
Systems of algebraic equations 1

Lecture 1. SYSTEMS OF ALGEBRAIC EQUATIONSThe main objects of study in algebraic geometry are systems of algebraic equations and theirsets of solutions. Let k be a �eld and k[T1; : : : ; Tn] = k[T ] be the algebra of polynomials in nvariables over k. A system of algebraic equations over k is an expressionfF = 0gF2Swhere S is a subset of k[T ]. We shall often identify it with the subset S.Let K be a �eld extension of k. A solution of S in K is a vector (x1; : : : ; xn) 2 Kn such thatfor all F 2 S F (x1; : : : ; xn) = 0:Let Sol(S;K) denote the set of solutions of S in K. Letting K vary, we get di�erent sets ofsolutions, each a subset of Kn. For example, letS = fF (T1; T2) = 0g:be a system consisting of one equation in two variables. ThenSol(S;Q) is a subset of Q2 and its study belongs to number theory. For example one ofthe most beautiful results of the theory is the Mordell Theorem (until very recently the MordellConjecture) which gives conditions for �niteness of the set Sol(S;Q):Sol(S;R) is a subset of R2 studied in topology and analysis. It is a union of a �nite set andan algebraic curve, or the whole R2, or empty.Sol(S;C) is a Riemann surface or its degeneration studied in complex analysis and topology.All these sets are di�erent incarnations of the same object, an a�ne algebraic variety over kstudied in algebraic geometry. One can generalize the notion of a solution of a system of equationsby allowing K to be any commutative k-algebra. Recall that this means that K is a commutativeunitary ring equipped with a structure of vector space over k so that the multiplication law in K isa bilinear map K �K ! K. The map k ! K de�ned by sending a 2 k to a � 1 is an isomorphismfrom k to a sub�eld of K isomorphic to k so we can and we will identify k with a sub�eld of K.The solution sets Sol(S;K) are related to each other in the following way. Let � : K ! Lbe a homomorphism of k-algebras, i.e a homomorphism of rings which is identical on k. We canextend it to the homomorphism of the direct products ��n : Kn ! Ln. Then we obtain for anya = (a1; : : : ; an) 2 Sol(S;K),��n(a) := (�(a1); : : : ; �(an)) 2 Sol(S;L):This immediately follows from the de�nition of a homomorphism of k-algebras (check it!). Letsol(S;�) : Sol(S;K)! Sol(S;L)1



2 Lecture 1be the corresponding map of the solution sets. The following properties are immediate:(i) sol(S; idK) = idSol(S;K); where idA denotes the identity map of a set A;(ii) sol(S; ��) = sol(S; )�sol(S;�), where  : L!M is another homomorphism of k-algebras.Remark One can rephrase the previous properties by saying that the correspondencesK 7! Sol(S;K); �! sol(S;�)de�ne a functor from the category of k-algebras Algk to the category of sets Sets.De�nition Two systems of algebraic equations S; S0 � k[T ] are called equivalent if Sol(S;K) =Sol(S0;K) for any k-algebra K. An equivalence class is called an a�ne algebraic variety over k(or an a�ne algebraic k-variety). If X denotes an a�ne algebraic k-variety containing a system ofalgebraic equations S, then, for any k-algebra K, the set X(K) = Sol(S;K) is well-de�ned. It iscalled the set of K-points of X.Examples. 1. The system S = f0g � k[T1; : : : ; Tn] de�nes an a�ne algebraic variety denoted byAnk . It is called the a�ne n-space over k. We have, for any k-algebra K,Sol(f0g;K) = Kn:2. The system 1 = 0 de�nes the empty a�ne algebraic variety over k and is denoted by ;k. Wehave, for any K-algebra K, ;k(K) = ;:We shall often use the following interpretation of a solution a = (a1; : : : ; an) 2 Sol(S;K). Leteva : k[T ]! K be the homomorphism de�ned by sending each variable Ti to ai. Thena 2 Sol(S;K)() eva(S) = f0g:In particular, eva factors through the factor ring k[T ]=(S), where (S) stands for the ideal generatedby the set S, and de�nes a homomorphism of k-algebrasevS;a : k[T ]=(S)! K:Conversely any homomorphism k[T ]=(S) ! K composed with the canonical surjection k[T ] !k[T ]=(S) de�nes a homomorphism k[T ] ! K. The images ai of the variables Ti de�ne a solution(a1; : : : ; an) of S since for any F 2 S the image F (a) of F must be equal to zero. Thus we have anatural bijection Sol(S;K) ! Homk(k[T ]=(S);K):It follows from the previous interpretations of solutions that S and (S) de�ne the same a�nealgebraic variety.The next result gives a simple criterion when two di�erent systems of algebraic equationsde�ne the same a�ne algebraic variety. 2



Systems of algebraic equations 3Proposition 1. Two systems of algebraic equations S; S0 � k[T ] de�ne the same a�ne algebraicvariety if and only if the ideals (S) and (S0) coincide.Proof. The part "if" is obvious. Indeed, if (S) = (S0), then for every F 2 S we can expressF (T ) as a linear combination of the polynomials G 2 S0 with coe�cients in k[T ]. This shows thatSol(S0;K) � Sol(S;K). The opposite inclusion is proven similarly. To prove the part \only if"we use the bjection Sol(S;K)  ! Homk(k[T ]=(S);K). Take K = k[T ]=(S) and a = (t1; : : : ; tn)where ti is the residue of Ti mod (S). For each F 2 S,F (a) = F (t1; : : : ; tn) � F (T; : : : ; Tn) mod (S) = 0:This shows that a 2 Sol(S;K). Since Sol(S;K) = Sol(S0;K), for any F 2 (S0) we have F (a) =F (T1; : : : ; Tn) mod(S) = 0 in K, i.e., F 2 (S). This gives the inclusion (S0) � (S). The oppositeinclusion is proven in the same way.Example. 3. Let n = 1; S = T = 0; S0 = T p = 0. It follows immediately from the Proposition 1that S and S0 de�ne di�erent algebraic varieties X and Y . For every k-algebraK the set Sol(S;K)consists of one element, the zero element 0 of K. The same is true for Sol(S0;K) if K does notcontain elements a with ap = 0 (for example, K is a �eld, or more general, K does not have zerodivisors). Thus the di�erence between X and Y becomes noticeable only if we admit solutionswith values in rings with zero divisors.Corollary-De�nition. Let X be an a�ne algebraic variety de�ned by a system of algebraicequations S � k[T1; : : : ; Tn]. The ideal (S) depends only on X and is called the de�ning ideal ofX. It is denoted by I(X). For any ideal I � k[T ] we denote by V (I) the a�ne algebraic k-varietycorresponding to the system of algebraic equations I (or, equivalently, any set of generators of I).Clearly, the de�ning ideal of V (I) is I.The next theorem is of fundamental importance. It shows that one can always restrict oneselfto �nite systems of algebraic equations.Theorem 1 (Hilbert's Basis Theorem). Let I be an ideal in the polynomial ring k[T ] =k[T1; : : : ; Tn]. Then I is generated by �nitely many elements.Proof. The assertion is true if k[T ] is the polynomial ring in one variable. In fact, we knowthat in this case k[T ] is a principal ideal ring, i.e., each ideal is generated by one element. Let ususe induction on the number n of variables. Every polynomial F (T ) 2 I can be written in the formF (T ) = b0T rn+ : : :+br; where bi are polynomials in the �rst n�1 variables and b0 6= 0. We will saythat r is the degree of F (T ) with respect to Tn and b0 is its highest coe�cient with respect to Tn.Let Jr be the subset k[T1; : : : ; Tn�1] formed by 0 and the highest coe�cients with respect to Tn of allpolynomials from I of degree r in Tn. It is immediately checked that Jr is an ideal in k[T1; : : : ; Tn�1].By induction, Jr is generated by �nitely many elements a1;r; : : : ; am(r);r 2 k[T1; : : : ; Tn�1]. LetFir(T ); i = 1; : : : ;m(r); be the polynomials from I which have the highest coe�cient equal to ai;r.Next, we consider the union J of the ideals Jr. By multiplying a polynomial F by a power of Tn wesee that Jr � Jr+1. This immediately implies that the union J is an ideal in k[T1; : : : ; Tn�1]. Leta1; : : : ; at be generators of this ideal (we use the induction again). We choose some polynomialsFi(T ) which have the highest coe�cient with respect to Tn equal to ai. Let d(i) be the degree ofFi(T ) with respect to Tn. Put N = maxfd(1); : : : ; d(t)g: Let us show that the polynomialsFir; i = 1; : : : ;m(r); r < N; Fi; i = 1; : : : ; t;generate I. 3



4 Lecture 1Let F (T ) 2 I be of degree r � N in Tn. We can write F (T ) in the formF (T ) = (c1a1 + : : : ctat)T rn + : : : = X1�i�t ciT r�d(i)n Fi(T ) + F 0(T );where F 0(T ) is of lower degree in Tn. Repeating this for F 0(T ), if needed, we obtainF (T ) � R(T ) mod (F1(T ); : : : ; Ft(T ));where R(T ) is of degree d strictly less than N in Tn. For such R(T ) we can subtract from it alinear combination of the polynomials Fi;d and decrease its degree in Tn. Repeating this, we seethat R(T ) belongs to the ideal generated by the polynomials Fi;r, where r < N . Thus F can bewritten as a linear combination of these polynomials and the polynomials F1; : : : ; Ft. This provesthe assertion.Finally, we de�ne a subvariety of an a�ne algebraic variety.De�nition. An a�ne algebraic variety Y over k is said to be a subvariety of an a�ne algebraicvariety X over k if Y (K) � X(K) for any k-algebra K. We express this by writing Y � X.Clearly, every a�ne algebraic variety over k is a subvariety of some n-dimensional a�ne spaceAnk over k. The next result follows easily from the proof of Proposition 1:Proposition 2. An a�ne algebraic variety Y is a subvariety of an a�ne variety X if and only ifI(X) � I(Y ).Exercises.1. For which �elds k do the systemsS = f�i(T1; : : : ; Tn) = 0gi=1;:::;n; and S0 = f nXj=1 T ij = 0gi=1;:::;nde�ne the same a�ne algebraic varieties? Here �i(T1; : : : ; Tn) denotes the elementary symmetricpolynomial of degree i in T1; : : : ; Tn.2. Prove that the systems of algebraic equations over the �eld Q of rational numbersfT 21 + T2 = 0; T1 = 0g and fT 22 T 21 + T 21 + T 32 + T2 + T1T2 = 0; T2T 21 + T 22 + T1 = 0gde�ne the same a�ne algebraic Q-varieties.3. Let X � Ank and X 0 � Amk be two a�ne algebraic k-varieties. Let us identify the Cartesianproduct Kn�Km with Kn+m. De�ne an a�ne algebraic k-variety such that its set of K-solutionsis equal to X(K)�X 0(K) for any k-algebraK. We will denote it by X�Y and call it the Cartesianproduct of X and Y .4. Let X and X 0 be two subvarieties of Ank . De�ne an a�ne algebraic variety over k such that itsset of K-solutions is equal to X(K) \X 0(K) for any k-algebra K. It is called the intersection ofX and X 0 and is denoted by X \X 0. Can you de�ne in a similar way the union of two algebraicvarieties?5. Suppose that S and S0 are two systems of linear equations over a �eld k. Show that (S) = (S0)if and only if Sol(S; k) = Sol(S0; k).6. A commutative ring A is called Noetherian if every ideal in A is �nitely generated. GeneralizeHilbert's Basis Theorem by proving that the ring A[T1; : : : ; Tn] of polynomials with coe�cients ina Noetherian ring A is Noetherian. 4



A�ne algebraic sets 5

Lecture 2. AFFINE ALGEBRAIC SETSLet X be an a�ne algebraic variety over k. For di�erent k-algebras K the sets of K-pointsX(K) could be quite di�erent. For example it could be empty although X 6= ;k. However if wechoose K to be algebraically closed, X(K) is always non-empty unless X = ;k. This follows fromthe celebrated Nullstellensatz of Hilbert that we will prove in this Lecture.De�nition. Let K be an algebraically closed �eld containing the �eld k. A subset V of Kn issaid to be an a�ne algebraic k-set if there exists an a�ne algebraic variety X over k such thatV = X(K).The �eld k is called the ground �eld or the �eld of de�nition of V . Since every polynomialwith coe�cients in k can be considered as a polynomial with coe�cients in a �eld extension of k,we may consider an a�ne algebraic k-set as an a�ne algebraic K-set. This is often done when wedo not want to specify to which �eld the coe�cients of the equations belong. In this case we callV simply an a�ne algebraic set.First we will see when two di�erent systems of equations de�ne the same a�ne algebraic set.The answer is given in the next theorem. Before we state it, let us recall that for every ideal I ina ring A its radical rad(I) is de�ned byrad(I) = fa 2 A : an 2 I for some n � 0g:It is easy to verify that rad(I) is an ideal in A. Obviously it contains I.Theorem (Hilbert's Nullstellensatz). Let K be an algebraically closed �eld and S and S0 betwo systems of algebraic equations in the same number of variables over a sub�eld k. ThenSol(S;K) = Sol(S0;K)() rad((S)) = rad((S0)):Proof. Obviously the set of zeroes of an ideal I and its radical rad(I) in Kn are the same.Here we only use the fact that K has no zero divisors so that Fn(a) = 0 () F (a) = 0. Thisproves (. Let V be an algebraic set in Kn given by a system of algebraic equations S. Let usshow that the radical of the ideal (S) can be de�ned in terms of V only:rad((S)) = fF 2 k[T ] : F (a) = 0 8a 2 V g:This will obviously prove our assertion. Let us denote the right-hand side by I. This is an idealin k[T ] that contains the ideal (S). We have to show that for any G 2 I, Gr 2 (S) for some r � 0.Now observe that the system Z of algebraic equationsfF (T ) = 0gF2S ; 1� Tn+1G(T ) = 05



6 Lecture 2in variables T1; : : : ; Tn; Tn+1 de�nes the empty a�ne algebraic set in Kn+1. In fact, if a =(a1; : : : ; an; an+1) 2 Sol(Z;K); then F (a1; : : : ; an; an+1) = F (a1; : : : ; an) = 0 for all F 2 S. Thisimplies (a1; : : : ; an) 2 V and henceG(a1; : : : ; an; an+1) = G(a1; : : : ; an) = 0and (1� Tn+1G)(a1; : : : ; an; an+1) = 1� an+1G(a1; : : : ; an; an+1) = 1 6= 0. We will show that thisimplies that the ideal (Z) contains 1. Suppose this is true. Then, we may write1 = XF2S PFF +Q(1� Tn+1G)for some polynomials PF and Q in T1; : : : ; Tn+1. Plugging in 1=G instead of Tn+1 and reducing tothe common denominator, we obtain that a certain power of G belongs to the ideal generated bythe polynomials F;F 2 S.So, we can concentrate on proving the following assertion:Lemma 1. If I is a proper ideal in k[T ], then the set of its solutions in an algebraically closed�eld K is non-empty.We use the following simple assertion which easily follows from the Zorn Lemma: every ideal ina ring is contained in a maximal ideal unless it coincides with the whole ring. Let m be a maximalideal containing our ideal I. We have a homomorphsim of rings � : k[T ]=I ! A = k[T ]=m inducedby the factor map k[T ] ! k[T ]=m . Since m is a maximal ideal, the ring A is a �eld containing kas a sub�eld. Note that A is �nitely generated as a k-algebra (because k[T ] is). Suppose we showthat A is an algebraic extension of k. Then we will be able to extend the inclusion k � K to ahomomorphism A ! K (since K is algebraically closed), the composition k[T ]=I ! A ! K willgive us a solution of I in Kn.Thus Lemma 1 and hence our theorem follows from the following:Lemma 2. Let A be a �nitely generated algebra over a �eld k. Assume A is a �eld. Then A isan algebraic extension of k.Before proving this lemma, we have to remind one more de�nition from commutative algebra.Let A be a commutative ring without zero divisors (an integral domain) and B be another ringwhich contains A. An element x 2 B is said to be integral over A if it satis�es a monic equation :xn + a1xn�1 + : : : + an = 0 with coe�cients ai 2 A. If A is a �eld this notion coincides with thenotion of algebraicity of x over A. We will need the following property which will be proved later(when we will deal with the concept of dimension in algebraic geometry).Fact: The subset of elements in B which are integral over A is a subring of B.We will prove Lemma 2 by induction on the minimal number r of generators t1; : : : ; tr of A.If r = 1, the map k[T1] ! A de�ned by T1 7! t1 is surjective. It is not injective since otherwiseA �= k[T1] is not a �eld. Thus A �= k[T1]=(F ) for some F (T1) 6= 0, hence A is a �nite extension of kof degree equal to the degree of F . Therefore A is an algebraic extension of k. Now let r > 1 andsuppose the assertion is not true for A. Then, one of the generators t1; : : : ; tr of A is transcendentalover k. Let it be t1. Then A contains the �eld F = k(t1), the minimal �eld containing t1. It consistsof all rational functions in t1, i.e. ratios of the form P (t1)=Q(t1) where P;Q 2 k[T1]. Clearly Ais generated over F by r � 1 generators t2; : : : ; tr. By induction, all ti; i 6= 1, are algebraic overF . We know that each ti; i 6= 1; satis�es an equation of the form aitd(i)i + : : : = 0; ai 6= 0, where6



A�ne algebraic sets 7the coe�cients belong to the �eld F . Reducing to the common denominator, we may assume thatthe coe�cients are polynomial in t1, i.e., belong to the smallest subring k[t1] of A containing t1.Multiplying each equation by ad(i)�1i , we see that the elements aiti are integral over k[t1]. At thispoint we can replace the generators ti by aiti to assume that each ti is integral over k[t1]. Nowusing the Fact we obtain that every polynomial expression in t2; : : : ; tr with coe�cients in k[t1] isintegral over k[t1]. Since t1; : : : ; tr are generators of A over k, every element in A can be obtainedas such polynomial expression. So every element from A is integral over k[t1]. This is true also forevery x 2 k(t1). Since t1 is transcendental over k, k[x1] is isomorphic to the polynomial algebrak[T1]. Thus we obtain that every fraction P (T1)=Q(T1), where we may assume that P and Q arecoprime, satis�es a monic equation Xn + A1Xn + : : : + An = 0 with coe�cients from k[T1]. Butthis is obviously absurd. In fact if we plug in X = P=Q and clear the denominators we obtainPn +A1QPn�1 + : : : +AnQn = 0;hence Pn = �Q(A1Pn�1 + � � � +AnQn�1):This implies that Q divides Pn and since k[T1] is a principal ideal domain, we obtain that P dividesQ contradicting the assumption on P=Q. This proves Lemma 2 and also the Nullstellensatz.Corollary 1. Let X be an a�ne algebraic variety over a �eld k, K is an algebraically closedextension of k. Then X(K) = ; if and only if 1 2 I(X).An ideal I in a ring A is called radical if rad(I) = I. Equivalently, I is radical if the factor ringA=I does not contain nilpotent elements (a nonzero element of a ring is nilpotent if some power ofit is equal to zero).Corollary 2. Let K be an algebraically closed extension of k. The correspondencesV 7! I(V ) := fF (T ) 2 k[T ] : F (x) = 0 8x 2 V g;I 7! V (I) := fx 2 Kn : F (x) = 0 8F 2 Igde�ne a bijective mapfa�ne algebraic k-sets in Kng ! fradical ideals in k[T ]g:Corollary 3. Let k be an algebraically closed �eld. Any maximal ideal in k[T1; : : : ; Tn] is generatedby the polynomials T1 � c1; : : : ; Tn � cn for some c1; : : : ; cn 2 k.Proof. Let m be a maximal ideal. By Nullstellensatz, V (m) 6= ;. Take some point x =(c1; : : : ; cn) 2 V (m). Now m � I(fxg) but sincem is maximal we must have the equality. Obviously,the ideal (T1 � c1; : : : ; Tn � cn) is maximal and is contained in I(fxg) = m. This implies that(T1 � c1; : : : ; Tn � cn) = m.Next we shall show that the set of algebraic k-subsets in Kn can be used to de�ne a uniquetopology in Kn for which these sets are closed subsets. This follows from the following:7



8 Lecture 2Proposition 1.(i) The intersection \s2SVs of any family fVsgs2S of a�ne algebraic k-sets is an a�ne algebraick-set in Kn.(ii) The union [s2SVs of any �nite family of a�ne algebraic k-sets is an a�ne algebraic k-set inKn.(iii) ; and Kn are a�ne algebraic k-sets.Proof. (i) Let Is = I(Vs) be the ideal of polynomials vanishing on Vs. Let I = Ps Is be thesum of the ideals Is, i.e., the minimal ideal of k[T ] containing the sets Is. Since Is � I, we haveV (I) � V (Is) = Vs. Thus V (I) � \s2SVs. Since each f 2 I is equal to a �nite sum P fs, wherefs 2 Is, we see that f vanishes at each x from the intersection. Thus x 2 V (I), and we have theopposite inclusion.(ii) Let I be the ideal generated by products Qs fs, where fs 2 Is. If x 2 [sVs; then x 2 Vsfor some s 2 S. Hence all fs 2 Is vanishes at x. But then all products vanishes at x, and thereforex 2 V (I). This shows that [sVs � V (I). Conversely, suppose that all products vanish at x butx 62 Vs for any s. Then, for any s 2 S there exists some fs 2 Is such that fs(x) 6= 0. But then theproduct Qs fs 2 I does not vanish at x. This contradiction proves the opposite inclusion.(iii) This is obvious, ; is de�ned by the system f1 = 0g;Kn is de�ned by the system f0 = 0g.Using the previous Proposition we can de�ne the topology on Kn by declaring that its closedsubsets are a�ne algebraic k- subsets. The previous proposition veri�es the axioms. This topologyonKn is called the Zariski k-topology (or Zariski topology if k = K). The corresponding topologicalspace Kn is called the n-dimensional a�ne space over k and is denoted by Ank (K). If k = K, wedrop the subscript k and call it the n-dimensional a�ne space.Example. A proper subset in A1(K) is closed if and only if it is �nite. In fact every ideal I ink[T ] is principal, so that its set of solutions coincides with the set of solutions of one polynomial.The latter set is �nite unless the polynomial is identical zero.Remark. As the previous example easily shows the Zarisky topology in Kn is not Hausdor�(=separated), however it satis�es a weaker property of separability. This is the property(T1): for any two points x 6= y in An(k), there exists an open subset U such that x 2 U buty 62 U (see Problem 5).Any point x 2 V = X(K) is de�ned by the homomorphism of k-algebras evx : O(X) ! K.Let p = Ker(evx). Since K is a �eld p is a prime ideal. It corresponds to a closed subset which isthe closure of the set fxg. Thus a point x is closed in the Zariski topology if and only if px is amaximal ideal. By Lemma 2, in this case the quotient ring O(X)=px is an algebraic extension ofk. Conversely, a �nitely generated domain contained in an algebraic extension of k is a �eld (weshall prove it later in Lecture 10). Thus if we assume that K is an algebraic extension of k thenall points of V are closed.Problems.1. Let A = k[T1; T2]=(T 21 � T 32 ). Find an element in the �eld of fractions of A which is integralover A but does not belong to A.2. Let V and V 0 be two a�ne algebraic sets in Kn. Prove that I(V [V 0) = I(V )\ I(V 0). Give anexample where I(V ) \ I(V 0) 6= I(V )I(V 0).3. Find the radical of the ideal in k[T1; T2] generated by the polynomials T 21 T2 and T1T 32 .4. Show that the Zariski topology in An(K); n 6= 0, is not Hausdor� but satis�es property (T1).Is the same true for Ank (K) when k 6= K? 8



A�ne algebraic sets 95. Find the ideal I(V ) of the algebraic subset of Kn de�ned by the equations T 31 = 0; T 32 =0; T1T2(T1 + T2) = 0: Does T1 + T2 belong to I(V )?6. What is the closure of the subset f(z1; z2) 2 C2 j jz1j2 + jz2j2 = 1g in the Zariski topology?
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10 Lecture 3

Lecture 3. MORPHISMS OF AFFINE ALGEBRAIC VARIETIESIn Lecture 1 we de�ned two systems of algebraic equations to be equivalent if they have thesame sets of solutions. This is very familiar from the theory of linear equations. However thisnotion is too strong to work with. We can succeed in solving one system of equation if we wouldbe able to �nd a bijective map of its set of solutions to the set of solutions of another system ofequations which can be solved explicitly. This idea is used for the following notion of a morphismbetween a�ne algebraic varieties.De�nition. A morphism f : X ! Y of a�ne algebraic varieties over a �eld k is a set of mapsfK : X(K) ! Y (K) where K runs over the set of k-algebras such that for every homomorphismof k-algebras � : K ! K 0 the following diagram is commutative:X(K) X(�)�! X(K 0)fK # # fK0Y (K) Y (�)�! Y (K 0): (1)We denote by MorA�=k(X;Y ) the set of morphisms from X to Y .Remark 1. The previous de�nition is a special case of the notion of a morphism (or, a naturaltransformation) of functors.Let X be an a�ne algebraic variety. We know from Lecture 1 that for every k-algebraK thereis a natural bijection X(K)! Homk(k[T ]=I(X);K): (2)From now on we will denote the factor algebra k[T ]=I(X) by O(X) and will call it the coor-dinate algebra of X. We can view the elements of this algebra as functions on the set of points ofX. In fact given a K-point a 2 X(K) and an element ' 2 O(X) we �nd a polynomial P 2 k[T ]representing ' and put '(a) = P (a):Clearly this de�nition does not depend on the choice of the representative. Another way to seethis is to view the point a as a homomorphism eva : O(X)! K. Then'(a) = eva('):Note that the range of the function ' depends on the argument: if a is a K-point then '(a) 2 K.Let  : A ! B be a homomorphism of k-algebras. For every k-algebra K we have a naturalmap of sets Homk(B;K)! Homk(A;K), which is obtained by composing a map B ! K with  .Using the bijection (2) we see that any homomorphism of k-algebras : O(Y )! O(X)10



Morphisms of a�ne algebraic varieties 11de�nes a morphism f : X ! Y by setting, for any  : O(X)! K,fK(�) =  � �: (3)Thus we have a natural map of sets� : Homk(O(Y );O(X))! MorA�=k(X;Y ): (4)Recall how this correspondence works. Take a K-point a = (a1; : : : ; an) 2 X(K) in a k-algebra K. It de�nes a homomorphism eva : O(X) = k[T1; : : : ; Tn]=I(X) ! K by assigning aito Ti; i = 1; : : : ; n. Composing this homomorphism with a given homomorphism  : O(Y ) =k[T1; : : : ; Tm]=I(Y ) ! O(X), we get a homomorphism eva � � : O(Y ) ! K. Let b = (b1; : : : ; bm)where bi = eva��(Ti); i = 1; : : : ;m. This de�nes aK-point of Y . VaryingK, we obtain a morphismX ! Y which corresponds to the homomorphism  .Proposition 1. The map � from (3) is bijective.Proof. Let f : X ! Y be a morphism. Then fO(X) is a map from Homk(O(X);O(X))to Homk(O(Y );O(X)). The image of the identity homomorphism idO(X) is a homomorphism : O(Y )! O(X). Let us show that �( ) = f . Let � 2 X(K) = Homk(O(X);K). By de�nitionof a morphism of a�ne algebraic k-varieties we have the following commutative diagram:X(K) = Homk(O(X);K) fK�! Y (K) = Homk(O(Y );K)��? " " ��?X(O(X)) = Homk(O(X);O(X)) fO(X)�! Y (O(X)) = Homk(O(Y );O(X)):Take the identity map idO(X) in the left bottom set. It goes to the element � in the left top set.The bottom horizontal arrow sends idO(X) to  . The right vertical arrow sends it to � �  . Now,because of the commutativity of the diagram, this must coincide with the image of � under thetop arrow, which is fK(�). This proves the surjectivity. The injectivity is obvious.As soon as we know what is a morphism of a�ne algebraic k-varieties we know how to de�ne anisomorphism. This will be an invertible morphism. We leave to the reader to de�ne the compositionof morphisms and the identity morphism to be able to say what is the inverse of a morphism. Thefollowing proposition is clear.Proposition 2. Two a�ne algebraic k-varieties X and Y are isomorphic if and only if theircoordinate k-algebras O(X) and O(Y ) are isomorphic.Let � : O(Y )! O(X) be a homomorphism of the coordinate algebras of two a�ne algebraicvarieties given by a system S in unknowns T1; : : : ; Tn and a system S0 in unknowns T 01; : : : ; T 0m.Since O(Y ) is a homomorphic image of the polynomial algebra k[T ]; � is de�ned by assigning toeach T 0i an element pi 2 O(X). The latter is a coset of a polynomial Pi(T ) 2 k[T ]. Thus � is de�nedby a collection of m polynomials (P1(T ); : : : ; Pm(T )) in unknowns Tj . Since the homomorphismk[T ]! O(X); Ti ! Pi(T ) + I(X) factors through the ideal (Y ), we haveF (P1(T ); : : : ; Pm(T )) 2 I(X); 8F (T 01; : : : ; T 0n) 2 I(Y ): (5)Note that it su�ces to check the previous condition only for generators of the ideal I(Y ),for example for the polynomials de�ning the system of equations Y . In terms of the polynomials(P1(T ); : : : ; Pm(T )) satisfying (5), the morphism f : X ! Y is given as follows:fK(a) = (P1(a); : : : ; Pm(a)) 2 Y (K); 8a 2 X(K):11



12 Lecture 3It follows from the de�nitions that a morphism � given by polynomials ((P1(T ); : : : ; Pm(T )) sat-isfying (5) is an isomorphism if and only if there exist polynomials (Q1(T 0); : : : ; Qn(T 0)) suchthat G(Q1(T 0); : : : ; Qn(T 0)) 2 I(Y ); 8G 2 I(X);Pi(Q1(T 0); : : : ; Qn(T 0)) � T 0i mod I(Y ); i = 1; : : : ;m;Qj(P1(T ); : : : ; Pm(T )) � Tj mod I(X); j = 1; : : : ; n:The main problem of (a�ne) algebraic geometry is to classify a�ne algebraic varieties up toisomorphism. Of course, this is a hopelessly di�cult problem.Examples. 1. Let Y be given by the equation T 21 � T 32 = 0; and X = A 1k with O(X) = k[T ]. Amorphism f : X ! Y is given by the pair of polynomials (T 3; T 2). For every k-algebra K,fK(a) = (a3; a2) 2 Y (K); a 2 X(K) = K:The a�ne algebraic varieties X and Y are not isomorphic since their coordinate rings are notisomorphic. The quotient �eld of the algebra O(Y ) = k[T1; T2]=(T 21 � T 32 ) contains an element�T1= �T2 which does not belong to the ring but whose square is an element of the ring (= �T2).Here the bar denotes the corresponding coset. As we remarked earlier in Lecture 2, the ring ofpolynomials does not have such a property.2. The "circle" X = fT 21 + T 22 � 1 = 0g is isomorphic to the \hyperbola" Y = fT1T2 � 1 = 0gprovided that the �eld k contains a square root of �1 and char(k) 6= 2.3. Let k[T1; : : : ; Tm] � k[T1; : : : ; Tn]; m � n; be the natural inclusion of the polynomial algebras.It de�nes a morphism A tkoA mk . For any k-algebra K it de�nes the projection map Kn ! Km,(a1; : : : ; an) 7! (a1; : : : ; am).Consider the special case of morphisms f : X ! Y , where Y = A 1k (the a�ne line). Then fis de�ned by a homomorphism of the corresponding coordinate algebras: O(Y ) = k[T1] ! O(X):Every such homomorphism is determined by its value at T1, i.e. by an element of O(X). Thisgives us one more interpretation of the elements of the coordinate algebra O(X). This time asmorphisms from X to A 1k and hence again can be thought as functions on X.Let f : X ! Y be a morphism of a�ne algebraic varieties. We know that it arises from ahomomorphism of k-algebras f� : O(Y )! O(X).Proposition 3. For any ' 2 O(Y ) =MorA�=k(Y; A 1k ),f�(') = ' � f:Proof. This follows immediately from the above de�nitions.This justi�es the notation f� (the pull-back of a function).By now you must feel comfortable with identifying the set X(K) of K-solutions of an a�ne al-gebraic k-varietyX with homomorphismsO(X)! K. The identi�cation of this set with a subset ofKn is achieved by choosing a set fo generators of the k-algebra O(X). Forgetting about generatorsgives a coordinate-free de�nition of the set X(K). The correspondence K ! Hom(O(X);K)has the property of naturality, i.e. a homomorphism of k-algebras K ! K 0 de�nes a mapHomk(O(X);K) ! Homk(O(X);K 0) such that a natural diagram, which we wrote earlier, iscommutative. This leads to a generalization of the notion of an a�ne k-variety.12



Morphisms of a�ne algebraic varieties 13De�nition An (abstract) a�ne algebraic k-variety is the correspondence which assigns to eachk-algebra K a set X(K). This assignment must satisfy the following properties:(i) for each homomorphism of k-algebras � : K ! X 0 there is a map X(�) : X(K)! X(K 0);(iii) X(idK) = idX(K);(ii) for any �1 : K ! K 0 and �2 : K 0 ! K 00 we have X(�2 � �1) = X(�2) �X(�1);(iv) there exists a �nitely generated k-algebra A such that for each K there is a bijectionX(K)! Homk(A;K) for which the mapsX(�) correspond to the compositionmaps Hom(A;K)!Homk(A;K 0).We leave to the reader to de�ne a morphism of abstract a�ne algebraic k-varieties and provethat they are de�ned by a homomorphism of the corresponding algebras de�ned by property (iii).A choice of n generators f1; : : : ; fn) of A de�nes a bijection from X(K) to a subset Sol(I;K) � Kn;where I is the kernel of the homomorphism k[T1; : : : ; Tn]! A, de�ned by Ti 7! fi. This bijectionis natural in the sense of the commutativity of the natural diagrams.Examples. 4. The correspondence K ! Sol(S;K) is an abstract a�ne algebraic k-variety. Thecorresponding algebra A is k[T ]=(S).5. The correspondence K ! K� ( = invertible elements in K) is an abstract a�ne algebraick-variety. The corresponding algebra A is equal to k[T1; T2]=(T1T2 � 1). The cosets of T1 and T2de�ne a set of generators such that the corresponding a�ne algebraic k-variety is a subvariety ofA 2 . It is denoted by Gm;k and is called the multiplicative algebraic group over k. Note that themaps X(K)! X(K 0) are homomorphisms of groups.6. More generally we may consider the correspondence K ! GL(n;K) (=invertible n � nmatrices with entries in K). It is an abstract a�ne k-variety de�ned by the quotient algebrak[T11; : : : ; Tnn; U ]=(det((Tij)U � 1). It is denoted by GLk(n) and is called the general linear groupof order n over k.Remark 2. We may make one step further and get rid of the assumption in (iii) that A is a�nitely generated k-algebra. The corresponding generalization is called an a�ne k-scheme. Notethat, if k is algebraically closed, the algebraic set X(k) de�ned by an a�ne algebraic k-variety X isin a natural bjection with the set of maximal ideals in O(X). This follows from Corollary 2 of theHilbert's Nullstellensatz. Thus the analog of the set X(k) for the a�ne scheme is the set Spm(A)of maximal ideals in A. For example take an a�ne schele de�ned by the ring of integers Z . Eachmaximal ideal is a principal ideal generated by a prime number p. Thus the set X(k) becomesthe set of prime numbers. An number m 2 Z becomes a function on the set X(k). It assigns to aprime number p the image of m in Z=(p) = Fp , i.e., the residue of m modulo p.Now, we specialize the notion of a morphism of a�ne algebraic varieties to de�ne the notionof a regular map of a�ne algebraic sets.Recall that a�ne algebraic k-set is a subset V of Kn of the form X(K), where X is an a�nealgebraic variety over k and K is an algebraically closed extension of k. We can always chooseV to be equal V (I),where I is a radical ideal. This ideal is determined uniquely by V and isequal to the ideal I(V ) of polynomials vanishing on V (with coe�cients in k). Each morphismf : X ! Y of algebraic varieties de�nes a map fK : X(K) = V ! Y (K) = W of the algebraicsets. So it is natural to take for the de�nition of regular maps of algebraic sets the maps arising inthis way. We know that f is given by a homomorphism of k-algebras f� : O(Y ) = k[T 0]=I(W ))!O(X) = k[T ]=I(V ). Let Pi(T1; : : : ; Tn); i = 1; : : : ;m; be the representatives in k[T ] of the imagesof T 0i mod I(W ) inder f�. For any a = (a1; : : : ; an) 2 V viewed as a homomorphism O(X)! Kits image fK(a) is a homomorphism O(Y ) ! K given by sending T 0i to Pi(a); i = 1; : : : ;m: Thus13



14 Lecture 3the map fK is given by the formulafK(a) = (P1(a1; : : : ; an); : : : ; Pm(a1; : : : ; an)):Note that this map does not depend on the choice of the representatives Pi of f�(T 0i mod I(W ))since any polynomial from I(W ) vanishes at a. All of this motivates the followingDe�nition. A regular function on V is a map of sets f : V ! K such that there exists a polynomialF (T1; : : : ; Tn) 2 k[T1; : : : ; Tn] with the propertyF (a1; : : : ; an) = f(a1; : : : ; an);8a = (a1; : : : ; an) 2 V:A regular map of a�ne algebraic sets f : V ! W � Km is a map of sets such that its compositionwith each projection map pri : Km ! K; (a1; : : : ; an) 7! ai; is a regular function. An invertibleregular map such that its inverse is also a regular map is called a biregular map of algebraic sets.Remark 3. Let k = Fp be a prime �eld. The map K ! K de�ned by x ! xp is regular andbijective (it is surjective becauseK is algebraically closed and it is injective because xp = yp impliesx = y). However, the inverse is obviously not regular.Sometimes, a regular map is called a polynomial map. It is easy to see that it is a continuousmap of a�ne algebraic k-sets equipped with the induced Zariski topology. However, the converseis false (Problem 7).It follows from the de�nition that a regular function f : V ! k is given by a polynomial F (T )which is de�ned uniquely modulo the ideal I(V ) ( of all polynomials vanishing identically on V ).Thus the set of all regular functions on V is isomorphic to the factor-algebra O(V ) = k[T ]=I(V ).It is called the algebra of regular functions on V , or the coordinate algebra of V . Clearly it isisomorphic to the coordinate algebra of the a�ne algebraic variety X de�ned by the ideal I(V ):Any regular map f : V ! W de�nes a homomorphismf� : O(W )! O(V ); ' 7! ' � f;and conversely any homomorphism � : O(W ) ! O(V ) de�nes a unique regular map f : V ! Wsuch that f� = �. All of this follows from the discussion above.Problems.1. Let X be the subvariety of A 2k de�ned by the equation T 22 � T 21 � T 31 = 0 and let f : A 1k ! Xbe the morphism de�ned by the formula T1 ! T 2 � 1; T2 ! T (T 2 � 1): Show that f�(O(X))is the subring of O(A 1k ) = k[T ] which consists of polynomials G(T ) such that g(1) = g(�1) (ifcar(k) 6= 2) and consists of polynomials g(T ) with g(1)0 = 0 if char(k) = 2. If char(k) = 2 showthat X is isomorphic to the variety Y from Example 1.2. Prove that the variety de�ned by the equation T1T2 � 1 = 0 is not isomorphic to the a�ne lineA 1k .3. Let f : A 2k (K) ! A 2k (K) be the regular map de�ned by the formula (x; y) 7! (x; xy): Find itsimage. Will it be closed, open, dense in the Zariski topology?4. Find all isomorphisms from A 1k to A 1k .5. Let X and Y be two a�ne algebraic varieties over a �eld k, and let X � Y be its Cartesianproduct (see Problem 4 in Lecture 1). Prove that O(X � Y ) �= O(X)
k O(Y ).6. Prove that the correspondence K ! O(n;K) ( = n � n-matrices with entries in K satisfyingMT =M�1) is an abstract a�ne algebraic k-variety.7. Give an example of a continuous map in the Zariski topology which is not a regular map.14



Irreducible algebraic sets 15

Lecture 4. IRREDUCIBLE ALGEBRAIC SETS AND RATIONAL FUNCTIONSWe know that two a�ne algebraic k-sets V and V 0 are isomorphic if and only if their coordinatealgebras O(V ) and O(V 0) are isomorphic. Assume that both of these algebras are integral domains(i.e. do not contain zero divisors). Then their �elds of fractions R(V ) and R(V 0) are de�ned. Weobtain a weaker equivalence of varieties if we require that the �elds R(V ) and R(V 0) are isomorphic.In this lecture we will give a geometric interpretation of this equivalence relation by means of thenotion of a rational function on an a�ne algebraic set.First let us explain the condition that O(V ) is an integral domain. We recall that V � Knis a topological space with respect to the induced Zariski k-topology of Kn. Its closed subsets area�ne algebraic k-subsets of V . From now on we denote by V (I) the a�ne algebraic k-subset ofKn de�ned by the ideal I � k[T ]. If I = (F ) is the principal ideal generated by a polynomialF , we write V ((F )) = V (F ). An algebraic subsets of this form, where (F ) 6= f0g; (1), is called ahypersurface.De�nition. A topological space V is said to be reducible if it is a union of two proper non-emptyclosed subsets (equivalently, there are two open disjoint proper subsets of V ). Otherwise V is saidto be irreducible. By de�nition the empty set is irreducible. An a�ne algebraic k-set V is said to bereducible (resp. irreducible) if the corresponding topological space is reducible (resp. irreducible).Remark 1. Note that a Hausdor� topological space is always reducible unless it consists of atmost one point. Thus the notion of irreducibility is relevant only for non-Hausdor� spaces. Alsoone should compare it with the notion of a connected space. A topological spaces X is connectedif it is not equal to the union of two disjoint proper closed (equivalently open) subsets. Thus anirreducible space is always connected but the converse is not true in general.For every a�ne algebraic set V we denote by I(V ) the ideal of polynomials vanishing on V .Recall that, by Nullstellensatz, I(V (I)) = rad(I).Proposition 1. An a�ne algebraic set V is irreducible if and only if its coordinate algebra O(V)has no zero divisors.Proof. Suppose V is irreducible and a; b 2 O(V ) are such that ab = 0. Let F;G 2 k[T ] betheir representatives in k[T ]. Then ab = FG+ I(V ) = 0 implies that the polynomial FG vanisheson V . In particular, V � V (F ) [ V (G) and hence V = V1 [ V2 is the union of two closed subsetsV1 = V \ V (F ) and V2 = V \ V (G): By assumption, one of them, say V1, is equal to V . Thisimplies that V � V (F ), i.e., F vanishes on V , hence F 2 I(V ) and a = 0. This proves that O(V )does not have zero divisors.Conversely, suppose that O(V ) does not have zero divisors. Let V = V1 [ V2 where V1 and V2are closed subsets. Let F 2 I(V1) andG 2 I(V2). Then FG 2 I(V1[V2) and (F+I(V ))(G+I(V )) =15



16 Lecture 40 in O(V ). Since O(V ) has no zero divisors, one of the cosets is zero, say F + I(V ). This impliesthat F 2 I(V ) and I(V1) � I(V ), i.e., V = V1. This proves the irreducibility of V .De�nition. A topological space V is called Noetherian if every strictly decreasing sequence Z1 �Z2 � : : : � Zk � of closed subsets is �nite.Proposition 2. An a�ne algebraic set is a Noetherian topological space.Proof. Every decreasing sequence of closed subsets Z1 � Z2 � : : : � Zj � : : : is de�ned bythe increasing sequence of ideals I(V1) � I(V2) � : : :. By Hilbert's Basis Theorem their unionI = [jI(Vj) is an ideal generated by �netely many elements F1; : : : ; Fm. All of them lie in someI(VN ). Hence I = I(VN ) and I(Vj) = I = I(VN ) for j � N . Returning to the closed subsets wededuce that Zj = ZN for j � N .Theorem 1. Let V be a Noetherian topological space. Then V is a union of �nitely manyirreducible closed subsets Vk of V . Furthermore, if Vi 6� Vj for any i 6= j, then the subsets Vk arede�ned uniquely.Proof. Let us prove the �rst part. If V is irreducible, then the assertion is obvious. Otherwise,V = V1[V2, where Vi are proper closed subsets of V . If both of them are irreducible, the assertionis true. Otherwise, one of them, say V1 is reducible. Hence V1 = V11 [V12 as above. Continuing inthis way, we either stop somewhere and get the assertion or obtain an in�nite strictly decreasingsequence of closed subsets of V . The latter is impossible because V is Noetherian. To prove thesecond assertion, we assume thatV = V1 [ : : : [ Vk =W1 [ : : : [Wt;where neither Vi (resp. Wj) is contained in another Vi0 (resp. Wj0). Obviously,V1 = (V1 \W1) [ : : : (V1 \Wt):Since V1 is irreducible, one of the subsets V1 \Wi is equal to V1, i.e., V1 � Wj . We may assumethat j = 1. Similarly, we show thatW1 � Vi for some i. Hence V1 � W1 � Vi. This contradicts theassumption Vi 6� Vj for i 6= j unless V1 =W1. Now we replace V by V2 [ : : : [ Vk =W2 [ : : : [Wtand repeat the argument.An irreducible closed subset Z of a topological space X is called an irreducible component if itis not properly contained in any irreducible closed subset. Let V be a Noetherian topological spaceand V = [iVi; where Vi are irreducible closed subsets of V with Vi 6� Vj for i 6= j, then each Vi isan irreducible component. Otherwise Vi is contained properly in some Z, and Z = [i(Z\Vi) wouldimply that Z � Vi for some i hence Vi � Vk. The same argument shows that every irreduciblecomponent of X coincides with one of the Vi's.Remark 2. Compare this proof with the proof of the theorem on factorization of integers intoprime factors. Irreducible components play the role of prime factors.In view of Proposition 2, we can apply the previous terminology to a�ne algebraic sets V .Thus, we can speak about irreducible a�ne algebraic k-sets, irreducible components of V and adecomposition of V into its irreducible components. Notice that our topology depends very muchon the �eld k. For example, an irreducible k-subset of K is the set of zeroes of an irreduciblepolynomial in k[T ]. So a point a 2 K is closed only if a 2 k. We say that V is geometricallyirreducible if it is irreducible considered as a K-algebraic set.Recall that a polynomial F (T ) 2 k[T ] is said to be irreducible if F (T ) = G(T )P (T ) impliesthat one of the factors is a constant (since k[T ]� = k�, this is equivalent to saying that F (T ) is anirreducible or prime element of the ring k[T ]). 16



Irreducible algebraic sets 17Lemma. Every polynomial F 2 k[T1; : : : ; Tn] is a product of irreducible polynomials which arede�ned uniquely up to multiplication by a constant.Proof. This follows from the well-known fact that the ring of polynomials k[T1; : : : ; Tn] isa UFD (a unique factorization domain). The proof can be found in any advanced text-book ofalgebra.Proposition 3. Let F 2 k[T ]. A subset Z � Kn is an irreducible component of the a�ne algebraicset V = V (F ) if and only if Z = V (G) where G is an irreducible factor of F . In particular, V isirreducible if and only if F is an irreducible polynomial.Proof. Let F = F a11 : : : F arr be a decomposition of F into a product of irreducible polynomials.Then V (F ) = V (F1) [ : : : [ V (Fr)and it su�ces to show that V (Fi) is irreducible for every i = 1; : : : ; r. More generally, we will showthat V (F ) is irreducible if F is irreducible. By Proposition 1, this follows from the fact that theideal (F ) is prime. If (F ) is not prime, then there exist P;G 2 k[T ]n (F ) such that PG 2 (F ). Thelatter implies that F jPG. Since F is irreducible, F jP or F jG (this follows easily from the aboveLemma). This contradiction proves the assertion.Let V � Kn be an irreducible a�ne algebraic k-set and O(V ) be its coordinate algebra. ByProposition 1, O(V ) is a domain, therefore its quotient �eld Q(O(V )) is de�ned. We will denote itby R(V ) and call it the �eld of rational functions on V . Its elements are called rational functionson V .Recall that for every integral domain A its quotient �eld Q(A) is a �eld uniquely determined(up to isomorphisms) by the following two conditions:(i) there is an injective homomorphism of rings i : A! Q(A);(ii) for every injective homomorphism of rings � : A! K, where K is a �eld, there exists a uniquehomomorphism �� : Q(A)! K such that �� � i = �.The �eld Q(A) is constructed as the factor-set A� (A n f0g)=R , where R is the equivalencerelation (a; b) � (a0; b0)() ab0 = a0b. Its elements are denoted by ab and added and multiplied bythe rules ab + a0b0 = ab0 + a0bbb0 ; ab � a0b0 = aa0bb0 :The homomorphism i : A ! Q(A) is de�ned by sending a 2 A to a1 . Any homomorphism� : A! K to a �eld K extends to a homomorphism �� : Q(A)! K by sending ab to �(a)�(b) . We willidentify the ring A with the subring i(A) of Q(A). Notice that, if A happens to be a k-algebra.In particular, the �eld R(V ) will be viewed as an extension k � O(V ) � R(V ). We will denotethe �eld of fractions of the polynomial ring k[T1; : : : ; Tn] by k(T1; : : : ; Tn). It is called the �eld ofrational functions in n variables.De�nition. A dominant rational k-map from an irreducible a�ne algebraic k-set V to an irre-ducible a�ne algebraic k-set W is a homomorphism of k-algebras f : k(W ) ! R(V ). A rationalmap from V to W is a dominant rational map to a closed irreducible subset of W .Let us interpret this notion geometrically. Restricting f to O(W ) and composing with thefactor map k[T 01; : : : ; T 0m]! O(W ), we obtain a homomorphism k[T 01; : : : ; T 0m]! R(V ). It is givenby rational functions R1; : : : ; Rm 2 R(V ), the images of the Ti's. Since every G 2 I(W ) goes tozero, we have G(R1; : : : ; Rm) = 0. Now each Ri can be written asRi = Pi(T1; : : : ; Tn) + I(V )Qi(T1; : : : ; Tn) + I(V ) ;17



18 Lecture 4where Pi and Qi are elements of k[T1; : : : ; Tn] de�ned up to addition of elements from I(V ). Ifa 2 V does not belong to the set Z = V (Q1) [ : : : [ V (Qn), then�(a) = (R1(a); : : : ; Rm(a)) 2 Kmis uniquely de�ned. Since G(R1(a); : : : ; Rm(a)) = 0 for any G 2 I(W ), �(a) 2 W . Thus, we seethat f de�nes a map � : V n Z !W which is denoted by� : V�! W:Notice the di�erence between the dotted and the solid arrow. A rational map is not a map inthe usual sense because it is de�ned only on an open subset of V . Clearly a rational map is ageneralization of a regular map of irreducible algebraic sets. Any homomorphism of k-algebrasO(W )! O(V ) extends uniquely to a homomorphism of their quotient �elds.Let us see that the image of � is dense in W (this explains the word dominant). Assumeit is not. Then there exists a polynomial F 62 I(W ) such that F (R1(a); : : : ; Rm(a)) = 0 for anya 2 V n Z. Write f(F ) = F (R1; : : : ; Rm) = P (T1; : : : ; Tn)Q(T1; : : : ; Tn) :We have P (T1; : : : ; Tn) � 0 on V nZ. Since V nZ is dense in the Zariski topology, P � 0 on V , i.e., P 2 I(V ). This shows that under the map k(W )! R(V ), F goes to 0. Since the homomorphismk(W )! R(V ) is injective (any homomorphism of �elds is injective) this is absurd.In particular, takingW = A 1k (K), we obtain the interpretation of elements of the �eld R(V ) asnon-constant rational functions V� ! K de�ned on an open subset of V (the complement of theset of the zeroes of the denominator). From this point of view, the homomorphism k(W )! R(V )de�ning a rational map f : V�! W can be interpreted as the homomorphism f� de�ned by thecomposition � 7! � � f .De�nition. A rational map f : V�! W is called birational if the corresponding �eld homomor-phism f� : k(W ) ! R(V ) is an isomorphism. Two irreducible a�ne algebraic sets V and W aresaid to be birationally isomorphic if there exists a birational map from V to W .Clearly, the notion of birational isomorphism is an equivalence relation on the set of irreduciblea�ne algebraic sets. If f : V� ! W is a birational map, then there exists a birational mapf : W�! V such that the compositions f � f 0 and f 0 � f are de�ned on an open subsets U and U 0of V and W , respectively, with f � f 0 = id0U ; f 0 � f = idU :Remark 3.One de�nes naturally the category whose objects are irreducible algebraic k-sets withmorphisms de�ned by rationa maps. A birational map is an isomorphism in this category.Example. 1. Let V = A 1k (K) and W = V (T 21 + T 22 � 1) � K2. We assume that char(k) 6= 2.A rational map f : V�! W is given by a homomorphism f� : k(W ) ! R(V ). Restricting itto O(W ) and composing it with k[T1; T2] ! O(W ), we obtain two rational functions R1(T ) andR2(T ) such that R1(T )2 +R2(T )2 = 1 (they are the images of the unknowns T1 and T2. In otherwords, we want to �nd \a rational parametrization" of the circle, that is we want to express thecoordinates (t1; t2) of a point lying on the circle as a rational function of one parameter. It is easyto do this by passing a line through this point and the �xed point on the circle, say (1; 0). Theslope of this line is the parameter associated to the point. Explicitly, we write T2 = T (T1 � 1);plug into the equation T 21 + T 22 = 1 and �ndT1 = T 2 � 1T 2 + 1 ; T2 = �2TT 2 + 1 :18



Irreducible algebraic sets 19Thus, our rational map is given byT1 7! T 2 � 1T 2 + 1 ; T2 7! �2TT 2 + 1 :Next note that the obtained map is birational. The inverse map is given byT 7! T2T1 � 1 :In particular, we see that R(V (T 21 + T 22 � 1)) �= k(T1):The next theorem, although sounding as a deep result, is rather useless for concrete applications.Theorem 2. Assume k is of characteristic 0. Then any irreducible a�ne algebraic k-set is bira-tionally isomorphic to an irreducible hypersurface.Proof. Since R(V ) is a �nitely generated �eld over k, it can be obtained as an algebraicextension of a purely transcendental extension L = k(t1; : : : ; tn) of k. Since char(k) = 0; R(V ) isa separable extension of L, and the theorem on a primitive element applies (M. Artin, "Algebra",Chapter 14, Theorem 4.1): an algebraic extension K=L of characteristic zero is generated by oneelement x 2 K. Let k[T1; : : : ; Tn+1] ! R(V ) be de�ned by sending Ti to ti for i = 1; : : : ; n; andTn+1 to x. Let I be the kernel, and � : A = k[T1; : : : ; Tn+1]=I ! R(V ) be the corresponding in-jective homomorphism. Every P (T1; : : : ; Tn+1) 2 I is mapped to P (t1; : : : ; tn; x) = 0. ConsideringP (x1; : : : ; xn; Tn+1) as an element of L[Tn+1] it must be divisible by the minimal polynomial ofx. Hence I = (F (T1; : : : ; Tn; Tn+1)), where F (t1; : : : ; tn; Tn+1) is a product of the minimal poly-nomial of x and some polynomial in t1; : : : ; tn. Since A is isomorphic to a subring of a �eld itmust be a domain. By de�nition of the quotient �eld � can be extended to a homomorphism of�elds Q(A) ! R(V ). Since R(V ) is generated as a �eld by elements in the image, � must be anisomorphism. Thus R(V ) is isomorphic to Q(k[T1; : : : ; Tn+1]=(F )) and we are done.Remark 4. The assumption char(k) = 0 can be replaced by the weaker assumption that k isa perfect �eld, for example, k is algebraically closed. In this case one can show that R(V ) is aseparable extension of some purely transcendental extension of k.De�nition. An irreducible a�ne algebraic k-set V is said to be k-rational if R(V ) �= k(T1; : : : ; Tn)for some n. V is called rational if, viewed as algebraic K-set, it is K-rational.Examples. 2. Assume char(k) 6= 2. The previous example shows that the circle V (T 21 + T 22 � 1)is k-rational for any k. On the other hand, V (T 21 + T 22 + 1) is k-rational only if k contains p�1.3. An a�ne algebraic set given by a system of linear equations is always rational (Prove it!).4. V (T 21 + T 32 � 1) is not rational. Unfortunately, we do not have yet su�cient tools to show this.5. Let V = V (T 31 + : : : + T 3n � 1) be a "cubic hypersurface ". It is known that V is not rationalfor n = 2 and rational for n = 3. It was an open question for many years whether V is rationalfor n = 4. The negative answer to this problem was given by Herb Clemens and Phil Gri�ths in1972. It is known that V is rational for n � 5 however it is not known whether V (F ) is rationalfor any irreducible polynomial of degree 3 in n � 5 variables.An irreducible algebraic set V is said to be k-unirational if its �eld of rational functions R(V )is isomorphic to a sub�eld of k(T1; : : : ; Tn) for some n. It was an old problem (the L�uroth Problem)whether, for k = C, there exist k-unirational sets which are not k-rational. The theory of algebraiccurves easily implies that this is impossible if C(V ) is transcendence degree 1 over C. A purely19



20 Lecture 4algebraic proof of this fact is not easy (see P. Cohn, \Algebra"). The theory of algebraic surfacesdeveloped in the end of the last century by Italian geometers implies that this is impossible ifC(V ) of transcendence degree 2 over C. No purely algebraic proofs of this fact is known. Onlyin 1972-73 a �rst example of a unirational non-rational set was constructed. In fact, there givenindependently 3 counterexamples (by Clemens-Gri�ths, by Mumford-Artin and Iskovskih-Manin).The example of Clemens-Gri�ths is the cubic hypersurface V (T 31 + T 32 + T 33 + T 34 � 1).Finally we note that we can extend all the previous de�nitions to the case of a�ne algebraicvarieties. For example, we say that an a�ne algebraic variety X is irreducible if its coordinatealgebra O(X) is an integral domain. We leave to the reader to do all these generalizations.Problems.1. Let k be a �eld of characteristic 6= 2. Find irreducible components of the a�ne algebraic k-setde�ned by the equations T 21 + T 22 + T 23 = 0; T 21 � T 22 � T 23 + 1 = 0.2. Same for the set de�ned by the equations T 22 �T1T3 = 0; T 21 �T 32 = 0. Prove that all irreduciblecomponents of this set are birationally isomorphic to the a�ne line.3. Let f : X(K)! Y (K) be the map de�ned by the formula from Problem 1 of Lecture 3. Showthat f is a biratioanl map.4. Let F (T1; : : : ; Tn) = G(T1; : : : ; Tn) +H(T1; : : : ; Tn), where G is a homogeneous polynomial ofdegree d � 1 and H is a homogeneous polynomial of degree d. Assuming that F is irreducible,prove that the algebraic set V (F ) is rational.5. Prove that the a�ne algebraic sets given by the systems T 31 +T 32 �1 = 0 and T 21 �T 32 =3+1=12 = 0are birationally isomorphic.

20



Projective algebraic varieties 21

Lecture 5. PROJECTIVE ALGEBRAIC VARIETIESLet A be a commutative ring and An+1 (n � 0) be the Cartesian product equipped with thenatural structure of a free A-module of rank n + 1. A free submodule M of An+1 of rank 1 issaid to be a line in An+1, if M = Ax for some x = (a0; : : : ; an) such that the ideal generated bya0; : : : ; an contains 1. We denote the set of lines in An+1 by Pn(A)0. One can de�ne Pn(A)0 alsoas follows. Let C(A)n = fx = (a0; : : : ; an) 2 An+1 : (a0; : : : ; an) = 1g:Then each line is generated by an element of C(A)n. Two elements x; y 2 C(A)n de�ne the sameline if and only if x = �y for some invertible � 2 A. ThusPn(A)0 = C(A)n=A�;is the set of orbit of the group A� of invertible elements of A acting on C(A)n by the formula� � (a0; : : : ; an) = (�a0; : : : ; �an): Of course, in the case where A is a �eld,C(A)n = An+1 n f0g; Pn(A)0 = (An+1 n f0g)=A�:If M = Ax, where x = (a0; : : : ; an) 2 C(A)n, then (a0; : : : ; an) are called the homogeneous coor-dinates of the line. In view of the above they are determined uniquely up to an invertible scalarfactor � 2 A�.Examples. 1. Take A = R. Then P1(R)0 is the set of lines in R2 passing through the origin.By taking the intersection of the line with the unit circle we establish a bijective correspondencebetween P1(R) and the set of points on the unit circle with the identi�cation of the opposite points.Or choosing a representative on the upper half circle we obtain a bijective map from P1(R)0 tothe half circle with the two ends identi�ed. This is bijective to a circle. Similarly we can identifyP2(R)0 with the set of points in the upper unit hemi-sphere such that the opposite points on theequator are identi�ed. This is homeomorphic to the unit disk where the opposite points on theboundary are identi�ed. The obtained topological space is called the real projective plane and isdenoted by RP2 .2. Take A = C . Then P1(C )0 is the set of one-dimensional linear subspaces of C 2 . We can choose aunique basis of x 2 P1(C )0 of the form (1; z) unless x = (0; z); z 2 C nf0g, and C x = C (0; 1). In thisway we obtain a bijective map from P1(C )0 to C [ f1g, the extended complex plane. Using thestereographic projection, we can identify the latter set with a 2-dimensional sphere. The complexcoordinates make it into a compact complex manifold of dimension 1, the Riemann sphere CP1.Any homomorphism of rings � : A ! B extends naturally to the map ~� = ��n : An+1 !Bn+1. If x = (a0; : : : ; an) 2 C(A)n, then one can write 1 = a0b0 + : : : + anbn for some bi 2 A.Applying �, we obtain 1 = �(a0)�(b0) + : : : + �(an)�(bn). This shows that ~�(x) 2 C(B)n. This21



22 Lecture 5de�nes a map ~� : Cn(A)! Cn(B): Also a = �b() ~�(a) = �(�)~�(b): Hence ~� induces the map ofequivalence classes 0Pn(�) : Pn(A)0 ! Pn(B):For our future needs we would like to enlarge the set Pn(A)0 a little further to de�ne the setPn(A). We will not be adding anything if A is a �eld.LetM = Ax � An+1; x = (a0; : : : ; an) 2 Cn(A), be a line in An+1. Choose b0; : : : ; bn 2 A suchthat Pi biai = 1. Then the homomorphism � : An+1 ! M de�ned by (�0; : : : ; �n) 7! (Pi �ibi)xis surjective, and its restriction to M is the identity. Since for any m 2 An+1 we have m��(m) 2Ker(�), and M \Ker(�) = f0g, we see thatAn+1 �=M �Ker(�):So each line is a direct summand of An+1. Not each direct summand of An+1 is necessarily free.So we can enlarge the set Pn(A)0 by adding to it not necessarily free direct summands of An+1which become free of rank 1 after \localizing" the ring. Let us explain the latter.Let S be a non-empty multiplicatively closed subset of A containing 1. One de�nes thelocalization MS of an A-module M in the similar way as one de�nes the �eld of fractions: it isthe set of equivalence classes of pairs (m; s) 2 M � S with the equivalence relation: (m; s) �(m0; s0)() 9s00 2 S such that s00(s0m�sm0) = 0. The equivalence class of a pair (m; s) is denotedby ms . The equivalence classes can be added by the natural rulems + m0s0 = s0m+ sm0ss0(one veri�ed that this de�nition is independent of a choice of a representative). If M = A, one canalso multiply the fractions by the rule as � a0s0 = aa0ss :Thus AS becomes a ring such that the natural map A! AS ; a 7! a1 , is a homomorphism of rings.The rule as � ms0 = amss0 :equips MS with the structure of an AS-module. Note that MS = f0g if 0 2 S. Observe also thatthere is a natural isomorphism of AS -modulesM 
A AS !MS;m
 as 7! ams ;where AS is equipped with the structure of an A-module by means of the canonical homomorphismA! AS .Examples 3. Take S to be the set of elements of A which are not zero-divisors. This is obvioulsya multiplicatively closed subset of A. The localized ring AS is called the total ring of fractions. IfA is a domain, S = A n f0g, and we get the �eld of fractions.4. Let p be a prime ideal in A. By de�nition of a prime ideal, the set A n p is multiplicativelyclosed. The localized ring AAnp is denoted by Ap and is called the localization of A at a prime idealp. For example, take A = Z and p = (p), where p is a prime number. The ring Z(p) is isomorphicto the subring of Q which consists of fractions such that the denominator is not divisible by p.22



Projective algebraic varieties 23As we saw earlier any line L = Ax 2 Pn(A)0 is a direct summand of the free module An+1. Ingeneral not every direct summand of a free module is free.De�nition. A projective module over A is a �nitely generated module P over A satisfying one ofthe following equivalent properties:(i) P is isomorphic to a direct summand of a free module;(ii) For every surjective homomorphism � : M ! P of A-modules there is a homomorphisms : P !M such that � � s = idP (a section).Let us prove the equivalence.(ii)) (i) Let An ! P be the surjective homomorphism corresponding to a choice of generatorsof P . By property(i) there is a homomorphism s : P ! An such that ��s = idP . Let N = Ker(�).Consider the homomorphism (i; s) : N �P ! An, where i is the identity map N ! An. It has theinverse given by m 7! (m� �(m); �(m))(i)) (ii) Assume P � N �= An. Without loss of generality we may assume that P;N aresubmodules of An. Let � :M ! P be a surjective homomorphism of A-modules. We extend it toa surjective homomorphism (�; idN ) : M � N ! An. If we prove property (ii) for free modules,we will be done since the restriction of the corresponding section to P is a section of �. So let� : M ! An be a surjective homomorphism. Let m1; : : : ;mn be some pre-images of the elementsof a basis (�1; : : : ; �n) of An. The homomorphism An !M de�ned by � 7! mi is well-de�ned andis a section.We saw in the previous proof that a free �nitely generated module is projective. In general,the converse is not true. For example, let K=Q be a �nite �eld extension, and A be the ring ofintegers of K, i.e. the subring of elements of K which satisfy a monic equation with coe�cients inZ. Then any ideal in A is a projective module but not necessarily a principal ideal.An important class of rings A such that any projective module over A is free is the class oflocal rings.A commutative ring is called local if it has a unique maximal ideal. For example, any �eld islocal. The ring of power series k[[T1; : : : ; Tn]] is local (the maximal ideal is the set of in�nite formalseries with zero constant term).Lemma 1. Let A be a local ring and m be its unique maximal ideal. Then A nm = A� (the setof invertible elements in A).Proof. Let x 2 A nm. Then the principal ideal (x) is contained in some proper maximal idealunless (x) = A which is equivalent to x 2 A�. Since A has only one maximal ideal and it does notcontain x, we see that (x) = A.Proposition 1. A projective module over a local ring is free.Proof. Let Matn(A) be the ring of n�nmatrices with coe�cients in a commutative ringA. Forany ideal I in A we have a natural surjective homomorphism of rings Matn(A)! Matn(A=I); A 7!�A, which obtained by replacing each entry of a matrix with its residue modulo I. Now let A bea local ring, I = m be its unique maximal ideal, and k = A=m (the residue �eld of A). SupposeA 2 Matn(A) is such that �A is an invertible matrix in Matn(k). I claim that A is invertible in A.In fact, let �B � �A = In for some B 2 Matn(A). The matrix BA has diagonal elements congruentto 1 modulo m and all o�-diagonal elements belonging to m. By Lemma 1, the diagonal elementsof BA are invertible in A. It is easy to see that each elementary row transformation preserve thisproperty. This shows that there exists a matrix S 2 Matn(A) such that S(BA) = (SB)A = In.Similarly we show that A has the right inverse, and hence is invertible.23



24 Lecture 5Let M be a A-module and I � A an ideal. Let IM denote the submodule of M generatedby all products am, where a 2 I. The quiotient module M = M=IM is a A=I-module viathe scalar multiplication (a+ I)(m+ IM) = am+ IM . There is an isomorphism of A=I-modulesM=IM �=M
M
A(A=I), whereA=I is considered as an A-algebra via the natural homomorphismA! A=I. It is easy to check the following property.(M �N)=I(M �N) �= (M=IM)� (N=IN): (1)Now let P be a projective module over a local ring A. Replacing P by an isomorphic modulewe may assume that P � N = An for some submodule N of a free A-module An. Let m be themaximal ideal of A. Let (m1; : : : ;ms) be elements in M such that (m1 + I; : : : ;ms + I) is a basisof the vector space M=mM over k = A=m. Similarly, choose (n1; : : : ; nt) in N . By property (1)the residues of m1; : : : ;mt; n1; : : : ; ns form a basis of kn. Consider the map f : An ! M � Nde�ned by sending the unit vector ei 2 An to mi if i � t and to ni if i � t + 1. Let S be itsmatrix with respect to the unit bases (e1; : : : ; en) in An. Then the image of S in Matn(k) is aninvertible matrix. Therefore S is an invertible matrix. Thus f is an isomorphism of A-modules.The restriction of f to the free submodule Ae1 + : : :+ Aet is an isomorphism At �=M .Corollary. Let P be a projective module over a commutative ring A. For any maximal ideal min A the localization Pm is a free module over Am.Proof. This follows from the following lemma which we leave to the reader to prove.Lemma 2. Let P be a projective module over A. For any A-algebra B the tensor product P 
ABis a projective B-module.De�nition. A projective module over A has rank r if for each maximal ideal m the module Pm isfree of rank r.Remark 1. Note that, in general, a projective module has no rank. For example, let A = A1�A2be the direct sum of rings. The module Ak1 � An2 (with scalar multiplication (a1; a2) � (m1;m2) =(a1m1; a2m2)) is projective but has no rank if k 6= n. If A is a domain, then the homomorphismA! Am de�nes an isomorphism of the �elds of fractions Q(A) �= Q(Am). This easily implies thatthe rank of P can be de�ned as the dimension of the vector space P 
A Q(A).We state without proof the converse of the previous Corollary (see, for example, N. Bourbaki,\Commutative Algebra", Chapter 2, x5).Proposition 2. Let M be a module over A such that for each maximal ideal m the module Mmis free. Then M is a projective module.Now we are ready to give the de�nition of Pn(A).De�nition. Let A be any commutative ring. The projective n-space over A is the set Pn(A) ofprojective modules of rank 1 which are direct summands of An+1.We have seen that P(A)0 � Pn(A):The di�erence is the set of non-free projective modules of rank 1 which are direct summands ofAn+1.Remark 2 A projective submodule of rank 1 ofAn+1 may not be a direct summand. For example, aproper principal ideal (x) � A is not a direct summand in A. A free submoduleM = A(a0; : : : ; an)24



Projective algebraic varieties 25of An+1 of rank 1 is a direct summand if and only if the ideal generated by a0; : : : ; an is equal toA, i.e. M 2 Pn(A)0.This follows from the following charcaterization of direct summands of An+1. A submoduleMof An+1 is a direct summand if and only if the corresponding homomorphism of the dual modulesAn+1 �= HomA(An+1; A)!M� = HomA(M;A)is surjective. Sometimes Pn(A) is de�ned in \dual terms" as the set of projective modules of rank 1together with a surjective homomorphism An+1 !M . When A is a �eld this is a familiar dualitybetween lines in a vector space V and hyperplanes in the dual vector space V �.A set ffigi2I of elements from A is called a covering family if it generates the unit ideal. Everycovering set contains a �nite covering subset. In fact if 1 = Pi aifi for some ai 2 A, we choosethose fi which occur in this sum with non-zero coe�cient. For any f 2 A we set Af = AS , whereS consists of powers of f .Lemma 3. Let M be a projective module of rank r over a ring A. There exists a �nite coveringfamily ffigi2I of elements in A such that for any i 2 I the localization Mfi is a free Afi -moduleof rank r.Proof. We know that for any maximal ideal m in A the localization Mm is a free module ofrank r. Let x1; : : : ; xr be its generators. Each xi is a \fraction" miai , where ai 62 m. Reducing tocommon denominator we may assume that a1 = : : : = ar = f for some f 62 m. Thus Mf is freeand is generated by x1; : : : ; xr considered as elements of Mf . Let ffmgm be the set of elementsfm chosen in this way for each maximal ideal m. It is a covering set. Indeed let I be the idealgenerated by these elements. If I 6= A then I is contained in some maximal ideal m, hence fm 2 Iis contained in m which contradicts the choice of fm. It remains to select a �nite covering subsetof the set fm .Using Lemma 3 we may view every projective submodule M of An+1 of rank 1 as a \localline": we can �nd a �nite covering set ffigi2I such that Mfi is a line in (Afi)n+1. We call such afamily a trivializing family for M . If fgjgj2J is another trivializing family for M we may considerthe family ffigjg(i;j)2I�J . It is a covering family as one sees by multiplying the two relations1 = Pi aifi; 1 = Pj bjgj . Note that for any f; g 2 A there is a natural homomorphism of ringsAf ! Afg; a=fn ! agn=(fg)n inducing an isomomorphism of Afg-modules Mf 
Af Afg �= Mfg.This shows that ffigjg(i;j)2I�J is a trivializing family. Moreover, if Mfi = xiAfi ; xi 2 An+1fi andMgj = yjAgj ; yj 2 An+1gj , then x0i = �ijy0j for some �ij 2 Afigj (2)where the prime indicates the image in Afg.Now let us go back to algebraic equations. Fix a �eld k. For any k-algebra K we have the setPn(K). It can be viewed as a natural extension (in n+ 1 di�erent ways) of the set A nk (K) = Kn.In fact, for every k-algebra K we have the injective maps�i : Ank (K) = Kn ! Pnk (K); (a1; : : : ; an)! (a1; : : : ; ai; 1; ai+1; : : : ; an); i = 0; : : : ; n:Assume that K is a local ring. Take, for example, i = 0. We see thatPn(K) nKn = f(a0; a1; : : : ; an)A 2 Pn(K) : a0 = 0g:25



26 Lecture 5It is naturally bijectively equivalent to Pn�1(K). Thus we havePn(K) = A nk (K)aPn�1(K):By now, I am sure you understand what do I mean when I say \naturally". The bijections weestablish for di�erentK are compatible with respect to the maps Pn(K)! Pn(K 0) and Kn ! K 0ncorresponding to homomorphisms K ! K 0 of k-algebras.Example 5. The Riemann sphere P1(C ) = C [ fP0(C ):6. The real projective plane P2(R) = R2 [ P1(R):We want to extend the notion of an a�ne algebraic variety by considering solutions of algebraicequations which are taken from Pn(K). Assume �rst that L 2 Pn(K) is a global line, i.e. a freesubmodule of Kn+1. Let (a0; : : : ; an) be its generator. For any F 2 k[T0; : : : ; Tn] it makes senseto say that F (a0; : : : ; an) = 0. However, it does not make sense, in general, to say that F (L) = 0because a di�erent choice of a generator may give F (a0; : : : ; an) 6= 0. However, we can solve thisproblem by restricting ourselves only with polynomials satisfyingF (�T0; : : : ; �Tn) = �dF (�T0; : : : ; �Tn); 8� 2 K�:To have this property for all possible K, we require that F be a homogeneous polynomial.De�nition. A polynomial F (T0; : : : ; Tn) 2 k[T0; : : : ; Tn] is called homogeneous of degree d ifF (T0; : : : ; Tn) = Xi0;:::;in ai0�0;:::;in�0T i00 � � � T inn =Xi aiTiwith jij = d for all i. Here we use the vector notation for polynomials:i = (i0; : : : ; in) 2 Nn+1;Ti = T i00 � � � T inn ; jij = i0 + : : : + in:By de�nition the constant polynomial 0 is homogeneous of any degree.Equivalently, F is homogeneous of degree d if the following identity in the ring k[T0; : : : ; Tn; t]holds: F (tT0; : : : ; tTn) = tdF (T0; : : : ; Tn):Let k[T ]d denote the set of all homogeneous polynomials of degree d. This is a vector subspaceover k in k[T ] and k[T ] = �d�0k[T ]d:Indeed every polynomial can be written uniquely as a linear combination of monomials Ti whichare homogeneous of degree jij. We write degF = d if F is of degree d.Let F be homogeneous polynomial in T0; : : : ; Tn. For any k-algebra K and x 2 Kn+1F (x) = 0() F (�x) = 0 for any � 2 K�:Thus if M = Kx � Kn+1 is a line in Kn+1, we may say that F (M) = 0 if F (x) = 0, andthis de�nition is independent of the choice of a generator of M . Now if M is a local line andMfi = xiKfi � Kn+1fi for some trivializing family ffigi2I , we say that F (M) = 0 if F (xi) = 0 forall i 2 I. The fact that this de�nition is independent of the choice of a trivializing family followsfrom (2) above and the following. 26



Projective algebraic varieties 27Lemma 4. Let ffigi2I be a covering family in a ring A and let a 2 A. Assume that the image ofa in each Afi is equal to 0. Then a = 0.Proof. By de�nition of Afi , we have a=1 = 0 in Afi () fni ai = 0 for some n � 0. Obviouslywe choose n to be the same for all i 2 I. Since 1 =Pi2I aifi for some ai 2 A, after raising the bothsides in su�cient high power, we obtain 1 =Pi2I bifni for some bi 2 A: Then a =Pi2I bifni a = 0.Now if S � k[T0; : : : ; Tn] consists of homogeneous polynomials and fF = 0gF2S is the cor-responding system of algebraic equations (we call it a homogeneous system), we can set for anyk-algebra K PSol(S;K) = fM 2 Pn(K) : F (M) = 0 for any F 2 Sg;PSol(S;K)0 = fM 2 Pn(K)0 : F (M) = 0 for any F 2 Sg:De�nition. A projective algebraic variety over a �eld k is a correspondenceX : K ! PSol(S;K) � Pn(K)where S is a homogeneous system of algebraic equations over k. We say that X is a subvariety ofY if X(K) is a subset of Y (K) for all K.Now we explain the process of a homogenization of an ideal in a polynomial ring which allowsus to extend an a�ne algebraic variety to a projective one.Let F (Z1; : : : ; Zn) 2 k[Z1; : : : ; Zn] (this time we have to change the notation of variables). Wewrite Zi = Ti=T0 and plug it in F . After reducing to common denominator, we getF (T1=T0; : : : ; Tn=T0) = T�d0 G(T0; : : : ; Tn);where G 2 k[T0; : : : ; Tn] is a homogeneous polynomial of degree d equal to the highest degree ofmonomials entering into F .The polynomial G(T0; : : : ; Tn) = T d0 F (T1=T0; : : : ; Tn=T0)is said to be the homogenizaton of F. For example, the polynomial T 22 T0+T 31 +T1T 20 +T 30 is equalto the homogenization of the polynomial Z22 + Z31 + Z1 + 1.Let I be an ideal in k[Z1; : : : ; Zn]. We de�ne the homogenization of I as the ideal Ihom ink[T0; : : : ; Tn] generated by homogenizations of elements of I. It is easy to see that if I = (G) isprincipal, then Ihom = (F ), where F is the homogenization of G. However, in general it is not truethat Ihom is generated by the homogenizations of generators of I (see Problem 6 below).Recalling the injective map �0 : Ank ! Pnk de�ned in the beginning of this lecture, we see thatit sends an a�ne algebraic subvariety X de�ned by an ideal I to the projective variety de�ned bythe homogenization Ihom, which is said to be the projective closure of X.Example. 7. LetX be given by aT0+bT1+cT2 = 0, a projective subvariety of the projective planeP2k. It is equal to the projective closure of the line L � A2k given by the equation bZ1+cZ2+a = 0.For every K the set X(K) has a unique point P not in the image of L(K). Its homogeneouscoordinates are (0; c;�b). Thus, X has to be viewed as L [ fPg. Of course, there are many waysto obtain a projective variety as a projective closure of an a�ne variety. To see this, it is su�cientto replace the map �0 in the above constructions by the maps �i; i 6= 0.Let fF (T ) = 0gF2S be a homogeneous system. We denote by (S) the ideal in k[T ] generatedby the polynomials F 2 S. It is easy to see that this ideal has the following property(S) = �d�0((S) \ k[T ]d):27



28 Lecture 5In other words, each polynomial F 2 (S) can be written uniquely as a linear combination ofhomogeneous polynomials from (S).De�nition. An ideal I � k[T ] is said to be homogeneous if one of the following conditions issatis�ed:(i) I is generated by homogeneous polynomials;(ii) I = �d�0(I \ k[T ]d).Let us show the equivalence of these two properties. If (i) holds, then every F 2 I can bewritten as PiQiFi, where Fi is a set of homogeneous generators. Writing each Qi as a sum ofhomogeneous polynomials, we see that F is a linear combination of homogeneous polynomials fromI. This proves (ii). Assume (ii) holds. Let G1; : : : ; Gr be a system of generators of I. Writing eachGi as a sum of homogeneous polynomials Gij from I, we verify that the set fGijg is a system ofhomogeneous generators of I. This shows (i).We know that in the a�ne case the ideal I(X) determines uniquely an a�ne algebraic varietyX. This is not true anymore in the projective case.Proposition 3. Let fF (T ) = 0gF2S be a homogeneous system of algebraic equations over a �eldk. Then the following properties are equivalent:(i) PSol(S;K)0 = ;;(ii) (S) � k[T ]�r :=Pd�r k[T ]d for some r � 0;(iii) PSol(S;K) = ;.Proof. (i) =) (ii) Let K be an algebraically closed �eld containing k. We can writeF (T0; : : : ; Tn) = T d0 F (1; T1=T0; : : : ; Tn=T0);where d = degF . Substituting Zi = Ti=T0, we see that the polynomials GF (Z1; : : : ; Zn) =F (1; Z1; : : : ; Zn) do not have common roots (otherwise, its common root (a1; : : : ; an) will de�nean element (1; a1; : : : ; an) 2 PSol(S;K)0). Thus, by Nullstellensatz, (fGFgF2S) = (1), i.e.1 = XF2SQFGF (Z1; : : : ; Zn)for some QF 2 k[Z1; : : : ; Zn]. Substituting back Zi = Ti=T0 and reducing to common denominator,we �nd that there exists m(0) � 0 such that Tm(0)0 2 (S). Similarly, we show that for any i > 1,Tm(i)i 2 (S) for some m(i) � 0. Let m = maxfm(0); : : : ;m(n)g. Then every monomial in Ti ofdegree greater or equal to r = m(n+ 1) contains some Tm(i) as a factor. Hence it belongs to theideal (S). This proves that (S) � k[T ]�r.(ii) =) (iii) If (S) � k[T ]�r for some r > 0, then all T ri belong to (S). Thus for everyM = K(a0; : : : ; an) 2 PSol(S;K)0 we must have ari = 0. Since (a0; : : : ; an) 2 Cn(K) we can �ndb0; : : : ; bn 2 K such that 1 = b0a0 + : : : + bnan. This easily implies that1 = (b0a0 + : : : + bnan)r(n+1) = 0:This contradiction shows that PSol(S;K)0 = ; for any k-algebra K. From this we can deduce thatPSol(S;K) = ; for all K. In fact, every M 2 PSol(S;K) de�nes Mf 2 PSol(S;Kf )0 for somef 2 Kf .(iii) =) (i) Obvious. 28



Projective algebraic varieties 29Note that k[T ]�r is an ideal in k[T ] which is equal to the power mr+ wherem+ = k[T ]�1 = (T0; : : : ; Tn):A homogeneous ideal I � k[T ] containing some power of m+ is said to be irrelevant. The previousproposition explains this de�nition.For every homogeneous ideal I in k[T ] we de�ne the projective algebraic variety PV (I) as acorrespondence K ! Sol(I;K). We de�ne the saturation of I byIsat = fF 2 k[T ] : GF 2 I for all G 2 ms+ for some s � 0g:Clearly Isat is a homogeneous ideal in k[T ] containing the ideal I (Check it !) .Proposition 4. Two homogeneous systems S and S0 de�ne the same projective variety if andonly if (S)sat = (S0)sat.Proof. Let us show �rst that for any k-algebraK, the ideals (S) and (S)sat have the same set ofzeroes in Pnk (K). It su�ces to show that they have the same set of zeroes in every Pnk (K)0. Clearlyevery zero of (S)sat is a zero of (S). Assume that a = (a0; : : : ; an) 2 Pnk (K)0 is a zero of (S) butnot of (S)sat. Then there exists a polynomial F 2 (S)sat which does not vanish at a. By de�nition,there exists s � 0 such that TiF 2 (S) for all monomials Ti of degree at least s. This implies thatTi(a)F (a) = 0. By de�nition of homogeneous coordinates, one can write 1 = a0b0 + : : :+ bnan forsome bi. Raising this equality into the s-th power, we obtain that Ti(a) 6= 0 for some i. HenceF (a) = 0.Thus we may assume that (S) = (S)sat; (S0) = (S0)sat. Take (t0; : : : ; tn) 2 Sol(S0; k[T ]=(S0)),where ti = Ti + (S0). For every homogeneous generator F = F (T0; : : : ; Tn) 2 (S0), we considerthe polynomial F 0 = F (1; Z1; : : : ; Zn) 2 k[Z1; : : : ; Zn], where Zi = Ti=T0. Let (S0)0 be the idealin k[Z] generated by all polynomials F 0 where F 2 (S0). Then (1; z1; : : : ; zn) 2 Sol(S0; k[Z]=(S0)0)where zi = Zi mod (S0)0. By assumption, (1; z1; : : : ; zn) 2 Sol(S; k[Z]=(S0)0). This shows thatG(1; Z1; : : : ; Zn) 2 (S0)0 for each homogeneous generator of (S), i.e.G(1; Z1; : : : ; Zn) =Xi QiFi(1; Z1; : : : ; Zn)for some Qi 2 k[Z] and homogeneous generators Fi of (S0). Plugging in Zi = Ti=T0 and reducingto the common denominator, we obtainT d(0)0 G(T0; : : : ; Tn) 2 (S0)for some d(0). Similarly, we obtain that T d(0)G 2 (S0) for some d(i); i = 1; : : : ; n. This easilyimplies that ms+G 2 (S0) for some large enough s (cf. the proof of Proposition 1) . Hence, G 2 (S0)and (S) � (S0). Similarly, we obtain the opposite inclusion.De�nition. A homogeneous ideal I � k[T ] is said to be saturated if I = Isat.Corollary. The map I ! PV (I) is a bijection between the set of saturated homogeneous idealsin k[T] and the set of projective algebraic subvarieties of Pnk .In future we will always assume that a projective variety X is given by a system of equations Ssuch that the ideal (S) is saturated. Then I = (S) is de�ned uniquely and is called the homogeneous29



30 Lecture 5ideal of X and is denoted by I(X). The corresponding factor-algebra k[T ]=I(X) is denoted by k[X]and is called the projective coordinate algebra of X.The notion of a projective algebraic k-set is de�ned similarly to the notion of an a�ne algebraick-set. We �x an algebraically closed extension K of k and consider subsets V � Pn(K) of the formPSol(S;K), where X is a system of homogeneous equations in n-variables with coe�cients in k.We de�ne the Zariski k-topology in Pn(K) by choosing closed sets to be projective algebraic k-sets.We leave the veri�cation of the axioms to the reader.
Problems.1*. Show that Pn(k[T1; : : : ; Tn]) = Pn(k[T1; : : : ; Tn])0, where k is a �eld.2. Let A = Z/(6). Show that A has two maximal ideals m with the corresponding localizationsAm isomorphic to Z=(2) and Z=(3). Show that a projective A-modules of rank 1 is isomorphic toA.3*. Let A = C [T1 ; T2]=(T 21 � T2(T2 � 1)(T2 � 2)); t1 and t2 be the cosets of the unknowns T1 andT2. Show that the ideal (t1; t2) is a projective A-module of rank 1 but not free.4. Let I � k[T ] be a homogeneous ideal such that I � ms+ for some s. Prove that Isat = k[T ].Deduce from this another proof of Proposition 1.5. Find Isat, where I = (T 20 ; T0T1) � k[T0; T1].6. Find the projective closure in P3k of an a�ne variety in A3k given by the equations Z2 � Z21 =0; Z3 � Z31 = 0.7. Let F 2 k[T0; : : : ; Tn] be a homogeneous polynomial free of multiple factors. Show that its set ofsolutions in Pn(K), where K is an algebraically closed extension of k, is irreducible in the Zariskitopology if and only F is an irreducible polynomial.
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B�ezout Theorem 31

Lecture 6. B�EZOUT'S THEOREM AND A GROUP LAW ON A CUBIC CURVEWe begin with an example. Consider two "concentric circles":C : Z21 + Z22 = 1; C 0 : Z21 + Z22 = 4:Obviously, they have no common points in the a�ne plane A2(K) no matter in which algebra Kwe consider our points. However, they do have common points "at in�nity". The precise meaningof this is the following. Let�C : T 21 + T 22 � T 20 = 0; �C 0 : T 21 + T 22 � 4T 20 = 0be the projective closures of these conics in the projective plane P2k, obtained by the homogenizationof the corresponding polynomials. Assume that p�1 2 K. Then the points (one point if K is ofcharacteristic 2) (1;�p�1; 0) are the common points of �C(K) and �C(K)0. In fact, the homogeneousideal generated by the polynomials T 21 + T 22 � T 20 and T 21 + T 22 � 4T 20 de�ning the intersection isequal to the ideal generated by the polynomials T 21 + T 22 � T 20 and T 20 . The same points are thecommon points of the line L : T0 = 0 and the conic �C, but in our case, it is natural to considerthe same points with multiplicity 2 (because of T 20 instead of T0). Thus the two conics have insome sense 4 common points. B�ezout's theorem asserts that any two projective subvarieties of P2kgiven by an irreducible homogeneous equation of degree m and n, respectively, have mn commonpoints (counting with appropriate multiplicities) in P2k(K) for every algebraically closed �eld Kcontaining k. The proof of this theorem which we are giving here is based on the notion of theresultant (or the eliminant) of two polynomials.Theorem 1. There exists a homogeneous polynomial Rn;m 2 Z[A0; : : : ; An; B0; : : : ; Bm] of degreem+ n satisfying the following property:The system of algebraic equations in one unknown over a �eld k :P (Z) = a0Zn + : : : + an = 0; Q(Z) = b0Zm + : : : + bm = 0has a solution in a �eld extension K of k if and only if (a0; : : : ; an; b0; : : : ; bm) is a k�-solution ofthe equation Rn;m = 0:Proof. De�ne Rm;n to be equal to the following determinant of order m+n:�����������A0 : : : An 0 : : : : : :: : : : : : : : : : : : : : : : : :0 : : : 0 A0 : : : AnB0 : : : Bm 0 : : : : : :: : : : : : : : : : : : : : : : : :0 : : : 0 B0 : : : Bm
�����������31



32 Lecture 6where the �rst m rows are occupied with the string (A0; : : : ; An) and zeroes, and the remaining nrows are occupied with the string (B0; : : : ; Bm) and zeroes. Assume � 2 K is a common solutionof two polynomials P (Z) and Q(Z). WriteP (Z) = (Z � �)P1(Z); Q(Z) = (Z � �)Q1(Z)where P1(Z); Q1(Z) 2 K[Z] of degree n� 1 and m� 1, respectively. Multiplying P1(Z) by Q1(Z),and Q(Z) by P1(Z), we obtain P (Z)Q1(Z)�Q(Z)P1(Z) = 0: (1)This shows that the coe�cients of Q1(Z) and P1(Z) (altogether we have n+m of them) satisfy asystem of n +m linear equations. The coe�cient matrix of this system can be easily computed,and we �nd it to be equal to the transpose of the matrix0BBBBB@ a0 : : : an 0 : : : : : :: : : : : : : : : : : : : : : : : :0 : : : 0 a0 : : : an�b0 : : : �bm 0 : : : : : :: : : : : : : : : : : : : : : : : :0 : : : 0 �b0 : : : �bm
1CCCCCA :A solution can be found if and only if its determinant is equal to zero. Obviously this deter-minant is equal (up to a sign) to the value of Rn;m at (a0; : : : ; an; b0; : : : ; bm). Conversely, assumethat the above determinant vanishes. Then we �nd a polynomial P1(Z) of degree � n � 1 and apolynomial Q1(Z) of degree � m � 1 satisfying (1). Both of them have coe�cients in k. Let �be a root of P (Z) in some extension K of k. Then � is a root of Q(Z)P1(Z). This implies thatZ � � divides Q(Z) or P1(Z). If it divides P (Z), we found a common root of P (Z) and Q(Z). Ifit divides P1(Z), we replace P1(Z) with P1(Z)=(Z � �) and repeat the argument. Since P1(Z) isof degree less than n, we �nally �nd a common root of p(Z) and q(Z).The polynomial Rn;m is called the resultant of order (n;m). For any two polynomials P (Z) =a0Zn+ : : :+ an and Q(Z) = b0Zm+ : : :+ bm the value of Rn;m at (a0; : : : ; an; b0; : : : ; bm) is calledthe resultant of P (Z) and Q(Z), and is denoted by Rn;m(P;Q).A projective algebraic subvariety X of P2k given by an equation: F (T0; T1; T2) = 0; whereF 6= 0 is a homogeneous polynomial of degree d will be called a plane projective curve of degree d.If d = 1, we call it a line, if d = 2 , we call it a conic (then cubic, quartic, quintic, sextic, septic,octic curve). We say that X is irreducible if its equation is given by an irreducible polynomial.Theorem 2 (B�ezout). Let F (T0; T1; T2) = 0; G(T0; T1; T2) = 0be two di�erent plane irreducible projective curves of degree n and m, respectively, over a �eldk. For any algebraically closed �eld K containing k, the system F = 0; G = 0 has exactly mnsolutions in P2(K) counted with appropriate multiplicities.Proof. Since we are interested in solutions in an algebraically closed �eld K, we may replacek by its algebraic closure to assume that k is algebraically closed. In particular k is an in�niteset. We shall deduce later from the theory of dimension of algebraic varieties that there are only32



B�ezout Theorem 33�nitely many K-solutions of F = G = 0. Thus we can always �nd a line T0 + bT1 + cT2 = 0 withcoe�cients in k that has no K-solutions of F = G = 0. This is where we use the assumption thatk is in�nite. Also choose a di�erent line aT0 + T1 + dT2 = 0 with a 6= b such that for any �; � 2 Kthe line (� + �a)T0 + (�b + �)T1 + (�c + �)T2 = 0 has at most one solution of F = G = 0 in K.The set of triples (�; �; 
) such that the line �T0+�T1+
T2 = 0 contains a given point (resp. twodistinct points) is a two-dimensional (resp. one-dimensional) linear subspace of k3. Thus the setof lines �T0 + �T1 + 
T2 = 0 containing at least two solutions of F = G = 0 is a �nite set. Thuswe can always choose a line in k3 containing (1; b; c) and some other vector (a; 1; d) such that itdoes not belong to this set. Making the invertible change of variablesT0 ! T0 + bT1 + cT2; T1 ! aT0 + T1 + dT2; T2 ! T2we may assume that for every solution (a0; a1; a2) of F = G = 0 we have a0 6= 0, and also that noline of the form �T0 + �T1 = 0 contains more than one solution of F = G = 0 in K. WriteF = a0Tn2 + : : :+ an; G = b0Tm2 + : : : + am;where ai; bi 2 k[T0; T1]i. Obviously, an; bm 6= 0, since otherwise T2 is a factor of F or G. LetR(A0; : : : ; An; B0; : : : ; Bm)be the resultant of order (n;m). Plug ai in Ai, and bj in Bj , and let �R = R(a0; : : : ; an; b0; : : : ; bm)be the corresponding homogeneous polynomial in T0; T1. It is easy to see, using the de�nition ofthe determinant, that �R is a homogeneous polynomial of degreemn. It is not zero, since otherwise,by the previous Lemma, for every (�0; �1) the polynomials F (�0; �1; T2) and G(�0; �1; T2) have acommon root in K. This shows that P2(K) contains in�nitely many solutions of the equationsF = G = 0, which is impossible as we have explained earlier. Thus we may assume that �R 6= 0.Dehomogenizing it, we obtain: �R = Tnm0 �R0(T1=T0)where �R0 is a polynomial of degree � nm in the unknown Z = T1=T0. Assume �rst that the degreeof �R0 is exactly mn. Let �1; : : : ; �nm be its nm roots in the algebraic closure �k of k (some of themmay be equal). Obviously, �R(1; �) = 0; henceR(a0(1; �); : : : ; an(1; �); b0(1; �); : : : ; bm(1; �)) = 0:By Theorem 1, the polynomials in T2 F (1; �; T2) and G(1; �; T2) have a common root � in �k. Itis also unique in view of our choice of the coordinate system. Thus (1; �; �) is a solution of thehomogeneous system F = G = 0 in �k. This shows that the system F = 0; G = 0 has nm solutions,the multiplicity of a root � of �R0 = 0 has to be taken as the multiplicity of the correspondingcommon solution. Conversely, every solution (�0; �1; �2) of F = G = 0, where �0 6= 0, de�nes aroot � = �1=�0 of �R0 = 0. To complete the proof, we have to consider the case where �R0 is of degreed < nm. This happens only if �R(T0; T1) = Tnm�d0 P (T0; T1); where P 2 k[T0; T1]d does not containT0 as its irreducible factor. Obviously, �R(0; 1) = 0. Thus (0; 1; �) is a solution of F = G = 0 forsome � 2 K. This contradicts our assumption from the beginning of the proof.Example 1. Fix an algebraically closed �eld K containing k. Assume that m = 1, i.e.,G = �0T0 + �1T1 + �2T2 = 033



34 Lecture 6is a line. Without loss of generality, we may assume that �2 = �1. Computing the resultant, we�nd that, in the notation of the previous proof,�R(T0; T1) = a0(�0T0 + �1T1)n + : : :+ an:Thus �R is obtained by "eliminating" the unknown T2. We see that the line L : G = 0 \intersects"the curve X : F = 0 at n K-points corresponding to n solutions of the equation �R(T0; T1) = 0in P1(K). A solution is multiple, if the corresponding root of the dehomogenized equation ismultiple. Thus we can speak about the multiplicity of a common K-point of L and F = 0 inP2(K). We say that a point x 2 X(K) is a nonsingular point if there exists at most one line L overK which intersects X at x with multiplicity > 1. A curve such that all its points are nonsingularis called nonsingular. We say that L is tangent to the curve X at a nonsingular point x 2 P2(K)if x 2 L(K)\X(K) and its multiplicity � 2. We say that a tangent line L is an in
ection line atx if the multiplicity � 3. If such a tangent line exists at a point x, we say that x is an in
ectionpoint (or a 
ex) of X.Let P (Z1; : : : ; Zn) 2 k[Z1; : : : ; Zn] be any polynomial in n variables with coe�cients in a �eldk. We de�ne the partial derivatives @P@Zj of Z as follows. First we assume that P is a monomialZi11 � � �Zinn and set @P@Zj = � ijZi11 � � �Zij�1j � � �Zinn if ij > 0,0 otherwise :Then we extend the de�nition to all polynomials by linearity over k requiring that@(aP + bQ)@Zj = a @P@Zj + b @Q@Zjfor all a; b 2 k and any monomials P;Q. It is easy to check that the partial derivatives enjoy thesame properties as the partial derivatives of functions de�ned by using the limits. For example, themap P 7! @P@Zj is a derivation of the k-algebra k[Z1; : : : ; Zn], i.e. , it is a k-linear map @ satisfyingthe chain rule: @(PQ) = P@(Q) +Q@(P ):The partial derivatives of higher order are de�ned by composing the operators of partial derivatives.Proposition 1. (i) X : F (T0; T1; T2) = 0 be a plane projective curve of degree d. A point(a0; a1; a2) 2 X(K) is nonsingular if and only if (a0; a1; a2) is not a solution of the system ofhomogeneous equations @F@T0 = @F@T1 = @F@T2 = 0:(ii) If (a0; a1; a2) is a nonsingular point, then the tangent line at this point is given by the equation2Xi=0 @F@Ti (a0; a1; a2)Ti = 0:(iii) Assume 2 is invertible in k (i.e. the characteristic of k is not equal to 2). A nonsingular point(a0; a1; a2) is an in
ection point if and only ifdet0BB@ @2F@T 20 @2F@T0@T1 @2F@T0@T2@2F@T1@T0 @2F@T 21 @2F@T1@T2@2F@T1@T0 @2F@T2@T1 @2F@T 22 1CCA (a0; a1; a2) = 0:34



B�ezout Theorem 35Proof. We check these assertions only for the case (a0; a1; a2) = (1; 0; 0). The general caseis reduced to this case by using the variable change. The usual formula for the variable changein partial derivatives are easily extended to our algebraic partial derivatives. We leave the detailsof this reduction to the reader. Write F as a polynomial in T0 with coe�cients polynomials inT1; T � 2.F (T0; T1; T2) = T q0Pd�q(T1; T2) + T q�10 Pd�q+1(T1; T2) + � � � + Pd(T1; T2); q � d:Here the subscript indices coincides with the degree of the corresponding homogeneous polynomialif it is not zero and we assume that Pd�q 6= 0. We assume that F (1; 0; 0) = 0. This implies thatq < d. A line through the point (1; 0; 0) is de�ned by an equation T2 � �T1 = 0 for some � 2 k.Eliminating T2 we getF (T0; T1; �T1) = T q0 T d�q1 Pd�q(1; �) + T q�10 T d�q+11 Pd�q+1(1; �) + � � � + T d1 Pd(1; �)= T d�q1 �T q0 Pd�q(1; �) + T q�10 T1Pd�q+1(1; �) + � � � + T q1Pd(1; �)�:It is clear that each line intersects the curve X at the point (1; 0; 0) with multiplicity > 1 if andonly if d� q > 1. Thus (1; 0; 0) is nonsingular if and only if q = d� 1. Let P (T1; T2) = aT1 + bT2.Computing the partial derivatives of F (T0; T1; T2) at (1; 0; 0) we easily �nd that@F@T0 (1; 0; 0) = 0; @F@T1 (1; 0; 0) = a; @F@T1 (1; 0; 0) = b:Thus d� q > 1 if and only if the partial vanish. This proves assertion (i). Assume that the pointis nonsingular, i.e. d� q = 1. The unique tangent line satis�es the linear equationP1(1; �) = a+ b� = 0: (2)Obviously the lines �T1 � T2 = 0 and aT1 + bT2 = 0 coincide. This proves assertion (ii).Let P2(T1; T2) = �T 21 +�T1T2+
T 22 : Obviously, the point (1; 0; 0) is an in
ection point if andonly if P2(1; �) = 0. Computing the second partial derivatives we �nd thatdet0BB@ @2F@T 20 @2F@T0@T1 @2F@T0@T2@2F@T1@T0 @2F@T 21 @2F@T1@T2@2F@T1@T0 @2F@T2@T1 @2F@T 22 1CCA (1; 0; 0) = det0@ 0 a ba 2� �b � 2
1A = 2P2(a; b):It follows from (2) that P2(a; b) = 0 if and only if P2(1; �) = 0. Since we assume that 2 is invertiblein k we obtain that (1; 0; 0) is an in
ection point if and only if the determinant from assertion (3)is equal to zero.Remark 1. The determinant det0BB@ @2F@T 20 @2F@T0@T1 @2F@T0@T2@2F@T1@T0 @2F@T 21 @2F@T1@T2@2F@T1@T0 @2F@T2@T1 @2F@T 22 1CCAis a homogeneous polynomial of degree 3(d�2) unless it is identically zero. It is called the Hessianpolynomial of F and is denoted by Hess(F ). If Hess(F ) 6= 0, the plane projective curve of degree35



36 Lecture 63(d � 2) given by the equation Hess(F ) = 0 is called the Hessian curve of the curve F = 0.Applying Proposition 1 and B�ezout's Theorem, we obtain that a plane curve of degree d has3d(d� 2) in
ection points counting with multiplicities.Here is an example of a polynomial F de�ning a nonsingular plane curve with Hess(F ) = 0:F (T0; T1; T2) = T p+10 + T p+11 + T p+12 = 0;where k is of characteristic p > 0. One can show that Hess(F ) 6= 0 if k is of characteristic 0.Let us give an application of the B�ezout Theorem. LetX : F (T0; T1; T2) = 0be a projective plane cubic curve. Fix a �eld K containing k (not necessary algebraically closed).Let �k be the algebraic closure of k containingK. We assume that each point of X(�k) is nonsingular.Later when we shall study local properties of algebraic varieties, we give some simple criterionswhen does it happen.Fix a point e 2 X(K). Let x; y be two di�erent points from X(K). De�ne the sumx� y 2 X(K)as a point in X(K) determined by the following construction. Find a line L1 over K with y; x 2L1(K). This can be done by solving two linear equations with three unknowns. By B�ezout'sTheorem, there is a third intersection point, denote it by yx. Since this point can be found bysolving a cubic equation over K with two roots in K (de�ned by the points x and y), the pointyx 2 X(K). Now �nd another K-line L2 which contains yx and e, and let y � x denote the thirdintersection point. If yx happens to be equal to e, take for L2 the tangent line to X at e. If y = x,take for L1 the tangent line at y. We claim that this construction de�nes the group law on X(K).
x y
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Fig.1Clearly y � x = x� y;i.e., the binary law is commutative. The point e is the zero element of the law. If x 2 X(K), theopposite point �x is the point of intersection of X(K) with the line passing through x and thethe third point x1 at which the tangent at e intersects the curve. The only non-trivial statementis the property of associativity. We use the following picture to verify this property:36



B�ezout Theorem 37
x y xy

zy

z
e

z y

)( yx z

x y
y z)(x

Fig.2Consider the eight points e; x; y; z; zy; xy; x � y; y � z. They lie on three cubic curves. The�rst one is the original cubic X. The second one is the union of three lines< x; y > [ < yz; y � z > [ < z; x � y > (1)where for any two distinct points a; b 2 P2(K) we denote by < a; b > the unique K-line L witha; b 2 L(K). Also the \union" means that we are considering the variety given by the product ofthe linear polynomials de�ning each line. The third one is also the union of three lines< y; z > [ < xy; x � y > [ < x; y � z > : (20We will use the following:Lemma 1. Let x1; : : : ; x8 be eight distinct points in P2(K). Suppose that all of them belongto X(K) where X is a plane irreducible projective cubic curve. Assume also that the pointsx1; x2; x3 lie on two di�erent lines which do not contain points xi with i > 3. There exists aunique point x9 such that any cubic curve Y containing all eight points contains also x9, andeither x9 62 fx1; : : : ; x8g or x9 enters in X(K)\ Y (K) with multiplicity 2.Proof. Let Y be given by an equation F = a0T 30 +a1T 20 T1+ : : : = 0 the polynomial F . A pointx = (�0; �1; �2) 2 X(K) if and only if the ten coe�cients of F satisfy a linear equation whosecoe�cients are the values of the monomials of degree 3 at (�0; �1; �2). The condition that a cubiccurve passes through 8 points introduces 8 linear equations in 10 unknowns. The space of solutionsof this system is of dimension � 2. Suppose that the dimension is exactly 2. Then the equation ofany cubic containing the points x1; : : : ; x8 can be written in the form �F1+�F2, where F1 and F2correspond to two linearly independent solutions of the system. Let x9 be the ninth intersectionpoint of F1 = 0 and F2 = 0 (B�ezout's Theorem). Obviously x9 is a solution of F = 0. It remainsto consider the case when the space of solutions of the system of linear equation has dimension> 2. Let L be the line with X1; x2 2 L(K). Choose two points x; y 2 L(K) n fx1; x2g which arenot in X(K). Since passing through a point imposes one linear condition, we can �nd a cubiccurve Y : G = 0 with x; y; x1; : : : ; x8 2 Y (K). But then L(K) \ Y (K) contains four points. ByB�ezout's Theorem this could happen only if G is the product of a linear polynomial de�ning L anda polynomial B of degree 2. By assumption L does not contain any other point x3; : : : ; x8. Thenthe conic C : B = 0 must contain the points x3; : : : ; x8. Repeating the argument for the pointsx1; x3, we �nd a conic C 0 : B0 = 0 which contains the points x2; x4; : : : ; x8. Clearly C 6= C 0 sinceotherwise C contains 7 common points with an irreducible cubic. Since C(K) \ C 0(K) contains 537



38 Lecture 6points in common, by B�ezout's Theorem we obtain that B and B0 have a common linear factor.This easily implies that 4 points among x4; : : : ; x8 must be on a line. But this line cannot intersectan irreducible cubic at four points in P2k(K).Remark 2. Here is an example of the con�guration of 8 points which do not satisfy the assumptionof the Lemma. Consider the cubic curve (over C) given by the equation:T 30 + T 31 + T 32 + �T0T1T2 = 0:It is possible to choose the parameter � such that the curve is irreducible. Let x1; : : : ; x9 be thenine points on this curve with the coordinates:(0; 1; �); (1; 0; �); (1; 1; �)where � is one of three cube roots of �1. Each point xi lies on four lines which contain twoother points xj 6= xi. For example, (0; 1;�1) lies on the line T0 = 0 which contains the points(0; 1; �); (0; 1; �2) and on the three lines �T0�T1�T2 = 0 which contains the points (1; 0; �); (1; �; 0).The set x1; : : : ; x8 is the needed con�guration. One easily checks that the nine points x1; : : : ; x9are the in
ection points of the cubic curve C (by Remark 1 we expect exactly 9 in
ection points).The con�guration of the 12 lines as above is called the Hesse con�guration of lines.
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Fig. 3Nevertheless one can prove that the assertion of Lemma 1 is true without additional assumptionon the eight points.To apply Lemma 1 we take the eight points e; x; y; z; zy; xy; x � y; y � z in X(K). Obviouslythey satisfy the assumptions of the lemma. Observe that (x � y)z lies in X(K) and also in thecubic (1), and x(y � z) lies in X(K) and in the cubic (2). By the Lemma (x� y)z = x(y � z) isthe unique ninth point. This immediately implies that (x� y)� z = x� (y � z):Remark 3. Our proof is in fact not quite complete since we assumed that all the pointse; x; y; z; zy; xy; x � y; y � z are distinct. We shall complete it later but the idea is simple. Wewill be able to consider the product X(K)�X(K)�X(K) as a projective algebraic set with theZariski topology. The subset of triples (x; y; z) for which the associativity x� (y� z) = (x� y)� zholds is open (since all degenerations are described by algebraic equations). On the other hand itis also closed since the group law is de�ned by a polynomial map. Since X(K)�X(K)�X(K) isan irreducible space, this open space must coincide with the whole space.Remark 4. Depending on K the structure of the group X(K) can be very di�erent. A famoustheorem of Mordell-Weil says that this group is �nitely generated if K is a �nite extension of Q.38



B�ezout Theorem 39One of the most interesting problems in number theory is to compute the rank of this group. Onthe other hand, the groupX(C) is isomorphic to the factor groupC=Z2. Obviously it is not �nitelygenerated.Problems.1. Let P (Z) = a0Zn + a1Zn�1 + : : :+ an be a polynomial with coe�cients in a �eld k, andP 0(Z) = na0Zn�1 + (n� 1)a1Zn�2 + : : :+ an be its derivative. The resultant Rn;n�1(P;P 0) of Pand P 0 is called the discriminant of P . Show that the discriminant is equal to zero if and only ifP (Z) has a multiple root in the algebraic closure �k of k. Compute the discriminant of quadraticand cubic polynomials. Using computer compute the discriminant of a quartic polynomial.2. Let P (Z) = a0(Z � �1) : : : (Z � �n) and Q(x) = b0(Z � �1) : : : (Z � �m) be the factorizationsof the two polynomials into linear factors (over an algebraic closure of k). Show thatRn;m(P;Q) = �am0 bn0 nYi=1 mYi=1(�i � �j) = am0 nYi=1Q(�i) = bn0 mYj=1P (�j):3. Find explicit formulae for the group law on X(C), where X is a cubic curve de�ned by theequation T 21 T0 � T 32 � T 30 = 0. You may take for the zero element the point (0; 1; 0).4. In the notation of the previous problem, show that elements x 2 X(C) of order 3 (i.e. 3x = 0in the group law) correspond to in
ection points of X. Show that there are 9 of them. Showthat the set of eight in
ection points is an example of the con�guration which does not satisfy theassumption of Lemma 1.5. Let X be given by the equation T 21 T0 � T 32 = 0. Similarly to the case of a nonsingular cubic,show that for any �eld K the set X(K)0 = X(K) n f(1; 0; 0)g has a group structure isomorphic tothe additive group K+ of the �eld K.6. Let X be given by the equation T 21 T0 � T 22 (T2 + T0) = 0. Similarly to the case of a nonsingularcubic, show that for any �eldK the setX(K)0 = X(K)nf(1; 0; 0)g has a group structure isomorphicto the multiplicative group K� of the �eld K.

39



40 Lecture 7

Lecture 7. MORPHISMS OF PROJECTIVE ALGEBRAIC VARIETIESFollowing the de�nition of a morphism of a�ne algebraic varieties we can de�ne a morphismf : X ! Y of two projective algebraic varieties as a set of maps fK : X(K) ! Y (K) de�ned foreach k-algebra K such that, for any homomorphism � : K ! L of k-algebras, the natural diagramX(K) X(�)�! X(L)fK # # fLY (K) Y (�)�! Y (L): (1)is commutative. Recall that a morphism of a�ne varieties f : X ! Y is uniquely determined bythe homomorphism f� : O(Y )! O(X). This is not true anymore for projective algebraic varieties.Indeed, let � : k[Y ] ! k[X] be a homomorphism of the projective coordinate rings. Suppose itis given by the polynomials F0; : : : ; Fn. Then the restriction of the map to the set of global linesmust be given by the formulaa = (�0; : : : ; �n)! (F0(a); : : : ; Fn(a)):Obviously these polynomials must be homogeneous of the same degree. Otherwise, the value willdepend on the choice of coordinates of the point a 2 X(K). This is not all. Suppose all Fi vanish ata. Since (0; : : : ; 0) 62 C(K)n, the image of a is not de�ned. So not any homomorphism k[Y ]! k[X]de�nes a morphism of projective algebraic varieties. In this lecture we give an explicit descriptionfor morphisms of projective algebraic varieties.Let us �rst learn how to de�ne a morphism f : X ! Y � Pnk from an a�ne k-variety X to aprojective algebraic k-variety Y . To de�ne f it is enough to de�ne f : X ! Pnk and to check thatfK(X(K)) � Y (K) for each K. We know that X(K) = Homk�alg(O(X);K). Take K = O(X)and the identity homomorphism idO(X) 2 X(K). It is sent to an element M 2 Pnk (O(X)). Theprojective O(X)-moduleM completely determines f . In fact, let x 2 X(K) and evx : O(X)! Kbe the corresponding homomorphism of k-algebras. Using the commutative diagram (1) (whereK = O(X); L = K;� = evx), we see thatfK(x) =M 
O(X) K; (2)where K is considered as an O(X)-algebra by means of the homomorphism evx (i.e. a �z = evx(a)zfor any a 2 O(X); z 2 K). Conversely, any M 2 Pn(O(X) de�nes a map f : X ! Pnk by using theformula (2). If M is a global line de�ned by projective coordinates (a0; : : : ; an) 2 C(O(X))n, thenfK(x) =M 
O(X) K = (a0(x); : : : ; an(x))K 2 Pn(K);40



Morphisms of projective algebraic varieties 41where as always we denote evx(a) by a(x). Since O(X) = k[Z1; : : : ; Zn]=I for some ideal I, we canchoose polynomial representatives of ai's to obtain that our map is de�ned by a collection of n+1polynomials (not necessary homogeneous of course since X is a�ne). They do not simulteneoulslyvanish at x since a0; : : : ; an generate the unit ideal. However, in general M is not necessary afree module, so we have to deal with maps de�ned by local but not global lines over O(X). Thisexplains why we had to struggle with a general notion of Pn(A).Let us describe more explicitly the maps corresponding to any local line M . Let us choose acovering family faigi2I which trivializes M , i.e. Mi = Mai is a global line de�ned by projectivecoordinates (p(i)0 =ari ; : : : ; p(i)n =ari ) 2 C(O(X)ai)n. Note that since ari is invertible in O(X)ai wecan always assume that r = 0. If no confusion arises we denote the elements a=1; a 2 A in thelocalization Af of a ring A by a. Since 1 =Pj bjp(i)j =ari for some b0; : : : ; bn 2 O(X)ai, we obtain,after clearing the denominators, that the ideal generated by p(i)0 ; : : : ; p(i)n is equal to (adi ) for somed � 0. So (p(i)0 ; : : : ; p(i)n ) 2 C(O(X)ai)n but, in general, (p(i)0 ; : : : ; p(i)n ) 62 C(O(X))n:Assume ai(x) = evx(ai) 6= 0. Let xi be the image of x 2 X(K) in X(Kai(x)) under thenatural homomorphism K ! Kai(x). Let us consider Kai(x) as an O(X)-algebra by means of thecomposition of homomorphisms O(X) evx! K ! Kai(x). ThenfKai(x)(xi) =M 
O(X) Kai(x) �= (M 
O(X) O(X)ai)
O(X)ai Kai(x) =Mi 
O(X)ai Kai(x);where Kai(x) is an O(X)ai-algebra by means of the homomorphism O(X)ai ! Kai(x) de�ned byaari 7! a(x)ai(x)r . Since Mi = (p(i)0 ; : : : ; p(i)n )O(X)ai we obtain thatfKai(x)(xi) = (p(i)0 (x); : : : ; p(i)n (x))Kai(x) 2 Pn(Kai(x)):If K is a �eld, Kai(x) = K (because ai(x) 6= 0) and we see that, for any x 2 X(K) such thatai(x) 6= 0 we have fK(x) = (p(i)0 (x); : : : ; p(i)n (x)) 2 Pn(K): (3)Thus we see that the morphism f : X ! Pnk is given by not a \global" polynomial formula but byseveral \local" polynomial formulas (3). We take x 2 X(K), �nd i 2 I such that ai(x) 6= 0 (wecan always do it since 1 = Pi2I biai for some bi 2 O(X)) and then de�ne fK(x) by the formula(3). The collection f(p(i)0 ; : : : ; p(i)n )gi2Iof elements (p(i)0 ; : : : ; p(i)n ) 2 O(X)n+1 satis�es the following properties:(i) (p(i)0 ; : : : ; p(i)n ) = (adii ) for some di � 0;(ii) for any i; j 2 I; (p(i)0 ; : : : ; p(i)n ) = gij(p(j)0 ; : : : ; p(j)n ) in (O(X)aiaj )n+1 for some invertible gij 2O(X)aiaj ;(iii) for any F from the homogeneous ideal de�ning Y; F (p(i)0 ; : : : ; p(i)n ) = 0; i 2 I.Note that the same map can be given by any other collection:(q(j)0 ; : : : ; q(j)n )j2J41



42 Lecture 7de�ning the same local line M 2 Pn(O(X)) in a trivializing covering family fbjgj2J . They agreein the folowing sense: p(i)k = q(j)k gij ; k = 0; : : : ; n;where gij 2 O(X)�aibj .For each i 2 I this collection de�nes a projective module Mi 2 Pn(O(X)ai) generated by(p(i)0 ; : : : ; p(i)n ). We shall prove in the next lemma that there exists a projective module M 2Pn(O(X)) such thatMai �=Mi for each i 2 I. This module is de�ned uniquely up to isomorphism.Using M we can de�ne f by sending idO(X) 2 X(O(X)) to M . If x 2 X(K), where K is a �eld,the image fK(x) is de�ned by formulae (2).Let us now state and prove the lemma. Recall �rst that for any ring A a local lineM 2 Pn(A)de�nes a collection fMaigi2I of lines in An+1ai for some covering family faigi2I of elements in A.Let us see how to reconstruct M from fMaigi2I . We know that for any i; j 2 I the images mi ofm 2M in Mai satisfy the following condition of compatibility:�ij(mi) = �ji(mj)where �ij :Mai !Maifj is the canonical homomorphism m=ari ! mfrj =(aifj)r.For any family fMigi2I of Aai -modules letlim�!i2I Mi = f(mi)2I 2Yi2IMi : �ij(mi) = �ji(mj) for any i; j 2 Ig:This can be naturally considered as a submodule of the direct sum �i2IMi of A-modules. Thereis a canonical homomorphism � :M ! lim�!i2I Maide�ned by m! (mi = m)i2I :Lemma. The homomorphism � :M ! lim�!i2I Maiis an isomorphism.Proof. We assume that the set of indices I is �nite. This is enough for our applications sincewe can always choose a �nite covering subfamily. The proof of injectivity is similar to the proof ofLemma 4 from Lecture 5 and is left to the reader. Let us show the surjectivity. Let(mianii )i2I 2 lim�!i2I Maifor some mi 2M and ni � 0. Again we may assume that all ni are equal to some n. Since for anyi; j 2 I �ij(miani ) = �ji(mjanj );we have (aiaj)r(anjmi � animj) = 042



Morphisms of projective algebraic varieties 43for some r � 0. Let pi = miari ; k = r + n. Thenmiani = piaki ; fkj pi = aki pj :We can write 1 =Pi biaki . Set m =Pi bipi: Thenakjm =Xi biakj pi =Xi biaki pj = 1pj = pj :This shows that the image of m in each Mai coincides with pi=aki = mi=ani for each i 2 I. Thisproves the surjectivity.In our situation, Mi is generated by (p(i)0 ; : : : ; p(i)n ) 2 C(O(Xai) and property (ii) from abovetells us that (Mi)aj = (Mj)ai . Thus we can apply the lemma to de�ne M .Let f : X ! Y be a morphism of projective algebraic varieties, X � Pmk ; Y � Pnk . For everyk-algebra K and M 2 X(K) we have N = fK(M) 2 Y (K). It follows from commutativity ofdiagrams (1) that for any a 2 K; f(Ka)(Ma) = Na. Let faigi2I be a covering family of elementsin K. Then, applying the previous lemma, we will be able to recover N from the family fNaigi2I .Taking a covering family which trivializesM , we see that our morphism f : X ! Y is determinedby its restriction to X 0 : K ! Pn(K)0 \X(K), i.e., it su�ces to describe it only on "global" linesM 2 X(K). Also observe that we can always choose a trivializing family faigi2I of any local lineM 2 X(K) in such a way that Mai is given by projective coordinates (ti(i)0 ; : : : ; t(i)m ) with at leastone t(i)j invertible in Mai . For example we can take the covering family, where each ai is replacedby fait(i)0 ; : : : ; ait(i)m g (check that it is a covering family) then each t(i)j is invertible in Kait(i)j . Notethat this is true even when t(i)j = 0 because K0 = f0g and in the ring f0g one has 0 = 1. Thus itis enough to de�ne the maps X(K)! Y (K) on the subsets X(K)00 of global K-lines with at leastone invertible projective coordinate.Let X be de�ned by a homogeneous ideal I � k[T0; : : : ; Tm]. We denote by Ir the ideal inthe ring k[T0=Tr; : : : ; Tm=Tr] obtained by dehomogenizations of polynomials from I. Let Xr � A mkbe the corresponding a�ne algebraic k-variety. We have O(Xr) �= k[T0=Tr; : : : ; Tm=Tr]=Ir. Wehave a natural map ir : Xr(K)! X(K)00 obtained by the restriction of the natural inclusion mapir : Km ! Pm(K)00 (putting 1 at the rth spot). It is clear that each x 2 X(K)00 belongs to theimage of some ir. Now to de�ne the morphismX ! Y it su�ces to de�ne the morphisms fr : Xr !Y; r = 0; : : : ;m. This we know how to do. Each fr is given by a collection f(p(s)0 ; : : : ; p(s)n )gs2S(r);where each coordinate p(s)j is an element of the ring O(X)r), and as 2 rad(fp(s)0 ; : : : ; p(s)n g) for someas 2 O(X)r. We can �nd a representative of p(s)j in k[T0=Tr; : : : ; Tn=Tr] of the form P (s)j =T djr whereP (s)j is a homogeneous polynomials of the same degree dj . Reducing to the common denominator,we can assume that dj = d(s) is independent of j = 0; : : : ; n. Also by choosing appropriaterepresentative Fs=T lr for as, we obtain that T�r F �s 2 (P (s)0 ; : : : ; P (s)n ) + I. Collecting all these datafor each r = 0; : : : ;m; we get that our morphism is given by a collection of(P (s)0 ; : : : ; P (s)n ) 2 k[T0; : : : ; Tm]d(s); s 2 S = S(0)a : : :aS(m):The map is given as follows. Take x = (x0; : : : ; xm) 2 X(K)00. If xr is invertible in K, send x to alocal line from Y (K) de�ned by the global lines(P (s)0 (x); : : : ; P (s)n (x)) 2 Y (KFs(x)); s 2 S(r)43



44 Lecture 7Since we can write for any s 2 S(r); T�(r)r F �(r)s = Pj LjP (s)j + I; plugging x in both sides, andusing that Tr(x)�(r) = x�(r)r is invertible, we obtainFs(x)�(r) =Xj Lj(x)P (s)j (x):This shows that (P (s)0 (x); : : : ; P (s)n (x)) 2 Cn(KFs(x)) is satis�ed. Note that this de�nition is inde-pendent from the choice of projective coordinates of x. In fact, if we multiply x by � 2 K�, we getP (s)0 (�x) = �k(s)P (s)0 (x). Also Fs(x) will change to �dFs(x) for some d � 0, which gives the samelocalization KFs(x).Of course this representation is not de�ned uniquely in many ways. Also it must be somecompatibility condition, the result of our map is independent from which r we take with thecondition that xr 2 K�. As is easy to see this is achieved by requiring:P (s)j P (s0)k � P (s)k P (s0)j 2 Ifor any s 2 S(r); s0 2 S(r0) and any k; j = 0; : : : ; n: Since F (p(s)0 ; : : : ; p(s)n ) = 0 for any F from thehomogeneous ideal J de�ning Y , we must haveF (P (s)0 ; : : : ; P (s)n ) 2 I for any s 2 S:The following proposition gives some conditions when a morphism X ! Y can be given byone collection of homogeneous polynomials:Proposition 1. Let X � Pmk and Y � Pnk be two projective algebraic varieties de�ned by homo-geneous ideals I � k[T0; : : : ; Tm] and J � k[T 00; : : : ; T 0n], respectively. Let � : k[T 0]=J ! k[T ]=I bea homomorphism given by polynomials F0; : : : ; Fn 2 k[T0; : : : ; Tm] (whose cosets modulo I are theimages of T 0i modulo I). Assume(i) all Fi 2 k[T0; : : : ; Tm]d for some d � 0;(ii) the ideal in k[T0; : : : ; Tm] generated by the ideal I and Fi's is irrelevant (i.e., contains the idealk[T0; : : : ; Tm]�s for some s > 0).Then the formula: a = (�0; : : : ; �m)! (F0(a); : : : ; Fn(a)); a 2 X(K)\ Pm(K)0de�nes a morphism f : X ! Y .Proof. We have to check that (F0(a); : : : ; Fn(a)) 2 Cn(K) \ Y (K) for all K-algebras K.The \functoriality" (i.e. the commutativity of tyhe diagrams corresponding to homomorphismsK ! K 0) is clear. Let a] : k[T ]=I ! K; Ti mod I ! �i; be the homomorphisms de�ned by thepoint a. The composition a] � � : k[T 0]=J ! K is de�ned by sending T 0j mod J to Fj(a). Thus forany G 2 J we have G(F0(a); : : : ; Fn(a)) = 0: It remains to show that (F0(a); : : : ; Fn(a)) 2 C(K)n.Suppose the coordinates generate a proper ideal I of K. By assumption, for some s > 0, we canwrite T si = Pj QjFj + I, for some Qj 2 k[T ]. Thus asi = T si (a) 2 I. Writing 1 = Pi biasi , weobtain that 1 2 I. This contradiction shows that (F0(a); : : : ; Fn(a)) 2 C(K)n. This proves theassertion.Examples. 1. Let � : k[T0; : : : ; Tn]! k[T0; : : : ; Tn] be an automorphism of the polynomial algebragiven by a linear homogeneous change of variables. More precisely:�(Ti) = nXj=0 aijTj ; i = 0; : : : ; n44



Morphisms of projective algebraic varieties 45where (aij) is an invertible (n + 1) � (n + 1)-matrix with entries in k. It is clear that � satis�esthe assumption of Proposition 1, therefore it de�nes an automorphism: f : Pnk ! Pnk : It is called aprojective automorphism.2. Assume char(k) 6= 2. Let C � A 2k be the circle Z21 + Z22 = 1 and let X : T 21 + T 22 = T 20 be itsprojective closure in P2k. Applying a projective automorphism of P2k; T0 ! T2; T1 ! T0 � T1; T2 !T0+T1 we see that X is isomorphic to the curve T 20 �T1T2 = 0. Let us show that X is isomorphicto P1k. The corresponding morphism f : P1k ! X is given by(a0; a1)! (a0a1; a20; a21):The polynomials T0T1; T 20 ; T 21 , obviously satisfy the assumption of the Proposition 1. The inversemorphism f�1 : X ! P1k is de�ned by the formula:(a0; a1; a2)! � (a1; a0) if a1 2 K�,(a0; a2) if a2 2 K�.Note that a0 2 K� if and only if a1; a2 2 K�,(a1; a0) = a2(a1; a0) = (a1a2; a0a2) = (a20; a0a2) = a0(a0; a2) = (a0; a2)if a1; a2 2 K�, and (a0; a1; a2)! (a1; a0)! (a1a0; a21; a20) = (a1a0; a21; a1a2) =a1(a0; a1; a2) = (a0; a1; a2) if a1 2 K�;(a0; a1; a2)! (a0; a2)! (a0a2; a20; a22) =(a0a2; a1a2; a22) = a2(a0; a1; a2) = (a0; a1; a2) if a2 2 K�:Similarly, we check that the other composition of the functor morphisms is the identity. Recallthat the a�ne circle X is not isomorphic to the a�ne line A 1k .2. A projective subvariety E of Pnk is said to be a projective d-subspace if it is given by a systemof linear homogeneous equations with coe�cients in k, whose set of solutions in kn+1 is a linearsubspace E of kn+1 of dimension d + 1. It follows from linear algebra that each such E can begiven by a homogeneous system of linear equationsL0 = 0; : : : ; Ln�d�1 = 0:Let X � Pnk be such that X(k)\E(k) = ;:Then the map a 7! (L0(a); : : : ; Ln�d�1(a)); a 2 X(K);de�nes a morphism pE : X ! Pn�d�1kwhich is said to be a linear projection from E. Let i : Pn�d�1k ! Pnk be the map given by(a0; : : : ; an�d�1) 7! (a0; : : : ; an�d�1; 0; : : : ; 0); then we can interpret the composition pE : X !45



46 Lecture 7Pn�d�1k ! Pnk as follows. Take a point x 2 X(K), �nd a projective subspace E0 � Pnk of dimensiond+ 1 such that E0(K) contains E(K) and x. ThenpE(x) = E0(K)\ i(Pn�d�1k (K)):We leave this veri�cation to the reader (this is a linear algebra exercise).3. We already know that P1k is isomorphic to a subvariety of P2k given by an equation of degree2. This result can be generalized as follows. Let N = �n+mm � � 1. Let us denote the projectivecoordinates in PNk by Ti = Ti0:::in ; i0 + : : : + in = jij = m:Choose some order in the set of multi-indices i with jij = m. Consider the morphism (the Veronesemorphism of degree m) vn;m : Pnk ! PNk ;de�ned by the collection of monomials (: : : ;Ti; : : :) of degree m. Since Ti generate an irrelevantideal, we can apply Proposition 1, so this is indeed a morphism. For any k-algebra K the correspond-ing map vn;m(K)0 : Pnk (K)0 ! PNk (K) is de�ned by the formula (a0; : : : ; an) ! (: : : ; T i(a); : : :):The image of vn;m(K)0 is contained in the set V ermn (K), where V ermn is the projective subvarietyof PNk given by the following system of homogeneous equationsfTiTj �TkTt = 0gi+j=k+t:It is called the m-fold Veronese variety of dimension n. We claim that vn;m(K) = V ermn (K) forall K, so that vn;m de�nes an isomorphism of projective algebraic varieties:vn;m : Pnk ! V ermn :To verify this it su�ces to check that vn;m(K)(Pnk(K)00) = V ermn (K)00 (compare with the beginningof the lecture). It is easy to see that for every (: : : ; ai; : : :) 2 V ermn (K)00 at least one coordinateamei is not zero (ei is the i-th unit vector (0; : : : ; 1; : : : 0)). After reindexing, we may assume thatame1 6= 0. Then the inverse map is given by the formula:(x0; x1; : : : ; xn) = (a(m;0;:::;0); a(m�1;1;1;:::;1); : : : ; a(m�1;0;:::;0;1)):Note that the Veronese map v1;2 : P1k ! P2k is given by the same formulas as the map from Example2, and its image is a conic.Next we want to de�ne the Cartesian product X � Y of two projective varieties X and Y insuch a way that the set of K-points of X � Y is naturally bijectively equivalent to X(K)� Y (K).The naturality is again de�ned by the commutativity of diagrams corresponding to the mapsX�Y (K)! X�Y (L) and the product mapX(K)�Y (K)! X(L)�Y (L). Consider �rst the casewhere X = Pnk and Y = Pmk . For any k-algebra K and two submodules M � Kn+1;M 0 � Km+1we shall consider the tensor productM 
N as a submodule of Kn+1
kKm+1 �= K(n+1)(m+1). Itis easy to see that this de�nes a maps(n;m)K : Pn(K)� Pm(K)! PN (K); N = (n+ 1)(m+ 1)� 1:Its restriction to Pn(K)0 � Pm(K)0 is de�ned by the formula((a0; : : : ; an); (b0; : : : ; bm)) = (a0b0; : : : ; a0bm; a1b0; : : : ; a1bm; : : : ; anb0; : : : ; anbm):46



Morphisms of projective algebraic varieties 47It is checked immediately that this map is well de�ned. It is easy to see that it is injective on thesubsets Pn(K)00�Pmk (K)00. In fact, if ai 2 K�, we may assume ai = 1, and reconstruct (b0; : : : ; bm)from the right-hand side. Similarly we reconstruct (a0; : : : ; an). It is clear that the image of themap s(n;m)K is contained in the set Z(K), where Z is a projective subvariety of PNk given by theequations: TijTlk � TikTlj = 0; i; l = 0; : : : ; n; j; k = 0; : : : ;m: (4)in the polynomial ring k[T0; : : : ; TN ]; T0 = T00; : : : ; TN = Tnm: Let us show that the image ofs(n;m)K is equal to Z. Since we can reconstruct any M 2 Pn(K) from its localizations, itsu�ces to verify that the map s(n;m)00K : Pn(K)00 � Pm(K)00 ! Z(K)00 is surjective. Let z =(z00; : : : ; znm) 2 Z(K)00 with some zij 2 K�. After reindexing we may assume that z00 2 K�.Then zij = z00zij = z0jzi0 for any i = 0; : : : ; n; j = 0; : : : ;m: Thus, z = sn;m(K)00(x; y), wherex = (z00; z10; : : : ; zn0); y = (z00; z01; : : : ; z0m):It remains to set Pnk � Pmk = Z � PNk : (5)At this point it is natural to generalize the notion of a projective variety similarly as we didfor an a�ne variety.De�nition. A projective algebraic k-variety is a correspondence F which assigns to each k-algebraK a set F(K) together with maps F(�) : F(K)! F(L) de�ned for any homomorphism � : K ! Lof k-algebras such that the following properties hold:(i) F(�) � F( ) = F(� �  ) for any � : K ! L and  : L! N ;(ii) there exists a projective algebraic k-variety X and a set of bijections �K : F(K) ! X(K)such that for any � : K ! L the following diagram is commutative:F(K) F(�)�! F(L)�K # # �LX(K) X(�)�! X(L): (5)With this de�nition in mind we can say that the correspondence K ! Pn(K)� Pm(K) is aprojective algebraic variety.We leave to the reader to de�ne the notions of a morphism and isomorphism between projectivealgebraic k-varieties.For example, one de�nes the projection morphisms:p1 : Pnk � Pmk ! Pnk ; p2 : Pnk � Pmk ! Pmk :Now for any two projective subvarieties X � Pnk and Y � Pmk de�ned by the equationsfFs(T0; : : : ; Tn) = 0gs2S and fGs(T 00; : : : ; T 0m) = 0gs02S0 ; respectively, the product X � Y is iso-morphic to the projective subvariety of PNk ; N = (n+ 1)(m+ 1)� 1, de�ned by the equations:T 0r(s)j Fs(T ) = 0; j = 0; : : : ;m; s 2 S; r(s) = deg(Fs(T ));T r(s0)i Fs0(T 0) = 0; i = 0; : : : ; n; s0 2 S0; r(s0) = deg(F 0s0(T ));TijTlk � TikTlj = 0; i; l = 0; : : : ; n; j; k = 0; : : : ;m;47



48 Lecture 7where we write (uniquely) every monomial T 0r(s)j Ti (resp. T r(s0)i T0i) as the product of the variablesTij = TiT 0j ; i = 0; : : : ; n (resp. Tij = T 0iTj ; j = 0; : : : ;m).Remark. Recall that for any two objectsX and Y of a category C, the Cartesian product is de�nedas an object X � Y satisfying the following properties. There are morphisms p1 : X � Y ! X andp2 : X � Y ! Y such that for any object Z and morphisms f : Z ! X; g : Z ! Y there existsa unique morphism � : Z ! X � Y such that f = p1 � �; g = p2 � g: It is easy to see that thetriple (X � Y; p1; p2) is de�ned uniquely, up to isomorphism, by the above properties. A categoryis called a category with products if for any two objects X and Y the Cartesian product X � Yexists. For example, if C = Sets, the Cartesian product is the usual one. If C is the category �A ofcontravariant functors from a category A to Sets, then it has products de�ned by the products ofthe values: X � Y (A) = X(A)� Y (A):The Segre construction shows that the category of projective algebraic varieties over a �eld k hasproducts. As we saw earlier, the category of a�ne algebraic varieties also has products.Problems.1. Prove that any projective d-subspace in Pnk is isomorphic to Pdk.2. Prove that P1k � P1k is isomorphic to a hypersurface Q � P3k given by a homogeneous equationof degree 2 (a quadric). Conversely, assuming that k is algebraically closed of char(k) 6= 2, showthat every hypersurface :F (T0; T1; T2; T3) = X0�i��3 aijT 2i + 2 X0�i<j�3 aijTiTj = 0;where the symmetric matrix (aij) is nonsingular, is isomorphic to P1k�P1k. Give an explicit formulafor the projection maps: pi : Q! P1k.3. Show that V ern1 is isomorphic to the projective closure of the a�ne curve given by the equationsfZn � Zn1 = 0; : : : ; Z2 � Z21 = 0g (a rational normal curve of degree n). Compare this with theproblem 6 of Lecture 5.4. Show that the image of a linear projection of the twisted cubic curve in P3k from a point notlying on this curve is isomorphic to a plane cubic curve. Find its equation and show that this curveis singular in the sense of the previous lecture.5. Show that the symmetricm-power Sm(M) of a projective module is a projective module. Usingthis prove that the Veronese map vn;m is de�ned by the formula M ! Symm(M).6. a) Show that Pn(K)00�Pmk (K)00 is naturally bijectively equivalent to the set of (n+1)� (n+1)matrices of rank 1 with coe�cients in K de�ned up to multiplication by a nonzero scalar.b)Show V er2n(K)00 is naturally bijectively equivalent to the set of symmetric rank 1 square matricesof size n+ 1 with coe�cients in K de�ned up to multiplication by a nonzero scalar.7. Construct a morphism from P1k to the curve X equal to the projective closure of the a�ne curve(Z21 + Z22 )2 � Z2(3Z21 � Z22 )) � A 2k . Is X isomorphic to P1k?
48



Quasi-projective algebraic sets 49

Lecture 8. QUASI-PROJECTIVE ALGEBRAIC SETS
Let k be a �eld and K be an algebraically closed �eld containing k as a sub�eld.De�nition 1. A projective algebraic set over k (or a projective algebraic k-set) is a subset V ofPn(K) such that there exists a projective algebraic variety X over k with X(K) = V .The variety X with X(K) = V is not de�ned uniquely by V . However, as follows from theNullstellensatz X(K) = Y (K)() rad(I(X)) = rad(I(Y )):Thus, if we require that X is given by a radical homogeneous ideal, the variety X is determineduniquely by the set X(K). In the following we will always assume this. Note that a radicalhomogeneous ideal I coincides with its saturation Isat. Indeed, if msF 2 I for some s and F 2k[T ]d then all monomials entering into F belong to md. In particular, F s 2 mds � ms andF sF = F s+1 2 I. Since I is radical this implies that F 2 I. In fact we have shown that, for anyideal I, we have I � Isat � rad(I):This, if I = rad(I), then I = Isat. Since a projective algebraic k-variety is uniquely determined bya saturated homogeneous ideal, we see that there is a bijective correspondence between projectivealgebraic k-sets and projective algebraic k-varieties de�ned by a radical homogeneous ideal (theyare called reduced projective algebraic k-varieties).We can consider Pn(K) as a projective algebraic set over any sub�eld k of K. Any projectivealgebraic k-subset of Pn(K) is called a closed subset of Pn(K). The reason for this de�nition isexplained by the following lemma.Proposition 1. There exists a unique topology on the set Pn(K) whose closed subsets are pro-jective algebraic k-subsets of Pnk (K).Proof. This is proven similarly to that in the a�ne case and we omit the proof.The topology on Pn(K) whose closed sets are projective algebraic subsets is said to be theZariski k-topology. We will denote the corresponding topological space by Pnk (K). As is in thea�ne case we will drop k from the de�nitions and the notations if k = K. Every subset of Pnk (K)will be considered as a topological subspace with respect to the induced Zariski k-topology.49



50 Lecture 8Lemma-De�nition 2. A subset V of a topological space X is said to be locally closed if one thefollowing equivalent properties holds:(i) V = U \ Z, where U is open and Z is closed;(ii) V is an open subset of a closed subset of X;(iii) V = Z1 n Z2, where Z1 and Z2 are closed subsets of X.Proof. Left to the reader.De�nition 3. A locally closed subset subset of Pnk (K) is called a quasi-projective algebraic k-set.In other words, a quasi-projective k-subset of Pn(K) is obtained by taking the set of K-solutionsof a homogeneous system of algebraic equations over k and throwing away a subset of the solutionssatisfying some additional equations.An example of an open quasi-projective subset is the subsetPn(K)i = f(a0; : : : ; an) 2 Pn(K) : ai 6= 0g:Its complement is the \coordinate hyperplane":Hi = f(a0; : : : ; an) 2 Pn(K) : ai = 0g:Every a�ne algebraic k-set V � A nk (K) can be naturally considered as a quasi-projective algebraicset. We view A n (K) = Kn as the open subset Pn(K)0, then note that V = �V \ Pn(K)0; where�V is the closure of V de�ned by the homogenization of the ideal de�ning V . It is clear that, ingeneral V is neither open nor closed subset of Pn(K). Also observe that �V equals the closure inthe sense of topology, i.e., the minimal closed subset of Pnk (K) which contains V .Next, we want to de�ne regular maps between quasi-projective algebraic sets.De�nition 4. A map f : V ! W � Pm(K) of quasi-projective algebraic ksets is called regular ifthere exists a �nite open cover V = [iUi such that the restriction of f to each open subset Ui isgiven by a formula: x! (F (i)0 (x); : : : ; F (i)m (x));where F (i)0 (T ); : : : ; F (i)m (T ) are homogeneous polynomials of some degree di with coe�cients in k.Proposition 2. If V = X(K) and W = Y (K) for some projective algebraic k-varieties X and Y ,and f : X ! Y is a morphism of projective algebraic varieties, then fK : V ! W is a regular map.Proof. We have shown in Lecture 7 that the restriction of fK to each open set V \ (Pn)i isgiven by several collections of homogeneous polynomials. Each collection is de�ned on an open setof points where some element of a covering family does not vanish.Example 1. Let V � Pnk (K);W = A1(K). A regular map f : V ! A1(K) � Pk(K) is given(\locally") by two homogeneous polynomials F0(T ); F1(T ) 2 k[T0; : : : ; Tn]d such that F0(x) 6= 0for all x in some open subset Ui of V (could be the whole V but this is unlikely in general). Itsvalue f(x) = (F0(x); F1(x)) = (1; F1(x)=F0(x))can be identi�ed with the element F1(x)=F0(x) of the �eld K = A1(K). Thus f is given in Uiby a function of the form F=G, where F and G are homogeneous polynomials of the same degreewith G(x) 6= 0 for all x 2 Ui. Two such functions F=G and F 0=G0 are equal on Ui if and only if(FG0�F 0G)(x) = 0 for all x 2 Ui. If V is irreducible this implies that (FG0�F 0G)(x) = 0 for allx 2 V .A regular map f : V ! A1(K) is called a regular function on V . The set of regular functionsform a k- algebra with respect to multiplication and addition of functions. We shall denote it byO(V ). As we will prove later O(V ) = k if V is a projective algebraic k-set. On the opposite sidewe have: 50



Quasi-projective algebraic sets 51Proposition 3. Let V � A n be an a�ne algebraic set considered as a closed subset in Pn(K)i.Then O(V ) is isomorphic to the algebra of regular function of the a�ne algebraic set V .Proof. Without loss of generality we may assume that i = 0. Let us, for a moment, denote thealgebra of regular functions on an a�ne algebraic set (in the old sense) by O(V )0. If f 2 O(V )0, werepresent it by a polynomial F (Z1; : : : ; Zn) = P (T0; : : : ; Tn)=T r0 for some homogeneous polynomialP of degree r. Then f coincides with a regular function in the new de�nition given by polynomials(T r0 ; P (T0; : : : ; Tn)). This de�nes a homomorphism O(V )0 ! O(V ). Its injectivity is obvious.Let us show that this homomorphism is surjective. Let V be given by a system of equationsFs(Z1; : : : ; Zn) = 0; s 2 S; and f 2 O(V ) and fUigi2I be an open cover of V such that there existhomogeneous polynomials Pi(T0; : : : ; Tn); Qi(T0; : : : ; Tn) of the same degree di for whichfi(x) = Pi(x)=Qi(x); Qi(x) 6= 0 for all x 2 Ui:Let Qi(Z)0; Pi(Z)0 denote the dehomogeneized polynomials. We haveQi(x)0f(x) = Pi(x)0; i 2 I; x 2 Ui:If we multiply both sides by a polynomial vanishing on the closed subset V n Ui, we will have theequality valid for all x 2 V . We assume that this is the case. The system of equationsQi(Z)0 = 0; i 2 I; Fs(Z) = 0; s 2 S;has no solutions in Kn. By Hilbert's Nullstellensatz1 =Xi AiQ0i +Xs BsFs (1)for some polynomials Ai; i 2 I; and Bs; s 2 S. Thus, for any x 2 V ,f(x) =Xi Ai(x)Q0i(x)f(x) =Xi Ai(x)P 0i (x) = (Xi AiQ0i)(x):This shows that f is a global polynomial map, i.e. a regular function on V .An isomorphism (or a biregular map) of quasi-projective algebraic sets is a bijective regularmap such that the inverse map is regular (see Remark 3 in Lecture 3 which shows that we have torequire that the inverse is a regular map). Two sets are isomorphic if there exists an isomorphismfrom one set to another.It is not di�cult to see (see Problem 8) that a composition of regulsr maps is a regularmap. This implies that a regular map f : V ! W de�nes the homomorphism of k-algebrasf�(O(W ) ! O(V ). However, in general, this homomorphism does not determine f uniquely (asin the case of a�ne algebraic k-sets).De�nition 3. A quasi-projective algebraic set is said to be a�ne if it is isomorphic to an a�nealgebraic set.Example 2. Let V be a closed subset of Pn(K) de�ned by an irreducible homogeneous polynomialF of degree m > 1. The complement set U = Pn(K) n V does not come from any closed subsetof Pn(K)i since V does not contain any hyperplane Ti = 0. So, U is not a�ne in the waywe consider any a�ne set as a quasi-projective algebraic set. However, U is a�ne. In fact, letvn;m : Pn(K)! PN(n;m) be the Veronese map de�ned by monomials of degree m. Then vn;m(U)is contained in the complement of a hyperplane H in PN(n;m) de�ned by considering F as a linearcombination of monomials. composing vn;m with a projective linear transformation we may assumethat H is a coordinate hyperplane. Thus vn;m de�nes an isomorphism from U to the open subset ofthe Veronese projective algebraic set V ern;m(K) = vn;m(Pn(K)) whose complement is the closedsubset V ern;m(K)\H. But this set is obviously a�ne, it is de�ned in PN(n;m)(K)i = KN(n;m) bydehomogenizations of the polynomials de�ning V ern;m.51



52 Lecture 8Lemma 2. Let V be an a�ne algebraic k-set and f 2 O(X). Then the setD(f) = fx 2 V : f(x) 6= 0gis a�ne and O(D(f))�= O(V )f :Proof. Replacing V by an isomorphic algebraic k-set, we may assume that V = X(K),where X � Kn is an a�ne algebraic k-variety de�ned by an ideal I. Let F 2 k[Z1; : : : ; Zn] be apolynomial representing f . Consider the closed subset of Kn+1 = Kn�K de�ned by the equationFZn+1� 1 = 0 and let V 0 be its intersection with the closed subset V �K. It is an a�ne algebraick-set. We haveO(V 0) = k[Z1; : : : ; Zn; Zn+1]=(I; FZn+1 � 1) �= k[Z1; : : : ; Zn]=(I)[ 1f ] = O(V )f :Let p : Kn+1 ! Kn be the projection. I claim that the restriction of p to V 0 de�nes an isomorphismp0 : V 0 ! D(f). It is obviously a regular map, since it is de�ned by the polynomials (Z1; : : : ; Zn).The inverse map p�1 : V ! V 0 is de�ned by the map x 7! (x; 1f(x)). Let us see that it is a regularmap. Let P (T0; : : : ; Tn) be a homogenization of F , i.e., F = PTd0 for some d > 0. We view V 0 as aclosed subset of Pn+1(K)0 and D(f) as a locally closed subset of Pnk (K)0. Obviously the map p�1coincides with the mapx = (1; x1; : : : ; xn) 7! (PT0(x); PT1(x); : : : ; PTn(x); T d+10 (x)) = (1; x1; : : : ; xn; 1f(x)):de�ned by homogeneous polynomials (PT0; PT1; : : : ; PTn; T d+10 ) of degree d+ 1.Theorem 1. Let V be a quasi-projective k-set and x 2 V . Then there exists an open subsetU � V containing x which is an a�ne quasi-projective set.Proof. Let V = Z1 nZ2, where Z1; Z2 are closed subsets of Pnk (K). Obviously x 2 Pn(K)i forsome i. Thus x belongs to (Z1\Pn(K)i)n (Z2\Pn(K)i. The subsets Z1\Pn(K)i and Z2\Pn(K)iare closed subsets of Kn. Let F be a regular function on Kn which vanishes on Z2 \ Pn(K)i butdoes not vanish at x. Then its restriction to V = Z1 \Pn(K)i de�nes a regular function f 2 O(V )such that x 2 D(f) � V � Z2 \Pn(K)i. By the previous lemma D(f) is an a�ne quasi-projectivek-set.Corollary. The set of open a�ne quasi-projective sets form a basis in the Zariski topology ofPn(K).Recall that a basis of a topological space X is a family F of open subsets such that for anyx 2 X and any open U containing x there exists V 2 F such that x 2 V � U . We shall provein the next lecture that the intersection of two open a�ne sets is an open a�ne set. This impliesthat the Zariski topology can be reconstructed from the set of a�ne open sets.Remark. The reader who is familiar with the notion of a manifold (real or complex) will easilynotice the importance of the previous theorem. It shows that the notion of a quasi-projectivealgebraic set is very similar to the notion of a manifold. A quasi-projective algebraic set is atopological space which is locally homeomorphic to a special topological space, an a�ne algebraicset. 52



Quasi-projective algebraic sets 53Proposition 4. Every quasi-projective algebraic k-set V is a quasi-compact topological space.Proof. Recall that a topological space V (not necessarily separated) is said to be quasi-compactif every its open covering fUigi2I contains a �nite subcovering, i.e.V = [i2IUi =) V = [i2JUi;where J is a �nite subset of I.Every Noetherian space is quasi-compact. Indeed, in the above notation we form a decreasingsequence of closed subsets V n Ui1 � V n (Ui1 [ Ui2) � : : :which must stabilize with a set V 0 = V n (Ui1 [ : : : [ Uir ). If it is not empty, we can subtract onemore subset Uij to decrease V 0. Therefore, V 0 = ; and V = Ui1 [ : : : [ Uir : Thus, it su�ces toshow that a quasi-projective set is Noetherian. But obviously it su�ces to verify that its closureis Noetherian. This is checked similarly to that as in the a�ne case by applying Hilbert's BasisTheorem.Corollary. Every algebraic set can be written uniquely as the union of �nitely many irreduciblesubspaces Zi, such that Zi 6� Zj for any i 6= j.Lemma 3. Let V be a topological space and Z be its subspace. Then Z is irreducible if and onlyif its closure �Z is irreducible.Proof. Obviously follows from the de�nition.Proposition 5. A subspace Z of Pnk (K) is irreducible if and only if the radical homogeneous idealde�ning the closure of Z is prime.Proof. By the previous lemma, we may assume that Z is closed. Then Z is a projectivealgebraic set de�ned by its radical homogeneous ideal. The assertion is proven similarly to theanalogous assertion for an a�ne algebraic set. We leave the proof to the reader.Problems.1. Is the set f(a; b; c) 2 P2(K) : a 6= 0; b 6= 0g [ f(1; 0; 0)g quasi-projective?2. Let V be a quasi-projective algebraic set in Pn(K);W be a quasi-projective algebraic setin Pr(K). Prove that sn;m(K)(V � W ) is a quasi-projective algebraic subset of Segn;m(K) =sn;m(K)(Pn(K)� Pr(K)) � P(n+1)(m+1)�1(K):3. Let us identify the product V �W � Pn(K)�Pr(K) of two quasi-projective algebraic k-sets witha quasi-projective algebraic k-subset of the Segre set Segn;m(K). Let f : V ! V 0 and g :W !W 0be two regular maps. Show that the map f � g : V �W ! V 0 �W 0 is a regular map.4. Is the union (resp. the intersection) of quasi-projective algebraic sets a quasi-projective algebraicset?5. Find the irreducible components of the projective subset of P3(K) given by the equations:T2T0 � T 21 = 0; T1T3 � T 22 = 0:6. Show that every irreducible component of a projective hypersurface V (F ) = fa 2 Pn(K) :F (a) = 0g is a hypersurface V (G), where G is an irreducible factor of the homogeneous polynomialF (T ). 53



54 Lecture 87. Describe explicitly (by equations) a closed subset of some Kn which is isomorphic to thecomplement to a conic T0T1 + T 22 = 0 in P2(K).8. Prove that a regular map is a continuous map and that the composition of regular maps is aregular map.
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The image of a projective set 55

Lecture 9. THE IMAGE OF A PROJECTIVE ALGEBRAIC SET
Let f : V ! W be a regular map of quasi-algebraic k-sets. We are interested in its image f(V ).Is it a quasi-projective algebraic set? For instance, let f : K2 ! K2 be given by (x; y) 7! (x; xy).Then its image is the union of the set U = f(a; b) 2 K2 : a 6= 0g and the closed subset Z = f(0; 0)g.The only open subset of A 2k (K) which contains the image f(K2) is K2 and the image is notclosed there. Thus f(A 2k (K)) is not locally closed in A 2k (K). Since K2 is an open subset ofP2k(K); f(A 2k (K)) is not locally closed in P2k(K), i.e., it is not a quasi-projective algebraic set.However, the situation is much better in the case where V is a projective set. We will provethe following result:Theorem 1. The image of a projective algebraic k-set V under a regular map f : V ! W is aclosed subset of W in the Zariski k-topology.To prove this theorem we note �rst thatf(V ) = pr2(�f )where �f = f(x; y) 2 V �W : y = f(x)gis the graph of f , and rmpr2 : V �W ! W; (x; y) 7! y is the projection map. We will alwaysconsider the product V �W as a quasi-projective set by embedding it into a projective space bythe Segre map. In particular, V �W is a topological space with respect to the Zariski topology.Our theorem follows from the following two results:Proposition 1. The graph �f of a regular map f : V ! W is a closed subset of V �W .Theorem 2 (Chevalley). Let V be a projective algebraic k-set,W be a quasi-projective algebraick-set and Z be a closed subset of V �W . Then pr2(Z) is closed in W .Let us �rst prove the proposition. The proof is based on the following simple observations:(i) If W � W 0 and f 0 : V ! W 0 is the composition of f and the inclusion map, then �f =(V �W ) \ �f 0 . Thus, the closedness of �f 0 in V �W 0 implies the closedness of �f .(ii) If f : V ! W and f 0 : V 0 ! W 0 are two regular maps, then the map f � f 0 : V � W !V 0 �W 0; (x; x0) 7! (f(x); f 0(y)) is a regular map (Problem 4 from Lecture 8).55



56 Lecture 9(iii) If �W = f(y; y0) 2 W �W : y = y0g (the diagonal of W ), then �f = (f � idW )�1(�W ).By (ii), f�idW : V �W !W�W is continuous. Thus it su�ces to check that �W �W�W isclosed. By (i) we may assume that W = Pnk (K). However, the diagonal �Pnk(K) � Pnk (K)�Pnk (K)is given by the system of equations:Tij � Tji = 0; i; j = 0; : : : ; n; TijTrt � TitTrj = 0; i; j; r; t = 0; : : : ; n:in coordinates Tij of the space containing the image of Pnk (K) � Pnk (K) under the Segre mapsn;n(K). This proves Proposition 1.Remarks 1. It is known from general topology that the closedness of the diagonal of a topologicalspace X is equivalent to the Hausdor� separatedness of X. Since we know that algebraic sets areusually not separated topological spaces, Proposition 1 seems to be contradictory. To resolve thisparadox we observe that the Zariski topology of the product V �W is not the product of topologiesof the factors.2. One should also compare the assertion of Theorem 2 with the de�nition of a perfect mapof topological spaces. According to this de�nition (see N. Bourbaki, General Topology, Chapter1, x11), the assertion of the theorem implies that the constant map X ! fpointg is perfect.Corollary 1 to Theorem 1 from loc. cit. says that this is equivalent to that X is quasi-compact.Since we know that X is quasi-compact always (projective or not projective), this seems to be acontradiction again. The explanation is the same as above. The Zariski topology of the productis not the product topology. Nevertheless, we should consider the assertion of Theorem 2 as theassertion about the \compactness" of a projective algebraic set.Before proving Theorem 2 let us prove the following:Lemma. Let V be a closed subset of Pnk (K) � Pmk (K) (resp. of Pnk (K) � A mk (K)). Then Vis the set of zeroes of polynomials Ps(T0; : : : ; Tn; T 00; : : : ; T 0m) 2 k[T0; : : : ; Tn; T 00; : : : ; T 0m]; s 2 S,which are homogeneous of degree d(s) in variables T0; : : : ; Tn and homogeneous of degree d(s)0 inthe variables T 00; : : : ; T 0m (resp. V is the set of zeroes of polynomials Ps(T0; : : : ; Tn; Z 01; : : : ; Z 0m) 2k[T0; ; : : : ; Tn; Z 01; : : : ; Z 0m]; s 2 S; which are homogeneous of degree d(s) in variables T0; : : : ; Tn).Conversely every subset of Pnk (K) � Pmk (K) (resp. of Pnk (K) � A mk (K)) de�ned in this way is aclosed subset in the Zariski k-topology of the product.Proof. It is enough to prove the �rst statement. The second one will follow from the �rst oneby taking the closure of V in Pnk (K) � Pmk (K) and then applying the dehomogenization processin the variable T 00. Now we know that V is given by a system of homogeneous polynomialsin variables Tij in the space P(n+1)(m+1)�1k and the system of equations de�ning the Segre setSegn;m(K). Using the substitution Tij = TiT 0j , we see that V can be given by a system ofequations in T0; : : : ; Tn; T 00; : : : ; T 0m which are homogeneous in each set of variables of the samedegree. If we have a system of polynomials Ps(T0; : : : ; Tn; T 00; : : : ; T 0m) which are homogeneous ofdegree d(s) in variables T0; : : : ; Tn and homogeneous of degree d(s)0 in variables T 00; : : : ; T 0m, itsset of solutions in Pnk (K) � Pmk (K) is also given by the system in which we replace each Ps byT 0d(s)�d(s)0i Ps; i = 0; : : : ;m; if d(s) > d(s)0 and by T d(s)0�d(s)i Ps; i = 0; : : : ; n; if d(s) < d(s)0. Thenthe enlarged system arises from a system of polynomials in Tij after substitution Tij = TiT 0j .Now let us prove Theorem 2. Let V be a closed subset of Pnk (K). Then Z � V �W is a closedsubset of Pn(K)�W and pr2(Z) equals the image of Z under the projection Pnk (K)�W ! W .Thus we may assume that V = Pnk (K).Let W = [i2IUi be a �nite a�ne covering of W (i.e. a covering by open a�ne sets). ThenV �W = [i2I(V � Ui); Z = [i2IZ \ (V � Ui) and pr2(Z) = [i2Ipr2Z \ (V � Ui). This shows56



The image of a projective set 57that it su�ces to check that pr2Z \ (V �Ui) is closed in Ui. Thus we may assume that W = Ui isa�ne. Then W is isomorphic to a closed subset of some A mk (K); V �W is closed in V � A mk (K)and pr2(Z) is equal to the image of Z under the second projection V � A mk ! A mk : Thus we mayassume that W = A mk (K) and V = Pnk (K).Let Z be a closed subset of Pnk (K)� A mk (K). By the Lemma, Z can be given by a system ofequations Fi(T0; : : : ; Tn; t1; : : : ; tm) = 0; i = 1; : : : ; N:where Fi 2 k[T0; : : : ; Tn; t1; : : : ; tm] is a homogeneous of degree d(i) in variables T0; : : : ; Tn. Forevery a = (a1; : : : ; am) 2 Km, we denote by Xa the projective algebraic subset of Pn(K) de�nedby the system of homogeneous equations:Fi(T0; : : : ; Tn; a1; : : : ; am) = 0; i = 1; : : : ; N:It is clear that Xa = ; if and only if (0; : : : ; 0) is the only solution of this system in Kn+1.By Nullstellensatz, this happens if only if the radical of the ideal Ia generated by the polyno-mials Fi(T; a1; : : : ; am) is equal to (T0; : : : ; Tn). This of course equivalent to the property that(T0; : : : ; Tn)s � Ia for some s � 0.Now we note thatpr2(Z) = fa 2 Km : Xa 6= ;g = fa 2 Km : (T0; : : : ; Tn)s 6� Ia for any s � 0g= \s�0fa 2 Km : (T0; : : : ; Tn)s 6� Iag:Thus it su�ces to show that each set Ys = fa 2 Km : (T0; : : : ; Tn)s 6� Iag is closed in the Zariskik-topology. Note that (T0; : : : ; Tn)s � Ia means that every homogeneous polynomial of degrees can be written as Pi; Fi(T; a)Qi(T )) for some Qi(T ) 2 k[T ]s�d(i), where d(i) = degFi(T; a).Consider the linear map of linear k-spaces� : �Ni=1k[T ]s�d(i); (Q1; : : : ; QN ) 7!Xi Fi(T; a)Qi(T )):This map is surjective if and only if a 2 KmnYs. Thus, a 2 Ys if and only if rank(�) < d = dimk[T ]s.The latter condition can be expressed by the equality to zero of all minors of order d in any matrixrepresenting the linear map �. However, the coe�cients of such a matrix (for example, with respectto a basis formed by monomials) are polynomials in a1; : : : ; an with coe�cients from k. Thus, everyminor is also a polynomial in a. The vanishing of these polynomials de�ne the closed subset Ys inthe Zariski k-topology. This proves Theorem 2.Recall that a topological space X is said to be connected if X 6= X1 [ X2 where V1 and V2are proper open (equivalently, closed) subsets with empty intersection. One de�nes naturally thenotion of a connected component of V and shows that V is the union of �nitely many connectedcomponents. Clearly, an irreducible space is always connected, but the converse is false in general.For every quasi-projective algebraic k-set V we denote by �0(V ) the set of its connected compo-nents. Let ��0(V ) denote the set of connected components of the corresponding K-set. Both ofthese sets are �nite since any irreducible component of V is obviously connected. We say that Vis geometrically connected if #��0(V ) = 1. Notice the di�erence between connectedness and geo-metric connectedness. For example, the number of connected components of the a�ne algebraick-subset of A 1k de�ned by a non-constant non-zero polynomial F (Z) 2 k[Z] equals the numberof irreducible factors of F (Z). The number of connected components of the corresponding K-setequals the number of distinct roots of F (Z) in K.57



58 Lecture 9Corollary 1. Assume k is a perfect �eld. Let V be a projective algebraic k-set, n = #�0(V ).Then there is an isomorphism of k-algebras O(V ) �= k1 � : : : � kn where each ki is a �nite �eldextension of k. Moreover nXi [ki : k] = #��0(V ):In particular, if V is connected as an algebraic K-set, O(V ) = K.Proof. Let V1; : : : ; Vn be connected components of V . It is clear that O(V ) �= O(V1) �: : : � O(Vn) so we may assume that V is connected. Let f 2 O(V ). It de�nes a regular mapf : V ! A 1 (K). Composing it with the inclusion A 1 (K) ,! P1k(K), we obtain a regular mapf 0 : V ! P1k(K). By Theorem 1, f(V ) = f 0(V ) is closed in P1k(K). Since f(V ) � A 1k (K), it isa proper closed subset, hence �nite. Since V is connected, f(V ) must be connected (otherwisethe pre-image of a connected component of f(V ) is a connected component of V ). Hence f(V ) =fa1; : : : ; arg � K is the set of roots of an irreducible polynomial with coe�cients in k. It is clearthat ai 6= 0 unless f(V ) = f0g hence f = 0. This implies that f(x) 6= 0 for any x 2 V . If f is givenby a pair of homogeneous polynomials (P;Q) then f�1 is given by the pair (Q;P ) and belongs toO(V ). ThereforeO(V ) is a �eld. Assume k = K, then the previous argument shows that r = 1 andf(x) = a1 for all x 2 V , i.e., O(V ) = k. Thus if �V denotes the set V considered as a K-set, we haveshown that O( �V ) �= Km where m = #��0(V ) = #�0( �V ). But obviously O( �V ) = O(V )
kK �= Kdwhere d = [O(V ) : k]. Here we again use that O(V ) is a separable extension of k. This shows thatm = [O(V ) : k] and proves the assertion.Corollary 2. Let Z be a closed connected subset of Pnk (K). Suppose Z is contained in an a�nesubset U of Pnk (K). Then the ideal of O(U) of functions vanishing on Z is a maximal ideal. Inparticular, Z is one point if k is algebraically closed.Proof. Obviously Z is closed in U , hence is an a�ne algebraic k-set. We know that O(Z) = k0is a �nite �eld extension of k. The kernel of the restriction homomorphism resU=Z : O(U) !O(Z) = k0 is a maximal ideal in O(U). In fact if A is a subring of k0 containing k it must be a �eld(every nonzero x 2 A satis�es an equation xn + a1xn�1 + : : :+ an�1x+ an = 0 with an 6= 0, hencex(xn�1 + a1xn�2 + : : : + an�1)(�a�1n ) = 1). This shows that Z does not contain proper closedsubsets in the Zariski k-topology. If k is algebraically closed, all points are closed, hence Z mustbe a singleton.Corollary 3. Let f : V ! W be a regular map of a connected projective algebraic set to an a�nealgebraic set. Then f is a constant map.Proof. We may assume that k = K since we are talking about algebraic K-sets. Let W �Pn(K)0 � Pn(K) for some n, and f 0 : V ! Pn(K) be the composition of f and the natural inclusionW ,! Pn(K). By Theorem 1, f(V ) = f 0(V ) is a closed connected subset of Pn(K) contained in ana�ne set (the image of a connected set under a continuous map is always connected). By Corollary2, f(V ) must be a singleton.Problems.1. Let K[T0; : : : ; Tn]d be the space of homogeneous polynomials of degree d with coe�cients in analgebraically closed �eld K. Prove that the subset of reducible polynomials is a closed subset ofK[T0; : : : ; Tn]d where the latter is considered as a�ne space A N (K); N = �n+dd �: Find its equationwhen n = d = 2.2. Prove that Kn n fa pointg or Pn(K) n fpointg is not an a�ne algebraic set if n > 1, also is notisomorphic to a projective algebraic set. 58



The image of a projective set 593. Prove that the intersection of open a�ne subsets of a quasi-projective algebraic set is a�ne[Hint: Use that for any two subsets A and B of a set S;A\B = �S \ (A�B) where the diagonal�S is identi�ed with S].4. Let X � Pn be a connected projective algebraic set other than a point and Y is a projective setde�ned by one homogeneous polynomial. Show that X \ Y 6= ;:5. Let f : X ! Z and g : Y ! Z be two regular maps of quasi-projective algebraic sets. De�neX �Z Y as the subset of X � Y whose points are pairs (x; y) such that f(x) = g(y). Show thatX �Z Y is a quasi-algebraic set. A map f : X ! Z is called proper if for any map g : Y ! Z andany closed subset W of X�Z Y the image of W under the second projection X�Y ! Y is closed.Show that f is always proper if X is a projective algebraic set.
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60 Lecture 10

Lecture 10. FINITE REGULAR MAPSThe notion of a �nite regular map of algebraic sets generalizes the notion of a �nite extensionof �elds. Recall that an extension of �elds F ! E is called �nite if E is a �nite-dimensional vectorspace over F . This is easy to generalize. We say that an injective homomorphism � : A ! Bof commutative rings is �nite if B considered as a module over A via of the homomorphism � is�nitely generated. What is the geometric meaning of this de�nition? Recall that a �nite extensionof �elds is an algebraic extension. This means that any element in E satis�es an algebraic equationwith coe�cients in F . The converse is also true provided E is �nitely generated over F as a �eld.We shall prove in the next lemma that a �nite extension of rings has a similar property: anyelement in B satis�es an algebraic equation with coe�cients in �(A). Also the converse is true ifwe additionally require that B is a �nitely generated algebra over A and every element satis�es amonic equation (i.e. with the highest coe�cient equal to 1) with coe�cients in �(A).Let us explain the geometric meaning of the additional assumption that the equations aremonic. Recall that an algebraic extension E=F has the following property. Let y : F ! K be ahomomorphism of F to an algebraically closed �eld K. Then y extends to a homomorphism of�elds x : E ! K. Moreover the number of these extensions is �nite and is equal to the separabledegree [E : F ]s of the extension E=F . An analog of this property for ring extensions must bethe following. For any algebraically closed �eld K which has a structure of a A-algebra via ahomomorphism y : A ! K (this is our analog of an extension K=F ) there a non-empty �nite setof homomorphisms xi : B ! K such that xi � � = y. Let us interpret this geometrically in thecase when � is a homomorphism of �nitely generated k-algebras. Let X and Y be a�ine algebraick-varieties such that O(X) �= B, O(Y ) �= A. The homomorphism � de�nes a morphism f : X ! Ysuch that � = f�. A homomorphism y : A! K is a K-point of Y . A homomorphism yi : B ! Ksuch that xi � � = y is a K-point of X such that fK(xi) = y. Thus the analog of the extensionproperty is the property that the map X(K)! Y (K) is surjective and has �nite �bres. Let B isgenerated over A by one element b satisfying an algebraic equationa0xn + a1xn�1 + : : : + an = 0with coe�cients in A. Assume the ideal I = (a0; : : : ; an�1) is proper but an is invertible in A. Letmbe a maximal ideal in A containing I. Let K be an algebraically closed �eld containing the residue�eld A=m. Consider the K-point of Y corresponding to the homomorphism y : A ! A=m ! K.Since B �= A[x]=(a0xn+ a1xn�1 + : : :+ an), any homomorphism extending y must send an to zerobut this is impossible since an is invertible. Other bad thing may happen if an 2 I. Then weobtain in�nitely many extensions of y, they are de�ned by sending x to any element in K. It turnsout that requiring that a0 is invertible will guarantee that X(K)! Y (K) is surjective with �nite�bres. 60



Finite regular maps 61We start with reviewing some facts from commutative algebra.De�nition. A commutative algebra B over a commutative ring A is said to be integral over A ifevery element x 2 B is integral over A (i.e. satis�es an equation xn + a1xn�1 + : : : + an = 0 withai 2 A).Lemma 1. Assume that B is a �nitely generated A-algebra. Then B is integral over A if andonly if B is a �nitely generated module over A.Proof. Assume B is integral over A. Let x1; : : : ; xn be generators of B as an A-algebra (i.e.,for any b 2 B there exists F 2 A[Z1; : : : ; Zn] such that b = F (x1; : : : ; xn)). Since each xi is integralover A, there exists some integer n(i) such that xn(i)i can be written as a linear combination oflower powers of xi with coe�cients in A. Hence every power of xi can be expressed as a linearcombination of powers of xi of degree less than n(i). Thus there exists a number N > 0 such thatevery b 2 B can be written as a polynomial in x1; : : : ; xn of degree < N . This shows that a �niteset of monomials in x1; : : : ; xn generate B as an A-module.Conversely, assume that B is a �nitely generated A-module. Then every b 2 B can be writtenas a linear combination b = a1b1 + : : : + arbr; where b1; : : : ; br is a �xed set of elements in B andai 2 A. Multiplying the both sides by bi and expressing each product bibj as a linear combinationof bi's we get bbi =Xj aijbi; aij 2 A: (1)This shows that the vector b = (b1; : : : ; br) satis�es the linear equation (M � bIn)b = 0; whereM = (aij). Let D = det(M�bIn). Applying the Cramer rule, we obtain thatDbi = 0; i = 1; : : : ; n.Using (1) we see that Dx = 0 for all x 2 B. In particular, D �D = D2 = 0. It remains to use thatthe equation D2 = 0 is a monic equation for b with coe�cients in A.This Lemma implies the following result which we promised to prove in Lecture 2:Corollary. Let B be an A-algebra. The set of elements in B which are integral over A is a subringof B (it is called the integral closure of A in B).Proof. Let b; b0 2 B be integral over A. Consider the A-subalgebra A[b; b0] of B generated bythese elements. Since b is integral over A, it satis�es an equation bn + a1bn�1 + : : : + an; ai 2 A,hence A[b] is a �nitely generated A-module generated by 1; : : : ; bn�1. Similarly, since b0 is integralover A, hence over A[b], we get A[b; b0] = A[b][b0] is a �nitely generated A[b]-module. But thenA[b; b0] is a �nitely generated A-module. By Lemma 1, A[b; b0] is integral over A. This checks thatb+ b0; b � b0 are integral over A.Lemma 2. Let B be integral over its subring A. The following assertions are true:(i) if A is a �eld and B is without zero divisors, then B is a �eld;(ii) if I is an ideal of B such that I \A = f0g and B is without zero divisors then I = f0g;(iii) if P1 � P2 are two ideals of B with P1 \A = P2 \A and P1 is prime, then P1 = P2;(iv) if S is a multiplicatively closed subset of A, then the natural homomorphism AS ! BS makesBS an integral algebra over AS ;(v) if I is a proper ideal of A then the ideal IB of B generated by I is proper;(vi) for every prime ideal P in A there exists a prime ideal P 0 of B such that P 0 \A = P .Proof. (i) Every x satis�es an equation xn+a1xn�1+ : : :+an = 0 with ai 2 A. Since B has nozero divisors, we may assume that an 6= 0 if x 6= 0. Then x(xn�1+a1xn�2+ : : :+an�1)(�a�1n ) = 1.Hence x is invertible. 61



62 Lecture 10(ii) As in (i), we may assume that every nonzero x 2 I satis�es an equation xn + a1xn�1 +: : : + an = 0 with ai 2 A and an 6= 0. Then an = �x(xn�1 + a1xn�2 + : : : + an�1) 2 I \ A: SinceI \A = f0g, we obtain an = 0. Thus I has no nonzero elements.(iii) Let P0 = P1 \ A. Then we may identify �A = A=P0 with a subring of �B = B=P1 withrespect to the natural homomorphism A=P0 ! B=P1. Let P 02 be the image of P2 in �B. ThenP 02 \ �A = f0g. Obviously, �B is integral over A and has no zero divisors. Thus we may apply (ii)to obtain P 02 = f0g hence P2 = P1.(iv) Obviously the map AS ! BS is injective, so we may identify AS with a subring of BS .If b=s 2 BS and b satis�es a monic equation bn + a1bn�1 + : : : + an = 0; ai 2 A, then b=s satis�esthe monic equation (b=s)n + (a1=s)(b=s)n�1 + : : : + (an=sn) = 0 with coe�cients in AS .(v) If IB = B, then we can write 1 = a1b1+ : : :+anbn for some bi 2 B; ai 2 I. Let x1; : : : ; xmbe a set of generators of B considered as A-module. Multiplying both sides of the previous equalityxi and expressing xibj as a linear combination of the xi's with coe�cients in A we can writexi = nXj=1 aijxj ; i = 1; : : : ; n for some aij 2 I:Thus, the vector x = (x1; : : : ; xn) 2 Bn is a solution of a system of linear equations (M � In)x = 0where M = (aij). Let D = det(M � Ik). As in the proof of Lemma 1, we get D2 = 0. ClearlyD = det(M � Ik) = (�1)k + c1(�1)k�1 + : : : + ckwhere ci, being polynomials in aij , belong to I. Squaring the previous equality, we express 1 asa linear combination of the products cicj . This shows that 1 2 I. This contradiction proves theassertion.(vi) We know that the idealP 0 = PAP = fa=b 2 AP ; a 2 Pgis maximal in AP . In fact, any element from its complement is obviously invertible. Let B0 = BS ,where S = A n P . Then B0 is integral over A0 = AP and, by (v), the ideal P 0B0 is proper. Letm be a maximal ideal containing it. Then m \ A0 = P 0 because it contains the maximal ideal P 0.Now it is easy to see that the pre-image of m under the canonical homomorphism B ! BS is aprime ideal of B cutting out the ideal P in A.De�nition. A regular map f : X ! Y of a�ne algebraic k-sets is said to be �nite if f� : O(Y )!O(X) is injective and O(X) is integral over f�(O(Y )). A regular map f : X ! Y of quasi-projective algebraic k-sets is said to be �nite if for every point y 2 Y there exists an a�ne openneighborhood V of y such that f�1(V ) is a�ne and the restriction map f�1(V )! V is �nite.Note that if f : X ! Y is a map of a�ne sets, then f� : O(Y ) ! O(X) is injective if andonly if f(X) is dense in Y . Indeed, if f�(�) = 0 then f(X) � fy 2 Y : �(y) = 0g which is a closedsubset. Conversely, if f(X) is contained in a closed subset Z of Y then for every function � 2 I(Y )we have f�(�) = 0.Examples. 1. Let X = f(x; y) 2 K2 : y = x2g � A2(K) and Y = A1(K). Consider the projectionmap f : X ! Y; (x; y) 7! y. Then f is �nite. Indeed, O(X) �= k[Z1; Z2]=(Z2 � Z21 );O(Y ) �= k[Z2]and f� is the composition of the natural inclusion k[Z2]! k[Z1; Z2] and the natural homomorphismk[Z1; Z2] ! k[Z1; Z2]=(Z2 � Z21 ). Obviously it is injective. Let z1; z2 be the images of Z1 and Z2in the factor ring k[Z1; Z2]=(Z2�Z21 ). Then O(X) is generated over f�(O(Y )) by one element z1.62



Finite regular maps 63The latter satis�es a monic equation: z21 � f�(Z2) = 0 with coe�cients in f�(O(Y )). As we saw inthe proof of Lemma 1, this implies that O(X) is a �nitely generated f�(O(Y ))-module and henceO(X) is integral over f�(O(Y )). Therefore f is a �nite map.2. Let x0 be a projective subspace of Pnk (K) of dimension 0, i.e., a point (a0; : : : ; an) with co-ordinates in k. Let X be a projective algebraic k-set in Pnk (K) with x0 62 X and let f = prx0 :X ! Pn�1k (K) be the projection map. We know that Y = f(X) is a projective set. Let us seethat f : X ! Y is �nite. First, by a variable change, we may assume that x0 is given by asystem of equations T0 = : : : = Tn�1 = 0 where T0; : : : ; Tn are homogeneous coordinates. Thenf is given by (x0; : : : ; xn) 7! (x0; : : : ; xn�1). We may assume that y 2 Y lies in the open subsetV = Y \ Pn�1k (K)0 where x0 6= 0. Its preimage U = f�1(V ) = X \ Pnk (K)0. Since f is sur-jective f� : O(V ) ! O(U) is injective. Let us show that O(U) is integral over f�(O(V )). LetI0 � k[Z1; : : : ; Zn] be the ideal of X \ Pnk (k)0, where Zi = Ti=T0; i = 1; : : : ; n. Then V is given bysome ideal J0 in k[Z1; : : : ; Zn�1], and the homomorphism f� is induced by the natural inclusionk[Z1; : : : ; Zn�1] � k[Z1; : : : ; Zn]. Since O(U) is generated over k by the cosets zj of Zj modulo theideal I0 we may take zn to be a generator of O(U) over f�(O(V )). Let fFs(T ) = 0gs2S be theequations de�ning X. Since x0 62 X, the ideal generated by the polynomials Fs and Ti; i � n� 1,must contain k[T ]d for some d � 0. Thus we can writeT dn =Xs2SAsFs + n�1Xi=0 BiTifor some homogeneous polynomials As; Bi 2 k[T0; : : : ; Tn]. Obviously the degree of each Bi inTn is strictly less than d. Dividing by some power of T0, and reducing modulo I0 we obtain thatzn satis�es a monic equation with coe�cients in f�(O(V )). This implies that O(V ) is a �nitelygenerated f�(O(U))-module, hence is integral over f�(O(U)). By de�nition, X is �nite over Y .3. Let A = k[Z1] and B = A[Z1; Z2]=Z1Z2 � 1. Consider � : A ! B de�ned by the naturalinclusion k[Z1] � k[Z1; Z2]. This corresponds to the projection of the \hyperbola' to the x-axis. Itis clearly not surjective. Thus property (v) is not satis�ed (take I = (Z1)). So, the correspondingmap of a�ne sets is not �nite (although all �bres are �nite sets).Lemma 3. LetX be a quasi-projective algebraic k-set, � 2 O(X) andD(�) = fx 2 X : �(x) 6= 0g.Then O(D(�)) �= O(X)�:Proof. We know that this is true for an a�ne set X (see Lecture 9). Let X be any quasi-projective algebraic k-set. Obviously, for any open a�ne set U we have D(�jU) = U \ D(�).This shows that �jU \D(�) is invertible, and by taking an a�ne open cover of D(�), we concludethat �jD(�) is invertible. By the universal property of localization, this de�nes a homomorphism� : O(X)� ! O(D(�)). The restriction homomorphismO(X)! O(U) induces the homomorphism�U : O(U)�jU ! O(D(�) \ U). By taking an a�ne open cover of X = [iUi, we obtain that all�Ui are isomorphisms. Since every element of O(X) is uniquely determined by its restrictions toeach Ui, and any element of O(D(�)) is determined by its restriction to each D(�)\Ui, we obtainthat � is an isomorphism.Lemma 4. Let X and Y be two quasi-projective algebraic k-sets. Assume that Y is a�ne. Thenthe natural map Mapreg(X;Y )! Homk�alg(O(Y );O(X)); f ! f�;63



64 Lecture 10is bijective.Proof. We know this already if X and Y are both a�ne. Let U be an a�ne open subset ofX. By restriction of maps (resp. functions), we obtain a commutative diagram:Mapreg(X;Y ) ! Homk�alg(O(Y );O(X))# #Mapreg(U; Y ) ! Homk�alg(O(Y );O(U)):Here the bottom horizontal arrow is a bijection. Thus we can inverse the upper horizontal arrow asfollows. Pick up an open a�ne cover fUigi2I of X. Take a homomorphism � : O(Y )! O(X), itsimage in Homk�alg(O(Y );O(Ui)) is the composition with the restriction map O(X)! O(Ui). Itde�nes a regular map Ui ! Y . Since a regular map is de�ned on its open cover, we can reconstructa \global" map X ! Y . It is easy to see that this is the needed inverse.Lemma 5. Let X be a quasi-prjective algebraic k-set. Then X is a�ne if and only if O(X) isa �nitely generated k- algebra which contains a �nite set of elements �i which generate the unitideal and such that each D(�i) is a�ne.Proof. The part \only if" is obvious. Let �1; : : : ; �n 2 O(X) which generate the unit ideal.Then X = [iD(�i): Let k[Z1; : : : ; Zn] ! O(X) be a surjective homomorphism of k-algebras andI be its kernel. The set of zeroes of I in A n(K) is an a�ne algebraic set X 0 with O(X 0) �= O(X).Let f : X ! X 0 be the regular map corresponding by Lemma 4 to the previous isomorphism. Itsrestriction to D(�i) is an isomorphism for each i (here we use that D(�i) is a�ne). Hence f is anisomorphism.Proposition 2. Let f : X ! Y be a �nite regular map of quasi-projective algebraic k-sets. Thefollowing assertions are true:(i) for every a�ne open subset U of Y; f�1(U) is a�ne and f : f�1(U)! U is �nite;(ii) if Z is a locally closed subset of Y , then f : f�1(Z)! Z is �nite;(iii) if f : X ! Y and g : Y ! Z are �nite regular maps, then g � f : X ! Z is a �nite regularmap.Proof. (i) Obviously we may assume that Y = U is a�ne. For any y 2 Y , there exists anopen a�ne neighborhood V of y such that f : f�1(V ) ! V is a �nite map of a�ne k-sets. Let� 2 O(Y ), then D(�) � V is a�ne and f�1(D(�)) = D(f�(�)) � f�1(V ) is a�ne. Moreover themap f�1(D(�)) ! D(�) is �nite (this follows from Lemma 2(iv) and Lemma 3). Thus we mayassume that Y is covered by a�ne open sets of the form D(�) such that f�1(D(�)) is a�ne andthe restriction of the map f to f�1(D(�)) is �nite.Now let Y = [iVi; Vi = D(�i); �i 2 O(Y );X = [iUi; Ui = f�1(Vi) = D(f�(�i));fi = f jUi : Ui ! Vi is a �nite map of a�ne sets:By Lemma 1, O(Ui) is a �nitely generated O(Vi)-module. Let f!ijgj=1;:::;n(i) be a set of generatorsof this module. Since !ij = a=f�(�i)n for some a 2 O(X) and n � 0, and f�(�i) is invertible inO(Ui), we may assume that !ij 2 O(X). For every � 2 O(X) we may write�jUi = n(i)Xi=0(bj=f�(�i)n(i))!ij64



Finite regular maps 65for some bj=f�(�i)n(i) 2 O(Ui). Since \i(Y n D(�i)) = \iV (�i) = \iV (�n(i)i ) = ;, the ideal inO(Y ) generated by the �i's contains 1. Thus 1 =Pi hi�n(i)i for some hi 2 O(Y ), hence1 =Xi f�(hi)f�(�i)n(i)and �jUi =Xi (�jUi)f�(hi)f�(�i)n(i) = (Xi f�(hi)bj!ij)jUi:This shows that � = Pij cij!ij for some cij 2 O(X), that is, f!ijg is a generating set of thef�(O(Y ))-module O(X). In particular, O(X) is integral over f�(O(Y )) and O(X) is an algebraof �nite type over k. Since the elements f�(�i)n(i) generate the unit ideal in O(X), applying byLemma 5, we obtain that X is an a�ne set .(ii) Let Z be a locally closed subset of Y . Then Z = U\Z 0, where U is open and Z 0 is closed inY . Taking an a�ne open cover of U and applying (i), we may assume that Y = U is a�ne and Z isa closed subset of Y . Then f�1(Z) is closed inX. SinceX is a�ne f�1(Z) is a�ne. The restrictionof f to f�1(Z) is a regular map �f : f�1(Z)! Z of a�ne sets corresponding to the homomorphismof the factor-algebras �f� : O(Y )=I(Z)! O(X)=I(f�1(Z)). Since I(f�1(Z)) = f�(I(Z))O(X); �f�is injective. By Lemma 2, the corresponding extension of algebras is integral. Thus �f is �nite.(iii) Applying (i), we reduce the proof to the case where X;Y and Z are a�ne. By Lemma 1,O(X) is �nite over f�(O(Y )) and f�(O(Y )) is �nite over f�(g�(O(Z))) = (g � f)�(O(Z)). ThusO(X) is �nite over (g � f)�(O(Z)), hence integral over (g � f)�(O(Z)).Proposition 3. Let f : X ! Y be a �nite regular map of algebraic k-sets. Then(i) f is surjective;(ii) for any y 2 Y , the �bre f�1(y) is a �nite set.Proof. Clearly, we may assume that X and Y are a�ne, B = O(X) is integral over A = O(Y )and � = f� is injective. A point y 2 Y de�nes a homomorphism evy : A ! K whose kernel is aprime ideal p. A point x 2 f�1(y) corresponds to a homomorphism evx : B ! K of k-algebras suchthat its composition with � is equal to evy. By Lemma 2 (vi), there exists a prime ideal P in Bsuch that ��1(P) = p. Let Q(B=P) be the �eld of fractions of the quotient ring B=P and Q(A=p)be the �eld of fractions of the ring A=p. Since B is integral over A, the homomorphism � de�nes analgebraic extensionQ(B=P)=Q(A=p) (Lemma 2 (iv)). SinceK is algebraically closed, there exists ahomomorphism Q(B=P)! K which extends the natural homomorphism Q(A=p)! K de�ned bythe injective homomorphism A=p! K induced by evy. The composition of the restriction of thehomomorphism Q(B=P)! K to B=P and the factor map B ! B=P de�nes a point x 2 f�1(y).This proves the surjectivity of f .Note that the �eld extension Q(B=P)=Q(A=p) is �nite (since it is algebraic and Q(B=P) isa �nitely generated algebra over Q(A=p). It is known from the theory of �eld extensions that thenumber of homomorphisms Q(B=P)! K extending the homomorphism A=p! K is equal to theseparable degree [Q(B=P) : Q(A=p)]s of the extension Q(B=P)=Q(A=frakp). It follows from theprevious arguments that the number of points in f�1(y) is equal to the sumXP:��1(P )=p[Q(B=P) : Q(A=p)]s:So it su�ces to show that the number of prime ideals P � B such that ��1(P) = p is �nite.It follows from Lemma 2 (iii) that the set of such prime ideals is equal to the set of irreduciblecomponents of the closed subset of X de�ned by the proper ideal pB. We know that the numberof irreducible components of an a�ne k-set is �nite. This proves the second assertion.65



66 Lecture 10Theorem. Let X be a projective (resp. a�ne) irreducible algebraic k-set. Then there exists a�nite regular map f : X ! Pnk (K) (resp. A nk (K)).Proof. Assume �rst that X is projective. Let X be a closed subset of some Prk(K) for somer as a closed subset. If X = Prk(K), we take for f the identity map. Let x 2 Prk(K) n X andpx : X ! Pr�1k (K) be the linear projection from the point x. We know from the previous examplesthat px : X ! px(X) is a �nite map. If px(X) = Pr�1k (K), we are done. Otherwise, we take apoint outside px(X) and project from it. Finally, we obtain a �nite map (composition of �nitemaps) X ! Pnk (K) for some n.Assume that X is a�ne. Then, we replace X by an isomorphic set lying as a closed subsetof Prk(K)0 of some Prk(K). Let �X be the closure of X in Prk(K). Projecting from a point x 2Prk(K) n ( �X [ Prk(K)0), we de�ne a �nite map �X ! Pr�1k (K). Since one of the equations de�ningx can be taken to be T0 = 0, the image of Prk(K)0 is contained in Pr�1k (K)0. Thus the image of Xis contained in Pr�1k (K)0 �= A r�1k (K). Continuing as in the projective case, we prove the theorem.The next corollary is called the Noether Normalization theorem. Together with the twoHilbert's theorems (Basis and Nullstellensatz) these three theorems were known as \the threewhales of algebraic geometry."Corollary. Let A be a �nitely generated algebra over a �eld k. Then A is isomorphic to anintegral extension of the polynomial algebra k[Z1; : : : ; Zn].Proof. Find an a�ne algebraic set X with O(X) �= A and apply the previous theorem.Problems.1. Decide whether the following maps f : X ! Y are �nite:(a) Y = V (Z21 � Z32 ) be the cuspidal cubic, X = A 1 , f is de�ned by the formula x! (x3; x2);(b) X = Y = A 2 ; f is de�ned by the formula (x; y)! (xy; y).2. Let f : X ! Y be a �nite map. Show that the image of any closed subset of X is closed in Y .3. Let f : X ! Y and g : X 0 ! Y 0 be two �nite regular maps. Prove that the Cartesian productmap f � g : X �X 0 ! Y � Y 0 is a �nite regular map.4. Give an example of a surjective regular map with �nite �bres which is not �nite.5. Let A be an integral domain, Q be its �eld of fractions. The integral closure �A of A in Q iscalled the normalization of A. A normal ring is a ring A such that A = �A.(a) Prove that �A is a normal ring;(b) Prove that the normalization of the ring k[Z1; Z2]=(Z21 � Z22 (Z2 + 1)) is isomorphic to k[T ];(c) Show that k[Z1; Z2; Z3]=(Z1Z2 � Z23 ) is a normal ring.6. Let B = k[Z1; Z2]=(Z1Z22 +Z2 +1). Find a subring A of B isomorphic to a ring of polynomialssuch that B is �nite over A.

66



Dimension 67

Lecture 11. DIMENSIONIn this lecture we give a de�nition of the dimension of an algebraic (= quasi-projective alge-braic) k-set. Recall that the dimension of a linear space L can be de�ned by :dimL = supfr : 9 a strictly decreasing chain of linear subspaces L0 � L1 � : : : � Lrg:The dimension of algebraic sets is de�ned in a very similar way:De�nition. Let X be a non-empty topological space. Its Krull dimension is de�ned to be equalto dimX = supfr : 9 a chain Z0 � Z1 � : : : � Zr 6= ; of closed irreducible subsets of Xg:By de�nition the dimension of the empty set is equal to �1.The dimension of an algebraic k-set X is the Krull dimension of the corresponding topologicalspace.Example. dimA 1k (K) = 1. Indeed, the only proper closed irreducible subset is a �nite set de�nedby an irreducible polynomial with coe�cients in k. It does not contain any proper closed irreduciblesubsets.Propositon 1 (General properties of dimension). Let X be a topological space. Then(i) dim X = 0 if X is a non-empty Hausdor� space;(ii) dim X = supfdim Xi; i 2 Ig, where Xi; i 2 I, are irreducible components of X;(iii) dimX � dim Y if Y � X, the strict inequality takes place if none of the irreducible componentsof the closure of Y is an irreducible component of X;Proof. (i) In a non-empty Hausdor� space a point is the only closed irreducible subset.(ii) Let Z0 � Z1 � : : : � Zr be a strictly decreasing chain of irreducible closed subsets ofX. Then Z0 = [i2I(Z0 \ Xi) is the union of closed subsets Z0 \ Xi. Since Z0 is irreducible,Z0 \ Xi = Z0 for some Xi, i.e., Z0 � Xi. Thus the above chain is a chain of irreducible closedsubsets in Xi and r � dim Xi.(iii) Let Z0 � Z1 � : : : � Zr be a strictly decreasing chain of irreducible closed subsetsof Y , then the chain of the closures �Zi of Zi in X of these sets is a strictly decreasing chainof irreducible closed subsets of X. As we saw in the proof of (ii) all �Zi are contained in someirreducible component Xi of X. If this component is a not an irreducible component of the closureof Y , then Xi � �Z0 and we can add it to the chain to obtain that dim X > dim Y .67



68 Lecture 11Proposition 2. An algebraic k-set X is of dimension 0 if and only if it is a �nite set.Proof. By Proposition 1(ii) we may assume that X is irreducible. Suppose dim X = 0. Takea point x 2 X and consider its closure Z in the Zariski k-topology. It is an irreducible closedsubset which does not contain proper closed subsets (if it does, we �nd a proper closed irreduciblesubset of Z). Since dim X = 0, we get Z = X. We want to show that X is �nite. By takingan a�ne open cover, we may assume that X is a�ne. Now O(X) is isomorphic to a quotient ofpolynomial algebra k[Z1; : : : ; Zn]=I. Since X does not contain proper closed subsets I must be amaximal ideal. As we saw in the proof of the Nullstellensatz this implies that O(X) is a �nite�eld extension of k. Every point of X is de�ned by a homomorphism O(X) ! K. Since K isalgebraically closed there is only a �nite number of homomorphisms O(X) ! K. Thus X is a�nite set (of cardinality equal to the separable degree of the extension O(X)=k).Conversely, if X is a �nite irreducible set, then X is a �nite union of the closures of its points.By irreduciblity it is equal to the closure of any of its points. Clearly it does not contain properclosed subsets, hence dim X = 0.De�nition. For every commutative ring A its Krull dimension is de�ned bydim A = supfr : 9strictly increasing chain P0 � : : : � Pk of proper prime ideals in AgProposition 3. Let X be an a�ne algebraic k-set and A = O(X) be the k-algebra of regularfunctions on X. Then dim X = dim A:Proof. Obviously follows from the existence of the natural corresponence between closedirreducible subsets of X and prime ideals in O(X) �= A.Recall that a �nite subset fx1; : : : ; xkg of a commutative algebra A over a �eld k is said to bealgebraically dependent (resp. independent) over k if there exists (resp. does not exist) a non-zeropolynomial F (Z1; : : : ; Zk) 2 k[Z1; : : : ; Zk] such that F (x1; : : : ; xk) = 0. The algebraic dimension ofA over k is the maximal number of algebraically independent elements over k in A if it is de�nedand 1 otherwise. We will denote it by alg:dimk(A).Lemma 1. Let A be a k-algebra without zero divisors and Q(A) be the �eld of fractions of A.Then(i) alg:dimkQ(A) = alg:dimk(A);(ii) alg:dimk(A) � dim A.Proof. (i) Obviously, alg:dimk(A) � alg:dimk(Q(A)). If x1; : : : ; xr are algebraically inde-pendent elements in Q(A) we can write them in the form ai=s, where ai 2 A; i = 1; : : : ; r;and b 2 A. Consider the sub�eld Q0 of Q(A) generated by a1; : : : ; ar; s. Since Q0 containsx1; : : : ; xr; s, alg:dimkQ0 � r. If a1; : : : ; ar are algebraically dependent, then Q0 is an algebraicextension of the sub�eld Q00 generated by s and a1; : : : ; ar with some ai, say ar, omitted. Sincealg:dimkQ0 = alg:dimkQ00, we �nd r algebraically independent elements a1; : : : ; ar�1; s in A. Thisshows that alg:dimkQ(A) � alg:dimkA.(ii) Let P be a prime ideal in A. Let �x1; : : : ; �xr be algebraically independent elements overk in the factor ring A=P and let x1; : : : ; xr be their representatives in A. We claim that forevery nonzero x 2 P the set x1; : : : ; xr; x is algebraically independent over k. This shows that68



Dimension 69alg:dimkA > alg:dimkA=P and clearly proves the statement. Assume that x1; : : : ; xr; x are alge-braically dependent. Then F (x1; : : : ; xr; x) = 0 for some polynomial F 2 k[Z1; : : : ; Zn+1] n f0g.We can write F as a polynomial in Zn+1 with coe�cients in k[Z1; : : : ; Zn]. ThenF (x1; : : : ; xr ; x) = a0(x1; : : : ; xr)xn + : : : + an�1(x1; : : : ; xr)x+ an(x1; : : : ; xr) = 0;where ai 2 k[Z1; : : : ; Zn]. Cancelling by x, if needed, we may assume that an 6= 0 (here we usethat A does not have zero divisors). Passing to the factor ring A=P , we obtain the equalityF (�x1; : : : ; �xr ; �x) = a0(�x1; : : : ; �xr)�xn+ : : :+an�1(�x1; : : : ; �xr)�x+an(�x1; : : : ; �xr) = an(�x1; : : : ; �xr) = 0;which shows that �x1; : : : ; �xr are algebraically dependent. This contradiction proves the claim.Proposition 4. dim A nk (K) = n:Proof. By Proposition 3, we have to check that dim k[Z1; : : : ; Zn] = n. Obviously,(0) � (Z1) � (Z1; Z2) � : : : � (Z1; : : : ; Zn)is a strictly increasing chain of proper prime ideals of k[Z1; : : : ; Zn]. This shows thatdim k[Z1; : : : ; Zn] � n:By Lemma 1,alg:dimkk[Z1; : : : ; Zn] = alg:dimkk(Z1; : : : ; Zn) = n � dim k[Z1; : : : ; Zn] � n:This proves the assertion.Lemma 2. Let B a k-algebra which is integral over its subalgebra A. Thendim A = dim B:Proof. For every strictly increasing chain of proper prime ideals P0 � : : : � Pk in B, we havea strictly increasing chain P0 \A � : : : � Pk \A of proper prime ideals in A (Lemma 2 (iii) fromLecture 10). This shows that dim B � dim A.Now let P0\A � : : : � Pk\A be a strictly increasing chain of prime ideals in A. By Lemma 2from Lecture 10, we can �nd a prime ideal Q0 in B with Q0 \A = P0. Let �A = A=P0; �B = B=Q0,the canonical injective homomorphism �A! �B is an integral extension. Applying the Lemma againwe �nd a prime ideal �Q1 in �B which cuts out in �A the image of P1. Lifting �Q1 to a prime idealQ1 in B we �nd Q1 � Q0 and Q1 \ A = P1. Continuing in this way we �nd a strictly increasingchain of prime ideals Q0 � Q1 � : : : � Qk in B. This checks that dim B � dim A and proves theassertion. 69



70 Lecture 11Theorem 1. Let A be a �nitely generated k-algebra without zero divisors. Thendim A = alg:dimkA = alg:dimkQ(A):In particular, if X is an irreducible a�ne algebraic k-set and R(X) is its �eld of rational functions,then dim X = alg:dimkO(X) = alg:dimkR(X):Proof. By Noether's Normalization Theorem from Lecture 10, A is integral over its subalgebraisomorphic to k[Z1; : : : ; Zn]. Passing to the localization with respect to the multiplicative setS = k[Z1; : : : ; Zn] n f0g, we obtain an integral extension k(Z1; : : : ; Zn)! AS . Since k(Z1; : : : ; Zn)is a �eld, and A is a domain, AS must be a �eld equal to its �eld of fractions Q(A). The �eldextension k(Z1; : : : ; Zn)! Q(A) is algebraic. Applying Lemmas 1 and 2 we getalg:dimkA � dim A = dim k[Z1; : : : ; Zn] = alg:dimkk(Z1; : : : ; Zn) = alg:dimkQ(A) = alg:dimkA:This proves the assertion.So we see that for irreducible a�ne algebraic sets the following equalities hold:dim X = dim O(X) = alg:dimkO(X) = alg:dimkR(X) = nwhere n is de�ned by the existence of a �nite map X ! A nk (K):Note that, since algebraic dimension does not change under algebraic extensions, we obtainCorollary. LetX be an a�ne algebraic k-set and letX 0 be the same set considered as an algebraick0-set for some algebraic extension k0 of k. Thendim X = dim X 0:To extend the previous results to arbitrary algebraic sets X, we will show that for every denseopen a�ne subset U � X dim U = dim X:This will follow from the following:Theorem 2 (Geometric Krull's Hauptidealsatz). Let X be an a�ne irreducible algebraick-set of dimension n and let � be a non-invertible and non-zero element of O(X). Then everyirreducible component of the set V (�) of zeroes of � is of dimension n� 1.To prove this theorem we shall need two lemmas.Lemma 3. Let B be a domain which is integral over A = k[Z1; : : : ; Zr], and let x and y be coprimeelements of A. Assume that xjuy for some u 2 B. Then xjuj for some j.Proof. Let uy = xz for some z 2 B. Since z is integral over Q(A) its minimal monic polyomialover Q(A) has coe�cients from A. This follows from the Gauss Lemma (if F (T ) 2 Q(A)[T ] dividesa monic polynomial G(T ) 2 A[T ] then F (T ) 2 A[T ]). LetF (T ) = Tn + a1Tn�1 + : : : + an = 0; ai 2 A;be a minimal monic polynomial of z. Plugging z = uy=x into the equation, we obtain that usatis�es a monic equation:F (T )0 = Tn + (a1x=y)Tn�1 + : : : + (anxn=yn) = 0with coe�cients in the �eld Q(A). If u satis�es an equation of smaller degree over Q(A), afterplugging in u = xz=y, we �nd that z satis�es an equation of degree smaller than n. This isimpossible by the choice of F (T ). Thus F (T )0 is a minimal polynomial of u. Since u is integralover A, the coe�cients of F (T )0 belong to A. Therefore, yijaixi, and, since x and y are coprime,yijai. This implies that un + xt = 0 for some t 2 A, and therefore xjun.70



Dimension 71Lemma 4. Assume k is in�nite. Let X be an irreducible a�ne k-set, and let � be a non-zero andnot invertible element in O(X). There exist �1; : : : ; �n 2 O(X) such that the map X ! A n+1k (K)de�ned by the formula x! (�(x); �1(x); : : : ; �n(x)) is a regular �nite map.Proof. Replacing X by an isomorphic set, we may assume that X is a closed subset of somePmk (K)0; � = F (T0; : : : ; Tm)=T r0 for some homogeneous polynomial F (T ) of degree r > 0. Since � isnot invertible and O(X) is a domain, (�) is a proper ideal with rad(�) 6= f0g. Thus V (�) is a properclosed subset of X. Let �X be the closure of X in Pmk (K). Obviously every irreducible componentof the closure V (F ) of V (�) in �X is not contained in V (T0). By Proposition 1 this implies thatdim �X \ V (F ) \ V (T0) < dim �X \ V (F ) < dim X = n. Let F1(T ) be a homogeneous polynomialof degree d which does not vanish identically on any irreducible component of �X \ V (T0). Oneconstructs F1(T ) by choosing a point in each component and a linear homogeneous form L notvanishing at each point (here where we use the assumption that k is in�nite) and then takingF1 = Ld. Then dim �X \ V (T0) \ V (F ) \ V (F1) < dim �X \ V (F ) \ V (T0)Continuing in this way we �nd n homogeneous polynomials F1(T ); : : : ; Fn(T ) of degree d such that�X \ V (T0) \ V (F ) \ V (F1) \ : : : \ V (Fn) = ;:Let f : �X ! Pn+1k (K) be the regular map given by the polynomials (T d0 ; F; F1; : : : ; Fn). We claimthat it is �nite. Indeed, replacing �X by its image vd( �X) under the Veronese map vd : Pmk (K) !PNk (k), we see that f is equal to the restriction of the linear projection mapprE : vd( �X)! Pnk (K)where E is the linear subspace de�ned by the linear forms in N + 1 unknowns corresponding tothe homogeneneous forms T d0 ; F; F1; : : : ; Fn. We know that the linear projection map is �nite.Obviously, f(X) � Pn+1k (K)0, and the restriction map f jX : X ! Pn+1k (K)0 �= A n+1k (K); de�nedby the formula x! ( FT d0 (x); F1T d0 (x); : : : ; FnT d0 (x)) = (�(x); �1(x); : : : ; �n(x))is �nite.Proof of Krull's Hauptidealsatz:Let f : X ! An+1(K) be the �nite map constructed in the previous lemma. It su�ces toshow that the restrictions ��i of the functions �i(i = 1; : : : ; n) to any irreducible component Y ofV (�) are algebraically independent elements of the ring O(Y ) (since dim Y = alg:dimkO(Y )). LetF 2 k[Z1; : : : ; Zn]nf0g be such that F (�1; : : : ; �n) 2 I(Y ): Choosing a function g 62 I(Y ) vanishingon the remaining irreducible components of V (�), we obtain thatV (F (�1; : : : ; �n)g) � V (�):By the Nullstellensatz, �j(F (�1; : : : ; �n)g)N for some N > 0. Now, we can apply Lemma 3.Identifying k[Z1; : : : ; Zn; Zn+1] with the subring of O(X) by means of f�, we see that � =Zn+1; F (�1; : : : ; �n) = F (Z1; : : : ; Zn), and Zn+1jF (Z1; : : : ; Zn)NgN in O(X). From Lemma 4we deduce that Zn+1jgjN for some j � 0, i.e., g � 0 on V (�) contradicting the choice of g. Thisproves the assertion. 71



72 Lecture 11Theorem 3. Let X be an algebraic set and U be a dense open subset of X. Thendim X = dim U:Proof. Obviously we may assume that X is irreducible and U is its open subset. First let usshow that all a�ne open subsets of X have the same dimension. For this it is enough to show thatdim U = dim V if V � U are a�ne open subsets. Indeed, we know that for every pair U and U 0of open a�ne subsets of X we can �nd an a�ne non-empty subset W � U \ U 0. Then the abovewill prove that dim W = dim U;dim W = dim U 0: Assume U is a�ne, we can �nd an open subsetD(�) � V � U , where � 2 O(U) n O(U)�. Thendim D(�) = dim O(D(�)) = dim O(U)[Z]=(Z�� 1) = (dim O(U) + 1)� 1 = dim O(U) = dim U:Here we have used thatdim A[Z] = alg:dimkA[Z] = alg:dimkQ(A[Z]) + 1 =alg:dimkQ(A)(Z) = alg:dimkQ(A) + 1 = dim A+ 1for every �nitely generated k-algebra A, and, of course the Krull Hauptidealsatz. This shows thatall open non-empty a�ne subsets of X have the same dimension. Let Z0 � Z1 � : : : � Zn be amaximal decreasing chain of closed irreducible subsets of X, i.e., n = dim X. Take x 2 Zn and letU be any open a�ne neighborhood of x. ThenZ0 \ U � Z1 \ U � : : : � Zn \ U 6= ;is a decreasing chain of closed irreducible subsets of U (note that Zi \ U 6= Zj \ U for i � j sinceotherwise Zj = Zi [ (Zj \ (X � U)) is the union of two closed subsets). Thus dim U � dim X,and Proposition 1 implies that dim U = dim X. This proves that for every a�ne open subset Uof X we have dim U = dim X. Finally, if U is any open subset, we �nd an a�ne subset V � Uand observe that n = dim V � dim U � dim X = nwhich implies that dim U = dim X:Corollary 1. dim Pn(k) = n:Proof. Apply Proposition 4.Corollary 2. Let f : X ! Y be a �nite map of algebraic k-sets. Thendim X = dim Y:Proof. Let Yi be an irreducible component of Y . By Proposition 2 of Lecture 10, the restrictionof the map f to f�1(Yi) is a �nite regular map fi : f�1(Yi) ! Yi. Take any open a�ne subsetU of Yi. Then V = f�1(U) is a�ne and the restriction map V ! U is �nite. By Lemma2, dim U = dim V . Hence dim f�1(Yi) = dim V = dim U = dim Yi: Since any irreduciblecomponent of X is contained in f�1(Vj) for some irreducible component Vj of Y , the assertionfollows from Proposition 1. 72



Dimension 73Theorem 4. Let F be a homogeneous polynomial not vanishing identically on an irreduciblequasi- projective set X in Pnk (K) and Y be an irreducible component of X \ V (F ), then, either Yis empty, or dim Y = dim X � 1:Proof. Assume Y 6= ;. Let y 2 Y and U be an open a�ne subset of X containing y. ThenY \ U is an open subset of Y , hence dim Y \ U = dim Y . Replacing U with a smaller subset, wemay assume that U � Pn(k)i for some i. Then F de�nes a regular function � = F=T ri ; r = deg(F ),on U , and Y \ U = D(�) � U . By Krull's Hauptidealsatz, dim Y \ U = dim U � 1: Hencedim Y = dim Y \ U = dim U � 1 = dim X � 1:Corollary 1. Let X be a quasi-projective algebraic k-set in Pnk (K); F1; : : : ; Fr 2 k[T0; : : : ; Tn] behomogeneous polynomials, Y = X \ V ((F1; : : : ; Fr)) = X \ V (F1) \ : : : \ V (Fr) be the set of itscommon zeroes and Z be an irreducible component of this set. Then, either Z is empty, ordim Z � dim X � r:The equality takes place if and only if for every i = 1; : : : ; r the polynomial Fi does not vanishidentically on any irreducible component of X \ V (F1) \ : : : \ V (Fi�1):Corollary 2. Every r � n homogeneous equations in n + 1 unknowns have a common solutionover an algebraically closed �eld. Moreover, if r < n, then the number of solutions is in�nite.Proof. Apply the previous Corollary to X = Pnk and use that an algebraic set is �nite if andonly if it is of dimension 0 (Proposition 2).Example. Let C = v3(P1(K)) be a twisted cubic in P3(K). We know that C is given by threeequations: F1 = T0T2 � T 21 = 0; F2 = T0T3 � T1T2 = 0; F3 = T1T3 � T 22 = 0:We have V (F1)\ V (F2) = C [L, where L is the line T0 = T1 = 0. At this point, we see that eachirreducible component of V (F1)\V (F2) has exactly dimension 1 = 3�2. However, V (F3) containsC and cuts out L in a subset of C. Hence, every irreducible component of V (F1)\ V (F2)\ V (F3)is of the same dimension 1.Theorem 5 (On dimension of �bres). Let f : X ! Y be a regular surjective map of irreduciblealgebraic sets, m = dim X;n = dim Y . Then(i) dim f�1(y) � m� n for any y 2 Y ;(ii) there exists a nonempty open subset V of Y such that dim f�1(y) = m� n for any y 2 V .Proof. Let x 2 f�1(y). Replacing X with an open a�ne neighborhood of x, and same for y,we assume that X and Y are a�ne. Let � : Y ! A n (K) be a �nite map and f 0 = � � f . ApplyingProposition 3 from Lecture 10 we obtain that, for any z 2 A n(K), the �bre f 0�1(z) is equal to a�nite disjoint union of the �bres f�1(y) where y 2 ��1(z). Thus we may assume that Y = A n (K).(i) Each point y = (a1; : : : ; an) 2 A n (K) is given by n equations Zi�ai = 0. The �bre f�1(y)is given by n equations f�(Zi � ai) = 0. Applying Hauptidealsatz, we obtain (i).(ii) Since f is surjective, f� : O(Y ) ! O(X) is injective, hence de�nes an extension of �eldsof rational functions f� : R(Y ) ! R(X). By the theory of �nitely generated �eld extensions,73



74 Lecture 11L = R(X) is an algebraic extension of a purely transcendental extension K 0 = R(Y )(z1; : : : ; zr) ofK = R(Y ). Clearly, m = alg:dimR(X) = alg:dimR(Y ) + r = n+ r:Let � : X�! Y � A r (K) be a rational map of a�ne sets corresponding to the extension L=K 0.We may replace again X and Y by open a�ne subsets to assume that � is regular. Let O(X)be generated by u1; : : : ; uN as a k-algebra. We know that every ui satis�es an algebraic equationa0udi + : : : + ad = 0 with coe�cients in K 0 = R(Y � A r (K)). Replacing Y � A r (K) by an opensubset Ui we may assume that all ai 2 O(U) and a0 is invertible (throwing away the closed subsetof zeroes of a0). Taking the intersection U of all Ui's, we may assume that all ui satisfy monicequations with coe�cients in O(U). Thus O(X) is integral over O(U) hence � : X ! U is a�nite map. Let p : Y � A r (K) ! Y be the �rst projection. The corresponding extension of�elds K 0=K is de�ned by p�. Since p is surjective, p(U) is a dense subset of Y . Let us showthat p(U) contains an open subset of Y . We may replace U by a subset of the form D(F ) whereF = F (Y1; : : : ; Yn; Z1; : : : ; Zr) 2 O(Y � A r (K)): Write F = Pi FiZi as a sum of monomials inZ1; : : : ; Zr. For every y 2 Y such that not all Fi(y) = 0, we obtain non-zero polynomial in Z,hence we can �nd a point z 2 A r (K) such that F (y; z) 6= 0. This shows that p(D(F )) � [D(Fi),hence the assertion follows. Let V be an open subset contained in p(U). Replacing U by an opensubset contained in p�1(V ), we obtain a regular map p : U ! V and the commutative triangle:��1(U) ������! Uf & . pVThe �bres of p are open subsets of �bres of the projection Y � A r (K)! A r (K) which are a�nen-spaces. The map � : ��1(U) ! U is �nite as a restriction of a �nite map over an open subset.Its restriction over the closed subset p�1(y) is a �nite map too. Hence � de�nes a �nite mapf�1(y)! p�1(y) and dim f�1(y) = dim p�1(y) = r = m� n:The theorem is proven.Corollary. Let X and Y be irreducible algebraic sets. Thendim X � Y = dim X + dim Y:Proof. Consider the projection X � Y ! Y and apply the Theorem.Theorem 6. Let X and Y be irreducible quasi-projective subsets of Pn(K). For every irreduciblecomponent Z of X \ Y dim Z � dim X + dim Y � n:Proof. Replacing X and Y by its open a�ne subsets, we may assume that X and Y are closedsubsets of A n (K). Let � : A n (K)! A n (K)� A n (K) be the diagonal map. Then � maps X \ Yisomorphically onto (X � Y )\�An (K), where �An (K) is the diagonal of A n (K). However, �An (K)is the set of common zeroes of n polynomials Zi �Z 0i where Z1; : : : ; Zn are coordinates in the �rst74



Dimension 75factor and Z 01; : : : ; Z 0n are the same for the second factor. Thus we may apply Theorem 2 n timesto obtain dim Z � dim X � Y � n:It remains to apply the previous corollary.We de�ne the codimension codim Y (or codim (Y;X) to be precise) of a subspace Y of atopological space X as dim X � dim Y . The previous theorem can be stated in these terms ascodim (X \ Y;Pn(K)) � codim (X;Pn(K)) + codim (Y;Pn(K)):In this way it can be stated for the intersection of any number of subsets.Exercises.1. Give an example of(a) a topological space X and its dense open subset U such that dim U < dim X;(b) a surjective continuous map f : X ! Y of topological spaces with dim X < dim Y ;(c) a Noetherian topological space of in�nite dimension.2. Prove that every closed irreducible subset of Pn(K) or A n (K) of codimension 1 is the set ofzeroes of one irreducible polynomial.3. Let us identify the space Knm with the space of matrices of size m� n with entries in K. LetX 0 be the subset of matrices of rank � m � 1 where m � n. Show that the image of X 0 n f0g inthe projective space Pnm�1(K) is an irreducible projective set of codimension n�m+ 1.4. Show that for every irreducible closed subset Z of an irreducible algebraic set X there exists achain of n = dim X + 1 strictly decreasing closed irreducible subsets containg Z as its member.De�ne codimension of an irreducible closed subset Z of an irreducible algebraic set X ascodim (Y;X) = maxfk : 9 a chain of closed irreducible subsets Z = Z0 � Z1 � : : : � Zkg:Prove that dim Y +codim (Y;X) = dim X. In particular, our de�nition agrees with the one givenat the end of this lecture.5. A subset V of a topological space X is called constructible if it is equal to a disjoint union of�nitely many locally closed subsets. Using the proof of Theorem 5 show that the image f(V ) ofa constructible subset V � X under a regular map f : X ! Y of quasi-projective sets contains anon-empty open subset of its closure in Y . Using this show that f(V ) is constructible (Chevalley'stheorem).6*. Let X be an irreducible projective curve in Pn(K), where k = K, and E = V (a0T0+: : :+anTn)be a linear hyperplane. Show that E intersects X at the same number of distinct points if thecoe�cients (a0; : : : ; an) belong to a certain Zariski open subset of the space of the coe�cients.This number is called the degree of X.7*. Show that the degree of the Veronese curve vr(P1(K)) � Pn(K) is equal to r.8*. Generalize Bezout's theorem by proving that the set of solution of n homogeneous equa-tions of degree d1; : : : ; dn is either in�nite or consists of d1 � � � dn points taken with appropriatemultiplicities.
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76 Lecture 12

Lecture 12. LINES ON HYPERSURFACESIn this lecture we shall give an application of the theory of dimension. Consider the followingproblem. Let X = V (F ) be a projective hypersurface of degree d = degF in Pn(K). Does itcontain a linear subspace of given dimension, and if it does, how many? Consider the simplest casewhen d = 2 (the case d = 1 is obviously trivial). Then F is a quadratic form in n+1 variables. Letus assume for simplicity that char(K) 6= 2. Then a linear m-dimensional subspace of dimensionin V (F ) corresponds to a vector subspace L of dimension m + 1 in Kn+1 contained in the set ofzeroes of F in Kn+1. This is an isotropic subspace of the quadratic form F . From the theory ofquadratic forms we know that each isotropic subspace is contained in a maximal isotropic subspaceof dimension n+ 1� r + [r=2], where r is the rank of F . Thus V (F ) contains linear subspaces ofdimension � n� r+[r=2] but does not contain linear subspaces of larger dimension . For example,if n = 3, and r = 4, F is isomorphic to V (G), where G is given by the equationsT0T1 � T2T3 = 0:For every �; � 2 K, we have a line L(�; �) given by the equations�T0 + �T2 = 0; �T1 + �T3 = 0;or a line M(�; �) given by the equationM(�; �) : �T0 + �T3 = 0; �T1 + �T2 = 0:It is clear that L(�; �)\L(�0; �0) = ; (resp. M(�; �)\M(�0; �0) 6= ;) if and only if (�; �) 6= (�0; �0)as points in P1(K). On the hand L(�; �) \M(�0; �0) is one point always. Under an isomorphismV (F ) �= P1(K)�P1(K), the two families of lines L(�; �) and M(�; �) correspond to the �bres ofthe two projections P1(K)�P1(K)! P1(K).Another example is the Fermat hypersurface of V (F ) � P3(K) of degree d, whereF = T d0 + T d1 + T d2 + T d3 :Since T di + T dj = dYs=1(Ti + �sTj))where � is a primitive d-th root of �1, we see that V (F ) contains 3d2 lines. Each one is de�nedby the equations of the type: Ti + �sTj = 0; Tk + �tTl = 0;76



Lines on cubic surfaces 77where fi; j; k; lg = f0; 1; 2; 3g. In particular, when d = 3, we obtain 27 lines. As we shall see inthis Lecture, \almost every" cubic surface contains exactly 27 lines. On the other hand if d � 4,\almost no" surface contains a line.To solve our problems, we �rst parametrize the set of linear r-dimension al subspaces of ofPn(K) by some projective algebraic set. This is based on the classic construction of the Grassmannvariety.Let V be a vector space of dimension n + 1 over a �eld K and let L be its linear subspaceof dimension r + 1. Then the exterior product Vr+1(L) can be identi�ed with a one-dimensionalsubspace ofVr+1(V ), i.e., with a point [L] of the projective spaceP(Vr+1(V )) = Vr+1(V )nf0g=K�.In coordinates, if e1; : : : ; en+1 is a basis of V , and f1; : : : ; fr+1 is a basis of L, then Vr+1(L) isspanned by one vectorf1 ^ : : : ^ fr+1 = X1�i1<:::<ir+1�n+1 p[i1; : : : ; ir+1]ei1 ^ : : : eir+1 :If we order the vectors ei1 ^ : : : eir+1 we may identify Vr+1(V ) with K(n+1r+1), then the coordinatevector of the point [L] in P(Vr+1(V )) �= P(n+1r+1)�1(K) is the vector (: : : ; p[i1; : : : ; ir+1]; : : :). Thecoordinates p[i1; : : : ; ir+1] are called the Pl�ucker coordinates of L. If we denote byM(L) the matrixof size (r + 1) � (n + 1) with the j-th row formed by the coordinates of fj with respect to thebasis (e0; : : : ; en+1), then p[i1; : : : ; ir+1] is equal to the maximal size minor of M(L) composed ofthe columns Ai1 ; : : : ; Air+1 .The next theorem shows that the correspondence L ! [L] is a bijective map from the setof linear subspaces of dimension r + 1 in V to the set of K-points of a certain projective subsetG(r + 1; n+ 1) in P(n+1r+1)�1(K).Theorem 1. The subset G(r + 1; n + 1) of lines in Vr+1(V ) spanned by decomposable (r + 1)-vectors f1 ^ : : : ^ fr+1 is a projective algebraic set in P(Vr+1(V )) �= P(n+1r+1)�1(K). The mapL! [L] = Vr+1(L) is a bijective map from the set of linear subspaces of V of dimension r + 1 tothe set G(r + 1; n+ 1).Proof. We use the following fact from linear algebra. For every t 2 Vr+1(V ) let L(t) = fx 2V : t^x = 0g: This is a linear subspace of V . Then dimL(t) � r+1 if and only if t is decomposableand equal to f1 ^ : : : ^ fr+1 for some linear independent vectors f1; : : : ; fr+1 which have to forma basis of L(t). This assertion shows that the subspace L can be reconstructed uniquely from [L]as the subspace L(t), where t is any basis of [L]. Let us prove the assertion. The su�ciency iseasy. If t = f1 ^ : : : ^ fr+1 for some basis ff1; : : : ; fr+1g of a linear subspace of dimension r + 1,then, obviously, f1 ^ : : : ^ fr+1 ^ x = 0 for any x 2 L = Kf1 + : : : + Kfr+1 so that L � L(t).Since f1 ^ : : : ^ fr+1 ^ x = 0 implies that Vr+2(Kf1 + : : : + Kfr+1 + Kx) = 0, we obtain thatdim(Kf1 + : : : +Kfr+1 +Kx) = r + 1, hence x 2 Kf1 + : : : + fr+1. This shows that L = L(t).Conversely assume dimL(t) = r+1. Let f1; : : : fr+1 be a set of linear independent vectors in L(t),and let ff1; : : : ; fr+1; fr+1; : : : ; fn+1g be an extension of ff1; : : : ; fr+1g to a basis of V . We canwrite t = Xi1<:::<ir+1 ai1:::ir+1fi1 ^ : : : ^ fir+1 :It is easy to see that t^fi = 0; i = 1; : : : ; r+1, implies ai1:::ir+1 = 0 for fi1; : : : ir+1g 6= f1; : : : ; r+1g.Hence t is proportional to f1 ^ : : : ^ fr+1. 77



78 Lecture 12To see why decomposable non-zero (r + 1)-vectors de�ne a closed subset G(r + 1; n + 1) ofP(Vr+1(V )) it su�ces to observe that dim L(t) � r + 1 if and only if rk(Tt) � n � r, whereTt is the linear map V ! Vr+2(V ) de�ned by the formula x 7! t ^ x. The latter condition isequivalent to vanishing of (n� r + 1)-minors of the matrix of Tt with respect to some basis. Bytaking a basis e1; : : : ; en+1 of V , it is easy to see that the entries of the matrix of Tt are the Pl�uckercoordinates of the space L(t). Thus we obtain that G(r + 1; n + 1) is the set of zeroes of a setof homogeneous polynomials of degree n � r + 1. Observe that these polynomials have integercoe�cients, so G(r + 1; n+ 1) is a projective k-set for any k � K.More generally, we can de�ne a projective algebraic variety Gk(r + 1; n+ 1) de�ned by:Gk(r + 1; n+ 1)(K) = fdirect summands of Kn+1 of rank r + 1g:Note that a direct summand of a free module is a projective module. The operation of exteriorpower, M ! Vr+1(M) de�nes a morphism of projective algebraic varietiesp : Gk(r + 1; n+ 1)! P(n+1r+1)�1k :If r = 0 this morphism is an isomorphism.De�nition. The projective variety Gk(r+1; n+1) is called the Grassmann variety over the �eld k.The morphism p is called the Pl�ucker embedding of Gk(r+1; n+1). For every algebraically closed�eld K containing k, we shall identify the set Gk(r + 1; n + 1)(K) with the projective algebraicsubset G(r + 1; n+ 1) of P(n+1r+1)�1k .Proposition 1. The projective algebraic set G(r + 1; n + 1) is an irreducible projective set ofdimension (n� r)(r + 1).Proof. We shall give two di�erent proofs of this result. Each one carries some additionalinformation about G(r + 1; n + 1). In the �rst one we use the following obvious fact: the generallinear group GL(n + 1;K) acts transitively on the set of (r + 1)-dimension al linear subspacesof Kn+1. Moreover the stabilizer of each such subspace L is isomorphic to the subgroup P ofGL(n+ 1;K) that consists of matrices of the form:�A B0 C �where A;B;C are matrices of size (r+1)�(r+1); (r+1)�(n�r); (n�r)�(n�r), respectively. Letus consider GL(n+1;K) as a closed subset of Kn2+1 de�ned by the equation T0det((Tij))�1 = 0.then it is clear that P is a closed subset of GL(n + 1;K) de�ned by the additional equationsTij = 0; i = n+2�r; : : : ; n+1; j = 1; : : : ; r+1. The dimension of P is equal to (n+1)2�(n�r)(r+1).Next we de�ne a surjective regular map of algebraic k-sets f : GL(n+ 1;K)! G(r + 1; n+ 1) bythe formula M !M(L0), where L0 = Ke1 + : : : +Ker+1. If M = (aij), thenM(L0) = spanfa11e1 + : : : + an+11en+1; : : : ; a1r+1e1 + : : : + an+1r+1gso that the Pl�ucker coordinates p[i1; : : : ; ir+1] of M(L0) are equal to the minor of the matrix (aij)formed by the �rst r+1 columns and the rows indexed by the set fi1; : : : ; ir+1g. This shows that fis a regular map from the a�ne k-set GL(n+1;K) to the projective algebraic k-set G(r+1; n+1).78



Lines on cubic surfaces 79Its �bres are isomorphic to P . By the theorem on the dimension of �bres from Lecture 11, weobtain thatdim G(r+1; n+1) = dimGL(n+1;K)�dim P = (n+1)2�((n+1)2�(n�r)(r+1)) = (n�r)(r+1):Since GL(n+ 1;K) is irreducible, G(r + 1; n+ 1) is irreducible.Now let us give another proof of this result. Choose the Pl�ucker coordinates p[j1; : : : ; jr+1] andconsider the open subsets D(p[j1; : : : ; jr+1]) � P(n+1r+1)�1k (K). The intersection D(p[j1; : : : ; jr+1])\G(r + 1; n+ 1) is equal to the set of linear subspaces L which admit a basisf1 = a11e1 + : : : + a1n+1en; : : : ; fr+1 = ar+11e1 + : : : + ar+1n+1en;such that p[j1; : : : ; jr+1] = det(Aj1j2:::jr+1) 6= 0, whereAi1i2:::ir+1 = 0B@ a1j1 a1j2 : : : a1jr+1: : : : : : : : : : : :: : : : : : : : : : : :ar+1j1 a1j2 : : : ar+1jr+1 1CAAfter we replace f1; : : : ; fr+1 with f 01; : : : ; f 0r+1 such thatf 01 = b11f1 + : : :+ b1r+1fr+1; : : : ; f 0r+1 = br+11f1 + : : : + br+1r+1fr+1;where (bij) is the inverse of the matrix Aj1j2:::jr+1 , we may assume that Ai1i2:::ir+1 is the identitymatrix Ir+1. Then we may take all (n � r)(r + 1) other entries aij ; j 6= jk arbitrary, and obtainthat D(p[i1; : : : ; ir+1]) \ G(r + 1; n + 1) is isomorphic to the a�ne space A(n�r)(r+1)k (K). ThusG(r + 1; n + 1) is covered by �n+1r+1� open subsets isomorphic to the a�ne space of dimension(n� r)(r + 1). This obviously proves the assertion.Example 1. Let us consider the case r = 1; n = 3. ThenG(2; 4) � P5 parametrizes lines inP3(K).We have six Pl�ucker coordinates p[ij]; i; j = 1; 2; 3; 4. An element ! 2 V2(V ) can be identi�ed witha skew-symmetric bilinear form V � ! V � ! K. The matrixM of this bilinear form with respect tothe dual basis e�1; : : : ; e�4 has entries above the diagonals equal to aij , where ! =P1�i<j�4 aijei^ej .The element ! = f1 ^ f2 if and only if the matrix is of rank < 4. In fact, take � 2 V � such that�(f1) = �(f2) = 0. For any x 2 V � we have f1 ^ f2(x; �) = x(f1)�(f2) � x(f2)�(f1) = 0. Thusthe bilinear form has the kernel and the matrix has zero determinant. The determinant of a skew-symmetric matrix is equal to the square of the P�a�an. Thus we get that all decomposables vectors! satisfy the condition Pf(M) = 0. The equation of the P�a�an of a 4�4 skew symmetric matrixis a12a34 � a13a24 + a14a23 = 0:Since we know already that G(2; 4) is an irreducible projective set of dimension 4, we obtain thatit coincides with the quadric V (Q) whereQ = p[12]p[34]� p[13]p[24] + p[14]p[23]:Evidently Q is a non-degenerate quadratic form.Remark 1. Let us take K = C . Consider the anti-holomorphic involution of G(2; 4) de�ned by(p[12]; p[13]; p[14]; p[23]; p[24]; p[34]) 7! (�p[12];��p[24]; �p[23]; �p[14];��p[13]; �p[34]):79



80 Lecture 12Then the set of �xed points consists of points (z1; z2; z3; z4; z5; z6) 2 P5(C ) such that z1; z2 2R; �z3 = z4; �z5 = z6: They satisfy the equation equationz1z2 + jz3j2 + jz4j2 = 0:Changing the variables z1; z2 to x1 � x2; x1 + x2, and dividing by x2 (it is easy to see that x1; x2cannot be equal to zero), we obtain the equation of a unit sphere in R5 . Thus G(2; 4) admits a realstructure (not the standard one) such that the set of real points is S4. The 4-dimensional sphereis a natural compacti�cation of R4 , the space-time. In the twistor theory of Penrose, G(2; 4) isviewed as a complexi�cation of the real space-time.Remark 2. The equation for G(2; 4) given in the proof of Theorem 1 di�ers from the equationQ = 0 by a factor. Any Grassmannian G(r + 1; n + 1) can be given by a system of equations ofdegree 2, so called the Pl�ucker equations. They look as follows:r+2Xs=1(�1)sp[i1; : : : ; ir ; js]p[j1 : : : ; js�1; js+1; : : : ; jr+2] = 0;where fi1; : : : ; irg and fj1; : : : ; jr+2g are any two strictly increasing sequences of the set f1; : : : ; n+1g. We denote by Hyp(d;n) the projective space P(n+dd )�1. If we use �i0;:::;in ; 0 � ij ; i0+: : :+in =d to denote projective coordinates in this space then each K-point (: : : ; ai0;:::;in ; : : :) of this spacede�nes the projective K-subvariety F = 0 of PnK whereF = Xi0;:::;in ai0;:::;inT i00 � � � T inn = 0:Thus we can view K-points of the projective space P(n+dd )�1 as projective hypersurfaces of degreed. This explains the notation. In the special case when d = 1, the space Hyp(1; n) is called thedual space of Pnk and is denoted by �Pnk . Its K-points are in a bijective correspondence with linearsubspaces of Pnk(K) of dimension n� 1 (hyperplanes) .Now, everything is ready to solve our problem. Fix any algebraically closed �eld K. LetH = Hyp(d;n)(K) and G = G(r + 1; n+ 1)(K). De�neI(r; d; n)(K) = f(X;E) 2 H(K)�G(K) : E � Xg:Lemma 1. I(r; d; n) is a closed irreducible subset of H�G of dimension equal to (r+1)(n� r)+�n+dd �� �r+dd �� 1.Proof. Let E0 denote the linear subspace of Kn+1 corresponding to E. Let f1; : : : ; fr+1 be abasis of E0, extended to a basis (f1; : : : ; fn+1) of Kn+1. Any x 2 E0 de�nes a linear form �x onVr(Kn+1) given by the formulax ^ ! ^ fr+2 ^ : : : ^ fn+1 = �x(!)f1 ^ : : : ^ fn+1:In particular, if x = �1f1 + : : :+ �r+1fr+1, then taking the wedge product of both sides with eachf1 ^ : : : ^ fi�1 ^ fi+1 ^ : : : fn+1, we obtainx = �x(f2 ^ : : : ^ fr+1)f1 � �x(f1 ^ f3 ^ : : : ^ fr+1)f2 + : : :+ (�1)r�x(f1 ^ : : : ^ fr)fr+1:80



Lines on cubic surfaces 81Let (e�1; : : : ; e�n+1) be the dual basis of the canonical basis of Kn+1. Writing �x = P�i1:::ire�i1 ^: : :^e�ir , we get that �i are equal to some linear combinations of the Pl�ucker coordinates of E0. Nowplugging in (�0; : : : ; �n) into the equation of X , we see that I(r; d; n) is given by bi-homogeneouspolynomials in the coe�cients of F and in the Pl�ucker coordinates of E. This proves that I(r; d; n)is a closed subset of the product H �G. Now consider the projection p : I(r; d; n)! G. For eachE 2 G, the �bre p�1(E) consists of all hypersurfaces V (F ) containing E. Choose a coordinatesystem such that E is given by the equations Tr+1 = : : : = Tn = 0: Then E � V (F ) if and only ifeach monomial entering into F with non-zero coe�cient contains some positive power of Ti withi � r + 1. In other words F is de�ned by vanishing of all coe�cients at the monomials of degreed in the variables T0; : : : ; Tr. This gives �r+dr � linear conditions on the coe�cients of F , hencedim p�1(E) = �n+dd �� 1� �r+dr �. Let us assume that I(r; d; n) is irreducible. By the Theorem ondimension of �bres,dim I(r; d; n) = dim p�1(E) + dim G = (n� r)(r + 1) +�n+ dd �� 1��r + dr �:It remains to prove the irreducibility of I(r; d; n). Considering the projection p : I(r; d; n)! G,the assertion follows from the following:Lemma 2. Let f : X ! Y be a surjective regular map of projective algebraic sets. Assumethat Y is irreducible and all �bres of f are irreducible and of the same dimension n. Then X isirreducible.Proof. Let X = X1 [ : : : [ Xn be the union of irreducible closed sets. Since f is a mapof projective sets, the images f(Xi) are closed and irreducible. By assumption, Y is irreducible,hence the set I = fi : f(Xi) = Y g is not empty. For every y 2 Y n ([i62If(Xi)), we have f�1(y) =[i2I(Xi \ f�1(y)). Since f�1(y) is irreducible, there exists Xi; i 2 I, such that f�1(y) � Xi.Since the set I is �nite, we can �nd an open subset U � Y such that f�1(y) � Xi for all y 2 U .Let fi : Xi ! Y be the restriction of f to Xi. By the Theorem on dimension of �bres, any �breof fi is of dimension � n. By assumption, dim f�1i (y) � n = dim f�1(y). This implies thatf�1i (y) = f�1(y) for any y 2 Y . This certainly implies that Xi = X proving the assertion.Theorem 2. Assume that (n� r)(r + 1) < �r + dr �:Then the subset of Hyp(d;n)(K) which consists of hypersurfaces containing a linear subspace ofdimension r is a proper closed subset.Proof. Consider the other projection q : I(r; d; n) ! H = Hyp(d;n)(K). Since I(r; d; n) is aprojective set, its image is a closed subset of H. Suppose q is surjective. Then(n� r)(r + 1) +�n+ dd �� 1� �r + dr � = dim I(r; d; n) � dim H = �n+ dd �� 1:This is impossible in view of the assumption of the theorem.Remark 3. One expects that each V (F ) 2 Hyp(d;n) contains a linear subspace of dimension rwhen (n� r)(r+ 1) � �r+dr �. This is true if d > 2 but false if d = 2. For example let d = 2; n = 4.A nonsingular quadratic form in 5 variables does not contain isotropic subspaces of dimension 3.Hence the corresponding quadric does not contain planes. However, (n�r)(r+1) = 6 � �r+dr � = 6.From now on we restrict ourselves with the case n = 3 and d = 3, i.e. cubic surfaces in P3(K).We shall be looking for lines on cubic surfaces. In this case (n� r)(r + 1) = 6 > �r+dd � = 4, so weexpect that every cubic surface has a line. As we saw in the previous remark it needs to be proven.81



82 Lecture 12Theorem 3.(i) Every cubic surface X contains a line.(ii) There exists an open subset U � Hyp(3; 3)(K) such that any X 2 U contains exactly 27 lines.Proof. (i) In the notation of the proof of Theorem 2, it su�ces to show that the projectionmap q : I(1; 3; 3)! Hyp(3; 3)(K) is surjective. Suppose the image of q is a proper closed subset Yof Hyp(3; 3)(K). Then dim Y < dim Hyp(3; 3)(K) = 19 and dim I(1; 3; 3) = 19. By the theoremon dimension of �bres, we obtain that all �bres of q are of dimension at least one. In particular,every cubic surface containing a line contains in�nitely many of them. But let us consider thesurface X given by the equation T1T2T3 � T 30 = 0:Suppose a line ` lies on X. Let (a0; a1; a2; a3) 2 `. If a0 6= 0, then ai 6= 0; i 6= 0. On the otherhand, every line hits the planes Ti = 0. This shows that ` is contained in the plane T0 = 0. Butthere are only three lines on X contained in this plane: Ti = T0 = 0; i = 1; 2 and 3. Therefore Xcontains only 3 lines. This proves the �rst assertion.(ii) We already know that every cubic surface X = V (F ) has at least one line. Pick up sucha line `. Without loss of generality we may assume that it is given by the equation:T2 = T3 = 0:As we saw in the proof of Lemma 1:F = T2Q0(T0; T1; T2; T3) + T3Q1(T0; T1; T2; T3) = 0;where Q0 and Q1 are quadratic homogeneous polynomials. Each plane � containing the line ` isgiven by the equation �T2 � �T3 = 0for some scalars �; � 2 K. The intersection �\V (F ) contains the line � and a curve of degree 2 in�. More explicitly, choose coordinates t0; t1; t2 in the plane, related to our coordinates T0; T1; T2; T3by the formulas: T0 = t0; T1 = t1; T2 = �t2; T3 = �t2:Plugging these expression into F , we obtain:�t2Q0(t0; t1; �t2; �t2) + �t2Q1(t0; t1; �t2; �t3) = 0:This shows that � \X � � consists of the line ` with the equation t2 = 0 and the conic C(�; �)with the equation: �Q0(t0; t1; �t2; �t2) + �Q1(t0; t1; �t2; �t2) = 0:We may also assume that the line enters with multiplicity one (since we take \general " coe�cientsof F ). Let Q0 = X0�i<j�3 aijTiTj ; Q1 = X0�i<j�3 bijTiTj :Then C(�; �) is given by the equation:(�a00 + �b00)t20 + (�a11 + �b11)t21 + (�2(�a22 + �b22) + �2(�a33 + �b33))t22 + (�a01 + �b01)t0t1+(�(�a02 + �b02) + �(�a03 + �b03))t0t2 + (�2a12 + ��b12) + ((��a13 + �2b13))t1t2 = 0:82



Lines on cubic surfaces 83Now, let us start vary the parameters � and � and see how many reducible conics C(�; �) weobtain. The conic C(�; �) is reducible if and only if the quadratic form de�ning it is degenerate.The condition for the latter is the vanishing of the discriminant D of the quadratic form C(�; �).Observe that D is a homogeneous polynomial of degree 5 in �; �. Thus there exists a Zariski opensubset of Hyp(3; 3) for which this determinant has 5 distinct roots (�i; �i). Each such solutionde�nes a plane �i which cut out on X the line ` and a reducible conic. The latter is the union oftwo lines or a double line. Again, for some open subset of Hyp(3; 3) we expect that the double linecase does not occur. Thus we found 11 lines on X: the line ` and 5 pairs of lines `i; `0i lying eachlying in the plane �i. Pick up some plane, say �1. We have 3 lines `; `0, and `00 in �1. Replacing` by `0, and then by `00, and repeating the construction, we obtain 4 planes through `; `0 and 4planes through `00, each containing a pair of lines. Altogether we found 3 + 8 + 8 + 8 = 27 lineson X. To see that all lines are accounted for, we observe that any line intersecting either `, or `0,or `00 lies in one of the planes we have considered before. So it has been accounted for. Now let Lbe any line. We �nd a plane � through L that contains three lines L;L0 and L00 on X. This planeintersects the lines `; `0, and `00 at some points p; p0 and p00 respectively. We may assume that thesepoints are distinct. Otherwise we �nd three nocoplanar lines in X passing through one point. Aswe shall see later this implies that X is singular at this point. Since neither L0 nor L00 can passthrough two of these points, one of these points lie on L. Hence L is coplanar with one of the lines`; `0; `00. Therefore L has been accounted for.Remark 4. Using more techniques one can show that every \nonsingular" (in the sense of thenext lectures) cubic surface contains exactly 27 lines. Let us de�ne the graph whose vertices arethe lines and two vertices are joined by an edge if the lines intersect. This graph is independent onthe choice of a nonsingular cubic surface and its group of symmetries is isomorphic to the groupW (E6) of order 51840 (the Weyl group of the root system of a simple Lie algebra of type E6).Exercises.1. Show that the set �x of lines in P3(K) passing through a point x 2 P3(K) is a closed subsetof G(2; 4) isomorphic to P2(K). Also show that the set �P of lines in P3(K) contained in a planeP � P3(K) is a closed subset of G(2; 4) isomorphic to P2(K).2. Prove that the subset of quartic surfaces in Hyp(4; 3) which contain a line is an irreducibleclosed subset of Hyp(4; 3) of codimension 1.3. Prove that every hypersurface of degree d � 5 in P4(K) contains a line, and, if d � 4, then itcontains in�nitely many lines.4. Let X be a general cubic hypersurface in P4(K) (general means that X belongs to an opensubset U of Hyp(3; 4)). Show that there exists an open subset V � X such that any x 2 V lies onexactly six lines contained in X.5*. Let 1 � m1 < m2 < : : : < mr � n+ 1, a 
ag in Kn+1 of type (m1; : : : ;mr) is a chain of linearsubspaces L1 � : : : � Lr with dim Li = mi.(a) Show that the set of 
ags is a closed subset in the product of the GrassmanniansG(m1; n+1)�: : :�G(mr; n+1). This projective algebraic set is called the 
ag variety of type (m1; : : : ;mr)and is denoted by Fk(m1; : : : ;mr;n+ 1).(b) Find the dimension of Fk(m1; : : : ;mr;n+ 1).6. By analizing the proof of Theorem 3 show the following:(a) The set of 27 lines on a cubic surface X contains 45 triples of lines which lie in a plane (calleda tritangent plane). 83



84 Lecture 12(b) There exist 12 lines l1; : : : ; l6; l01; : : : ; l06 such that l0i \ li = ;; i = 1; : : : ; 6; li \ l0j 6= ; if i 6= j.Such a set is called a double-sixer.(c)* Show that there are 36 di�erent double sixers.(d) Check all the previous assertions for the Fermat cubic.7*. Prove that(a) A general cubic surface V (F ) contains 9 lines `ij ; i; j = 1; 2; 3 such that `ij \ `km 6= ; if andonly if i = k or j = m.(b) Using (a) show that V (F ) can be given by the equationdet0@ L1 0 M1M2 L2 00 M3 L3 1A = 0;where Li;Mi are linear forms.(c) Show that the map T : V (F )! P2 which assigns to a point x 2 V (F ) the set of solutions ofthe equation (t0; t1; t2) � A = 0 is a birational map. Here A is the matrix of linear from from(b).(d) Find an explicit formulas for the inverse birational map T�1.8. Using Problem 5 (b),(c) show that the group W of symmetries of 27 lines consists of 51840elements.9*. Let C be a twisted cubic in P3 (the image of P1 under a Veronese map given by monomials ofdegree 3). For any two distinct point x; y 2 C consider the line lx;y joining these points. Show thatthe set of such lines is a locally closed subset of G(2; 4). Find the equations de�ning its closure.10*. Let k = k0(t), where k0 is an algebraically closed �eld and F (T0; : : : ; Tn) 2 k[T1; : : : ; Tn] be ahomogeneous polynomial of degree d < n. Show that V (F )(k) 6= ; (Tsen's Theorem).

84



Tangent space 85

Lecture 13. TANGENT SPACEThe notion of the tangent space is familiar from analytic geometry. For example, let F (x; y) =0 be a curve in R2 and let a = (x0; y0) be a point lying on this surface. The tangent line of X atthe point a is de�ned by the equation:@F@x (a)(x� x0) + @F@y (a)(y � y0) = 0:It is de�ned only if at least one partial derivative of F at a is not equal to zero. In this case thepoint is called nonsingular. Otherwise it is said to be singular.Another notion of the tangent space is familiar from the theory of di�erentiable manifolds.Let X be a di�erentiable manifold and a be its point. By de�nition, a tangent vector ta of X ata is a derivation (or di�erentiation) of the ring O(X) of di�erentiable functions on X, that is, aR-linear map � : O(X)! R such that�(fg) = f(a)�(g) + g(a)�(f) for any f; g 2 O(X):It is de�ned by derivation of a function f along ta given by the formula< f; ta >= nXi=1 @f@xi (a)tiwhere (t1; : : : ; tn) are the coordinates of ta and (x1; : : : ; xn) are the local coordinates of X at thepoint a.In this lecture we introduce and study the notion of a tangent space and a nonsingular pointfor arbitrary algebraic sets or varieties.For every k-algebra K let K["] = K[t]=(t2) be the K-algebra of dual numbers. If " is taken tobe t mod(t2), thenK["] consists of linear combinations a+b"; a; b 2 K, which are added coordinatewise and multiplied by the rule(a+ b")(a0 + b0") = aa0 + (ab0 + a0b)":We denote by �1 : K["]! Kthe natural homomorphism a+ b"! a. Its kernel is the ideal (") = fb"; b 2 Kg.85



86 Lecture 13De�nition. Let X be an a�ne or a projective algebraic variety over a �eld k and x 2 X(K) beits K-point. A tangent vector tx of F at x is a K["]-point tx 2 X(K["]) such that X(�1)(tx) = x.The set of tangent vectors of X at x is denoted by T (X)x and is called the tangent space of F atx.Example 1. Assume X is an a�ne algebraic variety given by a system of equationsF1(Z1; : : : ; Zn) = 0; : : : ; Fr(Z1; : : : ; Zn) = 0:A point x 2 X(K) is a solution (a1; : : : ; an) 2 Kn of this system. A tangent vector tx is a solution(a1 + b1"; : : : ; an + bn") 2 X(K["]) of the same system. Write down the polynomials Fi(Z) in theform :Fi(Z1; : : : ; Zn) = Gi(Z1 � a1; : : : ; Zn � an) = nXj=1 �(i)j (Zi � ai) + nXj;k=1�(i)jk (Zj � ai)(Zk � aj) + : : : :(Taylor's expansion). Note that the Gi's do not contain the constant term because (a1; : : : ; an) 2X(K). By de�nition, the coe�cient �(i)j is the partial derivative of Fi with respect to Zj at thepoint x = (a1; : : : ; an). It is denoted by @Fi@Zj (x). Obviously it is an element of K. Now we plug thepoint (a1 + b1"; : : : ; an + bn") into the previous equations to obtainFi(a1 + b1"; : : : ; an + bn") = nXj=1 �(i)j bi"+ nXj;k=1�(i)jk bibj"2 + (: : : :)"3 + : : : = nXj=1 �(i)j bi" = 0:From this we deduce that (b1; : : : ; bn) satis�es the system of linear homogeneous equations:nXj=1 @Fi@Zj (x)bj = 0; i = 1; : : : ; r: (1)Thus the set of tangent vectors T (X)x is bijective to the submodule of Kn which consistsof solutions of a homogeneous system of linear equations. In particular, we have introduced thestructure of a K-module on T (X)x.Example 2. Assume X = Pnk is projective space over k. Let x = (a0; : : : ; an) 2 Pnk (K), whereK isa �eld. A tangent vector at x is a local line M over K["] such that M="M = (a0; : : : ; an)K. Sincethe ring K[�] is obviously local, M is a global line given by coordinates (a0 + b0"; : : : ; an + bn").Note that 1 = Pi biai for some bi 2 K, and therefore Pi bi(ai + "ti) = 1 + "(Pi biti) 2 K["]�.This shows that K["](a0 + "t0; : : : ; an + "tn) is a global line for any (t0; : : : ; tn). This shows thatM 2 T (Pnk )x is determined by (t0; : : : ; tn) up to the equivalence relation de�ned by(t0; : : : ; tn) � (t00; : : : ; t0n) if (a0 + "t0; : : : ; an + "tn) = (a0 + "t00; : : : ; an + "t0n) in Pnk (K["]):The latter means that(a00 + "t00; : : : ; a0n + "t0n) = (�+ �")(a0 + "t0; : : : ; an + "tn)for some �+ �" 2 K["]� (i.e. � 2 K�; � 2 K). This implies that(a00; : : : ; a0n) = �(a0; : : : ; an); (t00; : : : ; t0n) = �(t0; : : : ; tn) + �(a0; : : : ; an):86



Tangent space 87Let Lx be the line in Kn+1 corresponding to x. We see that a tangent vector tx de�nes a homo-morphism Lx ! Kn+1=Lx by assigning to (a0; : : : ; an) 2 L the coset of (t0; : : : ; tn) modulo Lx.Thus there is a natural bijectionT (Pnk )x ! Homk(Lx;Kn+1=Lx):Since the right-hand side has a natural structure of a rank n free module over K, we can transferthis structure to T (Pnk )x.Example 3. Let X = GLn;k be the a�ne algebraic variety with GLn;k(K) = GL(n;K). A pointof GLn;k(K["]) is a matrix A+ "B, where A 2 GL(n;K); B 2Matn(K).If we take x 2 X(K) to be the identity matrix In, we obtain that T (X)In can be identi�edwith Matn(K). Now, take X = SLn;k with X(K) = SL(n; k). ThenT (X)In = fIn + "B 2 GL(n;K["]) : det(In + "B) = 1g =fIn + "B 2 GL(n;K["]) : Trace(B) = 0g:Thus we can identify T (SLn;k)In with the vector space of matrices with entries in K with traceequal to zero.Now let us take X = On;k with On;k = fA 2Matn(K) : A � tA = Ing. We getT (X)In = fIn + "B 2Mat(n;K["]) : (In + "B)(In + "tB) = Ing =fIn + "B 2 GL(n;K["]) : B + tB = 0g:Thus we can identify T (On;k)In with the vector space of skew-symmetric matrices with entriesin K. Note that the choice of K depends on identi�cation of In with a K-point.The tangent space of an algebraic group at the identity point has a structure of a Lie algebrade�ned by the Lie bracket.Remark 1. For any functor F from the category of k-algebras to the category of sets one can de�nethe tangent space of F at a \point" x 2 F (K) as the set of elements t of the set F (K["])(t) = x.Now, if we have a projective variety X given by a system of homogeneous equations F1 =� � � = Fk = 0, we obtain thatT (X)x = fa+ b" 2 T (Pnk )x : F1(a+ b") = � � � = Fk(a+ b") = 0:gBy using the Taylor exapnsion, as in the previous example, we obtain that b = (b0; : : : ; bn) satis�esa system of homogeneous linear equations:nXj=0 @Fi@Tj (a)bj = 0; i = 1; : : : ; k: (2)Recall that a tangent vector is determined by b = (b0; : : : ; bn) only up to adding a vector propor-tional to a = (a0; : : : ; an). Thus a must satisfy the previous system of linear equations. But this isclear. For any homogeneous polynomial F (T0; : : : ; Tn) of degree d we have (easily veri�ed) Euler'sidentity dF (t0; : : : ; Tn) = nXj=0 Ti @F@Tj : (3)87



88 Lecture 13This gives 0 = diFi(a0; : : : ; an) = nXj=0 ai @F@Tj (a); i = 1; : : : ; k;where di is the degree of Fi.As we saw the tangent space of an a�ne or a projective variety has a structure of a linearspace. However, it is not clear that this structure is independent of a choice of the system ofequations de�ning X. To overcome this di�culty, we shall give another, more invariant, de�nitionof T (X)x.Let A be a commutative k-algebra and let M be A-module. A M -derivation of A is a linearmap of the corresponding k-linear spaces � : A!M such that for all a; b 2 A�(ab) = a�(b) + b�(a):The set of M -derivations is denoted by Derk(A;M). It has a natural structure of a A-module via(a�)(b) = a�(b) for all a; b 2 A:We will be interested in a special case of this de�nition.Lemma 1. If f : A ! B is a homomorphism of k-algebras, and � : B ! M is a M -derivationof B, then the composition � � f : A ! B ! M is a M[f ]-derivation of A, where M[f ] is theA-module obtained from M by the operation of restriction of scalars (i.e., a �m = f(a)m for anya 2 A;m 2M).Proof. Trivial veri�cation of the de�nition.Let us apply this to our situation. Note that the k-linear map:�2 : K["]! K; a+ b"! bis a K-derivation of K["] considered as a K-algebra. Here K is considered as a K["]-module bymeans of the homomorphism �1 : K["] ! K; a + b" 7! a. We identify a K-point x 2 X(K)with a homomorphism of k-algebras evx : O(X) ! K, � 7! �(x). A tangent vector tx 2 T (X)xis identi�ed with a homomorphism evtx : O(X) ! K["]. Its composition with the derivation�2 : K["]! K; a+ b" 7! b, is a K-derivation of k[X]. Here K is considered as a O(X)-module viathe homomorphism evx. This de�nes a map:T (X)x ! Derk(O(X);K)xwhere the subscript x stands to remind us about the structure of a O(X)-module on K. Byde�nition,Derk(O(X);K)x = f� 2 Homk(O(X);K) : �(pq) = p(x)�(q) + q(x)�(p) for any p; q 2 O(X)g:88



Tangent space 89Lemma 2. The map T (X)x ! Derk(O(X);K)xis a bijection.Proof. Let � 2 Derk(k[X];K)x. We de�ne a map f� : O(X)! K["] by the formula:f�(p) = p(x) + "�(p):It is easy to verify that f� is a homomorphism, and its composition with �1 : K["]! K is equal toevx. Thus f� de�nes a tangent vector at x and the formula � 7! f� makes the inverse of our map.Now Derk(O(X);K)x has a structure of a K-module, de�ned by the formula (a�)(p) = a�(p)for any a 2 K; p 2 O(X). We transfer this structure to T (X)x by means of the bijection fromLemma 2. This structure of a K-module on T (X)x is obviously independent (up to isomorphism)on the choice of equations de�ning X. We leave to the reader to verify that this structure agreeswith the one de�ned in the beginning of the lecture.Let us specialize our de�nition to the case when x 2 X(k) (a rational point of X). Then thekernel of the homomorphism x : O(X) ! k is a maximal ideal mx of O(X) and O(X)=mx �= k.Let � 2 Derk(O(X); k) be a k-derivation of O(X). For any p; q 2 mx, we have�(p � q) = p(x)�(q) + q(x)�(p) = 0:Thus the restriction of � to m2x is identical zero.Lemma 3. Assume x 2 X(k). The restriction map � ! �jmx, de�nes an isomorphism of k-linearspaces T (X)x ! Homk(mx=m2x; k):Proof. Since O(X)=m2x has a natural structure of a k-algebra there is a canonical homomor-phism k ! O(X)=m2x such that its composition with the factor map O(X)=m2x ! O(X)=mx = kis the identity. We shall identify k with the subring of O(X)=m2x by means of this map so thatthe restriction of the factor map O(X)=m2x ! O(X)=mx to k is the identity. For any p 2 O(X)we denote by px the residue of p mod m2x. Obviously, px � p(x) 2 mx=m2x, so that for every linearfunction f 2 Homk(mx=m2x; k) we can de�ne the map � : mx=m2x ! K by setting for any p 2 O(X)�(p) = f(px � p(x)):Since for any p; q 2 O(X); (px � p(x))(qx � q(x)) 2 m2x, we have�(pq) = f(pxqx � p(x)q(x)) = f((px � p(x))(qx � q(x)) + p(x)(qx � q(x)) + q(x)(px � p(x))) == f(p(x)(qx�q(x))+q(x)(px�p(x))) = p(x)f(qx�q(x))+q(x)f(px�p(x))) = p(x)�(q)+q(x)�(p):We leave to the reader to verify that the constructed map f 7! � is the needed inverse.Let f : X ! Y be a morphism of algebraic k-varieties (a�ne or projective). Let x 2 X(K),and y = fK(x) 2 Y (K). By de�nition of a morphism, the map fK["] : X(K["])! Y (K["]) inducesa natural map (df)x : T (X)x ! T (Y )y:It is called the di�erential of f at the point x. If f : X ! Y is a morphism of a�ne k-varietiescorresponding to a homomorphism f� : O(Y ) ! O(X) of k-algebras, x 2 X(K); y = fK(x) 2Y (K), then, after we use the bijection from Lemma 2, it is immediately veri�ed that the di�erential(df)x coincides with the map Derk(O(X);K)x! Derk(O(Y );K)yde�ned in Lemma 1, where f is the homomorphism f� : O(Y ) ! O(X). This is obviously aK-linear map. 89



90 Lecture 13Proposition 1 (Chain Rule). Let f : X ! Y; g : Y ! Z be morphisms of algebraic k-varieties,x 2 X(K); y = f(x) 2 Y (K). Then d(g � f)x = (dg)y � (df)x:Proof. Immediately follows from the de�nition of a morphism.Now we can de�ne the tangent space for any quasi-projective algebraic set V � Pn(K). HereK, as usual, is a �xed algebraically closed �eld containing k. First, we assume that V is a�ne.Choose the unique a�ne algebraic K-variety X such that I(X) is radical and X(K) = V . Thenwe de�ne the the tangent space T (V )x of V at x by settingT (V )x = T (X)x:By Lemma 3, for every x 2 V we have an isomorphism of K-linear spaces.T (X)x �= Derk(O(X);K):Since an isomorphism of a�ne varieties is de�ned by an isomorphism of their coordinate algebras,we see that this de�nition is independent (up to isomorphism of linear spaces) of a choice ofequations de�ning X.Lemma 4. Let A be a commutative K-algebra, M an A-module, and S a multiplicatively closesubset of A. There is an isomorphism of AS -modulesDerk(A;M)S �= Derk(AS ;MS)Proof. Let � : A ! M be a derivation of A. We assign to it the derivation of AS de�ned bythe familiar rule: ��as � = �(a)s� �(s)as2 :This de�nition does not depend on the choice of a representative of the fraction as . In fact, assumes00(s0a� sa0) = 0. Then0 = s00�(s0a� sa0)� (s0a� sa0)�(s00) = s00[�(s0a)� �(sa0)] + (as0 � a0s)�(s00):Multiplying both sides by s00, we obtains002[�(s0a)� �(sa0)] = 0: (4)Let us show that this implies thats002[s2(s0�(a0)� a0�(s0))] = s002[s02(s�(a)� a�(s))]:This will proves our assertion. The previous identity is equivalent to the following ones002[s2s0�(a0)� s02s�(a)] = s002[s2a0�(s0)� s02a�(s)];or s0ss002[s�(a0)� s0�(a)] = ss0s002[a�(s0)� a0�(s)]:90



Tangent space 91Now this follows from equality (4) after we multiply it by ss0.So we have de�ned a homomorphism of A-modules Derk(A;M)! Derk(AS ;MS). It inducesa map of AS -modules Derk(A;M)S ! Derk(AS ;MS). The inverse of this map is de�ned by usingLemma 1 applied to the homomorphism A! AS .Let us apply the previous lemma to our situation. Let X be an a�ne k-variety, x 2 X(K),p = Ker(evx). Assume that K is a �eld. Then the ideal p is prime since O(X)=p is isomorphicto a subring of K. Consider K as a module over O(X) by means of the homomorphism evx. LetS = A n p. Then KS = K since the image of S under evx does not contain 0. It is easy to seethat the linear K-spaces Der(A;K)p and Der(A;K) are isomorphic (the map @s 7! ev(s)�1@ is theisomorphism). Applying lemma 4, we obtain an isomorphism of vector K-spacesT (X)x = Derk(A;K)x �= Derk(Ap;K): (5)The previous isomorphism suggests a de�nition of the tangent space of any quasi-projective alge-braic k-set X.De�nition. The local ring of X at x 2 X is the factor setOX;x = [x2U O(U)=Rwhere U runs through the set of all open a�ne neighbourhoods of x and the equivalence relationR is de�ned as follows:Let f 2 O(U); g 2 O(V ), thenf � g () f ��W = g��W for some open a�ne neighborhood of x contained in U \ V :We shall call the equivalence class of f 2 O(U), the germ of f at x. The structure of a ring inOX;x is induced by the ring structure of any O(U). We take two elements of OX:x, represent themby regular functions on a common open a�ne subset, multiply or add them, and take the germ ofthe result. Let mX;x be the ideal of germs of functions f 2 O(U) which vanish at x.It follows from the de�nition that, for any open a�ne neighborhood U of x, the natural mapO(U)! OX;x; � 7! �x de�nes an isomorphismOU;x �= OX;x:Lemma 5. (i) mX;x is the unique maximal ideal of OX;x.(ii) If X is a�ne and irreducible, the canonical homomorphism O(X)! OX;x induces an isomor-phism O(X)p �= OX;x, where px = Ker(evx).(iii) If X is a�ne, the canonical homomorphism O(X) ! OX;x induces an isomorphism of �eldsk(x) := Q(O(X)=px)! OX;x=mX;x:Proof. (i) It su�ces to show that every element � 2 OX;x nmX;x is invertible. Let � = fx,where f is regular on a some open a�ne set U containing x. Since f(x) 6= 0; x is contained inthe open principal a�ne subset V = D(f) of U . Hence the restriction g of f to V is invertible inO(V ). The germ gx = fx is now invertible.(ii) For any � 2 O(X) n px its germ in OX;x is invertible. By the universal property oflocalizations, this de�nes a homomorphism O(X)px ! OX;x. An element of the kernel of this91



92 Lecture 13homomorphism is a function whose restriction to some open neighborhood of x is identically zero.Since X is irreducible, this implies that the function is zero. Let fx 2 OX;x be the germ of afunction f 2 O(U), where U is an open a�ne neighborhood of x. Replacing U by a principalopen subset D(�) � U , we may assume that U = D(�) and f = F=�n, where F; � 2 O(X). Since�(x) 6= 0, we get that � does not belong to px, and hence f 2 O(X)px and its germ at x equals fx.This proves the surjectivity.(iii) This follows easily from the de�nition of the localization ring Ap for any ring A and aprime ideal p. The homomorphism A! Ap; a 7! a1 de�nes a homomorphism A=p! Ap=pAp. Thetarget space is a �eld. By the universal property of �elds of fractions, we get a homomorphismof �elds g : Q(A=p) ! Ap=pAp. Let as + pAp 2 Ap=pAp. Then it is the image of the fractiona+ps+p 2 Q(A=p). This shows that g is bijective.The previous isomorphism allows us to de�ne the tangent space for any quasi-projective k-setX by T (X)x = Derk(OX;x;K): (6)In the case when x 2 X(k), choosing an open a�ne neighborhood of x and applying Proposition2, we obtain T (X)x = Homk(mX;x=m2X;x; k): (7)For any rational point x 2 X(k), the right-hand side of (7) is called the Zariski tangent spaceof X at x.Let f : X ! Y be a regular map of algebraic k-sets, x 2 X and y = f(x). Let V be an opena�ne neighborhood of y and U bean open a�ne neighborhood of x contained in f�1(V ). Therestriction of f to U de�nes a regular map f : U ! V . For any � 2 O(V ), the composition withf de�nes a regular function f�(�) on U . Let f�(�)x 2 OU;x be its germ at x. The homomorphismf� : O(V ) ! OU;x extends to a homomorphism f� : OV;y ! OU;x of the local rings. It is clearthat f�(mV;y) � mU;x. Composing this homomorphism with the isomorphisms OX;x �= OU;x andOY;y �= OV;y we get a homomorphism of local ringsf�x;y : OY;y ! OX;x: (8)Applying Lemma 1, we get a K-linear mapTX;x = Derk(OX;x;K)! TY;y = Derk(OY;y;K);which we call the di�erential of f at the point x and denote by dfx.Let X � Pnk (K) be an quasi-projective algebraic k-set and T (X)x be the tangent space atits point x 2 X(K). It is a vector space over K of �nite dimension. In fact, it is a subspace ofT (Pn(K))x �= Kn and hence dimK T (X)x � n: (9)If x is contained in an a�ne open subset U which is isomorphic to a closed subset of some An(K),then T (X)x is a subspace of T (An(K))x �= Kn anddimKT (X)x � n:It follows from (9) that X is not isomorphic to a quasi-projective subset of Pnk (K) for any n <dimK T (X)x. 92



Tangent space 93Example 4. Let X be the union of the three coordinate axes in A3(K). It is given by the systemZ1Z2 = Z1Z3 = Z2Z3 = 0:The tangent space at the origin x = (0; 0; 0) is the whole tangent space T (A 3 (K))x �= K3. ThusdimK T (X)x = 3: This shows that X is not isomorphic to the union of three lines in A 2 (K).Let us now show that dimK T (X)x � dimX for any irreducible algebraic set X and theequality takes place for almost all points x (i.e., for all points belonging to a Zariski open subsetof X). For this, we may obviously assume that X is a�ne.Let V = X(K) for some a�ne variety de�ned by a radical ideal in k[Z1; : : : ; Zn]. The setT (V ) = X(K["]) is a subset of K["]n which can be thought as the vector space K2n. It is easy tosee that T (X) is a closed algebraic subset of K2n and the map p = X(�) : T (X)! X, is a regularmap (check it !). Note that the �bre p�1(x) is equal to the tangent space T (X)x. Applying thetheorem about the dimension of �bres of a regular map, we obtainProposition 3. There exists a number d such thatdimKT (X)x � dand the equality takes place for all points x belonging to an open subset of X.We will show that the number d from above is equal to dimX.Lemma 6. Let K be an algebraically closed �eld of characteristic p. Let F 2 K[Z1; : : : ; Zn] withall the partial derivatives @F=@Zi equal to zero. If p = 0, then F is a constant polynomial. Ifp > 0, then F = Gp for some polynomial G.Proof. Write F =Pr arZr. Then@F@Zi =Xr ar(r � ei)Zr�eiwhere � denotes the dot product of vectors and ei is the i-th unit vector. If this polynomial is equalto zero, then ar(r�ei) = 0 for all r. Assume that ar 6= 0. If char(k) = 0 this implies that r�ei = 0.In particular, if all @F@Zi = 0, we get r = 0, i.e., F is a constant polynomial. If char(k) = p > 0, weobtain that p divides r � ei, i.e., r = pr0 for some vector r0. ThusF =Xr arZr =Xr ar(Zr0)p = (Xr a1=pr Zr0)p = Gp;where G =Pr a1=pr Zr0 .Theorem 1. Let X be an irreducible algebraic set and d = minfT (X)xg. Thend = dimX:Proof. Obviously, it su�ces to �nd an open subset U of X where dimKT (X)x = dimX forall x 2 U . Replacing X by an open a�ne set, we may assume that X is isomorphic to an opensubset of a hypersurface V (F ) � A n(K) for some irreducible polynomial F (Theorem 2 of Lecture93



94 Lecture 134). This shows that we may assume that X = V (F ). For any x 2 X, the tangent space T (X)x isgiven by one equation @F@Z1 (x)b1 + : : :+ @F@Zn (x)bn = 0:Clearly, its dimension is equal to n � 1 = dimX unless all the coe�cients are zeroes. The set ofcommon zeroes of the polynomials @F@Zi is a closed subset of A n (K) contained in each hypersurfaceV ( @F@Zi ). Obviously @F@Zi 62 (F ) unless it is equal to zero (compare the degrees). Now the assertionfollows from Lemma 6.Obviously, the assertion of the previous theorem is not true for a reducible set. To see thisit is su�cient to consider the union of two sets of di�erent dimension. It is easy to modify thestatement to extend it to the case of reducible sets.De�nition. The dimension of X at a point x is the maximum dimxX of the dimensions ofirreducible components of X containing x.Corollary. Let X be an algebraic set and x 2 X. ThendimKT (X)x � dimxX:Proof. Let Y be an irreducible component of X containing x. Obviously T (Y )x � T (X)x.Hence dimxY � dimKT (Y )x � dimKT (X)x:This proves the assertion.De�nition. A point x of an algebraic set X is said to be nonsingular (or simple, or smooth) ifdimKT (X)x = dimxX. Otherwise, it is said to be singular. An algebraic set X is said to benonsingular (or smooth) if all its points are nonsingular. Otherwise X is said to be singular.We already know how to recognize whether a point is nonsingular.Theorem 2. (The Jacobian criterion of a nonsingular point). Assume thatX is an a�ne algebraick-set given by a system of equations F1(Z) = : : : = Fr(Z) = 0 in A n (K). Then x 2 X is nonsingularif and only if rk J(x) = n� dimxX, whereJ(x) = 0B@ @F1@Z1 (x) : : : @F1@Zn (x): : : : : : : : :: : : : : : : : :@Fr@Z1 (x) : : : @Fr@Zn (x)1CA :
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Tangent space 95Problems.1. Assume k = K is algebraically closed �eld of characteristic 0. Show that, up to a projectiveautomorphism of P2(K), there are only two irreducible singular plane cubic curves.2. Prove that T (X � Y )(x; y) �= T (X)x � T (Y )y. Using this show that if x is a nonsingular pointof X and y is a nonsingular point of Y , then (x; y) is a nonsingular point of X � Y .3. Let X be a closed subset of An(K); x = (a1; : : : ; an) 2 X and f : A 1 (K) ! A n(K) given byt 7! (b1t+ a1; : : : ; bnt+ an). Let (Zr) be the ideal of O(A 1 (K)) �= k[Z] generated by the functionsf�(�); � 2 I(X). Show that (a1+ b1"; : : : ; an+ bn") 2 K["]n is a tangent vector of X if and only ifr > 1. Note that r can be interpreted as the intersection multiplicity of X and the line f(A 1 (K))at x.4. Suppose a hypersurface X = V (F ) of degree > 1 in Pn(K) contains a linear subspace E ofdimension r � n=2. Show that X has singular points contained in E.5. Find singular points of the Steiner quartic V (T 20 T 21 + T 21 T 22 + T 20 T 22 � T0T1T2T3) in P3(K).6. Let X be a surface in P3(K). Assume that X contains three nocoplanar lines passing througha point x 2 X. Show that this point is singular.7. Let Gk(r+1; n+1) be the Grassmann variety over k. For every M 2 Gk(r+1; n+1)(K) showthat the tangent space of Gk(r + 1; n+ 1) at M is naturally identi�ed with HomK(M;Kn+1=M).
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96 Lecture 14

Lecture 14. LOCAL PARAMETERS
In this lecture we will give some other properties of nonsingular points. As usual we �x analgebraically closed �eld K containing k and consider quasi-projective algebraic k-sets, i.e. locallyclosed subsets of projective spaces Pnk (K).Recall that a point x 2 X is called nonsingular if dimKT (X)x = dimxX: When x 2 X(k) is arational point, we know that T (X)x �= Homk(mX;x=m2X;x;K). Thus a rational point is nonsingularif and only if dimkmX;x=m2X;x = dimxX:Let us see �rst that dimxX = dimOX;x.The number dimOX;x is denoted often by codimxX and is called the codimension of the pointx in X. The reason is simple. If X is a�ne and px = Ker(evx), then we havedimO(X)p = supfr : 9strictly decreasing chain px = p0 � : : : � pr of prime ideals in O(X)g:This follows from the following.Lemma 1. Let p be a prime ideal in a ring A. ThendimAp = supfr : 9strictly decreasing chain p = p0 � : : : � pr of prime ideals in Ag:Proof. Let qr � : : : � q0 be the largest increasing chain of prime ideals in Ap. We mayassume that q0 is the maximal ideal m of A. Let pi be the pre-image of qi in A under the naturalhomomorphism A ! Ap. Since p0 = p, we get a chain of prime ideals p = p0 � : : : � pr.Conversely, any chain of such ideals in A generates an increasing chain of prime ideals in Ap. It iseasy to see that piAq = pi+1Ap implies pi = pi+1. This proves the assertion.In commutative algebra the dimension of Ap is called the height of the prime ideal p.Proposition 1. codimxX + algdimk k(x) = dimxX:Proof. We use induction on dimxX. Let p = Ker(evx). If dimxX = 0, X consists of �nitelymany points, p is a maximal ideal, k(x) is algebraic over k, and codimxX = 0. This checks theassertion in this case. Assume the assertion is true for all pairs (Y; y) with dimyY < dimxX. If96



Local parameters 97p = f0g, then k(x) = Q(O(X)) and algdimk k(x) = dimX. Obviously, codimxX = 0. This checksthe assertion in this case. Assume that p 6= f0g. Let X 0 be an irreducible component of X ofdimension dimxX which contains x. Take an nonzero element � 2 p which does not vanish on X 0and consiser the closed subset V (�) of X 0 containing x. By Krull's Theorem, the dimension ofeach irreducible component of V (�) is equal to dimX 0 � 1 = dimxX � 1. Let Y be an irreduciblecomponent of V (�) containing x and let q be the prime ideal in O(X) of functions vanishing onY . There exists a strictly decreasing chain of length codimxY of prime ideals in O(Y ) descendingfrom the image of p in O(Y ) = O(X)=q. Lifting these ideals to prime ideals in O(X) and addingq as the last ideal we get a chain of lenghth 1+ codimxY of prime ideals in O(X) descending fromp. By induction, codimxY + algdimk k(x) = dimxY = dim X � 1:Under the natural homomorphism OX;x ! OY;y, the maximal ideal mX;x generates the maximalideal mY;x. This easily implies that the residue �eld of x in X and in Y are isomorphic. This givescodimxX + algdimk k(x) � 1 + codimxY + algdimk k(x) = 1 + dimxX � 1 = dimxX: (1)Recall that algdimk k(x) = dimO(X)=p. Any increasing chain of prime ideals in O(X)=p can belifted to an increasing chain of prime ideals in O(X) beginning at p, and after adding a chain ofprime ideals descending from p gives an increasing chain of prime ideals in O(X). This shows thatcodimxX + algdimk k(x) � dimxX. Together with the inequality (1), we obtain the assertion.Corollary. Assume that k(x) is an algebraic extension of k. ThendimOX;x = dimxX:Now we see that a rational point is nonsingular if and only ifdimkmX;x=m2X;x = dimOX;x:Proposition 2. Let (A;m) be a Noetherian local ring. Thendim�m=m2 � dimA:Proof. We shall prove it only for geometric local rings, i.e., when A �= Bp, where B is a �nitelygenerated k-algebra B and p is a prime ideal in B. This will be enough for our applications. Thuswe may assume that B = O(X) for some a�ne algebraic k-variety X and p corresponds to someirreducible subvariety Y of X. Let K be some algebraically closed �eld containing the �eld offractions Q(O(X)=p). The canonical homomorphism O(X) ! O(X)=p ! Q(O(X)=p) ! Kde�nes a point x of the algebraic k-set X(K) with k(x) = Q(O(X)=p). Thus we see that anygeometric local ring is isomorphic to the local ring OX;x of some a�ne algebraic k-set and its pointx. Let X1 be an irreducible component of X(K) of dimension equal to dimX which contains x.Since alg:dimkO(X)=p = dimO(X)=p = dimY , we see thatdimOX;x = dimxX � dimY = dimX1 � dimY:Suppose a1; : : : ; an generate the maximal ideal of OX;x. Let U be an open a�ne neighborhoodof x such that a1; : : : ; an are represented by regular functions �1; : : : ; �n on U . Clearly, Y \97



98 Lecture 14U = V (�1; : : : ; �n). Applying Krull's Hauptsatz, we obtain that dimY = dimV (�1; : : : ; �n) �dimX1 � n. This implies dimOX;x = dimX1 � dimY � n which proves the assertion. In fact,this proof gives more. By choosing elements from �1; : : : ; �n such that each � does not vanish onany irreducible component of V (�1; : : : ; �i�1) containing x, we obtain that V (�1; : : : ; �n) = dimY ,where n = codimxX. Thus, Y is an irreducible component of V (�1; : : : ; �n). Let q1; : : : ; qr beprime ideals corresponding to other irreducible components of V (�1; : : : ; �n). Let U be an opensubset of X obtained by deleting the irreducible components of V (�1; : : : ; �n) di�erent from Y .Then, replacing X with U , we may assume that V (�1; : : : ; �n) = Y . Thus p = rad(�1; : : : ; �n) andreplacing �i's with their germs ai in OX;x we obtain that m = rad(a1; : : : ; an).De�nition A Noetherian local ring (A with maximal ideal m) and residue �eld � = A=m is calledregular if dim�(m=m2) = dimA.Thus a rational point x is nonsingular if and only if the local ring OX;x is regular.For any point x 2 X (not necessary rational) we de�ne the Zariski tangent space to be�(X)x = Homk(x)(mX;x=m2X;x; k(x))considered as a vector space over the residue �eld k(x) = OX;x=mX;x.We de�ne the embedding dimension of X at x by settingembdimxX = dimk(x)�(X)x:Note that for a rational point we haveT (X)x = �(X)x 
k K: (2)In particular, for a rational point x we havedimKT (X)x = embdimxX: (3)De�nition. A point x 2 X is called regular if OX;x is a regular local ring, i.e.embdimxX = codimxX:Remark 1. We know that a rational point is regular if and only if it is regular. In fact, anynonsingular point is regular (see next Remark) but the converse is not true. Here is an example.Let k be a �eld of characteristic 2 and a 2 k which is not a square. Let X be de�ned in A 2k (K) bythe equation Z21 +Z32 +a = 0. Taking the partial derivatives we see that (pa; 0) 2 K2 is a singularpoint. On the other hand, the ring OX;x is regular of dimension 1. In fact, the ideal p = Ker(evx)is a maximal ideal generated by the cosets of Z21 + a and Z2. But the �rst coset is equal to thecoset of Z32 , hence p is a principal ideal generated by Z2. Thus mX;x is generated by one elementand OX;x is a regular ring of dimension 1.Remark 2. If x is not a rational point, the equality (3) may not be true. For example, letk = C , K be the algebraic closure of the �eld k(t) and consider X = A k (K). A point x = tde�nes the prime ideal p = f0g = Ker(evx) (because t is not algebraic over k). The local ringOX;x is isomorphic to the �eld of fractions of k[Z1]. Hence its maximal ideal is the zero ideal andthe Zariski tangent space is 0-dimensional. However, dimK T (X)x = 1 since X is nonsingular ofdimension 1. Thus �(X)x 6= T (X)x.However, it is true that a nonsingular point is regular if we assume that k(x) is a separableextension of k (see Remark 6 later).Let us give another characterization of a regular local ring in terms of generators of its maximalideal. 98



Local parameters 99Lemma 2 (of Nakayama). Let A be a local ring with maximal ideal m, and let M be a �nitelygenerated A-module. Assume that M = N +mM for some submodule N of M . Then M = N .Proof. Replacing M by the factor module M=N , we may assume that N = 0. Let f1; : : : ; frbe a set of generators of M . Since mM =M , we may writefi = rXj=1 aijfj ; i = 1; : : : ; r;for some aij in m. Let R = (aij) be the matrix of coe�cients. Since (f1; : : : ; fr) is a solution ofthe homogeneous system of equations R � x = 0, by Cramer's rule,det(R)fi = 0; i = 1; : : : ; r:However, det(R) = (�1)r + a for some a 2 m (being the value of the characteristic polynomial ofR at 1). In particular det(R) is invertible in A. This implies that fi = 0 for all i, i.e., M = f0g.Corollary 1. Let A be a local Noetherian ring and m be its maximal ideal. Elements a1; : : : ; argenerate m if and only if their residues modulo m2 span m=m2 as a vector space over k = A=m.In particular, the minimal number of generators of the maximal ideal m is equal to the dimensionof the vector space m=m2.Proof. Let M = m; N = (a1; : : : ; ar). Since A is Noetherian, M is a �nitely generated A-module and N its submodule. By the assumption, M = mM + N . By the Nakayama lemma,M = N .Corollary 2. The maximal ideal of a Noetherian local ring of dimension n cannot be generatedby less than n elements.Proof. This follows from Proposition 2.De�nition A system of parameters in a local ring A is a set of n = dimA elements (a1; : : : ; an)generating an ideal whose radical is the maximal ideal, i.e.,ms � (a1; : : : ; an) � mfor some s > 0).It follows from the proof of Proposition 2 that local rings OX;x always contain a system ofparameters. A local ring is regular, if and only if it admits a system of parameters generating themaximal ideal. Such system of parameters is called a regular system of parameters.Let a1; : : : ; an be a system of parameters in OX;x, Choose an U be an open a�ne neigh-borhhod of x such that a1; : : : ; an are represented by some regular functions �1; : : : ; �n on U . ThenV (�1; : : : ; �n)\U is equal to the closure of x in U corresponding to the prime ideal p � O(U) suchthat OX;x �= O(U)p). In fact, the radical of (�1; : : : ; �n) must be equal to p.Examples. 1. Let X be given by the equation Y 2 +X3 = 0 and x = (0; 0). The maximal idealmX;x is generated by the residues of the two unknowns. It is easy to see that this ideal is notprincipal. The reason is clear: x is a singular point of X and embdimxX = 2 > dimxX = 1. On99



100 Lecture 14the other hand, if we replace X by the set given by the equation Y 2 +X3 +X = 0, then mX;x isprincipal. It is generated by the germ of the function Y . Indeed, Y 2 = �X(X2 + 1) and the germof X2+1 at the origin is obviously invertible. Note that the maximal ideal m(X)x of O(X) is notprincipal.2. Let x = (a1; : : : ; an) 2 kn � X = A nk (K). The germs of the polynomials Zi � ai; i = 1; : : : ; n;form a system of parameters at the point x. For any polynomial F (Z1; : : : ; Zn) we can writeF (Z1; : : : ; Zn) = F (x) + nXi=1 @F@Zi (x)(Zi � ai) +G(Z1; : : : ; Zn);where G(Z1; : : : ; Zn) 2 m2x. Thus the cosets dZi of Zi�ai modm2X;x form a basis of the linear spacemX;x=m2X;x and the germ Fx�F (x) = F (Z1; : : : ; Zn)�F (x) mod m2X;x is a linear combination ofdZ1; : : : ; dZn with the coe�cients equal to the partial derivatives evaluated at x. Let @@Zi denotethe basis of T (X)x dual to the basis dZ1; : : : ; dZn. Then the value of the tangent vectorPi �i @@Ziat Fx � F (x) is equal to nXi=1 �i @F@Zi (x):This is also the value at F of the derivation of k[Z1; : : : ; Zn] de�ned by the tangent vectorPi �i @@Zi .Let f : X = A n (K)! Y = A m (K) be a regular map given by a homomorphismk[T1; : : : ; Tm]! k[Z1; : : : ; Zn]; Ti ! Pi(Z1; : : : ; Zn):Let @x =Pi �i @@Zi 2 T (X)x, then(df)x(@x)(Ti) = @x(f�(Ti)) = @x(Pi(Z1; : : : ; Zn)) == nXj=1 �j @Pi@Zj (x) = mXk=1 nXj=1 �j @Pi@Zj (x) @@Tk (Ti):From this we infer that the matrix of the di�erential (df)x with respect to the bases @@Z1 ; : : : ; @@Znand @@T1 ; : : : ; @@Tm of T (X)x and T (Y )f(x), respectively, is equal to0B@ @P1@Z1 : : : @P1@Zn: : : : : : : : :: : : : : : : : :@Pm@Z1 : : : @Pm@Zn 1CA :Let f : X ! Y be a regular map of algebraic sets. Recall that for every x 2 X with y = f(x)we have a homomorphism of local ringsf�x;y : OY;y ! OX;x:Since f�x (mY;y) � mX;x, we can de�ne a homomorphism OY;y=mY;y ! OX;x=mX;x and passing tothe �elds of quotienst we obtain an extension of �elds k(x)=k(y). Also, f�x;y induces a linear mapmY;y=m2Y;y ! mX;x=m2X;x, where the target space is considered as a vector space over the sub�eld100



Local parameters 101k(y) of k(x), or equivalently a linear map of k(x)-spaces �mY;y=m2Y;y� 
k (y)k(x) ! mX;x=m2X;xThe transpose map de�nes a linear map of the Zariski tangent spacesdf zarx : �(X)x ! �(Y )y 
k(y) k(x): (5)It is called the (Zariski) di�erential of f at the point x.Let Y be a closed subset of X and f : Y ! X be the inclusion map. Let U � X be an a�neopen neighborhood of a point x 2 X and let �1; : : : ; �r be equations de�ning Y in U . The naturalprojection O(X \ U) ! O(Y \ U) = O(U \X)=(�1; : : : ; �r) de�nes a surjective homomorphismOX;x ! OY;x whose kernel is generated by the germes ai of the functions �i. Let �ai be the residueof ai modulo m2X;x. Then f�x;y de�nes a surjective map mX;x=m2X;x ! mY;x=m2Y;x whose kernel isthe subspace E spanned by �a1; : : : ; �ar. The di�erential map is the inclusion map�(Y )x �= E? = fl 2 �(X)x : l(E) = f0gg ! T (X)x: (6)This shows that we can identify �(Y )x with a linear subspace of �(X)x. Letcodim(�(Y )x;�(X)x) = dim�(X)x � dim�(Y )x;codimx(Y;X) = codimxX � codimxY;�x(Y;X) = codimx(Y;X)� codim(�(Y )x;�(X)x): (7)Then dim�(Y )x � codimxY = dim�(X)x � codimxX + �x(Y;X):Thus we obtainProposition 3. Let Y be a closed subset of X and x 2 Y . Assume x is a regular point of X,then �x(Y;X) � 0 and x is a regular point of Y if and only if �x(Y;X) = 0.In particular, x is a regular point of Y if and only if the cosets of the germs of the functionsde�ning X in an neighborhood of x modulo m2X;y span a linear subspace of codimension equal tocodimxX � codimxX. Applying Nakayama's Lemma, we see that this is the same as saying thatX can be locally de�ned by codimxX � codimxX equations in an open neighborhood of x whosegerms are linearly independent modulo m2X;x .For example, if Y is a hypersurface in X in a neighborhood of x, i.e. codimxY = codimxX�1,then x is a regular point of Y if and only if Y is de�ned by one equation in an open neighborhoodof x whose germ does not belong to m2X;x.De�nition. Let Y;Z be closed subsets of an algebraic set X;x 2 Y \ Z. We say that Y and Zintersect transversally at the point x if X is nonsingular at x andcodim(�(Y \ Z)x;�(X)x) = codimx(Y;X) + codimx(Z;X): (8)Since for any linear subpaces E1; E2 of a linear space V we have(E1 +E2)? = E?1 \E?2 ;using (6) we see that (8) is equivalent tocodim(�(Y )x \�(Z)x) = codimx(Y;X) + codimx(Z;X): (9)101



102 Lecture 14Corollary. Let Y and Z be closed subsets of an algebraic set X which intersect transversally atx 2 X. Then(i) the linear subspaces �(Y )x;�(Z)x intersect transversally in �(X)x (i.e., codim(�(Y )x \�(Z)x;�(X)x) = codim(�(Y )x;�(X)x) + codim(�(Y )x;�(X)x));(ii) x is a nonsingular point of Y \ Z;(iii) Y and Z are nonsingular at x.Proof. We have �x(Y;X) = codimx(Y;X)� codim(�(Y )x;�(X)x) � 0;�x(Z;X) = codimx(Z;X)� codim(�(Z)x;�(X)x) � 0:Since Y and Z intersect transversally at x, we obtain from (9)codimx(Y;X) + codimx(Z;X) = codim(�(Y )x \�(Z)x;�(X)x) �codim(�(Y )x;�(X)x) + codim(�(Z)x;�(X)x) � codimx(Y;X) + codimx(Z;X): (10)This shows that all the inequalities must be equalities. This givescodim(�(Y )x \�(Z)x;�(X)x) = codim(�(Y )x;�(X)x) + codim(�(Z)x;�(X)x)proving (i), and �x(Y;X) = �x(Z;X) = 0 proving (iii). By Theorem 6 of Lecture 11, we havedimx(Y \ Z) � dimxX � dimx(Y )� dimx(Z). Applying Proposition 1, we get codimx(Y \ Z) �codimxY + codimxZ. Together with inequality (10) we obtain �x(Y \Z;X) = 0 proving assertion(ii). Next we will show that every function from OX;x can be expanded into a formal power seriesin a set of local parameters at x.Recall that the k-algebra of formal power series in n variables k[[Z]] = k[[Z1; : : : ; Zn]] consistsof all formal (in�nite) expressions P =Xr arZr;where r = (r1; : : : ; rn) 2 Nn; ar 2 k; Zr = Zr11 : : : Zrnn . The rules of addition and multiplicatonare de�ned naturally (as for polynomals). Equivalently, k[[Z]] is the set of functions P : Nn !k; r ! ar, with the usual addition operation and the operation of multiplication de�ned by theconvolution of functions: (P �Q)(r) = Xi+j=rP (i)Q(j):The polynomial k-algebra k[Z1; : : : ; Zn] can be considered as a subalgebra of k[[Z1; : : : ; Zn]].It consists of functions with �nite support. Clearly every formal power series P 2 k[[Z]] can bewritten as a formal sum P = Pj Pj ; where Pj 2 k[Z1; : : : ; Zn]j is a homogeneous polynomal ofdegree j.We set P[r] = P0 + P1 + : : : + Pr:This is called the r-truncation of P . 102



Local parameters 103Theorem 1 (Taylor expansion). Let x be a regular point of an algebraic set X of dimen-sion n, and ff1; : : : ; fng be a regular system of parameters at x. There exists a unique injectivehomomorphism � : OX;x ,! k[[Z1; : : : ; Zn]] such that for every i � 0f � �(f)[i](f1; : : : ; fn) 2 mi+1X;x:Proof. Take any f 2 OX;x, we denote by f(x) the image of f in k = OX;x=mX;x thenf � f(x) 2 mX;x. Since the local parameters f1; : : : ; fn generate mX;x, we can �nd elementsg1; : : : ; gn 2 OX;x such that f = f(x) + g1f1 + : : : + gnfn:Replacing f by gi, we can write similar expressions for the g0is. Plugging them into the aboveexpresson for f , we obtain f = f(x) +Xi gi(x)fi +Xij hijfifj ;where hij 2 OX;x. Continuing in this way, we will �nd a formal power series P =Pj Pj such that(�) f � P[r](f1; : : : ; fn) 2 mr+1X;x for any r � 0:Let us show that f 7! P de�nes an injective homomorphism OX;x ! k[[Z]] satisfying the assertionof the theorem. First of all, we have to verify that this map is well de�ned, i.e. property (�)determines P uniquely. Suppose there exists another formal power series Q(Z) =Pj Qj such thatf �Q[r](f1; : : : ; fn) 2 mr+1X;x for any r � 0:Let r = minfj : Qj 6= Pjg and F = Qj � Pj 2 k[Z1; : : : ; Zn]r n f0g. Taking into account (�), weobtain that F (f1; : : : ; fn) 2 mr+1X;x . Making an invertible change of variables, we may assume thatF (0; : : : ; 0; 1) 6= 0, i.e.,F (f1; : : : ; fn) = G0frn +G1(f1; : : : ; fn�1)fr�1n + : : :+Gr(f1; : : : ; fn�1)where Gi(Z1; : : : ; Zn�1) 2 k[Z1; : : : ; Zn�1]i; G0 6= 0. Since f1; : : : ; fn generate mX;x, we can writeF (f1; : : : ; fn) = H1(f1; : : : ; fn)frn +H2(f1; : : : ; fn�1)fr�1n + : : : +Hr+1(f1; : : : ; fn�1);where Hi 2 k[Z1; : : : ; Zn�1]i. After subtracting the two expressions, we get(G0 �H1(f1; : : : ; fn))frn 2 (f1; : : : ; fn�1):Since H1(f1; : : : ; fn) 2 mX;x; G0 � H1(f1; : : : ; fn) is invertible and frn 2 (f1; : : : ; fn�1). Passingto the germs, we �nd that mX;x = (f1; : : : ; fn) � rad(f1; : : : ; fn�1), and hence (f1; : : : ; fn) =(f1; : : : ; fn�1) because mX;x is a maximal ideal. But this contradicts Corollary 2 of Nakayama'sLemma.We leave to the reader to verify that the constructed map � : OX;x ! k[[Z]] is a ring homo-morphism. Let us check now that it is injective. It follows from the de�nition of this map that�(f) = 0 implies f 2 (mX;x)r for all r � 0. Let I = \rmrX;x 6= f0g. Since mX;xI = I Nakayama'slemma implies that I = 0.De�nition. Let � : OX;x ! k[[Z1; : : : ; Zn]] be the injective homomorphism constructed in The-orem 1. The image �(f) of an element f 2 OX;x is called the Taylor expansion of f at x withrespect to the local parameters f1; : : : ; fn. 103



104 Lecture 14Corollary 1. The local ring OX;x of a nonsingular point does not have zero divisors.Proof. OX;x is isomorphic to a subring of the ring k[[Z]] which, as is easy to see, does nothave zero divisors .Corollary 2. A nonsingular point of an algebraic set X is contained in a unique irreduciblecomponent of X.Proof. This immediately follows from Corollary 1. Indeed, assume x 2 Y1 \ Y2 where Y1 andY2 are irreducible components of X containing the point x. Replacing X by a small open a�neneighborhood, we may �nd a regular function f1 vanishing on Y1 but not vanishing on the wholeY2. Similarly, we can �nd a function f2 vanishing on X n Y1 and not vanishing on the whole Y1.The product f = f1f2 vanishes on the whole X. Thus the germs of f1 and f2 are the zero divisorsin OX;x. This contradicts the previous corollary.Remarks. 3. Note the analogy with the usual Taylor expansion which we learn in Calculus. Thelocal parameters are analogous to the di�erences �xi = xi�ai. The condition f�[P ]r(f1; : : : ; fn) 2mr+1X;x is the analog of the convergence: the di�erence between the function and its truncated Taylorexpansion vanishes at the point x = (a1; : : : ; an) with larger and larger order. The previous theoremshows that a regular function on a nonsingular algebraic set is like an analytic function: tits Taylorexpansion converges to the function.4. For every commutative ring A and its proper ideal I, one can de�ne the I-adic formal completionof A as follows. Let pn;k : A=In+1 ! A=Ik+1 be the canonical homomorphism of factor rings(n � k). SetÂI = f(: : : ; ak; : : : ; an : : :) 2Yr�0(A=Ir+1) : pn;k(an) = ak for all n � kg:It is easy to see that ÂI is a commutative ring with respect to the addition and multiplicationde�ned coordinatewise. We have a canonical homomorphism:i : A! ÂI ; a 7! (a0; a1; : : : ; an; : : :)where an = residue of a modulo In+1. Note the analogy with the ring of p-adic numbers which isnothing else as the formal completion of the local ring Z(p) of rational numbers a=b; p 6 jb.The formal I-adic completion Â is a completion in the sense of topology. One makes A atopological ring (i.e. a topological space for which addition and multiplication are continuousmaps) by taking for a basis of topology the cosets a + In. This topology is called the I-adictopology in A. One de�nes a Cauchy sequence as a sequence of elements an in A such that for anyN � 0 there exists n0(N) such that an � am 2 IN for all n;m � n0(N). Two Cauchy sequencesfang and fbng are called equivalent if limn!1(an � bn) = 0, that is, for any N > 0 there existsn0(N) such that an � bn 2 IN for all n � 0. An equivalence class of a Cauchy sequence fangde�nes an element of Â as follows. For every N � 0 let �N be the image of an in A=IN+1 forn � n0(N). Obvioulsy, the image of �N+1 in A=IN+1 is equal to �N . Thus (�0; �1; : : : ; �N ; : : :)is an element from Â. Conversely, any element (�0; �1; : : : ; �n; : : :) in Â de�nes an equivalenceclass of a Cauchy sequence, namely the equivalence class of fang. Thus we see that Â is the usualcompletion of A equipped with the I-adic topology.If A is a local ring with maximal ideal m, then Â denotes the formal completion of A withrespect to the m-adic topology. Note that this topology is Hausdor�. To see this we have to showthat for any a; b 2 A; a 6= b; there exists n > 0 such that a+mn \ b+mn = ;. this is equivalent to104



Local parameters 105the existence of n > 0 such that a� b 62 mn. This will follow if we show that \n�0mn = f0g. Butthis follows immediately from Nakayama's Lemma as we saw in the proof of Theorem 1. Since thetopology is Hausdor�, the canonical map from the space to its completion is injective. Thus weget A ,! Â:Note that the ring Â is local. Its unique maximal ideal m̂ is equal to the closure of m in Â. Itconsists of elements (0; a1; : : : ; an; : : :). The quotient Â=m̂ is isomorphic to A=m = �. The canonicalhomomorphism (̂A)! Â=m̂ is of course (a0; a1; : : : ; an; : : :)! a0.5. The local ring Â is complete with respect to its m̂-topology. A fundamental result in commutativealgebra is the Cohen Structure Theorem which says that any complete Noetherian local ring (A;m)which contains a �eld is isomorphic to the quotient ring �[[T1; : : : ; Tn]], where � is the residue�eld and n = dim�m=m2. This of course applies to our situation when A = ÔX;x, where x is notnecessary a rational point of X. In particular, when x is a regular point, we obtainÔX;x �= k(x)[[T1; : : : ; Tn]] (11)which generalizes our Theorem 1.6. Let us use the isomorphism (11) to show that a nonsingular point is regular if assume thatthe extension k(x)=k is separable (i.e. can be obtained as a separable �nite extension of apurely transcendental extension of k). We only sketch a proof. We have a canonical linear map� : Derk(ÔX;x;K)! Derk(OX;x;K) corresponding to the inclusion map of the ring into its com-pletion. Note that for any local ring (A;m) which contains k, the canonical homomorphism ofA-modules �A : Derk(A;K)! Homk(m=m2;K)is injective. In fact, if M is its kernel, then, for any � 2 M we have �(m) = 0. This implies thatfor any a 2 m and any x 2 A, we have 0 = �(ax) = a�(x) + x�(a) = a�(x). Thus a� = 0. Thisshows that mM = 0, and by Nakayama's lemma we get M = 0. Composing � with �OX;x weobviously get �ÔX;x . Since the latter is injective, � is injective. Now we show that it is surjective.Let � 2 Derk(OX;x;K). Since its restriction to m2X;x is zero, we can de�ne �(a + m2X;x) for anya 2 OX;x. For any x = (x0; x1; : : :) 2 ÔX;x we set ~�(x) = �(x1). It is easy to see that this de�nesa derivation of ÔX;x=m̂2 such that �(~�) = �.So, we obtain an isomorphism of K-vector spaces:Derk(ÔX;x;K) �= Derk(OX;x;K):By Cohen's Theorem, ÔX;x �= k(x)[[T1; : : : ; Tn]], where the pre-image of the �eld of constant formalseries is a sub�eld L of ÔX;x isomorphic to k(x) under the projection to the residue �eld. It isclear that the pre-image of the maximal ideal (T1; : : : ; Tn) is the maximal ideal of OX;x. LetDerL(ÔX;x;K) be the subspace of Derk(ÔX;x;K) of derivation trivial on L. Using the same proofas in Lemma 3 of Lecture 13, we show that DerL(ÔX;x;K) �= �(X)x. Now we have an exactsequence, obtained by restrictions of derivations to the sub�eld L:0! DerL(ÔX;x;K)! Derk(ÔX;x;K)! Derk(L;K): (12)It is easy to see that dimKDerk(L;K) = algdimkL = algdimkk(x). In fact, Derk(k(t1; : : : ; tr);K) �=Kr (each derivation is determined by its value on each ti). Also each derivation can be uniquelyextended to a separable extension. Thus exact sequence (12) givesdimKDerk(ÔX;x;K) = dimKDerk(ÔX;x;K) � embdimxX + algdimkk(x):105



106 Lecture 14This implies that embdimx(X) = dimOX;x and hence OX;x is regular.Let (X;x) be a pair that consists of an algebraic set X and its point x 2 X. Two such pairs arecalled locally isomorphic if the local rings OX;x and OY;y are isomorphic. They are called formallyisomorphic if the completions of the local rings are isomorphic. Thus any pair (X;x) where x is anonsingular point of X is isomorphic to a pair (A n (K); 0) where n = dimxX. Compare this withthe de�nion of a smooth (or complex manifold).Theorem 2. A regular local ring is a UFD (= factorial ring).The proof of this non-trivial result can be found in Zariski-Samuel's Commutative Agebra,vol. II. See the sketch of this proof in Shafarevich's book, Chapter II, x3. It uses an embedding ofa regular ring into the ring of formal power series.Corollary. Let X be an algebraic set, x 2 X be its regular point, and Y be a closed subsetof codimension 1 which contains x. Then there exists an open subset U containing x such thatY \ U = V (f) for some regular function on U .Proof. Let V be an opne a�ne open neighborhood of x, g 2 I(Y \ V ), and let gx be thegerm of g at x and fx be a prime factor of gx which has a representative f 2 O(U) vanishing onY \ U for some smaller a�ne neighborhood U of x. At this point we may assume that X = U .Since V (f) � Y and dimV (f) = dimY; Y is equal to some irreducible component of V (f), i.e.,V (f) = Y [ Z for some closed subset of U . If x 2 Z, then there exist regular functions h and h0on X such that hh0 � 0 on V (f) but h 6� 0 on Y and h0 6� 0 on Z. By Hilbert's Nullstellensatz,(hh0)r 2 (f). Passing to the germs, we obtain that fxj(hxh0x)r. Since OX;x is factorial, we obtainthat fxjhx or fxjh0x. Therefore for some open neighborhood U 0 � U , either hjU 0 or h0jU 0 vanishesidentically on (Y [ Z) \ U 0. This contradicts the choice of h and h0. This shows that x 62 Z, andreplacing U by a smaller open subset, the proof is complete.Here is the promised application.Recall that a rational map f : X�! Y from an irreducible algebraic set X to an algebraicset Y is a regular map of an open subset of X. Two rational maps are said to be equal if theycoincide on an open subset of X. Replacing X and Y by open a�ne subsets, we �nd ourselves inthe a�ne situation of Lecture 4. We say that a rational map f : X�! Y is de�ned at a pointx 2 X if it can be represented by a regular map de�ned on an open subset containing the point x.A point x where f is not de�ned is called a point of indeterminacy of f .Theorem 3. Let f : X�! Y be a rational map of a nonsingular algebraic set X to a projectiveset Y . Then the set of indeterminacy points of f is a closed subset of X each irreducible componentof which is of codimension � 2.Proof. Since Y � Pn(K) for some n, we may assume that Y = Pn(K). Let U be the maximalopen subset where f is represented by a regular map f : U ! Pn(K), and Z = X n U . Assume Zcontains an irreducible component of codimension 1. By Corollary to Theorem 2, for any x 2 Zthere exists an open neighborhood V of x such that Z \ V = V (�) for some regular function � onV . Restricting f to some smaller subset of D(�) = V n V (�) we may assume that f jD(�) is givenby n+1 regular functions �1; : : : ; �n+1 on D(�). Since OX;x is factorial, we may cancel the germs(�i)x by their common divisor to assume that not all of them are divisible by the germ �x of �.The resulting functions de�ne the same map to Pn(K). It is not de�ned at the set of commonzeroes of the functions �i. Its intersection with Z cannot contain any open neighborhood of x,hence is a proper closed subset of Z. This shows that we can extend f to a larger open subsetcontradicting the maximality of U . 106



Local parameters 107Corollary. Any rational map of a nonsingular curve to a projective set is a regular map. Inparticular, two nonsingular projective curves are birationally isomorphic if and only if they areisomorphic.This corollary is of fundamental importance. Together with a theorem on resolution of sin-gularities of a projective curve it implies that the set of isomorphism classes of �eld extensions ofk of transcedence degree 1 is in a bijective correspondence with the set of isomorphism classes ofnonsingular projective algebraic curves over k.Problems.1. Using Nakayama's Lemma prove that a �nitely generated projective module over a local ring isfree.2. Problem 6 from Shafarevich, Chap. II, x3.3. Let A be a ring with a decreasing sequence of ideals A = I0 � I1 � � � � � In � � � � suchthat Ii � Ij � Ii+j for all i; j. Let GrF (A) = �1i=0Ii=Ii+1 with the obvious ring structure makingGrF (A) a graded ring. Show that a local ring (A;m) of dimension n is regular if and only GrF (A) �=�[T1; : : : ; Tn], where Ii = mi.4. Let X = V (F ) � A 2 (K) where F = Z31 �Z2(Z2+1). Find the Taylor expansion at (0; 0) of thefunction Z2 mod (F ) with respect to the local parameter Z1 mod (F ).5. Give an example of a singular point x 2 X such that there exists an injective homomorphismOX;x ! k[[Z1]]. Give an example of a curve X and a point x 2 X for which such homomorphismdoes not exist.6. Let X = V (Z1Z2 + Z23 ) � K4. Show that the line V (Z1; Z3) � X cannot be de�ned by oneequation in any neighborhood of the origin.7. Show that Theorem 3 is not true for singular projective algebraic curves.8*. Let X = V (Z1Z2 + F (Z1; Z2)) � A2(K) where F is a homogeneous polynomial of degree� 3. Show that ÔX;x �= K[[T1; T2]]=(T1T2) and hence the singulaity (X; 0) and (V (Z1Z2); 0) areformally isomorphic.
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108 Lecture 15

Lecture 15. PROJECTIVE EMBEDDINGS
In this Lecture we shall address the following question: Given a projective algebraic k-set X,what is the minimal N such that X is isomorphic to a closed subset of PNk (K)? We shall prove thatN � 2dimX+1. For simplicity we shall assume here that k = K. Thus all points are rational, thekernel of the evaluation maps is a maximal ideal, the tangent space is equal to the Zariski tangentspace, a regular point is the same as a nonsingular point.De�nition. A regular map of projective algebraic sets f : X ! Pr(K) is called an embedding if itis equal to the composition of an isomorphism f 0 : X ! Y and the identity map i : Y ! Pr(K),where Y is a closed subset of Pr(K).Theorem 1. A �nite regular map f : X ! Y of algebraic sets is an isomorphism if and only if itis bijective and for every point x 2 X the di�erential map (df)x : T (X)x ! T (Y )f(x) is injective.Proof. To show that f is an isomorphism it su�ces to �nd an open a�ne covering of Y suchthat for any open a�ne subset V from this covering the homomorphism of rings f� : O(V ) !O(f�1(V )) is an isomorphism. The inverse map will be de�ned by the maps of a�ne sets V !f�1(V ) corresponding to the inverse homomorphisms (f�)�1 : O(f�1(V )) ! O(V ). So we mayassume that X and Y are a�ne and also irreducible.Let x 2 X and y = f(x). Since f is bijective, f�1(y) = fxg. The homomorphism f� inducesthe homomorphism of local rings f�y : OY;y ! OX;x: Let us show that it makes OX;x a �nite OY;y-module. Let m � O(Y ) be the maximal ideal corresponding to the point y and let S = O(Y ) nm.We know that OY;y = O(Y )S , and, since �niteness is preserved under localizations, O(X)f�(S) isa �nite OY;y-module. I claim that O(X)f�(S) = OX;x. Any element in OX;x is represented bya fraction �=� 2 Q(O(X)) where �(x) 6= 0. Since the map f is �nite and bijective it induces abijection from the set (V (�)) of zeroes of � to the closed subset f(V (�)) of Y . Since y 62 f(V (�))we can �nd a function g 2 S vanishing on f(V (�)). By Nullstellensatz, f�(g)r = �
 for some r > 0and some 
 2 O(X). Therefore we can rewrite the fraction �=� in the form �
=f�(g)r showingthat it comes from O(X)f�(S). This proves the claim.By assumption f�y : OY;y ! OX;x induces a linear surjective map:t(df)x : mY;y=m2Y;y ! mX;x=m2X;xwhere "t" stands for the transpose map of the dual vector spaces. Let h1; : : : ; hk be a set of localparameters of Y at the point y. Their images f�y (h1); : : : ; f�y (hk) in mX;x span mX;x=m2X;x. As108



Projective embeddings 109follows from Lecture 14, this implies that f�y (h1); : : : ; f�y (hk) generate mX;x. Therefore,f�y (mY;y)OX;x = mX;x:Since f�y (OY;y) contains constant functions, and OX;x = k +mX;x, we getOX;x = f�y (OY;y) +mY;yOX;x:Having proved that OX;x is a �nitely generated OY;y-module we may apply Nakayama's lemma toobtain that OX;x = f�y (OY;y):Therefore the map f�y : OY;y ! OX;x is surjective. It is obviously injective. Let �1; : : : ; �m begenerators of the O(Y )-module O(X). The germs (�i)x belong to OX;x = f�(OY;y) allowing us towrite (�i)x = f�(( i)y), where  i are regular functions on some a�ne open neighborhood V of f(x).This shows that the germs of �i and f�( i) at the point x are equal. Hence, after replacing V by asmaller set V 0 if needed, we can assume that �i = f�( i) for some open subset U of f�1(V ). SinceX is irreducible we can further assume that U = f�1(V ). If we replace again V by a principalopen subset D(h) � Y , we get U = D(f�(h));O(V ) = O(Y )h;O(U) = O(X)f�(h), and thefunctions �ijU generate O(U) as a module over O(V ). This implies that f� : O(V )! O(f�1(V ))is surjective, hence an isomorphism. This proves the assertion.Remark 1. The assumption of �niteness is essential. To see this let us take X to be the union oftwo disjoint copies of a�ne line with the origin in the second copy deleted, and let Y = V (Z1Z2)be the union of two coordinate lines in A2(K). We map the �rst copy isomorphically onto the linesZ1 = 0 and map the second component of X isomorphically onto the line Z2 = 0 with the origindeleted. It is easy to see that all the assumptions of Theorem 1 are satis�ed except the �niteness.Obviously the map is not an isomorphism.De�nition. We say that a line ` in Pn(K) is tangent to an algebraic set X at a point x 2 X ifT (`)x is contained in T (X)x (both are considered as linear subspaces of T (Pn(K))x).Let E be a linear subspace in Pn(K) de�ned by a linear subspace �E of Kn+1. For any pointx = (a0; : : : ; an) 2 E de�ned by the line Lx = K(a0; : : : ; an) in �E, the tangent space T (E)x can beidenti�ed with the factor space HomK(Lx; �E=K(a0; : : : ; an) (see Example 2 of Lecture 13). The in-clusion �E � Kn+1 identi�es it naturally with the subspace of T (Pn(K))x = HomK(Lx;Kn+1=Lx).Now let X be a projective subset of Pn(K) de�ned by a system of homogeneous equationsF1(T0; : : : ; Tn) = : : : = Fm(T0; : : : ; Tn) = 0 and let x 2 X. Then the tangent space T (X)xcan be identi�ed with the subspace of T (Pn(K))x de�ned by the equationsnXj=0 @Fi@Tj (x)bj = 0; i = 1; : : : m: (1)Now we see that a line E is tangent to X at the point x if and only if �E is contained in the spaceof solutions of (1). In particular we obtain that the union of lines tangent to X at the point x isthe linear subspace of Pn(K) de�ned by the system of linear homogeneous equationsnXj=0 @Fi@Tj (x)Tj = 0; i = 1; : : : m: (2)It is called the embedded tangent space and is denoted by ET(X)x.109



110 Lecture 15Lemma 1. Let X be a projective algebraic set in Pn(K); a 2 Pn(K) � X, the linear projectionmap pa : X ! Pn�1(K) is an embedding if and only if every line ` in Pn(K) passing through thepoint a intersects X in at most one point and is not tangent to X at any point.Proof. The induced map of projective sets f : X ! Y = pa(X) is �nite and bijective. ByTheorem 1, it su�ces to show that the tangent map (df)x is injective. Without loss of generalitywe may assume that a = (0; : : : ; 0; 1) and the map pa is given by restriction to X of the projectionp : Pn(K) n fag ! Pn�1(K) is given by the formula:(T0; : : : ; Tn)! (T0; : : : ; Tn�1):For any point x = (x0; : : : ; xn) 6= a, we can identify the tangent space T (Pn(K))x with the quotientspace Kn+1=K(x1; : : : ; xn), the tangent space T (Pn�1(K))pa(x) with Kn=K(x1; : : : ; xn�1), andthe di�erential (dpa)x with the map Kn+1=K(x1; : : : ; xn)! Kn=K(x1; : : : ; xn�1) induced by theprojectionKn+1 ! Kn. It is clear that its kernel is spanned byKx+K(0; : : : ; 0; 1)=Kx. But this isexactly the tangent space of the line ` spanned by the points x = (x0; : : : ; xn) and a = (0; : : : ; 0; 1).Thus the di�erential of the restriction of pa to X is injective if and only if the tangent space of theline ` is not contained in the tangent space T (X)x. This proves the assertion.Lemma 2. Let X be a quasi-projective algebraic subset of Pn(K) and x 2 X be its nonsingularpoint. Then ET(X)x is a projective subspace in Pn(K) of dimension equal to d = dimxX.Proof. We know that ET(X)x is the subspace of Pn(K) de�ned by the equations (2). So itremains only to compute the dimension of this subspace. Since x is a nonsingular point of X, thedimension of T (X)x is equal to d. Now the result follows from comparing the equations (1) and (2).The �rst one de�nes the tangent space T (X)x and the second ET(X)x. The (linear) dimension ofsolutions of both is equal tod+ 1 = n+ 1� rank(@Fi@Tj )(x) = dimKT (X)x + 1 = dimET(X)x + 1:Note that the previous lemma shows that one can check whether a point of a projective setX is nonsingular by looking at the Jacobian matrix of homogeneous equations de�ning X.Let Z = f(x; y; z) 2 Pn(K)� Pn(K)� Pn(K) : x; y; z 2 ` for some line `g:This is a closed subset of Pn(K)�Pn(K)�Pn(K) de�ned by the equations expressing the conditionthat three lines x = (x0; : : : ; xn); y = (y0; : : : ; yn); z = (z0; : : : ; zn) are linearly dependent. The tri-homogeneous polynomials de�ning Z are the 3� 3-minors of the matrix0@ T0 : : : TnT 00 : : : T 0nT 000 : : : T 00n 1A :Let p12 : Z ! Pn(K)�Pn(K) be the projection map to the product of the �rst two factors. Forany (x; y) 2 Pn(K)�Pn(K)p3(p�112 ((x; y))) = �< x; y > if x 6= y,Pn(K) if x = y110



Projective embeddings 111where < x; y > denotes the line spanned by the points x; y.Let X be a closed subset of Pn(K). We setSechX = p�112 (X �X n�X);SecX = closure of SechX in Z:The projection p12 and the projection p3 : Z ! Pn(K) to the third factor de�ne the regular mapsp : SecX ! X �X; q : SecX ! Pn(K):For any (x; y) 2 X �X n�X the image of the �bre p�1(x; y) under the map q is equal to the line< x; y >. Any such lines is called a honest secant of X. The union of all honest secants of X isequal to the image of SechX under the map q. The closure of this union is equal to q(SecX). It isdenoted by Sec(X) and is called the secant variety of X.Lemma 3. Let X be an irreducible closed subset of Pn(K). The secant variety Sec(X) is anirreducible projective algebraic set of dimension � 2dimX + 1.Proof. It is enough to show that SechX is irreducible. This would imply that SecX and Sec(X)are irreducible, and by the theorem on dimension of �bresdim SechX = dim(X �X) + 1 = 2dimX + 1:This gives dim Sec(X) � dim Sec(X) = dim SechX = 2dimX + 1:To prove the irreduciblity of SechX we modify a little the proof of Lemma 2 of Lecture 12. We cannotapply it directly since SechX is not projective set. However, the map ph : SechX ! X � X n �Xis the restriction of the projection sets (X � X n�X) � Pn(K) ! X �X n�X . By Chevalley'sTheorem from Lecture 9, the image of a closed subset of SechX is closed in X �X n�X . Only thisadditional property of the map f : X ! Y was used in the proof of Lemma 2 of Lecture 12.Lemma 4. The tangential variety Tan(X) of an irreducible projective algebraic set of Pn(K) isan irreducible projective set of dimension � 2dimX.Proof. Let Z � X � Pn(K) � Pn(K)� Pn(K) be a closed subset de�ned by equations (1),where x is considered as a variable point in X. Consider the projection of Z to the �rst factor. Its�bres are the embedded tangent spaces. Since X is nonsingular, all �bres are of dimension dimX.As in the case of the secant variety we conclude that Z is irreducible and its dimension is equalto 2dimX. Now the projection of Z to Pn is a closed subset of dimension � 2dimX. It is equal tothe tangential variety Tan(X).Now everything is ready to prove the following main result of this Lecture:Theorem 2. Every nonsingular projective d-dimensional algebraic set X can be embedded intoP2d+1.Proof. The idea is very simple. Let X � Pn(K), we shall try to project X into a lower-dimensional projective space. Assume n > 2d + 1. Let a 2 Pn(K) n X. By Lemma 1, theprojection map pa : X ! Y � Pn�1(K)is an isomorphism unless either x lies on a honest secant of X or in the tangential variety of X.Since all honest secants are contained in the secant variety Sec(X) of X, anddimSec(X) � 2dimX + 1 < n; dimTan(X) � 2dimX < n;we can always �nd a point a 62 X for which the map pa is an isomorphism. Continuing in this way,we prove the theorem. 111



112 Lecture 15Corollary. Every projective algebraic curve (resp. surface) is isomorphic to a curve (resp. asurface) in P3(K) (resp. P5(K)).Remark 2. The result stated in the Theorem is the best possible for projective sets. For example,the a�ne algebraic curve: V (T 21 + Fn(T2)) = 0; where Fn is a polynomial of degree n > 4 withoutmultiple roots, is not birationally isomorphic to any nonsingular plane projective algebraic curve.Unfortunately, we have no su�cient tools to prove this claim. Let me give one more unproven fact.To each nonsingular projective curve X one may attach an integer g � 0, called the genus of X.If K = C is the �eld of complex numbers, the genus is equal to the genus of the Riemann surfaceassociated to X. Each compact Riemann surface is obtained in this way. Now for any plane curveV (F ) � P2(K) of degree n one computes the genus by the formulag = (n� 1)(n� 2)2 :Since some values of g cannot be realized by this formula (for example g = 2; 4; 5) we obtain thatnot every nonsingular projective algebraic curve is isomorphic to a plane curve.Let Sec(X) be the secant variety of X. We know that it is equal to the closure of the unionSec(X)h of honest secant lines of X. A natural guess is that the complementary set Sec(X) nSec(X)h consists of the union of tangent lines to X, or in other words to the tangential varietyTan(X) of X. This is true.Theorem 3. Let X � Pn(K) be a nonsingular irreducible closed subset of Pn(K). ThenSec(X) = Sec(X)h [ Tan(X):Proof. Since Sec(X) is equal to the closure of an irreducible variety Sec(X)h and Tan(X) isclosed, it is enough to prove that Sec(X)h [ Tan(X) is a closed set.Let Z ne the closed subset of X�Pn(K) considered in the proof of Lemma 4. Its image underthe projection to X is X, and its �bre over a point x is isomorphic to the embedded tangent spaceET(X)x. Its image under the projection to Pn is the variety Tan(X). We can view any point(x; y) = ((x0; : : : ; xn); (y0; : : : ; yn)) 2 ET(X) as a pair x + y� 2 K[�]n+1 satisfying the equationsFi(T ) = 0. Note that for X = Pn we have ET(X) = Pn � Pn. Consider a closed subset Z ofET(X)� ET (X)� ETPn(K) de�ned by the equationsrank[x+ �y; x0 + �y0; x00 + �y00] < 3; (3)where the matrix is of size 3 � (n + 1) with entries in K[�]. The equations are of course the3� 3-minors of the matrix. By Chevaley's Theorem, the projection Z 0 of Z to ET(X)�ET(X) isclosed. Applying again this theorem, we obtain that the projection of Z 0 to Pn is closed. Let usshow that it is equal to Sech(X) [ Tan(X).It is clear that the image (x; x0; x00) of z = (x+ �y; x0 + �y0; x00 + �y0) in X �X �X satis�esrank[x; x0; x00] < 3. This condition is equivalent to the following. For any subset I of three elementsfrom the set f0; : : : ; ng let jxI + �yI ; x0I + �y0I ; x00I + �y00I j be the corresponding minor. Then equation(3) is equivalent to the equationsjxI + �yI ; x0I + �y0I ; x00I + �y00I j = 0:Or, equivalently, jxI ; x0I ; x00I j = 0; (4)112



Projective embeddings 113jxI ; y0I ; x00I j+ jxI ; x0I ; y00I j+ jyI ; x0I ; x00I j = 0: (5)Suppose equations (4) and (5) are satis�ed. Then (4) means that the point x00 2 Pn lies in theline spanned by the points x; x0 or rank[x; x0] = 1. In the �rst case we obtain that x00 2 Sech(X).Assume x = x0 as points in Pn. Then (5) gives jxI ; x00I ; y0I � yI j = 0. Since (x; y) and (x; y0) lie inET(X)x, we obtain that x00 lies on the line spanned by a point x and a point in ET(X)x. Hencex00 2 ET(X)x. This proves the assertion.Remark 3. If X is singular, the right analog of the embedded tangent space ET(X) is the tangentcone CT (X)x. It is de�ned as the the union of limits of the lines < x; y > where y 2 X. See detailsin Shafarevich's book, Chapter II, x1, section 5.De�nition A closed subset X � Pn(K) is called non-degenerate if it is not contained in a hyper-plane in Pn(K). A nondegenerate subset is called linearly normal if it cannot be obtained as anisomorphic projection of some X 0 � Pn+1(K).Theorem 4. Let X be a nonsingular irreducible non-degenerate projective curve in P3(K). ThenX cannot be isomorphically projected into P2(K) from a point outside X. In particular any planenonsingular projective curve of degre > 1 is linearly normal.Proof. Applying Theorem 3 and Lemma 1, we have to show that Sec(X) = P3(K). Assume thecontrary. Then Sec(X) is an irreducible surface. For any x 2 X;Sec(X) contains the union of linesjoining x with some point y 6= x inX. SinceX is not a line, the union of lines< x; y >; y 2 Y; y 6= x,is of dimension > 1 hence equal to Sec(X). Pick up three non-collinear points x; y; z 2 X. ThenSec(X) contains the line < x; y >. Since each point of Sec(X) is on the line passing through z, weobtain that each line < z; t >; t 2< x; y > belongs to Sec(X). But the union of these lines is theplane spanned by x; y; z. Thus Sec(X) coincides with this plane. Since X is obviously containedin Sec(X) this is absurd.The next two important results of F. Zak are given without proof.Theorem 5. Let X be a nonsingular nondegenerate closed irreducible subset of Pn(K) of dimen-sion d. Assume Sec(X) 6= Pn(K). Then n � 2 + 3d2 :In particular, any nonsingular nondegenerate d-dimensional closed subset of Pn(K) is linearlynormal if n � 3d2 .If d = 2, this gives that any surface of degre > 1 in P3(K) is linearly normal. This bound issharp. To show this let us consider the Veronese surface X = v2(P2(K) in P5(K). Then we knowthat it is isomorphic to the set of symmetric 3 � 3-matrices of rank 1 up to proportionality. It iseasy to see, by using linear algebra, that Sec(X) is equal to the set of symmetric matrices of rank� 2 up to proportionality. This is a cubic hypersurface in P3(K) de�ned by the equation expresingthe determinant of symmetric matrix. Thus we can isomorphically project X in P4(K).Remark 4. According to a conjecture of R. Hartshorne, any non-degenerate nonsingular closedsubset X � Pn(K) of dimension d > 2n=3 is a complete intersection (i.e. can be given by n � dhomogeneous equations).De�nition. A Severi variety is a nonsingular irreducible algebraic set X in Pn(K) of dimensiond = 2(n� 2)=3 which is not contained in a hyperplane and with Sec(X) 6= Pn(K).The following result of F. Zak classi�es Severi varieties in characteristic 0:113



114 Lecture 15Theorem 6. Assume char(K) = 0. Each Severi variety is isomorphic to one of the following fourvarieties:(n = 2) the Veronese surface v2(P2(K)) � P5(K);(n = 4) the Segre variety s2;2(P2(K)� P2(K)) � P8(K);(n = 8) the Grassmann variety G(2; 6) � P14(K) of lines in P5(K);(n = 16) the E6-variety X in P2(K).The last variety (it was initially missing in Zak's classi�cation and was added to the list by R.Lazarsfeld) is de�ned as follows. Choose a bijection between the set of 27 lines on a nonsingularcubic surface and variables T0; : : : ; T26. For each triple of lines which span a tri-tangent plane formthe corresponding monomial TiTjTk. Let F be the sum of such 45 monomials. Its set of zeroes inP26(K) is a cubic hypersurface Y = V (F ). It is called the Cartan cubic. Then X is equal to theset of singularities of Y (it is the set of zeroes of 27 partial derivatives of F ) and Y equals Sec(X).From the point of view of algebraic group theory, X = G=P , where G is a simply connected simplealgebraic linear group of exceptional type E6, and P its maximal parabolic subgroup correspondingto the dominant weight ! de�ned by the extreme vertex of one of the long arms of the Dynkindiagram of the root system of G. The space P26(K) is the projectivization of the representationof G with highest weight !.We only check that all the four varieties from Theorem 6 are in fact Severi varieties. Recallthat the Veronese surface can be described as the space of 3� 3 symmetric matrices of rank 1 (upto proportionality). Since a linear combination of two rank 1 matrices is a matrix of rank � 2,we obtain that the secant variety is contained in the cubic hypersurface in P5 de�ning matrices ofrank � 2. Its equation is the symmetric matrix determinant. It is easy to see that the determinantequation de�nes an irreducible variety. Thus the dimension count gives that it coincides with thedeterminant variety. Similarly, we see that the secant variety of the Segre variety coinicides withthe determinant hypersurface of a general 3�3 matrix. The third variety can be similarly describedas the variety of skew-symmetrix 6� 6 matrices of rank 2. Its secant varity is equal to the P�a�ancubic hypersurface de�ning skew-symmetric matrices of rank < 6. Finally, the secant variety of theE6-variety is equal to the Cartan cubic. Since each point of the Severi variety is a singular pointof the cubic, the restriction of the cubic equation to a secant line has two multiple roots. Thiseasily implies that the line is contained in the cubic. To show that the secant variety coincideswith the cartan cubic is more involved, One looks at the projective linear representation of theexceptional algebraic group G of type E6 in P26 de�ning the group G. One analyzes its orbits andshows that there are only three orbits: the E6-variety X, the Cartan cubic with X deleted andP26 with Cartan cubic deleted. Since the secant variety is obvioulsy invariant under the action ofG, it must coincide with the Cartan cubic.Note that in all four cases the secant variety is a cubic hypersurface and its set of singularpoints is equal to the Severy variety. In fact, the previous argument shows that the secant varietyof the set of singular points of any cubic hypersurface is contained in the cubic. Thus Theorem 6gives a classi�cation of cubic hypersurfaces in Pn whose set of singular points is a smooth varietyof dimension 2(n� 2)=3.There is a beautiful uniform description of the four Severi varieties. Recall that a compositionalgebra is a �nite-dimensional algebra A over a �eld K (not necessary commutative or associative)such that there exists a non-degenerate quadratic form � : A! K such that for any x; y 2 A�(x � y) = �(x)�(y):According to a classical theorem of A. Hurwitz there are four isomorphism classes of compositionalgebras over a �eldK of characteristic 0: K;Co;Ha andOc of dimension 1; 2; 4 and 8, respectively.114



Projective embeddings 115Here Co = K �K; (a; b) � (a0; b0) = (aa0 � bb0; ab0 + a0b);Ha = Co� Co; (x; y) � (x0; y0) = (x � x0 � �y � y0; x � y0 + y � �x0);Oc = Ha�Ha; (h; g) � (h0; g0) = (h � h0 � �g � g0; h � g0 + g � �h0);where for any x = (a; b) 2 Co we set �x = (a;�b), and for any h = (x; y) 2 Ha we set �h = (�x;�y).The quadratic form � is given by �(x) = x � �x;where �x is de�ned as above for A = Ca and H, �x = x for A = K, and �x = (�h;�h0) for anyx = (h; h0) 2 Oc.For example, if K = R, then Co �= C (complex numbers), Ha �= H (quaternions), Oc = O(octonians or Cayley numbers).For every composition algebra A we can consider the set H3(A) of Hermitian 3 � 3-matrices(aij) with coe�cients in A, where Hermitian means aij = �aji. Its dimension as a vector space overK equals 3 + 3r, where r = dimKA. There is a natural de�nition of the rank of a matrix fromH3(A). Now Theorem 6 says that the four Severi varieties are closed subsets of P3r+2 de�ned byrank 1 matrices in H3(A). The corresponding secant variety is de�ned by the homogeneous cubicform representing the \determinant" of the matrix.Let us de�ne Pn(A) for any composition algebra as An+1 n f0g=A�. Then one view the fourSeveri varieties as the \Veronese surfaces" corresponding to the projective planes over the fourcomposition algebra.As though it is not enough of these mysterious coincidences of the classi�cations, we add onemore. Using the stereographic projection one can show thatP1(R) = S1; P1(C ) = S2; P1(H ) = S4; P1(O) = S8;where Sk denote the unit sphere of dimension k. The canonical projectionA 2 n f0g ! P1(A) = Skrestricted to the subset f(x; y) 2 R2 : x � �x+ y � �y = 1g = S2r�1 de�nes a map� : S2r�1 ! Srwhich has a structure of a smooth bundle with �bres di�eomorphic to the sphere Sr�1 = fx 2A� : x � �x = 1g. In this way we obtain 4 examples of a Hopf bundle: a smooth map of a sphereto a sphere which is a �bre bundle with �bres di�eomorphic to a sphere. According to a famousresult of F. Adams, each Hopf bundle is di�eomorphic to one of the four examples coming fromthe composition algebras.Is there any direct relationship between Hopf bundles and Severi varieties?Problems.1. Let X be a nonsingular closed subset of Pn(K). Show that the set J(X) of secant or tangentlines of X is a closed subset of the Grassmann variety G(2; n+1). Let X = v3(P1(K)) be a twistedcubic in P3(K). Show that J(X) is isomorphic to P2(K).115



116 Lecture 152. Find the equation of the tangential surface Tan(X) of the twisted cubic curve in P3(K).3. Show that each Severi variety is equal to the set of singular points of its secant variety. Findthe equations of the tangential variety Tan(X).4. Assume that the secant variety Sec(X) is not the whole space. Show that any X is containedin the set of singular points of Sec(X).5. Show that a line ` is tangent to an algebraic set X at a point x 2 X if and only if the restrictionto ` of any polynomial vanishing on X has the point x as its multiple root.6*. Let X be a nonsingular irreducible projective curve in Pn(K). Show that the image of theGauss map g : X ! G(2; n+ 1) is birationally isomorphic to X unless X is a line.

116



Blowing up and resolution 117

Lecture 16. BLOWING UP AND RESOLUTION OF SINGULARITIES
Let us consider the projection map pa : Pn(K) n fag ! Pn�1(K). If n > 1 it is impossibleto extend it to the point a. However, we may try to �nd another projective set X which containsan open subset isomorphic to Pn(K) n fag such that the map pa extends to a regular map �pa :X ! Pn�1(K). The easiest way to do it is to consider the graph � � Pn(K) n fag � Pn�1(K)of the map pa and take for X its closure in Pn(K) � Pn�1(K). The second projection mapX ! Pn�1(K) will solve our problem. It is easy to �nd the bi-homogeneous equations de�ningX. For simplicity we may assume that a = (1; 0; : : : ; 0) so that the map pa is given by theformula (x0; x; : : : ; xn)! (x1; : : : ; xn): Let Z0; : : : ; Zn be projective coordinates in Pn(K) and letT1; : : : ; Tn be projective coordinates in Pn�1(K): Obviously the graph � is contained in the closedset X de�ned by the equations(�) ZiTj � ZjTi = 0; i; j = 1; : : : ; n:The projection q : X ! Pn�1(K) has the �bre over a point t = (t1; : : : ; tn) equal to the linearsubspace of Pn(K) de�ned by the equations(��) Zitj � Zjti = 0; i; j = 1; : : : ; n:Assume that ti = 1. Then the matrix of coe�cients of the system of linear equations (��) containsn� 1 unit columns so that its rank is equal to n� 1. This shows that the �bre q�1(t) is isomor-phic, under the �rst projection X ! Pn(K), to the line spanned by the points (0; t1; : : : ; tn) and(1; 0; : : : ; 0). On the other hand the �rst projection is an isomorphism over Pn(K)nf0g. Since X isirreducible (all �bres of q are of the same dimension), we obtain that X is equal to the closure of �.By plugging z1 = : : : zn in equations (��) we see that the �bre of p over the point a = (1; 0; : : : ; 0) isisomorphic to the projective space Pn�1(K). Under the map q this �bre is mapped isomorphicallyto Pn�1(K).The pre-image of the subset Pn(K) n V (Z0) �= An(K) under the map p is isomorphic to theclosed subvariety B of An(K)�Pn�1(K) given by the equations (�) where we consider Z1; : : : ; Znas inhomogeneous coordinates in a�ne space. The restriction of the map p to B is a regular map� : B ! An(K) satisfying the following properties(i) �j��1(An(K) n f(0; : : : ; 0)g)! An(K) n f(0; : : : ; 0)g is an isomorphism;(ii) ��1(0; : : : ; 0) �= Pn�1(K).We express this by saying that � \ blows up" the origin. Of course if we take n = 1 nothinghappens. The algebraic set B is isomorphic to An(K). But if take n = 2, then B is equal to theclosed subset of A2(K)� P1(K) de�ned by the equationZ2T0 � T1Z1 = 0:117



118 Lecture 16It is equal to the union of two a�ne algebraic sets V0 and V1 de�ned by the condition T0 6= 0 andT1 6= 0, respectively. We haveV0 = V (Z2 �XZ1) � A2(K)� P1(K)0; X = T1=T0;V1 = V (Z2Y � Z1) � A2(K)� P1(K)1; Y = T0=T1:If L : Z2 � tZ1 = 0 is the line in A2(K) through the origin \with slope" t, then the pre-imageof this line under the projection � : B ! A2(K) consists of the union of two curves, the �breE �= P1(K) over the origin, and the curve �L isomorphic to L under �. The curve �L intersects Eat the point ((0; 0); (1; t)) 2 V0. The pre-image of each line L with the equation tZ2 � Z1 consistsof E and the curve intersecting E at the point ((0; 0); (t; 1)) 2 V1. Thus the points of E can bethought as the set of slopes of the lines through (0; 0). The "in�nite slope" corresponding to theline Z1 = 0 is the point (0; 1) 2 V1 \ E.
σ (0)-1

σ

Fig.1Let I be an ideal in a commutative ring A. Each power In of I is a A-module and InIr � In+rfor every n; r � 0. This shows that the multipication maps In � Ir ! In+r de�ne a ring structureon the direct sum of A-modules A(I) = �n�0In:Moreover, it makes this ring a graded algebra over A = A(I)0 = I0. Its homogeneous elements ofdegree n are elements of In.Assume now that I is generated by a �nite set f0; : : : ; fn of elements of A. Consider thesurjective homomorphism of graded A-algebras� : A[T0; : : : ; Tn]! A(I)de�ned by sending Ti to fi. The kernel Ker(�) is a homogeneous ideal in A[T0; : : : ; Tn]. If weadditionally assume that A is a �nitely generated algebra over a �eld k, we can interpret Ker(�)118



Blowing up and resolution 119as the ideal de�ning a closed subset in the product X � Pnk where X is an a�ne algebraic varietywith O(X) �= A. Let Y be the subvariety of X de�ned by the ideal I.De�nition The subvariety of X�Pnk de�ned by the ideal Ker(�) is denoted by BY (X) and is calledthe blow-up of X along Y . The morphism � : BY (X)! X de�ned by the projection X�Pnk ! Xis called the monoidal transformation or the �-process or the blowing up morphism along Y .Let us �x an algebraically closed �eldK containing k and describe the algebraic set BY (X)(K)as a subset of X(K)� Pn(K). Let Ui = X � (Pn(K))i and BY (X)i = BY (X) \ Ui. This is ana�ne algebraic k-set withO(BY (X)i) �= O(X)[T0=Ti: : : : ; Tn=Ti]=Ker(�)iwhereKer(�)i is obtained from the idealKer(�) by dehomogenization with respect to the variableTi. The fact that the isomorphism class of BY (X) is independent of the choice of generatorsf0; : : : ; fn follows from the followingLemma 1. Let Y � X�Pnk (K) and Y 0 � X�Prk(K) be two closed subsets de�ned by homogeneousideals I � O(X)[T0; : : : ; Tn] and J � O(X)[T 00; : : : ; T 0r], respectively. Let p : Y ! X and p0 : Y 0 !X be the regular maps induced by the �rst projections X � Pnk (K) ! X and X � Prk(K) !X. Assume that there is an isomorphism of graded O(X)-algebras  : O(X)[T 00; : : : ; T 0r]=I 0 !O(X)[T0; : : : ; Tn]=I. Then there exists an isomorphism f : Y ! Y 0 such that p = p0 � f .Proof. Let t0i = T 0i mod I 0; ti = Ti mod I, and let (t0i) = Fi(t1; : : : ; tn); i = 0; : : : ; r;for some polynomial Fi[T0; : : : ; Tn]. Since f is an isomorphism of graded O(X)-algebras the poly-nomials Fi(T ) are linear and its coe�cients are regular functions on X. The value of Fi at a point(x; t) = (x; (t0; : : : ; tn)) in X � Pnk (K) is de�ned by plugging x into the coe�cients and plugging tinto the unknowns Tj . De�ne f : X ! Y by the formula:f(x; t) = (x; (F0(x; t); : : : ; Fn(x; t))):Since  is invertible, there exist linear polynomials Gj(T ) 2 O(X)[T 00; : : : ; T 0r ]; j = 0; : : : ; n; suchthat Fi(G0(t00; : : : ; t0n); : : : ; Gn(t0; : : : ; t0n)) = t0i; i = 0; : : : ; r;Gj(F0(t0; : : : ; tn); : : : ; Fn(t0; : : : ; tn)) = tj ; j = 0; : : : ; n:This easily implies that f is de�ned everywhere and is invertible. The property p = p0 � f followsfrom the de�nition of f .Example 1. We take X = A2k(K);O(X) = k[Z1; Z2]; I = (Z1; Z2); Y = V (I) = f(0; 0)g. Then� : k[Z1; Z2][T0; T1]! k[Z1; Z2](I) is de�ned by sending T0 to Z1, and T1 to Z2. Obviously Ker(�)contains Z2T0 � Z1T1. We will prove later in Proposition 2 that Ker(�) = (Z2T0 � Z1T1). ThusBY (X) coincides with the example considered in the beginning of the Lecture.119



120 Lecture 16Lemma 2. Let U = D(f) � X be a principal a�ne open subset of an a�ne set X, thenBY \U �= ��1(U):Proof. We have O(U) �= O(X)f ; I(Y \ U) = I(Y )f . If I(Y ) is generated by f0; : : : ; fn thenI(Y \U) is generated by f0=1; : : : ; fn=1, hence BY \U is de�ned by the kernel of the homomorphism�f : O(X)f [T0; : : : ; Tn]! O(X)(I(Y )f ); Ti ! fi=1:Obviously the latter is obtained by localizing the homomorphism of O(X)-algebras� : O(X)[T0; : : : ; Tn]! O(X)(I(Y )); Ti ! fi:Therefore the kernel of �f is isomorphic to (Ker(�))f . The set of zeroes of this ideal is equal to��1(D(f)):Proposition 1. The blow-up � : BY (X)! X induces an isomorphism��1(X n Y ) �= X n Y:Proof. It is enough to show that for any prinicpal open subset that U = D(f) � X n Ythe induced map ��1(U) ! U is an isomorphism. Since Y � X n U and I(Y ) is radical ideal,f must belong to I(Y ). Thus I(Y )f = O(X)f and, taking 1 as a generator of I(Y )f we getO(X)f((1) = O(X)f , and the map �f : O(X)f [T0] ! O(X)f ; T0 ! 1 has the kernel equal to(T0 � 1). Applying the previous Lemma, we get B;(X) �= D(f) �= ��1(D(f)): This proves theassertion.To �nd explicitly the equations of the blow-up BY (X), we need to make some assumptionson X and Y .De�nition. Let A be a commutative ring. A sequence of elements a1; : : : ; an 2 A is called aregular sequence if the ideal generated by a1; : : : ; an is a proper ideal of A and, for any i = 1; : : : ; n,the image of ai in A=(a1; : : : ; ai�1) is a non-zero divisor (we set a0 = 0).Lemma 3. Let M be a module overa commutative ring A. Assume that for any maximal idealm of A, the localizationMm = f0g. Then M = f0g.Proof. Let x 2 M . For any maximal ideal m � A, there exists am 62 m such that amx = 0.The ideal of A generated by the elements am is the unit ideal. Hence 1 = Pm bmam for somebm 2 A and x = 1 � x =Xm bmamx = 0:This proves the assertion.Proposition 2. Let a0; : : : ; an be a regular sequence of elements in an integral domain A and letI be the ideal generated by a1; : : : ; an. Then the kernel J of the homomorphism� : A[T0; : : : ; Tn]! A(I); Ti 7! ai;is generated by the polynomials Pij = aiTj � ajTi; i; j = 0; : : : ; n:Proof. Let J 0 be the ideal in A[T0; : : : ; Tn] generated by the polynomials Pij . Let A0 =A[a�10 ] �= Aa0 be the subring of the quotient �eld Q(A) of A, I0 = (a1=a0; : : : ; an=a0) � A0.120



Blowing up and resolution 121De�ne a homomorphism �0 : A[Z1; : : : ; Zn] ! A0[I0] via sending each Zi to ai=a0. We claimthat J0 = Ker(�0) is equal to the ideal J 00 generated by the polynomials Li = a0Zi � ai. Assumethis is so. Then for any F (T0; : : : ; Tn) 2 Ker(�), after dehomogenizing with respect to T0, weobtain that F (1; Z1; : : : ; Zn) belongs to J 00. This would immediately imply that TN0 F 2 J 0 forsome N � 0. Replacing T0 with Ti, and f0 with fi, we will similarly prove that TNi F 2 J 0 forany i = 0; : : : ; n. Now consider the A-submodule M of A[T0; : : : ; Tn]=J 0 generated by F . SinceTNi F = 0; i = 0; : : : ; n, it is a �nitely generated A-module. For any maximal ideal m � Alet �Pij = (ai mod m)Tj � (aj mod m)Ti. The ideal in (A=m)[T0; : : : ; Tn] generated by the linearpolynomials �Pij is obviously prime. Thus TNi F = 0 impliesM
A=m = f0g. Applying Nakayama'sLemma we infer that, for any maximal ideal m � A, the localizationMm is equal to zero. By theprevious lemma this gives M = 0 so that F 2 J 0.It remains to show that Ker(�0) is generated by by the polynomials Li = a0Zi � ai. We useinduction on n. Assume n = 1. Let F 2 Ker(�0), i.e., �0(F (Z1)) = F (a1=a0) = 0. Dividing byL1 = a0Z1 � a1, we obtain for some G(Z1) 2 A[Z1] and r � 0ar0F (Z1) = G(Z1)(a0Z1 � a1) = a0G(Z1)Z1 � a1G(Z1):Since (a0; a1) is a regular sequence, this implies that G(a) 2 (a0) for any a 2 A. From this wededuce that all coe�cients of G(Z1) are divisible by a0 so that we can cancel a0 in the previousequation. Proceeding in this way we �nd, by induction on r, that F is divisible by L1.Now assume n > 1 and consider the map �0 as the composition mapA[Z1; : : : ; Zn]! A0[Z2; : : : ; Zn]! A0[I0] = A0[I 0];where A0 = A[a1=a0] is the subalgebra of A0 generated by a1=a0, and I 0 = (a2=a0; : : : ; an=a0). Itis easy to see that a0; : : : ; an is a regular sequence in A0. By induction, L2; : : : ; Ln generate thekernel of the second map A0[Z2; : : : ; Zn]! A0[I0]. Thus F (Z1; : : : ; Zn) 2 Ker(�0) impliesF (a1=a0; Z2; : : : ; Zn) = nXi=2 Qi(a1=a0; Z2; : : : ; Zn)Li;for some polynomials Qi(Z1; : : : ; Zn) 2 A[Z1; : : : ; Zn]. Thus by the case n = 1F (Z1; : : : ; Zn)� nXi=2 Qi(a1=a0; Z2; : : : ; Zn)Li 2 (L1);and we are done.Example 2. Take A = k[Z1; : : : ; ZN ]; I = (a0; : : : ; an) = (Z1; : : : ; Zn+1) to obtain that the blow-up BV (I)(ANk )(K)) is a subvariety of ANk � Pnk given by the equationsT0Zi � Ti�1Z1 = 0; i = 1; : : : ; n+ 1:This agrees with Example 1.Remark 1. The assertion of Proposition 2 can be generalized as follows. Let a1; : : : ; an be aregular sequence in A. Consider the free module An with basis e1; : : : ; en and let Vr An be its r-thexterior power. It is a free A-module with basis formed by the wedge products ei1 ^ : : :^ eir where1 � i1 < : : : ; ir � n. For each r = 1; : : : ; n. De�ne the map�r : r̂ An ! r�1̂An121



122 Lecture 16by the formula �r(ei1 ^ : : : ^ eir) =Xi (�1)jaijei1 ^ : : : ^ eij�1 ^ eij+1 : : : ^ eir :Now the claim is that the complex of A-modules (called the Koszul complex)f0g ! n̂ An ! n�1̂An ! : : :! 2̂ An ! 1̂ An ! A! A=(a1; : : : ; an)! f0gis exact. The previous proposition asserts only that this complex is exact at the term V1An.Proposition 3. Let X be an a�ne irreducible algebraic k-set, I be an ideal in O(X) generatedby a regular sequence (f0; : : : ; fn), and let Y = V (I) be the set of zeroes of this ideal. Let� : BY (X)! X be the blow-up of X along Y . Then for any x 2 Y ,��1(x) �= Pn(K):The pre-image of every irreducible component of Y is an irreducible subset of BY (X) of codimension1. Proof. By Proposition 2, Z = BY (X) is a closed subset of X�Pn(K) de�ned by the equationsT0fi � Tif0 = 0; i = 1; : : : ; n:For any point y 2 Y we have f0(y) = : : : = fn(y) = 0. Hence for any t 2 Pn(K), the point (y; t)is a zero of the above equations. This shows that ��1(y) is equal to the �bre of the projectionX � Pn(K) ! X over y which is obviously equal to Pn(K). For each irreducible componentYi of Y the restriction map � : ��1(Yi) ! Yi has �bres isomorphic to n-dimensional projectivespaces. By Lemma 2 of Lecture 12 (plus the remark made in the proof of Lemma 3 in Lecture 15)we �nd that ��1(Yi) is irreducible of dimension equal to n + dim Yi. By Krull's Hauptidealsatz,dim Yi = dim X � n� 1 (here we use again that (f0; : : : ; fn) is a regular sequence).Lemma 4. Let X be a nonsingular irreducible a�ne algebraic k-set, Y be a nonsingular closedsubset of X. For any x 2 Y with dimxY = dimxX �n there exists an a�ne open neighborhood Uof x in X such that Y \ U = V (f1; : : : ; fn) for some regular sequence (f1; : : : ; fn) of elements inO(U).Proof. Induction on n. The case n = 1 has been proven in Lecture 13. Let f0 2 I(Y )such that its germ (f0)x in mX;x does not belong to m2X;x. Let Y 0 = V (f0). By Lemma 2 fromlecture 14, T (Y 0)x is of codimension 1 in T (X)x. By Krull's Hauptidealsatz, dimxY 0 = dim X� 1,hence Y 0 is nonsingular at x. Replacing X with a smaller open a�ne set U , we may assume thatY 0 \U is nonsingular everywhere. By induction, for some V � Y 0; Y \ V is given in V by an ideal(f1; : : : ; fn) so that Y is given locally by the ideal (f0; : : : ; fn). Now the assertion follows from thefollowing statement from Commutative Algebra (see Matsumura, pg.105): A sequence (a1; : : : ; an)of elements from the maximal ideal of a regular local ring A is a regular sequence if and only ifdimA=(a1; : : : ; an) = dim A � n. By this result, the germs of f0; : : : ; fn in OX;x form a regularsequence. Then it is easy to see that their representatives in some O(U) form a regular sequence.122



Blowing up and resolution 123Theorem 1. Let � : BY (X) ! X be the blow-up of a nonsingular irreducible a�ne algebraick-set X along a nonsingular closed subset Y . Then the following is true(i) � is an isomorphism outside Y ;(ii) BY (X) is nonsingular;(iii) for any y 2 Y; ��1(y) �= Pn(K), where n = codimy(Y;X)� 1 = dim X � dimyY � 1;(iv) for any irreducible component Yi of Y , ��1(Yi) is an irreducible subset of codimension one.Proof. Properties (i) and (iv) have been already veri�ed. Propertry (iii) follows from Propo-sition 3 and lemma 4. We include them only for completeness sake. Using (i), we have to verifythe nonsingularity of BY (X) only at points x0 with �(x0) = y 2 Y . Replacing X by an opena�ne neighborhood U of y, we may assume that Y = V (I) where I is an ideal generated by aregular sequence f0; : : : ; fn. By Lemma 2, ��1(U) �= BY \U (U) so that we may assume X = U .By Proposition 2, BY (X) � X � Pnk (K) is given by the equations: fiTj � fjTi = 0; i; j = 0; : : : ; n:Let p = (y; t) 2 BY (X) where y 2 Y; t = (t0; : : : ; tn) 2 Pn(K). We want to verify that it is anonsingular point of BY (X). Without loss of generality we may assume that the point p lies inthe open subset W = BY (X)0 where t0 6= 0. SinceT0(fiTj � fjTi) = Ti(f0Tj � fjT0)� Tj(f0Ti � fiT0)we may assume that BY (X) is given by the equationsf0Ti � fiT0 = 0; i = 0; : : : ; nin an a�ne neighborhood of the point p. Let G1(T1; : : : ; TN ) = : : : = Gm(T1; : : : ; TN ) be thesystem of equations de�ning X in AN (K) and let Fi(T1; : : : ; TN ) represent the function fi. ThenW is given by the following equations in AN (K)�An(K):Gs(T1; : : : ; TN ) = 0; s = 1; : : : ;m;ZiF0(T1; : : : ; TN )� Fi(T1; : : : ; TN ) = 0; i = 1; : : : ; n:It is easy to compute the Jacobian matrix. We get0BBBBBBBBBB@
@G1@T1 (y; z) : : : @G1@TN (y; z) 0 : : : : : : 0: : : : : : : : : : : : : : : : : : : : :: : : : : : : : : : : : : : : : : : : : :@Gm@T1 (y; z) : : : @Gm@TN (y; z) 0 : : : : : : 0z1 @F0@T1 (y)� @F1@T1 (y) : : : z1 @F0@TN (y)� @F1@TN (y) �@F0@T1 (y) 0 : : : 0: : : : : : : : : : : : : : : : : : : : :: : : : : : : : : : : : : : : : : : : : :z1 @F0@T1 (y)� @Fn@T1 (y) : : : z1 @F0@TN (y)� @Fn@TN (y) � @Fn@TN (y) 0 : : : 0

1CCCCCCCCCCAWe see that the submatrix J1 of J formed by the �rst N columns is obtained from the Jacobianmatrix of Y computed at the point y by applying elementary row transformations and when deletingthe row corresponding to the polynomial F0. Since Y is nonsingular at y, the rank of J1 is greateror equal than N�dimxY �1 = N�dim X+n. So rank J � N+n�dim X = N+n�dim BY (X).This implies that BY (X) is nonsingular at the point (y; z).Remarks. 2. The pre-image E = ��1(Y ) of Y is called the exceptional divisor of the blowingup � : BY (X) ! X. The map � \blows down" E of BY (X) to the closed subset Y of X ofcodimension n+ 1. 123



124 Lecture 163. Lemma 2 allows us to \globalize" the de�nition of the blow-up. Let X be any quasi-projectivealgebraic set and Y be its closed subset. For every a�ne open set U � X;Y \U is a closed subset ofU and the blow-up BY \U(U) is de�ned. It can be shown that for any open a�ne cover fUigi2I ofX, the blowing-ups �i : BUi\Y (Ui)! Ui and �j : BUj\Y (Uj)! Uj can be \glued together" alongtheir isomorphic open subsets ��1i (Ui \ Uj) �= ��1j (Uj \ Uj). Using more techniques one can showthat there exists a quasi-projective algebraic set BY (X) and a regular map � : BY (X)! X suchthat ��1(Ui) �= BUi\Y (Ui) and, under this isomorphism, the restriction of � to ��1(Ui) coincideswith �i.The next fundamental results about blow-ups are stated without proof.Theorem 2. Let f : X� ! Y be a rational map between two quasi-projective algebraic sets.There exists a closed subset Z of X and a regular map f 0 : BZ(X) ! Y such that f 0 is equal tothe composition of the rational map � : BZ(X)! X and f .Although it sounds nice, the theorem gives very little. The structure of the blowing-up alongan arbitrary closed subset is very complicated and hence this theorem gives little insight intothe structure of any birational map. It is conjectured that every birational map between twononsingular algebraic sets is the composition of blow-ups along nonsingular subsets and of theirinverses. It is known for surfaces and, under some restriction, for threefolds.De�nition. A birational regular map � : �X ! X of algebraic sets is said to be a resolution ofsingularities of X if �X is nonsingular and � is an isomorphism over any open set of X consistingof nonsingular points.The next fundamental result of Heisuki Hironaka brought him the Fields Medal in 1966:Theorem 3. Let X be an irreducible algebraic set over an algebraically closed �eld k of charac-teristic 0. There exists a sequence of monoidal transformations �i : Xi ! Xi�1; i = 1; : : : ; n; alongnonsingular closed subsets of Xi�1 contained in the set of singular points of Xi�1, and such thatthe composition Xn ! X0 = X is a resolution of singularities.A most common method for de�ne a resolution of singularities is to embed a variety into anonsingular one, blow up the latter and see what happens with the proper inverse transform of thesubvariety (embedded resolution of singularities).De�nition. Let � : X ! Y be a birational regular map of irreducible algebraic sets, Z be a closedsubset of X. Assume that � is an isomorphism over an open subset U of X. The proper inversetransform of Z under � is the closure of ��1(U \ Z) in X.Clearly, the restriction of � to the proper inverse transform Z 0 of Z is a birational regular mapand Z 0 = ��1(Z \ U) [ (Z 0 \ ��1(X n U).Example 3. Let � : B = Bf0g(A 2 (K))! A 2 (K) be the blowing up of the origin 0 = V (Z1; Z2)in the a�ne plane. Let Y = V (Z22 � Z21 (Z1 + 1)):The pre-image ��1(Y ) is the union of the proper inverse transform ���1(Y ) of Y and the �bre��1(0) �= P1(K). Let us �nd ���1(Y ). Recall that B is the union of two a�ne pieces:U = V (Z2 � Z1t) � X � P1(K)0; t = T1=T0;V = V (Z2t0 � Z1) � X � P1(K)1; t0 = T0=T1:124



Blowing up and resolution 125The restriction �1 of � to U is the regular map U ! A 2 (K) given by the homomorphism of rings:��1 : k[Z1; Z2]! O(U) = k[Z1; Z2; t]=(Z2 � Z1t) �= k[Z1; t]:The pre-image of Y in U is the set of zeroes of the function��1(Z22 � Z21 (Z1 + 1)) = Z21 (t2 � Z1 � 1)):Similarly, the restriction �2 of � to V is a regular map V ! A2(K) given by the homomorphismof rings: ��2 : k[Z1; Z2]! O(U) = k[Z1; Z2; t]=(Z2t0 � Z1) �= k[Z2; t0]:The pre-image of Y in V is the set of zeroes of the function��2(Z22 � Z21 (Z1 + 1)) = Z22 (1� t02(Z2t0 + 1)):Thus ��1(Y ) \ U = E1 [ C1; ��1(Y ) \ V = E2 [ C2;where E1 = V (Z1); C1 = V (t2 � Z1 � 1) � U �= A 2 (K);E2 = V (Z2); C2 = V (1� t02(Z2t0 + 1)) � V �= A 2 (K):It is clear that E1 = ��1(0) \ U �= A 1 (K); E2 = ��1(0) \ V �= A 1 (K);i.e.,��1(0) = E1 [ E2 �= P1(K). Thus the proper inverse transform of Y is equal to the unionC = C1 [ C2. By di�erentiating we �nd that both C1 and C2 are nonsingular curves, hence C isnonsingular. Moreover, C1 \ ��1(0) = V (Z1; t2 � 1) = f(0; 1); (0;�1)g;C2 \ ��1(0) = V (Z2; t02 � 1) = f(0; 1); (0;�1)g:Note that since t = t0�1 at U \ V , we obtain C1 \ ��1(0) = C2 \ ��1(0). Hence ��1(0) \ Cconsists of two points. Moreover, it is easy to see that the curve C intersects the exceptionaldivisor E = ��1(0) transversally at the two points. So the picture is as follows:
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126 Lecture 16The restriction � : C ! Y is a resolution of singularities of Y .Example 4. This time we take Y = V (Z21 �Z32 ). We leave to the reader to repeat everything wehave done in Example 1 to verify that the proper transform ���1(Y ) is nonsingular and is tangentto the exceptional divisor E at one point. So, the picture is like this
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O Fig.3Example 5. Let Y = V (F (Z1; : : : ; Zn)) � A n (K), where F is a homogeneous polynomial ofdegree d. We say that Y is a cone over �Y = V (F (Z1; : : : ; Zn) in Pn�1(K). If identify A n (K) withPn(K)0, and �Y with the closed subset V (Z0; F ) � V (Z0) �= Pn�1(K), we �nd that Y is the unionof the lines joining the point (1; 0; : : : ; 0) with points in �Y . Let � : B = Bf0g(A n (K))! A n(K) bethe blowing up of the origin in A n (K). ThenB = [iUi; Ui = B \ A n (K)� Pn�1(K)i;and ��1(Y ) \ Ui = V (F (Z1; : : : Zn)) \ V (fZj � tjZigj 6=i) �= V (Zdi G(t1; : : : ; tn�1));where tj = Tj=T0, and G is obtained from F via dehomogenization with respect to Ti. This easilyimplies that ��1(Y ) = ���1(Y ) [ ��1(0); ���1(Y ) \ ��1(0) �= �Y :
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Blowing up and resolution 127Example 6. Let X = V (Z21 +Z32 +Z43 ) � A 3 (K) and let Y1 = Bf0g(A 3 (K)) be the blow-up. Thefull inverse transform of X in Y1 is the union of three a�ne open subsets each isomorphic to aclosed subset of A 3 (K): V1 : Z21 (1 + U3Z1 + V 4Z21 ) = 0;V2 : Z22 (U2 + Z2 + V 4Z22 ) = 0;V3 : Z23 (U2 + V 3Z3 + Z23 ) = 0:The equations of the proper inverse transform X1 are obtained by dropping the �rst factors. Ineach piece Vi the equations Zi = 0 de�ne the intersection of the proper inverse transform X1 of Xwith the exceptional divisor E1 �= P2(K). It is empty set in V1, the a�ne line U = 0 in V2 and V3.The �bre of the map X1 ! X over the origin is R1 �= P1(K). It is easy to see (by di�erentiation)that V1 and V2 are nonsingular but V3 is singular at the point (U; V; Z3) = (0; 0; 0). Now let usstart again. Replace X by V3 �= V (Z21 + Z32Z3 + Z23 ) � P3(K) and blow-up the origin. Then gluethe blow-up with V1 and V2 along V3 \ (V1 [ V2). We obtain that the proper inverse transform X2of X1 is covered by V1; V2 as above and three more piecesV4 : 1 + U3V Z21 + V 3Z1 = 0V5 : U2 + Z22V + V 2 = 0;V6 : U2 + V 3Z23 + 1 = 0:The �bre over the origin is the union of two curves R2; R3 each isomorphic to P1(K): The equationof R2 [ R3 in V5 is U2 + V 2 = 0. The equation of R2 [ R3 in V3 is U2 + 1 = 0. Since R1 \ V3was given by the equation Z3 = 0 and we used the substitution Z3 = V Z2 in V5, we see that thepre-image of R1 intersects R1 and R2 at their common point (U; V; Z2) = (0; 0; 0) in V5. This pointis the unique singular point of X2. Let us blow-up the origin in V5. We obtain X3 which is coveredby open sets isomorphic to V1; V2; V4; V6 and three more pieces:V7 : 1 + V U2Z1 + V 2 = 0;V8 : U2 + V 2Z3 + 1:V9 : U2 + V Z2 + V 2 = 0;The pre-image of the origin in the proper inverse transform X3 of X2 consists of two curves R4; R5each isomorphic to P1(K). In the open set V9 they are given by the equations V = 0; U = �p�1V .The inverse image of the curve R1 intersects R4; R5 at their intersection point. The inverse imagesof R2 intersects R4 at the point (U; V; Z2) = (1;p�1; 0), the inverse image of R3 intersects R5at the point (1;�p�1; 0): Finally we blow up the origin at V9 and obtain that the proper-inversetransform X4 is nonsingular. It is covered by opne a�ne subsets isomorphic to V1; : : : ; V8 and threemore open sets V10 : 1 + UV + V 2 = 0;V11 : U2 + V + V 2 = 0;V12 : U2 + V + 1 = 0:The pre-image of the origin in X4 is a curve R6 �= P1(K). It is given by the homogeneous equationT 20 + T1T2 + T 22 in homogeneous coordinates of the exceptional divisor of the blow-up (compare itwith Example 5). The image of the curve R1 intersects R6 at one point. So we get a resoluton127



128 Lecture 16of singularities � : �X = X4 ! X with ��1 equal to the union of six curves each isomorphic toprojective line. They intersect each other according to the picture:
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1Fig.5Let � be the graph whose vertices correspond to irreducible components of ��1(0) and edgesto intersection points of components. In this way we obtain the graph
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R 1Fig.6It is the Dynkin diagram of simple Lie algebra of type E6.Exercises.1. Prove that BV (I)(X) is not a�ne unless I is (locally ) a principal ideal.2. Resolve the singularities of the curve xn + yr = 0; (n; r) = 1, by a sequence of blow-ups in theambient space. How many blow-ups do you need to resolve the singularity?3. Resolve the singularity of the a�ne surface X : Z21 +Z32 + Z33 = 0 by a sequence of blow-ups inthe ambient space. Describe the exceptional curve of the resolution f : �X ! X.4. Describe A(I), where A = k[Z1; Z2; ]; I = (Z1; Z22 ). Find the closed subset BI(A) of A 2 (K)�P1(K) de�ned by the kernel of the homomorphism � : A[T0; T1] ! A(I); T0 ! Z1; T2 ! Z22 . Is itnonsingular?5*. Resolve the singularities of the a�ne surface X : Z21 + Z32 + Z53 = 0 by a sequence of blow-upsin the ambient space. Show that one can �nd a resolution of singularities f : �X ! X such that thegraph of irreducible components of f�1(0) is the Dynkin diagram of the root system of a simpleLie algebra of type E8.6*. Resolve the singularities of the a�ne surfaceX : Z1Z32+Z31+Z23 = 0 by a sequence of blow-upsin the ambient space. Show that one can �nd a resolution of singularities f : �X ! X such that thegraph of irreducible components of f�1(0) is the Dynkin diagram of the root system of a simpleLie algebra of type E7.7*. Resolve the singularities of the a�ne surface X : Z1(Z22 + Zn1 ) + Z23 = 0 by a sequence ofblow-ups in the ambient space. Show that one can �nd a resolution of singularities f : �X ! Xsuch that the graph of irreducible components of f�1(0) is the Dynkin diagram of the root systemof a simple Lie algebra of type Dn. 128



Blowing up and resolution 1298*. Resolve the singularities of the a�ne surface X : Z1Z22 + Zn+13 = 0 by a sequence of blow-upsin the ambient space. Show that one can �nd a resolution of singularities f : �X ! X such that thegraph of irreducible components of f�1(0) is the Dynkin diagram of the root system of a simpleLie algebra of type An.9*. Let f : P2(K)� ! P2(K) be the rational map given by the formula T0 ! T1T2; T1 !T2T3; T2 ! T0T1. Show that there exist two birational regular maps �1; �2 : X ! P2(K) withf ��1 = �2 such that the restriction of each �i over P2(K)j; j = 0; 1; 2 is isomorphic to the blow-upalong one point.
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130 Lecture 17

Lecture 17. RIEMANN-ROCH THEOREM FOR CURVESLet k be an arbitrary �eld and K be its algebraic closure. Let X be a projective variety overk such that X(K) is a connected nonsingular curve.A divisor on X is an element of the free abelian group ZX generated by the set X(K) (i.e. aset of maps X(K)! Z with �nite support). We can view a divisor as a formal sumD = Xx2X(K)n(x)x;where x 2 X, n(x) 2 Z and n(x) = 0 for all x except �nitely many. The group law is of coursede�ned coe�cientwisely. We denote the group of divisors by Div(X).A divisor D is called e�ective if all its coe�cients are non-negative. Let Div(X)+ be thesemi-group of e�ective divisors. It de�nes a partial order on the group Div(X):D � D0 () D �D0 � 0:Any divisor D can be written in a unique way as the di�erence of e�ective divisorsD = D+ �D�:We de�ne the degree of a divisor D =Pn(x)x bydeg(D) = Xx2X(K)n(x)[k(x) : k]:Recall that k(x) is the residue �eld of the local ring OX;x. If k = K, then k(x) = k.The local ring OX;x is a regular local ring of dimension 1. Its maximal ideal is generated byone element t. We call it a local parameter. For any nonzero a 2 OX;x, let �x(a) be the the smallestr such that a 2 mrX;x.Lemma 1. Let a; b 2 OX;x n f0g. The following properties hold:(i) �x(ab) = �x(f) + �x(g);(ii) �x(a+ b) � minf�x(a); �x(b)g if a+ b 6= 0.Proof. If �x(a) = r, then a = tra0; where a0 62 mX;x. Similarly we can write b = t�xb0.Assume �x(a) � �x(b) Thenab = t�x(a)+�x(b)a0b0; a+ b = t�x(a)(a0 + t�x(b)��x(b)b0)130



Riemann-Roch Theorem 131This proves (i),(ii). Note that we have the equality in (ii) when �x(a) 6= �x(b).Let f 2 R(X) be a nonzero rational function on X. Since R(X) = Q(OX;x), we can write fas a fraction a=b, where a; b 2 OX;x. We set�x(f) = �x(a)� �x(b):It follows from Lemma 1 (i), that this de�nition does not depend on the way we write f as afraction a=b.Lemma 2. Let f; g 2 R(X) n f0g. The following properties hold:(i) �x(fg) = �x(f) + �x(g);(ii) �x(f + g) � minf�x(f); �x(g)g if f + g 6= 0;(iii) �x(f) � 0, f 2 OX;x;(iv) �x(f) 6= 0 only for �nitely many points x 2 X(K).Proof. (i), (ii) follow immediately from Lemma 1. Assertion (iii) is immediate. Let U be anopen Zariski set such that f; f�1 2 O(U). Then, for any x 2 U , �x(f) = ��x(f�1) � 0 impliesthat �x(f) = 0. Since X(K) n U is a �nite set, we get (iv).Now we can de�ne the divisor of a rational function f by settingdiv(f) = Xx2X(K) �x(f)x:The following Proposition follows immediately from Lemma 2.Proposition 1. For any nonzero f; g 2 R(X),div(fg) = div(f) + div(g):In particular, the map f 7! div(f) de�nes a homomorphism of groupsdiv : R(X)� ! Div(X):If D = div(f), we write D+ = div(f)0;D� = div(f)1. We call div(f)0 the divisor of zeroesof f and div(f)1 the divisor of poles of f . We say that �x(f) is the order of pole (or zero) ifx 2 div(f)1 (or div(f)0).We de�ne the divisor class group of X byCl(X) = Div(X)=div(R(X)�):Two divisors in the same coset are called linearly equivalent. We write this D � D0.For any divisor D =Pn(x)x letL(D) = ff 2 R(X) : div(f) +D � 0g = ff 2 R(X) : �x(f) � �n(x);8x 2 X(K)g:131



132 Lecture 17It follows from Lemma 2 that L(D) is a vector space over k. The Riemann-Roch formula is aformula for the dimension of the vector space L(D).Proposition 2.(i) L(D) is a �nite-dimensional vector space over k;(ii) L(D) �= L(D + div(f)) for any f 2 R(X);(iii) L(0) = k.Proof. (i) Let D = D+ �D�. then D+ = D +D� and for any f 2 L(D), we have(f) +D � 0) div(f) +D +D� = (f) +D+ � 0:This shows that f 2 L(D+). Thus it su�ces to show that L(D) is �nite-dimensional for an e�ectivedivisor D. For each x 2 X(K), �x(f) � �n(x) is non-positive. Let t be a local parameter at x.Then �x(tn(x)f) � 0 and hence �x(tn(x)f) 2 OX;x. Consider the inclusion OX;x � K[[T ]] given bythe Taylor expansion. Then we can writef = T�n(x)( 1Xi=0 aiT i);where the equality is taken in the �eld of fractions K((T )) of K[[T ]]. We call the right-hans side,the Laurent series of f at x. Consider the linear mapL(D)! �x2X(K)T�n(x)K[[T ]]=K[[T ]] �= �x2X(K)Kn(x);which assigns to f the collection of cosets of the Laurent series of f modulo k[[T ]]. The kernelof this homomorphism consists of functions f such that �x(f) � 0 for all x 2 X(K), i.e., regularfunction on X. Since X(K) is a connected projective set, any regular function on X is a constant.This shows that L(D)
k K is a �nite-dimensional vector space over K. This easily implies thatL(D) is a �nite-dimensional vector space over k.(ii) Let g 2 L(D + div(f)), thendiv(g) + div(f) +D = div(fg) +D � 0:This shows that the injective homomorphsim of the additive groups R(D) ! R(D); g 7! fg;restricting to the space L(D + div(f)) de�nes an an injective linear map L(D + div(f)) �= L(D).The inverse map is de�ned by the multiplication by f�1.(iii) Clearly L(0) = O(X) = k.It follows from the previous Proposition that dimkL(D) depends only on the divisor class ofD. Thus the function dim : Div(X) ! Z;D 7! dimkL(D) factors through a function on Cl(X)which we will continue to denote by dim.Theorem (Riemann-Roch). There exists a unique divisor class KX on X such that for anydivisor class D dimkL(D) = deg(D) + dimkL(KX �D) + 1� g;where g = dimkL(KX) (called the genus of X),Before we start proving this theorem, let us deduce some immediate corollaries.132



Riemann-Roch Theorem 133Taking D from KX , we obtain deg(D) = 2g � 2:Taking D = div(f), we get deg(div(f)) = 0:This implies that the degrees of linearly equivalent divisors are equal. In particlular, we can de�nethe degree of a divisor class.Also observe that, for any divisor D of negative degree we have L(D) = f0g. In fact, ifdiv(f) +D � 0 for some f 2 R(X)�, then deg(div(f) +D) = deg(D) � 0. Thus if take a divisorD of degree > 2g � 2, we obtain dimL(KX �D) = 0. Thus the Riemann-Roch Theorem impliesthe followingCorollary 1. Assume deg(D) > 2g � 2, thendimL(D) = deg(D) + 1� g:Example 1. Assume X = P1k. Let U = P1(K)0 = A 1 (K) = K. Take D = x1 + : : : + xn,where xi 2 k. Then L(D) consists of rational functions f = P (Z)=Q(Z), where P (Z); Q(Z) arepolynomials with coe�cients in k and Q(T ) has zeroes among the points xi's. This easily impliesthat L(D) consists of functionsP (T0; T1)=(T1 � a0T0) � � � (T1 � xiT0);where degP (T0; T1) = n. The dimension of L(D) is equal to n+1. Taking n su�ciently large, andapplying the Corollary, we �nd that g = 0.The fact that deg(div(f)) = 0 is used for the proof of the Riemann-Roch formula. We beginwith proving this result which we will need for the proof. Another proof of the formula, using thesheaf theory, does not depend on this result.Lemma 3. (Approximation lemma). Let x1; : : : ; xn 2 X;�1; : : : ; �n 2 R(X), and N be a positiveinteger. There exists a rational function f 2 R(X) such that�x(f � �i) > N; i = 1; : : : ; n:Proof. We may assume that X is a closed subset of Pn. Choose a hyperplane H which doesnot contain any of the points xi. Then Pn nH is a�ne, and U = X \ (Pn nH) is a closed subset ofPn nH. Thus U is an a�ne open subset of X containing the points xi. This allows us to assumethat X is a�ine. Note that we can �nd a function gi which vanishes at a point xi and has poles atthe other points xj ; j 6= i. One get such a function as the ratio of a function vanishing at xi butnot at any xj and the function which vanishes at all xj but not at xi. Let fi = 1=(1 + gmi ). Thenfi � 1 = �gmi =(1 + gmi ) has zeroes at the points xj and has zero at xi. By taking m large enough,we may assume that �xi(fi � 1); �xj (fi � 1) are su�ciently large. Now letf = f1�1 + � � � + fn�n:It satis�es the assertion of the lemma. Indeed, we have�xi(f � �i) = �xi (f1�1 + : : : + fi�1�i�1 + (fi � 1)�i + fi+1�i+1 + : : : + fn�n):133



134 Lecture 17This can be made arbitrary large.Corollary 1. Let x1; : : : ; xn 2 X and m1; : : : ;mn be integers. There exists a rational functionf 2 R(X) such that �xi(f) = mi; i = 1; : : : ; n:Proof. Let t1; : : : ; tn be local parameters at x1; : : : ; xn, respectively. This means that �xi(ti) =1; i = 1; : : : ; n. Take N larger than each mi. By the previous lemma, there exists f 2 R(X) suchthat �xi(f � tmii ) > mi; i = 1; : : : ; n. Thus, by Lemma 2,�xi(f) = minf�xi(tmii ); �xi(f � tmii )g = mi; i = 1; : : : ; n:Let f : X ! Y be a regular map of projective algebraic curves and let y 2 Y; x 2 f�1(y). Lett be a local parameter at y. We set ex(f) = �x(f�(t)):It is easy to see that this de�nition does not depend on the choice of a local parameter. Thenumber ex(f) is called the rami�cation index of f at x.Lemma 4. For any rational function � 2 R(Y ) we have�x(��(�)) = ex�y(�):Proof. This follows immediately from the de�nition of the rami�cation index and Lemma 2.Corollary 2. Let f�1(y) = fx1; : : : ; xrg and ei = exi . ThenrXi=1 ei � [R(X) : f�(R(Y ))]:Proof. Applying Corollary 1, we can �nd some rational functions �(i)1 ; : : : ; �(i)ei , i = 1; : : : ; rsuch that �xi(�(i)s ) = s; �xj (�(i)s ) >> 0; j 6= i; s = 1; : : : ; ei:Let us show that Pri=1 ei functions obtained in this way are linearly independent over f�(R(Y )).Assume rXi=1 eiXs=1 ais�(i)s = 0for some ais 2 f�(R(Y )) which we will identify with functions on Y . Without loss of generality wemay assume that �y(a1s) = minf�y(ais) : ais 6= 0g:Dividing by by a1s, we get Pis cis�(i)s = 0, wherec1s = 1; �y(cis) � 0;134



Riemann-Roch Theorem 135We have e1Xs=1 �(1)s = �� rXi=2 esXs=1 cis�(i)s �:By Lemma 4, �x1(c1s�(1)s ) = �x1(c1s) + �x1(�(1)s ) � s mod e1:This easily implies that no subset of summands in the left-hand side L.H.S. add up to zero.Therefore, �x1(L:H:S) = mins f�x1(c1s�(1)s g � e1:On the other hand, �x1(R:H:S:) can be made arbitrary large. This contradiction proves theassertion.Let � be the direct product of the fraction �elds R(X)x of the local rings OX;x, where x 2 X.By using the Taylor expansion we can embed each R(X)x in the fraction �eld K((T )) of K[[T ]].Thus we may view � as the subring of the ring of functionsK((T ))X = Maps(X;K((T )):The elements of � will be denoted by (�x)x. We consider the subring AX of � formed by (�x)xsuch that �x 2 OX;x except for �nitely many x's. Such elements are called adeles. For each divisorD =Pn(x)x, we de�ne the vector space over the �eld k:�(D) = f(�x)x 2 � : �x(�x) � �n(x)g:Clearly, �(D) \R(X) = L(D); �(D) � AX :For each � 2 R(X), let us consider the adele� = (�x)x;where �x is the element of R(X)x represented by �. Recall that the �eld of fractions of OX;x isequal to the �eld R(X). Such adeles are called principal adeles. We will identify the subring ofprincipal adeles with R(X).Lemma 5. Assume D0 � D. Then(i) �(D) � �(D0);(ii) dim(�(D0)=�(D)) = deg(D0)� deg(D);(iii)dimkL(D0)� dimkL(D) = deg(D0)� deg(D)� dimk(�(D0) +R(X)=(�(D) +R(X));where the sums are taken in the ring of adeles.Proof. (i) Obvious(ii) Let D = Pn(x)x; D0 = Pn(x)0x. If � = (�x)x 2 L(D0), the Laurent expansion of �xlooks like �x = T�n(x)(a0 + a1T + : : :):135



136 Lecture 17This shows that�(D0)=�(D) �= Mx2X(T�n(x)0K[[T ]]=T�n(x)K[[T ]) �= Mx2XKn(x)0�n(x);which proves (ii).(iii) Use the following isomorphisms of vector spaces�(D0) +R(X)=�(D0) \R(X) �= �(D0)� R(X);�(D) + R(X)=�(D)\R(X) �= �(D)�R(X);�(D0)�R(X)=�(D)�R(X) �= �(D0)=�(D):Then the canonical surjection�(D0) +R(X)! �(D0)� �(D0)� R(X)induces a surjection��(D0) + R(X)�=��(D) +R(X)�! ��(D0)� R(X)�=��(D)�R(X)�with kernel �(D0) \R(X)=�(D)\R(X) �= L(D0)=L(D). This implies thatdeg(D0)� deg(D) = dimk�(D0)=�(D)= dimkbigl(�(D0) +R(X)�=��(D) + R(X)�+ dimkL(D0)=L(D):Proposition 3. In the notation of Corollary 2,e1 + : : : + er = [R(X) : f�(R(Y ))]:Proof. Let f : X ! Y , g : Y ! Z be two regular maps. Let z 2 Z andg�1(z) = fy1; : : : ; yrg; f�1(yj) = fx1j ; : : : ; xrjjg:Denote by ei the rami�cation index of g at yi and by eij the rami�cation index of f at xij . ByCorollary 2, X ejeij = e1(X ei1) + : : : + er(X eir) � (X ej)[R(X) : f�(R(Y ))]:If we prove the theorem for the maps g and g � f , we get[R(X) : R(Z)] =X eieij � [R(Y ) : R(Z)][R(X) : R(Y )] = [R(X) : R(Z)]which proves the assertion.Let � 2 R(Y ) considered as a rational (and hence regular) map g : Y ! P1 of nonsingularprojective curves. The composed map g � f : X ! P1 is de�ned by the rational function f�(�) 2R(X). By the previous argument, it is enough to prove the proposition in the case when f is aregular map from X to P1 de�ned by a rational function �. If t = T1=T0 2 R(P1), then � = f�(t).136



Riemann-Roch Theorem 137Without loss of generality we may assume that y = 1 = (0; 1) 2 P1. Let f�1(y) = fx1; : : : ; xrg.It is clear that �xi(�) = �xi(f�(t)) = ��xi(f�(t�1)):Since t is a local parameter at y, we have that the divisor D = div(�)1 of poles of f is equal tothe sum P eixi. Let (�1; : : : ; �n) be a basis of R(X) over R(P1). Each �i satis�es an equationa0(�)Xd + a1(�)Xd�1 + : : : + ad(�) = 0;where ai(Z) some rational function in a variable Z. After reducing to common denominator andmultiplying the equation by the (d � 1)th power of the �rst coe�cient, we may assume that theequation is monic, and hence each �i is integral over the ring K[t], but 1 + a1(�)��1i + : : : +ad(�)��di = 0 shows that this is impossible. Thus we see that every pole of �i belongs to the setf�1(1) of poles of �. Choose an integer m0 such thatdiv(�i) +m0D � 0; i = 1; : : : ; n:Let m be su�ciently large integer. For each integer s satisfying 0 � s � m � m0, we have�s�i 2 L(mD). Since the set of functions�s�i; i = 1; : : : ; n; s = 0; : : : ;m�m0is linearly independent over k, we obtain dimkL(D) � (m �m0 + 1)n: Now we apply Lemma 5(iii), taking D0 = mD;D = 0. LetNm = dimk(�(mD) + R(X)=�(0) +R(X)):Then mdeg(D) = m(X ei) = Nm + dimL(mD)� 1 � Nm + (m�m0 + 1)n� 1:Dividing by m and letting m go to in�nity, we obtain P ei � n = [R(X) : R(Y )]. Together withCorollary 2, this proves the assertion.Corollary 1. For any rational function � 2 R(X),deg(div(f)) = 0:Proof. Let f : X ! P1 be the regular map de�ned by �. Then, as we saw in the previousproof, deg(div(f)1) = [R(X) : k(�)]. Similarly, we have deg(div(��1)1) = [R(X) : k(�)]. Sincediv(�) = div(f)0 � div(f)1, we are done.Corollary 2. Assume deg(D) < 0. Then L(D) = f0g.Set r(D) = deg(D)� dimL(D):By Corollary 1, this number depends only on the linear equivalence class of D. Note that, assumingthe Riemann-Roch Theorem, we have r(D) = g � 1� dimL(K �D) � g � 1: This shows that thefunction D 7! r(D) is bounded on the set of divisors. Let us prove it.137



138 Lecture 17Lemma 6. The function D 7! r(D) is bounded on the set Div(X).Proof. As we have already observed, it su�ces to prove the boundness of this function onCl(X). By Proposition 3(iii), for any two divisors D0;D with D0 � D,r(D0)� r(D) = dim(�(D0) + R(X))=(�(D)+R(X)) � 0:Take a non-zero rational function � 2 R(X). Let D = div(�)1; n = degD. As we saw in the proofof Proposition 3,mn � r(mD)� r(0) +m(m�m0 � n)� 1 = r(MD) +mn�m0n:This implies r(mD) � m0n� n, hence r(mD) is bounded as a function of n. Let D0 =Pn(xi)xibe a divisor, yi = f(xi) 2 P1, where f : X ! P1 is the regular map de�ned by �. Let P (t) bea polynomial vanishing at the points yi which belong to the a�ne part (P1)0. Replacing P (t) bysome power, if needed, we have f�(P (t)) = P (�) 2 R(X) and div(P (�))+mD � D0 for su�cientlylarge m. This implies that r(D0) � r(mD + div(P (�))) = r(mD)):This proves the assertion.Corollary. For any divisor D dimA=(�(D) + R(X)) <1:Proof. We know thatr(D0)� r(D) = dim(�(D0) + R(X)=�(D) +R(X))is bounded on the set of pairs (D;D0) with D0 � D. Since every adele � belongs to some space�(D), the falsity of our assertion implies that we can make the spaces (�(D0)+R(X)=�(D)+R(X))of arbitrary dimension. This contradicts the boundness of r(D0)� r(D).Let H(D) = A=(�(D) +R(X)):We have r(D0)� r(D) = dimkH(D)� dimkH(D0) if D0 � D. In particular, settingg = dimkH(0);we obtain r(D) = g � 1� dimkH(D);or, equvalently dimkL(D) = deg(D) + dimkH(D)� g + 1: (1)To prove the Riemann-Roch Theorem, it su�ces to show thatdimkH(D) = dimkL(K �D):To do this we need the notion of a di�erential of the �eld X.138



Riemann-Roch Theorem 139A di�erential ! of R(X) is a linear function onA which vanish on some subspace �(D)+R(X).A di�erential can be viewed as an element of the dual space H(D)� for some divisor D.Note that the set 
(X) of di�erentials is a vector space over the �eld R(X). Indeed, for any� 2 R(X) and ! 2 
(X), we can de�ne �!(�) = !(��):This makes 
(X) a vector space over R(X). If ! 2 H(D)�, then �! 2 H(D � div(�))�.Let us prove that dimR(X)
(X) = 1:Lemma 7. Let ! 2 
(X). There exists a maximal divisor D (with respect to the natural orderon Div(X)) such that ! 2 H(D)�.Proof. If ! 2 H(D1)[H(D2), then ! 2 H(D3), where D3 = sup(D1;D2). This shows that itsu�ces to verify that the degrees of D such that ! 2 H(D)� is bounded. Let D0 be any divisor,� 2 L(D0). Since D + div(�) � D �D0, we have�(D �D0) � �(D + div(�)):Let �1; : : : ; �n be linearly independent elements from L(D0). Since ! vanishes on �(D), thefunctions �1!; : : : ; �n! vanish on �(D � D0) � �(D + div(�i)) and linearly independent overK. Thus dimkH(D �D0) � dimkL(D0):Applying equality (1) from above, we �nddimkL(D �D0) = deg(D) + deg(D0)� 1 + g � dimkL(D0) �deg(D0) + 1� g + dimkH(D0):Taking D0 with deg(D0) > deg(D) to get L(D �D0) = f0g, we obtaindeg(D) � 2g � 2:Proposition 4. dimR(X)
(X) = 1:Proof. Let !; !0 be two linearly independent di�erentials. For any linearly independent (overK) sets of functions fa1; : : : ; ang, fb1; : : : ; bng in R(X), the di�erentialsa1!; : : : ; an!; b1!; : : : ; bn! (2)are linearly independent over K. Let D be such that !; !0 2 
(D). It is easy to see that such Dalways exists. For any divisor D0, we have�(D �D0) � �(D + div(�)); 8� 2 L(D0):Thus the 2n di�erentials from equation (2), where (a1; : : : ; an) and (b1; : : : ; bn) are two bases ofL(D0), vanish on �(D �D0). Therefore,dimkH(D �D0) � 2dimkL(D0):Again, as in the proof of the previous lemma, we �nddimkL(D �D0) � 2deg(D0) + 2� 2g:taking D0 with deg(D0) > deg(D) + 2� 2g, we obtain0 � 2deg(D0) + 2� 2g > 0:This contradiction proves the assertion.For any ! 2 
(X) we de�ne the divisor of ! as the largest divisor D such that ! 2 H(D).We denote it by div(!). 139



140 Lecture 17Corollary. Let !; !0 2 
(X). Then div(!) is linearly equivalent to div(!0).Proof. We know that ! 2 H(D) implies �! 2 H(D+div(�)). Thus the divisor of �! is equalto div(!) + div(�). But each !0 2 
(X) is equal to �! for some � 2 R(X).The linear equivalence class of the divisor of any di�erential is denoted by KX . It is calledthe canonical class of X. Any divisor from KX is called a canonical divisor on X.Theorem (Riemann-Roch). Let D be any divisor on X, and K any canonical divisor. ThendimkL(D) = deg(D) + dimkL(K �D) + 1� g;where g = dimkL(K):Proof. Using formula (2), it su�ces to show thatdimkH(D) = dimkL(K �D);or, equivalently, dimkH(K �D) = dimkL(D). We will construct a natural isomorphism of vectorspaces c : L(D)! H(K �D)�:Let � 2 L(D);K = div(!). Thendiv(�!) = div(!) + div(�) � K �D:Thus �! vanishes on �(K � D), and therefore �! 2 H(K � D)�. This de�nes a linear mapc : L(D) ! H(KD)�. Let � 2 H(K � D)� and K 0 = div(�). Since K 0 is the maximal divisorD0 such that � vanishes on �(D0), we have K 0 � K � D. By Proposition 4, � = �! for some� 2 R(X). Hence K 0 �K = div(�)� div(!) = div(�) � �D:showing that � 2 L(D). This de�nes a linear mapH(K �D)� ! L(D); �! �:Obviously this map is the inverse of the map c.The number g = dimkL(K) is called the genus of X. It is easy to see by going through thede�nitions that two isomorphic curves have the same genus.Now we will give some nice applications of the Riemann-Roch Theorem. We have alreadydeduced some corollaries from the RRT. We repeat them.Corollary. deg(KX) = 2g � 2;dimkL(D) = deg(D) + 1� g;if deg(D) � 2g � 2 and D 62 KX . 140



Riemann-Roch Theorem 141Theorem 1. Assume g = 0 and X(k) 6= ; (e.g. k = K). Then X �= P1:Proof. By Riemann-Roch, for any divisor D � 0,dimkL(D) = deg(D) + 1:Dake D = 1 � x for some point x 2 X(k). Then deg(D) = 1 and dimL(D) = 2. Thus there exists anonconstant function � 2 R(X) such that div(�) +D � 0. Since � cannot be regular everywhere,this means that � has a pole of order 1 at x and regular in X n fxg. Consider the regular mapf : X ! P1 de�ned by �. The �bre f�1(1) consists of one point x and �x(�) = �1. ApplyingProposition 3, we �nd that [R(X) : R(P1)] = 1, i.e. X is birationally (and hence biregularly)isomorphic to P1.Theorem 2. Let X = V (F ) � P2 be a nonsingular plane curve of degree d. Theng = (d� 1)(d� 2)=2:Proof. Let H be a general line intersectingX at d points x1; : : : ; xd. By changing coordinates,we may assume that this line is the line at in�nity V (T0). Let D = Pdi=1. It is clear that everyrational function � from the space L(nD); n � 0, is regular on the a�ne part U = X\(P2 nV (T0)).A regular function on U is a n element of the ring k[Z1; Z2]=(f(Z1; Z2)), where f(Z1; Z2) = 0 is thea�ne equation of X. We may represent it by a polynomial P (Z1; Z2). Now it is easy to computethe dimension of the space of polynomials P (X1;X2) modulo (f) which belong to the linear spaceL(nD). We can write P (Z1; Z2) = nXi=1 Gi(Z1; Z2);where Gi(Z1; Z2) is a homogeneous polynomial of degree i. The dimension of the space of such P 'sis equal to (n+ 2)(n+ 1)=2. The dimension of P 's which belong to (f) is equal to the dimensionof the space of polynomials of degree d�n which is equal to (n� d+2)(n� d+1)=2. Thus we getdimL(nD) = 12(n+ 2)(n+ 1)=2� 12(n� d+ 2)(n� d+ 1) = 12(d� 1)(d� 2) + 1 + nd:When n > 2g � 2, the RRT gives dimkL(nD) = nd+ 1� g:comparing the two answers for dimL(D) we obtain the formula for g.Theorem 3. Assume that g = 1 and X(k) 6= ;. Then X is isomorphic to a plane curve of degree3. Proof. Note thyat by the previous theorem, the genus of a plane cubic is equal to 1. Assumeg = 1. Then deg(KX) = 2g�2 = 0. Since L(KX �D) = f0g for any divisor D > 0, the RRT givesdimL(D) = deg(D):Take D = 2 � x for some point x 2 X(k). Then dimL(D) = deg(D) = 2, hence there existsa nonconstant function �1 such that �x(�1) � �2; �1 2 O(X n fxg). If �x(�1) = �1, then theargument from Theorem 1, shows that X �= P1 and hence g = 0. Thus �x(�1) = �2: Now takeD = 3 � x. We have dimL(D) = 3. Obviously L(2 � x) � L(3x). Hence there exists a function141



142 Lecture 17�2 62 L(D) such that �x(�2) = �3, �2 2 O(Xnfxg). Next we takeD = 6�x. We have dimL(D) = 6.Obviously, we have the following functions in L(D):1; �1; �21; �31; �2; �22; �1�2:The number of them is 7, hence they must be linearly dependent in L(6 � x). Leta0 + a1�1 + a2�21 + a3�31 + a4�2 + a5�22 + a6�1�2:with not all coe�cients ai 2 k equal to zero. I claim that a5 6= 0. Indeed, assume that a5 = 0.Since �21 and �32 are the only functions among the seven ones which has pole of order 6 at x, thecoe�cient a3 must be also zero. Then �1�2 is the only function with pole of order 5 at x. Thisimplies that a6 = 0. Now �21 is the only function with pole of order 4, so we must have a2 = 0. Ifa4 6= 0, then �2 is a linear combination of 1 and �1, and hence belongs to L(2 �x). This contradictsthe choice �2. So, we get a0 + a1�1 = 0. This implies that a0 = a1 = 0.Consider the map f : X ! P1 given by the function �1. Since �2 satis�es an equation ofdegree 2 with coe�cients from the �eld f�(R(P1)), we see that [R(X) : R(P1)] = 2. Thus, adding�2 to f�(R(P1)) we get R(X). Let � : X n fxg ! A 2be the regular map de�ned by ��(Z1) = �1;��(Z2) = �2. Its image is the a�ne curve de�ned bythe equation a0 + a1Z1 + a2Z21 + a3Z31 + a4Z2 + a5Z22 + a6Z1Z2 = 0:Since k(X) = k(��(Z1);��(Z2)) we see that X is birationally isomorphic to the a�ne curve V (F ).Note that a3 6= 0, since otherwise, after homogenizing, we get a conic which is isomorhic to P1.So, homogenizing F we get a plane cubic curve with equationF (T0; T1; T2) = a0T 30 + a1T 20 T1 + a2T0T 21 + a3T 31 + a4T 20 T2 + a5T0T 22 + a6T0T1T2 = 0: (3)It must be nonsingular, since a singular cubic is obviously rational (consider the pencil of linesthrough the singular point to get a rational parametrization). Since a birational isomorphism ofnonsingular projective curves extends to an isomorophism we get the assertion.Remark. Note that we can simplify the equation of the plane cubic as follows. First we mayassume that a6 = a3 = 1. Suppose that char(k) 6= 2. Replacing Z2 with Z 02 = Z2+ 12 (a6Z1+a4Z0),we may assume that a4 = a5 = 0. If char(k) 6= 2; 3, then replacing Z1 with Z1 + 13a2Z0, we mayassume that a2 = 0. Thus, the equation is reduced to the formF (T0; T1; T2) = T0T 22 + T 31 + a1T 20 T1 + a0T 30 ;or, after dehomogenizing, Z22 + Z31 + a1Z1 + a0 = 0:It is called the Weierstrass equation. Since the curve is nonsingular, the cibic polynomial Z31 +a1Z1 + a0 does not have multiple roots. This occurs if and only if its discriminant� = 4a31 + 27a20 6= 0:142



Riemann-Roch Theorem 143
Problems1. Show that a regular map of nonsingular projective curves is always �nite.2. Prove that for any nonsingular projective curve X of genus g there exists a regular mapf : X ! P1 of degree (= [R(X) : f�(R(P1))]) equal to g = 1.3. Show that any nonsingular projective curve X of genus 0 with X(k) = ; is isomorphic to anonsingular conic on P2k [Hint: Use that dimL(�KX) > 0 to �nd a point x with deg(1 � x) = 2].4. Let X be a nonsingular plane cubic with X(k) 6= ;. Fix a point x0 2 X(k). For any x; y 2 Xlet x� y be the unique simple pole of a nonconstant function � 2 L(x+ y � x0). show that x� yde�nes a group law on X. Let x0 = (0; 0; 1), where we assume that X is given by equation (3).Show that x0 is the in
ection point of X and the group law coincides with the group law on Xconsidered in Lecture 6.5. Prove that two elliptic curves given by Weierstrass equations Z22 + Z23 + a1Z1 + a0 = 0 andZ22 + Z23 + b1Z1 + b0 = 0 are isomorhic if and only if a31=a20 = b31=b20:6. Let X be a nonsingular curve in P1 � P1 given by a bihomogeneous equation of degree (d1; d2).Prove that its genus is equal to g = (d1 � 1)(d2 � 1):7. Let D = Pri=1 nixi be a positive divisor on a nonsingular projective curve X. For any x 2X n fx1; : : : ; xrg denote, let lx 2 L(D)� be de�ned by evaluating � 2 L(D) at the point x. Showthat this de�nes a rational map from X to P(L(D)�). Let �D : X ! P(L(D)�) be its uniqueextension to a regular map of projective varieties. Assume X = P1 and deg(D) = d. Show that�D(P1) is isomorphic to the Veronese curve �d(P1) � Pd.8. Show the map �D is one-to-one on its image if deg(D) � 2g � 1.
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