition statement suggested by each picture. 

7. a 
sasy | att - =o =| () rah 6 eA SS} SA aS 

| | 
| | | 

| | | 

I | 

b. 

5) et Se ee al 2 ri are Sel zal Z 

el 
| | 
= L 

8. a 
“sey hy -? =I O) orth FSB} aaa 

| 
| | 
bee 

| 
ee | 

b. 

ey ale aap ee? Peal Or will sep Mesh a aa). Fata ori 
I ' 

| | 
Exercises 7 and 8 confirm visually what you may have suspected about 

directed numbers. From exercise 7, we see that 

aS ta a tee 

Exercise 8 shows that 

ee ee eT 

In general, it appears that addition of directed numbers is commutative. 

& Commutative Property of Addition 

ken y — Vy +x 

We will be discovering many properties which hold for the set of 

directed real numbers. We will use letters such as x and y when stating 

these properties. The letters may be replaced by names of any directed 

numbers, and the resulting statements will be true. 

9. Give answers without computing. 

aan fale O3ac sl (232199) 3 ee then what. 1st 17-321 2:03 

equal to? 

1 1 i ; 1 l SU Yo J NIL, 29 es Sp yh fi, eaYa p= 9 
b. If Fira 25 355° then what is 25+ 37% equal to? 
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ASSOCIATIVITY OF ADDITION 

You are already familiar with the use of parentheses. For example, 

(2ehe ee § 

means: add 2 and 7 first, then add 8 to the result. Thus, we have 

(2+7)+8=9+8=17 

The operation indicated within parentheses is performed first. 

Find the answers to the following by performing the operation within 

parentheses first. 

LN S) an) eee at (ree) 

2. (3-26) 1-10) 3-6 -E 210) 

Bee 10) 0 10 20) 

A Giese 3s 1 19-3) 

5. (-2+*5) +730; -2-+ (+5 + -30) 

glee oe Sele peas | 
P (Gas ve 4 reall hai "4 

7d. eel) e355) Se EE ee) 

S$.) (53.64.47 10:5 3.6 4 (4.4105) 

me leae2 ver, eee leew ford Soka 
ay | a 5 6” ell ast s) 

10. (41.55 + ~.55) + +3.65; 41.55 + (-.55 + +3.65) 

-31 S) = eae ES; 7) Te (ae nil lar Thee ene Por 

Exercises 1-11 suggest that addition of directed numbers is associative. 

M@ Associative Property of Addition 

(x+y) +z=x+ (y+z) 

Find the answers. Use the Associative Property of Addition to make 
the work easier. 

12. +130 + (+70 + -513) 14. tees a 

13. (7360 + ~49) +51 
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ADDITION AND SUBTRACTION 

Let us return for a minute to the addition and subtraction of numbers 

of ordinary arithmetic (non-directed numbers). 

1. Observe the pattern in parts a and b. Complete parts c-f to fit 

this pattern. 

a. 7—3=4,;44+3=7 d. 12—4=8; a4 — St 

b. 10—4=6;6+4= 10 C220 ae ee 

Cd == 4 ==) ty 9 {116 9 = = a ee 

2. Write the addition pattern which follows from a — b=c as in the 

examples in exercise 1. 

The examples in exercise 1 show that for every subtraction statement, 

there is a related addition statement. We can obtain the answer to a 

subtraction problem by replacing it with the related addition problem. 

Complete each statement as in the example. 

Example 11—4=0 

11+4=11; to what number can 4 be added to ob- 

tain 11? 

Answer: 7. Therefore, 11 — 4= 7. 

a}, Jalsa te— EL) 5. 20—14=0 

4. 17-9=U) 6. 32-—18=0 

We wish for addition and subtraction of directed numbers to have the 

same relation. This will help us to learn to subtract one directed number 

from another by the use of addition. That is, we can find an answer 

to a subtraction problem by finding an answer to the related addition 

problem. 

Complete each statement as in the example. 

Example 3 

(11+ +3=+7; to what number can *3 be added to ob- 

tain +7? 

Answer: +4. Therefore, *7 — +3 = *4. 

7. 110-—t4=0 10. *26-—712=0 

8. *5—71=0 11. *32-—117=U 

Orel? — 9 =) 12593 13: ia 
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Complete each statement as in the example. 

Example 12-t6=0 

(11+ +6=+2; to what number can +6 be added to ob- 

tain +2? 
Answer: ~4. Therefore, t2 — *6 = “4. 

13.603) 17. “121544 

14410 — *23 =) 18.98 9 = 19) 

LS | 192) 10 = 19) 

16:92 921 20. *5—*27=0 

Complete each statement as in the example. 

Example ie es att el 

(1+ -5=+3; to what number can ~S be added to ob- 

tain *3? 
Answer: *8. Therefore, +3 — ~5 = *8. 

215 41 33 lal 257 i225 sal 

225) 894 — a) 26502 2a LS 18) 

23e4 0 oo) — el 21s Oo a= fel 

24. +14-—-8=0 28. *31-—"~4=0 

Find each answer by first writing the related addition problem. 

29.059 — 6-15) OS eel 2 lol 

30.7 =" 124) 39. *4—"12=0 

sl 2-12 = 5) 40. 10-3 =O 

32.55 — 6= 41. -8-—“8=0 

33; 38 = 3 =a 42. *16—*16=0 

34. 77 —*4=(] 43. -3-0=0 

35; 10 216 5 44. -4-—"“4=( 

36.95 78 = (8) 45. *4-—*4= 

S7 oe lee * | 46. *13-—~S5=0 
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SUBTRACTING BY ADDING 

We have learned one way of subtracting one directed number from 

another. It involves writing a related addition problem. There is actually 

another (perhaps easier) way of replacing a subtraction problem by the 

related addition problem. 

To the right of each subtraction problem, the related addition problem 

is given. After you have observed the pattern, replace the missing parts. 

Ve ie 3 A 8 4 1h ee OV ORS eI AB) 

2. *10—*4=16; 10+ -4= 6 $1 =" 2s Aa 3.48 

Sei O=— 53 to 3 9. 3 = 3A Oe 

A. 9149 i — 5 10. 9-—~3="6;A+0=U0 

Seer ty 3 8 lie AH Ol] Fe a4 

6.6.67 (= 13 aA =" 13 129 9 SS At OS 

Subtracting +3 from *7 is the same as adding ~3 to *7. Observe: ~3 is 

the opposite of *3. 

13. a. Complete the following statement: Subtracting ~5 from *3 is 

the same as adding ____ to ___.. 

b. What is the opposite of ~5? 

™@ Subtracting x from y is the same as adding the opposite of x to y. 

Use the pattern above to find the answers. 

Example hy bes bs) +9 — -15= 19+ 715 = 124 

1435-216 2 eles noe) i 7 

153 ae! 22 ee lS 29 3) aS, 

165-314.—" 12 Php) Wye 8) 30.2 12 LO 

jh ea 24.) 4st 315 2520 

See aol 2S a es 3281 497 56 

1931 O25 10 26; eel — ol) BR I iy 

205 (l= 98 21a AS 34 el 212 
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OPPOSITES OF DIRECTED REAL NUMBERS 

Each directed real number has an opposite. For example, 
. + — 

the opposite of Fis ; 

the opposite of ~5.8 is +5.8 

Use the pattern on page 211 to find the answers. 

etow) ey - — +14.45 5 5 8. 35 47 | ee ba j 

=e di aba OAS te 
D4 5 4 9, 5 5 16. ~3.7 10.5 

= (ie ot Fie | ies ees 
3. 37 3 10. 4 5 172 410051 90.1 

oye ah el fie 4. 1, 35 11. 4 5 180° 4275 3.25 

rae | Sy bate) PRO 5. 5 5 ips, 10; % 19. +5.9 3.8 

=| ome _ a 6. oa i 13. ~10.5 — *3.7 20. +3.65 — —3.65 

ETS ee) a a 4h ne % 14. ~10.15 — *3.15 21. ~10.0 —*10.1 

Find the answers. 

+ a 

22. 124-2 23. $+ ; 24. -7.6 + +7.6 25. 0+0 

Exercises 22-25 suggest the following: 

@ The sum of two opposite numbers is 0. 

26. Compute the answers to each pair of problems. 

a, 34 4 3 Cp, oe Lge aes 

De 3S ee eS fe 1) asl 

C. /— ie lee 7 : MESS eel 

d. +10—+*7; +7—+10 he el 
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27. What is true of each pair of answers to exercise 26? 

28. From the results in exercise 26, is it true that (a—b) is the 

opposite of (b— a)? 

29. What is the answer to (a — b) + (b— a), for all replacements of 

a and b? 

30. Find the answers without doing any computations. 

ome 0 et/,) tel (SOs ) Doe e092 ae SL) (Sal 62) 

CLOSURE 

Recall that the set of natural numbers is closed under addition; that is, 

the sum of any pair of natural numbers is a natural number. But the set 

of natural numbers is not closed under subtraction. The same is true 

‘of the set of all non-directed real numbers of arithmetic. There is no 

answer to a problem of subtracting a larger number from a smaller num- 

ber among the non-directed real numbers of arithmetic. 

The set of all directed numbers is closed under both addition and 

subtraction. There is an answer to every subtraction problem among 

directed numbers. 

1. Consider the set of all integers. 

Lee) aA ee? a Oe 20 34 ee aay 

a. Is J closed under addition, that is, is the sum of any two integers 

an integer? 

b. Is J closed under subtraction, that is, is the difference of two 

integers an integer? 

2. Consider the set A = {~1,0, *1}. 

a. Is A closed under addition, that is, is the sum of any two num- 

bers from A found in A? 

b. Is A closed under subtraction? 

3. Consider the set of all non-negative integers. 

NG On alee sao 4. 

a. Is N closed under addition? 

b. Is N closed under subtraction? 
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4. Consider the set of all non-positive integers. 

Rea, ol ee tees 

a. Is R closed under addition? 

b. Is R closed under subtraction? 

5. Consider the following infinite set of numbers. 

bill lap SN ie Leitaab shh Soil a 
T={0, DE TD 14) Age Ss” aS) 16 oe sail 

a. Is T closed under addition? 

b. Is T closed under subtraction? 

6. Consider the following infinite set of numbers. 

Pe es levee eis Loar kosislagey Letriehy th 
v={0, 328 B29 O62 Tse2T? 5842 ay eel 

a. Is V closed under addition? 

b. Is V closed under subtraction? 

KEEPING ARITHMETICALLY FIT 

For exercises 1-50, numerals in parentheses refer to pages where you 
can find similar exercises. 

Add. (436-437) (428-430) 

1. 32.75 2. 1.306 3, 5 +2 s. 312+ 702 
63.35 9.118 
17.25 7.206 
19.98 6.335 385 une] 
32.55 9.105 aw, aaryeas Si 
17.69 8.379 
18.32 6.406 

Subtract. (438-439) (430-43 1) 

7. 5714 9. 6.3138 M, 5-5 13, 2-2 
4452 4.0108 

jel ieee 8. 1.6003 10. .7193 12. 35-13 14. 105-94 
9657 6428 2 3 
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Multiply. (425) (439-440) (432-434) 

15. 49 20. 367 ar Ce ee 
67 7 1.6 — 

16. 98 21. 987 26. 95.6 31, 24x31 
89 79 3.9 ea: 

(ae 17. 67 22. 809 27. 18.9 32, U2 
48 166 9.7 ee 

18. 17 23. 568 28. 33.7 33. 52x 65 
79 205 5.9 

19. 365 24. 709 29. 82.5 34. 72 x 52 
29 295 8.2 

Divide. (426-427) (434-436) 

a4 10 | 35, 15)15,375 39.6.7+10 43. 3+2 47, Das 

36. 198)376,398 40. 9.35+.01 44. har Ast Beco ie 
(440-442) 
37. 2.5)62.5 41. 8.8=2 45. +8 49. ao 1 

3803372190 ©) 420935585 46. 7+4 50. 95+ il 

51. Multiply: 25 x .9 

Answer the questions in exercises 52-56 without multiplying. 

52. Is 500 < .999 greater or less than 500? 

53. Is 375 X 1.0001 greater or less than 375? 

54. Is 200 X 2.001 greater or less than 400? 

55. Is 40 X 1.999 greater or less than 80? 

56. Is 500 X 3.999 greater or less than 2,000? 

57. Explain why the sum of 10.98 and 36.13 must be between 46 and 

48. Compute the sum. 
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58. What is the average of As 7 and 2 
2 

What is the reciprocal of each of the following? 

1 4 1 pe : 
= ioe — wel he a 59. 3 60. 5 61 5 62 F 63 13 5 

Give replacements for n to obtain true statements. 

65. 60% of 120=n 68. n% of 10,000 = 1 71. 1% of n=2 

66. 5% of 1,000=n 69. n% of 10,000 = i 72. 01% of n=2 

67. n% of 150=25 70. 20% of n= 16 73. 5% of n=2 

Subtract. 

Ta5 20 TC) 7 in: 1628 Dib ei2 7077 78. 12 gal. 2 qt. 

18 ft. 10 in. 10 Ib. 15 oz. 9 gal. 3 qt. 

75.) 4254m486.cm. 77. 12 km. 750 m. 19S 1 ¥os2 ieee 8 i 
30 m. 48 cm. 9 km. 836 m. 2 ft. 10 in. 

80. The table below gives the number of citizens of voting age in ten 

states and the per cent of votes cast in 1960. For each state, com- 

pute the number of citizens who voted. 

81. A man’s monthly salary was increased from $720 to $800. What 
per cent of his lower salary was the increase? 
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82. The average U.S. income in 1959 was $2,166. Below are given the 

83. 

84. 

85. 

average incomes of six states as per cents of the average U.S. 
income. Compute the average income in dollars for each of these 
States. 

r State Per Cent of Average 
U.S. Income 

Delaware 126 

Illinois 120 

Michigan 103 

Tennessee 70 

_ Mississippi - 47 

Sue received the score of 71 right out of the total 75 problems. 
What per cent score was that? 

Betty missed 7 points on a 125-point test. What per cent of 125 
points did she miss? 

The net income of a company increased from $12 million in one 

year to $13 million the next year. What per cent increase is this? 

VOCABULARY REVIEW 

absolute value (200) non-directed numbers (209) 

directed real number (192) opposite (191) 

integers (191) origin (190) 

negative numbers (191) positive numbers (190) 

A CHALLENGE TO YOU 

Find a rational number equal to 5 such that the sum of the numer- 

ator and denominator is 120. 

Shelves contain 210 books. There are twice as many English books 

as French and 10 more Spanish books than English. How many 

French, English, and Spanish books are there? 

Divide 310 into three numbers in the ratio 
N |S Nn|— WO | — 

Add 1 to the numerator and to the denominator named in a frac- 

tional numeral. The new rational number is larger than the original 

rational number. Give an example of such a rational number. 
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5. Add 1 to the numerator and to the denominator named in a frac- 

tional numeral. The new rational number is smaller than the 

original rational number. Give an example of such a rational 

number. 

6. When tossing a coin there are two possible outcomes, H (heads) 

and T (tails). We say that the probability of each outcome is 

7 We write 

P(H) =3 P(T) =3 

a. List the four possible outcomes when a coin is tossed twice. 

[HINT: ‘““HH” describes the outcome of obtaining heads on the 

first toss and heads on the second toss. ] 

b. Assuming that the probability of each of the four outcomes is 

the same, give the probability of each outcome. 

c. What is the sum of the four probabilities in part b? 

CHAPTER TEST 

Give the opposite of each number. 

fh te) SU Semen is 

Dy, 5 Aes 6. Rie 

Without performing any operations, tell whether each answer is a posi- 
tive or a negative number. 

7. -268 + +1,032 9. -765 + -323 11. -267 —-198 
8. -789+-1,325 10. +105 4++537 12. +1,268 — -35 
dai 

13. +6+-8 17. +7 4432 21. 143 ea 

14. +12+-7 18. +49 + +12 22, 348 

15. -5++4 19. -3 4-21 23. 35 * 92 

16. G15 20. —17 +79 DAT 1,0 lea 2.02 
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Subtract. 

-%3 + + + eee 25.83 9 295% Ula 25 332 
3 3 

26. ~12 3 30. *36 — *23 4 
Ame 4 

hs ee Biel 15 i, ote 
6 7 

28. 211 — 3 32. lL 64 365022103 3503 

37. Give a directed number which describes the final temperature after 

38. 

Ake 

40. 

41. 

42. 

the following chain of changes: Start at 20 below zero, up 30, down 

20, up 40, up 2, down 15, up 30, down 52. 

~30 is added to a number. The result is +12. What is the number? 

~2 is subtracted from a number. The result is ~5. What is the 

number? 

What number should be added to *3 to obtain ~7? 

List all pairs of positive integers such that the sum of each pair 

ISH); 

Explain why the set of directed real numbers is closed under 

subtraction. 



Directed Numbers— 

Multiplication and Division 
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MULTIPLICATION OF POSITIVE NUMBERS 

You may have noticed that the positive inte- 
gers “‘behave” just like the natural numbers 
under addition. For example, the statements 
*2 + 73 = +5 and 2+ 3=5 are similar. We can 
establish a one-to-one correspondence be- 

tween the natural numbers and the positive 

integers as shown on the right. Then if we 

know the sum of two natural numbers, we 

can find the sum of the corresponding positive 
integers. 

Since the directed numbers are new to us, 

we need to decide how to operate with these 

new numbers. We already know how to add 

and subtract. Now we shall learn how to mul- 

tiply directed numbers. To do this, we shall 

use this correspondence between the natural 

numbers and positive integers. We know, for 

example, that the product of 2 and 4 is 8. To 

find the product of *2 and *4, we will find the 

positive integer corresponding to 8. It is +8. 

iiss 2 C7 4 = FS: 

[i<> 1 

+ p20 726 + 
Bh hee S) 

nee 

ayo 5) 

6< 16 

URS OT 

8< 18 

and so on 

(ceo 

ees Be Ean OK 

Ses) 

Aa A 

See 

6<-*6 

ey) 

8 << *8 

and so on 

We shall assume that the same correspondence holds between the 

real numbers of arithmetic and the positive directed numbers and 

zero. 

Give the answers. 

(e309 622211 

+ + 7) ply Dee tix 4 Ses 

+3 a7 J) 
se 4 = — Sk Ey eee BEY, 8. me 3 

4. +12 +12 9, +24 +41 
: 3 4 

ee 3 
See 13X10. Vv. 10. 105 x 57 Wi 

11. 

12. 

13. 

14. 

1s 

PR dG 5 Sg 

1023 aes. S 

3.8e< 1073 

iS poe eae ne LS 

ie ee 

16. Using the correspondence described above, write an argument 

establishing that the multiplication of positive real numbers is 

commutative. 
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The correspondence which we have established tells us how to find the 

product of any two positive real numbers. 

17. Complete the following statement. 

The product of two positive numbers is a ________ number. 

MULTIPLICATION OF POSITIVE AND NEGATIVE NUMBERS 

Many mathematical discoveries are made by observing patterns. 

Patterns may suggest to us which mathematical agreements are reason- 

able. We shall observe patterns to discover a reasonable way to multiply 

a positive number by a negative number. 

Study the examples below with your eyes wide open! Watch for 

a pattern! 

Tae iS 

22 ee nG 

aaa 4. 

wie iD 

72x 0.70 

"aL ee 

The question is: ““What number should be the answer to *2 X ~1 in 

order to continue the pattern?’ Answer the questions below to arrive 

at the solution. 

1. What number appears first each time? 

2. How do the numbers in the second column change as we move 

down the column? 

3. How do the numbers in the third column change as we move down 
the column? 

4. What answer should follow 0 in the third column? 

5. Complete the statement: t2 x -1=0 

6. Continue the pattern by supplying the answers to the following: 

2 ale 

TE Xee ee |] 

2X =e) 

724 =o 

72, Gomplete: “2 xe 50'== 18) 
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8. Supply the next five statements which fit into the pattern. 

13 X +3 =719 
3x t2=1*6 
63X33 
co 0 0) 
3X -1l=73 

9. Give the answers. Then supply the next five statements which 

fit into the pattern. 

453 — fel 

14% 2 — fs) 

4 a] =F] 

4X 0O=0 
P4exee | =a) 

10. Complete each statement. 

a. 3X -10=0 b. 74x 730=0 

11. Complete the following statement. 

The product of a positive number and a negative number 

isa = eeeenumber, 

If we want multiplication of directed numbers to be commutative, then 

the following must be true: *2 X ~3 = 73 X #2. 

12. On the basis of the Commutative Property of Multiplication, give a 

statement which follows from each of the following: 

Be Xe 6 Dew x 49 c. *2 x —100 

Give the answers. 
- + 

13. +16 Xx -4 18. +125 x -10 23. 5 x Z 

al eee 5 + _ I + <a f BESS 45x as 19. *500 5 24 3 7 

=| eee - ay Bee aE i 2 [Slee 1 I 20. 3 x +150 25: 3 x 5 

-5 ye 

- as i Mas PP far 0 Me 16. *40 x ~SO 21 3 x +300 26 7 4 

: “Al pert 5 
Veta 100 22eee400 >. — 27. ~2—xX *5= 

= “ 
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MULTIPLICATION OF NEGATIVE NUMBERS 

The display below illustrates another interesting pattern. Try to dis- 

cover it while supplying answers to the following questions. 

-2x 13 =-6 
-2x +2=-4 
“2x41 =-2 
“2x 0=' 0 
2G 

1. What number appears first each time? 

2. How do the numbers in the second column change as we move 

down the column? 

3. How do the numbers in the third column change as we move 

down the column? 

4. What answer should follow 0 in the third column? 

5. Complete the statement: ~2 x -1=O0 

6. Continue the pattern by supplying the answers to the following: 

a2 Xe ple 

72 xX 33'= 

=p 
2x §=0 

2X -6=0 

7. Complete: ~2 x -50=UH1 

8. Supply the next five statements which fit into the pattern. 

i PS sh 2} 

mle Xen Die 

Leak ieee | 

“Ix 0= 0 

ile ey 

9. Give the answers. 

py Sih NSB) de lex 100 = 13 

Dian lee Or e. 71%" 250=1 

e -1X3.7=0 f. -1x-32=0 
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10. Supply the next five statements which fit into the pattern. 

T3iXiA3= 79 

2350.) —--6 

ae es 

e020 

Bore Ps) 

11. Give the answers. 

a. -3X-20=0 d. 3x 2=0 

Nh SSeS Cnn Xe lel) 

re 8 ee aa ee 8b Ae — el 

12. Complete the following statement. 

The product of two negative numbers is a ____________ number. 

Give the answers. 

13. -12x 73 17. -2.6 x -2 21. -3.2x-4 

14. -20 x -6 18. -1.5x-4 22. -5 x -12 

15. -.5x-.1 19. -21x-4 23. -.1x7-3 

ae -| -9 ; = wae Gs . =xK> 16. 18 x 5 20. 4x20 m4. = x9 

Write the answers as quickly as you can. 

25. -3 x +5 31. -3 x +20 37. 0X-17 

26. -1 x -175 32. 3 x-4 38. +360 x 0 

‘ ; 4 4 27. +2 x -16 33. -1.1 x +5 30 

28. +1.5 x +2 34. 5 x +9 40. +1.3x +4 

29, -13 x -3 35. +1.5 x +6 41. +3 x 3 

30. -5 x +16 36. t10x 4 42, -10x = 5 20 

225 
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PROPERTIES OF MULTIPLICATION 

Give answers to each pair of problems. 

Lee on eS 

Dee FeO Nee, 

Oo oe U Uae 

4. 487 x -1; ~1 X +487 

Ke 

Te 

8. 

ad We eo Pepe he ca I 

at ak. 

pi ey 
+1 7] 
pe 6) 

+3 “167 FelG 3 

1S: maemo LS 

Recall that multiplication of whole numbers is commutative. Exercises 

1-8 suggest that multiplication of directed numbers is also commutative. 

® Commutative Property of Multiplication 

XxXy=yXx 

Since we are dealing with directed real numbers, x and y may be 

replaced by names of any two such numbers, and the resulting state- 

ments will be true. 

Compute the following. Recall that the operations inside parentheses 

are to be performed first. 

DN 3) ae ese 4) 

LOS (G2) Xa ie Xo a2 Xe) 

+ = + ze 
iat (5x +4) x L 5x (14x 1 

2 

U2 ed ee exe le x (ale coe Ny) 

13237387 2-0) 20 38724 (0 x50) 

145°(0 X20) <4) 0 20 4) 

8. c x 20) x -6: 4 x (+20 x -6) 
3 

1659S 121 XA@ Sexe) il ol x3) ea 

Exercises 9-16 illustrate that multiplication of directed real numbers 
iS associative. 

M® Associative Property of Multiplication 

(xX y) XZ=x X (y XZ) 
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Give answers to each pair of problems. 

17. Berea 2) (“2X3 a (a2t XD) 

eet a So Oa. x03) ("4 0) 

ele letersi) tlt L) 

= Sx (+4 +-6); (eet) al 5X6) 
2 

.8x(4$4 9); (ax D4(-2x 2) 

22. ee x(a Sys eS 97) eta (356053) 

The following property is illustrated by the examples in exercises 17-22. 

Left-Distributive Property of Multiplication over Addition 

Vie) yaa XZ) 

Compute the following: 

23. 

24. 

25. 

26. 

Dis 

28. 

29. 

(#34712) X-7; (43 X-7) + (12 x-7) 

(“1 +712) x +4; ("1x +4) + (-12 x +4) 

S : 5) x -500: 3S x -500 ) ui 3 x “500 Ieee? MW 2 

3 es 5 x +300: S x *300 ) + (3 x *300 ) 4 EG ears 3 

Gal a3 a ase 1286) 3056) 

(64-650 exe S255 1(64/6°% 4555) 41(0.x 75:5) 

Using x, y, and z, state the property illustrated by exercises 23-28. 

What would you call this property? 

Compute the following: 

30. 

31. 

32. 

Bhs 

Oe ae tse <5) (ge? x 3) 

cE gs Ayan (GAs ta A 

Di —= Se Geox Meas 

pl ere “1 5] + pane eee fe + Bee eee Sot <= ox(4-4); (*10x 4)-(s0x 4 
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34. 1x (+8—-6): Ne x ‘8) = . x “6) 
2 : 2 O: 

B52 KTS) s  O2 ae So) ee 

36. Using x, y, and z, state the property illustrated by exercises 30-35. 

What would you call this property? 

Using the distributive properties, find the answers in the simplest way. 

Example (-2 798) =- (72 X72) =" 254 (798 +22) 

| = -2 x +100 = -200 

37. (+5 x -205) + (+5 x +5) 40. tS x 98) i ae 102) 

38. (+31 x +45) + (431X455) 41. (“16 X -201) — (-16 x +99) 

39. (“11 X -115) + (“11x t15) 42, ("12 x #155) — (“12 x +55) 
Without doing any computations, tell whether each answer is positive 

or negative. 

43. (+37 x -1135) x -45 48. -13 x (+25 x -60) 

Ade 116133) 107 49, -V/5 x (+5 x +36) 

Plea ene? I r " 4 45. (“5x Apo 50. -10 x (-11 x -12) 

46. +37 x (-12 x +41) 51) (55 3-30) Gs 

47. +44 x (+36 x +11) 52. (-100 x -18) x -38 

Study these abbreviations. 

(52) exe Xe) (*4)8 = 44x 44% 74x74 x +4 

Without doing any computations, tell whether each answer is positive 
or negative. 

SJE S820 (2) 63. (= 1)% 68. (~10)?17 

54. (*6)? yh th SW 64. (1)? 69 ( 10)e2 

555, (=4)* 60. (~1) 655) (-10)** 10-10 yer 

LE eae 61. (~1)4 66. (~10)*° 71. C10} 

Wil 24) G25 (ly? Clara lO) 72. (210 )eu 
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LEFT AND RIGHT DISTRIBUTIVE PROPERTIES 

In mathematics, some statements are taken for granted and other 

statements are derived from them. Those statements which are taken 

for granted are called axioms, or assumptions. The derived, or proved, 

statements are called theorems. 

To prove a statement means to start with something known or 

assumed to be true, and through a series of logically related steps, to 

arrive at a new statement. In a proof, it is important that every step 

is supported by an axiom or a previously proved theorem. 

We have already agreed that for all directed real numbers, the Left- 

Distributive Property of Multiplication over Addition holds. That is, 

AA Vira )urat CY i(k) 

Also, multiplication of directed numbers is commutative. 

xy = yx 

It also seems logical that the Right-Distributive Property holds. We 

shall see that if we accept the two statements above as axioms, then we 

can actually prove the Right-Distributive Property as a theorem. That 

is, We can prove that 

(ale XZ ae (ye) 

Proof (x+y)z=2(x+y) [by Comm. prop. mult. ] 

= (zx) + (zy) [by Left-dist. prop. ] 

= (xz) + (yz) [by Comm. prop. mult. used 

twice | 

Therefore, (x + y)z = (xz) + (yz), and we have proved the Right- 

Distributive Property of Multiplication over Addition. 

1. We have seen that the Left-Distributive Property of Multiplica- 

tion over Subtraction holds for directed numbers. State this 

property. 

2. What properties tell us that the following statements are true? 

as (y= z)x=x(y—z) Caml) i= (12 )ie= (YX) 12x) 

b. xy = yx 

3. Prove the Right-Distributive Property of Multiplication over 

Subtraction. Use the Left-Distributive Property of Multiplication 

over Subtraction and the Commutative Property of Multiplication 

as axioms. [HINT: Refer to exercises 1 and 2. ] 
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Use the appropriate distributive property to compute each answer in 

the simplest possible way. 

AMC 237 ENT ie Cae ale) TAs (G@Q25 aa eb 2a el) 

Bee (8aiXe 12 aca) ed Goal LY, COd Wa aM Gai EL eee) 

O. a2 o lO )t saa OH Pall Cle far Saal A a MG Wr ee 4 

DIVISION OF DIRECTED NUMBERS 

From studying whole numbers, we can observe a relation between the 

operations of multiplication and division. Observe the pattern in the 

examples below and replace the missing parts. 

126-3 = 258 2) —.6 4. 20+4=5; SxO=A 

Z. l0er2=—5; 3x 2—10 §. 12+3=4;5 OxA=0O 

3. 14+7=2; 2xU=14 6. 2729-5);  xA=© 

Exercises 1-6 suggest the following pattern. 

M Ifa+b=c,thenc X b=a. 

We shall assume that the same relation holds for directed numbers. 

For each statement, give the related multiplication statement and find 
the answer. 

Example *10=t2=0 

L] x *2 = +10; what number multiplied by *2 is +10? 
Answer: *5; t5 x *2=1+10 

Therefore, *10 + *2= +5, 

(Po abso a) il 10. *50=t5=0 

8. 726+ 713 =0 11. *100 + *40=0 

932 oe | WR aay Ss es a 

Complete the following statement. 

When a positive number is divided by a positive number, 
the quotient is a__________—s number. 

Example 12 ar a 

L] x ~3 = +12; what number multiplied by ~3 is +12? 
Answers “49 745x232], 

Therefore, +12 + -3 = ~4, 
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132576372 & 16. 116+ -4=0 

14. 721] "7 =0 17. *30+-6=0 

15. *10="5=0 18. *40+ -8=O0 

Complete the following statement. 

When a positive number is divided by a negative number, 

the quotient is a_______ number. 

Example “18 +72=0 

L] x *2 =~18; what number multiplied by *2 is ~18? 

Answer: ~9; 9 x *2= 718. 

Therefore, 18 + *2 = 9. 

19. -22+=+*2=0 22 04-9 4a) 

20-8256 11) 23. ~100+*10=U 

2 ioe lO. LO i 24. ~52—-*4=0) 

Complete the following statement. 

When a negative number is divided by a positive number, 

the quotient is a number. 

Example “20+ -4=0 

LJ) xX -4=~20; what number multiplied by ~4 is ~20? 
Answer. "os 2x 4—, 20. 

* Therefore, 20 + 4 =*5. 

2S eed 0 — (a 28.) ol12) lt) 

26. 96+ -16=L) 29. 20 a 1) 

7M cai PN Va ee 30. 51] 3 =U 

Complete the following statement. 

When a negative number is divided by a negative number, 

the quotient is a__________ number. 

Write down the answers as quickly as you can. 

231 

aj, AS 3555-6. 2 39. +300 + +150 

Vig ad coe Dl B60 12-36 AQ] 37a 7 

ee pS 37080) 41. —0.048 ~ -0.048 

34. ~200+ 5 38. *500 + ~100 42. ~16.8 + *8.4 
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RECIPROCALS AND DIVISION 

Find the product of each pair of numbers. 

a1 + 72 es) -12 
Nhe Le B} 4. D5 3 7. 4 3 

Lines +, + i tot | a Breer 84 1h 

ae ail 2 a 
= = be 9 ee iD OeealeG 4° 3 6 3” 8 

The pairs of numbers in exercises 1-9 are called reciprocals. 

™@ Two numbers are reciprocals if their product is *1. 

Give the reciprocal of each number. 

4 ; cA SS ee. Dorp cy: 
as — a —-xX =-= - Example 5 The reciprocal of 5 is > because 5 4 1 

ob 

10. *7 13. 2 16. ~.1 19877371 22 st 

a =) mi = 
11. “8 1 Ljere 2 20 3— 235 74 

4 Be 

if a! card a 
pe, DAN) 15. 3 182.6122 21. 43 24. “1 

Complete each statement. 

25. The reciprocal of a positive number is a_________ number. 

26. The reciprocal of a negative number is a number. 

27. If the reciprocal of x is y, then the reciprocal of y is 

28. The only two numbers which are their own reciprocals are 
and 

Note that we have not yet considered the number 0. 

29. What number, if any, multiplied by 0 is +1? 

30. From your answer to exercise 29, tell whether or not the reciprocal 

of 0 exists. 

31. Do you think that there is another number, besides 0, which does 

not have a reciprocal? 
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DIVIDING BY MULTIPLYING 

Let us observe something interesting: 

+10 +42 =+5 -18 +13 =-6 90+ -5 = +4 
+10x tats Finke = 6 9x Lat4 2 3 5 

23 

Compare each pair of problems above. Note that in the first pair, 
+ 

dividing by *2 gives the same result as multiplying by - Also note 

+ 

that *2 and e are reciprocals. Are the results similar in the other two 
2 

pairs of problems? 

®@ Dividing by a number gives the same result as multiplying by its 

reciprocal. 

Change each division problem to the related multiplication problem, 

as in the example, and find the answers. 
+ 

Examples 42242 —42~42=-42 x 5 -21 . 

15-5 1a | 21 600E- 15 

0 ad 12. +120 = 40 22. -160 + +40 

22s 12 3 1399929 93010 tee i 

A) a 14 00E => 24. -450 + +30 

1 1 al 
== apd | es — Hii 4 et 2 = — SD ahaa 15 -R Og 25 cas 

6 es ie eee 26. 24-5 
ak, 5 4 

Ate = eee ecg age neg gh NG (b= 4 kbs Spe a ; 

gt. =| Jae 4 23 05 Eos Tee bel 15 oe 
ey Eb er Ame 

ae ae) leet al eel bien 12 ble ees Le en 
rds gee re M3 aks OS) 

190. +34 -51 20. -32-+-14 30. +61 + -34 
ear 6 ae 2 2 3 
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Complete each statement. 

, because'x! <1 Six '0] 31. The reciprocal of x is 

32, Ifa+b=c, thena xt =. [p40] 

By just looking at each problem, tell whether the answer is positive or 

negative. Do not compute the answers. 

pe le = PRs SS pc we ge 33. a 131 362-605 = 32/8 39. D° 4 

=i ~ 1,146 + 1,138 645 40 MBE Gs he 34, 107 “1, Byer lose ise 

<a Or sins —— ois sky i 35. 71.07 = 3.68 38. Bi, 41. hl oi; 

PATTERNS IN DIVISION 

Find the answers to each pair of problems. Remember to do the 

operations within the parentheses first. 

LAO) ere el 4 ee) Oe) 

(17 ee) ieee Unt ore >) ate Died) 

(+16 + -12) mote A Maher CPSs Ciel aD 

(oleae ere healers sD) ete eterna) 

Gl 18) 6s) (G12) G) 4 eso) 

(CBr 88) See iaeies aa ort oe 

ee eo a. Using the letters a, b, and c, state the pattern suggested by 

the examples in exercises 1-6. 

b. What name would you give to this pattern? 

In exercise 1 you found that 

(44+ 6) +-2=(4+-2) + ("6+72) 

This may also be written as 

Thee Ones 40 
=—+ 

= a a a 
Let’s check to verify that the statement above is true. 
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GA trot iee2 ak, EAMG OE nn eS 7 =F = 1 =e 2+73=7!1 

Thus, it is true that 

74+ 6 we 4 5 6 

e2 a 2 2 

8. Rewrite each problem in exercises 2-6 using bars instead of 
division signs. Then find the answers. 

9. Using a, b, and c, state the pattern suggested by the examples 
in exercise 8. 

Find the answers to each pair of problems. 

LO ee a 38 (e3ies5) (3 3) 

Liesl te 45 on G15 5) (C45 5) 

2 04 — 0) (764 = 2) — (750-2) 

PS 00 ae ne Ose O01 10) (540 = 510) 

ee) ell a ee) {oy 2) 

ES 00 100) 52055 (2200 220) (100k 20) 

16. a. Using a, b, and c, state the pattern suggested by the examples 

in exercises 10-15. 

b. What name would you give to this pattern? 

17. a. Find the answer to ~10 + (-2 —7*3). 

besbind qherans wero 10e ea a LO a3), 

c. Are the answers to parts aand b different? 

= Can you conclude that the statement 

Q—(b0— c)—(a—b) — (a= c) 

is not true for some replacements of a, b, and c? 

18. Give one example illustrating that this sentence is not true for 

some replacements of a, b, and c. 
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19. Give one example illustrating that this sentence is not true for 

some replacements of a, b, and c. 

a~(b+c)=(a~+b)+(a+c) 

20. Give one example illustrating that this sentence is not true for 

some replacements of a, b, and c. 

q__4.a 
b+c b ec 

21. Which are true and which are false? 

, nD hes SME LAGS d BD SIS 

: rs 5 5s ane 26) te ge gia 

+4 _ + + + 
bs Se t= 3-3 e. (-44+-9) +42 = (-4 +42) + (-9 +42) 

3 ei: 

peg ss obeo HAO eS Ed 19 = ee 

KEEPING ARITHMETICALLY FIT 

For exercises 1-36, numerals in parentheses refer to the pages where 

you can find similar exercises. 

Add. (444-445) 

7 #30 417 1 1. +34 +-82 Vida el ey eo oL 8 oe 7. *105 "20> 

2 a boy ee) 1 2 2. +44 nye lee VNigae 13 ad Sse te 

” S a. ee 1 6 3. -27-+-55 es i= leah NG 5 eae oe Oe ea ile 

Subtract. (445-446) 

10 13 a6 136721 = 69 16e ee 
eRe cl 

11) =26 718 14. +133 —+35 i7eee ene 2 
is 

12. -14 —-29 15) ee 18, 322-52 
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Multiply. (447) 

=3.ee'4 1 19 SG. GM aN gh Ey Lee 5 3 255 33 x t9 

= Ores 1 205, 13x10 x + +54 23 = aa 26. 110 x 55 

a CAR eo 1 el 2S 24 PSEA Sy = 5 5 27 40 x 70° 

Divide. (448) 

Sey 2) ee =3 
2850810 = 410 1. === ie 3 37 34 7 6 

i hg es) +3 
29 an = 4 Sa, ss : ee 20 = —40 32 4 1 35 5 5 

= sb deee=§ | 1 1 
S02 SF ae.) OW, aie Sees 20s Sy, | 30.66 = F11 33) Tier 36. 35 : 4 

Compute the answers. 

Ba! alee eNO dae) m (S=3)4(4e 2) op, sls (143) 
38. (+1.6—-1:4) x (-2.5+7-7.5) 40. ‘ a 3) ” i. e > 

2 2 2 2 

Replace each L) to obtain a true statement. 

AIS ial -- 7 = 1 43. (1-8 =7*9 

42. -13 x 1=-65 44. +11+O=-121 

Give decimal names for the following: 

45. 15% 47. 2% 49. 0.04% 51. 960% 53. 5,000% 

46. 125% 48. 123% 50. 0.013% 52.3% 54. 2% 

Replace each n to obtain a true statement. 

55. 22% of 250=n 58. n% of 150 = 60 

56. 140% of 240=n 59. 30% of n= 16 

57. n% of 75 = 15 60. 500% of n= 55 
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Add. 

61. 20 yds. 2 ft. 
17 yds. 1 ft. 

15 mi. 1276 yds. 
33 mi. 934 yds. 

62. 

Subtract. 

67. 30 yds. 1 ft. 

21 yds. 2 ft. 

17 mi. 500 yds. 

3 mi. 1500 yds. 

68. 

Give the answers. 

73. 52 16. cil 3 
1 2 

2 as 74. 11 77. ( =) 

2 

75. 202 78. (=) 

85. 

63. 

64. 

69. 

70. 

39° 49’ 
15¥ 35" 

10 min. 

36 min. 

ZOseLG: 
10° 25’ 

35 min. 

. 45 sec. 32 min 

81. 

larger than the original number? 

42 sec. 

55 sec. 

L-SEC. 

(1) 

GOL): 

Las 

65. 

66. 

7h 

72. 

82. 

ADB) Je 
SOS aL G 

Ps Fi by Bo 4 itn Uy 0 

2 gales sCtee 

eer by ele 
14° 52’ 45” 

S’gal. 2 qt. 1 pt 

2 gal. 3 qt. 1 pt. 

(.02)? 

S358 (03 )2 

84. (.001)? 

If a number between 0 and 1 is squared, is the result smaller or 

For each ratio, give an equal ratio of two whole numbers. 

Le 0 86. .1:.01 88. 4.5:18.0 90. 

87. 3:4 g9. 3:4 91. 

Replace each x to obtain a true statement. 

94, 3= 97. 2-0 

95, 2 =5t. 98. rr =3 

96. = = 16 3 i 

92. 0012.01 
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VOCABULARY REVIEW 

assumption (229) reciprocal (232) 
axiom (229) Right-Distributive Property (229) 
Left-Distributive Property (227) theorem (229) 

A CHALLENGE TO YOU 

1. Replace each LJ to obtain a true statement. 

Bae ee ee? bh] es) OG) Gal === 

Dae ge ln a i. Exiles =O 

e LIxU=116 EE a ee 

eagael Be d OxOxO= 6A h. yan 

2. Two cars 30 miles apart start toward each other traveling at 

30 mph. At the time the cars are set in motion, a bee flies off one 

of the cars flying at 60 mph., meets the oncoming car and then 

continues to fly from one car to the other until the cars meet. How 

many miles did the bee cover? 

3. Replace each letter by a numeral so that a correct addition problem 

will result. In each example the same letters should be replaced 

by the same numerals, different letters by different numerals. 

SEND © AHAHA HOCUS MERRY FORTY 
+MORE sp Ae ete + POCUS + XMAS TEN 

MONEY TEHAW PRESTO TOALL + “TEN 

SIXTY 

4. Write a ten-digit numeral so that the first digit on the left tells how 

many 0’s there are in the entire numeral, the second digit how many 

1’s, the third digit how many 2’s, etc. 

5. For the experiment of tossing a coin twice, we say that the sample 

space is the following set: {HH, HT, TH, TT}. 

a. Give the sample space for the experiment of tossing a coin 

three times. How many elements does it have? 

b. What is the probability of each of the outcomes in this 

experiment? 

c. What is the sum of all of the probabilities in part b? 
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CHAPTER TEST 

Tell whether each answer is a positive or a negative number. Do not 

compute the answers. 

1. -367 x +105 5, -2,685 + < 

2. +1,206 x : 6. +35 +-3,907 

3. +3,685 x +107 7. -2,365 + % 

4. 2 x -8231 8. +2 + +198 

Give the reciprocal of each of the following numbers. 

9.3 108) sill: r 1) 4c=14 el 13h" 16S ed = 

Multiply. 

aie -2_ 43 * 15. -4 x +16 Dh Bee 23. -1.2 x +5 

Bie +4 7-7 Wid 16. +22 x -5 20. x 3 24. -4x -2.5 

17. “11-5 21. ix? 25. +2.6 x -6 

+2 +9 18. +10 x +17 22, EX 2 26. +1.1X +11 

Divide. 

eas -9 “1-5 27. -26 + +2 31. 2272 pip henna) 
3 See. F 

= TA ale i eas 28. +112 =-2 32, 42-4 3G, te 7 Gud 

supe 2 2 43 29. -64 + -8 33) £-==6 1 2n eS 3 Lae alae 

30. +63 + +3 34, 42 +10 38 ee 



39. 

40. 

41. 

42. 

43. 
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A number is multiplied by ~6. The result is *3. What is the number? 

+ 

A number is divided by * The result is ~20. What is the number? 

Is the set of rational numbers closed under division? (Exclude 

division by 0.) Why or why not? 

Give an example showing that division does not have the com- 

mutative property. 

The example (*6+ 5) —~5=*6 suggests that subtraction is the 

inverse of addition: it undoes what addition does. Give an analo- 

gous example showing that division is the inverse of multiplication. 

Without computing, tell whether the answer is “1 or *1. 

aw-(<l)* Crus) em 1° go8 (al)s 

b.. (1)? ds at): f Ca)” hoei(s1)2 



Variables in Equations 

and Inequalities 
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TRUE STATEMENTS 

In Chapter 2 we made the following statement. 

a+b=b+a 

This was an abbreviation for the statement: 

@ For all numbers a and b,a+b=b+a. 

This is a short way of saying that for all replacements of a and of b by 

numerals, the resulting statements are true. 

In each problem, replace x by 2, y by 4, and z by 5; then carry out the 

computations to see that the resulting statements are true. 

Example (x + y) +4=x+(y+4) 

How to We make the required replacements. 
Solve 1 1 

(2+ 4) desire7si (4+3) 

(peer yal 6+ ar Ud save 45 

leet 65 = 65 

Since the last statement, 62 = 6, is true, it follows that 

m2 4) +5=2+ (4+) is also true. 

i, Reape 5g ee ~xty=ytx fs 

VY 

1 
Deter y ox 7 Ee 

Re ip vies 8. x + (—x) =0 

a [Read ‘‘—x’’ as ‘“‘the opposite 

Oleveaa| 

1 
AME yt) = (x y) 2 Z 9. x--=1 

XxX 

Remy tay) (xz) «10. (—x) + (—y) =-(+y) 

We will assume that these ten sentences are true for all real number 

replacements. 
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OPPOSITES 

In exercise 8 on page 243, we agreed that ‘“‘—x’’ should be read as “‘the 

opposite of x.’’ Thus, the symbol ‘‘—”’ is an abbreviation for “‘the oppo- 

site of.” : 

‘“‘_+5”? means “‘the opposite of +5”? which is ~S. 

ay 

‘“‘_~9”” means “‘the opposite of ~2” which is *2. 

——2) 7 2 

@ The opposite of a positive number is a negative number. The oppo- 

site of a negative number is a positive number. The opposite 

of 0 is 0. 

To simplify writing, we will no longer use ‘“*”’ for positive num- 

bers. For example, when we write ‘‘2,” it will mean “‘*2”’ (positive two). 

Thus, whenever a numeral is not preceded by a ““*” or a “~,” we will 

know that it names a positive number. 

3 means *3 : means 4 V2 means +V2 

Give the opposite of each of the following numbers. 

1. 6 3. 5 5. V5 7.35 

210 ans 6. -V10 5 

Now we can write ““—5” instead of ““—*5.”” This means “‘the opposite 

of positive five,’ which is the same as negative 5, or ~S. 

—5="5 

The opposite of 5 and negative 5 name the same number. 

From now on we shall write —5 instead of ~S. 

Write each of the following as the simplest possible numeral. 

9. the opposite of ten 

10. the opposite of negative seven 

11. the opposite of one-half 

12. the opposite of the opposite of six 
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13. the opposite of the opposite of negative twelve 

14. the opposite of the opposite of the opposite of nine 

15. the opposite of the opposite of the opposite of negative one 

Compute the answers. 

1629---(—3) 22.10 —(—3) 282 24e-"(=—6) 

1710S (—7,) 23-8 20'<)(—4) 29 el 00FZ 

18]-— 12+ 5 24. oe (— 12) 30.2225 = 

1996-20-13 (—=1 ()) 2508 EX] Bs val 

20.2) 16 —.(— oe 26,012 (12) 32. 3501 

21.5 26-\(-—35) 27. —100 x 4 BRE Sac (P= 405) 

NUMERICAL VARIABLES 

You have already had experience in answering such questions as: To 

what number must 3 be added to obtain —5? You probably can answer 

without too much effort that this number is —8. To convince yourself 

that you are right you would check: —8+ 3=~—S. 

The question above is frequently written in an abbreviated form. 

x+3=5 

Instead of the letter x another letter can be used: 

a+3=—5 m+3=-—5 y+ 3=—5 

Or even some other symbol may be used instead of a letter. 

ess i385 248-5 
The important thing to know is that these symbols or letters may be 

replaced by numerals. 

w Letters or symbols like A, LJ, and © used to take the place of 

numerals are called numerical variables, or simply variables. 

AGREEMENT If not otherwise stated, we will agree that names for real 

numbers may be used as replacements for x, a, m, y, n, 

ie bl O-and'so on: 

Sentences like those shown below are called equations. 

Magno aa) n-6=3 4—A=-1 ic 4) —.1 
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Find one replacement for each variable to obtain a true statement. 

CxS] 7 | 10. 5.°x=20 

1 
2 a—3=5 11. NP Bat 

3. 1+m=10 i2Z..—2¢ m=5 

4. 3-y=-2 berg ah 30 Sane 

Sh 5in = S215 14.0 =—5 

60st (312 15,. 16+ n=—8 

7. St+p=1 16 AN 

enero 17. 2.1+O0=1.05 4,2 . 

ye een 18. 100 +O =—200 

ENGLISH AND MATHEMATICAL SENTENCES 

English sentences can be translated into mathematical sentences. 

Study each example. 

Example 1 

Example 2 

Example 3 

Example 4 

5 

Example 5 

English sentence: 3 is added to some number. The sum 

is —10. 

Mathematical sentence: x + 3 =—10 

(We are free to choose any letter for ‘““some number.’’) 

English sentence: Some number is added to —4. The 

sum is 8. 

Mathematical sentence: —4+ y=8 

English sentence: —1 is subtracted from some number. 

The difference is 5. 

Mathematical sentence: n— (—1) =5 

English sentence: Some number is subtracted from —5. 
The difference is 6. 

Mathematical sentence: —5 —m=6 

English sentence: Some number is multiplied by —3. The 
product is 10. 

Mathematical sentence: t - (—3) = 10 
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Example 6 English sentence: 7 is multiplied by some number. The 

Example 7 

Example 8 English sentence: 3 is divided by some number. 

Translate each English sentence into a mathematical sentence. 

product is —4. ~ 

~ Mathematical ‘sentence: 7 -n=—4 

English sentence: Some number is divided by 10. 

quotient is —2. 

Mathematical sentence: m + 10 =—2, or a 

quotient is 12. 

Mathematical sentence: 3 + s = 12, or a= 
Ss 

any letters you wish as variables. 

ib. 

2. 

3 

a 
s 

10. 

Some number is added to —1. The sum is 0. 

Some number is added to 15. The sum is —4. 

4 is divided by some number. The result is —2. 

Some numbers ultioliedt by —4. The result is 15. 

—2 is multiplied by some number. The result is —2. 

Some number is subtracted from 4. The result is 0. 
| 

—5 is subtracted from some number. The result is —1. , 

Some number is multiplied by —7. The result is —1. 

Some number is divided by 2. The result is s: 

—=D.4S divided by some number. The result is 9. 

The 

The 

Use 

Sometimes we need to translate matheratical sentences into English 

sentences. Study each example. 

Example I Mathematical sentence: y + 3 =—3 

English_sentence: 3 is added to some number. The sum 

is —3. 

Example 2 Mathematical sentence: n —7=—6 

English sentence: -7 is subtracted from some number. 

= The difference is = 
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Example 3 Mathematical sentence: —2 -p=9 
English sentence: —2 is multiplied by some number. The 

product is 9. 

Example 4 Mathematical sentence: n+ (—1) =3 
English sentence: Some number is divided by —1. The 

quotient is 3. 

Translate each mathematical sentence into an English sentence. 

1 3+a=-2 5. A- (—10) = 100 9. s:6=—1 

2 (5 7. hoe ea Se 10. 10—LI=-—4 

3, = 6 7, 2 =—-15 11. O+6=—10 
m = 

AS all S25. (9) — 6 12 eS 

The sentence 2+ x=-—6 can be translated into English as follows: 

“Some number is added to 2. The sum is —6.”’ You may ask, “‘Is this 

number 4?” To answer this question, do the following: 

2 6 

4 in place of x: 2+4=—-6 

Now you must answer the question: 

Is 2+ 4=—6 a true statement? 

The answer is ‘“‘no,” because 6 # —6. 

We try —8 in place of x. 

2+ (—8) =—6 

This statement is true. Thus, the number we are seeking is —8. 

Replace each variable to obtain a true statement. 

13. x eG 189 ee a1 23. 1.5Xt=—15 

147 yo Ch ear 24 ips (aa anes 

i eye 20. 5—u=2 25 ree 

is. ++2=4 Nea 26, eee » 4 GG ay 

mel I I een eo eee a eer ; 22, 2-5 =—2 27. 3+ g=—4 
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PHRASES 

Each of the following is a mathematical sentence. 

x+3=—10 Ee (=3) — 1) n~10=-2 DiI 10 

A mathematical sentence expresses a complete thought. It can be 

translated into an English sentence. The sentence, x + 3 = —10, trans- 

lated into English is: 

When 3 is added to some number, the result is —10. 

This is a complete thought. 

A phrase is different from a sentence. Here is an example of an 

English phrase. 

3 more than twice some number 

Translated into a mathematical phrase, it is: 

Zea 

Translate each English phrase into a mathematical phrase. Use any 

letters you wish. 

Example 1 3 less than 4 times some number 

AST 3 

Example 2 5 more than one-third of a number 

lars 

Example 3 the sum of two numbers divided by —2 

GAD 

=) 

Example 4 —S divided by the difference of two numbers 

a ue eae) ) 
1. three times some number 

2. 5 less than some number 

3. —2 more than twice some number 

4. 5 of some number, decreased by 7 

5. 3 times some number, divided by —2 

6. the sum of some number and 5, divided by 3 
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7. the product of —1 and some number, divided by —4 

8. one-fifth of the sum of two numbers 

9. the product of the difference of two numbers and —10 

10. the sum of two numbers divided by the difference of these numbers 

11. one-third of some number, decreased by 3 

12. the sum of twice some number and —2, multiplied by 5 times the 

number 

Translate each mathematical phrase into an English phrase. 

Example 1 aes the sum of two numbers divided by —4 = 

Example 2. (2a+c) xX9 the sum of twice some number and 

another number, multiplied by 9 

l ee Ads Ione 19. (a+b) (2a—b) 

14. 2n—6 1793 One) 20. oma 

iS. —2-m+m 18. (3-n+9)= (10) 2, == 

Write the mathematical phrase for each of the following: 

22. the number of inches in c feet 

23. the number of feet in a inches 

24. the number of nickels in m dimes 

25. the number of feet int miles 

26. the number of hours in uw minutes 

27. the number of dollars in k cents 

Recall that “5x” means ‘5 = x.” 

28. What does ‘‘17y’’ mean? 

29. What does ‘‘xyz’’ mean? 

30. Explain why “3 - 5” cannot be abbreviated as “35.” 
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SOLVING EQUATIONS 

To solve an equation means to find a replacement for the variable 

which will result in a true statement. 

The solution of the equation 

n+3=—5s 

is the number—8, because 

—§+3=-—5 

is a true statement. The solution set of the equation is the set {—8}. 

We can solve equations by asking ourselves certain questions. 

Example 1 Solve the equation n + 8 = —6. 

We ask: ““To what number must 8 be added to obtain —6?”’ 

Answer: —14 

Since —14+ 8 =—6 is a true statement, —14 is the solu- 

tion of n + 8 =—6. Thus, the solution set is {—14}. 

Example 2-—Solve 5x —2.—=—12. 

We cover up Sx like this 

oe —2=—-—12 

and ask: What number minus 2 is equal to —12? 

Answer: —10 

' Therefore, 5x =—10. Now we cover up the x 

S p42 =—10 

and ask: 5 multiplied by what number is equal to —10? 

Answer: —2 

Now we replace x by —2 in the original equation to see if 

the result is a true statement. 

Check 5x —2 —12 

5(—2)—2 —12 

—10-—2 

—12 

Since each side of the equation is —12, we know that —2 

is the correct solution. Thus, {—2} is the solution set of 

the equation 5x — 2=—12. 
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Find solution sets by asking yourself appropriate questions. You may 

find it helpful to use the ‘“‘cover-up”’ method. 

lL. 27-3 = 5 7. 1—6z=0 

Boy = 2) 8. 35—2kK=) 

3. 5t+3=4 9. 2=1+10c 

4. 4n+5=1 10. 0=3-—3a 

5. 1+4u=-—3 Like oes 

6. 4—2s=8 iz 9=7-5n 

Example 3 Solve 8— 22> =7. 

g— ee =7 

Ve 
Consider 5 to be some number. 

Question: What number subtracted from 8 is equal to 7? 

Answer: 1; therefore, es = 1. 

Question: What number divided by 2 is equal to 1? 

Answer: 2; therefore, y +3=2 

Question: What number plus 3 is equal to 2? 

Answer: —1; therefore, y =—1. 

Check 

Therefore, the solution set of 8 — ae =7is {—l}. 
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Find solution sets by asking yourself appropriate questions. Use the 
“cover-up” method whenever you find it helpful. 

I i Lol Domne 13. zat 2=0 19. a aAlS 25. qe 

at = im m+ 1 14. 5—10n=0 223i — 5 =—0 26. oes +3=5 

Saat aM rad 15. Lee a 21. 4u4+3=15 Dag be 5 +1=0 

diel a+1 16. =72 5 ae . 9- = 6 Ox + 5 22 4.2 0 28. 9 5 8 

biog! eel 17. 1=3y— oe oe Z Shpae 9m 37373 29 abe 1 

18. 3m 6 0 245) 5 4 30. a hi 0 

ABSOLUTE VALUE 

Every directed real number has an absolute value. Recall that the 

symbol ‘|x|’? means “‘the absolute value of x.” 

|—5/=5 Read: The absolute value of —5 is 5. 

.|5| =5 Read: The absolute value of 5 is 5. 

|0| =0 Read: The absolute value of 0 is 0. 

Read aloud each of the following: 

1. |—6| =6 4.05 |=, 7. |2.6| = 2.6 

a coed ls) 2. |6| = 5. |0|/ =0 8. | ; : 

3. | |= 6. |—2.6| = 2.6 9. | : 

M@ ©The absolute value of a positive number is a positive number. 
The absolute value of a negative number is a positive number. 

The absolute value of 0 is 0. 

The equation |x| =3 has two solutions, 3 and —3, because |3| = 3 
and |—3| = 3 are both true. The solution set of |x| = 3 is {3, —3}. 



254 CHAPTER NINE 

What is the solution set of 2- |n| =8? Let us ask ourselves some 

questions. 

Example 

Check 

2- ffm) =8 | 

Ouestion: 2 multiplied by what number is equal to 8? 

Answer: 4, because 2 - 4= 8. 

Thus, | on 4 

Guestionsethe absolute value of what number is equal 

to 4? 

Answer: There are two such numbers, 4 and —4. Thus, 

n=4 orn=—4 

Thus, {4,—4} is the solution set of 2 - |n| =8. 

Find the solution sets. 

10. |m| =6 16. 5+ |y|=5 

11, 3°- |x|.=3 17, 4-|z|—12=—8 

12. —2- |u| =—10 18. 1.5 X |s| —1.5=0 

1 aya Le eta ee 13. 5+ |n| =2; 19. 5+ || -5=0 

14. ja) +2=3 20. 16- |v] — 16=0 

By Se lis ae 21. = aac 

Example Find the solution set of |x| =—S. 

Think: The absolute value of some number is —5S. But 

the absolute value of any number is either a positive 

number or 0. Therefore, no number has the absolute 

value —5. Therefore, the solution set of |x| =—5 is the 
empty set. 

® If no number is a solution of an equation, then the solution set of 

the equation is ¢ (the empty set). 
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GRAPHS OF SOLUTION SETS 

On the picture of a number line below, the solution set of the equation 
2x + 2= 0 is marked. The solution set of 2x + 2 =0 is {—1} because 
2- (—1) +2 =0 is a true statement. 

Sr i ee () Ih 2, 3 

: eg 1 1 I 
Th | = |- a =e eee qh e solution set of |m| 15 is 115, 5} because 15 I, 

and =I = iS are true statements. 

Sle: 13 
SS a 

—3 25 lew 09 fe 2" 33 

The solution set of |t] =—4 is 6. No number has the absolute value 
of —4. 

a—}—_—}—_—} —_+—_t—_—_re 
= =2 =! © il 2 3 

The solution set of 2 — |u| = 2 is {0} because 2 — |0| = 2 is a true 
statement. [NOTE: The graph of {0} consists of one point; the graph 

of @ consists of no points. ] 

a 
a i @®@ i 2 3 

On a picture of a number line, graph the solution set of each equation. 

131-3 = 2 6. —7+ |n| =— 

2) Aa t=—3 Fee lylies 0 

nl |¢| ea 2B gs. 1 =-2 Seas a 

1 W=3 9. aoe 

4 oa |\m| —6=—5 10. —+1=5 
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In the table below, we show different mathematical symbols which 
have the same meaning. 

Equivalent 

Read Symbol 

3 is less than 5 

5 is greater than aitc3 

or equal to 3 

3 is less than a5 

or equal to 5 

3 is not equal to 5 3 > 3,06 

55 

Symbol 

5 is not less than 

and is not equal to 3 

3 is not greater than 

and is not equal to 5 

5S is not less than 3 

3 is not greater than 5 

3 is greater than 5 or 

3 is less than 5 

Note that the symbols in the left-hand column are probably easier to 

understand than the equivalent symbols. You may want to use the 

table when doing the exercises below. Any symbol used may be re- 

placed by its equivalent symbol. 

Which are true and which are false? 

6-15 it 0.23 

y= =D 12. |4—6| +0 

3) 10 13213 = tees 

AS) 14, |3—1| ¥ |1—3| 

5, |i —=4| 3 15. |-1—6|=|6— (—1)| 

6. 5= 10 16. |—3 — 5| # |5— (—3)| 

ih es 17. |2— (—7)| =|-7-2] 

8 0=0 18. |2 x (—3)| # |-2 x (—3)| 

9, 5 = 510 19. |—2 x (—3)| = |2 x 3] 

10. —4.+ —5 20. |0 x (—6)| # |0 x (—42)| 
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UNIVERSAL SETS AND GRAPHS 

What does {x|x > 1} mean? [Read: the set of all numbers x, such that 
x is greater than 1] Here is the graph of this set. 

ef} —_—__+_+—__+—_+___+_+——- x 

— 2 1enO 1 2 3 4 5 6 I 8 9 

The part in color shows the points which belong to the solution set. Of 

course, the complete graph cannot be marked; it continues indefinitely 

to the right. A circle around the point corresponding to 1 indicates that 

this point does not belong to the set. 

Here is the graph of {x|x = 1}. 

>— + —— ss « 
—2Z0 = 7-0 1 2 3. 4 5 6 7 8 2 

The solid dot at 1 indicates that the point corresponding to 1 also 

belongs to the set. 

The graphs you obtain depend upon the replacement set for x. 

™@ The replacement set for a variable is the set of all numbers whose 

names may be used in place of the variable. The replacement set 

is also called the universal set, or simply the wniverse. 

In the two graphs shown above, the replacement set is the set of 

real numbers. 

Now suppose the replacement set is the set of natural numbers. 

Then the number “‘line’’ becomes a series of isolated points. 

e e e oo —.xX 

12 230 48 25+ 16 

The points continue indefinitely to the right. For this universal set, 

the two graphs shown above would look like this: 

eA AAA A => AAA AAK => 
il 2 SG ey 6) 1 2 see 5° 6 

\x|x>1} \x|x21 

Points which belong to the solution set are marked like this A. 

In the universe of real numbers, graph each of the following sets. 

(Use a separate number line for each graph.) 

ik, “lig es Sh ae = Ne ee Gedo roel 

Dar 7 iia ede (7) 210} Oe aa = 1} 5 827 |= —3.5} 



258 CHAPTER NINE 

GRAPHS IN THE UNIVERSE OF INTEGERS 

Suppose the universal set is the set of integers. Below we show the 

graph of {s|s <—l}. 

<== A\ »\ -\ A\ A\ e e e ° e e e eo —-s 

5 So) =u) Ss S24 il 0 1 2 3 4 5 6 

Here is the graph of {s|s < —l}. 

m= A\ me A\ A A\ A e ° e e e e ee -—-—~sS 

=) =e te Se ee 1 2 3 4 5 6 

Which point belongs to the graph of {s|s <—1}, but does not 
belong to the graph of {s|s <—1}? 

1-8. Using the universal set of integers, graph each set given in 

exercises 1-8 on page 257. 

Here is the graph of {n\n = a5 in the universe of integers. 

=< e e e e e A\ A a A\ A\ A\ a A\ —=n 

=) =) =4 =§ =2 Si ) 1 z 3 4 5 6 

9. Graph {nln = ei in the universe of integers. 

10. Are the graphs of {ln ee = and {nln = =i the same? 

11. Without graphing, tell whether each of the following graphs is 

the same as the graph of {nln = ibs) in the universe of integers. 

a. {n\n = —1.9} e. {n|n =—1.1} 

b. {nin = — 1.6} f. {n|n = —1.00000001} 

¢: in| me — 1.4} g. {n|n =—1} 

d. {n|n = —1.3} h. {n|n = —2} 

Graph each of the following in the universe of integers. 

12. {lx = 5} 15. {m|m = .99} 18.51 sl —34} 

13. {y]y = 2.99} 16. {u|u =—2.1} 19. {t|t = —2.5} 

14. {n|n = .87} 17. {u]u <= —2.005} 20. {w|w < —2.99} 
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Observe how we can graph the following sets in the universe of integers 

without performing the addition. 

Example 1 {x|x = 1.56-+- 1.42} 

Since .56 + .42 is less than 1, 1.56 + 1.42 is less than 3; 

therefore, the smallest number in the solution set is 3. 

—=- e e e e e AA A A Aa 

= =e) i 2 34 5 6 df 

Example 2 {yly > 25 13 

Since 5 +3 is more than 1 but less than 2, 25+ 13 iS 

more than 4 but less than 5; therefore, the smallest number 

in the solution set is 5. 

es e e e e e e Ay Ay AY _ y 

At a 'Sate Gur t7 = =—2 © i! 2 3 

Graph in the universe of integers. 

21; {ala = Ces Pah, SAN? SS Soe ee 

ho. 22. fele= 14+ 3} 26. {t|t = 1.46 + .54} 

23. {k)k ='1.205 + .713} aT yl see ST} 

24. {p|p = 1.99 + .002} J Lenpoee ae ak 

GREATEST INTEGER 

Study the following examples. The first example, | 13] = 1, is read 

. 1 a 9° 

“the greatest integer not greater than I; iSeie 

Ce 
3] _ 24) _ s)- tie [7 |-3 [3 |=2 

[3.0001 ] = 3 [.01]=0 [7.9999]=7 

[4.99] =4 [2.001] =2 [6]=6 
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Write out in words how you would read each of the following: 

1. |13|= 1 2. [4.99] =4 3. [.01]=0 4. [7.9999] =7 

Give integers which are the correct answers to the following: 

3 | 105 | 9. [.99] 13. [.000001] 

20 
6. [21.8] 10. le 14. [3.999999 ] 

12 100 1,000 7. EB i. : 15. [Ase | 

1 35 9,999 
8. || 12. Se 16. eal 

Which are true and which are false? 

Neath e Tas (ak |+3]=| +76] 20. [.99]=[1.01] 23. ES bes 

= - i ey oe Bie 
18. [3.99]=[3.01] 21. [2.5+2.1]=[2+2] 24. [e+4|=[3+4| 

19, [2.99]=[3] 222 [29 9]=E5+.6] 25.187 21 Lia 

Note that bracketed numerals like those above can be used to tell age. 

For example, if a person’s age is 12 years 8 months, it is given as 12 

12 

ii u a 9 26. Peel Die ia 28. Ea 29. lal 

Uses of Bracketed Numerals 

years; ae = 12. Give the age indicated by each of the following: 

What is the maximum number of tens we can subtract from 43? We 

can find the answer by doing something like this: 

43 —10=33 (1 ten) 

33 —10=23 (2 tens) 

23—10=13 (3 tens) 

13—10=3 #£(4 tens) 

There are 4 tens in 43. 
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. But we can take a short-cut and say 

43 + 10 = 4, remainder 3 

Instead of subtracting 10 at a time, we divided by 10. The CHOHOn 
told us how many times 10 can be subtracted from 43. 

We can use our bracketed notation to answer the question, ““How 
many tens in 43?” 

Fal = 4, so there are 4 tens in 43. 

Using bracketed notation, answer the following questions. 

1. How many tens in 98? 5. How many hundreds in 799? 

2. How many tens in 71? 6. How many thousands in 2,001? 

3. How many hundreds in 195? 7. How many thousands in 7,999? 

4. How many hundreds in 801? 8. How many thousands in 5,555? 

Consider the following: 

fief]-ma-1 [EJ +[seore-s 
ria [bed] «(2+ [4 
Which are true and which are false? 

9, [.4+ 4]=[.4]+[.4] 12. [1.56 + 2.43] =[1.56] + [2.43] 

GSIBER) = Bel-ElL 
[Se 8]-[3 13] bbl bl 
Bracketed numerals may be used in estimation problems. 

Example How many 10-gallon units can be obtained from two 

tanks, one containing 37 gal. of fuel oil and the other 

45 gal.? 

How to ae = 8. Thus, 8 units can be obtained. 

Solve 
Note that it is not necessary to add 37 and 45. You are 

interested only in the number of tens. There are 3 tens 

in 37, 4 tens in 45, and 1 tenin7+ S. 
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15. A rod of length 12.7 ft. is welded to a rod of length 15.2 ft. How 

many 2 ft. long pieces can be obtained by cutting the entire rod? 

16. Mary has 25¢, and Jane has 10¢. How many candy bars at 6¢ 

each can they buy by pooling their money? 

17. How many 3 ft. logs can be obtained from two logs, one 112 ft. 

long and the other 80 ft. long? jive: [+7] + >| 

Which are true and which are false? 

Peay 1 1 
18. [1.84+ 1.3] =[1.8]4+ [1.3] yA \. [4+] <[3]+[5] 

19. [2.1+ 3.8] = [2.1]4+ [3.8] 22. [.9+ 9] =[.9]+[.9] 

20. pale eel 23. [.01 + .02] =[.01]+[.02] 

24. On the basis of the results in exercises 18-23 do you suspect that 

the generalization [x + y] = [x]+[y] is true for all non-negative 

numbers? Test your answer on some more specific cases. 

GRAPHS OF INEQUALITIES 

Let us consider the set of whole numbers 

We 0F15243,-455,6575 See 

as the universal set. Here is the graph of W. 

e e e e e e e e e e e e e —_ 

Oe ee th Bi ato 2 

Suppose we want to graph the set 4 = {x|0 < x and x < 5}. First, 

let us identify the members of the set A, keeping in mind that the 

universal set is W. Every member which belongs to A must be a whole 

number greater than 0 and less than 5. Then A = {1, 2, 3, 4}. 
0 < x and x < 5 can also be written as 

Ora 5 

and is read: “0 is less than x and x is less than 5.”’ Here is a graph of 
A = {x|0 < x < 5} = {1, 2, 3, 4}. 

nT eS ee Se at as 
OL gl ed G2 es ees 



Example I 

Example 2 
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Graph {m|m < 5 or m < 7} in the set of whole numbers. 
This set is the union of two sets. 
{m = 5} includes the numbers 0, 1, 2, 3, 4, 5. 

{m < 7} includes the numbers 0, 1, 2, 3, 4, 5, 6, 7. 

{m =< 5} or m S 7 includes all numbers in the union: 

(OMe aes A ey OS laa Oey 

which is LOL 4 Oly 

e e e e e —Se 7 

HOOEEEEE ; 9 = 10 gal e12 

Graph {n|5 < n < 10} in the set of whole numbers. 
This set is the intersection of two sets. 

{5 < n} includes the numbers 6, 7, 8, 9, 10,... 

(marked ©) 

{n = 10} includes the numbers 

0, 1, 2, 3, 4, 5, 6, 7, 8,9, 10. (marked LJ) 

{5 <n < 10} includes all numbers in the intersection: 

SESE OR EIRP gE 0) 
ORGS, 1 0: 

which is {6, 7, 8,9, 10} (marked 0) 

EOE POROROROROROROROROROR.. 2 
a Si ee Pe a Pe Ee a Ge 

Graph each of the following inequalities using the set of whole num- 

bers as the universal set. 

1. {ala = 4} 10. {j|4 <j < 5} 

2. {b|b > 4} 11. {k|O=k <1} 

SunC|C= 2) 0; id, duh Ws Cleyeth Sara} 

4. {d|d < 10} 13. {m|m > 4 or m 2 2} 

5. {ele = 4 ande < 10} 14. {n|n=4o0rn> 2} 

6. {flf > 4 and f < 10} 15. {p|p = 4 or p = 2} 

7. {gle = 4 and g < 10} 16. {q|qg < 0 org <—S} 

8. {h|h > 4 andh < 10} il. ian = Shere Sey, 

9. {i|4<i< 6} 18.21s|s = 5 or s='5} 
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Which are true and which are false? The universe is the set of whole 

numbers. 

19. {t|t <5 andr < 0} = {t|t = 4 and t= 1} 

20. {u|u = 6 and u< 6} = the set of all whole numbers 

21. {v|v<Oandv>S}=¢ 

22. {w|w > 1 and w > 2}={w|w > 1} 

23. {x|x <5 or x > 7} =the set of all whole numbers 

24. {y|O0<y <3}={y|0 < y S 3} 

250 1Z|o =e I 

PATTERNS IN INEQUALITIES 

The exercises below will help you to discover a new pattern. 

For each inequality, there is given a number for you to use. Add that 

number to each member of the inequality to obtain a second inequality. 

Example =A = 153 4 4-3 ay 3 lea) 

1 2:3 Ee > | 

Ph BY SVN) Rh 7) Bee 8) 

ee 6. —1 >—5;—2 

The exercises above suggest the following: 

@ Addition Property for > 

Ifa>b,thena+c>b+e. 

The property above states that we can add the same number to each 

member of an inequality without changing the relation. 

For each inequality, there is given a positive number for you to use. 
Multiply each member of the given inequality by that number to obtain 
a new inequality. 

Example adh Sten el —-1x4>-6x4 [—45—24] 

Te 3 ied 10. —1 > —5; 10 

8. 4>-2;5 11. 2 >—1; 12 

Dale2056 12 OL 3, 
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Exercises 7-12 suggest the following: 

® Positive Multiplication Property for > 
fifae then a Gee ce eC = 0) 

For each inequality, there is given a negative number for you to use. 
Multiply each member of the given inequality by that number to obtain 
a new inequality. 

Example ie 2 a4 1 x (—4) <—2 x (-—4) [-4 <8] 

15m 45 2 162-22 3 

14S |) Li) 2a 

TS 07 | 1387.05): -6 

The exercises above suggest the following: 

®@ Negative Multiplication Property for > 

asp. then'a x © = bx ce [ce =00| 

For each inequality, there is given a number for you to use. Add that 

number to both members of the inequality to obtain a second inequality. 

Example 3 see jor (Salsa) ul) Sy 

Orel 7e- 10415 22. 0 —40;5--30 

20. —13 > —14; 14 ae Feta aa i) 

212 ow) 24 ee ll 

15>0 means the same as 0< 15. 

15 is greater than 0 means the same as 0 is less than 15. 

25. In exercises 19-24 change a > b to b < a. Add the given number 

to each member of each inequality to obtain new inequalities. 

Example SSS 18 7 VS sR ilsa ee eice i Wier 

For each inequality, there is given a number for you to use. Multiply 

each member of the inequality by that number to obtain a second 

inequality. 

Example tS Ee exaloe al ee 845-024 | 

26.5 4-7) 29 —f > —5; 3 

ils, Be Se MD 30. —2 > —3; 20 

28 a0e= 34 Ol oe — 9 200 
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32. In exercises 26-31 change a > b to b < a. Multiply each member 

of each inequality by the given number to obtain new inequalities. 

Example tf ae RAD. We T2612 <7 Oe! (243841 

For each inequality, there is given a number for you to use. Multiply 

each member of the inequality by that number to obtain a second 

inequality. 

Example 6> 4;—4 6 x (—4) < 4x (-—4) [—24 <-—16] 

338 ls 36. 0>-33-2 

34. 105; —— 37H ee 10] 

35.97 09-10 BB Tt 3 S100 

39. In exercises 33-38 change a > b to b < a. Multiply each member 

of each inequality by the given number to obtain new inequalities. 

Example 6245-4 4.<.6: 40 (—4)n> 624 (—4) 

[—16 > —24] 

TRANSITIVITY 

Supply the missing words in each conclusion below. After completing 

the conclusions, tell whether you agree with them. 

1. Assumption: June is older than Mary and Mary is older than Kate. 

Conclusion. #Juneis — == ==aes =eithanskate: 

2. Assumption: Bob is taller than Hank and Hank is taller than Jim. 

Conclusion: Bob is ________ than Jim. 

3. Assumption: The area of North America is larger than the area of 

Australia and the area of Australia is larger than the area of Europe. 

Conclusion: The area of North America is _________—_: than the 

area of Europe. 

The relation in exercise 3 above is of the following form. 

If a is larger than b and b is larger than c, 

then a is larger than c. 

A relation which falls into this kind of a pattern is said to have the 

transitive property. Thus, the relation is larger than has the transitive 

property. 
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Now we will examine several relations to see if they are transitive. 
First consider the relation is less than (<). 

Example 1 If 3 <5 and 5 < 10, then 3 < 10. 

Example 2 If0<1and1< 15, then 0 < 1. 

Example 3 If —5 <—4 and —4 < —3, then —5 < —3. 

Examples 1-3 suggest that is less than is a transitive relation. 

Ifa<bandb<c,thena <c. 

In examples 4-6, we consider the relation is greater than (>). 

Example 4 If5>4and4> 1, then 5 > 1. 

Example 5 If0> -} and -} = OM then Or a3) 

Example 6 If—2 >—3 and—3 > —4, then —2 > —4. 

Thus, is greater than is also a transitive relation. 

Ifa>bandb>c,thena>c. 

Now consider the relation is equal to (=). 

Example7 If5=4+1and4+1=3+42, then 5=3-+2. 

Example 8 If—7=8-+ (—15) and 8+ (—15) =—1+ (—6), 

‘ then?— 7 — alain (--6)e 

Example 9 If 17 = 20 —3 and 20 — 3 = 21 — 4, then 17 = 21 — 4. 

Thus, is equal to is also a transitive relation. 

If a=b and b=c, then a=c. 

Is the relation is not equal to a transitive relation? If we think that it 

is not transitive, all we need to do is find one example showing that 

the following pattern is not true. 

IfaAbandb#c, thena +c. 

Here is such an example. 

a ands) s= 4-11 

but 

5—4-- 1 

So, is not equal to is not a transitive relation. 
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Jane is a daughter of mama Mary and mama Mary is a daughter of 

grandma Kate. Does it follow that Jane is a daughter of grandma Kate? 

Is is a daughter of a transitive relation? 

Let R be an abbreviation for a relation. Some statements below are 

of the form aRb and bRc. If possible, state the conclusion, aRc. Then 

tell whether the conclusion follows from the given statement. 

Example 1 The Pacific Ocean is deeper than the Atlantic Ocean and 

the Atlantic Ocean is deeper than the Gulf of Mexico. 

Conclusion: The Pacific Ocean is deeper than the Gulf 

of Mexico. 

The conclusion follows from the given statement. 

Example 2. Yankees beat Dodgers and Dodgers beat Braves. 

15. 

16. 

17: 

18. 

Conclusion: Yankees beat Braves. 

The conclusion does not follow from the given statement. 

(Yankees might not have even played Braves!) 

5 Orand 0 —1 7.3 A4and44—-1+4 

2a) and?) <6 8. 44 3 and3<+ 1 

—2'—0'and 0 <1 9. 7=1+6and1+6=—7+ 14 

. The area of New York is smaller than the area of Illinois and the 
area of Illinois is smaller than the area of California. 

. The Tigers beat the Rattlers and the Rattlers beat the Boilermakers. 

. Gold is harder than bronze and bronze is harder than copper. 

. Tim is taller than Bob and Jerry is taller than Bob. 

Susan’s rank in a math class is higher than that of Mary and Mary’s 
rank is higher than that of Jean. 

An inch is longer than a centimeter and a centimeter is longer than 
a millimeter. 

A mile is longer than a meter and a meter is longer than a 
centimeter. 

A meter is shorter than a yard and a yard is shorter than a mile. 

The population of New York is greater than that of Chicago and 
the population of Chicago is greater than that of Miami. 
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KEEPING ARITHMETICALLY FIT 

Compute. 

1) as 3 (35) 

2. 

17. 

18. 

i Aleta 12s) 

War els) 

e352.) 

eee esi} 

. —30+ (—60) 

. —390 = (—13) 

16% of 34 

11% of 5,000 

b. 

b. 

lea 41) 

2 = 13. = 3:8) 

> kal. 

O25 57) 

75% of 12 

325% of 1,000 Cc. 

[25s (a=26) 

0 — 153.99 

0 (~45) 
(eat) 

2x 

a oer 
20e-k ao) 

\O|& 

—10 + (—.01) 

Let mee 

125% of 30 

5% of 10,000 

269 

. 78 is what per cent of 200? b. 15 is 30% of what number? 
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To each problem 19 through 27 there is only one correct answer. 

Choose “‘none of these”’ only if none of the preceding answers is correct. 

19. 

20. 

21. 

22. 

23. 

24. 

25. 

26. 

Pid fe 

Which of the following in place of n in 2-2 will give.a true 

statement? 

a. 3A b. 234 c. 30 d. 70 e. none of these 
3 3 

Which pair of numbers is in the same ratio as 4 to 5? 

a. 6, 10 DS Sal 0 Cn OO en eee Cee fae 

74 _ 444. 
83 498 is a true statement, because 

a. 74 <X 444 = 83 x 498 d. 83 X 444 = 498 x 83 

b. 74 X 498 = 83 x 444 e. none of these 

c. 444 x 498 = 74 x 83 

What is the Greatest Common Factor of 12 and 44? 

a. 1 b. 2 Cons d. 4 e. none of these 

What is the Greatest Common Factor of 17 and 31? 

a. 1 b. 2 C. 3 d. 4 e. none of these 

What is the Lowest Common Multiple of 8 and 12? 

a. 12 b. 24 c. 48 d. 96 e. none of these 

What is the Lowest Common Multiple of 7 and 11? 

a. 18 b. 22 Cor d. 55 e. none of these 

Which fractional numeral is in simplest form? 

1 Ate i 405 
SGD 93 2) e979 none of these = 

Which numeral does not name the number re 

2 

Cc. d. J es e. none of these 
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28. Find replacements for n to obtain true statements. 

a. 35% of 160=n d. 110% of n = 220 

b. 145% of 2,000 =n e. 10.8=7% of 72 

c. 60% of n= 54 f. 360=n% of 240 

29. a. What is the per cent increase from 10 to 11? 

b. What is the percent decrease from 11 to 10? 

30. For each number give its reciprocal. 

* =¥i al ‘ -£ AL TG hy aoe 

VOCABULARY REVIEW 

absolute value (||) (253) is less than or equal to (S) (256) 

equation (245) is not equal to (+) (256) 

graph of a solution set (255) mathematical sentence (249) 

greatest integer (259) numerical variable (245) 

inequality (256) solution set (251) 

is greater than (>) (256) transitivity (266) 

is greater than or equal to (=) universal set (257) 

(256) 

is less than (<) (256) 

A CHALLENGE TO YOU 

We defined [a] to mean the greatest integer not greater than a. Com- 

pute each of the following: 

1. a. [5.01 x 6.01] c. [—5.01 x 6.01] 

b. [5.01] < [6.01] d. [—5.01] x [6.01] 

Doma ieoex 7 | Come oto | 

b. [1.8] x [3.9] dal —=18 1x<[329 1 

Bh 00h Te [I= (Ease 

b. [6.1] x [8.1] d. [—6.1] x [8.1] 

4. a. [1.9 X 3.7] Coles 19s a3) | 

b. [1.9] < [3.7] dala io) x35] 
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5. a: 

b. 

6. a 

b. 

Give the sample space for the experiment of rolling a die once. 

[HINT: One of the outcomes is, for example, 6. ] 

What is the probability of each outcome when rolling a die 
once? : 

. Ifa die is rolled twice, (2, 5) describes the outcome of obtaining 

2 on the first roll and 5 on the second. Give the sample space 

for the experiment of rolling a die twice. [HINT: There are 36 

elements. | 

What is the probability of each outcome? 

CHAPTER TEST 

1. Translate each English sentence into a mathematical sentence. 

a. The result of multiplying a number by —7 is 5. 

b. Some number is divided by 3;—4 is added to the quotient; the 

result is 6. 

. The result of doubling a number and subtracting —6 from the 

product is — s 

2. Find the solution sets of the following equations. 

a. 

b. 

3x + 1 = —2 c. 4|n| =8 

1+m=—6 do 2 

3. Graph the solution sets of the following on the number line. Use 
the set of all real numbers as the universal set. 

a. {a||a| = 1} Core X\ ee eel 

b. {n||n] —3 = 0} a. {yllvl = 234 
4. For each statement, tell whether it is true or false. 

a. —7 < —5 d. |S—7| 4 |7—-5| 

l l Dale —-->>=-— e. 0 aa) 0 

Cc. |-3 — 5] = |5 — (—3)| f. 1-827 

5. Write out in words the meaning of 

a+b=b-+a 



10. 

11. 

12. 

13. 

14. 

15. 

16. 

17. 
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- Tell which of the following are true for all replacements of the 
variables. 

a. |x| = 0 ce. |a—b|=|b—-al 

b. y—y=0 d. |—x/=0 

. Write an equation to fit each problem. 

a. A number is multiplied by 4; 2 is added to the product. The 
result is 0. What is the number? 

b. Multiplying a number by 3 and adding | to the product results 

in 0. What is the number? 

What is |0| equal to? 

. What is the meaning of “‘the solution set of a sentence is ¢’’? 

What does each of the following symbols mean? 

ae mS e = g. + ies 

b < d= f. + h. + ih c= 

Give an example of an equation whose solution set is @, if the 

universal set is the set of natural numbers, and it has a solution if 

the universal set is a set of integers. 

Explain why [.5 + .6]=[.5]+[.6] is false. 

Give an example of an inequality whose solution set in the uni- 

verse of natural numbers is ¢ and in the universe of integers the 

solution set is an infinite set. 

In each statement the conclusion is underlined. Tell whether this 

conclusion follows from the preceding assumptions. 

a. If ais harder than b and b is harder than c, then a is harder 

than c. 

Dielica=— Db and cep. then a-—.c: 

ce. Ifa#Abandb¥#c,thena ~c. 

Give an example illustrating the transitivity of the relation >. 

Give an example illustrating the transitivity of the relation is 

younger than. 

Give an example showing that the relation ¥ is not transitive. 
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A 5-BY-5 ARRAY 

Let us consider an array of 25 dots. 

It has 5 rows and 5 columns, as 

marked in the picture. 

The point marked like this A is 

in the 4th column and in the 2nd 

row. To describe it briefly, we shall 

use a pair of numbers (4, 2). 

(4, 2) 
4th column, 2nd row 

A 5-BY-5 ARRAY 

SUC Wiese 

4throw —ee 

3rdrow —se 

2nd row — e 

lstrow —ee e e@ e 

& SAS ‘Sy 

(3) o 

Noy oe SSS 

AY 

S 

215: 

1. a. In what column and in what row is the point described by (3, 4)? 

b. How is this point marked in the array above? 

2. In the number pair (5,2), which number tells the column and 

which number tells the row? 

3. Make a 5-by-S array of dots like the one above. Mark like this 

A the points corresponding to the following: 

ae 1 <5)) beats 5) ce. (2,4) 

LOCATING POINTS 

d. (4,3) 

In the array at the right, the columns are num-_ _5e 

bered at the bottom and the rows at the left. 

A\ corresponds to (4, 2) 

1. To what number pair does the point marked 95, 
like this O correspond? 

NOTE: A\ and ©@are two different points. “ 
(4, 2) and (2, 4) describe different 

points. 

Ne 

(5, 1) 

fhe oe 

The order of listing numbers is important: (2,4) is not the same as 

(4,2). We call such pairs of numbers ordered pairs. Each ordered pair 

of numbers has a first member and a second member. In (2, 4), 2 is the 

first member, 4 is the second member. 

2. In (4,2), what is the first member and what is the second? 

3. Explain why (1,5) and (5, 1) are different. 

4. Explain why (1+ 2,4) and (3,3 + 1) are the same. 
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Examples 1-4 show conditions which may be placed on the members 

of ordered pairs. Study these examples carefully. 

Example 1 The second member is 2 more than the first member. 

All such ordered pairs are (1,3), (2, 4), (3,5). 

ee ace Oe ee 

EM Obew Pos < 

GO. e me 1S eo 

Qe ° ° e ° 

lane ° ° ° ° 
1 2 3. 4 5 

Example 2. The first member is 4. (We shall agree that if the other 

member is not mentioned, then it can be each of the 

numbers.) 

All ordered pairs in which the first member is 4 are 

(45.1)5.(4,2),, 453), (4.4), 45): 

i me IOP 

Ao ea oe leet 

ure Si 0 Ce)iare 

ei LAO lec 

1 e e © ee 

1 Te eh WT 

Example 3 The first member is greater than or equal to 2 and the 
second member is greater than or equal to 4. 

All such ordered pairs are (2,4), (2,5), (3,4), (3,5), 

(4,4)5 (4,75). (S;4)G. 5). 

Ss (2) Ce) 

POO MOO) 
Ce TL tes A 

Va meTiT ye). Ptee oe 

le e e e e 

1 2 374 5 
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Example 4 The first member is less than 3. (Since the second mem- 
ber is not mentioned, it can be each of the numbers.) 

~Aligsuch* ordered pairs: are. (221) 252) (2.3) .0(2,4)- 

(Zee) ler lee ye2 re (1.93) ee Ie) el) & 

5 Oe « -@ 

40) () e e e 

36) Ou meee 

20) (*) e e e 

1e © ° ° ° 

1 a 8} 4 5 

For exercises 5-28, list the ordered pairs of a S-by-5 array which meet 

each set of conditions. Then mark these points like this O on a 5-by-5 
array. 

5. The first member is the same as the second member. 

6. The first member is twice the second member. 

7. The second member is twice the first member. 

8. The first member is three times the second member. 

9. The second member is three times the first member. 

10. The first member is 1 less than the second member. 

11. The first member is | more than the second member. 

12. The second member is 3 more than the first member. 

13. The second member is 4 less than the first member. 

14. The first member is 5 less than the second member. 

15. The first member is 2. 

16. The second member is 2. 

17. The first member is 5. 

18. The second member is 5. 

19. The first member is greater than or equal to 3 and the second 

member is greater than or equal to 3. 
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20. 

21. 

22. 

23. 

24. 

25. 

26. 

27. 

28. 

The first member is less than 6 and the second is less than 6. 

The first member is less than 2 and the second is less than 2. 

The first member is greater than or equal to 5 and the second is 

greater than or equal to 5. 

The first member is greater than 5. 

The second member is greater than 5. 

The first member is less than or equal to 1. 

The second member is less than or equal to 1. 

The first member is greater than 4. 

The second member is greater than 4. 

SQUARE AND RECTANGULAR ARRAYS 

An array of points like the 5-by-5 array is called a finite lattice of points. 

A finite lattice can have any finite number of rows and any finite num- 

ber of columns. 

If the number of columns and rows is the same, the lattice is a 

square lattice. If the number of rows is different from the number of 

columns, the lattice is a rectangular lattice. 

1. 

2. 

5-by-5 lattice has 3-by-7 lattice has 

5 columns and 5 rows. 3 columns and 7 rows. 

It is a square lattice. It is a rectangular lattice. 

An x-by-y lattice has 

x columns and y rows. 

If x = y, then what kind of lattice is an x-by-y lattice? 

If x # y, then what kind of lattice is an x-by-y lattice? 

3. a. Make a picture of a 5-by-6 lattice. How many points does 

it have? 

b. How many rows are there in this lattice? 

c. How many columns are there in this lattice? 

d. What is an easy way to tell how many points a 5-by-6 lattice 
has? 
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For each lattice, tell how many columns, rows, and points it has. 

4. 2-by-2 7. 10-by-10 10. 15-by-7 

5. 6-by-1 8. 100-by-1 11. 7-by-15 

6. 3-by-3 9. 1-by-100 12. 100-by-100 

Make a picture of a 10-by-10 lattice of points. On it mark like this O 

the following points. 

PS lee O) el 4 a Ose 1) eS) (5505) a 16.0 (7, 4) eel LO) 

We can use letters, such as x and y, to refer to ordered pairs of numbers. 

For example, in Example | below we shall refer to all points (x, y) such 

that x < 3 and y > 8. This means that we wish to locate all points 

for which the first member (x) is less than 3, and the second member 

(y) is greater than 8. We will use a 10-by-10 lattice. 

Example 1 x< 3 andy>8 

All ordered pairs which meet these conditions are (1,9), 

(1,10), (2,9), (2,10). Do you see that for each of the 

four points marked on the lattice the first member (x) 

is less than 3 and the second member (y) is greater than 8? 

y 
WON Ol Oo ee) ACen ac 

N w - oO on Se) 

e e e e e e e ° ° e 

Example 2. 3x=y 

All ordered pairs which meet the given conditions are 

(1,3), (2,6), (3,9). Do you see that for each ordered 

pair the second member (y) is 3 times the first member 

(x)? Refer to the lattice at the top of the next page. 



280 CHAPTER TEN 

10 « e ° e e e e e e e 

9 e = @) e e ° e - ‘| 2 

8 e ° ° ° e ° ° ° = - 

le e ° e e e ° e e ex 

a ee NS etsy A ANG 

For exercises 18-29, list the ordered pairs of a 10-by-10 lattice which 

meet each set of conditions. Then mark these points like this O ona 

10-by-10 lattice. 

18. x<4andy<2 228 2x 26... Xe 

1S =3 andy = | 23a ay Zhe 

20. x=y ZAK. 28:8 Vices 

21. 2x=y 25o hey 29. 4x=y 

COORDINATES OF POINTS 

Each point of alatticehasanordered 8* + @J* ¢ * « « 
pair of numbers corresponding toit. 5, , , . , @FOH « 
These numbers are called the coordi- 

nates of the point. ed OUR 1 (Gat 
Point A in the lattice on the 5. .« e e ®L-s 

right corresponds to the ordered 

pair (2,4). 2 is the first coordinate $2 Oty sts oo es 
and 4 is the second coordinate of 3* * * * «* ©@)ce* ©@) 
point A. 

The first coordinate tells the column. 1@\K « 
The second coordinate tells the row. I 2 3 4 5 6 7 8 

(2, 4) 
2nd column, 4th row 
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1. For each point named by a letter in the lattice on page 280, give 
the ordered number pair corresponding to it. For point A, the 
answer is (2, 4). 

2. What is true of the first coordinate of points which are in the same 
column? 

3. What is true of the second coordinate of points which are in the 
same row? 

4. What is true of the coordinates of points which are in the diagonal 
from K to H? 

5. Name all pairs of points whose first and second coordinates are 
reversed. 

To indicate the set of all points in which the first coordinate is the same 
as the second coordinate, we write 

NEsED) eo = 

Read: the set of all ordered pairs (x, y) such that x = y. 

We shall agree that x is the first coordinate, and y is the second 
coordinate. 

Mark the following sets of points on 10-by-10 lattices. 

6. {(x,y)|x=y} 1. {(x, y) |x = 2} 

7. {(x, y)[x = y} 12. {(x, y)|y = 10} 
Sie xs) | xt=ay} 3 5er oy) l==e vae=e Scandal e==1y 1-213) 

9S Ce a yt 14 aX ay) ee, anny en | 

10 (ey) |x yt 15 (ey) le 3 andy 16) 

GRAPHS OF SETS 

By now you have probably noticed that in any lattice, to each ordered 

pair of numbers chosen from the given universal set, there corresponds 

exactly one point. Also to each point there corresponds exactly one 

ordered pair of numbers. 

™@ ‘There is a one-to-one correspondence between ordered pairs of 

numbers (x, y) and the points of an x-by-y lattice. 

We will now locate points which belong to various sets. 
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Example 1 

Example 2 

On a 10-by-10 lattice, graph the set 

{ (x, y) |e xs Sand?) =4y =407 

We first locate the set 

{(x, y)|1 = x = 3} 
The points of this set are marked like this O on the 

lattice. Then we locate the set 

1, y) 17s y= 105 
The points of this set are marked like this 1). 

y 

6) © Fs © ff HP CA PS EN) | 
70)( OO FE (a) Bai 
JONG) GAME Ral via 
fe CAE SS Ee 
TOTO, 
5 Cs) (Cy Cole fen eas ell So 4) wey os 

4Q OO a eh) Ol reek? ay Oe 

30) OO o> teGe cp © et) 6 are rs 

2 (2) Ce) the OG ieee areas 

1® @O©O - og 0 fe) ec, fem edex 

Lie caer 4 Onn ant) aS a0 ame ©) 

Since we want the set {(x, y)|1 < x < 3and7 S y < 10}, 

we seek the points which are in both sets. That is, we 
want the intersection of the two sets. This is the set of 
points marked (CC). How many points are there in this set? 

On a 10-by-10 lattice, graph the set 

{(x,y)|x=y andx+y=11} 

First, we graph the set 

{(x, y) |x = y} 
The points which belong to this set are marked like this 
©. Then we graph the set 

{(x, y)|x+y = 11} 
These points are marked like this 1]. 
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asia ie » [se] °“@© ee -» 

ae Ae onl 2a ~ [5] © - wine) vs 

ah oes OS - @l[e] > seem Ve 

46 2© © @ + «© [eo] © © -@ 

32° © @ ee « « ¢ [e] -« ° 

2° @- +2 © «© © « [eo] - 

10) e e e e ° e e ° [*] xX 

to oe OC. Ameo ao L LO 

We want the intersection of the two sets. Since no point 

is marked like this (O, there are no points which belong 

to both sets. Therefore, their intersection is the empty set. 

{(x,y)|x=yandx+y=11l}=¢ 

Graph the set {(x, y)|x = 2 and y = 10}. 

The points which belong to the set {(x, y)|x = 2} are 
marked like this ©. Note that since no restriction is made 

on y in this set, y may assume all values, | through 10. The 

, points which belong to the set { (x, y) |y = 10} are marked 
like this (J. 

i OA AOE EO 
Qe e e e ° e e e e 

Be A rs Te PE Bie KE 

7 e 

MO ODODVOOOO® 

Ww 

e 

° ° e ® e e @ e@ xX 
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We want the intersection of the two sets. There is one 

point which belongs to both sets, namely, the point 

corresponding to (2, 10). Therefore, 

{(x, y) |x =2 and y = 10} = {(2, 10)} 

Graph each set as in Examples 1-3. Then list the number pairs which 

belong to the intersection. 

17 4 (x,y) | 9x = 10 and == 2} 

1(X,Vjl4i x =o ,and 4° yey} 

(ce y) esx = 2tand les aes 

(iy) | essere and eyes 

{(x,y)]1 =x = 10 and 1 <y < 10} 

{(x, y)|x = y and y = 3} 

{(x, y)|x = y and x = 10} 

{(x, y) lx + y— ltt andy — ff 

sO ee ee ee ee tile Vin and y= 

=" = {(x,y)|x + y =4 and x= y} 

—_ — (Xa) ey 12 and —ry} 

—" nN ey ix y= 7-anda—y} 

—" eo - {(x, y)|x=5 and y = 5} 

—_ = - {(x, y)|x— y=6 and x+ y= 6} 

= aA {(x, y)|x—y=8 andx+y=2} 

INTERSECTION AND UNION 

We can find the intersection or the union of two sets by graphing both 
sets on the same lattice. Consider these two sets: 

11%; ¥) [At ee) Wea ane be i 
Before graphing {(x, y)|x + y < 7}, we list the ordered pairs which 
belong to the set. (See top of next page.) 
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(6, 1), 
(5,1), 6,2), 
a 4a) alae) 
(3,1), (3, 2), (3,3), (3,4), 
(2,1), (2,2), (2,3), (2,4), (2,5), 
CEL ete) ee lees) lard Glee) 

Then we mark them like this © on a 10-by-10 lattice. We mark the 
points belonging to {(x, y)|x < 3} like this [. 

y 

10[« | [+] [+] e e e e ° e r) 

9[+] [*] [+] e e e e e ) e 

6f-} [+] [+] -« siuew ke nemwgte? ae 

se] GJ [TF] = © © © © © 

4K, 0 © - eUs  eese on ties 

JHOUG OVOeo of tea ten 

The intersection of the two sets is 

MCeyDaN Bea 5) Sh OREN ee 2 

which is the same as {(x, y)|x + y = 7 and x S 3}. 
The points of the intersection are marked like this (C). The coordi- 

nates of these points meet both conditions: 

1. The sum of the two coordinates is at most 7, that is, 

Mata thle 

2. The first coordinate is at most 3, that is, x < 3. 

The union of the two sets is 

(Oey eee ex yy = 3} 

which is the same as {(x, y)|x +y S 7 orx S 3}. 
The graph of the union consists of all marked points—O, (, 

and (). The coordinates of each marked point satisfy at least one of 

the two conditions. 
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In each problem, there are given two sets. Do the following: 

= . 

ee NDA mH RB Ww 

= — 

a. Mark the points which belong to the first set like this O. 

b. Mark the points which belong to the second set like this UJ. 

c. Tell which points belong to the intersection of the two sets. 

d. Tell which points belong to the union of the two sets. 

159) Le St peed Green 

Lia) ety = 1 ey) Lye} 

Uixey eters Arey) xen y 

Ree) heen Aen G BAB Ain Mee C2, 

{VIN Sai Alte) yey 

EZ pO AS neh OE es a 

LUC) iad | (ey) yaad 

(x,y) [= 10k, a Cony) Ly = 10} 

Ry Ne ae? emai rey ety ay ay 

Ley to es 20 peed a ) |e tay 

Describe each of the following sets in set notation. Then list the 

ordered pairs of a 10-by-10 lattice which belong to each set. 

11. 

12. 

13. 

14. 

15. 

16. 

17. 

18. 

19. 

The first member is twice the second member. 

The first member is equal to the second member. 

The second member is five times the first member. 

The second member is one-half of the first member. 

The second member is six more than the first member. 

The first member is four less than the second member. 

Three subtracted from the first member equals the second. 

Three multiplied by the second member equals twice the first. 

The first member is greater than three times the second. 
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NEGATIVE AND POSITIVE COORDINATES 

We will make a different lattice of points now. Note how the rows 
and columns are numbered in this lattice. 

e e ° e ele e (@)A e e ° 

e e e e J Cee ) e e | 

ds oe bah ee > h 2 @ 2 2 
e @)F e e e_je e e e e ® 

OS oe ee) OHO Or | RF or eS 

UAE. oe Cree Cais a Sale Sean Gli © 

oe Oa °Ge)4 eo © e e© 

e e e e e—5e e e e e e 

We locate points in this lattice the same way as we did on the 10-by-10 

lattice. Check the points listed below to see whether you agree that 

their coordinates are given correctly. Coordinates for one point are 

stated incorrectly. Find it! 

FAQS B{AS3)) 6C (0:0) s0D( 253) 2 
Fon) pal (4 al) eG (Gal 4 ar (073) 
TGA ers Gal O) KON) (34) 

On your paper make a lattice like the one above. Label the following 

points on it. 

Ie Gls Bala (.)) 2 D255) 

jE = SA IDCs ato ada) 

Tie) ee (aia 2 yee (40-4) (52 ) 

IM (Ae IN (eras oe) (lel aPC 35— 3) 

O(0,4), R(0O,—4), S(0, 1), 7(0,—-1) 

U(4,0), V(—2,0), W(5,0), X(0, 0) A vw RB woN 
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QUADRANTS 

Examine the picture of the lattice below. Notice that there are six 

distinct sets of points in this lattice. In Exercises 1-6 below you will 

identify some properties of the coordinates of these sets of points in 

relation to their position on the lattice. Once you observe the patterns, 

you will be able to predict to which of the six sets a point belongs by 

just glancing at its coordinates. 

EAI aaa 

NETS VS TS! 

AAA A &2y OOOO® 
AAA A A3Y OOOO 

AAAA At4Y O©OOOO 
AAA A By OOOD®D 

1. Each point in the first quadrant is marked like this ©. If Ore 
means “‘first quadrant,” then for each (x, y) which belongs to Q,, 
which of the following is true? 

a. x > O andy >0 d. x >QOandy <0 

b. x <O andy >0 e. x=Oandy +0 

c. x <OQandy <0 f. x ~0 and y=0 

2. Each point in the second quadrant is marked like this (1). If “OQ,” 
means “‘second quadrant,” then for each (x, y) which belongs to 
Q,, which of the following is true? 

a. x > O andy >0 d. x >Oandy <0 

b. x <Oandy >0 e. x=Oandy #0 

c. x <Oandy <0 f. x~ 0 and y=0 
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- Each point in the third quadrant is marked like this A. If “Q,” 
means “third quadrant,”’ then for each (x, y) which belongs to Qs, 
which of the following is true? 

a. x >Oandy>0 dae Orandiy= 10 

b. x <0 and y >0 e. x=Oandy #0 

Cox O'andy — 0 f. x #0 and y=0 

- Each point in the fourth quadrant is marked like this ©. If “Q,” 

means “fourth quadrant,” then for each (x, y) which belongs to 

Q,, which of the following is true? 

a. x > Qandy >0 d. x > O0andy <0 

Dok = 0 ndsy 0 e. x=Oandy #0 

c. x <Oandy <0 f. x ~0 and y=0 

. Each point which belongs to the x-axis is marked like this x. For 

each (x,y) which belongs to the x-axis, which of the following 

is true? 

ax 0 and y= 0 d. x > O0andy <0 

Dae and v7.0 e. x=Oandy #0 

c. x <Oandy <0 f. y=0 

. Each point which belongs to the y-axis is marked like this y. For 

each (x, y) which belongs to the y-axis, which of the following 

is true? 

ane 0 andy, = 0 d. x > Oandy <0 

b. x <Oandy >0 e x=0 

Co pe—a0randiy =.0 f. x ~0 and y=0 

. Imagine that our lattice of points extends indefinitely in all direc- 

tions. For each pair of coordinates, tell where its point is found: 

O1, Q2, O3, Qa, x-axis, Or y-axis. 

ae ( 5518) fe 298,.0) Kw 258, et 139) 

b.. (126, =306) Pome OOS seat) 1. (2005, 3678) 

c. (154, 360) h. (256, 1342) m. (0, 507) 

ae 12595 )eete ln 994250 ) ns (= 1140) 

e. (0, —368) j-065—-365) o. (0,0) 
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INFINITE LATTICES 

In the lattice below, the arrows indicate that the number of points is 

unlimited. Even though the arrows point only in the positive directions, 

we consider the points to continue on and on in all four directions. 

y 

RMOOOL COL ame 
+ @©OOWOO':: 
-+O@OO0DOO':: 
e SNOW (OGr v cans 

-+©0OOOO::: 
“5 SR ONONOK ONONS °3 Ba Sin © 

SERONOOHCHOKONP 4 
- + ©0G,000- 
afatolorokotofotutura 
HOOOO,OO00HH 
HHOOROGOHHH 

The points in the graph of the set {(x, y)|—3 S x S 2} are marked 

like this ©. Remember, however, that it is impossible to mark all the 

points in this set. Infinitely many points above and below also belong 

to the graph. 

The points in the graph of the set {(x, y) |» < —3} are marked like 

this []. In this case, infinitely more points to the right, left, and below 

belong to this set. 

The points marked like this () belong to the intersection of the 
two sets 

LUCY Jed ps hed Fed (eV) ace 

which is the same as 

1 ay) amo Rts 2a op 

Note that infinitely many more points below those marked like 

this (©) belong to the intersection of the two sets. But no points above, 
to the right, and to the left of those marked like this © belong to the 

intersection. 

To answer exercises 1-3 which follow, refer to the graph above. 
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- Tell which ordered pairs belong to {(x, y) |—3 = x S 2}. 

ae le 27) Car (Ol) en 42) 

b. (—2, 160) gd —32 298) fae) 

- Tell which ordered pairs belong to {(x, y) |y = —3}. 

A351 7) oy (Eh) e. (—100, —200) 

baGl67.23255)) dolore) iB te S = 8) 

. Tell which ordered pairs belong to 

Ey) | ee FA (rey) ya <3 } 

at Oe 215) Cro. 198) e. (2, 56) 

bb. (—4,—2200) d. (—3,—1000) i (S28) 

. Graph {(x,y)|x = 3} and {(x,y)|y < 0} on an infinite lattice 
like that on the previous page. 

. Tell which ordered pairs belong to {(x, y) |x = 3}. 

a Clogs) Cx (45250) CE Ge ee 5) 

bas; 25) d. (3, 178) fess) 

. Tell which ordered pairs belong to {(x, y)|y < O}. 

aie 2) Cam (an 89. 189) e. (0,0) 

b. (37,0) d= (0.11) f. (—200, 200) 

= ell which ordered pairs belong to 

ey a= Sia (759) | yi 4 OF 

Fy A) Coe loa 1 05)) e. (0,0) 

bse (G51) in (ae £2799" 1) 

me Omphs (197) (ease 1) and) (x, |—2 y= 0}. 

. Tell which ordered pairs belong to {(x, y)]—5 < x Ss 1}. 

Ailes 4 4205) ce. (1, 38) S (125) 

ib (S38) d. (0,0) ib (ES, =5) 

. Tell which ordered pairs belong to {(x, y)]—2 <y S 0}. 

a. (12,0) 6, (==) 5 (=, 10) 

Deno.) din(37671) 6 (Geb ty) 
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11. Tell which ordered pairs belong to 

Oey) (5 SA det ey 

a. (1,0) c. (0,0) e. (—2,0) 

b. (—5,—1) d. (—12,—12) f. (1,—2) 

RECTANGULAR COORDINATE SYSTEM 

In making graphs on lattices, we have considered only those points 

whose coordinates are integers, that is, positive and negative whole 

numbers and 0. We will now consider ordered pairs of real numbers 

and their graphs in a plane. A plane is a set of points which resembles 

a flat surface. A flat sheet of paper is a model of a plane. 

Below we show a rectangular coordinate system, or a Cartesian 

coordinate system. “Cartesian”? comes from the name of a French 

mathematician, René Descartes, who invented coordinate geometry. 

pan (je) 

me NO Ol oO) IS) 00 9 
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Identify the following points in the graph on page 292. As you identify 

the points, check to see that the coordinates are correctly placed. 

A(-2, 45) DiS, 3) G (-7.5,—-7.5) 

A 52) E (8.1, 0) H (VIB8, 7.2) 

al _ F (0,65) 1 (9.5, 0) 
C (6.8,—8.9) J (0,—V17) 

On your paper, make a coordinate system like the one on page 292. 
Plot the following points. 

eri 13) AMD) 5o—3 14) th (6, S39) 

2, B(G3,—8.4) Sie (S56) 5) 8. H (—V26, V30) 

3. aioe o F (0.55 | 9. 1 (34,0) 

THE PLANE AND FOUR QUADRANTS 

We can think of the quadrants of 

a coordinate system in a plane as 

sets of points. We will use the Quadrant II Quadrant | 

following abbreviations. 

Quadrant I=Q, 

Quadrant II = Q, 

Quadrant III = Q3; 

Quadrant IV = Q, 

x-axis = X 

y-axis = Y 

Quadrant III Quadrant IV 

Both coordinates of the points in Quadrant I are positive. To 

say this, we write 

O1={(x, y)|x > 0 and y > 0} 

That is, Quadrant I is the set of all points such that the first and second 

coordinates are positive. 

1. Give the word description for Quadrant II, like the description 

given above for Quadrant I. 

Q.={(x,y)|x < 0 and y > 0} 

2. Give the word description for Quadrant III. 

O,={(x,y)|x <0 and y < 0} 
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3. Give the word description for Quadrant IV. 

O.={(x,y)|x > 0 and y < 0} 

4. Give the word description for the x-axis. 

X= {(x,y)|y=0} 

5. Give the word description for the y-axis. 

YA (ny) Ue 

Give a simpler name for each of the following: 

Example QO,NQ, 

Q,1Q.,=¢9, since the intersection of Quadrant I and 

Quadrant II is the empty set. Recall that the axes do not 

belong to any quadrants. 

6. O29 Qs 11. 

7. Q3 1Q4 12: 

Soe Ona 0. 13. 

958(O 00>) Mi (COnLO4) 14, 

10. (Q; U Q4) U (Q2 U Qs) 15. 

SEARED 6 

Xacaeh Oneal 
¥N(Q1U Qs) 
XM (Q1U Q,) 
¥ NM (QO; UQ») 

@ The point in which the x and y-axes intersect is called the origin. 

It has the coordinates (0, 0). 

On a coordinate system, graph each pair of points. Then connect 

each pair with a straight line segment. 

16 ORS En 5) 21. 

hare iy re Aces 22, 

18. (0 43); (0 -43) 23. 9 » ’ 9 2 

19 (1 63); (1 5) 24 CO 9 3 Oo 9 3 = 

20, (71) ae eh 25. 

(394 )o5) (oy) 

(10) 4 os eelheg!) 

(550) 257 0) 

(|e 3 ee le) 

(26 |: (2,-65] 

In the next section, we will study the relationship between the pairs 
of points given in the exercises above. 



SYMMETRY 

The two curved objects shown at 

the right are symmetric with 

respect to line k. . 
Examine the pictures you 

obtained for exercises 16-20 

on page 294. Note how the posi- 

tions of the pairs of points are 

related. Are the points symmetric 

with respect to the x-axis? 

AGREEMENT We shall abbreviate 

as “‘the point (x, y).” 

SYMMETRY 295 

“the point with coordinates (x, y)”’ 

M@ Point (x,y) and point (x,—y) are symmetric with respect to the 

X-axIS. 

1. For two points symmetric with respect to the x-axis, 

a. how are their first coordinates related? 

b. how are their second coordinates related? 

2. See how the positions of pairs of points in exercises 21-25 are re- 

lated. With respect to what axis are these pairs of points symmetric? 

y-axis. 

Point (x,y) and point (—x,y) are symmetric with respect to the 

3. For two points symmetric with respect to the y-axis, 

a. how are their first coordinates related? 

b. how are their second coordinates related? 

We can say that each point in exercises 16-20 is the mirror reflection 

of the other point in the pair through x-axis. 

4. Make a similar statement about points in exercises 21-25. 

On a coordinate system, graph each pair of points. Then connect each 

pair with a straight line segment. 

5] (373)2(--35--3) 9. (—4,—8); (4,8) 13. (—4,5); (4,—5) 

Om (255) 4-25 —))) LO; 2) (In? eet 4; 3 (6,6). (6; 6) 

Lie 4 at) 3(— 45 — 1) Ue) ae nls. (4. Oe (4. Q) 

Sa aoe 6) (55.0) C2 ew) ate) lO. (1,9) (15,9) 
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The pairs of points in exercises 5-16 are symmetric with respect to 

the origin. 

@ Point (x,y) and point (—x,—y) are symmetric with respect to 

the origin. y 

17. For two points symmetric with respect to the origin, 

a. how are their first coordinates related? 

b. how are their second coordinates related? 

STRAIGHT LINES 

For each point, give the coordinates of the point which is symmetric 

with respect to 

a. the x-axis b. the y-axis c. the origin 

Example (253) as’ (2Q9=3) Sb (273) ter (22-3) 

1. (1,4) 3. (Hiden 5. (0,5) Te 6) 

2, a3.) 4. (4,-2.6) 6.0(1 40) 8. (0,0) 

9. For exercises 1-8, graph each 

point and the three related 

points on a coordinate system. 

Connect the given point with 

each of the three related points, 

In the graph on the right, we do 

this for the point (2, 3). 

10. On a coordinate system, graph the following points. 

a. (—2,—7) ¢.24(—2; 0) e. (22833) 

b. (2 34) d. ee -45) fe 2} 

11. Draw a picture of a straight line through the points you graphed 
in exercise 10. 
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12. Note that all the points in exercise 10 are contained in the same 
line. Does this line contain all points whose first coordinate is 
—2, no matter what the second coordinate is? 

The line in exercise 11 is perpendicular to the x-axis and parallel to the 
y-axis. It is the set of points described by 

i(x, y) |x =—2} 
13. On a coordinate system, plot the following points. 

ies 1 De a: Ge 4) c. (34.0) e. (35 1) 

1 uy gp 3 v. (34.8) a. (34,1) t. (34, —32) 
14. Draw a picture of a straight line through the points you plotted 

in exercise 13. 

15. Using braces, describe the set of points which make up the line 
in exercise 14. 

16. Ona coordinate system, plot the following points. 

aL) Ca (053; e. (—1,5) 

hy (eRe Ay (—65. 5) f. (7,5) 

17. Draw a picture of a straight line through the points you plotted 

in exercise 16. 

18. Is the line in exercise 17 perpendicular to the y-axis? 

19. Since the second coordinate of every point on the line in exercise 

17 is 5, this set of points can be described as {(x, y)|y = 5}. Is 
every point whose second coordinate is 5 contained in this line? 

20. Ona coordinate system, plot the following points. 

1 OD LEEDS e. (83, =) 

i: Oe d. Gs =) f, (—2,—2) 

21. Draw a picture of a straight line through the points you plotted 

in exercise 20. 
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22. 

23. 

24. 

PARy 

26. 

27. 

28. 

29. 

30. 

31. 

32. 

Shi 

34. 

Using braces, describe the set of points which make up the line 

in exercise 21. 

On a coordinate system, plot the following points. 

il | sari soph 44 it, 4.6 HORS) c. (Gan) Cul ) 

bo lease} d. (0,0) {ais 

Draw a picture of a straight line through the points you plotted 

in exercise 23. 

Does every point which belongs to the line in exercise 24 have the 

same x and y-coordinate? Is {(x, y)|x = y} a correct description 
for this set of points? 

On a coordinate system, plot the following points. 

a:9 (55.0) Ca(050) Cra oru) 

b —180) doa (;,0) f.29 (1M) 

Is each point in exercise 26 contained in the x-axis? 

Is {(x, y)|y = 0} a correct description of the x-axis? 

On a coordinate system, plot the following points. 

a. (0,4) cA (070) e. (0,—4) 

b. (0. 24) d. (0,1) f. (0,1) 

Is each point in exercise 29 contained in the y-axis? 

Is {(x, y) |x = 0} a correct description of the y-axis? 

On a coordinate system, plot the following points. 

a2) c. (—4,—2) e. (6,3) 

b. (a) d. (-7, =o) fe. 

Will a picture of a line fit the points in exercise 32? Try to draw a 
line through all of these points. 

Do you see that for each point in exercise 32, the x-coordinate is 
2 times the second coordinate? Using braces, describe the set of 
points which makes up this line. 



35. 

36. 

a7: 

38. 

NUMBER PATTERNS AND SETS’ 299 

On a coordinate system, plot the following points. 

a. (1,3) eth a)) e. (0,0) 

b. (2,6) a (5a | t (-14,-43) 

Will a picture of a line fit these points? Try to draw one. 

What is the relation between the x and y-coordinates of the points 
in exercise 35? 

Using braces, describe the set of points, which makes up the line 
in exercise 36. 

NUMBER PATTERNS AND SETS 

In each table, the first coordinates of points are listed in the left-hand 
column; the second coordinates are listed in the right-hand column. 
Discover each pattern and describe the set. 

Example Pattern: The y-coordinate is twice 

the x-coordinate, plus 1. 

Set: {(x, y) |y = 2x + 1} 
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SET DESCRIPTIONS OF STRAIGHT LINES 

Turn back to the example on page 299. The set described was 

{(x, y)ly = 2x +1} 

The following points were listed in the table. 

(=4;-—1,), (Saar) C3), ed ht 

(Ob) 55h 3) C2508 032740) 

On the next page, these points are plotted, and a picture of a line 
containing them is drawn. 

1-8. For exercises 1-8 on pages 299-300, plot the points listed in each 

table and draw a picture of a line containing these points. Use a 

separate coordinate system for each exercise. 

Examine the descriptions of sets you gave for exercises 1-8. Note that 
they are all of the form y = mx + b, that is, of the form y equals some 
number m multiplied by x, plus some number b. 

@ The graph of each set of points {(x, y)|y = mx + b} is a straight 
line. 



SET DESCRIPTIONS OF STRAIGHT LINES 301 

E1092) 76 25 43 

By experimenting with points and lines, we can see that for each 

pair of points there is exactly one line which contains them. For this 

_reason we Say that two points determine a line. Thus, it is sufficient to 

locate just two points in order to determine a line. Since, however, 

we might make an error and choose a wrong point, it is always a good 

idea to select a third point and check to see whether it belongs to the 

line. 

For each set, plot two points on a coordinate system and draw a picture 

of a straight line containing these points. 

Dh GR) ese 1259 oy). |¥ = — 4} 

(Oe ey ae 13.5 Gy) ly —=2x4 1} 

1 iy) | y= 3x 14} La) | yo, 
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OTHER PATTERNS 

For each table below, discover the pattern and describe the set. Do not 

give up too easily! Kéep trying! 

Pattern: The y-coordinate is equal Example 
to 2 multiplied by the 

square of the x-coordinate. 

Set: {(x, y) ly = 2x7} 

Verify this pattern for each pair 

(x, y) given in the table. 

1. 
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PARABOLAS 

In the example on page 302, the 

following points are listed. . 

(—4, a2. (35 18), (2, 8), 30 

(a 12)» (0,0), Gane 29 

(228), (3; 18).4(4, 32) os 

These points are plotted on the 97 

coordinate system at the right. It 

is clear that a straight line would a 

not fit through these points. A oe 

picture of a smooth curve is drawn 24 

through them. 23 

The picture is part of the 22 
graph of a 

{(x, ») |y = 2x7}. a 
It is impossible to show the entire 19 
graph because it does not end. - 

For each of the following x-coordi- 17 

nates, compute the y-coordinate of 16 

MEE 9b 8 ol 15 

1. 0 4s 24 he 14 
2 2 13 

1 1 1 12 
pes 5 53 5 Sa FA 

10 
1 1 

ES p= Oh, Shh 34-1 5 6 5 9 

8 

10. Examine the coordinates you 7 

found in exercises 1-9. Does 

it appear that these points lie : 

on the curve? 
4 

Since we have agreed to use the : 

set of real numbers as our uni- 

versal set, the curve pictured on a 

the right is an infinite set of points. : 

@ A curve like the one at the Tienes ie eet 

right is called a parabola. 
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11-18. For exercises 1-8 on page 302, plot the points listed in each 

19. 

20. 

21. 

22. 

23. 

24. 

INTERIORS AND EXTERIORS 

On the right we show the graph of 

The following points lie in the 

shaded portion of the parabola. 

(1,9), (ibe) (2, 4.001), 

and many others. For each point in 

the interior of the parabola, the 

following relation between the : 

first and second coordinates is true. En kolo ae i 

table. Connect the points with a smooth curve. 

Compare the graphs of {(x,y)|y = x?}, {(x,y)|y = 2x?} and 
{(x, y)|y = 3x2}. From the shapes of these graphs, predict the 
shapes of the graphs of {(x, y)|y = 4x?} and {(x, y) |y = 100x?}. 

Compare the graphs of {(x, y)|y =x?}, {os |y=pel. and 

{ (sy) 

shapes of the graphs of { (A7y) 

y =F. From the shapes of these graphs, predict the 

ac ins 
* el Oa ie 

Compare the graphs of { (x, y) |y = x?} and {(x, y) |_y =—x?}. How 
are they similar and how do they differ? 

=o y 107 and 4 (x, y) 

Do the same for the graphs of {(x, y)|y=2x?} and {(x,y)]y 
=—2x?}. 

Do the same for the graphs of 

{(x, y) |y = 3x?} and 
{(x, y) ly =—3x?}. 

Make a statement of compari- 

son between the graphs of 

1(x,¥) |y =ax*} and (x, y)| 
y =—ax’}, where a is positive. 

{(x, y) |y =x?} 

l 

2 

23 4 

BT een 
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The interior of the parabola on page 304 may be described as 

TCE), lesen Ce | 
Test the following points in the inequality y > x?. 

ik OLE 2, (=n) 3. (2, 4.001) 

The set of points on the outside of a parabola is called the exterior of 

the parabola. A description for the exterior of the parabola shown on 

page 304 is 

LER aN ice oly 

4. Locate two points which are in the exterior of the parabola and 

test their coordinates in the inequality y < x?. 

Describe in words each of the following sets of points. 

Example {(x,y)|y = x?} the parabola {(x, y)|y=x?} and its 
interior 

See tay) (vert 8. {(x,y) ly < 2x} 

6. {(x,y)|y > 2x?} 9. {(x,y)|y = 2x7} 

7. {(x,y)|y = 2x7} 10. {(x, y) ly > 3x*} 

MORE PATTERNS WITH NUMBERS 

In the example below, there is a pattern connecting the first and second 

coordinates of the points listed in the table. See if you can discover 

the pattern and describe the set. Do not give up too easily if you do 

not see the pattern immediately. 

Pattern: The x-coordinate is the 

square of the y-coordinate. 

Set: 0) | Di 

Example 
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For each table below, discover the pattern and describe the set. 

In the example on page 305, the points listed in the table are 

(loz 4)e (Sioi)\s (4,—2), as 

(0; Oy Ce Dae 4r2) (9753), uloee) 

These points are plotted on the coordinate system on the next page. 
Do you see that a straight line would not fit through these points? 
A picture of a smooth curve is drawn through the points. 



PARABOLAS 307 

The picture below is a part of the graph of 

1) yey 

It would not be possible to show the entire parabola. Explain why. How 

does this parabola differ from the parabolas you studied before? 

yj 

ee a NOR ee Sod SO eh 7 2 Re OMNI Oe 11 To M130 14 15a 6 

—4 

For the parabola {(x, y) | y? =x}, compute the values of y to one deci- 

mal place for the following values of x. Use the table for square roots 

on page 421. [HINT: Note that for one value of x, there are two values 

of y; for example, (4,2) and (4,—2) are on the parabola, because 

22 = 4 and (—2)?=4.] 

12 2203 Sa 4. 13 5. 20 6225 

7-14. For exercises 1-8 on page 306, plot the listed points on a 

coordinate system. Connect the points by making a picture 

of a smooth curve. 

15. Compare the shapes of the parabolas {(x,y)|y?=x}, {(x,y) 

|2y2 =x}, and {(x, y)|3y? =x}. On the basis of your observa- 

tion, predict the shapes of the parabolas {(x, y)|10y? =x} and 

Trey LOO vs aa}. 

16. Compare the shapes of the parabolas {(x, y) |y? = x}, { Gs y) iy" 

re = xf. On the basis of your observation, pre- = x| and { (ry) 

dict the shapes of the parabolas { (sy) io? => | and { Gs) 

a=} 
100 mnaale 
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17: 

18. 

19. 

20. 

21. 

22. 

How is the graph of {(x, y) | ay? = x} affected as larger and larger 

positive numbers are used for a? 

Compare the graphs of {(x, y)| y2 =x} and {(x, y)|—y? =x}. In 
what ways are they similar and in what ways do they differ? 

Do the same for the graphs of {(x, y)|2y? =x} and 

SN bee Bice 

Do the same for the graphs of {x y) | sys x and 

nile 
2” 

Make a statement comparing the graphs of {(x, y)| ay? = x} and 
{(x, y)| ay? = x}, where a is a positive number. 

{(x.9) 

Draw the graph of {(x, y)|y?=x}. Shade the interior of the 

parabola. 

a. Locate the point (4, 1.9). Check the coordinates (4, 1.9) in 

the inequality y? < x. 

b. Locate the point (9,—2.5). Check the coordinates (9, —2.5) 

in the inequality y? < x. 

The set of points which are in the interior of the parabola 

{(x, y) ly? = x} 

is described by tA enya 

23. 

24. 

Explain why (4,1.9) and (9,—2.5) are in the interior of the 

parabola { (x, y) |y? = x}. 

Describe the set of points which are in the exterior of the parabola 

Gey) yt aah 

Describe in words each set of points. 

Pay, 

26. 

2s 

28. 

29. 

{(x, y)|y? = x} 

i(x,y)| y* = x} 

10) | VP oh Oy) eee | 

Ley) y* Sc OR ey) ee 

{ Cxsey) |? six} at epy) | 
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SUBSETS OF A PLANE 

You have seen that equations and inequalities can be used to describe 

sets of points in a plane. 

M {(x,y)|y=mx + 5} is a set of points making up a line. 

@ {(x, y)|y = ax?} is a set of points making up a parabola [a # 0]. 

Now we will graph the set of points 

{(x, y)|y > 3} 

Remember that the plane extends 

indefinitely in all directions. The set 

of points {(x, y)|y > 3} is shaded 
in color in the graph on the right. 

Note that the boundary of this set is 

marked with a dashed line to show 

that it does not belong to the set. 

The set {(x, y)|y > 3} is the half- 

plane above the line described by 

the equation y = 3. 

On the right is a graph of the set 

Maxey) [yest 

The boundary of this set is marked 

with a solid line to show that it 

does belong to the set. The set 

{(x,y)|y = 3} is the union of the 
line described by y = 3 and the 

half-plane above this line. 

Describe in words the following 

sets of points. 

ee ieery) 13) 3) (ry) | y= 3h 

tie) lye 3k Ua.) | = 3} 

Cs a EY San) esa) pees ai 

eeu eeT TN ES Sa 

Cony) vito TOR (ey) | yt} 

hop) | ye 3 ay) ya's A vA R WY PN 
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Graph each set of points. 

Tot (x ky) bxe 3} 15. (ey) eet 0} 

8. {(x, y) |x = 3} 16. {(x,y)|x = 0} 

Ree al bok ch, WA THES AY Cao ty: 

10. {(x,y)|x = 3} 18. {(x,y)|x =0} 

11. {(x,y)|y > 0} 19. {(x,y)ly <—4} 

12. {(x,y)ly = 0} 20. {(x,y)|y = —4} 

13. {(x,y)|y < O} 21. {(x,y) ly > —4} 

14. { (x,y) |y 30} 22. {(x,y)|y = —4} 

Describe in words each set of points. 

2359 (hy) | Xt} Hix ty) [eet 

24 A (XS VX =p ail 1.0.9.) |e ap 

25.91 (XY) [Xe 3) Oar, y) |x 23} 

26:2.) | xe OM Cry) ly <3} 

21 XY) ye UO 1 yy — 0} 

28. {(x,y)ly = 0} U {(x,y) ly < 0} 
Recall these abbreviations: 

1 = Quadrant I 

Q,» = Quadrant II 

Q3 = Quadrant III 

Q.4= Quadrant IV 

Which are true and which are false? 

29. {(x,y)|y > 0} =Q, UQ, 

30. {(x,y) |x <0} =Q,UQ; 

31. {(x,y)|x = 0} U {(x, y) |x < 0} = 
QO,UQ, U QO; U Q, U x-axis U y-axis 

32. {(x,y)|x=0} U {(x, y) |y = 0} = x-axis U y-axis 

33. {(x,¥) |x =0} A {(x, y) |y = 0} = {(0, 0)} 
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INTERSECTION AND UNION 

Let us graph the set 

{(x, y) |x = 3 and y < —2} 

We shall graph it in two parts: 

A = {(x, y) |x = 3} 
B= {(x,y)|y < —2} 

Set A is shaded in color. Set B 

is shaded in gray. Note that the 
boundary of set A is marked with 

a solid line because it belongs to 

the set. The boundary of set B is 

marked with a dashed line because 

it does not belong to the set. 

The set we are seeking is the intersection of sets A and B: 

a) ee EVRY) | Yareen| 

The graph of A / B is that part of the plane which is marked with both 

shadings. Of course, it extends indefinitely. All points whose first 

coordinates are greater than or equal to 3 and whose second coordi- 

nates are less than —2 belong to the graph of A M B. 

Tell which points belong to {(x, y)|x = 3 and y < —2}. 

1. (35) =15; ) 2 oe 2) 327 (35 2.0001) 4 ( 2.9956) 

Now we change the word and to or in our set description. 

{(x, y) |x = 3 ory <—2} 
This set is the same as the union of sets A and B: 

{(x,y) |x = 3} U {@, y)ly <—2} 

The graph of A U B consists of all points in the shaded areas in the 

graph above. The portions of the plane shaded in color, in gray, and 

in color and gray are all part of the set. 

Tell which points belong to {(x, y)|x = 3 or y < —2}. 

Ses 308) 8. (0,—100) jt be he 4) 

ie (ae ie) Om 73)) 12. (1,—2.00001) 

Jae —1892-= 189) 10st 735) 13. (3, 9768) 
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Let us now graph the set 

{(x,y)|-—l1<x<3and0s y < 4} 

As before, we will graph the set in 

two separate parts. 

A= {(x y)|—l =x = 3} 

B= {(x,y)|0=y <4} 
Set A is shaded in color. Set B is | 

shaded in gray. Since the descrip- 

tions of the sets are linked with the 

word and, we are looking for the 

intersection of the two sets, A M B. 

A‘ B consists of points in the interior of a square, including two 

sides of the square. Which two sides belong to A NM B? 

Tell which points belong to {(x, y)|—1 <x = 3 and0 Sy < 4} 

14. (3,4) 17. (—.9999, 4) 20. (.01, 3.99) 

15. (3, 3.9999) 18. (—.9999, 3.999) 21. (0,0) 

16) (1.2) 19. (2,4) 22. (0, 0.00001) 

By changing the word and to or, we obtain the set 

{(x,y)|-1<x=30r0s y< 4} 

This is the same as the union of the two sets, A U B. 

{Gi y)|-1=— x= 3p U4 (x,y) (0 = y= 4} 
Every point which is shaded in color, in gray, and in color and gray 
belongs to this set. 

Tell which points belong to {(x, y)|—1 <x <3 o0r0<y< 4}. 

23. (0, 1765) 26. (3,4) 29. (909, 0) 

24. (—365, 0) 27. (3, 1165) 30. (0,—2064) 

25. (596, 4) 28. (3,—9071) 31. (2.1, 998365) 

For each exercise, graph sets A and B on a coordinate system. Identify 
the two sets. 

32. A= {(x, y)|x = —2 and y= —2}; B={(xy) |x =—20ry = 9) 

33. A={(x,y)|x = 0'and y==3'5} B= 4x. y) |x = Oon yee 
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34. A={(x,y)|x >-1 and y > —1}; B={(x, y)|x>—-lory>—1} 

35. A= {(x, y)|x =—1 andy =—1}; B= {(x, y)|x =—1or y =—1} 

36. A={(x,y)|x > 0 andy >0}; B= {(x, y)|x > 0 ory > 0} 

37. A={(x,y)|x <0 andy >0}; B={(x,y)|x <0ory > 0} 

38. A= {(x,y)|x < 0 and y <0}; B= {(x, y)]x < 0ory < 0} 

S04 (ey) Oand y= 0108 — 1 (x,y) |x = 0 or y—.0} 

RECALL {(0,0)} means the set consisting of the origin. 

X-axis = {(x, y)|y = 0} 
y-axis = {(x, y)|x = 0} 

Tell which of the following describe the empty set. 

40. {(0,0)} M {(x, y)|y = 0} 

41. {(0,0)} M {(x, y) |x =0} 

427 O07 10s 

43. {(x,y)|x < 0} M {(x, y) |x = 0} 

44. {(x,y)|x=0} O {(x, y) ly = 0} 

AS ery) |i 2 awl (x,y) lag 2 

AO e yaa lai (xny ly = —1} 

Which are true and which are false? 

Ajeet 3)eee QO. 557 0237) cuy-axis 

48. (0,0) © x-axis 56. (0,0) EO, 

49. (0,—1) € x-axis 57. (0, .00001) © y-axis 

SU (ea) ee, 58. (—367109,0) © x-axis 

5) 25.0 ee" y-axis 59. (—17109, —41286) € Q; 

52. (0,398) © y-axis 60. (4301,—16001) € QO, 

535-4 — 301) E"O5 61. (—.0001,—.0001) © Q; 

54. (-12,37) € Op 62. (eal EQ, 
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KEEPING ARITHMETICALLY FIT 

For exercises 1-28, numerals in parentheses refer to pages where you 

can find similar exercises. 

For each per cent, give its decimal name. (442-443) 

1. 15% 3. 110% 5. 560% 7. 370 9. 2.5% 

2. 48% 4. 2% 6. 1% 8. 09% 10. 12.6% 

Find replacements for n to obtain true statements. (442-443) 

11. 30% of 100=n 14. .5% of 3,000 = n 

12. 15% of 120=n 15. 4% of 9,000 =n 

13. 68% of 500=n 16. 150% of 12=n 

Find replacements for n to obtain true statements. (442-443) 

17. 5=n% of 20 20. .01 =1% of 1 

18. 1 =n% of 150 21. 100 = 7% of 20 

19. 5=n% of 4 22. 2=n% of .5 

Find replacements for n to obtain true statements. (442-443) 

23. 3=1% of n 26. 35 = 2.5% of n 

24. 1= 200% of n 27. 12 = 120% of n 

25. .5=1% of n 28. 33 = 60% of n 

Compute 12% of each of the following numbers. 

29. 100 30. 10 31 Sorel 33.8201 

Classify each number into one of the following three categories. 

T: divisible by 3 and not divisible by 9 

N: divisible by 9 

D: not divisible by 3 

34. 8,883 36. 504 38. 5,007 40. 563 42. 31,986 

35. 10,011 37. 986 39. 23,112 41. 31,503 43. 98,303 

Factor completely. 

44. 72 45. 146 46. 225 47. 950 
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48. What is the Least Common Multiple of 12 and 9? 

49. What is the Greatest Common Divisor of 51 and 34? 

Give the set of all factors of: 

50. 36 51. 50 525023 

Classify each number into one of the following five categories. 

Easeven PE: prime and even 

O: odd PO: prime and odd 

P: prime 

53. 100 54. 2 55. 41 56. 51 57. 65 58. 101 

Give the opposite of each number. 

SoM gm G0: = 35 al i fp, Ge 2 

Give the reciprocal of each number. 

Bos ty = 67. 2 68 e696 7007 

Classify each number into one of the following categories. 

R: rational I: irrational 

71. : 73. V10 ‘75. 2020020002. . . 17. a 

oe LES 74. 1.99 76. 26.3567878 78. V225 

Add. 

79,8 OLy¥dn2 it 80. 12 hrs. 32 min. 54 sec. S13 lb Oz 

8 yd. | ft. 15 hrs. 48 min. 14 sec. Silleeli Oz. 

OR de tt: POETS eS Saito SEC: TIDSERDSTOZ: 

Subtract. 

S2e ly eon). 83. 9 gal. 1 qt. 84. 7 min. 31 sec. 

Wiis Pine 2 gal. 3 qt. 3 min. 48 sec. 

Multiply. 

85. 376 86. 89 87. 37.6 88. .88 89. 1.05 

17 9 1.8 BLO 3 

S15 
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Divide each number by .01 mentally. 

90. 17 91. 106 92.163 93. 

Give the answers. 

95. -20.+ (131) 105. —11— (—4) LIS, 

l l 
96.531" (72) 106. Sra ta} 116. 

97. —98 + 52 107 a= (-3) 117. 
4 q/ 

98. —132-+ 264 108. -34- (255) 118. 

99. == sy 1008 31.7 197 119. 
2 2 

1 2 LOU aes 110. —7 x (—14) 120. 

101. ere 111. —12 x 12 121. 
Yee 

102. 13. — (29) 112. —140 x .01 122. 

103.5 —25:— (—67) 113. —1.6 X (—5) 233 

104. 23 — 68 114. -7 x 42 124. 

Give replacements for x to obtain true statements. 

x2 ples a8 125. 5 10 129. Gael o 

Fe he 2 6, 130 

3 x l 127 ee a 
1050 in 223 

Ze = iti oats 
128. -=— 3 

34 5 

Al 94. .01 

67a 0h) 

A. 
3 132. ith 

5 

5 
Xo ue 133. ets 

oe ae 
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VOCABULARY REVIEW 

array of points (275) parabola (303) 
Cartesian coordinate system (292) plane (292) 
coordinates (280) quadrant (288) 
exterior of a parabola (305) rectangular coordinate system 
finite lattice of points (278) (292) 
infinite lattice (290) rectangular lattice (278) 
interior of a parabola (304) symmetry (295) 
ordered pair of numbers (275) X-axis (289) 
origin (294) y-axis (289) 

A CHALLENGE TO YOU 

For how many years should $1,000 be invested at the rate of 4% 
simple interest to obtain $100 in interest? 

On a checkerboard two diagonally opposite squares are removed. 

Can you cover the remaining 62 squares using domino pieces 

each covering two squares? Prove your answer. 

A man usually comes home from work on the 5 o’clock train. He 

is met by his wife at the station and driven home. One day he takes 

the 4 o’clock train. Upon arrival at the station, he starts walking 

toward home. He is met by his wife on the way, and they arrive at 

home 20 minutes earlier than usual. For how long did the man walk? 

‘Are those your children whom I hear playing in the garden?” 

asked the visitor. 

“There are really four families of children,” replied the host. 

“Mine is the largest, my brother’s family is smaller, my sister’s is 

smaller still, and my cousin’s is the smallest of all. They are play- 

ing drop the handkerchief,’ he went on; “they prefer baseball, 

but there are not enough children to make two teams. Curiously 

enough,” he mused, “‘the product of the four numbers each telling 

the size of one of the four groups is my house number, which you 

saw when you came in.” 

‘I am something of a mathematician,” said the visitor, “let me 

see whether I can find the numbers of children in the various fami- 

lies.” After figuring for a time he said, “‘I need more information. 

Does your cousin’s family consist of a single child?” The host 

answered his question, whereupon the visitor said,*‘‘ Knowing your 

house number and knowing the answer to my question, I can now 

deduce the exact number of children in each family.” 

How many children were there in each of the four families? 
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~ 

Sh 

Given a sample space for a particular experiment, each subset of 

the sample space is called an event. When rolling a die twice, the 

sample space consists of 36 elements. The event in which | comes 

up on thé firstiroll is 10121); (1,2)- C. 3)5 Cle 4) O15) eG) ye 

a. Give the event in which | comes up on the second roll. 

b. Give the event in which the same number comes up on the 

second roll as on the first roll. 

c. Give the event in which the sum of the outcomes on the first 

and on the second rolls is 10. 

CHAPTER TEST 

Form the 9 possible ordered number pairs using the numbers 1, 2, 

and 3. Then label these points on a 3-by-3 array. 

In the 3-by-3 array in problem 1, mark all points for which the 

first coordinate is greater than the second coordinate. 

Explain why the intersection of any two quadrants in a coordinate 

system is the empty set. 

Using the concept of the union of sets, write an expression for the 

entire plane in terms of the four quadrants and the two axes. 

What points belong to the set {(x, y) |x = 0 and y = 0}? 

Graph each set on a rectangular coordinate system. 

6. A={(x,y)|x = 2 and y < —3} 

Uh 

8. 

9. 

10. 

B= {(x,y)|—4 <x <0 and—-3 = y <—1} 

C={(x,y)lx=y} 
Di ey) <a os0hey =O} 

E={(x,y)|-3 =x s 0or—3 = y s—1} 

Tell which of the following sets of points are straight lines. 

11. 

12. 

13. 

{(x, y)|x = 3} 14. {(x, y)|y =—2.5} 

{(x, y)|y = x?} 15. {(x, y)|2y? =x} 

{(x, y)|y = 2x + 7} 16. {(x,y)|x+y=1} 
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For each point, give the coordinates of the point which is symmetric 
with respect to 

a. the x-axis b. the y-axis c. the origin 

17s 3) 20. (—6, 3) 23. (1,0) 

18. eyo) Bim 0.3) 24. (—V5,0) 

19. (—5,—1.6) 22. (0,—4) 25. (0,0) 

In which quadrant or on which axis is each point found? 

26. (0, 847) 30. (—V39, 0) 34. (—3,—3) 

27. (—117,=368) 31. (0,—13.1) 35. (1261, —9072) 

28. (305, —39.7) 32. (0,0) 36. (.000001, - 4) 

1 1 1 29. (Vas) 33. (V126, 0) 37. ( Ty: ell 

Each of the following describes a parabola. 

a. Write a description of the interior of each parabola. 

b. Write a description of the exterior of each parabola. 

38.71 (x,y) by = 3x7} 40. {(x, y) |4y? = x} 

Soy) |y = 2k} 41. {(x,y)|—3y? =x} 

Which ordered number pairs belong to the set { Gs y) Ly = re L 

42. (2, 16) 44. (52) 46. (1, .04) 

43, (—2, 16) 45. (52) The ei 



Basic Geometric Figures 
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POINTS AND SEGMENTS 

A point is the simplest geometric figure. On paper we make dots to 
Suggest points. We will use capital letters as names for points. 

A 

e << This is point A. 

Another simple geometric figure is a segment. 

On the right is a picture of a segment, AB. It 
is made up of points A and B and all points 

between A and B. The points A and B are 

called the endpoints of AB. Note that we 
make a bar over AB to refer to the segment. 

1. a. There are four segments shown in 

the figure on the right. Name them. 

Four pairs of segments share a com- 

mon endpoint. Name these pairs of 

segments and name the endpoints 

each pair shares. 

How many pairs of segments do not 

have any common endpoints? Name 

them. 

There are seven segments shown in 

the figure on the right. Name them. 

. Name the endpoint(s) shared by 

four segments. 

Name the endpoint(s) shared by 

three segments. 

. Name the endpoint(s) shared by two 

segments. 

Recall the meaning of the term segment. 

mw Segment AB is the set of points consisting of points A and B and 

all points between 4 and B. 

3: a. In the picture on the right, explain 

why point Y belongs to both XY 

and YZ. 

Why does point X not belong to Ze 
~< 

=< 

= 

N 
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POLYGONS 

“Poly” means ‘‘many,” “‘gon’’ means “‘angle.’’ Hence, a polygon is a 

figure having a number of angles. Below are pictures of several polygons. 

AG ieee 
1. Is it possible to have a polygon with two sides? Why or why not? 

2. What is the smallest number of sides that a polygon may have? 

A triangle is a polygon with the smallest number of sides. The sides of 

a polygon are segments. 

3. a. Name the three segments which R 

are sides of the triangle pictured on 
the right. 

b. What two sides share the point P? 

c. What two sides share the point Q? P Q 

d. What two sides share the point R? 

= Can a triangle have two sides that do not have a common point? 

m@ A triangle is the union of three seg- C 

ments. Each pair of segments has one A 
common endpoint. 

AABC = AB U BC U AC : ; 
5. Name the sets of points which will correctly complete the following: 

a. ABN BC=__ CGA i) Abe oe 

be bOe C4 ee 

6. According to the definition of a tri- 

angle, does the picture on the right 

show a triangle? Why or why not? 

one vertex of AABC. 

7. Name two other vertices of AABC. 

Xx W 

aaa Z 

. . . . C Each triangle has three vertices. Point A is 

A B 



10. 

11. 

12. 
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- a. On your paper make a picture of a triangle. Name the vertices 
of this triangle X, Y, and Z. 

b. Name AXYZ as a union of three segments. 

c. In your picture, label a point A anywhere on XY. Is the state- 
ment A € AXYZ true? Why or why not? 

A polygon with four sides is called a quadrilateral. 

- Name the four vertices of the quadri- R Q 
lateral pictured on the right. 

Name the four sides of the quadrilateral N 

on the right. 

In the quadrilateral NPQR, name two pairs of sides which have 

the following common points. 

a. N Dace. Can. d. R 

In the quadrilateral NPOR, name two pairs of sides which do not 

have common points. 

In NPOR, NP and PQ are one pair of adjacent sides because they have 
a common point. 

13. 

14. 

15. 

16. 

ize 

In quadrilateral NPQOR, name three other pairs of adjacent sides. 

In quadrilateral NPOR on the right, 
two diagonals are shown. One diagonal 

is PR. Name the other diagonal. 

In what point do the two diagonals 

intersect? 

For the picture above, is the following statement true? 

PR 1 NO=X 

Why or why not? 

A polygon with five sides is called a pentagon. 

A pentagon has five diagonals. Copy 

the pentagon on the right and show A D 
its diagonals. Name the diagonals as 

segments. B G 
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HALF-LINES AND RAYS 

Below is a picture of a line. 

eC 

A B 

Unlike a segment, a line does not end. It extends without end in both 

directions. This is indicated by arrows in the picture. 

1. Does point A belong to the line? Does point B? Does point C? 

We will use the following symbol to name the line shown. 

AB 

2. Give a name for the line pictured on \ Y 
the right. 

Point M separates the line on the right into “ 

two sets of points: 
weulaiet ca a 

the set of points to the left of M 

and 

the set of points to the right of M 

Note that the point M (the separator) does 

not belong to either of these sets. 

Here is a picture of a portion of that N 

line. It is called a half-line and is named by ae 
the symbol 

CS 

MN 
. . . . > 

This half-line consists of all points on MN which are to the right of 
M. Notice that we draw a small circle at one end to show that M is 
not a part of the half-line. 

If point M is included with the half- N 
line, the resulting set is called a ray. Thus, 
the ray, named by the symbol M 

MN 

= 

consists of M and the half-line on the right of M. Notice that we draw 
a dot at one end to show that M is part of the ray. 
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' ae 
Describe ray ST pictured on the fa ana pet 
right as the union of two sets of 
points. 

Remember, we agree that 

AB means a segment. It is the same as BA. 
Se SS 

AB means a line. It is the same _as BA. 

AB means a half-line. Why is AB not the same as BA? 
coed — 

AB means a ray. Why is AB not the same as BA? 

4. Which are true and which are R Q ig 

false? (Refer to the picture on the 

right.) 
aed —= <> —_—_>— >= 

a. OR U'OQT=OR c RO=QT e. OT=TOQ 

DROOL) datOwW OR— RI f. RO=RT 

ANGLES 
. . ———2e 

Each ray has one endpoint. The endpoint of AB is A. 

B AG oe en 

Look at the picture on the right 

and give the endpoint of each of 

the following: 
—= — —5 — 

ame.) Ce Cy CW. ds WY 

Refer to the picture on the right 

and name two rays which have a 

common endpoint. 

= aoe . . . . . 

YC and YW are called collinear rays because their union is a line. 

4p 

4. 

; — —=- 
Explain why YW and YZ are non-collinear. 

In the picture on the right, name E B 

two pairs of collinear rays and two a 

pairs of non-collinear rays. 4 3 

An angle is the union of two non-collinear rays having a common 

endpoint. The rays are called the sides of the angle. 
. . . ——— Seen 

In the picture given above, why is the union of AE and AC not 

an angle? 
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6. Name the two rays pictured on the F 

right. 

7. What is the common point of the two 

rays? 

Since the geometric figure pictured on the 

right is the union of two non-collinear rays 

with a common endpoint, it is an angle. This 

angle may be named in three different ways. 

LM ZLFMG ZL GMF 

Read: angle M angle FMG angle GMF 

8. Using three letters in each case, name 

seven different angles shown in the pic- 

ture on the right. 

9. Explain why the following statements 

are true. 

a. 2 BAM = Z BAC 

b. ZRMA = ZRMX 

10. 4 DAE is vertical to 2 BAC, because 

AD and AC form a line and AB and AE 

form a line. Why is Z BAD not vertical 

to 2 BAC? 

11. Name another pair of angles in the pic- 

ture on the right such that one angle is 

vertical to the other. 

12. Explain why this statement is true. 
Seed —> 
AD U AB=ZBAD 

MEASURES OF SEGMENTS AND ANGLES 

1. Draw a picture showing that AB is a subset of AB. 

2. Using the same line AB as in exercise 1, label a point C not on AB. 
Draw a picture showing that AC is a subset of AC. Connect B 
and C. 

A ABC has three sides: AB, BC, and AC. 
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3. Explain the following: \ 

AB U AC is a subset of ZA. C 

We will say that triangle ABC has 7 
three angles: ZA. ZB: and ZC. B 

You must remember, however, 

that the sides of 2 A are rays, AB 
and AC. Therefore, the sides of 

ZA are not subsets of AABC. 

Each side of a triangle has a measure. It is the number of units of 

length, such as inches, or centimeters, or feet, or any other unit of 

length we may choose. Similarly, each angle has a measure. It is the 

number of degrees, or radians, or any other angular measure we may 

choose. 

@ Two line segments which have the same measure are said to be 

congruent. Similarly, two angles which have the same measure 

are said to be congruent. 

4. Name two pairs of congruent 

line segments in the picture on 

the right. 

To indicate that the measure of 

AB is 2 inches, we write 

AB =2 

Read: The measure of AB is 2. 

NOTE: AB means a segment; 

AB means the measure of a segment. 

5. Name two pairs of congruent angles in the picture below. 

C 

D 
Shey 

40° 40° 

ele 

A 

B 

To indicate that the measure of angle A is 35°, we write 

mz_A = 35° 

Read: The measure of angle A is 35 degrees. 
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CLASSIFICATION OF TRIANGLES— MEASURES OF SIDES 

Triangles can be classified according to the measures of their sides. 

B D E G 

In AABC pictured above no two sides have the same measure. 

@ A triangle in which the measures of no two sides are the same is 

called a scalene triangle. 

In ADEF above, DF = EF;; that is, the measures of two sides 

are the same. 

@ A triangle in which the measures of at least two sides are the same 

is called an isosceles triangle. 

In A GHI above, GH = HI = IG; that is, the measures of all 

three sides are the same. 

@ An isosceles triangle in which the measures of all three sides are 

the same is called an equilateral triangle. 

Tell whether each triangle is scalene, isosceles, or equilateral. 

0.7” 
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In AXYZ, XY is opposite vertex Z. Y 

9. What side is opposite vertex X ? 

10. What side is opposite vertex Y? X 

11. What vertex is opposite XY? 

12. a. Draw pictures of three isosceles triangles. Measure their sides 

and angles and record these measures. 

b. What conclusion can be stated about the measure of the angles 

opposite the congruent sides in an isosceles triangle? 

13. a. Draw pictures of three equilateral triangles. Measure their 

sides and angles and record these measures. 

b. What conclusion can be stated about the measure of the angles 

in an equilateral triangle? 

14. For each of the six triangles you drew for exercises 12 and 13, add 

the measures of the three angles. What is the sum in each case? 

CLASSIFICATION OF TRIANGLES— MEASURES OF ANGLES 

Triangles can also be classified according to the measures of their 

angles. 

J K N P Pp S 

Every angle of AJKL above has a measure less than 90°. 

m A triangle in which the measure of each angle is less than 90° is 

called an acute triangle. (An angle whose measure is less than 90° 

is called an acute angle.) 

The measure of 7 N in AMNP above is 90°. We use the small square 

symbol to indicate that the angle measures 90°. 

@ AA triangle in which the measure of one angle is 90° is called a 

right triangle. 
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1. Can a triangle have more than one angle whose measure is 90°? 

Why? 

In ARPS on pagé 329, the measure of Z P is greater than 90°. 

@ A triangle in which the measure of one angle is greater than 90° is 

called an obtuse triangle. (An angle whose measure is greater than 

90° and less than 180° is called an obtuse angle.) 

2. Can a triangle have more than one obtuse angle? Why? 

In exercises 3-10 whenever your answer is “yes,” draw a picture to 

illustrate the triangle described in the problem. 

Sh 

OAS ay oe ee 

10. 

Can an acute triangle be a scalene triangle? 

Must an equilateral triangle be an acute triangle? 

Can a right triangle be a scalene triangle? 

Can a right triangle be an isosceles triangle? 

Can an obtuse triangle be a scalene triangle? 

Can an obtuse triangle be an isosceles triangle? 

Can an obtuse triangle be an equilateral triangle? 

Can an obtuse triangle be a right triangle? 

INTERIORS OF ANGLES 

Each line in a plane separates the plane into 

two subsets called half-planes. A line 

extends indefinitely in both directions. 

The line which is the separator does not 

belong to either of the two _ half-planes. 

Thus, AB on the right separates the plane 
. >) 

into two half-planes. However, AB belongs 

to neither set. One half-plane contains 

point C. We will call this half-plane ho. 

Point D belongs to the other half-plane. 

1. What do we call the half-plane containing point D? 

2. Let p be the plane. Explain the meaning of the following statement. 

hc U hp UAB=p 
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An angle in a plane also Separates, the plane 
into two subsets. Recall that YY and XZ, 
which are the sides of ZX, each extend in- 
definitely in some direction. Some of the 

points of the plane are “‘inside” the angle. 
Point K is such a point. 

3. Is point Q such a point? Is point T? 

To decide which points are ‘‘inside” an angle, let us look at the picture 
below. 

uC separates the plane into two half-planes. The half-plane which is 

shaded gray contains points M, D, B, and F. We call this half-plane 

hz. 

But Di also separates the plane into two half-planes. The half- 

plane which contains points D, M, C, and H is shaded in color; we 

call this half-plane /h¢. 

That part of the plane which is doubly shaded is the intersection 

of hz and he. 

4. For the picture above, which of the following points belong to 

hg 1 he? 

a. M Da6G, Ca. d. D eo F f. E 

5. AC does not belong to hg. Does point C belong to hz? 

6. a. Does point B belong to hg N hc? 

b. Does point C belong to hg N hc? 

c. Does point A belong to hg N he? 

@ The set of points hg M hg is called the interior of 2 BAC. 
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7. On your paper, draw a picture like the 

one on the right. Shade the interior 

of 2M. 

An angle in a plane separates the plane into 

two subsets: the interior and the exterior 

of the angle. Remember the separator 

“stands between” the two sets and is not a 

subset of either set. The exterior of an angle 

consists of all points which are not in the . 

interior and not on the angle. 

Point R is in the interior of 72 M. 

Point T is in the exterior of Z M. 

Point O is on 2M. 

8. Is point Q either in the interior or the exterior of ZM? 

9. Make another picture like the one on the right above. Shade the 
exterior of 2 M. 

10. Let p be the plane, /,,, the interior of 2 M, and E, ,, the exterior 
of 2 M. Explain the meaning of the following statement. 

(zwU (2M) U (E,y) =P 

11. On your paper, make a picture like the 

one on the right. Shade the portion 

which is the intersection of the interiors 

of 2 BAC and Z EAD. 

12. a. Inthe picture you made for exercise 

11, connect EF and B with a segment. 
Describe the points of EB which A 
belong to the interior of 7 EAB. 

b. Which points of EB do not belong to 
the interior of 72 EAB? 

13. On your paper, draw a picture like the 

one on the right. Shade the portion 

which is the intersection of the interiors 
of 2 XYZ and ZYXZ. Which of the 
following points belong to this inter- 
section? 

a. W b. V CZ d. T 
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INTERIORS OF TRIANGLES 

1. Name the three lines shown in the 

picture on the right. 

2. Complete each statement. 
C= Sea 

a2 AB Mike =e 
SS SS 

btBG-(\:AG = 2 
—— > 

ClAG AH =.- — =. 

<——> 

3. AC separates the plane into two 

half-planes; 4 zp 1s the half-plane deter- 

mined by AC and containing point B. 

a. Describe h, similarly. [HINT: Consider BC.] 
. . . . = 

b. Describe he similarly. [HINT: Consider AB. ] 

4. a. Draw a picture like the one above. Shade the half-plane h,. 

b. Shade the half-plane he. 

On your picture for exercise 4, mark all points which are in the picture 

above. Which are true and which are false? 

SHLEs (Hy (Be) 10. K & (hg A Ac) 

6. BE (hg M he) ih d= aa 

7. D € (hp A he) ‘Dy, 1 Oh 

8. F & (hg Nhe) iki WHE Whale) 

DEI Ce he the) 14 he: (Nani) 

The shaded portion in the picture below is the interior of AABC. The 

sides of the triangle do not belong to the interior of the triangle. 
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15. a. Make a picture like the one on 

the right. Shade hy ._ (that half- 

plane determined by YZ and con- 

taining point X). 

b. Shade hy. 

c. Shade hz. 

d. Is the following statement true? 

hy N hy N hz = interior of AXYZ 

16. a. Does X belong to the interior of 

A XYZ? Why or why not? 

b. Do any of the three vertices of a | 

triangle belong to the interior of 

the triangle? 

SIMPLE CLOSED CURVES 

You are familiar with many geometric figures which have applications 

in our every-day activities. Some of these are triangles, squares, rec- 

tangles, parallelograms, and circles. All of these belong to the set of 

simple closed curves. Below are pictures of some simple closed curves. 

a. c. e. g. 

Each of the pictures below shows a figure which is not a simple 
closed curve. 

i. j. k. 1. 
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We can use the following test to determine whether or not a figure 
is a simple closed curve. 

TEST If you are able to trace a figure by starting at a certain 

1. 

point and returning to the same point without lifting your 
pencil or crossing any points, then the figure is a simple 
closed curve. 

Using the test, tell why each of the figures i-] on page 334 fails 
to be a simple closed curve. 

Although each of the curves a-h on page 334 is a simple closed curve, 
there are basically two kinds of curves represented. We will sort these 
curves into two kinds. 

2. 

DA mw Rw 

Copy each picture a-h on a sheet of paper. 

For each picture, choose 5 pairs of points in the interior. 

Connect each pair of points with a segment. 

Does every point of every segment lie in the interior of the curve? 

a. Can you find two points in the interior of curve d such that the 

segment connecting these two points has some points outside 

the interior of the curve? 

b. Answer the same question for curve c. 

c. Answer the same question for curve e. 

Simple closed curves are either convex or concave. If for every 

two points in the interior of a curve, the segment connecting these 

points lies entirely in the interior, then the curve is convex. If 

there is one such segment which is not entirely in the interior, 

then the curve is concave. 

BUILDING GEOMETRIC FIGURES 

The simplest geometric figure is a point. The next simplest figure is 

a segment. The segment pictured below, AB, consists of points A and 

B and all points between A and B. 
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1. Below are pictured four sets of points. For each set, tell whether 

the three labeled points are on one segment or not. 

a. Cc b. Fat. | d. J : 

L 

A D G : 

There is one line which contains all three points in part a above. There 

is no one line which contains all three points in part b. 

® Points which lie on the same line are called collinear points. 

2. Explain why the following statement is true. 

Every two points are collinear. 

3. On your paper, copy three sets of points like those below. In 

each set, connect the three points to obtain triangles ABC, DEF, 

and GHI. 

a. Ae b. De Cc. eH 

eC Ge 

oF 
Be Ee 

@ Every set of three non-collinear points determines a triangle. 

4. Explain the following statement. 

Every set of three non-collinear points determines 

not only a triangle, but an entire plane. 

So far we have considered three simple figures. 

Point Segment Triangle with its interior 

Consider four points in space. They can be arranged so that they 
determine one plane. 

M Points which lie in the same plane are called coplanar points. 
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It is possible for four points to be arranged so that they cannot lie 

in one plane. Such points are non-coplanar. 

Suppose we have four points not all 

of which are in the same plane. The four 

non-coplanar points are in space. They 

form a figure called a tetrahedron. So, the 

fourth simplest figure, which is deter- 

mined by four points, is a tetrahedron. 

Four is the smallest number of points re- 

quired to determine a solid figure. 

REGULAR TETRAHEDRONS 

The most complex of the four basic figures we have considered so far 

is the tetrahedron. Polygons can be classified into regular polygons 

(all sides have the same measure and all angles have the same measure) 

and all others. We may also classify tetrahedra into regular tetrahedra 

and all others. 
The directions below tell how to make a model of a regular tetra- 

hedron. Refer to the picture as you read these directions. 

1. On a piece of paper, construct a picture of an equilateral triangle. 

To do this, start with a segment, AB. 1 Then with a compass make 

arcs AC and BC. Draw pictures of AC and BC. 

2. Bisect each side of AABC. (Divide each side into two parts of the 

same length.) Here are the directions for bisecting AB. 

a. Put the foot of a compass at the C 

point A and open the compass to 

more than half the distance from 

Ato B. 

b. Make anarc X'YX. 

c. With the same opening of the 

compass and with the foot at the A B 

point B, make another arc X’ZX. 

The two arcs intersect in X and 

IO: 

d. Connect X and Xx’. 

e. Point D bisects AB, so AD = DB. 
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3. Using a compass, mark off AE and BF equal in length to AD. (Why 

do E and F bisect AC and BC, respectively?) 

4. Draw ED, DF, and FE. 

5. Cut out A ABC, and fold along ED, DF, and FE. Fasten edges 

with adhesive tape. You now have a model of a regular tetrahedron. 

KEEPING ARITHMETICALLY FIT 

For exercises 1-32, numerals in parentheses refer to pages where you 

can find similar exercises. 

ad: 
(423-424) (436-437) (428-430) 

1. 1,478 2. 125.3 3, S+o+5 
333 366.2 
488 7.8 a 1 2 

9,007 632.1 4. 33767 + 107 
6,005 500.9 
5,363 63.6 i Peel es ca) 
4.071 15.4 em i eee 

309 115.5 

Subtract. 

(424) (438-439) (430-432) 

6. 442,305 7. 40.26 eee oe 3. 
— 50,476 Emons leit ile 

Multiply. 

(425) (439-440) (432-434) 

10. 309 11. 13.7 vy. 2x5 13, 34x52 
x 258 x 9.8 Th 2h eS 

Divide. 

(425-427) (440-442) (434-435) 

14. 305)365,211 15. 2.7)365.2 16. i+ 23 17. 34+ 7 

Give names in the form of per cent for the following: (442-443) 

18. .37 19S) 20. 2.36 21. 12.4 22. 100 
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Give replacements for n to obtain true statements. (442-443) 

23. 

24. 

25. 

26. 

Ff 

30% of 120=n 28.) 2=nZOL.5 

Bo on200e B98 00 o len 

120% of 120=n 30. 5 = 200% Stir 

5=n% of 100 31. 56= .5% of n 

je I I 
~=n% of= 32. —= 50% of 1 
2 f n 

Do exercises 33-40 mentally. 

S35 

34. 

35. 

36. 

AME 

38. 

39; 

40. 

Take 15, divide by 3, multiply by 5, subtract 25. Result? 

Take square root of 100, divide by 10, subtract 1, multiply by 250, 
add 5, multiply by 13, subtract 16. Result? 

Take 75, multiply by 2, add 150, multiply by 5, add 500, divide 
by 200, subtract 9. Result? 

Take 3, multiply by 4, multiply by 12, divide by 2, divide by 4. 
Result? 

Take 5, square it, divide by 2, multiply by 3, subtract 9, subtract 

ae Result? 

Take * multiply by y multiply by 12, divide by 6, multiply by 10. 

Result? 

Take .1, multiply by 100, divide by 20, subtract 5: Result? 

Take 7 multiply by 16, subtract 2, square, add 16, multiply by 

100, divide by 2, subtract 1, take square root. Result? 

Find the numbers called for in exercises 41-44. 

41. 

42. 

Multiplying a number by 2 and adding 7 results in 15. What is the 

number? 

One-half of a number increased by 2 is 9 >: What is the number? 
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43. Adding 25 to a number and multiplying the result by 4 results 

in 148. What is the number? 

44. What is the arithmetic mean of 1:5, 2.5, and 57 

Use this table for exercises 45-48. 

1 inch = 2.54 centimeters 

1 foot = 30.48 centimeters 

1 yard = .91 meter 

1 kilometer = .6 mile 

1 meter = 39.4 inches 

1 centimeter = .4 inches 

45. 

46. 

47. 

48. 

49. 

A car traveling at the speed of 85 kilometers per hour is traveling 

how many miles per hour? How many yards per minute? How 

many feet per second? 

A 100 meter dash is how many feet? 

400 yards is how many meters? 

A train traveling at 80 miles per hour travels at how many kilo- 

meters per hour? How many feet per second? 

100 feet per second is how many miles per hour? 

VOCABULARY REVIEW 

acute triangle (329) 

adjacent sides (323) 

angle (325) 

between (321) 

collinear points (336) 

collinear rays (325) 

concave curves (335) 

convex curves (335) 

congruent (327) 

coplanar points (337) 

diagonal (323) 

endpoint (321) 

equilateral triangle (328) 

exterior of an angle (332) 

half-line (324) 

half-plane (330) 

interior of an angle (331) 

interior of a triangle (333) 

isosceles triangle (328) 

measure (327) 

non-collinear points (336) 

non-coplanar points (337) 

obtuse triangle (330) 

pentagon (323) 

point (321) 

polygon (322) 

quadrilateral (323) 

ray (324) 

regular polygon (337) 

regular tetrahedron (337) 

right triangle (329) 

scalene triangle (328) 

segment (321) 

simple closed curve (334) 

tetrahedron (337) 

triangle (322) 

Venlexa(s 22) 

vertical angles (326) 
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A CHALLENGE TO YOU 

In the base-ten numeration system .1 means one-tenth, .01 means 
one-hundredth, and so on. In the base-five numeration system .1 
means one-fifth, .01 means one twenty-fifth, and so on. Write in 
words the name for each of the following: 

a. OAve Cc. POU bane e. all ave g. PZ lave 

b. 04 give ds 23 sve (ee oe WE ee h. .0001 tive 

For the numerals in exercise 1, write fractional names. 

For the numerals in exercise 1, write decimal names. 

For the experiment of rolling a die twice, the sample space S 
consists of 36 elements. To say that the number of elements in 
S is 36, we write 

n(S) = 36 

The event E of obtaining 1 on the first roll contains 6 elements. 
That is, 

n(E) =6 

The probability of E, denoted by P(E), is computed as follows: 

Se) a Ogme | 
DON EN a Ya Gs 

a. Compute the probability of the event in which the sum of the 

outcomes on the first and on the second rolls is 10. 

b. Compute the probability of the event in which the sum of the 

outcomes on the first and on the second rolls is 6. 

c. Compute the probability of the event in which the sum of the 

outcomes on the first and on the second rolls is 12. 

d. When it is impossible for an event to occur, we say that its 

probability is 0. What is the probability of the event in which 

the sum of the outcomes on the first and on the second rolls 

ismiow. 

e. When it is certain that an event will occur, we say that its 

probability is 1. What is the probability of the event in which 

the sum of the outcomes on the first and on the second rolls 

is less than 13 and greater than 1? 
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CHAPTER TEST 

Match each picture with the letter of the correct name chosen from 
the list below. 

1. 9 
@ 

10. e 
t 

We 
11. 

3. 

12. e 

4. Ce ——————————————— 

6. xc aa 13. 

iat 

1. 13” 

8. : 14. 

a. three collinear points i. isosceles triangle 

b. equiangular triangle j- right triangle 

c. acute angle k. tetrahedron 

d. quadrilateral l. line 

e. vertical angles m. segment 

f. obtuse angle n. pentagon 

g. ray o. three non-collinear points 

h. scalene triangle 

16. Describe A ABC as the union of three segments. 



17. 

18. 

19. 

20. 

21. 
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Name three kinds of triangles classified according to measures 
of their sides. 

Name three kinds of triangles classified according to measures 
of their angles. 

a. On your paper, draw a picture like 

the one on the right. Shade the in- 

terior of A. 

b. Does point B belong to the interior? 

c. Does point D belong to the interior? 

Which simple closed curves are convex? 

a. b. — c. bene d. \ 

Explain why it is not possible to have more than one obtuse angle 

in a triangle. 

Which are true and which are false? For each false statement, introduce 

the necessary correction(s) to change it to a true statement. 

22. 

23. 

24. 

25. 

26. 

de 

28. 

29. 

30. 

It is not possible for 3 points to be non-collinear. 

A triangle is a set of points. 

Not every ray is a set of points. 

A segment may be a subset of a ray. 

A ray may be a subset of a segment. 

The two simplest geometric figures are a point and a segment. 

A triangle may have two right angles. 

A right triangle may be isosceles. 

Two lines may intersect in more than one point. 



Areas and Volumes 
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AREAS OF RECTANGLES AND RIGHT TRIANGLES 

A rectangle is a quadrilateral in which opposite sides are parallel and 

all angles are right angles. To abbreviate “rectangle ABCD,” we write 

SeVABeD 

The shaded region on the right is Dp 

the interior of rectangle ABCD. Strictly 

speaking, the area of rectangle ABCD is 

0, because rectangle ABCD is the union 

of four segments: 

ARIOUBRGLU GDI DA 

That is, the boundary itself has an area 

of 0 square units. However, the area 

which the boundary encloses is not 0. 

To simplify matters, we shall agree that whenever we say “‘area of 

a rectangle,” we shall mean ‘‘area of the interior of a rectangle.” 

M@ If the length of a rectangle is / units and the width is w units, then 

the area of this rectangle is /w square units. 

Area_ = lw 

1. Explain why the area of the rec- 

tangle pictured on the right is 21 

square inches. 3” 

2. What is true of the measures of the 

opposite sides of a rectangle? Ge 

Find the area of each rectangle with the given length and width. The 

first number gives length, the second width. 

So) 4iifl. 2 10. 

Ames 5c © itt: 

Ss, Avis Wate 

Gal 2sin-; 2 ft. [HINT: Change feet to inches or inches to feet before 

computing the area. | 

1h 2 TAME 

Smoeya, Jett. 
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9. Make a picture of three different rectangles. Connect two opposite 

vertices with a segment. This segment is a diagonal which divides 

the rectangle into two triangles. Do the pairs of triangles in each 

rectangle have the same area? 

10. a. If the area of COMPRS is lw S R 

square units, what is the area of 

AMPS? é 

b. What is the area of APRS? 

M : P 

MATHEMATICAL DERIVATION 

If we know that a diagonal of a rectangle divides the rectangle into 

two right triangles having the same area, then we can determine the 

formula for the area of a right triangle. 

1. Area of TABCD = lw square units 

Area, 4gc= Area AACD 

. Therefore, Areajjgcp= 2X Area , sac 

> Ww Oo = (SB) 

2, 

3 

4. Therefore, jw =2 x Alea, spe 

5 » MTherefore,Area, 3, — Sw 

The conclusion is that the area of triangle ABC is one-half of the area of 
rectangle ABCD. Of course, this would be true in any rectangle, since 
we did not choose any special rectangle. 

Find the following areas. 

Nhe CNRS vps, A B 

2. Area “ : AABC D 

5” : 3. Areamic, 

Find the following areas. 

A ATCA ane P R 

5S. Areayypr [T divides PR into two | 
congruent segments. | S 

6. Areanrps M 8” S 

Ja ATCA, ire 
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Find the following areas if YV = VW = WU, and XT = TZ. 

Y V 3” W U 

Sue LCA re 9. Area, yyy 10. Area, wuz 

11. Lines 4B and ( CD are parallel. XA is an altitude upon CD in 

ACDA, and BY is an altitude upon CD in ACDB. Name all pairs 

of segments which appear to have the same measure. 

ae 
me 

X C Y D 

A B 

' 
' 
\ 
' 
1 
' 

PARALLELOGRAMS 

A parallelogram is a special kind of a quadrilateral. Its opposite sides 

are parallel, but its angles do not have to be right angles. Below is a 

picture of a parallelogram. To abbreviate “parallelogram ABCD,” 

we write “Z/ABCD.” 

A B 

Which are true and which are false? 

1. Every parallelogram is a rectangle. 

2. Every rectangle is a parallelogram. 

3. Every parallelogram is a quadrilateral. 

4. Every quadrilateral is a parallelogram. 
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Every square is a quadrilateral. 

No triangle is a quadrilateral. 

Some rectangles have no right angles. 

a Every parallelogram has two diagonals. 

9. Every square is a parallelogram. 

Let us use the pictures of the three parallelograms below to make some 

conclusions about the measures of their sides and angles. 

J K 

E H | L 

10. Use aruler and a protractor to measure the sides and the angles of 

each parallelogram. Record the measures of the four sides and four 

angles of each parallelogram on a piece of paper. 

B Cc 

A D 

On the basis of these measures, answer the following questions. 

11. What seems to be true about the measures of opposite sides? 

12. What seems to be true about the measures of opposite angles? 

In the picture, PT is perpendicular to RT i Q = 
and SU is perpendicular to OR. We abbre- 
viate this as follows: 

RISER a sSU Oe OR 4 

13. Draw pictures of two more parallelograms. Draw pictures of line 
segments like PT and SU above, and shade the corresponding 
triangles. 

14. What do you suspect to be true about the areas of triangles PTQ 
and SUR? What about the areas of the pairs of corresponding tri- 
angles in your pictures? 

15. Draw a picture of two parallel lines. Choose three points on one of 
the lines. Draw perpendiculars from these points to the other line. 
Measure the lengths of the three perpendiculars between the two 
lines. What appears to be true about these measures? 
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AREAS OF PARALLELOGRAMS AND TRIANGLES 

Let us assume that the area of AAEB is 

the same as the area of ADFC. From 

this assumption, we can draw a conclu- 

sion about the area of a parallelogram. 

We know that AEFD is a rectangle. Its 

area is bh square units. Since AAEB 

and A DFC have the same area, the area 

of £/ ABCD is the same as the area of 

CIAEFD. Explain why this is true. The 

area of the parallelogram, therefore, is 

also bh square units. 

@ The area of a parallelogram is equal 

to the product of the measures of 

the base and the altitude. 

Area _= bh 

1. Compute the area of (/EFGH. The 

measures of the base and altitude 

are as shown in the picture. 

Pan 6 tle 0 
a oo 

| 
hl 
| 

A b 

P Q 

M b R 

P Q 

M x” R 

2. The area of (/IJKL is 24 sq. in. Determine the length of its alti- 

tude JM, if IL = 8 in. 

J K 

(mu M ae” L N 

0 p 

| 
Ce 

| 

R 

3. The area of “/ NOPR is 48 sq. in. Determine the length of NR. 

4. Determine the area of the parallelogram on the left below. 

5. SV =Sin., VW = 1 in. The area of AVUW = 1.5 sq. in. Determine 

the area of Z/STUV. 
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Diagonal BD divides [7 ABCD B ; 
into two triangles. These two tri- 

angles have the same area, that is 

Area, agp = AT€aapcp 

If the length of AD, the base ofthe 4 b 
parallelogram, is b, and the altitude 

of the parallelogram is h, then the 

area of the parallelogram is bh. 

Area acy = bh 

The area of each of the two triangles ABD and BCD is, therefore, > bh. 

M@ If the base of a triangle is b 

units and the height is / units, 

then the area of the triangle is 

Sbh square units. 
b 

1 
Area, = oh 

Determine the area of each triangle with the given base and altitude. 

6. b=Sin., h=15 in. 9. b= i ft, h= sft 

De fe Fade 3 
1p b=1ft,h=5-,in. 10. b= 7 ft, A= 8in. 36 sq. in. or 

8. b=3.6 in., h = 2.8 in. 11. b=1 yd.,h=2 ft. 

12. What is the altitude of AXYZ? 

13. Find the area of AXYZ. 

Find the following areas. B 

14. Area, app 

15. Area, acp 

16. Area, aac 
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REGULAR POLYGONS 

@ A regular polygon is a polygon in which all sides have the same 
measure and all angles have the same measure. 

1. Without measuring, tell which polygons appear to be regular 
polygons. 

d. g. 

€. 

ae 0 

Cae 
Cec 

2. In order for a polygon to be a regular polygon, what two con- 

ditions must it meet? 

f 

‘A 

a 
0 

3. Do all sides of an equilateral triangle have the same measure? 

4. Do all angles of an equilateral triangle have the same measure? 

What is that measure? Is it the same for all equilateral triangles? 

5. Is an equilateral triangle a regular polygon? Why or why not? 

EQUILATERAL TRIANGLES 

To compute the area of a triangle, you need to B 

know the measure of one side and the measure 

of the altitude to that side. 

1. Compute the area of AABC. 

oS 
2. What is true about the measure of each 

side in an equilateral triangle? 



352 CHAPTER TWELVE 

We want to explore whether it is possible to determine the area of an 

equilateral triangle once we know the measure of its sides. 

First, observe that an altitude in an equilateral 

triangle divides the base into two congruent 

segments. 

3. What is the measure of PT? 

4. Is APTR aright triangle? Why? 

5. What relation holds between the measures 

of the sides of APTR? 
R 

According to the Pythagorean Relation, we 

know that in APTR, 

22+ pr = 4? %, h 
4+ h?= 16 

h? = 12 
h=V12 = 3.5 in. Sey pea 

If we know the measure of a side of an equilateral triangle, we can 

compute the measure of an altitude. In a triangle with sides 4 in., the 

altitude is about 3.5 in. Now we can compute the area of the triangle. 

Area, pas= ; x 4x 3.5 =7.0 sq. in. 

If we wanted to know the exact area, we would use V 12 for the 

measure of the altitude. Note that V12 = V4 X 3 = V4 x V3 =2V3. 

ATEa , prs =} G4 XID = 4. 3esaein, 

We can use the procedure above to find the length of an altitude 

and the area of any equilateral triangle. This is possible because 

each altitude of an equilateral triangle bisects a side of the triangle. 

[‘“‘Bisects” means ‘‘divides into two segments of the same length.’’] 

Compute the area of each equilateral triangle. [HINT: Compute the 

measure of an altitude first. ] 

6. The 8. 
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Knowing that an altitude upon the base of an isosceles triangle bisects 

the base, compute the area of each isosceles triangle. 

10. 11. 12. 

Ww 1%) 
J pb 

2a 2a 

AREAS OF EQUILATERAL TRIANGLES 

When you were computing areas of equilateral triangles, perhaps you 

noticed a pattern which shows a relation between the area and the 

measure of a side of the triangle. Examine this table. 

Measure of side | Area in square 

in inches inches 

It should not be difficult 

to generalize: 

side: s 

2 

Area: 2 fe 
ies) 

We can prove that the formula below gives the area of an equi- 

lateral triangle. 

Area = 
52? V3 

4 

The proof is based on the Pythagorean Relation. First, we determine 

the length of the altitude (BD), in terms of the length of each side(s). 
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(BD)? + (S)=s% (BD)? += 

Re Kiran io CRs eek tee ET 
2— 62 — = = — 

OP mee ae 4 4 , - 
BD = Be Ve VE es Vs. D3 

4 V4 2 

nl sV3_ 5+ 5V3_ 52?V3 
Area of AABC = , Ss eens oF 

ek 
To compute the area of an equilateral triangle, replace s in a 

by a numeral giving the measure of the side of the triangle. 

Using the formula, determine the area of each equilateral triangle whose 

sides have the following measures. 

1.76 in: 2. 4in. chy We 43 

2 

5. If the area of an equilateral triangle is LENUS sq. in., how long is its 

side? 

4 

= sq. in., how long is its 6. If the area of an equilateral triangle is - 

side? 

REGULAR POLYGONS AND CIRCLES 

In the picture of the circle with the center at P, 

every point of the circle is the same distance from ee 

the point P. This distance is 2 in. PA is one of many 

radii (singular: radius) of this circle. The measure ‘ ae 

of each radius of this circle is 2 in. AB is one of 
many diameters of this circle. The length of a circle 

is called its circumference. 

1. What is the measure of diameter AB? 

2. In any circle, how does the measure of a diameter compare with 

the measure of a radius? 

3. Make a picture of a circle. Using a protractor, make an angle of 

60° whose vertex is at the center of the circle and whose sides 

contain two radii. Keep making such angles next to each other. 
How many 60° angles can you make? 



4. There are four angles in the picture on the right, 
each of which measures 90°. What is the sum of 
the measures of the four angles? 

5. Suppose we make 360 angles with the vertices 

at the center of a circle, each of the same 

INSCRIBED HEXAGONS' 355 

measure. What would be the measure of each 

angle? 

6. Suppose we have a circle with angles at the center. 

a. 

g. 

Each angle at the center measures 120°. 

Each pair of angles shares one side. How \ zo \ 

many such angles are there in a circle? 

Each angle measures 30°. How many such 

angles are there in a circle? 

Each angle measures 15°. How many such angles are there in 

a circle? 

Each angle measures 5°. How many such angles? 

Each angle measures 2°. How many such angles? 

Each angle measures 1°. How many such angles? 

° 

Each angle measures 5 . How many such angles? 

7. In exercise 6, as the measure of angles gets smaller, what happens 

to the number of angles? Dividing the measure of angles by 2, 

multiplies the number of angles by what number? 

INSCRIBED HEXAGONS 

Six angles each measuring 60° will “‘fit” at the 

center of a circle, as shown in the picture. 

Let us connect the consecutive points at which 

the six radii cut the circle. This gives us the hexa- 

gon (six-sided polygon) ABCDEF. Each vertex of 

the hexagon is on the circle. We say that the hexa- 

gon is inscribed in the circle, or the circle is cir- 
cumscribed about the hexagon. 

Let us take a closer look at one of the triangles, say AOAB. We 

can immediately observe that it is an isosceles triangle, because 

AO = BO. Also mZ OBA = mZ OAB. 



356 CHAPTER TWELVE 

Lea: 

b. 

RECALL 

In AAOB, what is the sum of the measures of 2 OBA and 

ZOAB? 

If mZ OBA =mZOAB, then what is the measure of each of 

these angles? ; 

A triangle in which all angles have the same measure is 

called an equiangular triangle. 

2. Explain why an equilateral triangle is also equiangular. 

3. If AOAB in the picture on page 355 is an equilateral triangle, 

prove that AB has the same length as any radius of the circle. 

4. Is the area of hexagon ABCDEF in the picture on page 355 greater 

or less than the area of the circle. 

Somes Draw a picture of a circle having a radius of any length you 

choose. Inscribe a regular hexagon in it by measuring off six 

angles of 60° each at the center of the circle. 

Divide each angle into two 30° angles, obtaining 12 angles, 

each having measure of 30°. Connect the points on the circle 

to form a dodecagon (twelve-sided polygon). 

Is the area of the dodecagon greater than or less than the area 

of the circle? 

Is the area of the dodecagon greater than or less than the area 

of the hexagon? 

Recall that the perimeter of a polygon is the sum of the lengths 

of its sides. Is the perimeter of the dodecagon greater or less 

than the perimeter of the hexagon? 

If you would divide each 30° angle in your picture into two 

angles of the same size, how many angles would you obtain? 

. What would be the size of each angle? 

How many sides would there be in the polygon obtained by 

connecting the new points on the circle? 

7. A radius of a circle measures 4 in. What is the area of a regular 

hexagon inscribed in this circle? 

8. A radius of a circle measures 6 in. What is the area of a regular 

hexagon inscribed in this circle? 
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INSCRIBED REGULAR POLYGONS 

1. What kind of a polygon is CGKOSW pictured below? 

2. What kind of a polygon is ACEGIKMOQSUW ? 

A 

W Ze See 

~\/ X 

SAIS 
XK 

ey, SS) 

X y 

Let us call the polygon in exercise 1 polygon X and the polygon in 

exercise 2 polygon Y. 

3. Which polygon has a greater area, X or Y? 

4. Which polygon has a greater perimeter, X or Y? 

5. How many sides does the polygon 

ABCDEFGHIJKLMNOPQRSTUVWX have? 

Let us call the polygon in exercise 5 polygon Z. 

6. Of the three polygons X, Y, and Z, which has the greatest area? 

7. Which has the greatest perimeter? 

8. How do the areas of the polygons compare with the area of the 

circle as the number of sides increases? 

9. How do the perimeters compare with the circumference of the 

circle? . 



358 CHAPTER TWELVE 

10. 

11. 

12. 

13. 

14. 

15. 

16. 

U7: 

18. 

19. 

20. 

Inscribe a square in a circle as shown in the picture below. 

Using a compass, bisect each of the angles AOB, COB, DOC, and 

AOD. Draw a regular inscribed octagon (8 sides). 

How does the area of the octagon compare with the area of the 

square? 

How does the perimeter of the octagon compare with the perimeter 

of the square? 

How does the area of the octagon compare with the area of the 

circle? 

How does the perimeter of the octagon compare with the circum- 

ference of the circle? 

Using a compass, bisect the appropriate angles to obtain a regular 

inscribed 16-sided polygon. 

Is the area of the 16-sided polygon greater or less than the area of 

the octagon? 

Is the area of the 16-sided polygon greater or less than the area 

of the circle? 

Is the perimeter of the 16-sided polygon greater or less than the 

perimeter of the octagon? 

Is the perimeter of the 16-sided polygon greater or less than the 

circumference of the circle? 

As the number of sides of regular inscribed polygons increases, 

the limit of the areas of the polygons is the area of the circle. 

Make a statement similar to that above about the circumference of 

the circle in relation to the perimeters of regular inscribed polygons. 
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AREAS OF CIRCLES 

The ratio of the circumference of any circle to the length of a diameter 

is the same number for every circle. This number is 7 [Read: pi], 

which is approximately equal to 3.14. 

7 T or 7 3.14 

Thus, the circumference of any circle is a little more than 3 times as 

long as a diameter of that circle. 

@ If the measure of a diameter of a circle is d units, then the circum- 

ference of the circle is dz units. 

circumference = dz 

The circumference could also be found by multiplying 2r and 7, where 

ris the measure of a radius of the circle. 

circumference = 2r: 7 

This is illustrated in the picture below. 

2 mr=2 3.14 1=6.28 

1 revolution of the wheel 

6.28” 

Look at the picture below. It shows a regular polygon inscribed in 

a circle. 

1. If the altitude of the triangle shown in the rp 

picture is / units and the base is a units, what 

is the area of the triangle in terms of h and a? 

2. If the number of sides in the polygon inscribed 

in the circle is n, how many triangles make up 

the area of the entire polygon? 

3. What is the area of the polygon in terms of n, h, anda? 

4. What is the perimeter of the polygon? 

5. What is the limit of the perimeters of inscribed polygons as the 

number of sides of the polygons becomes indefinitely larger? 
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6. What is the limit of the length of the altitudes of the triangles as 

the number of sides of the inscribed polygons becomes indefinitely 

large? 

We show the conclusions in exercises 5 and 6 as follows: 

perimeter of polygon —— circumference of circle 

jp Te 

[Read: perimeter of polygon approaches circumference of circle | 

altitude of triangle —— radius of circle 

|e ees Gp 

If you had a correct answer to exercise 3, it was, 

area of polygon = S(ah)n. 

But (an) is the perimeter of the polygon. 

an=p 

Therefore, 

area of polygon = : (ah)n= ° (an)h= sph 

As the number of sides of the polygons increases, the areas of the 

polygons approach the area of the circle. Since the perimeters of the 

polygons (p) approach the circumference of the circle (c) and the alti- 

tudes of the triangles (h) approach the radius (r), we have 

l 1 
5 i cr 

We know, however, that the circumference of the circle c is equal 

to 27r. 

area of circle = ser =3(2mr)r =r 

This formula enables us to find the area of a circle. The only thing 

we need to know is the measure of a radius of the circle. 

™ If the measure of a radius of a circle is r units, then the area of the 

circle is wr? square units. 

Area = wr? 

7. What is the circumference of a circle with a radius of 2 in.? Give 

answer in terms of 7; then compute the approximate answer using 
3.14 for 7. 



10. 

ae 

12. 

13. 

14. 

15. 

16. 
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What is the area of a circle with a radius of 5 in.? Give two answers 
as in exercise 7. 

Determine the circumference and the area of each circle having the 
following measures of radii. Give two answers as in exercise 7. 

a. > in. b. 3 in. colon d. | in. e. 6 in. 

A diameter of a circle measures 20 in. 

What is the area of the circle? (Give an answer in terms of 7.) 

b. What is the area of a square inscribed in this circle? 

c. Find the difference between the area of the circle and the area 

of the inscribed square. (Give the answer in terms of 77; then 

compute an approximate answer using 3.14 for 7.) 

a. Compute the area of a regular hexagon inscribed in the circle 

of exercise 10. 

b. Find the difference between the areas of the circle and the 

inscribed hexagon. Compute two answers as in exercise 10c. 

c. Which difference is larger, that in exercise 10c or that in 

exercise 11b? 

d. Is your answer in part c consistent with what you have learned? 

Compute to two decimal places the circumference and area of 

each circle with the following measures of radii. (Use 3.14 for 7.) 

nen er S ined. 55 te Ma 

What distance does a wheel with a diameter of 2 in. cover when 

making 100 revolutions? 

To the nearest whole number, how many revolutions does a wheel 

with a radius of 10 in. make, when traveling | mi.? 

A diameter of a wheel measures 32 in. If the wheel moves along 

the road with a speed of 65 mph, how many revolutions, to the 

nearest whole number, does it make in one hour? 

Approximately how many revolutions does a wheel in exercise 15 

make in one hour when traveling at 130 mph? 
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VOLUMES OF SOLIDS 

We shall now deal with geometric objects called solids. Examples of 

solids are rectangular solids, pyramids, cylinders, cones, and spheres. 

In measuring areas of plane geometric objects, we use a square 

unit of measure. A square with a side of length 1 in. is such a unit. In 

measuring volumes of solid objects, we use a cubic unit of measure. 

For example, a cube with an edge of length 1 in. is such a unit. 

ws ye 

[ae 

Solids whose faces are rec- 

tangles are called rectangular solids. 

Consider a rectangular solid like the 

one pictured at the right. The dimen- 

sions of the solid are: length 5 in., 

width 2 in., and height 3 in. One 

layer of cubes, shown in the picture, 

has a volume equal to 

+ x76 Lore!) cubicanehes 

Since the height is 3 in., there are three such layers. Thus the volume 

of the rectangular solid is 

5 X 2 X 3, or 30 cubic inches 

This suggests the following formula. 

@ The volume of a rectangular solid with length / units, width w units, 

and height A units is /wh cubic units. 

Volume = Iwh 

When you use this formula to compute volumes of rectangular solids, 

be sure that all of the dimensions of the solid are given in terms of 

the same unit. 

Recall our agreement that whenever we said “‘area of a rectangle”’ 

we meant “‘area of the interior of a rectangle.’’ We shall make the same 

agreement about volume here. Whenever we say ‘volume of a rec- 

tangular solid’ we shall mean ‘“‘volume of the interior enclosed by the 

rectangular solid.” 
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Compute the volume of each rectangular solid with the following 
dimensions. 

Le earin= in 3.1n. 45n2icm.i20icma30lcm: 

25 BF2 02 -10., 6.0 in. Rh P22) any Oa tag ean 

1 
3 ft., 2 ft. ete, Ths l 

omit: 
Soe ; 2 2 2 

7. Given a piece of metal in the shape of a rectangular solid with 

dimensions 4 in., 7 in., and 12 in., compute its weight, if 1 cu. in. of 

the metal weighs .25 lb. 

Compute the ratio of the volumes of the first rectangular solid to the 

second rectangular solid if their dimensions are as follows: 

Se 1b nen 4 ines ins in: 

Ono ain es in. 4 In. 6 in: O.in. 

10222 0n- one 1.) 41n-. 6 in:, 10 in, 

lige in eine In O.in...9 im... 15-in. 

Look at your answers for exercises 8-11 and answer the following: 

12. If one of the three dimensions of a rectangular solid is doubled 

while the other two are unchanged, how is the volume changed? 

13. If each of two dimensions of a rectangular solid is doubled while 

the third is unchanged, how is the volume changed? 

14. If each of the three dimensions of a rectangular solid is doubled, 

how is the volume changed? 

15. If each of the three dimensions of a rectangular solid is tripled, 

how is the volume changed? 

16. In seven hours a laborer dug a hole in the form of a rectangular 

solid 4 ft. by 4 ft. by 6 ft. How many cubic yards of dirt did he 

remove per hour? Give your answer to the nearest tenth. 

17. A cube with an edge of 2 ft. is filled with water. What does the 

water weigh? [HINT: One cubic foot of water weighs 62.5 lbs. ] 

18. 1 cu. yd. of black soil is called ‘“‘one load.” A truck has the dimen- 

sions 6 ft. by 4 ft. by 2 ft. How many loads does it carry when it is 

filled? Give your answer to the nearest tenth of the load. 
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CYLINDERS 

Suppose we are given two parallel lines, k and 

l, as shown in the picture at the right. Imagine 

that line / ‘“‘moves”’ at the constant distance d 
from line k. The resulting set of points is a 

circular cylindrical surface. The line k is 

called the axis of the surface. 
Now imagine two planes, which are per- 

pendicular to the axis of the cylinder, inter- 

secting the surface in two circles. Then the 

union of the two circular regions and the sub- 

set of the cylindrical surface between the two 

planes is called a right circular cylinder, or 

simply a cylinder. The two circular regions are 

called the bases of the cylinder, as is shown in 

the picture at the right. The part of the axis 

between the bases is called the altitude. 

1. Suppose a cylinder is cut by a plane per- 

pendicular to the altitude. What geometric 

figure is formed by the intersection of the 

plane and the cylinder? 

2. If the length of a radius of the base of a 

cylinder is r in., what is the distance of 

any point on the outer surface of the cyl- 

inder from the altitude? [To find such a 
distance, imagine a perpendicular segment 

from a point on the surface to the altitude. ] 

The entire surface of the cylinder consists of 

two bases (circular regions) and the lateral 

surface. 

base 

altitude 

base 

base 
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3. a. Imagine the lateral surface of a cylinder unfolded. What geo- 
metric figure is formed? 

b. What is the length of one side of this figure in relation to the 
base of the cylinder? 

c. What is the length of the other side of this figure in relation to 

the cylinder? 

4. What is the formula for the circumference of a circle in terms of 7? 

AREAS AND VOLUMES OF CYLINDERS 

Cut a rectangle out of a piece of paper and 

roll it into a cylinder. In the picture at the 

right BC measures h in. and is the altitude 
of the cylinder. CD is 27r in., where r is 
the length of a radius of a base of the 

cylinder. 

1. What is the area of the lateral surface of the cylinder in terms of 

Tere and i? 

2. What is the combined area of the two bases? 

3. What is the entire area? [HINT: Add the areas of the two bases 

and the lateral area. | 

4. In each’pair, the first number gives the length of a radius of a base 

of a cylinder and the second number gives the altitude of the 

cylinder. Compute the lateral surface area for each cylinder. 

Leave the answers in terms of 7z. 

hy Bl ales Foam Dam ine latt: Co ites in: 

5. Compute the entire area for each cylinder in exercise 4. Leave the 

answers in terms of 7. 

Since the bases of a cylinder are circles, the area of a base is zr’. 

We use the area of a base in finding the volume of a cylinder. 

@ The volume of a cylinder is equal to the product of the area of its 

base and the measure of its altitude. 

Volume = 7r7h 

6. Find the volume of each cylinder in exercise 4. Leave the answers 

in terms of 7. 
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7. A cylindrical water tank has the following dimensions: radius of a 
base 2 ft., altitude 8 ft. Compute the approximate weight of the 

water if the tank «is half filled. Use 3.14 for 7. [HINT: One cubic 

foot of water weighs 62.5 pounds. |] 

8. In the picture on the right, a cylinder fits 

exactly into the rectangular solid. The 

length of a radius of a base of the cylinder 

is 5 in., the altitude of the cylinder mea- 

sures 20 in. Compute the volumes of the 

cylinder and rectangular solid. By how 

many cubic feet does the volume of the 

rectangular solid exceed the volume of 

the cylinder? 

9. A radius of the base of a cylindrical tank has the measure of 12 ft. 

Its altitude is 25 ft. What is the weight of gasoline filling the tank, 

if a cubic foot of gasoline weighs 44.2 pounds? 

PYRAMIDS 

On the right is a picture of a pyramid. The 

base of this pyramid is a square region and 

the four triangular faces are exactly alike. 

This pyramid is a regular pyramid. 

It is easy to find the total surface area 

of this pyramid. Compute the area of the 

base and add to it four times the area of one 
of the triangles. 

Here are computations for the area of the pyramid shown in the 
picture. 

10? +4 x (3 x 10 x 12) = 100+ 4 x 60 

= 100 + 240 

= 340 sq. in. 

1. a. What is the meaning of 10? in relation to the pyramid in the 
computations above? 

b. What is the meaning of 3 10 oD? 

c. What is the meaning of 4 x G x 10 x 12)? 
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2. Perform the following experiment. Out 

of cardboard make a rectangular solid 

like the one shown in the picture. 

Choose your own dimensions. Leave 

an opening at the top. Then make a 

model of a pyramid whose base and 

altitude are the same size as those of 

the rectangular solid. Remove the base 

of the pyramid in order to be able to 

fill it up with sand. Now fill up the 

model of the pyramid with sand and 

empty it into the rectangular solid. 

Repeat the process. How many pyra- 

mids does the rectangular solid contain? 

Volume of a Rectangular Solid is 

(area of base) X (altitude) 

Volume of a Pyramid is 

- xX (area of base) X (altitude) 

™@ The volume of a pyramid is equal to 5 the product of the area of 

the base and the measure of the altitude. 

Volume = 5Bh 

3. A pyramid has a square with a side of 15 in. for its base. The alti- 

tude of the pyramid is 12 in. What is the volume of the pyramid? 

4. a. Sketch a picture showing a pyramid whose base is a regular 

pentagon. 

b. How many faces, counting the base, does this pyramid have? 

5. Suppose a plane parallel to the square base of a regular pyra- 

mid intersects the pyramid. Tell what geometric figures may be 

obtained as a result of this intersection. 

6. What is the intersection of a plane with a pyramid if the plane 

passes through the top vertex of the regular pyramid which has a 

square for its base? 
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CONES 

As in the case of a cylinder, a cone is part 

of a more general object generated by a line. 

To imagine this object, consider the line / 

rotating as shown in the picture. The result- 

ing set of points is a conical surface. 

On the left below is a picture of a cone. 

Its lateral surface is part of a circle with its 

interior, and the base is a circle with its 

interior. 

1. Explain why, as shown in the pictures above, the circumference 

of the base is the same as the length of the arc of the lateral surface. 

To find out how the volumes of a cylinder and a cone with bases and 

altitudes of the same size compare, we need to have models of these. If 

your teacher has such models, you may want to experiment to see how 

many times the contents of the cone will fit into the cylinder. You 
will find that it is 3 times. 

Volume of cylinder 
3 X (volume of cone) 

Volume of cylinder = mr2h 

Volume of cone = iarth 
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@ The volume of a cone is equal to i the product of the area of its 

base and the measure of its altitude. 

Volume = path 

Compute the volume of each cone with the given lengths of a radius of 
the base (first number) and the height (second number). Leave answers 
in terms of 7z. 

eee erin. Sci eL Olin: 8. 61in., 10 in. 

BE he She Gaines loin: 9. 6in., 15 in. 

4° 6 ins 5 ins Jaman. Olin: 10. 4 in., 15 in. 

For exercises 11-20, refer to your answers for exercises 2-10. 

11. Two cones have bases with radii of the same length. The height 

of cone A is twice the height of cone B. How do the volumes of 

cones A and B compare? 

12. Two cones have bases with radii of the same length. The height 

of cone A is 3 times the height of cone B. How do the volumes of 

cones A and B compare? 

13. Two cones have bases with radii of the same length. The height 

of cone A is n times the height of cone B. How do the volumes of 

cones A and B compare? 

14. Two cones have the same height. A radius of the base of cone A 

is twice as long as a radius of the base of cone B. How do the 

volumes of cones A and B compare? 

15. Two cones have the same height. A radius of the base of cone A 

is three times as long as a radius of the base of cone B. How do 

the volumes of cones A and B compare? 

16. Two cones have the same height. A radius of the base of cone A 

is n times as long as a radius of the base of cone B. How do the 

volumes of cones A and B compare? 

17. The height and radius of cone A are each twice the height and 

radius of cone B. How do the volumes of cones A and B compare? 

18. The height and radius of cone A are each three times the height and 

radius of cone B. How do the volumes of cones A and B compare? 
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19. The height and radius of cone A are each n times the height and 

radius of cone B. How do the volumes of cones A and B compare? 

20. The height of cone A is k times the height of cone B. The radius 

of cone A is n times the radius of cone B. How do the volumes of 

cones A and B compare? 

KEEPING ARITHMETICALLY FIT 

Addi 

1436075 2. 425.25 3. 11,362 4. 15 +35 
72,30 36.16 5,609 
ie 117.26 3.006 Se 

34.90 463.50 95 5. 103 + 236 
12.86 32.95 126 
13.93 11.16 13 6. 11.05 + 38.36 

Subtract. 

7. 10,365 1. 2-3 15 55-33 
879 " 

8. 375,005 12. i-: Pe gee ee 
36,896 Seat 

9. 995.37 13. 2-2 17. 122—9 
99.49 4 

10. 8,375.12 14, x IRS aT 
7,469.48 50 8 

Multiply. 

7.2 19. 305 23, 2x2 27. 6.05 X 6.05 Pate 99 
rat 20. 1,196 24, Exe 28. 9.3x 9.3 

323 

21. 9,006 25. 13 x az 29. 21.2 6.7 
709 

A oe 22. 37.66 26, 32X55 30. 3.5 X3.5 
8.5 
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Divide. 

31. 34)2,652 36. p+ 15 41. 71 +2 

32. 112) 6,832 37. ae 42. oo +4 

pees beh od 33. 10.01) 980.98 3gne 43. 7i+21 i ous 

a oD 1 34, 31 ~2.2 ij : Dy ae 44. 105+ 21 

ai a3 ae 
35. 17+= 4 SSS s ——— eas : Os Sas 45. 52 115 

Find the answers. 

AGES Te C=67) a = Eh) Fe Se 

47. 12+ (—44) S00 ey OB ere) 

48. 45+ (—22) Fea ay ee 

497 10052 (--11)) S50 el 3) 61) —60 > 5) 

50. —44 + 55 Ge el = (ey 62. 20+ i) 

Fi, epets 57. —44 x 6 63, 4 = (—10) 

Find the answers. 

64. What is 15% of 150? 69. sis what per cent of 100? 

65. What is 165% of 700? 70. ie what per cent of 10,000? 

6GMEWhat is 5% of 1,200? TUG UTC hatin ber 

67. What is .03% of 2,000? 72. 75 is 200% of what number? 

68. 120is what per cent of 80? 73. .1 is .1% of what number? 
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Expand by powers of ten. 

74. 369 75. 3,608 76. 10,250 77: 125,002 

Tell what is the base aad what is the exponent. 

Tool te tht Meech 80. 0° Sl 

Give a base ten numeral for each of the following: 

$25, 73 ciant 83. 104 tive 84. 101101 iyo 85. 203 tour 

Which are odd and which are even? 

$6. “45.1 even 87. 623 cient 88. 10101 1iwo 

89. Give a repeating decimal name for 2. 

90. If a square root of a whole number is not a whole number, then 

what kind of a number is it? 

Find fractional numerals for the following: 

91. .22 92. .2525 93. .106106 94. .345345 

95. Which are irrational numbers? 

ane e. .33 inp 5 

b. V8i f. = j. .010010001 . . . 

ce. V25 g. VI7 k. V325 

d. V1 h. V225 1. .625 

96. Name one property of rational numbers which the natural numbers 
do not have. 

97. What is the meaning of the phrase: the set of rational numbers is 
dense? 

98. Which numbers are divisible by 9? 

a. 3,689 b. 21,888 c. 1,008 d. 13,490 

99. Which are prime numbers? 

a. 19 c. 49 e. 89 Ae 

b. 27 d. 53 f. 101 h. 211 
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100. What is the Greatest Common Factor of 14 and 77? 

101. What is the Least Common Multiple of 6 and 21? 

Give a complete factorization of each number. 

102. 35 103. 52 104. 106 105. 1,268 

106. State two properties of the number 0 which no other numbers 
have. 

107. State one property of the number | which no other numbers have. 

Tell what property each exercise illustrates. 

108. (2.77) X95 (2. 5) it (FX 5) 

ad 109. oO xX 136 

110.6017-4--V5) +95—= 1FeL (v5 +93) 

111. (—1.5) + 17= 17+ (—1.5) 

| eg | ib sal Lert . (=xX-)x-==x(-x- i E 7 4.2 (3*3) 

113. Give one example which illustrates that division is the inverse of 

multiplication. 

In each case, give the replacement for x which will result in a true 

Statement. 

114. 7 8 115. ais 116. 3105 117. 7 

118. A number is added to 16. The result is 194. What number was 

added to 16? 

119. In a basket with the total number of 120 oranges, 6 oranges 

were found to be spoiled. What per cent of oranges were spoiled? 

120. Every time Jane deposits $5 to her account, her father adds 20% 

of what is in the account at that time. How much money did her 

father add to her account after Jane made two $5 deposits? 

121. Mr. Ambitious is a salesman receiving pay exclusively on com- 

mission basis. He receives 20% commission on all sales. One 

week he received a commission of $175. What were his sales? 
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VOCABULARY REVIEW 

altitude (349) interior (345) 

area (345) lateral surface (364) 

axis (364) limit (358) 

base (349) octagon (358) 

circumference (354) parallelogram (347) 

circumscribed (355) perimeter (356) 

cone (368) pyramid (366) 

cylinder (364) quadrilateral (345) 

diameter (354) radius (354) 

dodecagon (356) rectangle (345) 

_ equiangular triangle (356) rectangular solid (362) 

equilateral triangle (351) regular polygon (351) 

hexagon (355) regular pyramid (366) 

inscribed (355) volume (362) 

A CHALLENGE TO YOU 

1. If each dimension of a rectangular solid is doubled, how is its 

lateral surface area changed? 

2. The volume enclosed by a sphere is computed by the formula 

V= ear’, where r is the measure of a radius of the sphere. Com- 

pute the volume of a sphere if the measure of a radius is 2 ft. 

(Use 3.14 for 7.) 

3. The measure of a radius of a sphere is tripled. What is the ratio of 

the volume of the new sphere to the volume of the original sphere? 

4. The surface area of a sphere is computed by the formula 4 = 47r’?. 

If the measure of a radius of a sphere is tripled, what is the ratio 

of the new surface area to the original surface area? 

5. Consider the experiment of rolling a die once. What is the sample 

space for this experiment? 

6. For the experiment of rolling a die once, what is the probability 

that the face landing up will have the following? 

a. an even number of dots e. more than 0 dots 

b. fewer than 3 dots f. less than 1 dot 

c. more than 5 dots g. more than 6 dots 

d. more than 1 dot 
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CHAPTER TEST 

Rectangle ABCD has the dimensions 7 in. and 5 in. It is divided 

into two triangles by the diagonal AC. What is the area of one of 

the triangles thus formed? 

Assume that the sum of the measures of three angles in any tri- 

angle is 180°. Prove that the sum of the measures of the four angles 

in any parallelogram is 360°. 

Define a regular polygon. 

Give the formula for each of the following: 

4 

5 

8. 

9 

10. 

11. 

12. 

13. 

14. 

15. 

16. 

172 

18. 

19. 

. area of a triangle 6. volume of a cylinder 

. area of a parallelogram 7. volume of a pyramid 

Explain why an equilateral triangle is also equiangular. 

. Explain why every square is a regular polygon. 

Tell why no equilateral triangle may be a right triangle. 

The area of a triangle is 36 sq. in. One of the sides measures 2 

inches. Compute the length of the altitude upon that side. 

Give the circumference in terms of z for a circle in which the 

length of a radius is 4 inches. 

Give the circumference in terms of 7 for a circle in which the 

length of a radius is 37 inches. 

Using 3.14 for 7, compute the area of a circle with a radius of 

2 ORI: 

Explain why it is not possible to have two right angles in a triangle. 

Compute the volume of a rectangular solid with the following 

dimensions: 3 ft., 4.5 ft., 6 ft. 

Compute the total area and the volume of a cylinder with the 

following dimensions: radius of base 7 in., altitude 12 in. 

Compute the volume of a cone with the following dimensions: 

radius of base 2 in., altitude 12 in. 

Compute the volume of a pyramid whose base is a square with a 

side 5 in. and whose altitude is 15 in. 
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MIDPOINTS 

A line is a set of points which has no beginning point and no endpoint. 

A line segment is a set of points which has two endpoints. 

C is called the midpoint of AB, because C is the same distance from 

A as it is from B. That is, AC = CB. 

A C B 
ee ® 

1. If F is the midpoint of DE, what is 0D F E 

the measure of DF? ares 

2. If T is the midpoint of XY and V is 
the midpoint Ollie whattisct ern 3-i coat cea cbataee coats tate enero 

sure of XV? 4.5” 

M is the midpoint of AC, N is the mid- 
point of BC, and P is the midpoint of AB. 

What is the measure of the following? 

3. AM 

4. BN 

Sap 

The line / bisects RS because the point W is the midpoint of RS. 

For each picture below, tell whether the line bisects the given line 

segment. 

36% 

k ey 

oho C m 
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LOCATING MIDPOINTS 

You are already familiar with two important tools used in geometry — 

a compass and a straightedge. We use a compass to draw pictures of 

circles and a straightedge to draw pictures of straight lines. A straight- 

edge is a ruler which has no markings on it. Thus, we cannot use a 

straightedge for measuring. Making constructions in geometry is a game 

with its own rules. We are allowed to use only two tools: a straightedge 

and a compass. We shall illustrate the use of these tools in making 

various constructions. 

Our first problem will be to locate the midpoint of a line segment 

without measuring with a ruler. On your paper, make a picture of a 

line segment AB and follow the steps described below. Refer to the 

picture as you read the directions. 

1. Place the foot of the compass at point 

A and open the compass to more than 

one-half the distance from A to B. 

2. Make a picture of an arc; call it m. 

3. Keep the compass open to the same 

distance and transfer the foot to 

point B. 

4. Make a picture of another arc; call 

it n. The two arcs, m and n, intersect 

in two points, C and D. 

5. Make a picture of a line through points C and D. It intersects AB 
in point E. Point E is the midpoint of AB. That is, AE = EB. 
(Recall that AB refers to a segment, whereas AB refers to the 
measure of the segment.) 

Now let’s practice. 

6. Make a picture of a segment 3 inches long. Locate the midpoint 
of the segment using the construction described above. How long 
is each of the two segments formed? 

7. Make a picture of a triangle like B 

AABC. Using the construction de- 

scribed above, locate the midpoints 
of AB, BC, and AC. A C 
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MIDPOINTS OF SIDES OF TRIANGLES 

1. 

10. 

Make a picture of a triangle like 

the one on the right. Make the 

picture quite a bit larger on your 

paper. 

Measure each side with a ruler 

and record the results with accu- 

racy to one millimeter. (You 

need a ruler which has milli- 

meter markings.) 

By construction, locate the midpoint of each side of the triangle 

and label the midpoints X, Y, and Z, as shown in the picture. 

Draw pictures of XY, YZ, and ZX. 

Measure XY, YZ, and ZX with aruler and record the results with 
accuracy to one millimeter. 

a. AB is how many times longer than ZY? 

b. BC is how many times longer than XZ? 

c. AC is how many times longer than YX? 

. Make a picture of another triangle. Repeat exercises 2-6 for this 

triangle. 

In the picture on the right, MN N 

—icCineniN L4— 2 ).Cm., ana iV P 

= 5cm. H is the midpoint_of 4 G 

MN, G is the midpoint of NP, 

and K is the midpoint of MP. If 
what you observed in exercises M K 

6 and 7 is true for every triangle, 

tell the measures of HK, KG, 
and GH without measuring. 

In APQR, the three sides have the following measures: PQ = 3 in., 

OR = 6in., and RP =7in. Point A is the midpoint of PQ, point B 
is the midpoint of OR, and point C is the midpoint of PR. Tell the 

measures of AB, BC, and CA. 

a. In exercise 9, what is the perimeter of APQR? 

b. What is the perimeter of AABC? 
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DISTANCE FROM A POINT TO A LINE 

On the left below is a picture of line k and point A. How do we decide 

how far point A is from line k? In other words, what is the distance 

from A to k? 

>e 

To determine the distance from point A to line k, we construct a 

perpendicular from A to k. AB is perpendicular to line k. 

The distance from point A to line k is the measure of AB. 

For exercises 1-7, see the picture on the right. 

1. Make a picture of a line k on your 

paper. Pick a point X not on line k. 

2. Place the foot of the compass at X 

and open the compass to reach 

beyond the closest point on line k. 

3. Make an arc crossing k at T and W. 

4. Place the foot of the compass at T 

and open the compass to more than 

one-half the distance from T to W. 

5. Make an arc b. 

6. Do not change the opening of the compass. Place the foot of the 
compass at W and make an arc c. 

7. Arcs b and c intersect at Y. Make a picture of a line through X 
and Y. XY is perpendicular to line k. 

Now let’s practice. 

8. Make a picture of a line n on your paper. 

9. Choose a point K not on the line. 

10. Construct a perpendicular from K to n. 

11. Measure the distance from K to n and record it in millimeters. 
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CONSTRUCTING ANGLES 

Now we shall construct an angle having the same measure as a given 
angle. We will use a straightedge and a compass. See the picture on 
the right. 

1. Ona sheet of paper, make a picture of C 
an angle; call it 2 A. 

. . are =e 

2. Make a picture of a ray; call it A’B’. A 
[Read: ray A prime B prime] 

3. Put the foot of the compass at point A 2 

and open it to any length you wish. 

Make BC. [Read: arc BC. ] 

4. Do not change the opening of the com- 

pass and_place the foot at point A’. 

Make B’'C’. A’ 

5. Put the foot of the compass at B and 

open it to the distance from B to C. 

6. Do not change the opening of the compass and place the foot of 

the compass at B’. Mark off the distance from B’ to C’' equal to 

the distance from B to C. 

7. Using, your straightedge, draw a picture of a ray beginning with 

A' through C’. On the basis of this construction, Z A’ has the same 

measure as ZA. 

Now let’s practice. 

8. 

sd 

Using a protractor, make a picture of an angle which measures 

85°. Construct an angle with the same measure following the 

procedure given above. 

a. Copy the picture of AABC on your Cc 

paper. Draw a picture of A’ B’ twice 

as long as AB. 

b. At A’ construct an angle of the same 

size as angle A, and at B’ construct a 

an angle of the same size as angle B. B 

c. How would you convince someone that the third angle C’ is 

the same size as angle C? Write out your argument. 
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ANGLE BISECTORS 

Examine the picture at the right to answer 

the following questions. 

1. 

2. 

3. 

What is the measure of 72 CXB? 

What is the measure of 2 BXA? 

Do angles CXB and BXA have the 

same measure? 

Since XB divides ZAX C into two angles of equal size, 

we say that XB bisects ZAXC. 

———F , 

XB is an angle bisector. 

For each picture below, tell whether XB is the bisector of 2 CXA. 

4. 

We will now construct an angle bisector using a straightedge and 

compass. As you read the directions, refer to the picture on the right. 

Te 

10. 

On your paper, make a picture of an 

angle TMR. It does not have to be 

the same size as the angle in the pic- 

ture on the right. 

Place the foot of the compass at M, 

open the compass to any length, and 

make an arc, AB. 

Place the foot of the compass at A, open the compass to any length, 

and mark an arc c. 

Do not change the opening of the compass and put the foot of the 

compass at B. Make an arc d. 



i 

12. 

| ei 

14. 

POINTS ON AN ANGLE BISECTOR 383 

Arcs c and d intersect at the point E. With a straightedge, make a 
picture of a ray from M through E. ME is the bisector of Z TMR. 

mMZTME=mZEMR 

Using a straightedge and protractor, make a picture of an angle 
which measures 82°. Using a straightedge and compass, construct 
the bisector of this angle. 

Make a picture of an angle which measures 90°. Construct the 
bisector of this angle. 

Repeat exercise 13 for an angle which measures 120°. 

POINTS ON AN ANGLE BISECTOR 

1. 

2. 

3. 

Make a picture of an angle AQB. 

Construct the bisector of ZAQB. 

Choose any three points C, D, and 

E on the angle bisector. 

From C, construct a perpendicular 

to QA and another perpendicular 
os 

to OB. 

Measure the length of CF and ° 

of CG. Record the measures in 

millimeters. 

— 
From D, construct a perpendicular to QA and another perpen- 

dicular to OB. 

Measure the length of DH and of DK. Record the measures in 

millimeters. 

_ 
From E, construct a perpendicular to QA and another perpen- 

dicular to QB. 

Measure the length of EL and of EM. Record the measures in 
millimeters. 

You should have found the following to be true. 

10. 

CF =CG DH = DK EL=EM 

What conclusion do you draw about the distances of any point 

on an angle bisector to the two sides of the angle? 
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From our experience with angle bisectors, we can assume two things. 

1. An angle has exactly one bisector. 

2. For each point on the angle bisector, its distance to 

each of the two sides of the angle is the same. 

> 
AD is the bisector of ZA. 

11. If EF = 1.5 in., how long is EG? 

12. If HK =3 in., how long is HL? 

— 

In AXYZ, YM is the bisector of ZY. 

13. Point P is on the angle bisector 

YM. Is it true that PT = PR? 

14. Point W is not on the angle bi- 

sector YM. Is it true that WS # 

UW? 

15. Draw a picture of 2X. Con- 

struct the angle bisector XY. 

16. Choose a point A not on XY. 

Construct the perpendiculars 

AG and AH to the sides of 2X. 

Measure the lengths of AG and 

AH. Are they different? 

17. Choose a point B not on XY. 

Repeat exercise 17 for point B. 

18. Choose point C not on XY. Repeat exercise 16 for point C. 

19. Would you conclude that any point which is not on the angle 

bisector has different distances from the two sides of the angle? 

We can now draw the following conclusions about points in relation 

to an angle bisector. 

@ Each point on the bisector of an angle is the same distance from 

each of the two sides of the angle. Each point not on the bisector 

is a different distance from each of the two sides of the angle. 
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ANGLE BISECTORS IN A TRIANGLE 

Study the following four observations. 

1. An angle has exactly one bisector. 

2. For each point on the angle bisector, its distance to 

each of the two sides of the angle is the same. 

3. A point in the interior of an angle which is not on the 

bisector has different distances from the two sides of 

the angle. 

4. If the distance of a point in the interior of an angle 

to each of its two sides is the same, then the point is 

on the angle bisector. 

We now present an argument which is based on the four statements 

above. Read this argument thoughtfully one step at a time. Refer to 

the picture below on the right. 

1. 

OE he 

BD is the angle bisector of 

ZABC. [NOTE: We use 

“‘angle bisector’ sometimes 

to mean a ray and some- 

times a segment. You can 

tell from the context which 

meaning is intended. ] 

Therefore, FH = FG. 

Which statement above jus- 
tifies this conclusion? 

CE is the bisector of 2 ACB. 

Therefore, FG = FK. 

Therefore, FH = FG = FK. 

Since point F is the same distance from AB as it is from AC, 

it is on the bisector of 7A. Which statement above justifies this 

conclusion? 

Therefore, the bisector of ZA passes through point F. AM in 

the picture is this bisector. 

Therefore, the three bisectors of three angles of a triangle pass 

through the same point. 
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@ Three or more lines passing through the same point are called 

concurrent lines. 

9. Make a picture of a right triangle. Construct the three angle 

bisectors. 

10. Make a picture of an obtuse triangle (one obtuse angle). Construct 

the three angle bisectors. 

11. Make a picture of an isosceles triangle (two sides the same length). 

Construct the three angle bisectors. 

CONSTRUCTING ANGLES OF A GIVEN MEASURE 

Suppose you are presented with the following problem: 

Without the use of a protractor, 

construct an angle whose measure is 45°. 

Recall that the rules of construction do not permit the use of a protrac- 

tor. This means that this problem cannot be solved by just measuring 

with a protractor and drawing a picture of an angle which measures 45°. 

Following the rules for constructing sets of points, you may think 

along the following lines: 

If I had a 90° angle, then it would be easy. I would just bisect that 

angle. So, the problem is to get a 90° angle. But a 90° angle is 

formed by two perpendicular lines, and I know how to construct 

two perpendicular lines. 

Now follow these steps to obtain a 45° angle. 

1. Make a picture of a line; call it k. 

2. Pick a point A not on k. 

3. Construct a line from A perpendicular to k. Call the point where 
this line meets k, B. 

4. AB makes two right angles with k. 

5. Bisect one of these angles. Each of the two angles you now have 
measures 45°. 

ihe 

6. Now construct an angle which measures 22, : 
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How would you construct a 30° angle? You might think like this. 

8. 

In an equilateral triangle, each angle measures 60°. If I could 

construct an equilateral triangle, I would have a 60° angle. Then 

I would bisect this angle and obtain two angles, each measuring 

30°. So the problem is to con- 

Struct an equilateral triangle. 

The picture on the right sug- 

gests how this construction can 

be done. Examine the picture 

and construct an equilateral tri- 

angle on your paper. Bisect one 

of its angles to obtain two 30° 

angles. 

Without the use of a protractor, construct an angle which measures 

15°. [HINT: What size angle must you bisect?] 

Construct a angle. 

You have learned how to construct an angle which has the same 

measure as a given angle. Having this knowledge, we shall construct 

an angle which measures 75°. Read the description of this construction. 

Refer to the picture to identify all parts. 

9. 

10. 

11. 

12. 

13. 

14. 

15. 

16. 

So, 

First, .we construct an equi- 

lateral triangle ABC. 

Each angle in this triangle mea- 

sures 60°. 
—_ 3 

We bisect 2 CAB; AD is the 

bisector. 

mZCAD = 30°. A B 

——> . . 

We bisect 72 CAD; AE is the bisector. 

mZ.CAE = 15° 

We construct 2 CAG to measure 15° by making it of the same 

measure as Z CAE. 

mZ BAG = 60° + 15° = 75° 

we have constructed an angle whose measure is 75°. It is 2 BAG. 
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Construct an angle whose measure is 

17. 

21. 

105° 18. 135° 19. 120° 20. 67 

If we start with an angle measuring 90° and bisect it, we will have 

an angle of measure 45°. If we continue the process three more 

times, what size angle will we obtain? 

PERPENDICULARS 

When we constructed a right angle, we chose a point not on a line and 

constructed a perpendicular from that point to the line. Suppose we 

are asked to construct a right angle using a given point on a line as its 

vertex. Here is a description of this construction. 

1. 

2. 

Make a picture of a line. Call it k. 

Choose a point Aon k. This point is 

to be the vertex of a right angle. 

Place the foot of the compass at A. 

Open the compass to any length and 

make an arc which meets k at B 

and C. 

Place the foot of the compass at B. 

Open the compass to any length and make an arc d. 

Do not change the opening of the compass. Move the foot to point 

C and make an arc c intersecting arc d at point X. 

Draw a picture of a ray from A through XY. Angles CAX and BAX 
are right angles. 

Now do the following: 

9. 

10. 

11. 

12. 

On your paper, make a picture of a line; call it k. 

Choose a point A not on k and construct a perpendicular to k 
passing through point A; call this perpendicular m. 

Choose a point B on line m. Construct a perpendicular to line m 
passing through point B; call it s. 

Is line s parallel to line k? 
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CENTRAL ANGLES 

There is another interesting way to construct a right angle. It is done 

with the help of circles. First, we need to know something about angles 

in relation to circles. We shall agree that a circle can be measured in 

degrees just as an angle is measured. The entire circle will be assigned 

the measure of 360°. 

B 
1. What is the measure of half of a circle? NG 

Z BAC 1s called a central angle, because its vertex EX 
is the center of a circle. BC is intercepted by Cc 

Z BAC. We also say that Z BAC intercepts BC. 

@ A central angle has the same degree-measure as its intercepted arc. 

For _each picture, give the measure in degrees of the central angle A 

or BC, whichever is missing. 

B 
2. 135° C 4. 6. 

B C 

B 

3 B 5. 7 

178° 
B 

\ 
C Ce 10° 

INSCRIBED ANGLES 

Below we show another special kind of angle. Note that each angle 

has its vertex on the circle. In this case, the sides of each angle are 

called chords. 
X 

B 
P 

A D M Ss WwW Z 

R 

C 
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vA ek woN 

You should have discovered the 

following: 

. Measure each of the ‘angles named in 

A chord is a line segment whose endpoints are on the circle. 

An inscribed angle is an angle whose sides are chords of a circle. 

. Is MP achord? Why or why not? Fr 

. Is MO achord? Why or why not? 

Is M on the circle? T 

Is M a vertex of 2 PMQ? 

Is 2 PMQ an inscribed angle? Why 

or why not? 

ZPMQ intercepts PTO or PTO is intercepted by 2 PMQ. 

In the picture on the right, what arc 

is intercepted by ZE? by ZA? by 

Z2G) OY" Z DD Ye7are! 

exercise 6 with a protractor and 

record the measures. 

Inscribed angles which intercept the same arc have the same 
measure. 

Each picture below shows two angles, one a central angle and the other 

an inscribed angle. Both intercept the same arc. 

(WISTS 
10. 

Li; 

Measure Z B. How do the measures of angles B and A compare? 

Measure 2 D. How do the measures of angles D and C compare? 

Measure 2 F. How do the measures of angles F and E compare? 

Measure Z H. How do the measures of angles H and G compare? 



12. 

13. 

14. 

SEMICIRCLES AND RIGHT ANGLES 391 

Examine your answers to exercises 8-11. Now answer the follow- 

ing question. 

What is the relation between the measure of a central 

angle and the measures of inscribed angles which inter- 

cept the same arc? 

Recall the relation between the measure of a central angle and 

the degree-measure of its intercepted arc. What is it? 

Combine the answers to exercises 12 and 13 and answer the 

following question. 

What is the relation between the measure of an inscribed 

angle and the degree-measure of its intercepted arc? 

SEMICIRCLES AND RIGHT ANGLES 

For exercise 14 in the section above, you should have drawn the 

following conclusion. 

The measure of an inscribed angle is equal to one-half the degree- 

measure of its intercepted arc. 

Now we will consider another method of constructing a right angle. 

First we introduce a new word. 

A semicirele is an arc of measure 180°. The prefix “‘semi’’ means 
**h 99 alf. 

Make a picture of a circle. Draw a diameter. Do the endpoints of 

the diameter divide the circle into two semicircles? 

In the picture you made for exercise 1, make an inscribed angle 

which intercepts one of the two semicircles. 

What is the measure of the inscribed angle in exercise 2? 

In the picture on the right, what arc 

is intercepted by ZA? (Use three 

letters to name the arc.) by 2B? by 

FROM: 

Explain why each of the angles 4, 

B, and C in the picture on the right 

is a right angle. 
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6. In the picture on the right, 

what arc is intercepted by 

ZF? (Use three letters to . <i 

name the arc.) by 2D? : 
G 

7. IsittruethatmZF =mZD? 

What is the measure of each? 

© 
D 

RATIO AND GEOMETRY 

Ratio has many uses. If we say that the ratio of the number of boys to 

the number of girls in a class is 1 to 2, we mean that there are twice as 

: ; ‘ 1 
many girls as there are boys. We write this as 1:2, or > We know that 

the ratio of 1 to 2 is the same as the ratio of 2 to 4. To show this we 

write ; _ <. Recall that a statement of this form is called a proportion. 

In each proportion, find a replacement for x to make a true statement. 

=. Ae eee 7 4. 5 5 yp ae 

a YS Dae 
20) = i 

AB is the length of AB, that is, a B 
number telling us how many units 

of length are contained in AB. For 
the picture on the right, AB = 2 in. 

10. AB =2 in. If the ratio of AB 

to CD is 2:3, how long is CD? 10” 

11. For the rectangles pictured 
on the right, the follow- 3’ 
: : 4 x 
ing proportion holds: —==. g proportion holds 103 

What is the width of the ol. 
smaller rectangle? : ae Te al 
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12. In the two pentagons pictured 

on the right, the lengths of 

corresponding sides have the 

same ratio. AB corresponds 8” 
to A'B', BC corresponds to NV’ 3 

B’C*~and’so on. lf A'B" is 

.8 in., compute the length of E D’ 

each side of the smaller 

pentagon. 

13. AB and A'B’, BC and B’C’ andCA and C’A’ are pairs of corre- 

sponding sides in the two triangles. The ratio of measures of each 

pair of corresponding sides is the same. Compute the lengths of 

A'B' and B'C’. 
B’ 

C C’ 

14. If the length of A’C’ in exercise 13 is 4 in. and the remaining sides 

are as marked, compute the lengths of A’ B’ and B'C’. 

SIMILAR POLYGONS 

When we say that AABC corresponds to AA'B'C’, then we also 

mean that AB corresponds to A’B’, BC to B’'C’, and CA to C’'A’. 

1. AABC corresponds to AXYZ. Name the three pairs of corre- 

sponding sides. 

When we say that AABC corre- B 

sponds to AA’B'C’, then we B’ 

automatically mean that ZA 
corresponds to ZA’, ZB to ZB’, ~~ 

andeC aor = A Can: C’ 

2. AABC corresponds to AXYZ. Name the three pairs of corre- 

sponding angles. 
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@ Two polygons are similar if the measures of pairs of corresponding 

sides have the same ratio and the measures of their corresponding 

angles are equal. : 

We will write KLABC ~ LAB CC’ 

to mean 

AABC is similar to AA’ B'C’' 

By definition of similarity the following are true. 

AB@se LG es GAs 
MO BE MBE CC hOeA'S 

mZA=mZA' 

mz. Bm 4B 

mZC=mZzC' 

3. AABC ~ ADEPF. AB =5in.; B E 

BC =3 in., and CA = 3 in. If 

DE =7 in., compute EF and 

FD. 5 
F 

D 
4. Prove that any two squares A 

are similar. [HINT: See defi- 

nition of similarity. | 

5. AABC ~ AXYZ. The lengths B 
of sides are as shown in the Y B: 
picture on the right. Compute 3” te 
AC and CB. Tie sse c 

X*—~"4.5” F 

6. AMRS is a right triangle. R 

How long is RS? ; . % os 

7. AMRS ~ ATWX. If WX= y : S ae 
2 in., compute TW and TX. 

8. Name the three pairs of 

angles having the same mea- 
sure in triangles MRS and TWX. 

9. Given right triangle ABC with legs 5 in. and 12 in. and hypotenuse 
13 in., compute the measures of the legs of a similar triangle if its 
hypotenuse is 19.5 in. 
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10. AEGK ~ AMOT.Thetwotri- G 
angles are isosceles with bases . 
EK and MT. If the measures /\t 
of the sides are as shown in the 
picture on the right, compute : ie : a a J 
the measures of the remaining 

three sides. 

11. Prove that any two equilateral triangles are similar. 

12. Prove that any two regular polygons with the same number of sides 
are similar. 

SIMILAR TRIANGLES 

In geometry it is possible to prove the following: 

@ If the measures of the corresponding pairs of angles of two triangles 

are equal, then the triangles are similar. 

We know that the two triangles above are similar, since 

mZA=mZA'=20° 

mZB=mZB' = 130° 

mZC=mZC' = 30° 

Then it follows from the definition of similar polygons that 

pAb pees Oye Cs 
Ache, CT GaAs 

The two triangles shown below are right triangles. 

1. What is mZR? 8 

2. What is mZR'? 

3. Are the triangles similar? 

Why or why not? p 
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Recall that the sum of the measures of the angles of a triangle is 180°. 

4. In two right triangles, if the measures of two corresponding acute 

angles are the same, then the measures of the other acute eS 

are the same. Justify this statement. 

The following conclusion results. 

@ If two right triangles have a pair of acute angles of the same 

measure, then they are similar. 

Tell which pairs of right triangles are similar. 

\ Bao 

DIVIDING RIGHT TRIANGLES 

Triangle ABC pictured on the right B 

is a right triangle. CD is perpendic- D 

ular to AB. 

1. CD divides A ABC into two tri- 

angles. Name the two triangles. 

2. Explain why AACD and 

ABCD are right triangles. 

3. Explain each statement. 

a. mZA+mZB=90° 

b. mZDCB+mZB= 90° 

mZA=90°—mZB 

mZDCB=90°—mZB 

e. mZA=mZDCB = conclusion which follows from steps 

c and d 

a 
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mZB+mZA=90° 

mZDCA + mZA=90° 

mZB=90°—mZA 

i. mZDCA=90°—mZA 

so 

j. mZB=m2ZDCA_ =< conclusion which follows from steps h 

and i 

k. ABCD ~ ACAD [Look at statements e and j; do they justify 

this conclusion? | 

In triangle ACD, tell which side is opposite 

a. ZA b. ZACD CoPZADE 

In triangle ACD, tell which angle is opposite 

a. CD b. AD @ 2 

In triangle BCD, tell which side is opposite 

aeZ BCD b-e2b CZ. CDE 

In triangle BCD, tell which angle is opposite 

a. BC DacD ce. BD 

In triangle ABC, tell which side is opposite 

a. ZACB b. ZA (ey LIS 

AXYZ is aright triangle. ZW 1 XY. 

Ms 

10. 

11. 

12. 

13; 

14. 

15. 

Why are triangles XWZ and YWZ 

right triangles? 

Which angle in A YWZ has the same 

measure as Z X? x Y 
W 

Which angle in AYWZ has the same measure as 7 XZW? 

Which side is opposite 2 XWZ? 

Which side is opposite 2 YWZ? 

Which side is opposite 2 XZW? 

Which side is opposite 2 ZYW ? 
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RATIOS IN SIMILAR TRIANGLES 

Concentrate your attention on triangles MPT and PRT. 

P 

i. 

mZM=mzZTPR  InAMPT, PT is opposite 2 M. 
In APRT, RT is opposite 2 TPR. 

PT and RT are a pair of corresponding sides. 

mZMPT=mZR__ In AMPT, MT is opposite 2 MPT. 
In ARPT, PT is opposite ZR. 

MT and PT are a pair of corresponding sides. 

mZMTP=mZRTP In AMPT, MP is opposite 2 MTP. 
In APRT, PR is opposite 2 RTP. 

MP and PR are a pair of corresponding sides. 

1. Why is the following true? AMPT ~ APRT 

RECALL In similar triangles, the ratios of measures of correspond- 

ing sides are equal. 

What are these ratios in triangles MPT and PRT? Check the ratios 

below against the picture above. 

LT STM 
RES eee 

For exercises 2-6, refer to the picture at the top of the page. Use the 

proportion displayed above. 

2. If PT =4 in. and RT = 8 in., find MT. 

3. If RT=6cm., MP=4cm., and PR =5cm., find PT. 

4. If MT = 12 ft., MP = 18 ft., and PR = 24 ft., find PT. 

5. If MT =3 yd. and PT = 6 yd., find RT. 

6. If PT=4in., MP=5S in., and PR = 65 in., find MT. 
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SQUARE ROOT AND A RIGHT TRIANGLE 

In the picture at the right, A 

ACDA ~ AADB 

mZC=mzZDAB d 

mZCAD=mZB 

For ACDA and AADB, the 

following pairs of sides are c 5 e B 

corresponding sides. Z 

— —_~ .. b — on... f 
CD and AD: ratio 7: AD and BD: ratio Zz 

A je 
ibs a 5 is a true statement. Show that f? = bc. 

2. f? = bc is a true statement. Show that f= Vbc. 

Given f= Vbc, compute f for the following replacements of b and c. 

3. 4 for b, 9 forc 7 MOLD LOC 

4. 1 for b, 4 for c 8. 11 for b, 11 for c 

5.) 4.5. for b, 2iior c 9. 32 for b, 2 forc 

6. 4.9 for b, 10 for c 10. 6.05 for b, 20 for c 

Given f=Vbc, compute f to one decimal place for the following 

replacements of b and c. Use the table of square roots on page 421. 

th, Water len Peale ve 15. 4 for b, 2 forc 

12. 2 for b, 3 forc 16. 4.5 for b, 4 for c 

13. 5 for b, 2 for c 17. 30 for b, 5 for : 

14. 3 for b, 7 forc 18. 13 for b, 2 forc 

For each picture below, compute the measure of the side marked x to 

one decimal place. [HINT: x = V yz. ] 

19. 20. 5 15 ‘ 21. : 

San 1 | 3 3 
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ANGLES INSCRIBED IN SEMICIRCLES 

1. In the picture on the right, why 

is 2B aright angle? 

Is ZX a right angle? Why or 

why not? 
e 

What is true of every angle 
which is inscribed in a semi- 
circle? 

In the picture on the right, 2 GKL is 

a right angle because it is inscribed 

in a semicircle. KR GL. Let KR 
=a in., GR=b in., and RL =c in. 

Then we know that the following is 

true. 

a=Vbc 

PAS 

Which are true and which are false? [Refer to the figure above. | 

If b= 2 in. and c= 5S in., then a= V 10 in. 

SS ae ee ee 

10. 

If b = 1 in. and c = 3 in., then a = 2 in. 

If b = 4 in. and c = 10 in., then a = V 14 in. 

If b= 5 in. and c = 15 in., then a = V75 in. 

If b = 12 in. and c = 12 in., then a = 12 in. 

If b=7 in. and c = 15 in., then a = V 105 in. 

If b =3 in. and c = 27 in., then a = 81 in. 

In the picture below, O and QO’ are the centers of the two circles. 

11. 

12. 

Name all angles in the picture 

which you know to be right 

angles. Do no measuring. 

ZCO'E is a central angle inter- 

cepting the same arc as does the 

inscribed angle COE. How do 

the measures of these two angles 

compare? 
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CONSTRUCTING LINE SEGMENTS 

Let us consider the following problem. 

Given a line segment | unit long, construct a line 
segment which measures V3 of these units. 

There are two things which you have learned that will enable you to 
solve this problem. To help you recall these two things, answer the 
following questions. 

1. Is 2 ABC a right angle? Why or why not? 

2. Is this statement true? 

BD VAD xX GD 

Let us analyze our problem in terms of the picture 

on the right. If we make AD 1 unit long and CD 
3 units long, then BD would be V1 x 3, or V3 

units long. 

Take a ruler and compass and make the following construction on 

your paper. Refer to the figure below. 

. Make a picture of a line k. 3 

4. Choose a unit of length on k. We chose AD to be that unit. 

5. Mark off 3 of these units to the right of D. DC is 3 units long. 

6 . We need now to construct a semicircle passing through points 

A and C. This is easy. We choose point E to be the same distance 

from A as it is from C; it is the center of our semicircle. Construct 

the semicircle. 

7. At D construct a perpendicular to AC. 

8. Why is the measure of BD V3 units? 
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Example Construct a line segment which is V6 units long. 

How to Consider 6 as the product of 2 and 3. Let us agree that 

solve this line segment will serve as 1 unit. Follow the 

steps and make the same construction on your paper. 

f 
Boh a 

y 

a. On a line k, mark off with a compass AB 2 units long 
and BC 3 units long. 

b. Locate the midpoint of AC; call it O. 

c. Using OA for a radius, construct a semicircle. 

d. At B construct the perpendicular BD. 

e. Explain why the measure of BD is V6 units. 

For the construction above, we could have considered 6 as the product 

of 1 and 6. 

9. 

10. 

11. 

The construction at the 

right is based on the fact 

that 6= 1 X 6. Examine 

the picture. Then make 

this construction on your 

paper. Use the same unit 

length as given for the 

construction above. 

Explain why WY is V6 

units long. 

In your pictures, does 

WY have the same mea- 

sure as BD? 
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For each picture below, tell the length of AB. 

12: 4 14. i 16. B 

A A A 

13. 5 15. 17; 

A A A 

18. 

19. 

8 can be viewed as the product of 2 and 4, and as the product of 1 

and 8. Construct a line segment V8 units long in two ways. One 

way based on 8 = 2 X 4 and the other on 8 = 1 X 8. [Choose a unit 

of length. ] 

Construct a line segment V12 units long based on two facts: 

12=3 X4 and 12=6 x2. 

For the picture below, determine the measure of each segment. Assume 

that the diameter of the semicircle is 9 in. The segments along the 

diameter are of equal measure; that is, SA = AC = CE, etc. 

20. 

21. 

22. 

23. 

24. 

AB 25. 

CD 26. 

EF th 

GH 28. 

jal 
See AS Cee a Ge lee Mie O71 Gi 

For each number, name all pairs of whole numbers whose product is 

that number. Do not use the number | in any of the pairs. 

29. 

30. 

31. 

32 32. 24 35.) 125 

50 S506 36. 49 

40 34. 100 A 2D 
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KEEPING ARITHMETICALLY FIT 

For exercises 1-62, numerals in parentheses refer to pages where you 

can find similar exercises. 

Add. (423-424) (436-437) 
1. 17,065 2. .176 3, 3.75 

3.795 905 9.31 
28.008 367 8.66 
97.106 405 3.05 
5,007 196 7.12 

29.076 805 8.93 
48.118 107 5166 

(428-430) 
[oie 2.7 sete 4 5+a+4 6 247 8. 12 +122 

pe ewbe oa 2 vying dD le fee sate +S Tile 9 1S+1gt ly 

Subtract. (424) (430-432) 

10. 387,196 1B. ‘= 1605-242 
89.298 EN 

(438-439) 

11. .862 ya, U_2 Wee ae 37 8 6 

12. 36.89 15. 35 2 18. 21-12 
29.99 7 J 

Multiply. (425) (432-434) 

19. 368 22. x2 25. 32x44 ee Ey a) 

(439-440) 
20. 35.7 3, UY 4A 2. 14x6tx 23 2 41 Bois aaa 3.6 

21. .36 24. ; x 53 27. 24x31 x4 
.09 5 



Divide. 

(426) 

28. 

29. 

22) 3,938 

16) 1,709 

(440-442) 

30. 1.6) 22.4 

KEEPING ARITHMETICALLY FIT 

Replace each n to obtain a true statement. 

(442-443) 
37. 30% of 120=n 

38. 200% of 17=n 

39. .1% of 500 =n 

40. 5=n% of 100 

41. 1=n% of 50 

Compute the answers. 

(444-448) 
47. -7+35 51. 

48. 36-12 52. 

49. -5x9 53. 

50. —12+6 54. 

Which of the following is a subset of 

63. 
i ale al 

203 e4 
i - 7 64. {2,3, 4} 

Which of the following is the empty set? 

67. cols A) Ss 68a ain 

405 

31. .05) 13.7 34. 42 +35 

(434-436) 
ekevall Zag S2ts iB 5205 

BE sk (mel Tee a5, Tine, 

42. 30=n% of 6 

43. 5 = 1% of 50 

44. 5= 10% of n 

1 ON WA a 

AG ne ea3 note 
* 10 Bee 

(i GE WA(=la) Sy Sh 

Beat fase 60) 9 ee) 

12410 57 (G8) 612 .—4 x (12) 

20 +4 xh Bea) (Sei 

idk 
I Big 

1 ee 1 65 eal 66. {1} 

ie Ul Oe Tey oh 24; 
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Which are true and which are false? 

70. 

vis 

ibs 

73. 

74. 

(ES 

76. 

77. 

78. 

if} 

80. 

81. 

82. 

83. 

98. 

99. 

100. 

101. 

102. 

103. 

CHAPTER THIRTEEN 

ates 
-—-< = 

34d 

[=S5]— 11 

1.237237 is a rational number. 

1251551555108 ee isa Pauonal 

number. 

.1% = 10 

10% = .1 

a> 
thee’) 

20,502 is divisible by 3. 

20,502 is an even number. 

7= 07 

74 = 42 

0 xX 25= 167 xX 0 

1 1 
Kae AK 

f 2 “ 3 

53 ten <= 5 seven 

84. 

85. 

86. 

87. 

88. 

89. 

90. 

91. 

92. 

93. 

94. 

WE 

96. 

97. 

20,502 is divisible by 9. 

77 is a prime number. 

G.C.F. (12, 24) = 12 

31 is a composite number. 

L.C.M. (3,8) = 16 

For each set A, A U d= @. 

For each set A,A N d= ¢@. 

For each set A, A N A=@. 

For each set A, A UA=A. 

(lily 7s 9) = 

25 four < 13 ten 

6* — 664 

A eas 
—-+-=>->xX= 

BEER wie oy 

32D 

Show a one-to-one correspondence between the set of natural 

numbers and the set of negative integers. 

If U = {1,3,5,7,9, 11} and A = {1, 5,9}, what is A equal to? 

Give an example of a non-repeating non-terminating decimal. 

Sets X and Y are matching. If for every number n in_X, the corre- 

sponding number in Y is 

144 in X? 

1 : 
n, what number in Y corresponds to 

Is the set {—1, 0, 1} closed under multiplication? Why or why not? 

Is the set {—1, 1} closed under addition? Why or why not? 



104. 

105. 

106. 

107. 

108. 

109. 

110. 

111. 

112. 

113. 

114. 
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What is the L.C.M. of 22 and 36? 

What is the G.C.F. of 60 and 84? 

1 

2 

how much interest? 

$250 invested at —=% simple interest rate for 5 years produces 

A certain amount of money invested for 3 years at 3.75% interest 

rate produced $2,250 interest. How much money was invested? 

Adding 3 to some number, then multiplying the result by 7 gives 

28. What was the original number? 

Multiplying some number by 7 and subtracting from the answer 

the product of 3 and 2 gives 8. What was the original number? 

The sum of some number and 10 is divided by 2. The result is 2. 

What is the number? 

Some number is added to itself. The result is multiplied by 5 and 

the product is 15. What was the number? 

John missed 10 out of 65 points on a test. What per cent of the 

work did John do correctly? 

When milling the wheat, flour is obtained which weighs 75% of 

the weight of wheat. How many pounds of flour is obtained from 

1,500 lb. of wheat? 

Find the perimeter of a rec- B 5 C 
tangle in which each side is 

25% longer than each side of 

rectangle ABCD. sm SN ) 

VOCABULARY REVIEW 

angle bisector (382) inscribed angle (390) 

bisect (377) intercept (389) 

central angle (389) midpoint (377) 

chord (390) perpendicular (380) 

concurrent (386) semicircle (391) 

construction (378) similar polygons (394) 

corresponding sides (393) similar triangles (395) 

distance (380) 
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A CHALLENGE TO YOU 

1. Two women sold 30 apples each. One woman charged 5¢ for 2 

apples, the other 5¢ for 3 apples. What is their combined intake? 

The next day they decided to combine the 60 apples and have one 

woman sell them at 10¢ per five apples (2 apples for 5¢ and 3 

apples for 5¢ is 5 apples for 10¢). What was the intake this time? 

What happened to the nickel? 

2. A car travels for two hours at the average speed of 45 mph. The 

‘return trip is made at the average speed of 50 mph. Compute the 

average speed for the entire trip. 

3. 4 of the length of a pole is underground. 9 ft. of it is above the 

ground. What is the total length of the pole? 

4. To what number should you add 25 to obtain four times that 

number? 

5. A box contains 20 large paper clips and 10 small ones. One clip 

is drawn at random from the box. What is the probability that 

a. a small clip will be drawn? b. a large clip will be drawn? 

6. What is the sum of the probabilities in exercise 5. 

CHAPTER TEST 

1. On your paper, make a picture of a line segment, AB, like the one 

on the right. By construction, locate 
= Qn 

the midpoint of AB. : 

2. On your paper, make a picture of ZA 

like the one on the right. 

a. Construct an angle of the same 

measure as that of ZA. 

b. Construct the bisector of ZA. 

3. On your paper, make a picture of a line ep 

k and a point P like in the picture on the 

right. Construct a perpendicular from ——— Ee 

point P to line k. 
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Choose a unit of length. Construct a line segment measuring 

4. V5 units 5. V2 units 6. V7 units 

Without using a protractor construct an angle measuring 

ife Aes S27) 9. 45° 10. 135° 

Without using a protractor, tell the measure of each inscribed angle 

below. 

11. : aan 12. ‘ <.\ 13. 14. 

ee Beas SN (ile See 
For each triangle, compute the length of the altitude, h. Your answer 

may contain a square root sign. 

15. ‘ 16. - 17: 

1 H 

Cc B D 75 lee, G 5 sama 

18. AABC ~ AA'B'C'. Compute A’ B’' and B’C’. 

A Cc 

19. What is true of the distances from a point on the angle bisector to 

the sides of the angle? 

20. How do the measures of a central angle and its intercepted arc 

compare? 

21. How do the measures of an inscribed angle and its intercepted arc 

compare? 

22. What is the measure of an inscribed angle which intercepts a 

semicircle? 



The Metric System 

rn aang 
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METRIC UNITS OF LENGTH 

There are two basic systems of measure which are in popular use. One 

of these is the English system, with which you are well familiar. The 

inch, the foot, the yard, and the mile are units of length in this system. 

The pint, the quart, and the gallon are units of capacity. The ounce and 

the pound are the most commonly used units of weight in the English 

system. The unit for measuring temperature is the Fahrenheit degree. 

The relationships between the units in the English system do not 

follow one pattern. For example, there are 12 inches in 1 foot, but 

there are 3 feet in one yard. There are 16 ounces in | pound. Hence, 

in converting from one unit to another, different multipliers must be 

used, depending on the unit. 

The metric system, which is quite popular in Europe and Canada, 

is based on the number ten. First let us examine the units of length 

in the metric system. A very short unit is the millimeter. Other longer 

units are as follows: 

1 centimeter = 10 millimeters 

1 decimeter = 10 centimeters 

1 meter = 100 centimeters 

1 kilometer = 1,000 meters 

It is clear that a knowledge of the powers of ten is essential when 

working with relationships between the metric units of measure. 

1. a. How many millimeters are there in a meter? 

b. Write it as a power of ten. 

2. a. How many decimeters are there in a meter? 

b. Write it as a power of ten. 

3. a. How many centimeters are there in a kilometer? 

b. Write it as a power of ten. 

Complete the following: 

4. 1 millimeter = _’_ centimeter 

5. 1 decimeter = _?_ meter 

6. 1 centimeter = _?~ meter 

7. 1 meter = _?_ kilometer 
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It is awkward to write out in full the names of the units. To simplify 

writing, we shall use the following abbreviations. 

mm. for millimeter 

cm. for centimeter 

dm. for decimeter 

m. for meter 

km. for kilometer 

8. Use the abbreviations above and restate the relationships dis- 

played in the middle of page 411. 

Which are true and which are false? 

9° Icm.=.1 dm. 12. 1 m.=.001 km. 

10. 1 cm. =.001 m. 13. 1mm.=.01 m. 

11. 1 km. = 10? cm. 14. 1 mm.=.001 m. 

We use square units to express areas. For example, the area of a square 

with each side 1 cm. long is 1 sq. cm. 

Given a square with each side 1 m. long, what is its area in square 

centimeters? Since 1 m. = 100 cm., its area is 

100 < 100, or 10,000 sq. cm. 

Therefore, | sq. m. = 10,000 sq. cm., or 104 sq. cm. 

15. What is the area in sq. mm. of a square with each side 1 cm. long? 

16. What is the area in sq. m. of a square with each side 1 km. long? 

17. What is the area of a rectangle with length 12 cm. and width 9 cm.? 

18. What is the area of a rectangle with length 10 cm. and width 

60 mm.? Give the answers in sq. mm. 

19. What is the area of a rectangle with length 15 cm. and width 

95 mm.? Give the answer in sq. mm. 

20. What is the area of a rectangle with length 3 m. and width 80 cm.? 

Give the answer in sq. m. 

21. What is the area of a rectangle with length 5 m. and width 90 cm.? 

Give the answer in sq. cm. 
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ENGLISH AND METRIC UNITS OF LENGTH 

Since both the English and the metric systems are in frequent use, it is 

necessary to be able to change from one system to the other. Below we 

give some relationships between basic units, given to two decimal 

places. Recall that = means “is approximately equal to.” 

1 cm. = .39 in. 1 in, = 2.54 cm. 

1 m. = 39.37 in. 1 in. = .03 m. 

1 m. = 3.28 ft. 1 ft. = .30 m. 

1 m. = 1.09 yds. 1 yd. = .91 m. 

1 km. = .62 mi. 1 mi. = 1.61 km. 

In the exercises which will follow, you will be asked to convert mea- 

sures from one unit to another. We shall agree to give answers with 

accuracy to one decimal place, unless otherwise indicated. You should 

do the following: 

1. Compute using the appropriate relationship correct 

to two decimal places. 

2. Round the answer to one decimal place. 

In rounding, if the first digit which is dropped is 5 through 9, the pre- 

ceding digit is increased by 1. If the first digit which is dropped is 0 

through 4, the preceding digit is left alone. 

Convert each measure. 

Pee LOrcm sto in: 6. 5 in. to cm. 

2a oe tO0: 7. 68 in. to m. 

3. 500 m. to ft. 8. 10 ft. to m. 

4. 1,000 m. to yds. 9. 220 yds. to m. 

Soe kins (tO mt: 10. 4 mi. to km. 

1 sq. cm. is about .39 X .39, or .2 sq. in. 

11. 1 sq. m. is about how many sq. in.? 

12. 1 sq. m. is about how many sq. ft.? 

13. 1 sq. m. is about how many sq. yds.? 

14. 1 sq. km. is about how many sq. mi.? 

15. 1 sq. in. is about how many sq. cm.? 
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16. 

17. 

18. 

19. 

20. 

21. 

22. 

23. 

1 sq. ft. is about how many sq. m.? 

1 sq. yd. is about how many sq. m.? 

1 sq. mi. is about how many sq. km.? 

A cube with each edge of length of 1 cm. has the volume of 

1 x 1X 1, or 1 cu. cm. How many cubic inches is that? [HINT: 

Round the first product to two decimal places before multiplying 

again. Then round the answer to one decimal place. | 

Compute the volume in cu. cm. of a rectangular box with dimen- 

sions 1 in., 2 in., and 3 in. 

What is the volume in cu. ft. of a rectangular box with the dimen- 

sions | m., 2 m., 3 m.? 

Diving boards in Olympic size swimming pools are usually | m., 

2 m., and 10 m. above the water level. Give these measures in 

terms of ft. 

Jerry runs 220 yards in 29 seconds. Assuming the same rate, how 

long would it take him to run 100 meters? 

UNITS FOR MEASURING CAPACITY 

The units for measuring capacity in common use in the United States 

and England are the fluid ounce, the pint, the quart, and the gallon. 

The British and the U.S. units are not exactly the same. We shall give 

conversions involving the U.S. units. 

The most commonly used metric units for measuring capacity are 

the milliliter (ml.) and the liter (1.). 

1 liter = 1,000 milliliters 

The following are approximate relationships between the non- 

metric and metric capacity units. 

L 

1 U.S. fluid ounce = 29.57 milliliters 

1 U.S. liquid quart = .95 liters 

1 U.S. gallon = 3.79 liters 
1 milliliter = .03 U.S. fluid ounces 

1 liter = 1.06 U.S. liquid quarts 

1 liter = .26 U.S. gallon 

If a gas tank holds 20 U.S. gallons of gas, how many liters does 

it hold? 
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2. An oil tank has the capacity of 100 U.S. gallons. How many 
liters is it? 

3. A cup is equivalent to 8 fluid ounces. How many milliliters is it? 

4. A pint is equivalent to ; quart. How many milliliters is it? 

5. A container with the capacity of 2 quarts is equivalent to how 
many liters? 

6. A container with the capacity of 2 liters is equivalent to how 
many fluid ounces? 

7. A container with the capacity of 15 liters is equivalent to how 
many fluid ounces? 

UNITS OF WEIGHT 

The ounce and the pound are the most commonly used units of weight 

in the United States. One pound (lb.) is equivalent to 16 ounces (0z.). 

The most commonly used metric units of weight are the gram (g.) 

and the kilogram (kg.). 

1 kilogram = 1,000 grams 

Below wé show the relationships between different units of weight. 

1 gram = .04 ounces 1 ounce = 28.35 grams 

1 kilogram = 2.20 pounds 1 pound = .45 kilogram 

1. One gram is equivalent to 1,000 milligrams. What is 1 milligram 

equivalent to in terms of grams? 

2. a. How many milligrams is one kilogram equivalent to? 

b. Show this as a power of ten. 

3. A can contains 12 oz. of orange juice. How many grams is that? 

4. A store manager ordered 2,500 Ibs. of butter. How many kilo- 

grams is that? 

5. Which is greater, 100 lbs. or 40 kg.? 

6. John weighs 95 Ibs. How many kilograms is that? 
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7. Sally weighs 41 kg. How many pounds is that? 

8. On certain international flights a passenger is allowed a maximum 

of 60 Ibs. of baggage. Approximately how many kilograms is that? 

9. If there are 7 calories in 1 g. of butter, how many calories are 

there in 1 lb. of butter? 

MEASURING TEMPERATURE 

In the English system, the Fahrenheit degree is used for recording 

temperature. In the metric system, the Celsius (centigrade) degree 

is used. The freezing point of water is 32 degrees Fahrenheit (32° F.) 

or 0 degrees Celsius (0° C.). The boiling point of water is 212° F. or 

100° C. Below we give the relationships between these units. 

F=2C+32 C =2 (F 32) 

Given a temperature in the Celsius scale, we can use the formula on 

the left above and compute the corresponding number of degrees in 

the Fahrenheit scale. In converting from the Fahrenheit scale to the 

Celsius scale, we use the formula on the right above. 

Example 1 Compute the Fahrenheit equivalent of 40° C. 

F=2C+32 

==x 40+ 32 
=72+32 
= 104 

Thus, 40°C. is equivalent to 104° F. 

Example 2. Compute the Celsius equivalent of 59° F. 

— (7 C=O lF 32) 

ye =o ey) 

5 == xX 9 of 

= 15 

Thus, 59° F. is equivalent to 15° C. 
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Compute the Fahrenheit equivalent of 

E302 Ce 2. 2807G; Sane 4. —10°C. 

Compute the Celsius equivalent of 

nhs CN ey ae 6.9235: TB ES a Siimeovar. 

VOCABULARY REVIEW 

Celsius (416) liter (414) 

centigrade (416) meter (411) 

centimeter (411) metric system (411) 

decimeter (411) mile (413) 

Fahrenheit (416) milliliter (414) 

fluid ounce (414) millimeter (411) 

foot (413) ounce (415) 

gallon (414) pint (414) 

gram (415) pound (415) 

inch (413) quart (414) 

kilogram (415) yard (413) 

kilometer (411) 

A CHALLENGE TO YOU 

1. a. Using a string, determine in millimeters the circumference of 

a l,cent coin and of a quarter. 

b. What is the difference of these circumferences? 

c. Compute the diameter of each of these two coins in mm. to 

one decimal place. (Use 3.1 for 7.) 

d. Compute the area of each coin to one decimal place. 

2. a. One meter is one-ten-millionth of one-fourth of the earth’s 

circumference at the equator. If a one-dollar bill is about 16 cm. 

long, approximately how many dollar bills would it take, placed 

end to end lengthwise, to reach around the earth at the equator? 

b. If one dollar bill is placed each second, approximately how 

many years would it take to get around the earth? (Compute 

the answer with accuracy to one year.) 

3. What temperature is given as the same number of degrees in both 

scales, Fahrenheit and Celsius? 



418 CHAPTER FOURTEEN 

foe ig Gee fe 

11. 

12. 

13. 

14. 

15. 

CHAPTER TEST 

Show each of the following as a power of ten. 

a. The number of centimeters in a kilometer. 

b. The number of millimeters in a kilometer. 

a. Compute the area of a rectangle with the length of 20 cm. and 

the width of 9 cm. 

b. Express this area in square inches. 

a. Compute the area of a rectangle with the length of 30 in. and 

the width of 14 in. 

b. Express this area in square centimeters. 

If a tank holds 24 U.S. gallons, how many liters does it hold? 

If a tank holds 60 liters, how many U.S. gallons does it hold? 

Which is greater, 1 U.S. gallon or 4 liters? 

Which is greater, 1 liter or 1 quart? 

Express 100 kg. in terms of milligrams, showing it as a power 

of ten. 

A car weighs 750 kg. How many pounds is that? 

A car weighs 2,250 lbs. How many kilograms is that? (Give the 

answer with accuracy to 10 kg.) 

A can of peaches weighs 30 oz. How many grams is that? (Give 

the answer with accuracy to 1 gram.) 

There are 40 calories in 6 ounces of tomato juice. How many 

calories are there in 1 kg. of tomato juice? (Give the answer with 

accuracy to 1 calorie.) 

A bottle contains 567 grams of catsup. Express this in terms of 

pounds and ounces with accuracy to 1 ounce. 

Compute the Fahrenheit equivalent of 

a. 50°C; b.e252C. C40. Ce 

Compute the Celsius equivalent of 

re pored 2, b. 50°F. CHEE. 
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CONVERSION TABLES 

Length 

12 inches = 1 foot 1 centimeter = 10 millimeters 

3 feet = 1 yard 1 decimeter = 10 centimeters 

1 rod = 16.5 feet 1 meter = 100 centimeters 

5,280 feet = 1 mile 1 kilometer = 1,000 meters 

1 inch = 2.54 centimeters 1 centimeter = .39 inch 

1 inch = .03 meter 1 meter = 39.37 inches 

1 foot = .30 meter 1 meter = 3.28 feet 

1 yard = .91 meter 1 meter = 1.09 yards 

1 mile = 1.61 kilometers 1 kilometer = .62 mile 

U.S. Liquid Measure 

1 gallon = 4 quarts 1 liter = 1,000 milliliters 

1 quart = 2 pints 

1 pint = 16 ounces 

1 fluid ounce = 29.57 milliliters 1 milliliter = .03 fluid ounce 

1 liquid quart = .95 liter 1 liter = 1.06 liquid quarts 

1 gallon = 3.79 liters 1 liter = .26 gallon 

Weight 

1 pound = 16 ounces 1 kilogram = 1,000 grams 

1 ton = 2,000 pounds 

1 ounce = 28.35 grams 1 gram = .04 ounce 
1 pound = .45 kilogram 1 kilogram = 2.20 pounds 
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TABLE OF ROOTS AND POWERS 

i 1 1.000 1 1.000 51 2,601 7.141 132,651 3.708 
2 4 1.414 8 1.260 52 2,704 7.211 140,608 3.733 
3 9 1.732 27 «1.442 53 2,809 7.280 148,877 3.756 
4 16 =2.000 64 1.587 54 2,916 7.348 157,564 3.780 
5 25 2.236 125 1.710 55 «63,025 =7.416 166,375 3.803 
6 36 2.449 216 «1.817 56 «3,186 =—7.483 175,616 3.826 
é 49 2.646 343 =—-1.913 57 33,249 §=7.550 185,193 3.849 
8 64 2.828 512 2.000 58 3,364 7.616 195,112 3.871 
9 81 3.000 729 = =2.080 59 3,481 7.681 205,379 3.893 

10 100 «3.162 1,000 2.154 60 3,600 7.746 216,000 3.915 
ll 121 3.317 1,331 2.224 CLS 3,721 75810 226,981 3.936 
12 144 3.464 1,728 2.289 62 3,844 7.874 238,328 3.958 
13 169 3.606 2,197 2.351 63 3,969 7.937 250,047 3.979 
14 196 3.742 2,744 2.410 64 4,096 8.000 262,144 4.000 
15 225 3.875 3,375 2.466 65 4,225 8.062 274,625 4.021 
16 256 4.000 4,096 2.520 66 4,356 8.124 287,496 4.041 
17 289 4.123 4,913 2.571 67 4,489 8.185 300,763 4.062 
18 324 4.243 5,832 2.621 68 4,624 8.246 314,432 4.082 
19 361 4.359 6,859 2.668 69 4,761 8.307 328,509 4.102 
20 400 4.472 8,000 2.714 70 4,900 8.357 343,000 4.121 
21 441 4.583 9,261 2.759 71 «65,041 398.426 357,911 4.141 
22 484 4.690 10,648 2.802 72 5,184 8.485 373,248 — 4.160 
23 529 4.796 12,167 2.844 73 «5,329 8.544 3895017 4.179 
24 576 4.899 13,824 2.884 74 5,476 8.602 4053224 4.198 
25 625 5.000 15,625 2.924 75 5,625 8.660 421 875 4.217 
26 676 5.099 17,576 2.962 76 «45,776 =8.718 438,076 ~ 4.230 
27 729 5.196 19,683 3.000 CLD, 929 S000 456,533 4.254 
28 784 -5.292 21,952 3.037 78 6,084 8.832 474,552 4.273 
29 841 5.385 24,389 3.072 79 6,241 8.888 493,039 4.291 
30 900 5.477 27,000 3.107 80 6,400 8.944 512,000 4.309 
31 961, 5.568, 29,791 3.141 81 6,561 9.000 531,441 4.327 
32 1,024 5.657 32,768 3.175 82 6,724 9.055 551,368 4.344 

33 1,089 5.745 35,937 3.208 83 6,889 9.110 571,787 4.362 
34 1,156 5.831 39,304 3.240 84 7,056 9.165 592,704 4.380 
35 1,225 5.916 42,875 3.271 85 7,225 9.220 614,125 4.397 
36 1,296 6.000 46,656 3.302 86 7,396 9.274 636,056 4.414 

37 =—-1,369 6.083 50,653 3.332 87 7,569 9.327 658,503 4.431 
38 1,444 6.164 54,872 3.362 88 7,744 9.381 681,472 4.448 
39 1,521 6.245 59,319 3.391 89 7,921 9.434 704,969 4.465 

40 1,600 6.325 64,000 3.420 007 8,100 " 9:487 729,000 4.481 

41 1,681 6.403 68,921 3.448 91 8,281 9.539 753,571 4.498 

42 1,764 6.481 74,088 3.476 92 8,464 9.592 778,688 4.514 

43 1,849 6.557 79,507 3.503 93 8,649 9.644 804,357 4.531 

44 1,936 6.633 85,184 3.5380 94 8,836 9.695 830,584 4.547 

45 2,025 6.708 91,125 3.557 95 9,025 9.747 857,375 4.563 

46 2,116 6.782 97,336 3.583 96 9,216 9.798 884,736 4.579 

47 2,209 6.856 103,823 3.609 97 9,409 9.849 912,673 4.595 

48 2,304 6.928 110,592 3.634 98 9,604 9.899 941,192 4.610 

49 2,401 7.000 117,649 3.659 99 9,801 9.950 970,299 4.626 

50 2,500 7.071 125,000 3.684 100 10,000 10.000 1,000,000 4.642 
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Practice Exercises 

Addition of whole numbers 

J. 

In YI Ww 

74 BAS 
44 

37,376 

424 

|.” oo 

45 
67 

|CO DW 

178 

236 

564 

47 
64 

|\O MN \O 

34 
56 
78 

395 
496 
544 
367 

Ia NH Ww INN CO Nn 

370 
980 
420 
140 
570 

siven Ne) 27 8S) 

79 
86 
58 
39 
46 

Ih. \0 CO OO fF 

84 
56 
79 
32 
16 
98 

446 
378 
262 
878 
609 
786 

|oo NK COW CH \O 

389 
276 
869 
349 
760 
805 
ou 

lokhRIANOBRN IN OR ODO HW 

440 
671 
983 
365 
461 
372 
458 
761 

IN NoWNIOA |CO NW \O ON BN 

99 
88 
62 
45 
39 
75 
18 
93 

406 
990 
307 
483 
555 
609 
700 
635 



424 PRACTICE EXERCISES 

4. 3,075 446 1,586 

366 32 302 

1362 96 

3,600 

Answers 

1,762 

4,478 

3,685 

8,005 

3,067 

3,682 
485 

oi, 

4,467 

321 

9,862 

4,405 

790 

3,681 

thy 

405 

17/62 

5,044 

1,763 
25 

405 
34,506 
4,079 

980 
Vy 

1. 16; 17: 17; 23; 20; 19: 32; 33; 38; 50; 46; 47; 50. 2. 80; 112; 111; 168; 175; 
308; 425; 435; 493; 406; 519 3. 800; 978; 1,802; 2,480; 3,359; 3,719; 4d 
4,685 4. 3,441; 1,840; 5,584; 20,997; 18,854; 16,186; 41,775 

Subtraction of whole numbers 

1.-50 39 96 | EF) 

WD ge he 
2. 6,879 4,963 vaya 

817 702 500 

Jo 256057, 94,686 

4,603 53,265 

4. 81 96 73 494 

18M 69 378 785 
5. 4,822 9.153 2,340 

735 368 592 

6. 49,017 71,029 

3,658 64,760 

Answers 

643 

ie 
8,263 

4,061 

21,438 

21,406 

671 

2 
5,208 
4,859 

80,106 
59,647 

825 

21 
3,495 

3,052 

247 

240 
5,748 
50 

375,280 

52,130 

254 

86 
3,622 

1,847 

562 

179 
7,503 
2,786 

430,481 
73,509 

478 

265 
79,561 

4,541 

967,587 

237,024 

904 

537 
63,431 

9,847 

892,653 
356,298 

1. 20; 13; 5; 141; 630; 804; 481; 7; 213 2. 6,062; 4,261; 9,021; 4,202; 443; 2,415; 
75,020 3. 21,234; 41,421; 32; 323,150; 730,563 4. 63; 27; 36; 459; 579; 168; 
509; 383; 367 5. 4,087; 8,785; 1,748; 349; 1,775; ne 53, 584 6. = 359; 
6,269; 20,459; 356,972; 536,355 



Multiplication of whole numbers 

If 

Division of whole numbers — divisors less than 10 

1. 

10. 

11. 

Answers 

2 

3 

4 

= 

6. 

th 

8 

9 

6 
8 

267 

8 

561 
afl 

408 

217 

MEG 

3)957 

. 856° 

. 4)349 

- 7)625. 

2538) 

6)726 

. 5)490 

. 9)371 

. 4)276 

6)307 

2)869 

6 7 
2 6 

4)1,644 

6)5,484 

3)6,148 

9)8,562. 

5)1,594 

7)3,542 

8) 6,768 

2)5,417 

3)3,510 

5)3,510 

7)6,619 

8 
7 

In & 

5)1,675 

9)7,587 

7)6,585 

2)9,974 

8)6,281 

3)2,612 

4)3,807 

6) 7,062 

9)3,307 

2)7,562 

8)9,806 

PRACTICE EXERCISES 

2)8,738 

7)3,992 

8)2,164 

4)8,824 

6)4,638 

9) 22,689 

3)99,636 

5) 35,006 

7)83,915 

4) 46,544 

6) 18,424 

6)3,358 

5)5,435 

9)6,954 

3)6,954 

7) 4,963 

4) 16,363 

2) 80,504 

8) 17,530 

3)39,001 

SLAB 

9) 28,009 

9 ey: 9 

Tan ie Teo 
66 49 65 

Bt 
462 754 349 

EFT ali) Oia a8 
135 618 473 

93 50 86 

734 841 396 

ki ct Ss 

425 

7)3,495 

3) 1,469 

5)6,120 

6)4,218 

4) 6,664 

8)40,952 

9)65,031 

2)50,302 

5)90,718 

4) 11,206 

7) 28,637 
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Answers 

1. 319; 411; 335; 4,369; 559,R4; 499,R2 2. 32; 914; 843; 570, R2; 1,087; 489, R2; 
3. 87,R1; 2,049,R1; 940,R5; 270,R4; 772,R6; 1,224 4. 89,R2; 951,R3; 4,987; 
2,206; 2,318; 703 5. 269; 318,R4; 785,R1; 773; 709; 1,666 6. 121; 506; 870, R2; 
2,521; 4,090,R3; 5,119 7. 98; 846; 951,R3; 33,212; 40,252; 7,225,R6 8. 41,R2; 
2,708,R1; 1,177; 7,001,R1; 2,191,R2; 25,151 9. 69; 1,170; 367,R4; 11,987, R6; 
13,000,R1; 18,143,R3 10. 51,R1; 702; 3,781; 11,636; 3,655; (2,601, 2 

11. 434,R1; 945,R4; 1,225, R6; 3,070, R4; 3,112,R1; 4,091 

Division of whole numbers — divisors 10 through 99 

1. 71)765 36) 3,370 12)3,162 89) 36,009 43 )29,000 

2727 305) 11)9,067 32)2,705 35) 47,865 19)33,700 

3. 69)650 54) 6,530 85) 5,500 99) 98,063 14)58,990 

4. 25)907 49) 2,200 50)8,906 13) 12,276 70) 24,069 

5630458 a5 1 P98 sy 38125: 92)49,065  74)35,066 

6. 16)176 29) 9,609 42)6,766 82) 69,221 46 )67,058 

7. 20)200 15)8,805 90)3,709 17) 98,065 67) 82,639 

8. 22)179 34) 4,470 28) 2,005 45)31,207 24)39,915 

9. 10)968 13) 2,963 21)7,009 18) 36,998 94) 49,671 

10. 71)870 55) 4,579 77) 5,476 44) 11,907 26)91,801 

11. 88)999 = 41) 6,070 33)3,250 23)31,500 31) 42,666 

Answers 

1. 10,R55; 93,R22; 263,R6; 404,R53; 674,R18 2. 11,R8; 824,R3; 84,R17; 

1,367,R20; 1,773,R13 3. 9,R29; 120,R50; 64,R60; 990,R53; 4,213,R8 4. 36,R7; 

44,R44; 178, R6; 944,R4; 343,R59 5. 15,R8; 23,R25; 84,R17; 533, R29; 473, R64 

6. 11; 331,R10; 161,R4; 844,R13; 1,457,R36 7. 10; 587; 41,R19; 5,768, RQ; 

1,233,R28 8. 8,R3; 131,R16; 71,R17; 693,R22; 1,663,R3 9. 96,R8; 227,R12; 

333,R16; 2,055,R8; 528,R39 10. 12,R18; 83,R14; 71,R9; 270,R27; 3,530,R21 
11. 11,R31; 148,R2; 98,R16; 1,369,R13; 1,376,R10 
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Division of whole numbers — divisors 100 through 999 

1! 115)7,609 469) 1,125 309) 36,298 420) 82,369, 

2. 255)2,659 772)8,096 895) 98,300 906) 35,467 

3. 905)9,192 670) 3,595 325) 65,034 811) 26,309 

4. 618) 7,265 109) 2,186 308) 31,506 596) 60,600. 

5. 309)3,005 411)4,120 751) 76,333 809) 39,888 

6. 226)3,760 317)3,255 108) 98,458 298) 30,309 

7. 179)2,805 291)2,932 609)75,301, 700)80,001, 

8. 333)4,444 246)4,812 987) 78,910 371) 40,070 

9. 777)8,501 396) 3,950 176) 28,300 211)41,260 

10. 645)6,442 720)9,200 - 360)76,000 210)41,000 

11. 711)1,446 812)9,120 395) 45,450 909) 18,018 

12. 390)7,800 460)4,700 902) 18,400 809) 12,686 

13. 456) 1,762 505) 1,261 652) 17,303 769) 22,222 

14. 842)1,235 746) 8,452 444) 13,906 901)32,117, 

15. 333)9,200 434)8,100 909) 10,600 369) 96,316 

16. 111)2,233 555) 1,010 707) 14,006 404) 88,800 

Answers 

1. 66, R19; 4,R49; 117,R145; 196,R49 2. 10,R109; 10,R376; 109,R745; 39,R133 

3. 10, R142; 5,R245; 200,R34; 32,R357 4. 11,R467; 20,R6; 102,R90; 101,R404 

5. 9,R224: 10,R10; 101,R482; 49,R247 6. 16,R144; 10,R85; 911,R70; 101,R211 

7. 15,R120; 10,R22; 123,R394; 114,R201 8. 13,R115; 19, Hiss; 79,7937: 

108, R2 9. 10,R731; 9,R386; 160,R140; 195,R115 10. 9,R637; 12,R560; 

_ 211,R40; 195,R50 11. 2,A24; 11,R188; 115,R25; 19,R747 12. 20; 10,R100; 

 20,R360; 15,R551 13. 3,R394; 2,R251; 26,R351; 28,R690 14. 1,R393; 

-11,R246; 31,R142; 35, R582 15. 27,R209; 18,R288; 11,R601; 261,R7 16. 20,R13; 

1,R455; 19,R573; 219,R324 

~ 
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Supply the missing numerators. 

~— N 

mece 6 28 2a510 2 4 

ECP: Te 14 6 30 APO 

a 16 8 40 tens BA 2 

eS li aah Ses Am 
10030 ApesdA {2ame3G 9 

ere tans Oca Ogi 21 
ali i 15a 27a 36 

1226 3244 44. 4 8 

oS eS 5593 60 5 21 

48 3 re 18 9 8 

9 24 34 30 uhas 48 _ 

Seea | time 13. 1 6 

Answers 

1.03; 4.°5)2 2: 8.8) 25795 «3.62 15;-16; 507 .4..90 117-10: bee ote we ta 

6..2537597-3 72 1282222 8-1 16221 923. OS 8 

Addition (fractional numerals). Give the simplest names. 

ee 

3 25 +34 55 +32 +35 so 430 42 +705 

uw 

N | 4 | 

oS) 

aS 



10. 

Er: 

12. 

13. 

14. 

1S: 

10. 1 

27° 278 

-f 

25 

19 it 

42’ 
11 

24. 

35 

.93!. 
ts 

13. 12 

42’ 

20, 
15. 2 330° 

Zo 

12 
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2571 Dae, 5 3 5 ih 
—+— ae fore = pas tae ——- 

LS 313 4 10 8° 12 

ZEN tae) i ell Lon oes 
qt 54 iy apt el Ria 

1 3 4 iH oe Zul, ") Bu ia 24,7 ° zt 2 I+; aes 

Me ple Mra pal Caine 8k 54 t ls 357 7 13 45 + 62 Fg t+ Oy 

eee de hoes eros ey 49 + 39 L501 33 Sat dy 35+ 29 

10 gel ee) Wea Id 2 
y ea ale Tis 

2) will ome. 2 ee kD 132 
eae 379 9°97 oes 

11483 129010 ie. WA IS 
—-+-— pace ot —= —s. ae = es 

3 2 11 B) 7G oars 

3 1 1 3 4 6 1 1 
4— es at = ms es —- bee, io? {iy Op + 28 55+ 7a 157 +25 

Oe: 1295S Laks (PA. ANS) 

ay ee fF em 9 78 

oy 38) Dae LO Cole 
i ATS) a 6) gun 

1 eo 1 14 ie O61 486? 44 
10° 33 3 25 SP ne a is 6 15 
21.18; ,7 i) 3 13,83 ,6 8 ,.13 1. 

"40° 21' 124’ '20' ‘54 6. 130° 168’ '77' 45° O35 % 88° 
Di 8 1 25 412 4249 4 418 417 13. 664 ie 
; BS 8. 753 85g: 493: 1996: 1599 9 8453 170! 499° 977° 48 

a4 Tf. oti el ot) 13 2) 14 
35° °33 V1: 2551 23: °6°*es 30 '* “48° "6 33° 

13, 438  ,138. 423, ,20 lo? 49 5 5ee 
42’ 110° 824’ '335° 399 14. 336° 940° 435° *130° 704 

1731 
215° "72 
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Addition (fractional numerals). Give the simplest names. 

13444 55438 +4e 38412 F435 

ee OE bE Be bg 
3. 4243 3543 go +5 10s+2 15+2 

‘dW a 
5. 7+44 3 +65 gt se a+ sits 

hf be oe 
8.45452 62452 IG4+28 SEH IS Se 

Answers 

ede bag cnihadohoog asked 
135: Boy 7: 85: 335 749: 445° 299 & Sag: 1 4p: 978° "20° Pao 

Subtraction (fractional numerals). Give the simplest names. 

Fees) 2 il eer rete 41 
Ane 36 >>> ppl 8 4 Fees] 

rk Ue het ieee iva Se 
510 Bhs Male 16 4 p} 5 pal sei 

1 1 1 3 1 1 1 3 1 
4-—— Hal = eee aoe See ees Bat ao Yaa eee ee 

: : y; 319 24 ls 65 oa 310 a 

Pehl el 6 3 2 Ba 
aye a) (p> 7 #4 § ee 4 5 
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sp lel ee cae tk 33 ep) 
2&3 3. 4 5S 6 Ate 5 (fos 

1 1 5 5 1 3 1 1 6. 3=—1- 4>— 32 >+—2- 222 <—5— 3 4 6 6 54 D 63 550 

See ee a pices a8 eee ee, 
cate | 135 2 rhe 125 1L2aeS 

peta aE ees a MAE ARs ap oot 
7. Ome 7 | eS 13a. 12 foe 16 3 

3 2 3 1 2: 1 1 2 6 a 96-3 2 Eee hal bye geen OP se 
q/ 9 7 35 >3 24 5 25 7 10 

100s peal Pome Baal LORE 
ed) 1.9 12S 13 6 20 iv7> 3 

ee Lh oes 2 SoZ 8. 6 
Ne 40 270 3% 6 83 25 78 45 39 ln 

Answers 

SS ae A 5) al al ol (ue 
3408 9 7 10° 4 1614 21 a ea a 10 0 aa 
i ie Ae ee ee 
38° 15'°20 ° 6 12°30 20'56 & 742° 140° 440’ 990° '40 * 110° 26' 56° 
Pe ge et eS 43541 o> 2341) 4, 48.42 35. 
60’ 24 ® 63’ 132° ve 45°48 2 963° '4' 242° °10' 470 '° 99° 60! 78' 
7 13 ao 6 419.52 

qao's1 | 740° aoe 657° 356’ 763 

ete ol 4-1 Bical) Oma 
Tey, 10 4 a ® 1310 nD 

ell 358] 1 4 1 3 e) esl 
ee fst pees. 69 Vee — aE ee ee Oe = — §= 

D. ip es a Ben ey SIRE Cee a eet 

2) ip he ig Ney 2 14_7 Oe => 
2 Ea BD Ohne 5 6 aa 

12 oe Lage Pe ets oh 
ha Ue 97 8 OG 85 10 370 1B 
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4 
12 855 

ao 
11 67 

4 
9-25 

Answers 

Multiplication (fractional numerals). Give the simplest names. 

l 
x= 15 5 

3 
x= 16 3 

Sit 

2 
Sr x SS H 

1 
° x= 1. 6 5 
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8. 25x 2 ex atx? six shy 2 

9.45% 4 55x 6 Bo x 5 55x 14 22 x 12 

10. 153 35 x 5 55x 5 Abs 44+ x 5 

MI. 9x15 10 x 2 3x 54 6x 24 sxa4s 

12. 15x15 24 x 24 15x 14 24x 24 2x2 

Answers 

a ee 1.44 3. 43),4 , 8 325 3 5 : 1. B36 4:63 2.58° 15, 3: 9: 3: 3. 35: 45535; 35: 85 4. §' 49! 49 49° 70 

Bie 4 ke | ae 
5-9: 08: 12° 15’ 91 6. py 6°69” 412 Te ae ee 8. 14675 4-4 9. 18: 

6 1 1 2 3 1 6 47-96. -0e « 1. 478. 591. 465. 599 1. ng2. 453. 491. 32,17, 16; 26 10. 45 7: airy 156; 205. 11. 135; 265: 197; ore S 

1 tt 4 
12. 24° 67; ey 59: 576 

Multiplication (fractional numerals). Give the simplest names. 

eae 
2. 25x4 55 x3 64 x2 six 63x4 

3, 2x 15 3x 13 2 x 33 sx 53 Sx 22 

el Bb fd ay ee 
eee a 
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6. 

10. 

11. 

12. 

l 1 =e 
7) as 

1 2 
e 2=— x 4= 

3 *) 

l 2 
Be ea 

5 i 

l 
Oak 

2 

Answers 

1 1 
34X13 

2 1 
Owe ds 

54x 4 64x 54 24x14 

13 x 22 43 x 25 52 x 33 

52 x 16 62x 2 45x 23 

12 x 12 4x7 95 x 6 

42 x 14 22 x 16 42 x 12 

* x 10 14x 3 54 x2 

65 x 32 75 x 65 32 x 54 

Division (fractional numerals). Give the simplest names. 

1. 243 i739 a+ +3 

2 +6 3+9 2 +25 4+ 16 

S45 a+4 S27 a+5 

7+4 6+% 98 2+5 
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se 48 4 2 3 5) 
5. S+= 4+= >—-— =_— — — = ee 

3 7 5 : 5 : 4 : 9 

aS: 4 3 7 2 5 6.5455 co Se rae 9+= +s + — 
=) 4 4 u 9 : 1] 5 wi 

nat en iD 9° 4 10 7 4° 9 fo A 

g 222 A Sie tig ne 20S Giooe) Seeks 
524 ap as) 7° 10 S87, 9 4 Gul 

FP es As Awe, 9 3 San G iby St 

1 1 2 1 1 1 
10. = oe S= + =_-+ - + ss bee le 23 2 5 4 93 3 45 2, 1% 4 35 7 

dh Se2  22e0 ae yeas Ee ne 2s 
6 qi 3 2 3 6 

i: diet 2 Ae le lee 12 33 + 10 4. = 12 Ee: 127 12 15 = 10 2,415 

Answers 

ee ee ee 
-4,415'°45 367 21-15 6 10° 21 21 30.36 12 10 15 28 35 20 

ae aa ban nd. Ag 8 bol ane ce A615 -28' 30; 27; 18 5. 15: 95 4) 25: 107 : 6. 10; 14; 12: 9: 44:7 

Poo A of ys 8125.4 14.16 13 6 i. 22°41 

#151 55 9: 10: 24: 17 © 45’ 36° ‘14° 15° 27° 'a2 7 tS ee: 
TS ee. 51, 12) 22 1311, 4. ,1: Lo 7. a. 

ee ge 13:9 » 259) 154) 49 if rt O71" i 55 a ? 3° °30 oe 3’ 12° aS 

cea! 
125 6 

Division (fractional numerals). Give the simplest names 

betel 2a 1.4 2.4 en | 
—— oo =a Sas aes Oe = 

” 5 3 at =) 7 9 5 2 5 

ie) Lo 4 ip 8 IPs. al 3 ae | 
en -+= —+ -+= 1— += 

e 6 8 3 7 oF a 75 5 pie 

ihe By be IZ 8 u Sia Gp fe 
a a — + + — 1— += 

af £6 3 9 3 ai 11 26 18 Wey) 
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l l 2 l 3 Z ere: 
eon a =—+5= =+4- ——- [= te 3 56 15 ye 
ay all ioe oh ee 5 ote 
SE ots She ee Pale pen ey, [Be =— + §= 

sb 5 33 10 4 43 ¥ 7 

ania ee shan oy bei! 4 age 6. 5 = 10, een Ae 37 28 

I dpgt lens owl 35 4 2 73 : 33 73 : 25 

Al Se pee Loe 8 85 = 25 Ts 25 89715 1055 

1 l 1 3 seat | Een i 
9. 4355 px 8 48 24 87 I, 

» 2° 3 5 Ags 5 7 el 

Bir eed 45) AG fies 

Answers 

Vee. Lowel 2.9). sgl. gol. & Aa 2 1. 165; 163; 2 25° 195 2. 6> > 9: 19) 47 1 2a4 3. 34 ote AeA PE |= 27 

1,14 274 6 1t 2 aa ae S Sy 7 Aloe 
- 5. 8 2° 190 63 zF 25 6 4 11 9 513. ee 51 & > 145° 35: 

10. 42 3. 82 oh. 85.6. 19.455 -1 Rar 239' <3 8. 37; 3: 1730' 63:3 9. Ad 53 10. 8— » 253 De or 

e 2S 2.2.3 
33 Ue 17 26' 28’ 26’ 56 

Addition (decimal numerals) 

| 8 8 4 9 8 <e) 4 5 

4 il 6 3 7 8 2 8 

pee 6 8 afi 6 =f =4 ) 

3 8 l 4 5B) 9 4 tf 

7 Pe) 3 6 all al 8 3 

3. 9.2 3.6 7.8 1.8 8.8 3.6 6.4 9.7 

ye, 4.9 3.1 9.1 7.9 532 5.9 7.9 

18° 2. 2.0 93-4599 76.4 7) |: |; 



4. 05 

.04 

07 
45 
67 
82 
95 

Answers 

el 2 

2206 

32 
.06 

98 

$33 

82 

18 
30 
2 

31 
68 
ap 
.19 
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18 
29 
87 

09 
2 
67 
.80 

. 28 

36 

84 

44 
82 
15 
63 

.06 

.94 

85 

437 

7 9 F105 12,15, 1.3:;7.3, 1.1 2. 1.6:1.9:1.8; 1.7; 16;,1.3:1.4.1.9 3. 16.7; 
10.6; 12.9; 14.3; 23.1; 16.5; 14.1; 24.4 4. 16: .70; 1.20; 1.54; 1.34; 1.48: 1.85: 
2.42 9. 2.609; 2.19; 1.90; 2.01; 1.88; 2.04: 1.60; 2.20 

Addition (decimal numerals) 

1. 1.45 

2.67 

4.09 

.009 

2025 

.016 

13325 3 

27.65 

19°98 

sk Pay) 

5.306 

Saul, 

Be 

17.68 

23225 

9.06 
Answers 

4, B21; 14.54; 16.82: 11.28: 717.83: 16.37, 19.64 2. .050; .144; 690; 1.277; 

2.460, 1563; 2573 3.60.88: 80:27; 61.55; 135.63; 178.73; 171.59; 95.08 

4. 17.550; 20.115; 14.746; 19.566; 16.466; 10.994; 11.110 5. 53.24; 199.26; 

80.25; 52.52; 54.05; 88.79; 75.51 

219 

5.06 

7229 

5092 

.018 

.034 

24.16 

38.62 

17.49 

8.505 

4.312 

7.298 

9.03 

8.12 

92,18 

89.98 

B02 

4.09 

Jel 

23. 

205 

.362 

18.65 

13223 

29.67 

1.309 

6.429 

7.008 

B2e16 

1.85 

as) 

42.49 

E92 

2.03 

7.26 

.905 

.116 

256 
ZOaLS 

50.09 

62.36 

9.005 

6.292 

4.309 

19.13 

2.56 

4.38 

26.45 

3.30 
4.9] 

9.62 

.882 
2673 

905 

45.35 

63.06 

70.32 

8.116 
B02 

5.098 

25.66 

6.78 

17.26 

4.35 

4.11 

OZ 

3.14 

.409 

4) 

.639 

5215 

36.19 

40.25 

7.053 

15936 

2.005 

59.06 

19.72 

5.88 

4.13 

6.78 

8.23 

4.63 

6/16 

805 

Ley 

17.01 

18.95 

59512 

3.009 

4.986 

Balls 

3.09 

4.59 

59.05 

8.78 



438 PRACTICE EXERCISES 

Subtraction (decimal numerals) 

Lia 9 8 37 

Bae sabge eee 

22 25) e.g, Oe 

14 8.7 332 

3. 27 .63 

ele 28 eed 

4. 7.5 9.3 2.8 

13 oe le 
Answers 

1.9 
_6 

6u2 3:5 
1qaes 9 

30 
ak 

19,9 

6.8 

25 
.08 

13.0 

10.1 

1.8 i Ss) 

SOT etl 

9.1 

3.9 1.8 

.98 mie 

8917 

1.4 1.9 
Bt ae 

4.1 3.6 

90.63 
67 39 

1G; 1 20.2 19.8 41.6 
3.0 10.2 3:9 eee 

1. By A: 4; 1; 1.3; 9; 6; 9; 8; 6; 1.0 2.1.3; 2.2: 31; 5.9; 2.6; 2.7; 3.8; 5.2: 
2 13) 7 3.62) 09: 18; -13; .17; .09; .06; .23; .24 4. 6.2; 6.7; .9; 13.1; 2.9; 

> 418.1; 10.0; 10.9; 118.0: 

Subtraction (decimal numerals) 

1. 

i 

3.68 

122 

.983 

O51 

072 
.031 

ee epi) 

iB a) 

Efe thes) 

10 ;Giaias 

LOSE 79 

4.58 Tedd 2s 

yal! 6.18 zg 

Sie) 4.11 1.05 

1.67 Bal2 3.98 

PS he .669 .906 

161 78 ot) 

.036 nl 23 .206 

.019 .089 185 

iA) 1625-9 

DIR Vee) Brel AS 

4 — 3.76 eas on 

1323 1S. Opes lw 

12,6:25.8 14.6 — 9.8 

7.05 8.69 

Said 2.70 

5.01 7.00 

3.89 3.67 

20 .300 

oD Ue: 

.407 506 

C39) 398 

2 

elo 

953.25 

19531 

Lisie=2.4 

3.68 
bg 

8.01 
2.68 

.900 

835 

.100 

.093 

o=49 

OFZ 

Li 05 

19.3: — 677 

16.2757, 



Answers 
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1. 2.46; 1.31; 1.14; .83; 3.90; 5.99: 1.69 2. (89; 1.62; 99; 3.67; 1.12, 3.33: 6.36 
3. .932; .211; .091; O91; 825; .128; .065 4. .041: 017; .034; .021; .012; .108; 
007 5. 1.3; 2.5; 7.1; 4.6; 4.1 6. .9; 1.9; 2.9; 6.7; 5.7. 7. 1.75; .24: 5.1/3; 5.75: 
32 8. 3.3; 13.2; 12.4; 11.4; 13.1 9. 2.9; 8.8: 4.8: 14.7: 12.5 

Multiplication (decimal numerals) 

1. 

| a eo BY PS Ss 

15: 

ce NDA mW PB wD 

102 

1024.9 

LOE, 

100 X .37 

100 x .95 

100 X .67 

9X 8 

hae 

ey, 

2.0% A 

ee EX 1 

ny CERT Se TI 

03 x 5 

.07 X 6 

ODE 

Answers 

42°2. 17. 30.5; 51.9 2. 9; 96; 40.1; 63.5 3. 7: 85; 50.9: 79.8 4. 37; 892: 560; 

1,030 5. 95; 763; 390; 12,500 

LOSXS137, 

10 x 9.6 

10 X 8.5 

100 x 8.92 

100 X< 7.63 

100 x 5.81 

GPaiez 

exo isl 

ay 0.6 SF 

SRE Al 

9 Olax 

481 Sx 

oS Vel 

Roxane? 

6 X 1.3 

10 X 3.05 

10 x 4.01 

10 xX 5.09 

100 X 5.6 

100 x 3.9 

100 x 1.8 

3X .4 

ler 

.6 X .9 

367 X .01 

409 x .01 

513 X .01 

11 x 6 

0 ea) 

Ali oxs 

5.19 X 10 

6.35 X 10 

7.98 X 10 

1.03 X1,000 

12.5 X 1,000 

76 x 1,000 

1X5 

2x4 

xe 

01 Xx 36 

01X75 

01x 55 

367 x .001 

409 x .001 

568 X .001 

G..677-581 180: 7/60 7..7.2: 7.2; 127-55 8 28° 

7.1: 05> 84 9.3.5; 9.9; 54: .78 10. .56; 376; 3.67; 36 11. 39; .907; 4.09; 

15 12.45, 413° 513 55 13. 15; 7.7; 66; 36/7 14. 42: 9.6; 88; .409 

15. .27; 7.8: .99; .568 
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Multiplication (decimal numerals) 

iby 68 _ 39 315 608 910 395 

Pe eee 

2. 4.7 a2 oF] 6.8 ei) 4.18 9.06 

5 8 _.6 ay 4 5 2 

3. 3.68 4.98 1.76 3.45 5.61 8.06 7.14 

8 a 8 12 25 39 85 

4. .35 84 as .39 .107 .365 118 

ash 4 =o Pe, a S 9 

5. 9.68 7.05 3652 2.06 125 6.72 3.39 

3.5 1.8 4.1 9.2 3.5 8.5 6.2 

6. 39.8 92.1 40.2 68.8 92.1 36.2 82.4 

8 4 1.6 2.3 4.5 3.9 4.8 

Answers 

1. 18.0; 54.4; 27.3: 157.5; 364.8: 819.0; 118.5 2: 2.35: 3:12; 5.82: 4.76; 1.268: 

1.254; 1.812 3. 29.44: 24.90; 14.08; 41.40; 140.25; 314.34; 606.90 4. .245: 

330) 984; 078, 0535: .1095: 1062. 5. 33.880: 12.690: 13.612: 18.952: 4.375: 

—§7.120; 21.018 6. 31.84; 36.84; 64.32; 158.24: 414.45: 141.18; 395.52 

Division (decimal numerals) 

1) 3.6.10 9.8 + 10 4+ 10 .05 = 10 13378 el0 

2. 45.9 = 100 3.8 + 100 07,9100" 13100 136.33 ==100 

3. 366.1 + 1,000 45.6* 1,000 .3+ 1,000 1.4+1,000 .701 + 1,000 

4, 422 9.9 +3 1035-15) 9255's aS et 

5. 42.6+6 TI a 64,8228 9819-08 49a 

6. 3.6~+ .6 1.6+.4 49-57" 164-2080 9 25s 

7. 3)4.8 Lia 13)16.9 25)62.5 14)19.6 

8. .4)32 .2)16 3)39 25) .6)42 

9. .04)32 .02)16 .03)39 = .05)25 .06) 42 
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10. .4)3.2 .2)1.6 Seo (525) .6)4.2 

11. .04)3.2 .02)1.6 .03)3.9 (05) 25 .06)4.2 

120m 4 32) .2).16 3).39 55 6) .42 

4 | (Pg 5= 01 19+ .01 1316-01 

14. °2.1)49 3.6) 10.8 5.6)33.6 6.3)44.1 4.9) 19.6 

15. 4)1.40 5)2.80 5)3.80 8) 4.40 5)5.30 

16. 5).230 4).170 5).410 8) .920 8) .880 

7 2G) Ot64 eet 181338" @ 751751 ee 421302 455) 0015) 

Answers 

1. .36; .98; .04; .005; 1.378 2. .459; .038; .0007:; .001; 1.3633 3. .3661: .0456; 
0003; 0014; 000701 4. 2.1:3.3:21:51:92 5. 7.1: 111-8.1:91:71 6. 6: 

4.7.8:5 721.6712: 1.3; 2.5; 1.4 8. 80; 80; 130; 50; 70. 9. 800: 800: 1,300; 
900, 700-10. SS: 13:5:7 11. 80:80 130:50 70 12. 8 8:13:57 13. 40 

120; 500; 1,900: 1,360 14. 2: 3:6: 7:4 15. 35: 56: 76: 55: 1.06 16. 046; 

.0425; 082: 115. 110 17. 14 39; 2.9; 3.1, 6.7 

Division (decimal numerals) 

127) 25.34 9) 10.17 5)35.30 6)37.50 4) 13.80 

i425) TPP (04) 812) .004).12 40).12 

ch TR 7353 7) .035 7) .0035 7) .00035 

4. 3)1.8 518 30).18 .03) .018 .003).0018 

5. 16+4 ee Al 16 + .04 16+ .004 16+ .0004 

6. 21+3 Dee 21+ 3 021 +3 .0021 + 3 

Je16) 243024 18)316.8  17)241.4 13) 183.3 19.2)288 

8. 5.1)24.99  4.6)35.88  6.2)7.44 ioe. 4.2)38.22 

9. 4.5)108.90 6.5)96.20 2.8)169.96 1.5)109.65 2.1) 190.89. 

10. .38)9.88 3.1)2.232 4.9)4.459 62) 29.76 3.7) 40.7 

11. 4.8)4.512 1) AON 45 A275 7.2)8.64 8.2)2.378 
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Answers 

PRACTICE EXERCISES 

1.3.62; 1.13: -7.06;6:25: 3.45 2. .037.3;,3;'30; 00S. ;3...5; .05; .005;,,0003) 

.00005 4. .6; .6; .006; .6; .6 5. 4; 40; 400; 4,000; 40,000 6. 7; .7; .07; .007; 

0007 7. 15.2; 17.6; 14.2; 14.1; 15 8. 4.9: 7.8; 1.2;5.5:9.1 9. 24.2; 14.8; 60.7; 

73.1; 90:9 10. 26; .72:.91: 48: 11.11. 94: 8.1;.9.5°4:2-.20 12°48: 87: 124. 

1.51: 1.96 

Per cent 

For each per cent give its decimal name. 

Examples 

1. 10% 30% 

2. 420% 270% 

3.1% 2% 

4. 1% 2% .6% 

20% = 20 X .01 = .20; 

70% 

365% 

5% 

45% 79% 
510% 605% 

5% 2% 

9% 01% 

1% = 25 x .01 = .0025 

5.-8. For each per cent above give its simplest fractional name. 

Examples 20% = 20 x 
=620 kl eeael 

[00M 100 nS 26 0 

For each number give its per cent name. 

Example 

9a 07, oD 

10. 1.06 3.96 

1 l 3 

ao) 4 8 

12. 50% of 150=n 

13. 10% of ll=n 

14. 2% of 17=n 

15. 200% of l=n 

16. 1,000% of 3=n 

= (.125 x 100)% = 12.5% 

190 Pl 

6.35 1.01 

i zs 
10 10 

25% of 32 =n 

12% of 120 =n 

333% Of 500-261 

150% of 6=n 

125% of 4=n 

61% 12% 50% 

101% 999% 500% 

4 1 3 
5 10” * 404 

07%  .06%  .001% 

a l.Up slap 
~~ 700 200 

3.5 9.6 10 

9.01 9.99 10.1 

ab WE u 
20 20 3 

30% of 600 = n 

1%. of 52=n 

665% 6f300 = 

500% of 9=n 

225% of 8=n 



17. 10=n% of 100 

18. 1=n% of 8 

19. 2=n% of 16 

20. 100 = n% of 50 

21. 200 = n% of 60 

22. 1=n% of 200 

23. is n% of 100 

24. 10=5S% of n 

25. 7= 100% of n 

26. 4= 125% of n 

27. i= 50% ofn 

Dem 28. a 1% of n 

Answers 

4. 10:..30; ./0:..45°" 79, 61: 

50003: 0 

.0001; .0007; .0006; .00001 5. 

Dieaei 101 999 

10°. 20 100 100° 

500’ 500’ 1,000’ 10, 000' 10, 000' 5,000’ 100,000 
350%; 960%; 1,000% 

1,010% 

13. 1.1; 14.4, 52: 14.-3.4; 500; 200 15.2: 9:45 16. 30; 5; 

33> 618. 125: 30; 40 19. 12- 

300 22. —; .5; 

50; 10 * 27. =, 33 

1 1 

3 

1 1 

2 "3 : 

1. 99,2 
3.5 

.0075; .005; .002; .004; .008; .001; 

Be Se ae 
410’ 10’ 10’ 20’ 100° 100’ 25'2 ~ 5°10’ 20° 

23. so a4. 

PRACTICE EXERCISES 443 

5 = n% of 10 

3 = n% of 10 

1 = n% of 50 

500 = n% of 100 

90 = n% of 40 

= n% of 100 

1 = n% of 1,000 

1=1% of n 

17 = 3% of n 

100 = 200% of n 

$= 1% of n 

hat 5 7 Of 

" 400’ 400’ 200’ 500’ 250’ 125’ 1,000’ 1,000 es 1,000’ 

9. 7%; 35%; 19%; 99%; 200%; 

10. 106%; 396%; 511%; 635%; 101%; 901%; 999%; 

11. 50%; 25%; 37.5%; 10%; 90%; 5%; 35%; 332% 12, 75; 8; 180 

oe 1 

2 
;2; 10-- 20. 200; 500; 1,000 

aN 

1 

=, 100 133— 
3 

200: 100: 50 25. 7: 5665 

1 = n% of 3 

6 = n% of 15 

4=n% of 22 

40 = n% of 4 

leaeAe= 3 

1 = n% of 300 

+= n% of 1,000 

2=4% of n 

50 = 1% of n 

70 = 700% of n 

1 
107 2 of n 

ln 37 4 fn 

12: 50 2. 4.20; 2.70; 3.65; 5.10; 6.05; 1.01; 9.99: 
003 4. .001; .002; .006; .009; 

@ 1) 24 27) 7a 

2. 1 

18 17. 10: 50: 
21. 3935 225 

; 9,000 263.2, 
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Conversion of some measurements and rates 

The following relations between units of length are important to know. 

1 ft. = 12 in. 1 mile = 5,280 ft. 

1 yd. = 3 ft. 1 mile = 320 rods 

= ° The speed of 60 mph is how many miles per minute? 

The speed of 600 mph is how many miles per minute? 

The speed of 1 mph is how many feet per hour? 

The speed of 1 mph is how many yards per hour? 

The speed of 1 mph is how many miles per minute? 

The speed of 1 mph is how many miles per second? 

The speed of 100 mph is how many feet per second? 

The speed of 6,000 mph is how many feet per second? 

i Producing 60 pieces per hour is producing how many pieces per 

minute? 

—_ = Producing 3,600 pieces per hour is producing how many pieces 

per second? 

11. Producing 4 pieces per second is producing how many pieces per 

hour? 

12. Producing 10 pieces per second is producing how many pieces 

per 8 hours? 

Answers 

1 1 2 : 1, 1 2.10 3.:5.280.4. 47 fw OL a 7, =~ 8 60 5 60 6 3,600 7 1 8. 8,800 9.1 10. 1 

11. 14,400 12. 288,000 

Addition of directed numbers 

UE et heKa 92! 73043725 +500 + +700 a Wa 7) 

Dee LO ead ugg A Ne 922) (30-5210 Py come 17'S) 

Bh Whee ev! "102 -—4 2 eta "S18 30 

Ae DES 2a 2 25 a SO “LS “eee 



5. -36++6 

6. -22+-8 

+] 42 jh fee 
nae 

3 4 8. 2+ 

+1 -] 9, “f+ 

+1 -2 10. 14 2 yo a 

-3 -5 Mu. 3+ 2 

12. *1.5+41.7 

13. -2.5+72.5 

14. *1.08 + ~2.08 

Sega 05 12.35 

Answers 

Shae am 25 

281 Bawls ead toll 

© ).8)ae Ve 

TUR T 2 AIAS 

F100 2995 
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~100 + +43 ~200 + +199 

[5 1e  62 ~50 + ~130 

Abie: alee? 
ye 3 a 3 

Ses | ee 
Ae Aor 5) 

eli. sane 
10) lies 8 

Di afte 
api a 9 

Set ee we Bhd ny Tat 35 537 65 

Slee lata bey 

Rate an fare eS ee) 

“UWA ae 2 “3.94 ~4.2 

5.0 4 09s) 12.9 aloe 

1. 799-61: *1,200; *334 2.--7: 18; -180: 7350 3. 89; 98, 198.7268 

A 2. 710; 425; 7150 5.80; ~40; 57; -1 
st. Si i Gg LS 
Be a a 4 CG! 0° 
p49) 3°. 442 2 eee 

So, 7.0, 4 15.8.7 7.0; -13.1;°°26.1 

Subtraction of directed numbers 

6. -80; 60: 93: 180) 7. +1: 
ee eee 
10° 6a” + 37 6431 G6 

12 3.2) 42, 3.2. 2 13. 5.0; 0: 75.0, 0° 14...1.0. 

| bs ef i 

Pa, Paes | 
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Glossary 

The explanations given in this glossary are intended to be brief 

descriptions of the terms listed. They are not necessarily definitions. 

abacus a counting device which can be adjusted to do arithmetic in 

any base. 

absolute value The absolute value of a non-negative number is that 

number, and the absolute value of a negative number is the oppo- 

site of that number. 

acute triangle a triangle in which each angle has a measure of less 
than 90°. 

adjacent sides (in a polygon) two sides which share a common vertex. 

altitude (of a parallelogram) a segment which is perpendicular to 

two opposite sides of the parallelogram. 

altitude (of a triangle) a segment from a vertex of the triangle per- 

pendicular to the line containing the opposite side. 

angle the union of two non-collinear rays which have the same end- 

point. 

angle bisector a ray or a segment which divides an angle into two 

angles each having the same measure. 

arithmetic mean (average) The sum of nm numbers multiplied by e 

Associative Property of Addition (x+y) +z=x-+ (y+2). 

Associative Property of Multiplication (xy)z = x(yz). 

assumption a statement which is accepted as true. 

axiom a statement which is accepted as true. 

base 1. In 23, 2 is the base. 

2. 215 even IS a NUMeral in base seven. 

3. Each side of a triangle may be considered to be the base. 

basic numeral In base ten there are ten basic numerals: 0, 1, 2,3, 4,5, 

Oy (ytshaee 
binary numeration system numeration system in base two. 

bisect to divide something into two parts of equal measure. 
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Cartesian coordinate system rectangular coordinate system. 

Celsius the metric scale for measuring temperature. 

central angle an angle whose vertex is the center of a circle and 

whose sides are radii of the circle. ; 

chord a line segment whose endpoints are on a circle. 

circumference the length of a circle. 

closure A set is closed under a given operation if the result of oper- 

ating on any members of the set also belongs to the set. 

collinear points points which lie on the same line. 

collinear rays rays which are subsets of the same line. 

commission the percentage of his sales which a salesman receives 

for selling a product. 

Commutative Property of Addition x+y=y+x. 

Commutative Property of Multiplication xy = yx. 

complement (of a set) Set A is the complement of set B if A consists 

of all elements in the universal set which are not is B. The symbol 

for the complement of B is B. 
complete factorization a number shown as a product of prime numbers 

only. 

composite number a natural number greater than 1 which is not a 

prime number. 

concave curve a non-convex curve. 
concurrent lines three or more lines passing through the same point. 

convex curve A curve in which the beginning and the endpoint are the 

same, and a segment connecting any two points in the interior is 

a subset of the interior. 

coordinate one of the numbers in an ordered pair assigned to a 

point. 

coplanar belonging to the same plane. 

counting numbers natural numbers: 1, 2,3,4,5,... 

decimal numeration system numeration system in base ten. 

density the property of a set of numbers in which there is a third 

number between any two given numbers. 

diagonal a segment connecting two non-adjacent vertices of a polygon. 

diameter (of a circle) a chord containing the center of the circle. 

digit a basic numeral. 

directed real number a positive or a negative real number. 

discount per cent reduction applied to the price of an article. 

disjoint sets sets which have no common elements. 

divisor 3 is a divisor of 15 because 15 + 3 =5; that is, the quotient 

is a whole number and the remainder is 0. 
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element a member of a set. 

empty set a set which has no members. 

equal sets sets having the same members. 

equiangular triangle a triangle in which each angle measures 60°. 

equilateral triangle a triangle in which each side has the same 
measure. 

expanded product form The name for 24 in expanded product form is 

DED 

expansion by powers of ten The expansion by powers of ten of 3,457 

isco 03 4 107 eS x 108 ex 10° 

exponent In 2°, 3 is the exponent. It tells how many times 2 is used 

as a factor in the product 2 X 2 X 2. 

exponential form The name for 16 in exponential form is 2%. 

exterior of an angle the set of all points which are not in the interior 

of an angle and not on the angle. 

exterior of a triangle the set of all points which are not in the interior 

of a triangle and not on the triangle. 

factor one of the numbers used in a product. 

Fahrenheit the English scale for measuring temperature. 

finite set A set is finite if the number of its elements can be expressed 

as a whole number. 

Greatest Common Factor, G.C.F. The largest number by which each 

of a given set of two or more numbers is divisible. 

greatest integer [x] is the greatest integer not greater than x. 

hypotenuse the side in a right triangle which is opposite the right 

angle. 

infinite set a set which is not finite. 

inscribed angle an angle with its vertex on a circle and with chords 

of the circle as sides. 

integer a directed whole number or 0. 
interior of an angle the set of all points “inside” the angle. 

interior of a triangle the set of all points “inside” the triangle. 

intersection the set which consists of only those elements which 

belong to both of two given sets. 

inverse Example: addition and subtraction are inverse operations, 

because (x + y) —y=x; or ifx+y=z, thenz—y=x. 

irrational number a number which has no name of the form 7 aandb 

integers [b # 0]. Example: VS. 
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isosceles triangle a triangle in which two sides have the same measure. 

Least Common Multiple, L.C.M. the smallest number of which each 

of two or more given numbers is a factor. 

Left-Distributive Property of Multiplication over Addition 

L(y oe Coe a ee 
leg a side in a right triangle which is adjacent to the right angle. 

matching sets two sets between which there exists a one-to-one 

correspondence. 

member a number or any other thing which belongs to a set. 

midpoint a point which divides a segment into two segments each of 

the same measure. 

multiplicative inverse reciprocal. 

natural numbers counting numbers: 1, 2, 3,4,5,... 

non-repeating non-terminating decimal Example: .25225222522225... 

non-terminating repeating decimal Example: .5656. 

null set empty set. 

number ray a ray for which there is established a one-to-one corre- 

spondence between every point on the ray and the non-negative 

real numbers. 

numeral a name of a number. 

numeration system a system of writing names of numbers. 

numerical variable a letter which can be replaced by a numeral. 

obtuse triangle a triangle with one obtuse angle. 

one-to-one correspondence a matching between two sets so that to 

each element of one set there is assigned exactly one element of 

the second set and vice versa. 

opposite The opposite of a number is the number which if added to 

the original number gives the sum 0. 

origin the point on the number line assigned to the number 0, or 

the point in the coordinate plane assigned to the number pair 

(0,0). 

per cent n%= ae 

perimeter the sum of the measures of all sides of a polygon. 

perpendicular lines two lines intersecting each other so that right 

angles are formed. 
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place value The place value of 3 in 3,001 is three thousand. 

positional system a numeration system in which the place value of a 

basic numeral depends on the position it occupies in the numeral. 

For example, in 235..yen, the value of 2 is 2 forty-nines. 

power a number shown by means of a base and an exponent. For 

example, 9 is the second power of 3, because 9 = 3?. 

predecessor (of a number) the whole number immediately preceding 

the given whole number. Example: 4 is the predecessor of 5. 

prime factor a factor which is a prime number. 

prime number a natural number which has exactly two factors, | and 

the number itself. 

Property of One for Multiplication x - 1 =x. 

Property of Zero for Addition x+0=vx. 

Property of Zero for Multiplication x -0=0. 

amc 
pay le Bed, 

Pythagorean Relation In a right triangle, if a and b are measures of 

the legs and c is the measure of the hypotenuse, then a? + b? = c?. 

Pythagorean triple The set of three numbers a, b, and c, such that 

a* + b* = c?. 

proportion a sentence of the form 

quadrant one of the four subsets of the coordinate plane into which 

the two axes separate the plane. 

quadrilateral a polygon with four sides. 

quinary numeral a numeral in base five. 

radius a segment connecting any point of a circle with its center; 

also, the measure of this segment. 

rate of commission per cent of commission received. 

ratio the quotient of a pair of numbers. 

a 
rational number a number which has a name of the form b ,a and b 

integers [b # O]. 

ray a part of a line having one endpoint and extending indefinitely 

in one direction. 

real numbers the union of the set of rational numbers and the set of 

irrational numbers. 

reciprocal : is the reciprocal of 3 because : xX3=1. 

rectangular coordinate system a rectangular system which establishes 

a one-to-one correspondence between ordered pairs of real 

numbers and the points of a plane. 
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regular polygon a polygon with all sides of the same measure and 

all angles of the same measure. 

Right-Distributive Property of Multiplication over Addition 

(Kit Vy) 2 xz yz 

right triangle a triangle which has one right angle. 

scalene triangle a triangle in which no two sides have the same 

measure. 
segment Segment AB is the set of points consisting of points A and 

B and all points between 4 and B. 

set a collection of things. 

similar polygons polygons in which pairs of corresponding angles 

have the same measure and the ratio of the measures of corre- 

sponding sides is the same. 

simple closed curve a closed curve which does not intersect itself. 

solution set the set of all numbers from a given universe which 

result in true statements when their names replace variables in 

a sentence. 

square root a number which multiplied by itself results in the given 

number. 

subset A is a subset of B[A C B] if every member of 4 is also a 

member of B. 

successor (of a number) the whole number immediately following the 

given whole number. Example: 5 is the successor of 4. 

terminating decimal a decimal which can be written with a finite 

number of digits. 

theorem a statement proved true. 

Transitive Property of Equality If x= y and y = z, then x = z. 

union the set consisting of the members which belong to either of 

two given sets including members belonging to both sets. 

universal set the set of all things which are chosen for a particular 

study. 

vertex (of an angle) the point of intersection of the two rays which 

form an angle. 

vertex (of a polygon) the point of intersection of two adjacent sides. 

vertical angles a pair of non-adjacent angles formed by intersecting 

lines. 

whole numbers The set of whole numbers is {0, 1, 2, 3, 4,5,.. .}. 



Index 

abacus, base seven, 79-81; base ten, 

77-78 

absolute value, 200-202, 253-254; 

and addition of directed num- 

bers, 203-205; in comparing di- 

rected numbers, 201-202 

acute angle, 329 

acute triangle, 329-330 

addition, 17-18, 36-37, 50: associa- 

tive property of, 40, 50, 208; 

closure under for directed real 

numbers, 213-214; closure 

under for whole numbers, 54, 

99; commutative property of, 

36-37, 50, 206-207; of directed 

numbers, 195-200, 203-210, 

213; distributive property of 

multiplication over, 43-46, 50, 

227-229, 235-236; inverse of 

subtraction, 56-59, 209-213; 

subtraction and, 17; zero in, 34, 

50 

altitude, of a cylinder, 364; of an 

equilateral triangle, 351-354; of 

a parallelogram, 348-349; of a 

right triangle, 396-397, 399- 

403; of a triangle, 350 

angle(s), 325-326; acute, 329; 

bisectors of, 382-386; bisectors 

of in a triangle, 385-386; 

central, 389; congruent, 327; 

construction of, 381, 386-388; 

corresponding in similar poly- 

gons, 393-398; exterior of, 332; 

inscribed, 389-392; interior of, 

330-334; measure of, 327; 

obtuse, 330; right, 135, 329, 

388, 391-392; separating a 

plane, 331-334; sum of measures 

in a triangle, 396-397; vertical, 

326 

arc, intercepted by a central angle, 

389; intercepted by an inscribed 

angle, 390-392, 400-403 

area, of a circle, 359-361; of a cone, 

368; of a cylinder, 365-366; of 

an equilateral triangle, 351-354; 

of inscribed hexagon, 356; of an 

isosceles triangle, 353; of a 

parallelogram, 349-350; of a 

pyramid, 366-367; of a rectangle, 

345-347; of a right triangle, 

346-347; of a triangle, 346-347, 

349-350, 351-354 

arithmetic mean, 100-104 

arithmetic skill tests, 4-5, 7, 9, 15, 

2715035..42,,46, 52, J 1, 76,84, 86 

array of points, 275-280 

associative property of addition, 40, 

50; for directed numbers, 208 

associative property of multiplication, 

41-42, 50, 226 

average, 100-104; batting, 180-181 

axiom, 229 

axis(es), of circular cylindrical 

surface, 364; coordinate, 289, 

293-294 

base, of a cylinder, 364; of decimal 

numeration system, 75-76; in 

exponential notation, 73-76; of 

a parallelogram, 348-349; of a 

positional numeration system, 

90-91 
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base-five numeration system, 90-93 

base-seven numeration system, 79-86 

base-ten numeration system, see 

decimal numeration system 

base-two numeration system, 87-90, 

96 

basic numerals, 68, 75, 87, 90, 92 

between, 102-104, 321 

binary numeration system, 87-90, 

93; fractional numerals in, 96; 

multiplication in, 96 

bisect, 352 

bisector, of an angle, 382-386; of 

angles in a triangle, 385-386; 

of a segment, 377-378 

bracketed numerals, 259-262, 271- 

af 

capacity, English units of, 414-415; 

metric units of, 414-415 
Cartesian coordinate system, 292- 

294 
Celsius temperature, 416-417 

chord, 389-390 

circle(s), area of, 359-361; central 

angles in, 389; chord of, 389- 

390; circumference of, 354-361; 

circumscribed, 355-356; diam- 

eter of, 354; hexagon inscribed 

in, 355-356; inscribed angle of, 

389-392; intercepted arc of, 

389-392, 400-403; radius of, 

354; regular polygons and, 
354-361 

circular cylindrical surface, 364 

circumference of a circle, 354-361 
circumscribed circle, 355-356 
closed curve, simple, 334-335 
closure, 54-56; under addition for 

directed real numbers, 213-214; 

under addition for whole 

numbers, 54, 99; under multi- 

plication for whole numbers, 

55, 99; under “‘take the 

reciprocal of,”’ 112 

commission, 179-180 

common denominator, 24 
commutative operation, 38-39 
commutative property, of addition, 

36-37, 50; of addition for _ 

directed numbers, 206-207; of 
multiplication, 37, 50, 221, 222, 

226 
compass, 135, 378 

complement of a set, 150 

complete factorization, 10-11 

composite number(s), 8-11, 22 

concave curve, 335 

cone, 368; lateral area of, 368; sur- 

face area of, 368; volume of, 

368-369 
construction, 378; of an angle 

bisector, 382-384; of angles, 

381; of angles of a given mea- 

sure, 386-388; of equilateral 

triangle, 387; of midpoint of a 

segment, 378; of midpoints of 

sides of a triangle, 379; of paral- 

lel lines, 388; of perpendicular 

from a point to a line, 380; of 
perpendicular to a point on a 

line, 388; of a right angle, 388- 

389; of aright triangle, 135; of a 
segment of given length, 401-403 

convex curve, 335 

coordinates, of a point, 280-281, 

287-289, 292-294 

coordinate system, graph of straight 

line on, 296-301; rectangular, 

292-294 
corresponding angles, of similar 

polygons, 393-398; of similar 

triangles, 395-398 

corresponding sides, of similar 

polygons, 393-398; of similar 

triangles, 395-398 

cover-up method, 251-254 

cube, of a number, 133 

cube root, of a number, 133 

curve, simple closed, 334-335 

cylinder, surface area of, 365-366; 

volume of, 364-366 



decimal numeral(s), 67-76; changing 

to base-seven numerals, 84-86; 

changing to base-two numerals, 

88-90; changing per cents to, 

162-163; changing to per cent, 
164-165, 169-170; finding 

fractional numerals for, 117- 

125; non-repeating, non-termi- 

nating, 125-126; non-terminating 

repeating, 113, 115-117, 128; 

place value in, 68-76, 90; for 

rational numbers of arithmetic, 

113-117, 131; terminating, 113- 

114, 128 
decrease, per cent of, 182-183 

degree, 327 

dense set, 105-106 

Descartes, René, 292 

diagonal(s), of a parallelogram, 349- 
350; of a polygon, 323; of a 
quadrilateral, 323; of a rectangle, 

346-347 
diameter of a circle, 354 

digit, 68, 75, 90-91 

directed number(s), absolute value 

of, 200-202, 253-254; addition 

of, 195-200, 203-210, 213; 
closure,under addition and sub- 

traction, 213-214; comparing, 

201-202; division of, 230-236; 
multiplication of, 221-230; on 

the number line, 189-193; 

opposite of, 212-213, 244-245; 

subtraction of, 209-213; uses of, 

194 
discount, 177-179 

disjoint sets, 21, 133 
distance, between parallel lines, 

348; from angle bisector to side 

of the angle, 383-384; froma 

point to a line, 380 

distributive property, of multiplica- 

tion over addition, 43-46, 50, 

227-229; of multiplication over 

subtraction, 120-121, 228-229, 

235-236 

INDEX 457 

divisibility of whole numbers, 1-2, 

26; by 9, 7; by the number itself, 

23 Dyas 2 byesnG; 96: byi2al 

division, 17-18, 37, 42; of directed 

numbers, 230-236; as inverse of 

multiplication, 16, 59-60, 230- 

236; of a natural number by itself, 

35, 50; of negative numbers, 

231; by one, 35, 50; of positive 
and negative numbers, 231; of 

positive numbers, 230; property 

of one for, 109; reciprocals and, 

232—233° Zero in, 2934, 50; 

111, 126 

divisor, 1; of whole numbers, 1-7, 26 

dodecagon, 356-357 

electronic computer, 87-90 

element of a set, 11-12 

empty set, 15, 32; complement of, 

150; as an intersection of sets, 

283; as a solution set, 254-255 
endpoints(s), of a ray, 325; of a 

segment, 321 

English system of measurement, 41 1- 

417 
equal sets, 19, 32 

equation(s), 245; graph of solution 

set of, 255; for a parabola, 302- 

308, 309; solving, 251-254; fora 

straight line, 296-301, 309 

equiangular triangle, 356 

equilateral triangle, 328-329, 351- 

354; area of, 351-354; construc- 

tion of, 387 

even number(s), 1; zero as, 33 

event, 318; certain, 341; impossible, 

341; probability of, 218, 239, 

IO Ooms leas 4. 
expanded numeral(s), 69-71, 87, 92 

expanded product form of a numeral, 

74-75, 87, 92 

“exponent(s), 73-76 

exponential notation, 73-76 

exterior, of an angle, 332; of a 

parabola, 305, 308 
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face of a rectangular solid, 362 

factor(s), 8-11, 22; prime, 10-11 

factorization, complete, ‘10-11 

Fahrenheit temperature, 416-417 

finite set, 13-14; matching, 152 

fluid measure, 414-415 

fractional numeral(s), 93; base two, 

96; changing per cents to, 161- 

162; changing to per cent, 164- 
165, 169-170; in different 
numeration systems, 93, 341; 

finding for decimal numerals, 

117-125 

geometric figures, 321-338 

graph(s), boundary of, 309; 

of inequalities on coordinate 

system, 309-313; of intersection 

of sets, 263, 282-286, 290, 

311-313; of ordered pairs of 

real numbers, 292-313; of a 

parabola, 302-308; of points 

on an array, 275-278; of sets of 

points on a finite lattice, 278- 

289; of sets of points on an 
infinite lattice, 290; of solution 

set of an equation, 255; of 
solution set of an inequality, 

257-259, 262-264; straight line, 

296-301; of union of sets, 262- 

263, 284-286, 309-313 
greater than, 42 

Greatest Common Factor, 11, 23 

greatest integer, 259-262, 271-272 

half-line, 324 

half-plane, 309, 330-334 

hexagon, inscribed in a circle, 355- 

356 
Hindu-Arabic numeration system, 69 

hypotenuse, 135, 140 

increase, per cent of, 182-183 

inequality(ies), 256; addition property 

for, 264; with directed numbers, 

201-202; graph of on coordinate 

system, 309-313; graph of 

solution set of, 257-259, 262- 

264; multiplication properties 

for, 265-266; patterns with, 

106-108; symbols for, 42; 
transitive property of, 266-268 

infinite set, 13-14, 31, 54; matching, 

153-155 
inscribed angles, 389-392 

inscribed polygon, 355-361 
integer(s), on the number line, 

191-192; opposite of, 191; as 
a replacement set, 258 

intercepted arc, 389-392, 400-403 

interest, 317 

interior, of an angle, 330-334; of 

a parabola, 304-305, 308; of a 

rectangle, 345; of a triangle, 

333-334 
intersection of sets, 20-21, 24-26, 

263; graph of, 282-286, 290, 

311-313 
inverse operations, addition and 

subtraction as, 17, 56-59, 209- 

213; multiplication and division 

as, 16, 53, 59-60, 230-236 
irrational numbers of arithmetic, 

125-126, 131-134; on a number 

ray, 146-147 

isosceles triangle, 328-329; area 

of, 353 

lateral area, of a cone, 368; of a 

cylinder, 365-366 

lattice of points, finite, 278-280; 

infinite, 290; rectangular, 278; 

square, 278-280 

Least Common Multiple, 24—26 

length, English units of, 411-414; 
metric units of, 411-414 

less than, 42 

limit, 355 

line(s), 144, 189, 324, 377, con- 

current, 386; determined by 

points, 336; distance from a 

point to, 380; equation for, 296- 



301, 309; graph of on coordinate 

system, 296-301; parallel, 348, 

388; perpendicular, 380, 388; 
separating a plane, 330-334 

liquid measure, 414-415 

mathematical phrase, 249-250 
mathematical sentence(s), 245-249 

mean, arithmetic, 100-104 

measure, of an angle, 327; of an arc, 

389; of a central angle, 389; of a 

circle, 389; cubic unit of, 362; of 
an inscribed angle, 390-392; ofa 

segment, 326-327 

member, of an ordered number pair, 

275, 280; of a set, 11-12 
metric system of measurement, 41 1- 

417 
midpoint, of a segment, 377-378; of 

sides of a triangle, 379 

mixed numeral(s), 123; changing per 

cents to, 161-162 
multiplication, 17-18, 37, 50; associ- 

ative property of, 41-42, 50, 226; 

with base two numerals, 96; 

closure under for whole numbers, 

55, 99; commutative property 

0653 721902221222,12267/01 

directed numbers, 221-230; 

distributive property of over 

addition, 43-46, 50, 227-229; 

distributive property of over 

subtraction, 120-121, 228-229, 

235-236; as inverse of division, 

59-60, 230-236; of negative 
numbers, 224-225; by one, 34, 

50; of positive numbers, 221, of 

positive and negative numbers, 

222-223; property for one, 109; 

of repeating decimal numerals, 

117-119, 121-123; symbols for, 

47; zero in, 34, 50 

natural number(s), 31; reciprocal of, 

112; as a replacement set, 257; 

successors and predecessors, 99 

INDEX 459 

negative numbers, 190-191; absolute 

value of, 200, 253; division of, 

231; multiplication of, 224-225; 
multiplication of positive number 

and, 222-223 

null set, 15 

number line, 189; addition of directed 
numbers on, 195-200; comparing 

directed numbers on, 201-202; 

directed real numbers on, 189- 

193; integers on, 191-192; 
solution set of equation on, 

255; solution set of inequality 

on, 257-259, 262-264 
number ray, 144, 189; irrational 

numbers of arithmetic on, 146- 

147; rational numbers of 

arithmetic on, 145-146; real 

numbers of arithmetic on, 151; 

whole numbers on, 144 

numeration system, base-seven, 

79-86; base-twelve, 92; binary, 

87-90, 93; decimal, 67-76; 
positional, 72-76, 90-91; 

quinary, 90-91, 92 

obtuse angle, 330 

obtuse triangle, 330 

octagon, 358 
odd numbers, 1; sum of first n, 64 

one, divisibility of a whole number 

by, 2; as an exponent, 70; 

properties of, 34-35, 50, 109; 

as a rational number of arith- 

metic, 105 
one-to-one correspondence, ordered 

number pairs and points on a 

lattice, 281, 290; ordered real 

number pairs and points in a 

plane, 292-294; points on the 

number line and directed 
numbers, 189-193; points ona 

number ray and real numbers, 

151; positive integers and 

natural numbers, 221; of sets, 

152-155 
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operations, 17-18, 38-39; closure 

of, 54-56; commutative, 36-39; 

inverse, 56-60; ‘209-213; 
non-commutative, 37; order of, 

48-49: properties of for whole 

numbers, 50; with sets, 18-21 
opposite, of directed real number, 

212-213, 244-245; of an integer, 

191 

ordered number pair, 275-281, 287- 

289, 292-294 
origin, 190, 294; symmetry with 

respect to; 295 

parabola, graph of, 302-308 

parallel lines, construction of, 388; 

distance between, 348 
parallelogram, 347-348; area of, 

349-350; diagonals of, 349-350 
parentheses, 40, 47-48, 208, 249 

pentagon, 323 
per cent, 161; batting averages and, 

180-181; of change, 182-183; 

changing to decimal numerals, 

162-163; changing to fractional 
numerals, 161-162; commission, 

179-180; of discount, 177-179; 

as a proportion, 169-177 
perimeter of a polygon, 356-361 

pi, 359 

place value, in base-seven numerals, 

79-86; in base-two numerals, 

87-93; in decimal numerals, 68- 

76, 90 
plane, determined by points, 336; 

quadrants of, 288-289, 293-294 

310; separated by an angle, 331- 

334; separated by a line, 330- 

334; subsets of, 304-305, 

308-313, 331-334 

point(s), 321, 335; array of, 275- 

280; collinear, 336; coordinates 

of, 280-281, 287-289, 290, 

292; coplanar, 336; determining 

a plane, 336; determining a 

straight line, 296-301; deter- 

mining a tetrahedron, 337; 

determining a triangle, 336; 

distance from the origin, 190- 
192; distance to a line from, 
380; lattice of, 278-280; mirror 

reflection of, 295; non-collinear, 

336; noncoplanar, 337; on the 

number line, 189-193; ona 

number ray, 144-147, 189; ona 

number ray and real numbers, 

151; separating a line, 324; 

sets of on a finite lattice, 

278-289: sets of on an infinite 

lattice, 290 

polygon(s), 322-323; inscribed in 

circle, 355-361; perimeter of, 

355-361; regular, 337, 351; 

regular inscribed, 354-361; 

similar, 393-398 
positional numeration system, 72-76, 

90-91 
positive number, 190-191, 244; 

absolute value of, 200, 253; 

division of, 230; division of 

negative number and, 231; 

multiplication of, 221; multipli- 

cation of negative number and, 

222-223 

power(s), of a number, 69, 73; of ten, 

69-75, 411; of two, 87-90 

prime factors, 10-11 

prime number(s), 8-11, 22, 26 

probability, 218, 239, 272, 318, 341, 

374, 408 

proof, 56, 229 

proportion, 166-168, 392-393; per 

cent and, 169-177; in similar 

polygons, 393-398 

pyramid, regular, 366-367 

Pythagoras, 140 

Pythagorean Relation, 136-143, 352- 
354 

Pythagorean triples, 136-143 

quadrant, 288-289, 293-294, 310 

quadrilateral, 323 



radius of a circle, 354 

ratio(s), 165-166; equal, 166-168; in 

similar polygons, 393-398 

rational numbers of arithmetic, 105- 

106; comparing, 106-108; 

decimal names for, 113-117, 

123, 128, 131; names for, 105- 

106, 109; on a number ray, 

145-146; square root of, 131- 

134 

ray(s), 144, 324-325 

real numbers, directed, see directed 

numbers; as replacement for 

variable, 245, 257 

real numbers of arithmetic, 133-134, 

147; on a number ray, 151, 189; 

as a universal set, 148 

reciprocal, 111-112, 232-233 

rectangle(s), 345-347 

rectangular coordinate system, 292- 

294 

rectangular solid, 362; volume of, 

362-363 

regular polygons(s), 337, 351; circles 

and, 354-361 

repeating decimal numerals, | 13, 

115-119, 121-123, 128; frac- 

tional names for, 118-123, 128 

replacement set, 257 

replacement for a variable, 243, 245, 

2a71 

right angle, 135, 329; construction 

of, 388-389; inscribed in a 

semicircle, 391-392, 400-403 

right triangle(s), 329-330; altitude 

of, 396-397, 399-403; area of, 

346-347; construction of, 135; 

dividing, 396-397; Pythagorean 

Relation in, 136-143, 352-354; 

similar, 395-396; and squares of 

numbers, 135-143, 399-403 

root, cube, 133; square, 131 

rounding numbers, 413 
sample space, 239, 272, 318, 341, 374 

scalene triangle, 328-329 
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segment(s), 140, 321, 326-327, 335, 

377; bisector of, 377-378; 

congruent, 327; construction of 

given length, 401-403; measure 

of, 326-327; midpoint of, 377- 

378 
semicircle, 391-392; right angle 

inscribed in, 400-403 

set(s), 11-15; boundary of, 309; 

closed under an operation, 54—- 
56; complement of, 150; dense, 

105-106; disjoint, 21, 133; 

element of, 11-12; empty, 15, 

32; equal, 19, 32; of factors of a 

number, 11-12, 22; finite, 13-14, 

152; infinite, 13-14, 31, 153- 

154; intersection of, 20-21, 
24-26, 263, 282-286, 290, 

311-313; matching, 152-155; 
null, 15; one-to-one correspon- 
dence of, 152-155; of ordered 

number pairs, 276-286; subset 

of, 31-33; union of, 18-19, 

262-263, 284-286, 309-313; 

universal, 147, 257 

set diagrams, 18-20 

side(s), adjacent, 323; of an angle, 

325; of an equilateral triangle, 

351-354; of a polygon, 322- 

323; of a triangle, 326-327 

solids, volume of, 362-370 

solution set, of an equation, 251- 

254,02 5)3 erapn Ot,.25),.25,)— 

259, 262-264; of inequality, 

257-259, 262-264 
sphere, surface area of, 374; volume 

of, 374 

square(s), of a number, 61, 131-134; 

and right triangles, 135-143; 

399-403 
square root, 96, 131-134; right 

triangle and, 399-403 

straightedge, 135, 378 

subset(s), 31-33; of a plane, 304- 

305, 308-313, 331-334; of a 

universal set, 147-149 
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subtraction, 17-18, 37, 42, 54; 

closure under for directed real 

numbers, 213-214; of directed 

numbers, 209-213; distributive 

property of multiplication over, 

120-121, 228-229, 235-236; 

inverse of addition, 17, 56-59, 

209-213 

sum, of cubes of first n natural 

numbers, 64; of first n odd 

numbers, 64 

surface area, of a cone, 368; of a 

cylinder, 365-366; of a pyramid, 

366-367; of a sphere, 374 

symmetry, 295-296 

temperature, 416-417 

terminating decimal numerals, | 13- 

114, 128 

tetrahedron, determined by points, 

337; regular, 337-338 

theorem, 229 

transitive property, 266-268 

triangle(s), 322, 336; acute, 329-330; 

angle bisectors in, 385-386; 

area of, 346-347; 349-354; 

equiangular, 356; equilateral, 

328-329, 351-354, 387; interior 

of, 333-334; isosceles, 328-329; 

midpoints of sides of, 379; 

obtuse, 330; right, 135, 140- 

143, 329-330, 396-397, 399- 

403; scalene, 328-329; similar, 

395-398; sum of angle measures 

in, 396-397 

triples of numbers, 136-143 

twin primes, | 1 

union, of non-collinear rays, 325; 

of segments, 322-323; of sets, 

18-19, 262-263, 284-286, 

309-313; of sets of points, 

284-286, 309-313, 324-325 

universal set, 147, 257; complement 

of a set in, 150; integers as, 258; 

natural numbers as, 257; real 

numbers as, 257; whole numbers 

as, 262-263 

value, of a numeral, 72, 79-86, 

87-93; of a place in a numeral, 

91 

variable(s), 245, 257; real number 

replacement for, 245, 257 

vertex(ices), of a triangle, 322-323 

vertical angles, 326 

volume, of a cone, 368; of a cylinder, 

364-366; of a pyramid, 367; of 

a rectangular solid, 362-363; of 

a sphere, 374; units of, 362, 414 

weight, English units of, 415-416; 

metric units of, 415-416 

whole number(s), 1, 31; closure of 

under addition, 54, 99; closure 

of under multiplication, 55, 99; 

divisibility of, 1-7, 26; ona 

number ray, 144; properties of 

operations for, 50; as a replace- 

ment set, 262-263; sets of 

factors of, 22; square root 

of, 131-134 

x-axis, 289, 293-294; symmetry with 

respect to, 295 

y-axis, 289, 293-294; symmetry with 

respect to;295 

zero, absolute value of, 200, 253; 

in division, 2, 34, 50, 111, 126; 

as an even number, 33; as an 

exponent, 70; as an integer, 

191; opposite of, 191, 244; 

properties of, 34, 50; asa 

rational number of arithmetic, 

105; reciprocal of, 232; asa 

whole number, 31 



Selected Answers 

Page 1 2. b. No; R#0 3. Yes; R=0 4. b. no f. yes 1. no 7. no 

Page 2 1. a. even e. even j.odd 2. d. 143 5. a. 1 

Page 3 iyones 26 brnoliyes 45 125.107 52 c.1, lie. 1.7249 87 2089; 

IRsy, Pa SXey TE iio 

Page 6 2. Canore. yes {.,yes hh. nosj. yes) 3.°¢. 478; 24 

Pages 7-8 1.70, 9, 18, 27, 36, 45,°54,°63, 72,81 2. b.no 5. a..yes e:'no 

Pages 8-9 Sse toe 1972 3229.9517 5. a. Composites hs primes 6.) eC. ela) 

Cs: PteS. D0 so, 1155) 8. 193.9927, 81. 24359" dzodd 312.7531 

Pages 10-11 2.3 4. c. 2,3 j.2,7 5.b.3X3 4. 2X3X5X5 60.5 
hele 78 seer eS) 

Pages 11-12 Del 24. 3a 7s VES@ 91 65 a7 821 9013-2. zerosbelongsato 

set T; zero is an element of set JT; zero is a member of set T 14. a. ten does 

not belong to set Q; ten is not a member (element) of set Q 15. b. false 

e. true 

Pages 13-14 1. yes; we can finish counting them, ~5..a.71, 3; 5,77,9 

9. No; we cannot finish counting them. 12. 0,5, 10, 15, 20, 25, 30, 35, 40, 45 

16. a. true c. false i. false 17. f. false g. true 1. true r. false 

Page 15 1. empty set 4. {0,5} 9. {2} 

Pages 17-18 Pas Gb DS Tih oh Oe Tee Oe det, UE 5 e. 4 

Page 19 Dea Osa Oval y CS4544 —1) 65.18.42, 3,4, 5..6,7) 6. | hey 

are equal. 

2°3°4 4 
13569012 maa ey) Intersection¢a 4 9,18,,27;.36,45,54,...¢})) 8. b. {1517} 
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1 : 
Pages 20-21 1. c. {; | e.d 3. b. {a} c. {0} 4. ¢.A 6. g. Union: 
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Pages 22-23 4. b. {1,31} 5. c. {1} 9: b. Yes: 2 is a factor of 26: 

Pages 23-24 1, cr6 hol0°mel” 3:1 (7; Yes. G Cr (3/9)—5 

Pages 25-26 1. e. {11, 22,33, 44, 55, 66, 77, 88,99} 2. c. {56} f. {14, 28, 
42, 56,70, 84,98} k. od 4. 48, 60, 72, 84 6.4.40 7. a.3 9. e. 143 

Pages 26-27 1. c.6 x49 3. b. Yes; 304 4. a.no 6. a.707 8. b. 1,001 

x 507 

Pages 27-28 Te’a...3;2/9° €:. 95,679: -2..,.b24126;958% cic4 05a 52 Cre 

e. 76,362 f. 673,299 h. 1,666,225 4. a. 1,154 e¢. 167,R1 f. 11,573,R24 

h. 2,329,R135 5. a. 147 = 147 d. 294= 294 6. b. 196 = 196 d. 490 = 490 

Page 31 1. 1 5. No; 0 is a whole number but not a natural number. 

Pages 32-33 2.0 3. a. yes c. no eyes 4. yes 7. Yes; every prime 

number is a natural number. 

Page 34 1. the number itself 6. b.0 g. 0 

Pages 34-35 1. the number itself 3. the number itself 7. a. 1 i. 0 

Pages 36-39 1. b. 12+36= 48; 364+ 12=48; 12+ 36= 36+ 12. c. 30 

+ 17= 47; 17+ 30= 47; 30+ 17=17+30 4. yes 6.2X5=5X2 8.2 

—5+A4#5-—2 9. a. No answer; The results are different. c. No answer: The 

results are different. h. 10= 10; The results are the same. i. 51 = 51; The 

results are the same. 10. b. 27 e. 37 11. c. 20 e. 132 12. d. 36 13. a. 3 

14..b2.100" 15.508224 165 e. 7S £2 137 18. be5 12 

Page 40 22°Y eS; 27654 1 52.10 “erl23 12 

Pages 41-42 l. a. 7 4. b. (99+ 1) + 48 = 100 + 48 = 148; 99 + (1+ 48) 

= 99+ 49= 148 6. a. 148 j.810 8. no Il. a.< d.> 

Page 44 1. c. 30 = 30 e. 180= 180 f. 8,100= 8,100 4. two 5. multipli- 

cation and addition 

Pages 45-46 3. 200 = 200 6. 210=210 8. 1,800 = 1,800 

Page 46 2. 126 = 126 

Page 49 2. First 2X 10=20; then 20+2=10 3. First 2+25=27; 
then 27 —7= 20; then 20+ 3 = 23; and, finally, 23-—4=19 6.6 11. 80 
18715) 22.54" 25.7159 23225109 34082 es 7 O 
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Pages 50-52 2. Prop. of zeroforadd. 3. Rt.-dist. mult. overadd. 5. Comm. 
prop. mult. 8. Comm. prop. mult. and Prop. of one for mult. 9. Assoc. prop. 
mult. 11. Prop. of zero for mult. and Comm. prop. add. 18. 1; Prop. of 
number and itself for div. 23. 11.72 = 11.72; Assoc. prop. add. 26. 5.94 
= 5.94; Comm. prop. add. 

Pages 54-56 2. a.no d.no 6. 1+3=?The sumis not inthe set 1 Opel es ie 
9. b. Set A is not closed under multiplication. 

Pages 56-59 1. 13+7=20 4. b. 14 e. 36 6. d. 410 —90 = 320 7. ¢. 9 
+8=17 8. b. 89 i. 130 10. f. closing a book 11. g. 78,939; 78,939 + 9,429 
= 88,368 17. 420 

Pages 59-60 1. d.48+4=12 3. a.3 5. byes 6. b.4 e104 9. e. 1,645; 

1,645 + 47=35 j. 786; 235 X 786= 184,710 10. c. 17 12. a. 27+3=9 

Page 61 ho? fee ee Y 

Pages 62-63 1. b. 202.21 d. 1,253.17 2. a. 18,807 ¢. 258.38 3. a. 589,888 

1 5) 1 2) ZC 3 
Gk Uses Sh ay ike ce. 12 i lb IZ (e, 354 Ue b. 7 d. la 8. a. 15 b. 43 

2 19 
o2c; 9 d. 13 10. c. 536 d. 2 11. b. 4 qts. e. 2 gals. 3 qts. g. 2 yds. 1 ft. 11 in. 

h. 33.48 j. 7 m. .01 p. 39.2000 reas 13. 1,250 16. $22.68 19. 1:25 P.M. 

Pages 67-68 1. b. 35 x 3 3. d. 76,934 4. i. forty-three thousand, five 

5. d. one hundred seventy million, six thousand, three hundred forty 

Pages 68-69 1. a. thirty; two-digit numeral 2. c. fifty thousand 5. 100 

8. 1,000 

Pages 69-71 1. c. 10% 2. a. the fifth power of ten; ten to the fifth power 

3. d. 5 x 107+ 4x 10!'+0X 10° 4. b. 10° 5. c. 9,006 g. 3,002,001,000 

Pages 72-74 Ae) OD eee tO Omm Os res Ln Cone ele el eae 

13. d. 10,000 14. b. 10® 15. b. ten thousand, three hundred ninety-eight 

16. a. 5,673 17. f. six million 

Pages 74-75 Pd ss6e2, a04 02-> 6 10T4- 10°) 3..e.6,090,703 

Pages 75-76 1. a. 9: nine tens; 2: two ones 2. c. 1,000,000,027 3. c. 3;8 

e.1 4. b. 4; 2,401 f. 0 
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Page 78 2. a. 300,099 b. three hundred thousand, ninety-nine 

4. ‘ 
() o, 
© C, 
C) ©. 
) ©. 
C O 
C °C, 
) (2 
C) ) 
OS © 

Pages 79-81 2. The number is fifty. 10. b. forty-nine 12. Yes; two thou- 

sand four hundred; 2,400 15. a. one hundred fifty-six; one hundred twenty- 

nine; two hundred eighty-five 17. two thousand, four hundred one; 2,401 

Page 82 1. a. 221 even BD. One hundred thirteen c. 1134, 5S.-a, COOL 

b. two hundred ninety-four c. 294 ie, 

Page 83 3. 15ten 10. 343ten 14. 2,277 ten 19 56t0n 

Pases 85286) 1p [32 3 20 11432) 1505 0 ClO 

Page 87 2. 0, 1; 2,354) 5,6 3.7a. 100%45al ex 108-7 X10" 5, betwen 

6. e. 16 

Page 88 2. aac (O. 15,8 Os utteen 

Pages 89-90 

2. d. thirty-five 5. nine; eleven 8. fifteen 10. 4= 100,,,; 1 digit in the 

decimal system; 3 digits in the binary system 15. 25 ten = 11,0014; 2 digits 

in the decimal system; 5 digits in the binary system , 

Pages 90-91 1. c. twenty thousand 2. b. three 3. thirty-two 5. ‘five; 
0,1,2,3,4 6. a. 4 fives, or twenty 9. a. one 10. ten 13. b. seven 

Page 92 1.5145, = (5S X 36en) + Ul X 6) + (4X 1) = 180,., +644 = 
190 ten 3. ES3tweive = (Llten X 144ten) + (5 X 12ten) + (3 X 1) = 1,584 ten 
+ 60ten + 3 = 1,647 ten 5. 716 eign = (7 X 64ten) + (1 X 8) + (6X 1) = 4480, 
+8+6=462ten 17. b. eight 18. a. twenty-five 19. d. 8lien f. 121 ten 

2 
Page 93 1. b. one-fifth 2. 3 3 Ls 

“i 8 : 
5; 8 8. 9 10. fal 13. b. one-eighth 
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Pages 94-95 2: 202.7 93. 102:77 5.°2,907 “7. .83 10. 100.7 11: 275.13 
au 

13. 43,470 16. 1963 MRT PA UMM SE LOD oF Ral Cl Lt GLEE OW RAN) 

30. 85.02 32. 5 34. 1.76 35.5 37. 11.445 39. 285 41. 115 43. .395 

45. 135 47. .0009 48. 350 = 50. 1,000 51. 1,000 53. 3,000 56. .001 
59. 10 61. .01 62. .001 65. .00001 68. .000001 

Page 99 1. a. successor: 13; predecessor: 11 e. successor: 10,001; pre- 

decessor: 9,999 3. no 

1 3 9 D) 5) 9 
P 100- Ds Siile GBS libs be Is lee 1h Ae 17, ages 100-102 157.21 Oe Ils e. 5 h 10 © 34 k 15 m 270 n. 7.26 

Bho 3. #84, 8. yes 11. b. 154-4. 2.7 12. Multiply 4 5 48 Fag * 100 ony. - D. 3 le 6 et ears 

of the five numbers. 15. 100 

by the sum 

Wee UR es 19oF 1 4 
- ao << = = =, 4. Pages 103-104 1 60 ~ 6 4 60 is true, so 60 |S between 5 and 3 4. an 

1 
infinite number 5. 2 < 25 << ESO 25 is between 2 and 3. 7. 2 < = < 3,s0 

= is between 2 and 3. 10. 2.50 < 2.51 < 2.60, so 2.51 is between 2.5 and 

2.6. 13. 3.2100 < 3.2101 < 3.2200, so 3.2101 is between 3.21 and 3.22. 

3 54 55 32 2,176 1,251 > 
Pages 105-106 2.5 4. = 6. 755 8 ip 10. 7000 LB ape lh, oe 

Ee Gi AGS AD Omi Sao7 (jae odes 
6°83 77973 18 39°20°30 1% 100° 200° 300 

Pages 106-108 T]D N07 5.6.8. 19219" 92 7 12 5 1d. Ot lie Ss 

18. 2:3 20. true 23. false 25. true 26. true 28. false 33. true 34. false 

12 20 3 3 6 20 2 l 
Page 109 2. 29 4. 50 Se 4 1k a 10. 51 13. 55 15. ii 18 75 

5 20 14 “ 14 = 125 
Page 110 Ze 7 6. 99 he 35 11. 65 12. 45 13. 10! 15. Ds 1 

399 
17. 909 1 

5) 4 i l XS 20 Tees eeo01 
Pages 111-112 ia. A d. 5 e. 5) h. 10 SEV ES) 1554. 7 oa ace ae 

2a 6. a. 2 ai 7anow9s no 12; yes 15. no 16. yes? 19.-yes 
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Pages 114-115 5) 4. 25° 95.01.25 © 8.9.6 $9. 1.4" 12,8.40- 13 eee 

15. 1.375 16. 2.375 17. 2.625 18. 9.375 20. .3125 (25... 920. cee 

1 7 19 ZN 258 
= 31.= =) 30.22 42, — 44.22 45m 30. = G1. = 92. < 33. a5 370-8 30 ee Abana tte ee 

Pages 115-117 2. .1111. 4. .142857142857 6. .285714285714 8. .833 
= ee : = 125 11,076 

10. .388 13. 1.142857142857 14. 1.22 15. 1.3636 it 100 oe 70,000 

22. a. .22 ¢,66 f..77 i. 1.11, j. 1.22, 23. a..1818 d..7272, g. 1.3636 h.2.0208 
j- 5.2727 24. a. 1.142857142857 c. 1.428571428571 25. 1.66 

Pages 118-119 1. 3.33 4. 13.33 6. 1,735.3535 8. 1,069.10691069 11. a 

a ee } ee eee ret ye ei0s O24: 10 .: true) 13: 10 20 > 43350 .10; 10 100° tue 

Pages 119-121 Oo Rt. dist. prop. holds 3 yee Rt. dist. prop age 7g? 1g° Rt . prop. 30’ 30° ee : : 

3 2a 24.24. ‘Leal holds 5. 9; 9; Rt. dist. prop. holds 8. 60° 60° Yes 353 35° yes lil 36°36: 

Ves) [SMe loeb saves a 18. a3 5; 20. 3 22. ; 23. 900 25. 150 28. 40 

> l 5 10 14 
Pages 122-124 3 fav wecei2e Se 3 eh 9 10. 1 11. 99 13. 99 

pe hate awh or cil nee 32 112 109 16. 99 18. 37 20. 9.999 21. 69 23. 739 Za 27 99 28. 268 009 29. 176 d99 

30. . 32. = 35 Jn, 38. Le 398 41. 2 
se) 45 * 495 60 150 225 

Pages 124-125 4. .2 11. .0833 15. .0625 17. .055 19. .05 23. termi- 

nating 25. terminating 27. terminating 29. terminating 30. non-terminat- 

ing 33. non-terminating 34. non-terminating 36. non-terminating 37. non- 

terminating 41. terminating 

Pages 125-126 1. Each time we write one more 2 before writing the next 35. 

Pages 127-128 1. b. 6,400 e. 4,800 f.6,050 2. a. 1,100 ¢.11,100 d. 22,000 

4. a. 3,200 c. 6,700 6. 159.52 8. 403.0 11. 12.59 13. .105 15. 18.33 

7b Brings) iIkey, Bowles PAI tS) 92, 117 

Pages 131-133 2-8. 5.25 (8) 24°19..40 “115 90.014: a 17. 18. true 

21. true 23. true 25. true 27. 2,500 29. 6.561 30. 531,441 34, 4.642 

36. 6.083 40. 88 41. 47 42. 100 47. 90 50. 40 
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Pages 133-134 2. a.no e.no f. yes i. yes 3. a.3.162 X 3.162 = 9.998244; 
10.000000 — 9.998244 = 0.001756 5. 22.36 7. 31.62 8. 41.23 10. 56.56 

Pages 136-137 2. a. 9? = 81; 127= 144; 1527=225 « 3 3.¢.4 4. b. 90 
d. 120 e. 12 g. 30 h. 24 5. b. 400 = 400; true d. 900 = 900; true 

Page 138 1. a. 250,000 = 250,000; true 2. b. 1,521 = 1,521; true d. 16,900 

=16,9003true 6. bo Bc: C*e."D ee: Ais GC 

Pages 139-140 2. b. 12, 16, 20 d. 16, 30, 34 3. b. 400 = 400; yes 4. a. 20, 

PAT Sa) 

Pages 142-143 2. V2 in. 4. a. cannot b. cannot f. can 5. b. 1.8 in. 

1 
8. c. 9 sq. in. d. 16 sq. in. 9. c. about 8.1 in. 10. a. 14 sec. b. 47 sec. 

iia: 1; sec. 

Page 144 11. one-half the distance from 1 toward 2 12. one-half the dis- 

tance from 0 toward 1 15. one-seventh the distance from 1 toward 2 

18. ninety-nine hundredths the distance from 0 toward 1 20. ninety-nine 

hundredths the distance from 1 toward 2 

l 1 Pages 145-146 1. 2 3.35 4.7 5. 2.15 9. 3.55 10, 2.255 13.3 14. 11 

7 1 3 18. 1.13 19.2.6 21.75 24. 1.114 26. 35 27. 1 30. 3.11 31. .201 

34, 1022 35. 112! 37. 4.599 40. 6.339 
50 100 

Pages 146-1471. e. (AC)? = 12+ 12} AC= V2 h. Yes; V2 3. b. 1c. R 

Pages 148-149 1. a. true d. false e. false h. true 2. a. true c. false 

3. 2 ea 6. no 7. b. true c. false d. false f. true g. false 8. g. ROM / 

=] 11. a.no b. yes 12. a. yes d.no 13. a. yes e. yes 

Page 150 2. {2,4,6} 3. b. M = {2,3,5,6} d. T = {2,3,4,5,6} ff U=¢ 
6aUc.U & addd 

PacselISi@) 1b. <ed. =f.) Hs < 2b. 3:3; 35, 32 3, av ne A101 

4. a.-e ve Vi17 25 63/64 

0 2 4 6 8 
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Page 152 1. 1 2 3 + Match 1 with 12 

va lem 2 with 8 

12S LG 3 with 10 

ly 2 3 Matchal withtiZ 

Dow, barat 2 with 10 

Pe Qi” ee: 3 with 8 

Page 153 1. b. 10,000 2. a. 250 3. 2n 6. no 

Pages 154-155 25 bod. da9" £199 hy999 ef. 45999 ols 2w— tied. alee 

f. 25.70. 50}. 501 Ls (m+ 1) AN Sie iS 4 ee eee 

Pe ST be. ey 
L= {101, 102, 103, 104, 105, . . .} 

5. a. 101 b. 102 e. 600 h. 100+a 6. a.2 d. 402 e. 1,898 g. 10,350 8. a.3 

b. 6 e. 900 9. a. 1 ec. 111 e. 1,758 11. a. 10 c. 1,110 e. 10,100 12. b. 10 

d. 750 e. 1,305 

Pages 156-157 2. 1.45 4. 95.13 5. In T3310). .8. 2.886 294 lesoe 

12. 18.86 14. na 17. 44.4 20. .703 21. .125 22. .0006 26. 8 27. 413 

28. 260 30. 430 32. 78,200 34. .337 35. .114 36. 130 41. .7 43. .00135 

44712, AS.2.85 49.~.96875 450.7 .9375 552. ye 55. 3.6 58. 3.84 60. 42 
2 8 

61. = 63. 12 hrs. 2 min. 22 sec. 

1 79 21 11 41 1 1 
Pages 161-162 2? 45 4. 700 50 9, 0 10. 100 12 4 13. 156 

1 17 18 1 l 1 
16. 35 17. 7700 19. 10 23. 100 24. 6155 26. 50 27 600 30. T60 

31. vile 34, 3 3 1 2 241 
180 3,700 SDs 0 36. 5 39: 25 40.5 44. —— 

2,000 

Page 163 1.45, 4..,03  §...33-  9...02 10.250) (12.72.30 Sasser 
15. 9.80 18. 20.00 19. 206.70 21. .001 23. .0095 24. .0003 28. .00001 
30. .00125 32. .000009 34. .9 36.2.1 37. .965 39. .004 42. .679 

13 3 3 l l 5 44. .0125 47. 1.006 49. — 51. 6= 54. — 56. — 57. —— 59, ——_— 62. 49 0 51 65 54 400 56 8 57 700 59 1.100 62. 5 

Pages 164-165 1.15% §=©3. 360% = 6. N%_—— B_— (Hh—-1)%~—- 9. (3m)% 
50 84 126 9 12 (26 — ee SUE Gee _ 6. (2c —g)% 13. F993 50% 16. 7H7; 84% 18 1903 126% 21. 7A5; 9% 

20 
23. 100° 20% 25. 26% 27.4% 29. 2,604% 32. 9.800% 34. 56.3% 
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33 1 
P 165-166 ee 2D eae ages 1 63 2. b 3 3. a 

AID 
& 

Sto 
o 

NIN 
mn 

Pages 166-168 2. a. 2 c. 20 f. 80 h. 1,000 3. true 5. false 8. false 
10. false 11. true 16. false 17. true 18. true 19. a.4 ¢. 4 £.9 g. 16 

Sebel gee Oe el] h225 423. bo lf = then = cs S 
Siety 7 

2 2 1 1 Pages 169-170 Ze oan 5s 163% 8. 663% 9. 835% 10. 875% 

abs Ze Les Fe Sri ae pipers opi 13. 1177 % 15. 6355% 16. 7 = .25 = 25%; = = .60 = 60%; 5 = .125 = 125% 

Pages 172-173 2044 AS. OeS.ccle E82 9° 9910-55933000 12> 630 mph 

15. $1.88 

Page 174-2. 240 4, «1255, 125 7.40 9. 4% 12.2% 13. 200% 

14. 100% 15. 5% 18. 334% 21. 200% 

Pages 176-177 1. 142% 4. $324 6. 3,900 9. 330 11. $828 14. $171 

15. 60 mph 

Pages 177-179 2. $10 4. $2.00 5. yes 7. $3.33 8 a. $15.93 c. $49.34 
10. b. $17.86 ¢. $5.57 

Page 180 2. $3,000 3. $2,160 4. $4,750 

Pages 180-181 1. —, or .250 3. b. .347 d. .293 f. .212 4. a. On the 
Blo 

average, a batter gets 346 hits out of 1,000 times at bat. d. no hits out of 

1,000 times at bat 8. Yes; if you get one hit out of more than 1,000 times 

153 
at bat, your average would be less than .001. 10. 347 

Pages 182-183 Ube 85% 5. a. 5.94% b. 23.43% e. 21.81% 6. b. 225% 

8 4 39 9 
c. 2275 % d. 48.55% g. 217% h. 20773 

Page 184 Des) 9 ee 5a 4.936. 0189 9) $.72:008 9.°.308" 11 28416 

12. 272.7060 15. 2.84468 17.2 20. 193 22. ssi 23. 8 25. 3,340 
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3 1 1 16 13 oie 
28. 214 29, 3,202 31.15 33.2 35.5 38.75 40.25 41-55 43.G55 

9 7 Cer Me 

Pages 189-190 2 15.9256. 5WO 

Pages 190-191 1. b. 74 “de*4 se. 2 28a: G df g. BV 425A See 

G7 85 l aad 

Pages 191-192 1. a. yes c. no f. yes 2. b. 2 e. +980 4. a. negative 

5. a. yes; yes c.no;no 7. They are different. 

Paves 193-193 eerie es les ie ages 192- - 3 4 5 5.435 8 1G 

10. a.-f. -9 4 +1 +.9 

at “0 5 ares? 

Page 194 1. c. -40 d.*21 2. b. 71 d. 2 £47 3.0.45 c. 333 

Pages 195-196 19 bo27) 6.3730 £48 32.280 73? d. 282 en 16983. ba tee 

P to B) d. ~3 (from D to E) 6. no move at all 7. an infinite number 

10. b. from G to K, then from K to H d. from F to J, then from J to G 

Pages 197-200 1. A move from4 to L: *2; followed by a move from L to C: 

*1; result is the same as the move from A to C: *3; therefore: t2 + +1 = *3 

3. A move from A to I: +4; followed by a move from / to H: *1; result is the 

same as the move from A to H: *5; therefore: *+4++1=+5 7. positive 9. +27 

12. +425 14. +1,430 15. ~38 17. ~64 19. ~1,040 21. A move from A to L: 

+2; followed by a move from L to B: ~6; result is the same as the move from 

A to B: ~4; therefore: 2 +~6=~4 24. A move from A to J: ~3; followed by 

a move from J to K: *4; result is the same as the move from A to K: *1; there- 

fore: -3++t4=1+1 26. A move from 4 to J: ~3; followed by a move from J 

to A: +3; result is the same as the move from 4 to A (standing still): 0; 

therefore: -3++t3=0 29. 0 31. b. false d. true f. true h. true 32. ‘6 
+ o 

34.°*16 “37. 237° 39. 2140! 0% 4235 44, : 46. u 48. -1.2 50. 0 
5 3 

1 fe 

51. 5 53. 5 $5.7"3,0 957, 92: 98598 Ul 63e 20-4 

+ 

Page 200 2. +2,506 3.0 6. a 8. positive 10. positive 
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Pages 201-202 3. < 4. > 6. < 9. > 11. > 12. < 14. less 17. greater 
19. d. false 24. false 27. true 29. true 31. true (33. false 37. false 
40. true 

Pages 203-205 1. b. > c. *4 e. “1; “1 3. negative; greater; negative; 
POSIIVemae Digi Gsm): J af.ue2: <)> 115. b. creaters 7.812694)! 

soar 2 15 6 
105i 122 10- he tae, i] ae LS aie Re AGE 13 105 14 356 1Oseal2 Se LS 5 Ole 19 lee 2h ee 2S 175 

=a #S 1 ys i. 1 
205) 2255 28. 29) al a ee wie el bd Nae 5 8 aR le ARK ish RMA 15 39 11g 41 ls 

Pages 205-206 2. “83 4. “3503 (ih 2 ee OE Gy SR) ae 

LOS a1 .On ALS. “13g ZO Mel 123. 2125 427 e208 930.293) 2.) 

a Om eS 15 e) S9 mel W415) 43 45 3 48 3 50.88 52.50) 

Same sO. 159. 3 2h 61. =250) 6327500865. 21 

Pages 206-207 eal eta 4-1 UU ERO) 25 9 Deeg OS ta) 

bogOci a2. Sora. 95531 

Eaves 0S samme mete 3a O18 00 O-eal,ealle 8. 2.5.92: 5810.54655514,6. 
12.7313 

Pages 209-210 DeeCoeAse e137 ese ee Ol 4 on). w Ones ac 4am) eel 

Nae Ome Ol 6) 2000220 22 12 24.5722 25.8926 027. 14 29 aS 

S019 33. 35. 08 372, 22, 40. 13) 42. 0.46, 218 

Page 211 Ace ee Oe ae) oe st ee oe O00 3s Opel De gO eae 

Ae OO 28 520. (97 23. ol 25-34 28.7794) 31. 5933.0 

34. ~24 

ol. a aol i 3 | 
Pages 212-213 TO mee: 4 4 ee aes 1D Onl eee 0: 7 12% 18— 

ff Sel O01 ee 020 5023. 0 225. 0 26. are): ole 8578 da 335 

g.1;*1 28. yes 30. b. 0 

Pages 213-214 2. a.no b.no 4. a. yes b. no 6. a. no b. no 

4] 19 l 
Pages 214-217 Pa AM ow) ne) D 6. 2554 Ws Doehvee GS Avis: Ep D 

14. 12 16. 8,722 18. 1,343 20. 6,239 23. 116,440 26. 372.84 27. 183.33 

31° ees 33: 38 34. Yoo 35.9 1.0250 637. 29039-0675 410 44 42507 
42 24 12 
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3 4 i17/ 13 3 
— = — : .-— 60. 2 63. = 44. 10 48. 25 50. 250 52. less 54. greater 55. less 58 36 5 

65. 72 71. 200 69. it 74. 1 ft: 9 in. 276.4 Ib, 13° 0z. 79,2, fo War 

80. New York: 11.375; Pennsylvania: 4.615; Ohio: 3.770; Michigan: 3.015; 

ie 2 
Florida: 1.457 82. Delaware: $2,729.16; Michigan: $2,230.98 83. 943% 

+ 

Pages 221-222 Le 7277 3. 44540025, a 10. “60s 11.6716.2; 14 

17. positive 

Pages 222-223 2. decrease by +1 4. 2 5. 2 7. “100 8. t3 xX 2= 6; 

288 = 9: 13 Xed 12K Shs, 73X86 = 218" 210, ba 

sce 12% 100 = 100 X22 0132-64 15. 1325 12? 1 200 Se 

~20 S20 20. “50 22. 100 24. 5 27. Te 

Pages 224-225 2. decrease by *1. 4.2, -7..-100 92D. 30) ean 
+ 

f. “32 11a, 60 c. 360. d: © 14. “120 16:79. 17. *5:2° 19. “84 2356-06 

DA: 76 1225.2159 27. 32 a 28.) 8 O0.8aOU see 5 Oa Oe) aU eee 4 

Pages 226-228 2.5°56;" 504. 48/2 48), 5.332 39 8.20. Ono, ee 

"24 tle sls cl 13.070 16. ..66>-.66, 18.1277 12 221 Gs Glee 

=300 524.5 52° 52° ©25."- 500; *500 27. 9,0; 9.0) 30. 74542 5a eee 

34. ~7; “7 37. ~1,000 39. +1,100 41. *4,800 44. positive 46. negative 

47. positive 49. negative 51. negative 53. negative 55. negative 56. posi- 

tive 59. positive 61. positive 64. negative 67. positive 68. negative 

70. negative 72. positive 

Pages 229-230 27 a. Comm. prop. mult. c. Comm. prop. mult. used twice 

4.0 5. 1,200 8. *1,360 

Pages 230-231 3,7 5. 4; 3; 12 8. °2 10: 110 11. 25) 435-amismee 
18. -S 20. -8 23. -10 24. -13 25. +7 27. +9 29. +4 31. +9 33. -61 

36, 5 38. -5 39. +2 41. +1 

Pace 232 1,41 3. tL 6 10 8 41 10. 2 a tas 2 1 

20. = 24. “1 26. negative 28. “1s 129s none 
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¥ F +2 “3 “a i Pages: 233-234 =~ 4scl' 3.44 <6. = 8. 2 140. = 11. 47> 13. -i1 15 2 31 
[ +9 +5 +3 +9 -39 [SMart ee oe oR ee 30, 0 7 22. 4 24-15 26, 5 28. 5 30. = 

33. negative 35. positive 36. positive 41. negative 

Pages 234-236 ote? 89, Jonr?)) ) 8 6.0050 10.92 2" 2 812 ey ae ae © 
el 15.715; “15 17. a. -10+ (C5) =+2 c. yes 21. a. true c. false e. true 

+ 

Pages 236-238 ibs. ai bier Me swish Ay s Te AOD 9S 16011. A412 1S 

*10 ¥ +8 +14 24 Lao ld 209130) 22. = 24. 26. on tgs BRS a 7 0 22 F 24 35 208) De 282 e351 15 33 33 

+ = = 

34, 7 3/9. "y 41. +8 44, 7 47. .02 50. .00013 53. 50.00 

54. .00125 56. 336 58. 40 59. 533 62. 49 mi. 450 yds. 63. 55° 24’ 

66. 8 gal. 3 qt. 0 pt. 67. 8 yds. 2 ft. 70. 2 min. 32 sec. 71. 20° 52’ 45” 

TREY Tk = 78. = 81. .25 82. .0004 84. .000001 86. 10:1 89. 2:3 

OO 95.8275 28.. 942 1975 10/598. .01 

toe) 
Page 243 1. 6=6 3.5 =5 5. 18=18 6 2=2 8. 0=0 

& el 10 1 
Pages 244-245 Ome: 5 6. V10 8. B 9310.11: m5 14. —9 

1759197 — 36, 207215 24760 27-400 28. — 4" 29. —50 32. — 30093341 

1 
Page 246 jis 7s, Be te) A) ae : BOE Alp, 25 14502 155-2 la 

Page 247 2. 15+tn=—4 5. —2-p=-—2 6. 4—b=0 8. r- (—7)=-1 

9. y+2=5 

Page 248 2. Some number is divided by —5S. The quotient is —7. 4. 16 is 

subtracted from some number. The difference is —1. 5. Some number is 

multiplied by —10. The product is 100. 7. Some number is divided by —S. 

The quotient is —15. 8. —3 is added to some number. The sum is—6. 11. 6 

: 1 | | 
is added to some number. The sum is —10. 13. —5 16. = 17. 45 20. 3 

23a 26; -15 27, —2 
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Pages 249-250 2. d—S 450w—7 5 A 7, Ue" 9. (x—y)° 

(—10) 12. [2a+ (—2)]- (Sa) 14. two times some number, decreased by 6 

: 1 : 
16. the sum of three times a number and = 18. the sum of three times a 

2 

number and 9, divided by —10 20. 2 times some number added to a second 

a at u 
number, the sum divided by 5 23. — 1D > a, OF 3 IAS, SLU fe PLP 60 28. 17 

y 30. 3-5=15 and 15 4 35 

Pages 252-253 1. {1} 3. {st 5. {-1} 8. {0} 10. {1} 12. {—4} 5 

14. {5 17. {5} 18. {5} 19. 21. {3} 23. {2} 26. {3} 28. {1} 

30. {8} 

Pages 253-254 1. The absolute value of negative six is six. 2. The 

absolute value of six is six. 5. The absolute value of zero is zero. 9. The 

absolute value of three-sevenths is three-sevenths. 10. {6,—6} 12. {5,—5} 

13. {5,—5} 15. {12,—12} 18. {1,—1} 21. {0} 

Page 255 2.0 <e}—+—+— + —_+—_+>_ +++ > 
—4 -2 0) 2 4 

5. —<H—+—_+—_+—_+_+—++—_+—++ > 6 =H 
bse) | Saal 0 2 a —4 -2 0 2 4 

8. —~¢—+—_+_+_+_+_++—_++—_ + __ 10. —+_+—_+—_ +++ +++ + +> 
—4 —2 10) 2 4 il 2 (@) -D 4 

Page 256 1, false 3..true> 5..true” 7. trues .s. rue. 105 true) tte 

12. false 15. true 19. true 

Page 257 Le 44} —+ 4 5 + Gps 

Pages 258-259 Lene oe DAMA e 

—2 0 2 

Jaga vee ot eke cereus rete m= + BAADAA so oo a 
—2 9 Ove s2pue des —6 —4 -—2 2 

10. yes 11. a. yes d. yes f. yes h. no 



Lea, ° DADAM ms 
—2 

ioe 2 DOMAMAAD mu 

EV AVA G eee50e —- rw 
Ss ab =2 © 2 

24. 
=e e eAMAMAAMA-—e p 

i¢) 2 4 6 8 

Page 260 

integer not greater than 7.9999 is 7. 6. 21 

17. true 19. false 21. true 24. true 26. 

Pages 261-262 

16. 5 19. true 20. false 23. true 

Pages 263-264 2. 

0 

4. 

CIPIIEIICI IIIT » ° eed 
6 10 12 

tf: 

PO PHODOEEHOOO--s 
0 2 4 6 8 10 ne 

11. 

HO©©LQQOQOQOQOO« 
0 2 4 6 8 10 

HE EIEIEIEIE] - QQOOO-— 

19. false 

Pages 264-266 Ph, [alkss Set Keyl 

1. The greatest integer not greater than [= sale 

21. true 23. false 25. true 

S145 — 3 
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WAV AVN 3 eeee3we --—.,n 

—2 0 2 4 6 

18 
“~W=- A AAe ee eee es 

iG ee eG ae? 

—=— 0 e CA MMA AA Aa 
ew A a eB 

Re G/AWAVAV WAVAV Ease 
0 2 4 6 8 

21. 

4. The greatest 

16. 0 

4 

7.4 10.6 13.0 15. 1 

7 28. 9 

1.9 4.8 5.7 7.7 9. true 11. false 13. false 15. 13 

oes PPMP 
72 4 6 8 10 

5. 

elle] LILI ke) KIKI] © ©-e 
Fe eG Ee we 

>» PIPIPEEOOOQ@OOO-= 
O 2 4 6 8 10 

MEIC OOOO Olona 
O 2 4 6 8 10 

18. PPO OOO®@ ©-~s 
O 2 4 6 8 10 

Sao SS, ellipse 
Oni6- Ol 12e0 21] 13) [8 2) 15. [=—5 = 01-17. [—14 =< 14] 
20. [1>0] 22. [—30>—70] 24. [.5>0] 25. 19. [23<30] 25. 21. [-12 
<—3] 25. 23. [-10<0] 26. [35> 28] 29. [-3>-—15] 31. [-30 >—90] 
32527 10.950 3229.8) — 15 3 32531. 

es 35 e700) 37.911 110) 

Pages 266-268 2. taller 

6. —2 < 1. The conclusion follows. 

3. larger 

7. 3 ~—1+4. The conclusion does not 

[9030 133.0110 

4. 5 >—1. The conclusion follows. 
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follow. 11. Conclusion: the Tigers beat the Boilermakers. The conclusion 

does not follow. 14. Conclusion: Susan’s rank in math is higher than that 

of Jean. The conclusion follows. 16. Conclusion: a mile is longer than a 

centimeter. The conclusion follows. , 

% 
Pages 269-271 labawo8 -2..4. LIO We 2D 3. b. 5.1) 10 er] 24a. 

i 4 4 W/ 
5. c. —153.99 6. a —3 b. 15 7. b. —64 8. a. 1 Ce Ts 9. b. 6455 

l l 1 l 49 7 
c. 17 10. a. 5) c. 7) 11. a. 30 b. —20 12. b. 9 13. ¢ 64 14. a. 10 

15. b. —49 16. a. 5.44 c. 375 17. b..3,200 18, b..50. 20. b 22. d 2400 

27. e 28. b. 2,900 d. 200 f. 150 29. b. 9% 502as—1 e.-3 

Page 275 2. column: 5; row: 2 

Pages 275-278 1. (2,4) 2. first member: 4; second member: 2 5. (1, 1 
(25 2)45 (373) 4, 4) © (Sas)e aS. Sal) plOACle 2), (2.3) 5) (324) (4 
12. (1,4), (2,5) 14. none 17. (G1) (5. 2); Oe3)s (504 )5 525) 19s ade 
(354) (855)5. (4,3) (4, 4). (455) 605 93)< (5,4), (5,5) 21. (1,1) 24. none 
26:0 (1) IW) RQA Wy) Gs 1)sc4et)! Gel) 28-15), (2:5 )5 1S. DI EC4R Sy OCs ae 

Pages 278-280 1. square lattice 3. a. 30 d. Multiply 5 by 6. 4. 2; 2:4 
6.735.3>.9 9.812 1007- 100 S1127-)152105 

13.-17. 13 17 
© © 

14 
1. ¢,.@. 20) 6 

1 3 ) Wf 9 

Leh Lys). Gals 21h4 52) 2, 4386 eaaes ie (5, 10) 24, 2 
(153), (174), (155 0G (156) (le). 8) ate eC leat Oy. (2392 (2) 4) (espe 
(26), (2, 7), 2,8) (27.9);-(2e10), G4) eee (35:6); Gd) 43.8) mole 
(3;,10),(4;5),m64, 6)99(457),. (4,8), (459), 44, 10),1 (5:6), S37) eee 
(359 )oh(3n10)5.(6, 799 (658) 9 (609) onloe 78) 50G59),8¢75.10)e (aoe 

(} 
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CSeLOee( oO) e252 (is 121) Srl ye a inte to ea 6, 1.) 067 alten Sel) 

Pel eee LOSeL loa. nb (3-2) eke) (O02) (O52) 7s 2) se (On) OD). 

(LO G2 rena) ASS) (a5 nee Ord a (13) sl Sa 3943) 5 70,3) 9 4s) 

(SSG. 4) 2 G4) 08.74) (954) (1084). (555) (6,905 7, 3) (85 0519.5) 

UO See Gs O)ee =O) .6 05.6) (9-0) 901050) snr d Jen (Ont), 9501) CL Ond)s 

(Sar0 ee emo LOS Siena (959 ewr( 009 )ee (10. 10) 26.0 2d yen (3, L) we (4) 

CoM One tits 2l) (9.1). (1081), (32) (452) on 2) One). ieee) 3 

(hoz eos 2) lO 2), Ama )ea(5.5), (0; 3) mths 5) ee (Ona) eros GLOy Ss 

raven(O.4)> (a4). (854) 5 (9, 4) 56 (104) (6; 5) 7 e5)s (85-5) 095.5), 

LOSSY eG, Os NS. 6) 11956) 2 2 (1056) (8.7) 0987 es OST), (OLS) eClOnS)., 

C10 oteers. 2 eb) Sul) (451) etc. Gs ts C7 es Leah) 

ON C192 ER 2 52) Oe Se) 90 14:2) (Sed) pO 2) ee ee O sem) 

10, 2 

Page 281 2. same first coordinate 4. Each first coordinate is equal to 

its second coordinate. 

y 8. y 
eo ee © © © © © © CC) ee © © © © ee eC) 

G9Qeee eee e@ e@e 9 e e@ © © © © °©® 

eee eee °“@e e e166). onseme -“OO® 

Jue e  O--e @ © @ e ee 70 0 (0 (ene °=O©©® 

e e e e “@e e e e e e e@ e “©OOQOO® 

5 e@ © °“@e oeee 5 e@ @ “OOOO O©O® 

ee °“@e eo «ee @ @ ee = O©QO©QOQOO® 

3 e© &@e-ee © © © @ 3 e¢ eM OOQOQOOQOOO 

-Oosererces - ©DOOQOOOOO 
1©@seeeeseeer 109000000000: 

1 S} 5 if 9 1 3} is) 7 8) 

TD 13.» 
OOOQOQOOO® eee e © © © © ee 

9 MOQOOQOO®® * ° 9Qeeeee e@ © © © @ 

OQOOOOOO:-- ce ee et ees 
7@©@@QOQOO®@ ee e@ yp ty Oh ie Pe ae 

OOO®O® ° e e e e e e e e e e e @ e e 

5OOO® ° eoeoeo @ Hi Oper 07 6420 (6s 646) 7.0) © 

O@O® eee ee e@ eo eee © © © © © @ 

3@@Q@r+2r2ee ee © @ 3©@@O@Mr*eee © @ 

(@) eRe fe re oie wee) .¢ @O@O@Or 2 « © © © @ 

[Ev emt etc e° Feu ese ).e% 7 ee" ex 1@©©® on eve) e-tes 0% 

1 3 5 7 9 1 3 5 7. 9 
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Page 284 

1. y ; 3. y 
oe © © © © © © CC) *“@e*eee @¢ e@ De 2 

Qeee eo ¢ « « ¢ @) 9*e¢@e ee e ec ee © 

© © © © © © © © @) GC) e@e«ee ee e « @ 

Ja 0, 56.0) 6 .@ O10 ORO) ae ° @e eoeoeeee e 

oe © © © © © © CC) e@e ee ee «© @ @ 

5 e@ © © © © © 8 le ORO) 5 e @e oe ee e © @ 

Se OO iO ORO) Co] fe} (2) Le) Le} Lo) Lo} Cel Le) Cel 
SO a te OF CLOG) 3 Le] fe Le] Ce} Le) Co) Le} Co) Co) Ce) 
[*] Le] Le] Le) Le) Ce} Le} Le] Kel key [=] Ce} Ce) Ce) Ce] Le} Le} Le) Le) Le] 

1 [] [e] Le] Le} [eo] [e} Le} [2] ke) fe x 1 [eo] Ke) [e} Lo) Ce) Lol Le} Cel Le) [e] 2 
1 3 3) 7 g 1 3 5 7 9 

4 y 6 y 
OMOOO® ° e ee e ee © © © © 8 © 6 C) 

IMO@OOO® eee e®@ Qeee ee @ e@ ° @ @ 

OOOO® eee eo eee @ @ @ e e 

7@QOOOO©O oe © @ 7e@e@ @ @ @ ° @ eee 

OMOO@sr 2 © © @ ee ee © Oe © @ 

5 @MOOMO@OO® « « « @ @ 5e ee © Clee © © 

OMM@OOe © © « «@ © © © @ 6 © © © © © 

3OOOOO+++-- ToIooImigig|ovoo]o 
OOOOOs+ « « @ e °@eee © © «© © « 

1@@©OOOO©e © « « e x 1@e¢ © © © © © © © 0 x 

1 3 5 7 9 1 3 5 7 9 

9. > Ife 
@ee ee « © e @ @ *“@e« e« © «© « e e [e] 

9 ° @e eoeee & © @ Ge ° @ ee © e [e] e 

e © @e © © © © © «© © © © Oe 0 « [el] o « 

7 ee °@e eee © e 7 oe © © e @) e [e] « ee 

ee © © Ce © © © ee © © 0 fe] © © © 

Be «6 6 © «6 @) e ar 5 16s ome e [e] -@ out e are 

ee @ e@ °@e ee ee e [e] e e -@ ee 

3s PPPOE ORE PRO OIpS G)b-O-010)- 
oe © © © © © 0 @) oe e[e] © © © © © © ) 

lee «© © © © © © © Ox 1[e] e ee e@ © © © © eX 

1 3 5 7 9 1 3 5 7 9 

Page 286 2., 4., 6., 9. For parts c, the points belonging to the inter- 
section are marked by (). For parts d, the points belonging to the union are 
marked by O or DJ or. 



SELECTED ANSWERS 481 

2. y 4. y 
ab QOOOOOHOOH abittt ttt 

99 OOOO OOOOO Capi Ab ES) “Ri on 
HOODOO O ME oo eeee @ © @& @ @ 

7TOOOOOOOOME SEAL bite shes ies Y 
POR OOOOO ee Sor ah hae ae are Ay 

SII OOOMOOE SEE MOREE a eet ES 10) 
© © * ©OOCOOO® POL EEA aE TONG) 

32 +2 *©@OOOOO e lieh pce cca 
222 6 + ©@OOOO OO? C1000 

Tete se © © 6) @ Cx Iii] * *OOOOO* 
1 3 3 7 9 1 8} 5 7 9 

6. y ‘ 

I) TOO a—b. 5 6 © © « 0 © © ec e 

9 [+] [e] [+] [*] (*] [*} fe] [e} [2] 90e«7eee © © © © © 

Le] [*} Le] [2] [e] Le] [2] [4] » © e©eeee © © e© © 

7 [eo] Le] [eo] [*] (2) Le} Le] OG 7e«eee@ e@ @ © @ @ @ 

Ce] [eo] (2) [2] [2] [4] © ©® eeee#eee#ee eo @ 

5 Le] [e] [*] [2] Le] wv QOOe® 5e e@ © © © © © © © 

[ellelleJleF] © ©OCO OOO eeeeee © © @ he 

3G] = COOOO® A oA ty Go oe 

FHI OODMOQOOO® [e] © e@ @ © © ee © 

IP] QOOQOOOOO® « 1J[e] e eee#eee@e@ @ x 

1 3 5 7 ) 1 3 5 Wi 9 

UE Ce) | 2) — 1 (291) (4) 2), (6, 3), (854)5. (10,5) 5 
Sy) |x 0 = yl, 7) 2, 835.9) 10) 
19 ta) (ee Sy) = 4 (4 S31) 6, 5 7 1) (8 1) 9, 1) 10 1 
ie re Se? en 92) 1052),2( 1043) 20.4 ay) [2S yy £6} = 231), 

(352 )50(47 3), (554) (075) (7, 6)5. (8,7) (9, 8)5 (10, 9) 

P 287 1.-6. 
sae Ok OER) 

ee © @ e4(e) an e@ ee 

is ee e © Ce oe « 

SOF 6 Rolo e “Ory 

oe e @® so Be ee OO 

as ee i fOKG) © e 6 e 

@ 2 « e @) ee e oe ee 

° ae ee os °@e@ 

a es eae 
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Pages 288-289 l.a 4.d 6. ¢ 7. b.O, d.Q2 &.Q; iQ. LQ; un. x-axis 

Pages 291-292 2.0, by d,-e, f 3. a) dyt) 79 Bc 80 hay Mpa ee 

shown by O; {(x, y)|—2 < y = 0} shown by UJ 

y 

$90 ©® © Oe au 
87 (8)\(@)'(e) (48) (oa eo ems 
$1 ©): OO OO Gast 
MO ONO eS 
390 OO OF Gra: 
Bioictetclslolaiorgions 
Gfojojofojofolaiajala 
© @).) © G48) © =a cae 
JT ONOKOTOIONO) Os Oe 
 IOLORONG, ONO) 0) tr: 
wae). 6) (6) eye) (Com omens 

Page 293 9: 

Pages 293-294 2. Quadrant III is the set of all points such that the first 

and second coordinates are negative. 5. The y-axis is the set of all points 

such that the first coordinate is equal to 0. 7. 6 9. @ 11. {(0,0)} 12. ¢@ 

14. 

Pages 295-296 1. b. The second coordinates are additive inverses. 

3. a. The first coordinates are additive inverses. 
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17. b. The second coordinates are additive inverses. 

Pages 296-299 fa lat Dic ole 4 eC 14 eo mas (-15,33) 

1 I oil be (15,-35) 2 (gts ANGI CR: aarti Fe a 

ha OF 04 10,0) 

9.1. 

13.-14. 
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18. yes 19. yes 22. {(x,y)|y=—2} 

23.-24. 

27. no 30. yes 34. {(x,y)|x=2y} 37. The y-coordinate is 3 times the 

x-coordinate. 

Pages 299-300 2. Pattern: The y-coordinate is one less than the x-coordi- 

nate. Set: {(x,y)|y=x—1} 4. Pattern: The y-coordinate is 3 times the 

x-coordinate. Set: {(x, y)|y = 3x} 5. Pattern: The y-coordinate is | less than 

twice the x-coordinate. Set: {(x, y)|y = 2x —1} 8. Pattern: The y-coordinate 

is 15 more than : the x-coordinate. Set: (x,y) |y= zx Si 15} 

Pages 300-301 

1- 2. 

Page 302 2. Pattern: The y-coordinate is equal to é the square of the x- 

; l a 
coordinate. Set {Gs ») ly =39| 4. Pattern: The y-coordinate is equal to 

3 times the square of the x-coordinate. Set: {(x, y)|y=3x?} 5. Pattern: The 
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y-coordinate is equal to —1 times the square of the x-coordinate. Set: 

{(x, y) |y =—1(x?)} or {(x,y)|y=—x2} 8. Pattern: The y-coordinate is 

Le: : 
equal to —> times the square of the x-coordinate. Set: {(x,») ly=-32'| 

Pages 303-304 1.0 4. 125 1k 43 9. 245 21. The two parabolas have the 

same shape. Both contain the point (0,0). They differ in that one opens 

upward and the other opens downward. 23. Same description of comparison 

as in exercise 21. 

3 
Page 305 2. > (—1)?; 5 >1 5. the parabola {(x, y)|y=x?} and its 

exterior 7. the parabola {(x, y)|y = 2x7} and its interior 8. the exterior of 

the parabola { (x, y)|y = 2x?} 10. the interior of the parabola { (x, y)|y = 3x?} 

Page 306 1. Pattern: The x-coordinate is 2 times the square of the y-coor- 

dinate. Set: {(x, y)|x=2y?} 4. Pattern: The x-coordinate is : the square of 

the y-coordinate. Set: {(x9) r= ay'} 6. Pattern: The x-coordinate is —2 

times the square of the y-coordinate. Set: {(x, y) |x =—2y?} 8. Pattern: The 

x-coordinate is - times the square of the y-coordinate. Set: {(x, y)|x= 

al Eos 
2°} 

Papests072308 Wee2N1 Ty 187) 403-6) =3100 584.5, 4.5 

9.-10. 11.-12. 

17. The parabolas get “narrower.” 18. The two parabolas have the same 

shape. The first one opens to the right, the second one to the left. Both contain 

the point (0, 0). 
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20. Same type of comparison as in exercise 18. 24. {(x,y)|y? > x} 25. the 

parabola and its interior 27. all points of the plane except the parabola 

30. the empty set 

Pages 309-310 1. the line described by y=3 4. the empty set 6. the entire 

plane except the line described by y = 3 

23. the empty set 26. the set of all points either whose first coordinate is 

greater than or equal to 3 or whose second coordinate is less than 3 28. the 

set of all points of the plane 29. false 31. true 3. true 

Pages 311-313 l. yes 2.no 6.no 8. yes 10. yes 12. yes 14.no 15. yes 

19. no 21. yes 24. yes 25. no 28. yes 29. yes 

} Yj i GY 

41.no 42. yes 44.no 45. yes 47. true 49. false 51. false 53. true 56. false 

58. true 60. true 62. true. 

Pages 314-316 1. .15 2. .48 5.5.6 6.0025 9. .025 11.30 14.15 15.30 

Liee2a 195 1255 221 00 24, 3 26. 1,400 27. 10 30. 1.2 32. .012 34. N 

37. D 38.T 40.D 43.D 44.2X*2xX2x3x3 464.3x3x5xXS5 49.17 
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51. {1, 2, 5, 10, 25,50} 53.E 55.PO 58.PO 59.7 62.—8 63. 0 65. 2 

7 2 
67.5 68.—5 71.R 73.1 76.R 78.R 79.24yd.2ft. 83.6gal.2qt. 86.801 

88. .1408 91. 10,600 93. 10 95.—111 97.—46 99.—1 101.1 104. —45 

l 19 
106. | 108. 1x 110. 98 112.—1.4 114.—6 117.—8 119.—44 121. —340 

1 
123. 36 125-el 27> 81305-1055 131.4 133. —> 

Page 321. 1. a. AB, BC, CD, DA 2. a. MP, PR, RS, ST, TM, MR, TR 
ce. M, T 3. b. X is not an endpoint of YZ and X is not between Y and Z. 

Pages 322-323 2,393, c. RO and 1 OP 5. b. {C} 6. No; WZ and YX do 

not have a common endpoint. 8. b. NYO Ze ZX 102 NR. RO, OP, PN 

11. a. NR and NP d. RN and RO 13. RN and NP, OR and RN, RN and 

NP 14.ON 

Pages 324-325 Ph: XY 4. a. true d. true e. false 

Pages 325-326 1. a. X d. W 3. Their union is not aline. 5. The two rays 

are collinear. 7. M 9. a. ZBAM and ZBAC are two names for the same 

set of points. 11. ZDAB is vertical ZEAC. 

Pages 326-327 1. << —_ 9  _ 

A B 

4. AB and CD, EF and GH 5. ZA and ZD, ZB and ZC 

Pages 328-329 ~~ 1. scalene 4. isoceles; equilateral 5. scalene 7. isoceles 

10. XZ 13. b. Each angle in an equilateral triangle has a measure of 60°. 

Page 330 3. yes : 6. yes i Liaaves di 

Pages 330-332 1. hp 3. yes;no 4. a. yes b.no 6. b. no ec. no 
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8. no 10. The union of the interior of 2 M, the Z M, and the exterior of 2 M 

is equal to the entire plane. 

13. 

13. a. no c. no 

—_ _ 1=—_ <— ° 

Pages 333-334 1.AB, BC,AC 2. b. {C} 3. a. hy, is the half-plane deter- 

mined by BC and containing point A. 5. false 7. true 8. false 11. true 

14. false 15. d. yes 16. b. no 

Page 335 1. i. We cannot return to the point from which we start, tracing 

the entire curve. 6. a. no b. yes c. yes 

Page 336 1. a. yes b. no 2. Given any two points there is some line which 

contains both of them. 

Pages 337-338 3. AABC is an equilateral triangle. Thus, any segment 

which is half the length of one side will also be half the length of the other two 

sides. 

S 

Pages 338-340 1. 27,054 4. 204 6. 382,829 8. = 10.-79.722 13: 192 

15. 135.259259 17. = 18. 37% 20. 236% 22. 10,000% 24.1 26.5 29. 15 

1 
30.7 32.2 33.0 36. 18 38. 3 40. V999 41.4 44.1.5 46. about 328 5 

Pages 345-346 2. They are the same. 3.8sq.in. 6. I sq. ft., or 108 sq. in. 

8. 18 sq. ft., or 2 sq. yd. 10. b. iB lw 

Pages 346-347 Del sashes. 73 sq. in. 5.8 sq.in. 6.8sq.in. 8.27 sq. 

5 l : 
in. 10. 45 Sq. In. 

Pages 347-348 2. true 4, false 5. true 7. false 9. true 11. They are 
equal. 12. They are equal. 
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15. A Bec They are equal. 

Pages 349-350 1. 9.45 sq. in. 3. 8in. 4. 18sq. in. 6. 375 8q. in. 9.1 sq. 
: 1 

tt 1 O.gS09Sd. in. OF q 94: ft. 13. 22.94 sq. in. 15. 105 Sq. in. 

Page 351 1. a.no c.no e. yes g.no i.no j. yes 3.yes 4. yes; 60°: yes 

Pages 351-352 1. 6 sq. in. 4. Yes; PT is perpendicular to RT. 6. iN3 

: 9 : 
sq. in. 8. aw Sqs inert. 152sq-sin. 

Page 354 2.4 V3 sq. iy ee 4 V3 sq. in. 6. V3 in. 

Pages 354-355 eC eis EEK Ee We ER Ie SR Te) fe 70) 

Page 356 1. a. 120° 4. less 5. c. less e. greater 6. a. 24 ¢.24 8.54V3 

Sq. in. 

Pages 357-358 2. dodecagon 3. Y 5.24 7.Z 9. The perimeters of the 

polygons gét closer to the circumference of the circle. 11. greater 13. less 

14. less 16. greater 18. greater 19. less 

Pages 359-361 2.n 4. (an) units 7. 477; 12.56in. 9. a. Circumference = 

aq in. = 3.14 in; Area =4 a Sq. in. = .79 sq. in. d. Circumference = 27 in. 

= 6.28 in; Area = 7 sq. in. = 3.14 sq. in. 10. b. 200 sq. in. 11. a. 255 sq. in. 

c. that in 10c. 12. b. Circumference = 67 = 18.84 ft.; Area = 97 = 28.26 sq. 

ft. d. Circumference = lla = 34.54 ft.; Area = 30.257 = 94.99 sq. ft. 

14. 101 16. 820 

Page 363 156 cus in, 3: 4 CUbstt a0 5 DO0TCUs Mme. 6410 8. 5 11. 4 

13. four times greater 16. .5 cu. yds. perhr. 18. 1.8 loads 

Pages 364-365 1. circle 3. a. rectangle c. length of the altitude 

Pages 365-366 2. 2ar* sq. in. 4. a. 42a7sq.in. 5. a. 607 sq. in. c. 1,5367 

sq. in. 6. b. 3007 cu. in. 7. 3,140 lb. 9. 499,636.8 Ib. 
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Pages 366-367 1. b. the area of each triangle 3. 900 cu. in. 

4.a.. b. 6 

Pages 368-370 2 62m cu. in. 4. 607 cu. in. 6. 20a cu. in. 9. 1807 cu. in. 

11. A’s is twice B’s. 13. A’s is ntimes B’s. 16. A’s is n? times B’s. 18. A’s is 

27 times B’s. 20. A’s is kn? times B’s. 

Pages 370-373 Leo lio 32. fo. 20 yc bees. 245 7. 9,486 10. 905.64 12. = 

16 i 18 ai 19. 30,195 21. 6,385,254 24 Be 26 20+ 27. 36.6025 ey - 23 Ele . 6,385, 63 ; is a 36: 

29. 142.04 32. 61 34.6 36 a 38 cs 41 so 43 pea 45 : 46. —30 : : : : 90 “TH a » 250 a) : 

I l 
49. —111 551533 52. 100,°56.34 57.—264 592-156 6112 63.— 7 64.225 

1 
67. .6 69. 5 71. 6,000 73.100 74.3 x 10?-- 6 X 10*+ 9X 10° 

71, Vex 102 2x 104-5 x102 = 0x 1074-0 x 1024 2x, 10° 78. bases 

exponent: 10 80. base: 0; exponent: 38 82. 59 85. 35 86. even 87. odd 

90. irrational o1. 5 93. re 95. a. yes b. no d.no g. yes I. yes k. yes 

96. closure under division 98. a. no b. yes 99. a. yes c. no f. yes 100.7 

102. 5-7 104. 2-53 108. Rt. dist. mult. over add. 110. Assoc. prop. add. 

111. Comm. prop. add. 114.3 116.7 119.5% 121. $875 

Page 377 Leanne 31 Sane Gono: 18? yes 

Page 378 7. b. 

Page 379 6. a. twice as long ¢. twice as long 9. AB = 3.5 in.; BC = 1.5 in.; 
CA =3 in. 10. a. 16 in. 
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Page 381 8. C el 

b 
Pages 382-383 £302 3..yes S.yes . 6.00 

12. 14, 

Pages 383-384 10. They are equal. 12.3 in. 14. yes 

A’ B’ 

Pages 385-386 2. Statement 2 

9. 11. 

Page 389. 2. mZA = 135° 5. MBC = 88° 6. mBC = 60° 

Pages 390-391 1. Yes; the endpoints, M and P, are on the circle. 3. yes 

6. BC in each case 8. 20°; m(< B) =5 -m(<A) 11. 54°; m(<#H) =5: 

m(<G) 13. They are equal. 

Pages 391-392 4. XZY in each case 5. Each intercepts an arc of 180° and 

lar i : ens 
iS 5 this measure, or 90° 7. Yes; both intercept a semicircle. 

Pages 392-393 154 --3.297 4,.6 3.2 9 11. Iz 3 95 ine 404 enn 

BEG — Sin, 

n|— 
Pages 393-395 1. AB and XY; BC and YZ; CA and ZX 3. EF=FD=4 

in. 6.5in. 9. 18in. and7.5in. 10.QM =Fin.; EG = GK =2 in. 
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Pages 395-396 1. 55° 2. 55° 5. similar 8. similar 

Pages 396-397 2. They have a right angle at D. 3. a. mZA+mZB+ 

mZC = 180. (Sum of the measures of the angles in a triangle is 180°.) mZA + 

mZB+90= 180. mZA+mZB=90. 3. d. From b, mZ2DCB+mZB= 

90; therefore it follows that mZ DCB =90—mZB. 3. g.mZDCA+mZA 

+ mZADC = 180 3. k. If two right triangles have a pair of acute angles of 

the same measure, then they are similar. 4. b. DA 6. a.BD 7. ¢. ZBCD 

9. Both have a right angle atW. 11. ZY 14. XW 16. XY 

Page 398 PPA, RE NOR OL 90 Sige 

Page 399 elt a then bX c=fxXf. Thus, bc = f?, or f?=be. 3.6 

O57) 958 “115 4) 1474.69 16742 419.. 15/2123 

Page 400 2. Yes; it is inscribed in a semicircle. 4. true 7. true 10. false 

123772260 EF = 2m COE 

Pages 402-403 10. BD= V1X6=Vé6units 13. AB=V7X2=V14= 
3.7 16. AB= V3 X 13 = V39 = 6.2 20. V8 in. 23. V20 in. 25. V20 in. 
28. V8 in. 29.2 16,48 32.2 12:4x6:3x8 35.5 x25 

1 8 5 29 
Pages 404-407 9 | ee: a | D he 1 10. 297,898 13. 18 16. 56 

4 5 2 24 1 ae ea i aoe 2 15 IS, 58 Die 325 29... 106zm13 32. 35 36. 53 38. 34 

41.2 43. 1 46. = 48.—16 51.24 54.3 56.120 59.—2 62.—6 64. no 

65. yes 67.no 69.no 71.true 74. false 77. true 80.true 83. false 86. true 

89. false 92. true 95. false 97. false 99. {3,7,11} 101. 12 103. No; 

—1-+ (—1) =—2, which is not an element of the set. 

19. 333,408 22. 

Pages 411-412 1. b. 10° 3. a. 100,000 6. .01 9. true 11. false 13. false 
16. 1,000,000 sq. m. 19. 14,250 sq. mm. 21. 45,000 sq. cm. 

Pages 413-414 1. 3.9 in. 4. 1,090 yds. 7. 2.0 m.. 10. 6.4 km. 12510e9 
sq. ft. 14. .4 sq. mi. 17. .8 sq.m. 19. .1 cu. in. 21. 211.8 cu. ft. 23004 
seconds 

Pages 414-415 2. 3791. 4. 475 ml. 7. 450.0 oz. 

Pages 415-416 1. .0O1 3. 340.2 g. 6.42.8 kg. 9. 3,150 calories 

Page 417 1. 865F) 3.327 Bs 6.=5 3Cw 85307 Gr 
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CARMEL CLAY PUBLIC LIBRARY 
515 E. Main St. 

Carmel, IN 46032 
(317) 844-3361 

1. This item is due on the latest date stamped on 
the card above. 

2. A fine shall be paid on each item which is not 
returned according to Library policy. No item may be 
sets by the person incurring the fine until it is 
aid. 
ey Any resident of Clay Township, complying with 
Library regulations, may borrow materials. 

DEMCO 



— Withdrawn From 
Garmel Clay Public LiL vary 




