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FIELDS AND GALOIS THEORY 1

1. EXTENSIONS OF FIELDS

1.1. Definitions. A field is a set F' with two composition laws + and - such that
(a) (F,+) is an abelian group;
(b) let F* = F — {0}; then (F*,-) is an abelian group;
(c) (distributive law) for all a,b,c € F', (a + b)c = ac + be (hence also a(b+ ¢) = ab+ ac).

Equivalently, a field is a nonzero commutative ring (meaning with 1) such that every nonzero
element has an inverse. A field contains at least two distinct elements, 0 and 1. The smallest,
and one of the most important, fields is Fy = Z/2Z = {0, 1}.

LEMMA 1.1. A commutative ring R is a field if and only if it has no ideals other than (0)
and R.

PROOF. Suppose R is a field, and let I be a nonzero ideal in R. If a is a nonzero element
of I, then 1 = a~ta € I, and so I = R. Conversely, suppose R is a commutative ring with
no nontrivial ideals; if a # 0, then (a) = R, which means that there is a b in F' such that
ab=1. O

ExaMPLE 1.2. The following are fields: Q, R, C, F, = Z/pZ.

A homomorphism of fields o : F' — F’ is simply a homomorphism of rings, i.e., it is a map
with the properties

ala+0b) =ala)+ ab), alab) =ala)a(d), «(l)=1, alla,béeF.

Such a homomorphism is always injective, because the kernel is a proper ideal (it doesn’t
contain 1), which must therefore be zero.

1.2. The characteristic of a field. The map
Z—F, n—lp+lp+---+1p (ntimes),

is a homomorphism of rings.

Case 1: Kernel = (0); then n-1p =0 = n =0 (in Z). The map Z — F extends to a
homomorphism Q — F, 2 — (m-1p)(n - 1r)~!. Thus F contains a copy of Q. In this case,
we say that F' has characteristic zero.

Case 2: Kernel # (0), i.e., n-1p = 0 some n # 1. The smallest such n will be a
prime p (else F' will have nonzero zero-divisors), and p generates the kernel. In this case,
{m-1p |m € Z} = F,, and F contains a copy of F,. We say that F' has characteristic p.

The fields F,, p prime, and Q are called the prime fields. Every field contains a copy of
one of them.

REMARK 1.3. The binomial theorem

(a+b>m:am+ (T)am_lb‘i“i‘ (m)am—rbr_i_“._i_bm
r

holds in any ring. If p is prime, then p| (f) for all r, 1 <r < p— 1. Therefore, when F' has

characteristic p, (a + b)P = a? + b?. Hence a +— a? is a homomorphism F' — F', called the

Frobenius endomorphism of F'. When F' is finite, it is an isomorphism, called the Frobenius

automorphism.
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1.3. The polynomial ring F'[X]. I shall assume everyone knows the following (see Jacob-
son Chapter II, or Math 593).

(a) Let I be a nonzero ideal in F[X]. If f(X) is a nonzero polynomial of least degree in I,
then I = (f(X)). When we choose f to be monic, i.e., to have leading coefficient one, it is
uniquely determined by /. There is a one-to-one correspondence between the nonzero ideals
of F[X] and the monic polynomials in F'[X]. The prime ideals correspond to the irreducible
monic polynomials.

(b) Division algorithm: given f(X) and g(X) € F[X] with g # 0, we can find ¢(X) and
r(X) € F[X] with deg(r) < deg(g) such that f = gq + r; moreover, ¢(X) and r(X) are
uniquely determined. Thus the ring F'[X] is a Euclidean domain.

(¢) Euclid’s algorithm: Let f and g € F[X] have ged d(X); the algorithm gives polynomials
a(X) and b(X) such that

a(X) - f(X) +b(X) - g(X) =d(X), deg(a) <deg(g), deg(b) < deg(f).

Recall how it goes. Using the division algorithm, we construct a sequence of quotients and
remainders:

[ = qg+ro
g = Qiro+Tm1
ro = @2ri+T2
Th—2 = (Qplp—1+ 7Ty
Tn—1 = {4n+1Tn-

Then r, = ged(f, g), and
n = Th—2 — QnTpn—1 = T'p—2 — Qn(rn—?) - qn—lrn—2> == a.f + bg
Maple knows Euclid’s algorithm—to learn its syntax, type “?gcdex;”.

(d) Since F[X] is an integral domain, we can form its field of fractions F'(X). It consists
of quotients f(X)/g(X), f and g polynomials, g # 0.

1.4. Factoring polynomials. It will frequently be important for us to know whether a
polynomial is irreducible and, if it isn’t, what its factors are. The following results help.

PROPOSITION 1.4. Suppose r = <, ¢,d € Z, ged(c,d) = 1, is a root of a polynomial

<
amX™ + a1 X™ 4 ag, a; €Z.

Then clag and d|ay,.
PROOF. It is clear from the equation
A €™ + A1 "N 4 -+ agd™ = 0
that d|a,,,¢™, and therefore, d|a,,. The proof that c|ag is similar. O

EXAMPLE 1.5. The polynomial X?—3X —1 is irreducible in Q[X] because its only possible
roots are £1 (and they aren’t).

PROPOSITION 1.6. Let f(X) € Z[X] be such that its coefficients have greatest common

divisor 1. If f(X) factors nontrivially in Q[X], then it factors nontrivially in Z| X]; moreover,
if f(X) € Z[X] is monic, then any monic factor of f(X) in Q[X] lies in Z[X].
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PrOOF. Use Gauss’s lemma (see Jacobson, 2.16, or Math 593). O

PROPOSITION 1.7. (Eisenstein criterion) Let
f:ame+am—1Xm_1+“'+a0, a; € 7,
suppose that there is a prime p such that:

p does not divide a,y,,
p divides ap,_1, ..., ag,
p? does not divide ay.

Then f is irreducible in Q[X].

Proor. We may remove any common factor from the coefficients f, and hence assume
that they have ged = 1. Therefore, if f(X) factors in Q[X], it factors in Z[X]:
am X™ + Ay X" fag = (0 X" A+ 0) (e X ), bici €7, n,r < m.
Since p, but not p?, divides ag = byco, p must divide exactly one of by, o, say p divides bg.
Now from the equation

a1 = bocy + bico,
we see that p|b;. Now from the equation
az = boca + bic1 + baco,

we see that p|by. By continuing in this way, we find that p divides by, b1,... ,b,, which
contradicts the fact that p does not divide a,,. O

The above three propositions hold with Z replaced by any unique factorization domain.

PROPOSITION 1.8. There is an algorithm for factoring a polynomial in Q[X].

Proor. Consider f(X) € Q[X]. Multiply f(X) by an integer, so that it is monic, and
then replace it by Ddee(f) f (%), D = a common denominator for the coefficients of f, to obtain
a monic polynomial with integer coefficients. Thus we need consider only polynomials

fX)=X"4+a X"+ +a, aqcZ.

From the fundamental theorem of algebra (see later), we know that f splits completely in
C[X]:

FX) =][(X —a), aeC
i=1
From the equation f(«;) = 0, it follows that |«;| is less than some bound M depending on
ai, ... ,am. Now if g(X) is a monic factor of f(X), then its roots in C are certain of the «,

and its coefficients are symmetric polynomials in its roots. Therefore the absolute values of
the coefficients of g(X) are bounded. Since they are also integers (by 1.6), we see that there
are only finitely many possibilities for g(X). Thus, to find the factors of f(X) we (better
Maple) only have to do a finite amount of checking. 0

One other observation is sometimes useful: Suppose that the leading coefficient of f(X) €
Z[X] is not divisible by the prime p; if f(X) is irreducible in FF,[X], then it is irreducible
in Z[X]. Unfortunately, this test is not always effective: for example, X% — 10X? + 1 is
reducible! modulo every prime, but it is irreducible in Q[X].

T don’t know an elementary proof of this. One proof uses that its Galois group is ~ (Z/27Z)2.
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Maple knows how to factor polynomials in Q[X] and in F,[X]. For example
>factor (6*%X"2+18*X-24); will find the factors of 6X? + 18X — 24, and
>Factor (X~2+3*X+3) mod 7; will find the factors of X?+3X + 3 modulo 7, i.e., in F7[X].

Thus, we need not concern ourselves with the problem of factorizing polynomials in Q[X] or
F,[X].

1.5. Extension fields; degrees. A field E containing a field F' is called an extension (field)
of F'. Such an E can be regarded (in an obvious fashion) as an F-vector space. We write
[E : F] for the dimension (possibly infinite) of £ as an F-vector space, and call [E : F'] the
degree of E over F'. We often say that E is finite over F' when it has finite degree over F.

ExAMPLE 1.9. (a) The field of complex numbers C has degree 2 over R (basis {1,i}).

(b) The field of real numbers R has infinite degree over Q. (We know Q is countable,
which implies that any finite-dimensional vector space over QQ is countable; but R is not
countable. More explicitly, one can find real numbers « such that 1,a,a?,... are linearly
independent (see section 1.9 below)).

(c) The field of Gaussian numbers Q(i) =4 {a +bi € C | a,b € Q} has degree 2 over Q
(basis {1,i}).

(d) The field F(X) has infinite degree over F. (It contains the F-subspace F'[X], which
has the infinite basis {1, X, X?,...}.)

PROPOSITION 1.10. Let L D E D F (all fields). Then L/F is of finite degree <—= L/FE
and E/F are both of finite degree, in which case

[L:F|=I[L:E|[FE:F].

PROOF. Assume that L/E and E/F are of finite degree, and let {e;} be a basis for E/F
and {{;} a basis for L/E. I claim that {e;{;} is a basis for L over F. I first show that it
spans L. Let v € L. Then, because {/;} spans L as an E-vector space,

v = E a,l;, some «a; € E,
and because {e;} spans F as an F-vector space, for each j,
o = E ai;€;, some a;; € I

On putting these together, we find that

Y= Z aijeifj.

Next I show that {e;¢;} is linearly independent. A linear relation ) a,je;l; = 0 can be
rewritten (3, a;jei)l; = 0. The linear independence of the /;’s now shows that _, a;je; =
0 for each j, and the linear independence of the e;’s now shows that each a;; = 0.

Conversely, if L is of finite degree over F', then it is certainly of finite degree over F.
Moreover, E, being a subspace of a finite dimensional F'-space, is also finite dimensional. [

1.6. Construction of some extensions. Let f(X) € F[X] be a monic polynomial of
degree m, and let (f) be the ideal generated by f. Consider the quotient ring F[X]/(f(X)),
and write = for the image of X in F[X]/(f(X)), i.e., x is the coset X + (f(X)). Then:

(a) The map
P(X) — P(z): FIX] — Flz]
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is a surjective homomorphism; we have f(z) = 0.

(b) From the division algorithm, we know each element g of F'[X]/(f) is represented by a
unique polynomial 7 of degree < m. Hence each element of F'[z]| can be written uniquely as
a sum

ap+ ax + -+ amorx™ a; € F, (*).

(c) The addition of two elements, written in the form (*), is obvious.

(d) To multiply two elements in the form (*), multiply in the usual way, and use the
relation f(z) = 0 to express the monomials of degree > m in z in terms of lower degree
monomials.

(e) Now assume f(X) is irreducible. To find the inverse of an element o € F'[x], write «
in the form (*), i.e., set a = g(z) where g(X) is a polynomial of degree < m — 1. Then use
Euclid’s algorithm in F[X] to obtain polynomials a(X) and b(X) such that

a(X)F(X) +b(X)g(X) = d(X)

with d(X) the ged of f and g. In our case, d(X) is 1 because f(X) is irreducible and
deg g(X) < deg f(X). On replacing X with x in the equation, we find b(z)g(z) = 1. Hence
b(x) is the inverse of g(z).

Conclusion: For any monic irreducible polynomial f(X) € F[X], F|x] = F[X]/(f(X)) is
a field of degree m over F. Moreover, if we know how to compute in F', then we know how
to compute in F[z].

EXAMPLE 1.11. Let f(X) = X?+ 1 € R[X]. Then R[z] has:

elements: a + bz, a,b € R;

addition: obvious;

multiplication: (a + bx)(a’ + b'x) = (aa’ — bb') + (ab + a'b)x.
We usually write i for  and C for R[z].

EXAMPLE 1.12. Let f(X) = X* —3X — 1 € Q[X]. This is irreducible over @, and so
Q[] has basis {1, x,2?} as a Q-vector space. Let
B =ax*+22° + 3 € Qlx].
Then using that 23 — 3z — 1 = 0, we find that 8 = 322 4+ 7z + 5. Because X?® — 3X — 1 is
irreducible,
ged(X? —3X —1,3X24+7X +5) = 1.
In fact, Euclid’s algorithm (courtesy of Maple) gives

(X2 —3X —1)(FX+ )+ BX*+7X +5) ({5 X - X+ 2)=1.

Hence

(322 + Tz + 5)(1—Lx2 — %x + %) =1;

we have found the inverse of (.

1.7. Generators of extension fields. Let E be an extension field of F', and let S be a
subset of E. The intersection of all the subrings of E containing F' and S is again a subring
of E (containing F' and S). We call it the subring of E generated by F' and S, and we write
it F[S].
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LEMMA 1.13. The ring F[S] consists of all the elements of E that can be written as finite
sums of the form

% % *
E ail...inaf ey, gy, € F, o; €8. ( )

PROOF. Let R be the set of all such elements; it is easy to check that R is a ring containing
F and S, and that any ring containing F' and S contains R; therefore R equals F'[S]. 0

Note that the expression of an element in the form (*) will not be unique in general. When
S ={ay,...,an}, we write Flay, ..., o, for F[S].

LEMMA 1.14. Let E D R D F with E and F fields and R a ring. If R is finite-dimensional
when regarded as an F-vector space, then it is a field.

PROOF. Let a be a nonzero element of R—we have to show that « is invertible. The map
x — axr : R — R is an injective F-linear map, and is therefore surjective. In particular,
there is an element § € R such that af = 1. O

EXAMPLE 1.15. An element of Q[r], 7 = 3.14159..., can be written uniquely as a finite
sum

a0+a17r+a27r2—|—~~- , a; €Q.
An element of Q[i] can be written uniquely in the form a + bi, a,b € Q. (Everything
considered in C.)

Let E again be an extension field of F' and S a subset of E. The subfield F(S) of £
generated by F and S is the intersection of all subfields of E containing F' and S. It is
equal to the field of fractions of F[S] (since this is a field containing F' and S, and is the
smallest such field). Lemma 1.14 shows that F'[S] is sometimes already a field, in which case
F(S) = F[S]. We write F(ax, ..., ay) for F(S) when S = {a, ..., an}.

Thus: Floy, ..., a,) consists of all elements of E that can be expressed as polynomials in
the a; with coefficients in F', and F(aq,... ,«,) consists of all elements of E that can be
expressed as quotients of two such polynomials.

EXAMPLE 1.16. An element of Q(7) can be expressed as a quotient

g(m)/h(m),  g(X),h(X) € QIX], h(m) # 0.
The ring Q[¢] is already a field.

An extension E of F' is said to be simple if E = F(a) some a € E. For example, Q(r)
and Q[i] are simple extensions of Q.

When F and F’ are subfields of E, then we write F' - I for F(F')(= F'(F')), and we call
it the composite of F and F’. It is the smallest subfield of £ containing both F' and F”.

1.8. Algebraic and transcendental elements. Let E be an extension field of F'; and let
a € E. Then we have a homomorphism
There are two possibilites.

Case 1: The kernel of the map is (0), i.e.,
fla) =0, f(X)eFIX] = f(X)=0
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In this case we say that « transcendental over F. The isomorphism F[X]| — Fa] extends
to an isomorphism F(X) — F(«).

Case 2: The kernel is # (0), i.e., g(a) = 0 for some nonzero g(X) € F[X]|. We then say
that « is algebraic over F'. Let f(X) be the monic polynomial generating the kernel of the
map. It is irreducible (if f = gh is a proper factorization, then g(a)h(a) = f(a) = 0, but
g(a) # 0 # h(a)). We call f the minimum polynomial of a over F. It is characterized as an
element of F'[X] by each of the following sets of conditions:

f is monic; f(a) =0; g(a) =0 and g € F[X] = flg;

f is the monic polynomial of least degree such f(«a) = 0;

f is monic, irreducible, and f(a) = 0.

Note that g(X) — g(«) induces an isomorphism F[X]/(f) — F[a]. Since the first is a field,
so also is the second: F'(«) = F'|a]. Moreover, each element of F'[a] has a unique expression
ao + aroe + a0 4 -+ Apo1™ 1, a; € F,
where m = deg(f). In other words, 1,a,...,a™ ! is a basis for F[a] over F. Hence
[F(a) : F] = m. Since F[z] = F|a], arithmetic in F[a] can be performed using the same

rules as in F'[z].

EXAMPLE 1.17. Let a € C be such that a® —3a— 1 = 0. The minimum polynomial of o
over Q is X3 —3X — 1 (because this polynomial is monic, irreducible, and has « as a root).
The set {1,a,a?} is a basis for Q[a] over Q. The calculations in an example above show
that if 3 is the element a! + 203 + 3 of Q[a], then 8 = 3a? + 7a + 5, and

1 _ 7.2 2 . 28
7 = a it 1T

REMARK 1.18. Maple knows how to compute in Q[a]. For example,
factor(X~4+4) ; returns the factorization

(X% —2X +2)(X? +2X +2).
Now type: alias(c=Root0f (X"2+2+X+2) ;. Then
factor(X~4+4,c) ; returns the factorization
(X4+)(X=2—-0c)(X+2+4+)(X —0),
i.e., Maple has factored X* + 4 in Q[c] where ¢ has minimum polynomial X? 4 2X + 2.

An extension E/F is algebraic if all elements of E are algebraic over F'; otherwise it is
transcendental over F.

PROPOSITION 1.19. (a) If [E : F] is finite, then E is algebraic over F.
(b) If E is algebraic over F' and finitely generated (as a field), then [E : F| is finite.

PROOF. (a) If a were transcendental over F, then 1, ,a?,... would be linearly indepen-
dent over F.

(b) Let E = Flay,...,a); then Flay] is finite over F' (because oy is algebraic over F));
Flag, as] is finite over Fay] (because ay is algebraic over F', and hence F[as]). Hence
Flaq, as) is finite over F'. This argument can be continued. O

COROLLARY 1.20. If E 1is algebraic over F' then any subring R of E containing F is a
field.
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PROOF. Let o € R; then F[a] is a field and F[a] C R. Therefore a has an inverse in
R. O

A field F is said to be algebraically closed if E algebraic over F' implies £ = F. Equivalent
condition: the only irreducible polynomials in F'[X] are of degree one; every nonconstant
polynomial in F[X] has a root in F.

ExXAMPLE 1.21. The field of complex numbers C is algebraically closed. The set of all
complex numbers algebraic over Q is an algebraically closed field. Every field F' has an alge-
braically closed algebraic extension field (which is unique up to a nonunique isomorphism).
All these statements will be proved later.

1.9. Transcendental numbers. A complex number is said to be algebraic or transcenden-
tal according as it is algebraic or transcendental over Q. First some history:

1844: Liouville showed that certain numbers (now called Liouville numbers) are transcen-
dental.

1873: Hermite showed that e is transcendental.

1873: Cantor showed that the set of algebraic numbers is countable, but that R is not
countable. [Thus almost all numbers are transcendental, but it is usually very difficult to
prove that a particular number is transcendental.|

1882: Lindemann showed that 7 is transcendental.

1934: Gelfond-Schneider showed that if a and [ are algebraic, a # 0,1, and § ¢ Q, then
af is transcendental. (This was one of Hilbert’s famous problems)

1994: Euler’s constant
v = lim (Z 1/k —logn)
k=1

has not yet been proven to be transcendental.

1994: The numbers e + 7 and e — 7 are surely transcendental, but they have not even
been proved to be irrational!

PROPOSITION 1.22. The set of algebraic numbers is countable.

PROOF. Define the height h(r) of a rational number to be max(|m/, |n|), where r = m/n
is the expression of 7 in its lowest terms. There are only finitely many rational numbers
with height less than a fixed number N. Let A(N) be the set of algebraic numbers whose
minimum equation over Q is of degree < N and has coefficients of height < N. Then A(N)
is finite for each N. Count the elements of A(10); then count the elements of A(100); then

count the elements of A(1000), and so on. O
A typical Liouville number is >~ 7 | ﬁ—in its decimal expansion there are increasingly

long strings of zeros. We prove that the analogue of this number in base 2 is transcendental.
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THEOREM 1.23. The number ov = % is transcendental.

PROOF. Suppose not, and let
fX)=X"+ a1 X"+t ag, a; €Q,

be the minimum polynomial of a over Q. Thus [Q[a] : Q] = d. Let
d

f(X) = H(X —wi), o €C, a=aq,

i=1
and choose a nonzero integer D such that Df(X) € Z[X]. Let ¥y = SN, 7, SO that
Yy —maas N — oo, and let zy = f(Xn).

Because f(X) isirreducible in Q[X], it has no rational root, except possibly «; but Xy # «a,
and so xy # 0. (In fact « is obviously nonrational because its expansion to base 2 is not
periodic.)

Clearly xx € Q; in fact (2V')?Day € Z, and so

12" D | > 1.
On the other hand,

ov] = [T 1Zn = ail < far = Sw[(M +Z0)"", - where M = max oy,

and
=1 2
oSl = 3 s b
n=N+1
Hence
N\d 24M'D d-1
2d-N! o 2d N! . .

because ;5o = ( 37 — 0. We have a contradiction. ]

1.10. Constructions with straight-edge and compass. The Greeks understood that
integers and the rational numbers. They were surprised to find that the length of the
diagonal of a square of side 1, namely v/2, is not rational. They thus realized that they needed
to extend their number system. They then hoped that the “constructible” numbers would
suffice. Suppose we are given a length, which we call 1, a straight-edge, and a compass (device
for drawing circles). A number (better a length) is constructible if it can be constructed by
forming successive intersections of

e lines drawn through two points already constructed, and
e circles with centre a point already constructed and radius a constructed length.

This led them to three famous problems that they were unable to solve: is it possible
to duplicate the cube, trisect an angle, or square the circle by straight-edge and compass
constructions? We’ll see that the answer to all three is negative.

Let F' be a subfield of R. The F-plane is F' x ' C R x R. We make the following
definitions:

A line in the F-plane is a line through two points in the F-plane. Such a line is given by
an equation:

ar+by+c=0, a,bcelkF.
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A circle in the F-plane is a circle with centre an F-point and radius an element of F'. Such
a circle is given by an equation:

(x—a)l+(y—0?°=c, abceF
LEMMA 1.24. Let L # L' be F-lines, and let C # C" be F-circles.

(a) LNL =0 or consists of a single F-point.
(b) LNC =0 or consists of one or two points in the F[/e]-plane, some e € F.
(c) CNC" =10 or consists of one or two points in the F[\/e]-plane, some e € F.

PRrROOF. The points in the intersection are found by solving the simultaneous equations,
and hence by solving (at worst) a quadratic equation with coefficients in F'. O

LEMMA 1.25. (a) If c and d are constructible, then so also are c £d, cd, and 5 (d # 0).
(b) If ¢ > 0 is constructible, then so also is /c.

Proor. First show that it is possible to construct a line perpendicular to a given line
through a given point, and then a line parallel to a given line through a given point. Hence
it is possible to construct a triangle similar to a given one on a side with given length. By
an astute choice of the triangles, one constructs cd and ¢=!'. For (b), draw a circle of radius
% about (%, 0), and draw a vertical line through the point A = (1,0) to meet the circle
at P. The length AP is y/c. (For more details, see for example, Rotman, Galois Theory,

Appendix 3.) O

THEOREM 1.26. (a) The set of constructible numbers is a field.
(b) A number « is constructible if and only if it is contained in field of the form

Qlai, ... ,Va), ai€Qay,... /a1

PROOF. (a) Immediate from (a) of Lemma 1.25.

(b) From (a) we know that the set of constructible numbers is a field containing @Q, and
it follows from (a) and Lemma 1.25 that every number in Q[\/a1, ..., /a,| is constructible.
Conversely, it follows from Lemma 1.24 that every constructible number is in a field of the

form Q[\/a1, ... ,\/a,]. O

Now we can apply the (not quite elementary) result Proposition 1.10 to obtain:

COROLLARY 1.27. If « is constructible, then « is algebraic over Q, and [Q[a] : Q] is a
power of 2.

ProoF. We know that [Q[a] : Q] divides [Q[\/a1, ..., /ar] : Q] =2". O

COROLLARY 1.28. It is impossible to duplicate the cube by straight-edge and compass
constructions.

PRrOOF. The problem is to construct a cube with volume 2. This requires constructing
a root of the polynomial X3 — 2 = (. But this polynomial is irreducible (by Eisenstein’s
criterion for example), and so [Q[v/2] : Q] = 3. O

COROLLARY 1.29. In general, it is impossible to trisect an angle by straight-edge and
compass constructions.
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Proor. Knowing an angle is equivalent to knowing the cosine of the angle. Therefore, to
trisect 3, we have to construct a solution to
cos 3o = 4cos® a — 3 cos a.

For example, take 3a = 60; to construct o, we have to solve 82 — 6z — 1 = 0, which is
irreducible. O

COROLLARY 1.30. It is impossible to square the circle by straight-edge and compass con-
structions.

PROOF. A square with the same area as a circle of radius r has side /7r. Since 7 is
transcendental, so also is /7. O

We now consider another famous old problem, that of constructing a regular polygon.
Note that X™ — 1 is not irreducible; in fact
X" 1= (X -1D(X™ 1+ X" 2 4.4 1).
LEMMA 1.31. If p is prime then XP~' 4 .. + 1 is irreducible; hence Q[e*™/?] has degree
p—1 over Q.
Proor. Consider

f(X—Fl):%

with a; = (i_fl). Since pla;, i = 1,...,p—2, f(X+1) isirreducible by Eisenstein’s criterion. [

=XP 4w X+ X +p,

In order to construct a regular p-gon, p an odd prime, we need to construct cos 27”. But
Q[e%] D QJcos 27”] D Q. The degree of Q[e%] over Q[cos 27”] is 2—the equation

27i

2
042—2COS—7T~04+1:0, a=er
p

shows that it is < 2, and it is not 1 because Q[e%] is not contained in R. Hence [Q|cos 27”] :
Q="
Thus if the regular p-gon is constructible, then (p — 1)/2 = 2% some k (later, we shall see

a converse), which imples p = 281 + 1. But 2" + 1 can only be a prime if r is a power of 2,
because otherwise r has an odd factor ¢, and for ¢ odd,

Vitl=Y +D)Y" =Y +...41).

Thus if the regular p-gon is constructible, then p = 22° 1 1 for some k. Fermat conjectured
that all numbers of the form 22° + 1 are prime, and claimed to show that this is true for
k < 5—for this reason primes of this form are called Fermat primes. For 0 < k < 4, the
numbers p = 3,5,17,257,65537, are prime but Euler showed that 232 + 1 = 641 - 6700417,
and we don’t know of any more Fermat primes.

Gauss showed that

2 11 1 1
0081—7; = —EJFE\/ﬁ+ﬁx/34—2\/ﬁ+g\/17+3\/17— \/34 — 2v/17 — 24/ 34 + 2V/17

when he was 18 years old. This success encouraged him to become a mathematician.
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2. SPLITTING FIELDS; ALGEBRAIC CLOSURES

2.1. Maps from simple extensions.

Let F and E’ be fields containing F. An F-homomorphism is a homomorphism ¢ :
E — E' such that ¢(a) = a for all @ € F. Thus an F-homorphism maps a polynomial
S @iy, @t aimag g € F o

3 iy einpln)t - (e,

An F-isomorphism is a bijective F-homomorphism. Note that if £ and E’ have the same
finite degree over F', then an F-homomorphism is automatically an F-isomorphism.

PROPOSITION 2.1. Let F'(a) be a simple field extension of a field F', and let Q be a second
field containing F .

(a) Assume « is transcendental over F'; then for any F'-homomorphism ¢ : F(a) — €, ¢(«a)
is transcendental over F', and the map ¢ — ¢(«) defines a one-to-one correspondence

{F-homomorphisms ¢ : F(a) — Q} < { elements of 2 transcendental over F'}.

(b) Assume « is algebraic over F, with minimum polynomial f(X); then for any F-
homomorphism ¢ : Fla] — Q, ¢(a) is a root of f(X) in Q, and the map ¢ — ¢(a)
defines a one-to-one correspondence

{F-homomorphisms ¢ : Fla] — Q} < { distinct roots of f(X) in Q}.

In particular, the number of such maps is the number of distinct roots of f in €.

PROOF. (a) Let v € Q. To say that « is transcendental over F' means that F[a] is the
ring of polynomials in « (as variable). By the universal property of polynomial rings, there
is a unique F-homomorphism ¢ : Fla] — €2 sending « to . This extends to F/(«) if and
only if all nonzero elements of F'[a] are sent to invertible (i.e., nonzero) elements of €2, which
is so if and only if 7 is transcendental.

(b) Let f(X) =Y a; X", and consider an F-homomorphism ¢ : F[a] — . On applying
¢ to the equation > a;a’ = 0, we obtain the equation Y a;p(a)’ = 0, which shows that
v =4 p(a) is a root of f(X) in 2. Conversely, let v € € be a root of f(X). The map
F[X] — Q, g(X) — g(v), factors through F[X]/(f(X)). When composed with the inverse
of the isomorphism F[X]/(f(X)) — Fla], it becomes a homomorphism F[a] — € sending
a to 7. ]

We shall need a slight generalization of this result.

PROPOSITION 2.2. Let F'(«) be a simple field extension of a field F, and let ¢y : F' —
be a homomorphism of F into a second field ).

(a) Assume « is transcendental over F; then the map ¢ — @(«) defines a one-to-one
correspondence

{extensions ¢ : F(a) — Q of ¢y} <> {elements of ) transcendental over ¢o(F')}.

(b) Assume « is algebraic over F, with minimum polynomial f(X); then the map ¢ — ()
defines a one-to-one correspondence

{extensions ¢ : Fa] — Q of po} < { distinct roots of (pof)(X)in Q}.

In particular, the number of such maps is the number of distinct roots of wof in 2.
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PROOF. The proof is essentially the same as that of the preceding proposition. O

By ¢of we mean the polynomial obtained by applying ¢o to the coefficients of f, i.e.,
f=>a,X" = pof => pla;) X"

2.2. Splitting fields.

Let f be a polynomial with coefficients in F'. A field F containing F is said to split f if f
splits in F[X], i.e., if f(X) =[[(X — ;) with o; € E. If E is also generated by the «;, then
it is called a splitting field for f.

Note that if f(X) = [] fi(X)™, then a splitting field for [] f;(X) is also a splitting field
for f (and conversely).

EXAMPLE 2.3. (a) Let f(X) = aX? +bX + ¢ € Q[X] be irreducible, and let o =
Vb? — 4ac; then the subfield Q[a] of C generated by « is a splitting field for f.

(b) Let f(X) = X® +aX?+bX + ¢ € Q[X] be irreducible, and let oy, az, a3 be its roots
in C. Then Q[ag, az, as] = Q[an, oy is a splitting field for f(X). Note that [Q[an] : Q] =3
and that [Q[ag, as] : Qas]] = 1 or 2, and so [Q[ay, as] : Q] = 3 or 6. We'll see later that
the degree is 3 if and only if the discriminant of f(X) is a square in F'. For example, the
discriminant of X3 + bX + ¢ is —4b® — 27¢2, and so the splitting field of X® + 10X + 1 has
degree 6 over Q.

PROPOSITION 2.4. FEvery polynomial has a splitting field.

PROOF. Let f € F[X]. Let g1 be an irreducible factor of f(X), and let F} =
F[X]/(1(X)) = Floa], a1 = X + (¢91). Then «; is a root of f(X) in Fj, and we define
f1(X) to be the quotient f(X)/(X — 1) (in F1[X]). Then f; € Fi[X], and the same con-
struction gives us a field Fy = Fi[az] with ay a root of fi. By continuing in this fashion, we
obtain a splitting field. O

REMARK 2.5. Let n = deg f. In the proof, [F} : F] < n, [Fy: F] <n—1,..., and so
the degree of the splitting field over F'is < n!. Whether or not there exist polynomials of
degree n in F'[X| whose splitting field has degree n! depends on F'. For example, there don’t
forn > 1if FF = C or Fp, nor for n > 2 if ' = R. However, later we shall see how to
write down large numbers (in fact infinitely many) polynomials of degree n in Q[X] whose
splitting fields have degree n!.

EXAMPLE 2.6. (a) Let f = (X? — 1)/(X — 1); any field generated by a root of f is a
splitting field (if ¢ is one root, the remainder are (2, (3, ..., (P71).

(b) Suppose F' is of characteristic p, and let f = X? — X — a; any field generated by a
root of f is a splitting field (if v is one root, the remainder are a + 1,...,a +p — 1).

(c) If o is one root of X™ —a, then the remaining roots are all of the form (o, where (" = 1.

Therefore, if F' contains all the nth roots of 1, ie., if X™ — 1 splits in F'[X], then F[a] is a

splitting field for X™ — a. Note that if p is the characteristic of F', then X? — 1 = (X — 1)?,

th

and so F' automatically contains all the p** roots of 1.

PROPOSITION 2.7. Let f € F[X], and let E be a splitting field for f, and let Q D F be a
second field splitting f.

(a) There exists at least one F-homomorphism ¢ : E — €.
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(b) The number of F-homomorphisms E — Q is < [E : F], and = [E : F| if f has deg(f)
distinct roots in Q.

(c) If Q is also a splitting field for f, then each F-homomorphism E — € is an isomor-
phism. In particular, any two splitting fields for f are F-isomorphic.

PROOF. Write £ = Flaq, ..., ap), m < deg(f), with the «; the distinct roots of f(X).
The minimum polynomial of «; is an irreducible polynomial f; dividing f. As f (hence fi)
splits in €, Proposition 2.1 shows that there exists an F-homomorphism ¢ : Floy] — €,
and the number of 1’s is < deg(f1) = [F[aq] : F], with equality holding when f (hence also
f1) has distinct roots in 2.

Next, the minimum polynomial of as over F[a;] is an irreducible factor fo of f(X)
in Flog][X]. According to Proposition 2.2, each ¢; extends to a homomorphism ¢, :
Flai,as] — Q, and the number of extensions is < deg(fz) = [Fla, aq) @ Flai]], with
equality holding when f (hence also f>) has distinct roots in €.

On combining these statements we conclude that there exists an F-homomorphism ¢ :
Flag, as] — Q, and the number of such homomorphisms is < [F'ay, as @ F], with equality
holding when f has deg(f) distinct roots in 2.

After repeating the argument m times, we obtain (a) and (b). For (c), note that, because
an F-homomorphism F — ( is injective, we must have [E : F] < [Q : F]. If Q is also a
splitting field, then we obtain the reverse inequality also. We therefore have equality, and so
any F-homomorphism F — 2 is an isomorphism. ]

COROLLARY 2.8. Let E and L be extension fields of F, with E finite over F; then there
exists an extension field ) of L and an F-homomorphism E — €.

PROOF. Write F = Flay,... ,an], and let f; be the minimum polynomial of a; over F'.
Let £’ be a splitting field of f =4 [] fi regarded as an element of E[X], and replace E with
the subfield of E’ generated by F' and all the roots of f(X). Thus E is now the splitting
field of f(X) € F[X]. Let Q be a splitting field for f regarded as an element of L[ X]. The
proposition shows that there is an F-homomorphism F — €. O

REMARK 2.9. After replacing E by its (isomorphic) image in 2, we will have that £ and
L are subfields of €. This will allow us to assume that E and L are subfields of a common
field.

Warning! If F and E’ are splitting fields of f(X) € F[X], then we know there is an
F-isomorphism F — E’, but there will in general be no preferred such isomorphism. Error
and confusion can result if you simply identify the fields.

2.3. Algebraic closures.

Recall that 2 is said to be algebraically closed if every nonconstant polynomial f(X) € Q[X]
has a root in 2 (and hence splits in Q[ X]); equivalently, if the only irreducible polynomials in
Q[X] are those of degree 1. Recall also that a field 2 containing F' is said to be an algebraic
closure of F' if it is algebraic over F' and it is algebraically closed. We want to show that
(assuming the axiom of choice) every field has an algebraic closure. The following criterion
suggests how this might be done.

LEMMA 2.10. Suppose that Q is algebraic over F and every polynomial f € F[X] splits
in Q[X]; then Q is an algebraic closure of F.
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Proor. Let f € Q[X]. We know (see §1.6) how to construct a finite extension E of Q
containing a root « of f. We want to show that a in fact liesin Q. Write f = a, X"+ - -+ayo,
a; € €, and consider the sequence of fields F' C Flay,...,a,] C Flay,...,an,al. Because
each a; is algebraic over F', Flay,... ,a,| is a finite field extension of F', and because f €
Flay, ... ,a,][X], a is algebraic over Flay,... ,a,]. Therefore « lies in a finite extension of
F'; and is therefore algebraic over F', i.e., it is the root of a polynomial with coefficients in
F. But, by assumption, this polynomial splits in [X], and so all its roots lie in Q. In
particular, o € €. O

LEMMA 2.11. Let Q2 D F'; then
E = {a € Q| a algebraic over F'}
s a field.

PRrROOF. If a and [ are algebraic over F', then F|a, 3] is of finite degree over F', and so
is a field (see 1.14). Every element of F[a, ] is algebraic over F', including o + (3, /83,
af,. ... O

The field E constructed in the lemma is called the algebraic closure of F' in 2. The
preceding lemma shows that if every polynomial in F'[X] splits in 2[X], then E is an algebraic
closure of F'. Thus to construct an algebraic closure of F', it suffices to construct an extension
in which every polynomial in F'[X] splits. We know how to do this for a single polynomial,
but passing from there to all polynomials causes set-theoretic problems.

THEOREM 2.12 (*). 2Every field has an algebraic closure.

Once we have proved the fundamental theorem of algebra, that C is algebraically closed,
then we will know that the algebraic closure in C of any subfield F' of C is an algebraic
closure of F'. This proves the theorem for such fields. We sketch three proofs of the general
result. The first doesn’t assume the axiom of choice, but does assume that F' is countable.

PrOOF. (First proof of 2.12) Because F' is countable, it follows that F[X] is countable,

i.e., we can list its elements f1(X), fo(X),.... Define the fields E; inductively as follows:
Ey = F; E; is the splitting field of f; over E; ;. Note that Fy C E; C Ey C ---. Define
) = UE;; it is obviously an algebraic closure of F'. O

REMARK 2.13. Since the FE; are not subsets of a fixed set, forming the union requires
explanation: define 2* to be the disjoint union of the E;; let a, b € Q*, say a € F; and
b € Lj; write a ~ b if a = b when regarded as elements of the larger of E; or Lj; verify that
~ is an equivalence relation, and let 2 = Q*/ ~.

PROOF. (Second proof of 2.12) If A and B are rings containing a field F', then A ®p B is
a ring containing F', and there are F-homomorphisms A, B — A ®pr B. More generally, if
(A;)ier is some family of rings each of which contains F', then ® pA; is a ring containing F,
and there are F'-homomorphisms A; — ®pA; for each j € I. It is defined to be the quotient
of the F-vector space with basis I1A; by the subspace generated by elements of the form:

o (z;)+ (vi) — (z;) with x; + y; = z; for one j € I and x; = y; = 2; for all i # j.
o (z;) —a(y;) with z; = ay; for one j € I and z; =y, for all i # j.

2Results marked with an asterisk require the axiom of choice for their proof.
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It can be made into a ring in an obvious fashion (see Bourbaki, Algebre, Chapt 3, Appendix).

For each polynomial f € F[X], choose a splitting field E, and let 2 = (®;E)/M where
M is a maximal ideal in ® fEy—Zorn’s lemma implies that M exists (see below). Then
is a field (see 1.1), and there are F-homomorphisms Ey — € (which must be injective) for
each f € F[X]. Since f splits in Ey, it must also split in the larger field Q. The algebraic
closure of F' in Q is therefore an algebraic closure of F. (Actually, €2 itself is an algebraic
closure of F.) O

LEMMA 2.14 (Zorn’s). Let (S, <) be a nonempty partially ordered set (reflexive, transi-
tive, anti-symmetric, i.e., a < b and b < a = a =b). Suppose that every totally ordered
subset T of S (i.e., for all s,t € T, either s <t ort < s) has an upper bound in S (i.e.,
there exists an s € S such thatt < s for allt € T'). Then S has a mazimal element (i.e., an
element s such that s < s = s=14¢').

Zorn’s lemma is equivalent to the Axiom of Choice.

LEMMA 2.15 (*). Every nonzero commutative ring A has a mazimal ideal.

PROOF. Let S be the set of all proper ideals in A, partially ordered by inclusion. If T' is
a totally ordered set of ideals, then J = |J;o; 1 is again an ideal, and it is proper because
if 1 € J then 1 € I for some I in T". Thus J is an upper bound for T'. Now Zorn’s lemma
implies that S has a maximal element, which is a maximal ideal in A. O

PRrROOF. (Third proof of 2.12) First show that the cardinality of any field algebraic over ¥
is the same as that of F'. Next choose an uncountable set = of cardinality greater than that
of F, and identify F' with a subset of =. Let S be the set triples (E, +,-) with £ C S and
(+, -) a field structure on E such that (E,+,-) contains F' as a subfield and is algebraic over
it. Write (E, +,-) < (E’,+/, ) if the first is a subfield of the second. Apply Zorn’s lemma to
show that S has maximal elements, and then show that a maximal element is algebraically
closed. (See Jacobson, Lectures in Algebra, III, p144 for the details.) O

There do exist naturally occurring fields, not contained in C, that are uncountable. For
example, for any field I there is a ring F[[T7] of formal power series } . a;T", a; € F', and
its field of fractions is uncountable even if F' is finite.

THEOREM 2.16 (*). Let ) be an algebraic closure of F', and let E be an algebraic exten-
sion of F'; then there is an F-homomorphism E — Q. If E is also an algebraic closure of
F', then any such map is an isomorphism.

PROOF. Suppose first that E is countably generated over F, i.e., E = Flaq,...,ap,...].
Then we can extend the inclusion map F' — €2 to Floy]| (map oy to any root of its minimal
polynomial in ), then to F[ay, as], and so on.

The uncountable case is a straightforward application of Zorn’s lemma.

Let S be the set of pairs (M, o) with M a field FF C M C E and ¢ an F-homomorphim
M — Q. Write (M,pon) < (N,on) if M C N and ¢n|M = ¢p. This makes S into
a partially ordered subset. Let T be a totally ordered subset of S. Then M’ = UperM
is a subfield of E, and we can define a homomorphism ¢’ : M’ — € by requiring that
¢ () = pm(x) if © € M. The pair (M’,¢’) is an upper bound for 7" in S. Hence Zorn’s
lemma gives us a maximal element (M, ¢) in S. Suppose that M # E. Then there exists an
element o € F, a ¢ M. Since « is algebraic over M, we can apply (2.2) to extend ¢ to M|a/],
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contradicting the maximality of M. Hence M = E, and the proof of the first statement is
complete.

If E is algebraically closed, then every polynomial f € F'[X] splits in F and hence in ¢(FE),
Le, f(X)=][(X—a), a; € o(E). Let a € €2, and let f(X) be the minimum polynomial of
a. Then X —« is a factor of f(X) in Q[X], but, as we just observed, f(X) splits in p(E)[X].
Because of unique factorization, this implies that o € p(FE). O

The above proof is a typical application of Zorn’s lemma: once we know how to do
something in a finite (or countable) situation, Zorn’s lemma allows us to do it in general.

REMARK 2.17. Even for a finite field F’, there will exist uncountably many isomorphisms
from one algebraic closure to a second, none of which is to be preferred over any other. Thus
it is (uncountably) sloppy to say that the algebraic closure of F' is unique. All one can say
is that, given two algebraic closures 2, € of F', then, thanks to the axiom of choice, there
exists an F-isomorphism €2 — .
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3. THE FUNDAMENTAL THEOREM OF GALOIS THEORY

In this section, we prove the fundamental theorem of Galois theory, which gives a one-to-
one correspondence between the subfields of the splitting field of a separable polynomial and
the subgroups of the Galois group of f.

3.1. Multiple roots.
Let f,g € F[X]. Even when f and g have no common factor in F[X], you might expect

that they could acquire a common factor in Q[X]| for some 2 D F. In fact, this doesn’t
happen—gcd’s don’t change when the field is extended.

PROPOSITION 3.1. Let f and g be polynomials in F[X], and let Q@ D F. If r(X) is the
ged of f and g computed in F[X], then it is also the ged of f and g in Q[X]. In particular,
if f and g are monic and irreducible and f # g, then they do not have a common root in
any extension field of F.

PROOF. Let rp(X) and rq(X) be the greatest common divisors of f and ¢ in F/[X] and
Q[X] respectively. Certainly rp(X)|rq(X) in Q[X]. The Euclidean algorithm shows that
there are polynomials @ and b in F[X] such that

a(X) f(X) + b(X)g(X) = rp(X).
Since rqo(X) divides f and ¢ in Q[X], it divides the left-hand side of the equation, and
therefore also the right. Hence rq = rp.

For the second statement, note that the hypotheses imply that ged(f,g) = 1 (in F[X]).
Hence they can’t have a common factor X — « in any extension field. U

The proposition allows us to write ged(f, ¢g), without reference to a field.

Let f € F[X], and let f(X) = [[(X — a;)™, «; distinct, be a splitting of f over some
large field 2 D F'. We then say that «; is a root of multiplicity m;. A root of multiplicity
one is said to be simple.

We say that f has multiple roots if it has roots of multiplicity > 1 in some big field €.
It then has multiple roots in the subfield of €2 generated by its roots, and because any two
splitting fields are F-isomorphic, this shows that f will have roots of multiplicity > 1 in
every field containing F' in which it splits.

If f has multiple factors in F[X], say f =[] f:(X)™ with some m; > 1, then obviously
it will have multiple roots. If f = [] f; with the f; distinct monic irreducible polynomials,
then the proposition shows that f can only have multiple roots if one of the f; has multiple
roots. Thus it remains to examine irreducible polynomials for multiple roots.

EXAMPLE 3.2. Let F' be of characteristic p, and assume that F' has an element a that
is not a pt-power (e.g., F =TF,(T); a =T). Then X? — q is irreducible in F[X], but
X? —a = (X — a)? in its splitting field. Thus an irreducible polynomial can have multiple
roots.

We define the derivative f'(X) of a polynomial f(X) = > a; X" to be > ia; X"~'. When
F = R, this agrees with the usual definition. The usual rules for differentiating sums and
products still hold, but note that the derivative of X? is zero in characteristic p.

PROPOSITION 3.3. Let f be a (monic) irreducible polynomial in F[X]. The following
statements are equivalent:
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(a) f has at least one multiple root (in a splitting field);

(b) ged(f, f) # 1

(¢) F has chamcterzstzc p#0 and f(X) = g(XP), some g € F[X];
(d) all the roots of f are multiple.

PrROOF. (a) = (b). Let a be a multiple root of f, and write f = (X —a)™g(X), m > 1,
in some splitting field. Then

F1(X) =m(X —a)"g(X) + (X —a)"g'(X).

Hence f'(«) = 0, and so ged(f, f') # 1.

(b) = (c). Since f is irreducible and deg(f’) < deg(f),

ged(f, f) #1 = f'=0 = [f=g(X").

(¢) = (d). Suppose f(X) = g(X?), and let g(X) = [[(X —a;)™ in some splitting field.

Then
F0) = g7) = TT7 = )™ = [T(X = ™

where o = a; (in some big field). Hence every root of f(X) has multiplicity at least p.

(d) = (a). Every root multiple = at least one root multiple (I hope). O

DEFINITION 3.4. A polynomial f € F[X] is said to be separable if all its irreducible
factors have simple roots.

Note that the preceding discussion shows that f is not separable if and only if

(a) the characteristic of F'is p # 0, and
(b) at least one of the irreducible factors of f is a polynomial in X?.

A field F' is said to be perfect if all polynomials in F'[X] are separable.

PROPOSITION 3.5. A field F is perfect if and only if it either

e has characteristic 0, or

th

e it has characteristic p and F = F? (i.e., every element of F' is a p™** power).

PROOF. = : If char F' = p and it contains an element a that is not a pth

F[X] contains a nonseparable polynomial, namely, X? — a.

power, then

<= : If char FF = p and F' = FP, then every polyonomial in X? is a pth power—

Yo a; XP = (D> b X)Pif a; = b—and so can’t be irreducible. O

EXAMPLE 3.6. (a) All finite fields are perfect (because a — a” is an injective homomor-
phism F' — F, which must be surjective if F' is finite). In fact, any field algebraic over F,, is
perfect.

(b) If Fy has characteristic p, then F' = Fy(X) is not perfect (because X is not a pth
power).

3.2. Groups of automorphisms of fields.

Consider fields ' D F. We write Aut(E/F) for the group of F-automorphisms of E, i.e.,
automorphisms o : £ — E such that o(a) = a for all @ € F.
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EXAMPLE 3.7. (a) There are two obvious automorphisms of C, namely, the identity map
and complex conjugation. We'll see later (last section) that by using the Axiom of Choice,
one can construct uncountably many more. They are all noncontinuous and (I've been told)
nonmeasurable—hence they require the Axiom of Choice for their construction.

(b) Let E = C(X). Then Aut(E/C) consists of the maps X — S22 ad — be # 0
(Jacobson, Lectures III, p158), and so Aut(£/C) = PGLy(C). Analysts will note that this
is the same as the automorphism group of the Riemann sphere. This is not a coincidence:
the field of meromorphic functions on the Riemann sphere Pt is C(z) &~ C(X), and so there

is a map Aut(P{) — Aut(C(z)/C), which one can show is an isomorphism.
(¢) The group Aut(C(X7y, X5)/C) is quite complicated—there is a map

PGL3(C) = Aut(P2) — Aut(C(X1, X»)/C),

but this is very far from being surjective. When there are more X's, the group is unknown.
(The group Aut(C(Xy,...,X,)/C) is the group of birational automorphisms of Pg. It is
called the Cremona group. Its study is part of algebraic geometry.)

In this section, we shall be concerned with the groups Aut(E/F) when FE is a finite
extension of F.

PROPOSITION 3.8. If E is a splitting field of a monic separable polynomial f € F[X],
then Aut(E/F) has order [E : F).

PROOF. Let f = [ f™, with the f; monic irreducible and distinct. The splitting field
of f is the same as the splitting field of [] f;. Hence we may assume f is a product of
distinct monic separable irreducible polynomials, and hence has deg f distinct roots in F.
Now Proposition 2.7b shows that there are [E : F] distinct F-homomorphisms F — E; they
are automatically isomorphisms. O

ExAMPLE 3.9. (a) Let £ = Fla], f(a) = 0; if f has no other root in E than «, then
Aut(E/F) = 1. For example, if ¥/2 denotes the real cube root of 2, then Aut(Q[v/2]/Q) = 1.
Thus, in the proposition, it is essential that E be a splitting field.

(b) Let F' be a field of characteristic p # 0, and let a be an element of F' that is not a

pth power. The splitting field of f = X? — a is F'[a] where « is the unique root of f. Then
Aut(E/F) = 1. Thus, in the proposition, it is essential that E be the splitting field of a
separable polynomial.

When G is a group of automorphisms of a field E, we write
E¢ =Tnv(G) ={a € E|oa=aq,al o € G}.

It is a subfield of F, called the subfield of G-invariants of E or the subfield of F fized by G.
We have maps
G — Inv(G) F— Aut(E/F).
Goal: Show that when F is the splitting field of a separable polynomial in F[X] and G =
Aut(E/F), then
H v~ Inv(H), M +— Aut(E/M)

give a one-to-one correspondence between the set of intermediate fields M, ' C M C FE,
and the set of subgroups H of G.
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LEMMA 3.10 (E. Artin). Let G be a finite group of automorphisms of a field E, and let
F=EC® then [E:F]<(G:1).

ProOOF. Let G ={01=1,... 0}, and let aq,... ,a;, be n > m elements of E. We shall
show that the «a; are linearly dependent over F'. In the system
or(a)rr 4+ o(an)z, = 0
om(cr)xy + -+ op(an)r, = 0

there are m equations and n > m unknowns, and hence there are nontrivial solutions (in E).
Choose a nontrivial solution (c1, ... ,¢,) with the fewest nonzero elements. After renum-
bering the a;’s, we may suppose that ¢; # 0, and then (after multiplying by a scalar) that
c1 = 1. With these normalizations, we’ll see that all ¢; € F'. Hence the first equation (recall
g1 = 1)
aic; + - Fanc, =0
shows that the «a; are linearly dependent over F'.
If not all ¢; are in F', then oy(c;) # ¢; for some i, k. On apply o, to the equations

or(ar)er + -+ or(am)e, = 0

om(ar)er + -+ om(an)e, = 0

and using that {ojo1,...,040,} is a permutation of {oi,...,0,}, we find that
(1,...,0k(c;),...) is also a solution to the system of equations. On subtracting it from
the first, we obtain a solution (0,...,¢; — ok(¢;),...), which is nonzero (look at the ith
coordinate), but has more zeros than the first solution (look at the first coordinate)—
contradiction. d

3.3. Separable, normal, and Galois extensions. An algebraic extension E/F is said
to be separable if the minimum polynomial of every element of E is separable, i.e., doesn’t
have multiple roots (in a splitting field); equivalently, if every irreducible polynomial in F'[X]
having a root in E is separable. Thus E/F is inseparable if and only if

(a) F'is nonperfect, and in particular has characteristic p # 0, and
(b) there is an element v of E' whose minimal polynomial is of the form g(X?), g € F[X].

For example, £ = F,(7") is an inseparable extension of F,(77).

An algebraic extension E/F' is normal if the minimum polynomial of every element of E
splits in E; equivalently, if every irreducible polynomial f € F[X] having a root in E splits
in F.

Thus if f € F[X] is irreducible of degree m and has a root in £, then

E/F separable =  roots of f distinct

= f has m distinct roots in F.
E/F normal - f splits in

Therefore, E/F is normal and separable if and only if, for each a € FE, the minimum
polynomial of « has [F'[a] : F] distinct roots in E.
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EXAMPLE 3.11. (a) The field Q[v/2], where /2 is the real cube root of 2, is separable
but not normal over Q@ (X? — 2 doesn’t split in Q[a]).

(b) The field F,(T") is normal but not separable over F,(77)—it is the splitting field of the
inseparable polynomial X? — T7.

THEOREM 3.12. Let E be an extension field of F. The following statements are equiva-
lent:

(a) E is the splitting field of a separable polynomial f € F[X];
(b) F = EC for some finite group of automorphisms of E;
(c) E is normal and separable, and of finite degree, over F.

Moreover, if E is as in (a), then F = EMNYE/E) . if G and F are as in (b) then G =
Awt(E/F).

PROOF. (a) = (b). Let G = Aut(E/F), and let I’ = E¢ D F. Then E is also the
splitting field of f € F'[X], and f is still separable when regarded as a polynomial over F”.
Hence Proposition 3.8 shows that

[E: F') = # Auwt(E/F)

[E: F]=#Aut(E/F).
Since Aut(E/F") = Aut(E/F) = G, we conclude that F' = F' and so F' = EAWE/F),
(b) = (c). By Artin’s lemma, we know that [E : F] < (G : 1); in particular, it is finite.
Let o € F and let f be the minimum polynomial of «; we have to prove that f splits into
distinct factors in E. Let {1 = a, ..., a; } be the orbit of @ under G, and let

9(X) = H(X —) = X"+ X" o ag,.

Any o € G merely permutes the «;. Since the a; are symmetric polynomials in the «;, we
find that oa; = a; for all ¢, and so g(X) € F[X]. It is monic, and g(«) = 0, and so f(X)|g(X)
(see p7). But also g(X)|f(X), because each «; is a root of f(X) (if a; = o, then applying
o to the equation f(a) =0 gives f(c;) = 0). We conclude that f(X) = ¢g(X), and so f(X)
splits into distinct factors in F.

(¢) = (a). Because E has finite degree over F, it is generated over F' by a finite number
of elements, say, £ = Flo,...,an|, a; € E, «; algebraic over F. Let f; be the minimum
polynomial of «; over F'. Because E is normal over F', each f; splits in F, and so F is the
splitting field of f =[] fi. Because E is separable over F, f is separable.

Finally, we have to show that if G is a finite group acting on a field E, then G =
Aut(E/E%). We know that:

e [E:EY < (G:1) (Artin),

e G C Aut(E/E®), and,

e FE is the splitting field of a separable polynomial in E“[X] (because b = a), and so
(by 3.8) the order of Aut(E/EY) is [E: E¢].

Now the inequalities
[E:E° < (G:1) < (Aut(E/E®) : 1) = [F : EY
must be equalities, and so G = Aut(E/E®). O
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An extension of fields £ D F satisfying the equivalent conditions of the proposition is
called a Galois extension, and Aut(E/F) is called the Galois group Gal(E/F') of E over F.
Note that we have shown that F = FG(E/F)

REMARK 3.13. Let E be Galois over F' with Galois group G, and let o € E. The elements
a1 = @, Qg, ..., q,, of the orbit of a are called the conjugates of . In the course of the proof
of the the above theorem we showed that the minimum polynomial of « is [[(X — o).

COROLLARY 3.14. FEwvery finite separable extension E of F' is contained in a finite Galois
extension.

PROOF. Let E = Flay, ..., ap). Let f; = minimum polynomial of a; over F', and take E
to be the splitting field of ] f; over F. O

COROLLARY 3.15. Let E D M D F; if & is Galois over F, then it is Galois over M.

PrROOF. We know F is the splitting field of some f € F[X]; it is also the splitting field of
f regarded as an element of M[X]. O

REMARK 3.16. When we drop the assumption that £ is separable over F', we can still
say something. Let E be a finite extension of F'. An element a € FE is said to be separable
over F'if its minimum polynomial over F' is separable. The elements of E separable over
F form a subfield £’ of E that is separable over F'; write [E : Flep = [E' : F| (separable
degree of E over F'). If Q) is an algebraically closed field containing F', then there are exactly
[E : Flsep F-homomorphisms £ — Q. When £ D M D F (finite extensions),

[E: Flsep = [E 1 Msep|M = Fsep-
In particular,

FE is separable over F' <= FE is separable over M and M is separable over F.

3.4. The fundamental theorem of Galois theory.

THEOREM 3.17 (Fundamental theorem of Galois theory). Let E be a Galois extension of
F, and let G = Gal(E/F). The maps H — Ef and M — Gal(E/M) are inverse bijections
between the set of subgroups of G and the set of intermediate fields between E and F':

{subgroups of G} < {intermediate fields F* C M C E}.
Moreover:

(a) The correspondence is inclusion-reversing, i.e., Hy D Hy <= FEfT C EHz2.

(b) Indezes equal degrees, i.e., (Hy : Hy) = [EH2 . BH1].
(¢) The group cHo™' < oM, i.e., E°U7 " = g(ET); Gal(E /o M) = o Gal(E/M)o~".
(d) The group H is normal in G <= E" is normal (hence Galois) over F, in which case

Gal(E" /F) = G/H.

PROOF. Let H be a subgroup of G. We first have to show that Gal(E/E®) = H. But we
have already observed that E is Galois over £, and Theorem 3.12 shows that Gal(E/E*") =
H.

Next let M be an intermediate field, and let H = Gal(E/M). We have to show that
EH = M, but this is again proved in Theorem 3.12.

Thus we have proved that Inv(-) and Gal(E/-) are inverse bijections.
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(a) We have the obvious implications:
Hy D> Hy, = E™ c E"™ = Gal(E/E™) D Gal(E/E™).
But Gal(E/E™) = H,.

(b) In the case Hy = 1, the first equality follows from (3.8) and (3.12). The general case
follows, using that

(Hy:1) = (Hy : Hy)(Hy: 1) and [E:E"] =[F: E®R][E" . g,

(c)fH={reG|ta=aq, ala € M}, ie., H= Gal(E/M), then cHo ' = {1 € G |
Toa=ocaq, alla« € M}, ie., cHo™' = Gal(E/oM).

(d) Assume H to be normal in G, and let M = E*. Because cHo™! = H for all o € G,
we must have oM = M for all o € G, i.e., the action of G on E stabilizes M. We therefore
have a homomorphism

o—o|lM:G— Aut(M/F)
with kernel H. Let G’ be the image. Then F = M, and so M is Galois over F with Galois
group G’ (by Theorem 3.12).

Conversely, assume that M is normal over F', and write M = Flay, ..., ay,). For o € G,
oa; is a root of the minimum polynomial of «; over F', and so lies in M. Hence oM = M,
and this implies that cHo™' = H (by (c)). O

REMARK 3.18. The theorem shows that there is an order reversing bijection between
the intermediate fields of E/F and the subgroups of G. Using this we can read off more
results. For example let My, Ms, ..., M, be intermediate fields, and let H; be the subgroup
corresponding to M, (i.e., H; = Gal(E/M;)). Then (by definition) M;Ms--- M, is the
smallest field containing all M;; hence it must correspond to the largest subgroup contained
in all H;, which is (| H;. Therefore

Gal(E/My---M,)=H,N..NH,.
We mention two further results (they are not difficult to prove):

1. Let E/F be Galois, and let L be any field containing F'. Assume L and E are contained
in some large field €2. Then EL is Galois over L, E is Galois over £E'N L, and the map
o o|E:Gal(EL/L) — Gal(E/E N L) is an isomorphism.

2. Let Ey/F and E,/F be Galois, with £ and Es subfields of some field 2. Then F; Es
is Galois over F', and

o (0|Ey,0|Ey) : Gal(E1Ey/F) — Gal(Ey /F) x Gal(Ey/F)
is injective with image {(o1, 02) | 01|E1 N Ey = 03| E1 N Es}.

EXAMPLE 3.19. We analyse the extension Q[(]/Q, where ( is the primitive 7 root of
1, say ¢ = e*™/7. Then Q[(] is the splitting field of the irreducible polynomial

X+ X+ X'+ X+ X2+ X +1
(see 1.31), and so is Galois of degree 6 over Q. For any o € G, o¢ = (%, some i, 1 < i < 6,
and the map o — ¢ defines an isomorphism Gal(Q[¢]/Q) — (Z/7Z)*. Let o be the element
of Gal(Q[¢]/Q) such that ¢ = ¢3. Then o generates Gal(Q[¢]/Q) because the class of 3 in

(ZJTZ)* generates it (the powers of 3 mod 7 are 3, 2, 6, 4, 5, 1). We investigate the subfields
of Q[¢] corresponding to the subgroups < ¢ > and < o2 >.
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Note that 03¢ = (® = { (complex conjugate of ¢). The subfield of Q[¢] corresponding to
< 0% >is Q¢+ (], and ¢ + ¢ = 2cos Z. Since < ¢® > is a normal subgroup of < o >,
Q[¢ + (] is Galois over Q, with Galois group < ¢ > / < ¢ > . The conjugates of a; = ¢ + ¢
are az = (3 4+ (73, as = (2 4 (2. Direct calculation shows that

6
doai=) ¢(=-1,
i=1

arnas = (CH¢)(CHC)(CHCT) = ((HCHCHE)N (T = (CHCHIHCHC+I+C+¢?) = 1.
10 + oy + gy = —2.

Hence the minimum polynomial of ¢ + C is
g(X) = X3+ X? —2X — 1.

The minimum polynomial of cos 2 = &t is therefore

7
2X
% — X34 X2~ X/2 —1/8.
The subfield of Q[(] corresponding to < o2 > is generated by 3 = ¢ +(?+¢*. Let 8/ = of3.

Then (3 — 3')? = —7. Hence the field fixed by < 0% > is Q[v/=7].

ExAMPLE 3.20. We compute the Galois group of the splitting field F of X° —2 € Q[X].

Recall (from the Homework) that £ = Q[(, o] where ( is a primitive 5t0 1ot of 1, and a is
a root of X — 2. For example, we could take E to be the splitting field of X° —2 in C, with

¢ = e2™/5 and a equal to the real 5t root of 2. We have the picture:

Q[¢, o
N / N\ H
Q] Qo]
G/N N\ /
Q
The degrees
Q¢ Q) =4, [Qla]:Q)=5.

Because 4 and 5 are relatively prime,

[Q[¢, o] : Q] = 20.
Hence G = Gal(Q[¢, @] /Q) has order 20, and the subgroups N and H corresponding to Q|[(]
and Q[a] have orders 5 and 4 respectively (because N = Gal(Q[(, a]/QI[(]...). Because
Q[¢] is normal over @ (it is the splitting field of X® — 1), N is normal in G. Because
Q[¢] - Qo] = Q[¢,a], we have H NN = 1 (see 3.18), and so G = N xy H. We have
H ~ G/N =~ (Z/5Z)*, which is cyclic, being generated by the class of 2. Let 7 be the
generator of H corresponding to 2 under this isomorphism, and let ¢ be a generator of N.
Thus o(a) is another root of X5 — 2, which we can take to be (a (after possibly replacing o

by a power). Hence:
{TC = ¢ {UC = ¢
TaO = « cax = (a.

Note that 7077} (a) = Toa = 7(Ca) = (2a and it fixes (; therefore 777! = ¢2. Thus G has
generators ¢ and 7 and defining relations

4 -1 2
o°=1, 7*=1, 71or'=0"
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The subgroup H has five conjugates, which correspond to the five fields Q[¢'a],
c'Ho "« 0'Qla] = Q[¢'a], 1 <i<h.
DEFINITION 3.21. An extension E D F'is called a cyclic, abelian, ..., solvable extension

if it is Galois with cyclic, abelian, ..., solvable Galois group.

3.5. Constructible numbers revisited.
Earlier, we showed that a number « is constructible if and only if it is contained in a field

Q[/a1] - - - [\/ar). In particular

a constructible = [Q[a] : Q] = 2° some s.

Now we can prove a partial converse to this last statement.

THEOREM 3.22. If a is contained in a Galois extension of Q of degre 2" then it is con-
structible.

PROOF. Suppose a € E where E is Galois over Q of degree 2", and let G = Gal(E£/Q).
From a theorem on the structure of p-groups, we know there will be a sequence of groups
{1}cGicGyC---CG, =G
with G;/G;—; of order 2. Correspondingly, there will be a sequence of fields,
QCcE.CE,C---CE.=F
with E; of degree 2 over E;_;.

But (see below), every quadratic extension is obtained by extracting a square root, and
we know that square roots can be constructed using only a ruler and compass. This proves
the theorem. O

LEMMA 3.23. Let E/F be a quadratic extension of fields of characteristic # 2. Then
E = F[Vd] for some d € F.

PROOF. Let o € E, a ¢ F, and let X? + bX + ¢ be the minimum polynomial of a. The

a = ===l and so B = F[VD2 — 4c]. O
COROLLARY 3.24. If p is a prime of the form 2 + 1, then cos 27” s constructible.

PROOF. The field Q[e?"/?] is Galois over Q with Galois group G ~ (Z/pZ)*, which has
order p — 1 = 2. O

Thus a regular p-gon, p prime, is constructible if and only if p is a Fermat prime, i.e., of the
form 22" + 1. For example, we have proved that the regular 65537-polygon is constructible,

without (happily) having to exhibit an explicit formula for cos 6525:;7.

3.6. Galois group of a polynomial.
If the polynomial f € F[X] is separable, then its splitting field E is Galois over F', and we
call Gal(E/F) the Galois group Gy of f.

Let f = [[_;(X — ;) in the splitting field E. We know elements of Gal(E/F') map
roots of f to roots of f, i.e., they map the set {ay,as,...,a,} into itself. Since they are
automorphisms, they define permutations of {a1,aq,...,a,}. As E = Flay,...,a,), an
element of Gal(E/F) is uniquely determined by its action on {oq, g, ... , o, }. Thus Gy can
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be identified with a subset of Sym({a1,as,...,a,}) = S,. From the definitions, one sees
that Gy consists of the permutations o of {a1, a9, ... ,a,} with the property

PeFXy,...,X,, Pla,...,an,)=0 = P(oaq,...,00,)=0.

This gives a description of Gy without mentioning fields or abstract groups (neither of which
were available to Galois).

Note that (Gy: 1) < deg(f)!.

3.7. Solvability of equations.
Let f be a polynomial. We say the equation f(X) = 0 is solvable (by extracting radicals)
if there is a tower
F=FClhCFkKC---CkF,
such that
(a) Iy = Fialai], of" € Fia;
(b) F), contains a splitting field for f.

THEOREM 3.25. (Galois, 1832) Let F be a field of characteristic zero. The equation f =0
1s solvable if and only if the Galois group of f is solvable.

We shall prove this later. Also we shall exhibit polynomials f(X) € Q[X] with Galois
group S, which therefore are not solvable when n > 5.

REMARK 3.26. If F' has characteristic p, then the theorem fails for two reasons:

(i) f may not be separable, and so not have a Galois group;
(ii) X? — X — a is not solvable by radicals.

If the definition of solvable is changed to allow extensions of the type in (ii) in the chain,
and f is required to be separable then the theorem becomes true in characteristic p.
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4. COMPUTING GALOIS GROUPS.

In this section, we investigate general methods for computing Galois groups.

4.1. When is Gy C A,?
Consider a polynomial
fX)=X"+a X" '+ +a,
and let f(X) = [[;_;(X — ;) in some splitting field. Set
A= I (w-a), D =4a= ] (—ay)
1<i<j<n 1<i<j<n

Note that D(f) # 0 if f has a only simple roots, i.e., if f is separable with no multiple
factors. Identify G with a subgroup of Sym({a1,...,a,}) (as in §3.6).

PROPOSITION 4.1. Assume f is separable, and let o € Gy.

(a) o A(f) = sign(o)A(f), where sign(o) is the signature of o.
(b) oD(f) = D(f).

PRrROOF. The first equation follows immediately from the definition of the signature of o
(see Groups, p31), and the second equation is obtained by squaring the first. O

COROLLARY 4.2. Let f(X) € F[X] be of degree n and have only simple roots. Let Fy be
a splitting field for f, so that Gy = Gal(Fy/F).
(a) The discriminant D(f) € F.
(b) The subfield of Fy corresponding to A, N Gy is F[A(f)]. Hence

Gy C A, <= A(f) € F <= D(f) is a square in F.

PROOF. (a) We know that D(f) is an element of F fixed by Gy =4 Gal(Fy/F'). Therefore
it lies in F' (by the Fundamental Theorem of Galois Theory).

(b) Because f has simple roots, A(f) # 0, and so the formula c A(f) = sign(o)A(f) shows
that o fixes A(f) <= o € A,. Therefore Gy N A, is the subgroup of Gy corresponding to
FIA(f)], and so Gy N A, =Gy < F[A(f)]=F. O

The discriminant of f can be expressed as a universal polynomial in the coefficients of
f—we shall prove this later. For example:

D(aX?+bX +¢c) = b*— 4dac
D(X? +bX +¢) = —4b° — 27
By completing the cube, one can put any cubic polynomial in this form.
The formulas for the discriminant rapidly become very complicated, for example, that for

X%+ aX*+bX3 +cX?+dX + e has about 60 terms. Fortunately, Maple knows them: the
syntax is “discrim(f,X);” where f is a polynomial in the variable X.

REMARK 4.3. Suppose F' C R. Then D(f) will not be a square if it is negative. It is
known that the sign of D(f) is (—1)° where 2s is the number of nonreal roots of f in C.
Thus if s is odd, then G is not contained in A,,. This can be proved more directly by noting
that complex conjugation will act on the roots as the product of s transpositions (cf. the
proof of Proposition 4.13). Of course the converse is not true: when s is even, G is not
necessarily contained in A,,.
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4.2. When is G transitive?

PROPOSITION 4.4. Let f(X) € F[X] have only simple roots. Then f(X) is irreducible if
and only if Gy permutes the roots of f transitively.

PrROOF. = : If a and [ are two roots of f(X) in a splitting field F; for f, then they

both have f(X) as their minimum polynomial, and so there is a natural F-isomorphism
Fla] — F[f], namely,

Flol = FIX]/(f(X)) = F[5],  aoX<f

Write Fy = Flaq, ag,...] with ag = a and ag, as, ... the other roots of f(X). Then the
F-isomorphism F[a] — F[f] extends (step by step) to a homomorphism F|aq, ag,...] — Fy
(see 2.7), which must be an isomorphism.

<= Let g(X) € F[X] be an irreducible factor of f, and let & be one of its roots. If 3 is
a second root of f, then (by assumption) 3 = o« for some o € Gy. Now the equation

g(X)er(X]

0=og(a) =" gloa)

shows that [ is also a root of g, and we see that we must have f(X) = g(X). O

Note that when f(X) is irreducible of degree n, then n|(Gy : 1) because [Fa] : F] =n
and [Fa] : F]|[Ff: F] = (Gy : 1). Thus Gy is a transitive subgroup of S,, whose order is
divisible by n.

4.3. Polynomials of degree < 3.

EXAMPLE 4.5. Let f(X) € F[X] be a polynomial of degree 2. Then f is inseparable
<= [ has characteristic 2 and f(X) = X? —q for some a € F'\ F?. If f is separable, then
Gy = 1(= Ay) or Sy according as D(f) is a square in F' or not.

EXAMPLE 4.6. Let f(X) € F[X] be a polynomial of degree 3. We can assume f to be
irreducible, for otherwise we are essentially back in the previous case. Then f is inseparable
<= F has characteristic 3 and f(X) = X3 —a some a € F'\ F?3. If f is separable, then G;
is a transitive subgroup of S5 whose order is divisible by 3. There are only two possibilities:
Gy = A3(=< (123) >) or S5 according as D(f) is a square in F' or not.

For example, X3 —3X +1 € Q[X] is irreducible (apply 1.4), its discriminant is —4(—3)3 —
27 = 81 = 92, and so its Galois group is As.

On the other hand, X3+ 3X +1 € Q[X] is also irreducible (apply 1.4), but its discriminant
is —135 which is not a square in QQ, and so its Galois group is Ss.

4.4. Quartic polynomials.

Let f(X) be a quartic polynomial, and assume that the roots of f are simple. In order to
determine Gy we shall exploit the fact that S, has

V= {1,(12)(34), (13)(24), (14)(23) }

as a normal subgroup—it is normal because it contains all elements of type 2+2—see Groups
p34. Let E be the splitting field of f, and let f(X) = [[(X — «;) in E. We identify the
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Galois group Gy of f with a subgroup of the symmetric group Sy = Sym({a1, az, ag, aq}).
Consider the partially symmetric elements

a = Q12 + 30y
B = ajaz+ asoy
¥ = 10+ apos.

They are distinct elements of E' because the «; are distinct, e.g.,
a—fF=a(a—a3) +as(as —az) = (1 — ag)(ag — az).

The group Sym({au, e, a3, as}) permutes {a, 3,7} transitively. The stabilizer of each of
a, 3,7 must therefore be a subgroup of index 3 in Sy, and hence has order 8. For example,
the stabilizer of 3 is < (1234), (13) >. Groups of order 8 in S, are Sylow 2-subgroups. There
are three of them, all isomorphic to D4. By the Sylow theorems, V' is contained in a Sylow 2-
subgroup, and, because they are conjugate and it is normal, it must be contained in all three.
It follows that V' is the intersection of the three Sylow 2-subgroups. Each Sylow 2-subgroup
stabilizes exactly one of «, 3, or v, and therefore their intersection V' is the subgroup of Sy
fixing «, 3, and 7.

LEMMA 4.7. The field M = Fla, 3,7] corresponds to Gy N V. Hence M is Galois over
F, with Galois group G/GNV.

PROOF. The first statement follows from the above discussion, and the second follows

from the Fundamental Theorem of Galois Theory. O
Picture:
E 1
GNnv ] ]
M GNV
G/GNnV | ]
F G

Let g(X) = (X — a)(X — B)(X — ) € M[X]—it is called the resolvant cubic of f. Any
permutation of the «; (a fortiori, any element of Gy) merely permutes «, 3,7, and so fixes
g(X). Therefore (by the Fundamental Theorem) g(X) has coeflicients in F'. More explicitly,
we have:

LEMMA 4.8. If f = X'+ bX3+cX?+dX +e, then g = X3 —cX?+(bd—4e) X —b’e+4ce—d>.
The discriminants of f and g are equal.

PRrROOF. Compute everything in terms of the o;’s. (Cf. Hungerford, V.4.10.) O

Now let f be an irreducible separable quartic. Then G = Gy is a transitive subgroup of
S4 whose order is divisible by 4. There are the following possibilities:

G|(GNV: 1) (G:VNG)
Sy 4 6
Ay 4 3
V 4 1
Dy 4 2
Cy 2 2
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(GNV:1)=[E:M], (G:VNG)=[M:F].

Note that G can’t, for example, be the group generated by (12) and (34) because this is
not transitive. The groups of type D, are the Sylow 2-subgroups discussed above, and the
groups of type C, are those generated by cycles of length 4.

We can compute (G : V N G) from the resolvant cubic g, because G/V NG = Gal(M/F),
and M is the splitting field of g. Once we know (G : V N G), we can deduce G except in the
case that it is 2. If [M : F'] = 2, then GNV =V or Cy. Only the first group acts transitively
on the roots of f, and so (from 4.4) we see that (in this case) G = D, or Cy according as f
is irreducible or not in M[X].

EXAMPLE 4.9. Consider f(X) = X* +4X? 4+ 2 € Q[X]. It is irreducible by Eisenstein’s
criterion, and its resolvant cubic is (X —4)(X? — 8); thus M = Q[v/2]. Note that f, when
regarded as a polynomial in X2, factors over M; hence G; = C.

EXAMPLE 4.10. Consider f(X) = X*—10X? +4 € Q[X]. One can check directly (using
1.6) that it is irreducible, and its resolvant cubic is (X +10)(X +4)(X —4). Hence Gy = V.

EXAMPLE 4.11. Consider f(X) = X* —2 € Q[X]. It is irreducible by Eisenstein’s
criterion, and its resolvant cubic is g(X) = X* + 8X. Hence M = Q[iv/2]. One can check
that f is irreducible over M, and so its Galois group is Dj.

Alternatively, analyze the equation as in (3.20).

Maple knows how to factor polynomials over Q and over Q[a] where « is a root of an
irreducible polynomial. To learn the syntax, type: ?Factor.

4.5. Examples of polynomials with S, as Galois group over Q.
The next lemma gives a criterion for a subgroup of S, to be the whole of S,,.

LEMMA 4.12. Let p be a prime number. Then S, is generated by any transposition and
any p-cycle.

PROOF. After renumbering, we may assume that the transposition is 7 = (12). Let the
p-cycle be o = (i1 ---1ip); we may choose to write ¢ so that 1 occurs in the first position,
o = (lig---1,). Now some power of ¢ will map 1 to 2 and will still be a p-cycle (here is where
we use that p is prime). After replacing o with the power, we may suppose 0 = (1273 ... 7,),
and after renumbering again, we may suppose o = (123...p). Then we’ll have (23), (34),
(45),... in the group generated by ¢ and 7, and these elements generated S,,. 0

PROPOSITION 4.13. Let f be an irreducible polynomial of prime degree p in Q[X]. If f
splits in C and has exactly two nonreal roots, then Gy = S,.

PrOOF. Let E C C be the splitting field of f, and let « € E be a root of f. Because f is
irreducible, [Q[a] : Q] = deg f = p, and so p|[E : Q] = (G : 1). Therefore Gy contains an
element of order p (Cauchy’s theorem), but the only elements of order p in S, are p-cycles
(here we use that p is prime again).

Let o be complex conjugation on C. Then o transposes the two nonreal roots of f(X)
and fixes the rest. Therefore Gy C S, contains a transposition and a p-cycle, and so is the
whole of .S,,. O
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It remains to construct polynomials satisfying the conditions of the Proposition.

EXAMPLE 4.14. Let p> 5 be a prime number. Choose a positive even integer m and even
integers
np<mng < -or < nyoo.
Let f(X) = g(X) — 2, where
g(X) = (X?+m)(X —ny)..(X —n,_a).

When we write f(X) = XP+a; XP"'+- - -+a,, then all a; are even, and a, = —(m [ n;)—2
is not divisible by 4. Hence Eisenstein’s criterion implies that f(X) is irreducible.

The polynomial g(X) certainly has exactly two nonreal roots. Its graph crosses the z-axis
exactly p — 2 times, and its maxima and minima all have absolute value > 2 (because its
values at odd integers have absolute value > 2). Hence the graph of f(X) = g(X) — 2 also
crosses the z-axis exactly p — 2 times.

4.6. Finite fields.

Let F, = Z/pZ, the field of p elements. As we noted in §1.2, any other field £ of characteristic
p contains a copy of I, namely, {mlg | m € Z}. No harm results if we identify F, with this
subfield of F.

Let E be a field of degree n over F,. Then E has ¢ = p" elements, and so £ is a group
of order ¢ — 1. Hence the nonzero elements of E are roots X% ' — 1, and all elements of F
(including 0) are roots of X7 — X. Hence F is a splitting field for X9 — X, and so any two
fields with ¢ elements are isomorphic.

Now let E be the splitting field of f(X) = X?— X, ¢ = p”. The derivative f'(X) = —1,
which is relatively prime to f(X) (in fact, to every polynomial), and so f(X) has ¢ distinct
roots in E. Let S be the set of its roots. Then S is obviously closed under multiplication
and the formation of inverses, but it is also closed under subtraction: if a? —a = 0 and
b? — b =0, then

(a—0b)1=a?’=bl=a—0.
Hence S is a field, and so S = E. In particular, F has p" elements.

PROPOSITION 4.15. For each power q = p" there is a field F, with q elements. It is the
splitting field of X9 — X, and hence any two such fields are isomorphic. Moreover, F, is
Galois over I, with cyclic Galois group generated by the Frobenius automorphism o(a) = aP.

PROOF. Only the final statement remains to be proved. The field F, is Galois over F,
because it is the splitting field of a separable polynomial. We noted in (1.3) that 0 = (z — P)
is an automorphism of ;. It has order n, and a € I, is fixed by o if and only if a”? = a. But
IF, consists exactly of such elements, and so the fixed field of < ¢ > is F,. This proves that
< o >= Gal(F,/F,). O

COROLLARY 4.16. Let E be a field with p" elements. Then E contains exactly one field
with p™ elements for each m|n, m > 0, and E is Galois over that field.

PRrROOF. We know that £ is Galois over F,, and that Gal(£/F,) is the cyclic group of order
n generated by o. The subgroups of < ¢ > are the groups < ¢” > with m|n. The fixed
field of < 0™ > is Fpym. 0

COROLLARY 4.17. FEvery extension of finite fields is simple.
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Proor. Consider £ D F. Then E* is a finite subgroup of the multiplicative group of a
field, and hence is cyclic (see Exercise 3). If ( generates E* as a multiplicative group, then
clearly E = F,[(]. O

COROLLARY 4.18. Each monic irreducible polynomial of degree d|n in F,[X] occurs ex-
actly once as a factor of X?" — X.

PROOF. First, the factors of X?" — X are distinct because it has no common factor with its
derivative. If f(X) is irreducible of degree d, then f(X) has a root in a field of degree d over
FF,. But the splitting field of X?" — X contains a copy of every field of degree d over FF,, with
d|n. Hence some root of X?" — X is also a root of f(X), and therefore f(X)|X?" — X. O

Maple factors polynomials modulo p very quickly. The syntax is “Factor (£ (X)) mod p;”.
Thus, for example, to obtain a list of all monic polynomials of degree 1,2, or 4 over Fj5, ask
Maple to factor X%%° — X

Let IF be an algebraic closure of IF,,. Then [F contains one field Fy» for each integer n > 1—
it consists of all roots of XP" — X—and Fym C Fpn <= m|n. The partially ordered set of
finite subfields of I is isomorphic to the set of integers n > 1 partially ordered by divisibility.

Finite fields were sometimes called Galois fields, and F, used to be denoted GF'(q) (it still
is in Maple). Maple contains a “Galois field package” to do computations in finite fields. For
example, it can find a primitive element for F, (i.e., a generator for F). To start it, type:
readlib(GF) ;.

4.7. Computing Galois groups over Q.

We sketch a practical method for computing Galois groups over Q and similar fields. Our
first result generalizes Proposition 4.4.

PROPOSITION 4.19. Let f(X) be a monic separable polynomial in F[X] of degree m with
distinct roots, and suppose that Gy C Sy, has r orbits with mq, ... ,m, elements respectively
(so that m = my +---+m,); then f factors as f = f1--- f. with f; irreducible of degree m,.

PROOF. Let oy, ... ,a, be the distinct roots of f(X). For S C {1,2,...,m}, consider
fs = [Lies(X — ;). This polynomial divides f(X) in F¢[X], and it is fixed under the action
of Gy (and hence has coefficients in F') if and only if S is stable under Gy. Therefore the
irreducible factors are the polynomials fs corresponding to minimal subsets S of {1,... ,m}
stable under G, but such sets S are precisely the orbits of G in {1,... ,m}. O

Now suppose F' is finite, with p™ elements say, and let E be the splitting field of f. The
Galois group of E over F is generated by the Frobenius automorphism o : x + 2?". When
we regard o as a permutation of the roots of f, then its factors in the cycle decomposition
of ¢ correspond to the distinct orbits of o. Hence, if the degrees of the distinct irreducible
factors of f are my, mo,... ,m,, then o has a cycle decompostion of type

my+ -+ m. =m.

LEMMA 4.20. Let R be a unique factorization domain with field of fractions F', and let f
be a monic polynomial in R[X|. Let P be a prime ideal in R, and let f be the image of f
in (R/P)[X]. Assume neither f nor f has a multiple root. Then the roots a, ...,y of f
lie in R, and their reductions &; modulo P are the roots of f. Moreover G7 C Gy when both
are identified with subgroups of Sym{ay, ..., an} = Sym{as,... ,am}.
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PROOF. Omitted—see van der Waerden, Modern Algebra, I, §61 (second edition) or Math
676 (Algebraic Number Theory). O]

On combining these results, we obtain the following theorem.

THEOREM 4.21 (Dedekind). Let f(X) € Z[X]| be a monic polynomial of degree m, and
let p be a prime such that f mod p has simple roots (equivalently, D(f) is not divisible by
p). Suppose that f =[] f; with f; irreducible of degree m; in F,[X]. Then Gy contains an
element whose cycle decomposition corresponds to the partition:

m=mq+- -+ m,.

EXAMPLE 4.22. Consider X°—X —1. Modulo 2, this factors as (X?+X+1)(X3+X?+1),
and modulo 3 it is irreducible. Hence G contains (12345) and (ik)(Imn), and hence also
((ik)(Imn))® = (ik). Therefore Gy = S;.

LEMMA 4.23. A transitive subgroup of H C S, containing a transposition and an (n—1)-
cycle is equal to S,,.

PRrOOF. Let (123...n — 1) be the (n — 1)-cycle. By virtue of the transitivity, the trans-
position can be transformed into (in), some 1 < i < n — 1. Now the (n — 1)-cycle and
its powers will transform this into (1n),(2n),...,(n — 1n), and these elements obviously
generate S,. O

EXAMPLE 4.24. Select monic polynomials of degree n, f1, f2, f3 with coefficients in Z such
that:

(a) fi is irreducible modulo 2;
(b) fo2 = (degree 1)(irreducible of degree n — 1) mod 3;
(¢) f5 = (irreducible of degree 2)(product of 1 or 2 irreducible polys of odd degree) mod 5.

We choose them to have distinct roots. Take
f=—-15f1 +10fs + 6 f3.
Then

(i) Gy is transitive (it contains an n-cycle because f = f; mod 2);
(ii) Gy contains a cycle of length n — 1 (because f = fo mod 3);
(iii) Gy contains a transposition (because f = f3 mod 5, and so it contains the product of a
transposition with a commuting element of odd order; on raising this to an appropriate
odd power, we are left with the transposition). Hence Gy is S,.

This gives the following strategy for computing Galois groups over Q. Factor f modulo
a sequence of primes p not dividing D(f) to determine the cycle types of the elements in
G¢—a difficult theorem in number theory, the effective Chebotarev density theorem, says
that if a cycle type occurs in G, then this will be seen by looking modulo a set of prime
numbers of positive density, and will occur for a prime less than some bound. Now look up
a table of transitive subgroups of S, with order divisible by n and their cycle type. If this
doesn’t suffice to determine the group, then look at its action on the set of subsets of r roots
for some r.

See, Butler and McKay, The transitive groups of degree up to eleven, Comm. Algebra 11
(1983), 863-911. This lists all transitive subgroups of S,,, n < 11, and gives the cycle types
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of their elements and the orbit lengths of the subgroup acting on the r-sets of roots; with
few exceptions, these invariants are sufficient to determine the subgroup up to isomorphism.

Maple can compute Galois groups for polynomials of degree < 7 over Q. To learn the
syntax, type 7galois;. Magma (the replacement for Cayley) probably knows much more,
but my efforts to obtain a manual for it have been unsuccessful.

See also, Soicher and McKay, Computing Galois groups over the rationals, J. Number
Theory, 20 (1985) 273-281.
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5. APPLICATIONS OF GALOIS THEORY

In this section, we apply the Fundamental Theorem of Galois Theory to obtain other
results about polynomials and extensions of fields.

5.1. Primitive element theorem.

Recall that a finite extension of fields E/F is simple if E = F[a] for some element « of E.
Such an « is called a primitive element of E. We shall show that (at least) all separable
extensions have primitive elements.

Consider for example Q[v/2, v/3]/Q. We know (see Exercise 13) that its Galois group over
Q is a 4-group < o, 7 >, where

VI = VI [rVE o= 3
{m:ﬁ ’ {Tﬁ:—ﬁ.

T(V2+V3) = V2-V3,
(o7)(V2+V3) = —vV2- V3.
These all differ from v/2 + /3, and so only the identity element of Gal(Q[v/2,/3]/Q) fixes
the elements of Q[v2 + v/3]. According to the Fundamental Theorem, this implies that
V2++3isa primitive element:

Q[V2,v3] = QvV2+ V3]

It is clear that this argument should work much more generally.

Note that

We say that an element a algebraic over a field F' is separable over F' if its minimum
polynomial over F' has no multiple roots. Thus a finite extension F of F' is separable if and
only if all its elements are separable over F.

THEOREM 5.1. Let E = Floy, ..., ] be a finite extension of F', and assume that oo, ..., o,

are separable over F' (but not necessarily o). Then there is an element v € E such that
E=F[].

PROOF. For finite fields, we proved this in (4.16). Hence we may assume F' to be infinite.
It suffices to prove the statement for r = 2. Thus let F = F[a, ] with [ separable over
Fla]. Let f and g be the minimum polynomials of & and ( over F'. Let a3 = «,... , a5 be
the roots of f in some field containing E, and let 81 = 3, (s, ..., B¢ be the roots of g. For
Jj # 1, B # B1, and so the the equation

a; + XBj = a1 + Xy, J#1,

has exactly one solution, namely, X = % If we choose a ¢ different from any of these
J

solutions (using that F is infinite), then
a; +cBj #a+cfunlessi =1=j.
I claim that v = a 4 ¢/ generates E over F.
The polynomials g(X) and f(y — ¢X) have coefficients in F'[][X], and have [ as a root:
9(8) =0, fly—cB) = fla) =0.

In fact, 3 is their only common root, because the roots of g are (31, ..., 3, and we chose ¢ so
that v — ¢f; # a; unless i = 1 = j. Therefore ged(g(X), f(7 — X)) computed in some field
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splitting fg is X — 3, but we have seen (Proposition 3.1) that the ged of two polynomials
has coefficients in the same field as the coefficients of the polynomials. Hence # € F[y], and
then a = v — ¢f also lies in F[y]. O

REMARK 5.2. Assume F' to be infinite. The proof shows that v can be chosen to be of
the form
Yy=a3+coas+ -+, ¢ €F
In fact, all but a finite number of elements of this form will serve. If £ = Flag,...,a,] is
Galois over F', then an element of this form will be a primitive element provided it is moved
by every element of Gal(E/F') except 1. These remarks make it very easy to write down
primitive elements.

Our hypotheses are minimal: if two of the a’s are not separable, then the extension need
not be simple. Before proving this, we need another result.

PROPOSITION 5.3. Let E = F[y] be a simple algebraic extension of F'. Then there are
only finitely many intermediate fields M,

FCMCE.

PROOF. Let M be such a field, and let g(X) be the minimum polynomial of v over M.
Let M’ be the subfield of E generated over F' by the coefficients of g(X). Clearly M’ C M,
but (equally clearly) g(X) is the minimum polynomial of v over M’. Hence

[E: M| =degg=I[E: M|,
and so M = M': M is generated by the coefficients of g(X).
Let f(X) be the minimum polynomial of v over F'. Then g(X) divides f(X) in M[X], and

hence also in E[X]. Therefore, there are only finitely many possible ¢’s, and consequently
only finitely many possible M’s. U

REMARK 5.4. (a) Note that the proposition in fact gives a description of all the interme-
diate fields: each is generated over F' by the coefficients of a factor g(X) of f(X) in E[X].
The coefficients of such a g(X) are partially symmetric polynomials in the roots of f(X)
(i.e., fixed by some, but not necessarily all, of the permutations of the roots).

(b) The proposition has a converse: if F is a finite extension of F" and there are only finitely
many intermediate fields M, F' C M C E, then F is a simple extension of F' (see Dummit,
p508). This gives another proof of the theorem when E is separable over F', because Galois
theory shows that there are only finitely many intermediate fields in this case (embed E in
a Galois extension of F).

(c¢) The simplest nonsimple extension is k(X,Y) D k(XP?,Y?) = F, where k is an alge-
braically closed field of characteristic p. For any ¢ € k, we have

E(X,Y)=F[X,Y]DF[X+cY]DF

with the degree of each extension equal to p. If F[X 4 ¢Y| = F[X + Y], ¢ # ¢, then
F[X + ¢Y] would contain both X and Y, which is impossible because [k(X,Y) : F] = p?.
Hence there are infinitely many distinct intermediate fields.?

3Zariski showed that there is even an intermediate field M that is not isomorphic to F(X,Y), and Piotr
Blass showed in his UM thesis, 1977, using the methods of algebraic geometry, that there is an infinite
sequence of intermediate fields, no two of which are isomorphic.
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5.2. Fundamental Theorem of Algebra.
We finally prove the misnamed?* fundamental theorem of algebra.

THEOREM 5.5. The field C of complex numbers is algebraically closed.

PROOF. Define C to be the splitting field of X? + 1 € R[X], and let 7 be a root of X2 + 1
in C; thus C = R[i]. We have to show (see 2.10) that every f(X) € R[X] has a root in C.

The two facts we need to assume about R are:

e Positive real numbers have square roots.
e Every polynomial of odd degree with real coefficients has a real root.

Both are immediate consequences of the Intermediate Value Theorem, which says that a
continuous function on a closed interval takes every value between its maximum and mini-
mum values (inclusive). (Intuitively, this says that, unlike the rationals, the real line has no
“holes”.)

We first show that every element of C has a square root. Write o = a + b, with a,b € R,
and choose ¢, d to be real numbers such that

2 (a+ Va*+1b?) d2:(

2

—a+va*+1?)

2 .

Then ¢ — d? = a and (2cd)? = b%. If we choose the signs of ¢ and d so that cd has the same
sign as b, then (c + di)? = a.

Let f(X) € R[X], and let F be a splitting field for f(X)(X? + 1)-—we have to show that
E = C. Since R has characteristic zero, the polynomial is separable, and so F is Galois over
R. Let G be its Galois group, and let H be a Sylow 2-subgroup of G.

Let M = E¥. Then M is of odd degree over R, and M = R[a] some o (Theorem 5.1).
The minimum polynomial of a over R has odd degree, and so has a root in R. It therefore
has degree 1, and so M =R and G = H.

We now have that Gal(E/C) is a 2-group. If it is # 1, then it has a subgroup N of index
2. The field EV has degree 2 over C, and can therefore be obtained by extracting the square
root of an element of C (see 3.23), but we have seen that all such elements already lie in C.
Hence EV = C, which is a contradiction. Thus £ = C. O

COROLLARY 5.6. (a) The field C is the algebraic closure of R.
(b) The set of all algebraic numbers is an algebraic closure of Q.

PROOF. Part (a) is obvious from the definition of “algebraic closure”, and (b) follows from
the discussion on p15. O

4Because it is not strictly a theorem in algebra: it is a statement about R whose construction is part of
analysis. In fact, I prefer the proof based on Liouville’s theorem in complex analysis to the more algebraic
proof given in the text: if f(z) is a polynomial without a root in C, then f(z)~! will be bounded and
holomorphic on the whole complex plane, and hence (by Liouville) constant. The Fundamental Theorem
was quite a difficult theorem to prove. Gauss gave a proof in his doctoral dissertation in 1798 in which he
used some geometric arguments which he didn’t justify. He gave the first rigorous proof in 1816. The elegant
argument given here is a simplification by Emil Artin of earlier proofs.
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5.3. Cyclotomic extensions.

A primitive n'™® root of 1 in F is an element of order n in F*. Such an element can exist

only if F' has characteristic 0 or characteristic p not dividing n.

PROPOSITION 5.7. Let F' be a field of characteristic O or characteristic p not dividing n.
Let E be the splitting field of X™ — 1.

(a) There exists a primitive n™ root of 1 in E.
(b) If ¢ is a primitive n™ root of 1 in E, then E = F[(].
(¢) The field E is Galois over F', and the map

Gal(E/F) — (Z/nZ)*
sending o to [i] if o¢ = (' is injective.

PROOF. (a) The roots of X™ — 1 are distinct, because its derivative nX"~! has only zero
as a root (we use here the condition on the characteristic), and so E contains n distinct n'®
roots of 1. The n'® roots of one form a finite subgroup of £, and so (see Exercise 3) they
form a cyclic group. Any generator will have order n, and hence will be a primitive n'" root
of 1.

(b) The roots of X™ — 1 are the powers of ¢, and F'[(] contains them all.

(c) If ¢ is one primitive n'® root of 1, then the remaining primitive n*® roots of 1 are the
elements ¢* with 4 relatively prime to n. Since o( is again a primitive n'® root of 1 for any
automorphism o of E, it equals ¢* for some ¢ relatively prime to n, and the map o — i
mod n is injective because ¢ generates E over F. It obviously is a homomorphism (and is
independent of the choice of (). O

The map o — i : Gal(F[(]/F) — (Z/nZ)* need not be surjective. For example, if F' = C,
then its image is {1}, and if F' = R, it is {£1} (n # 2)—because F[(] = C, Gal(C/R) is
generated by complex conjugation ¢, and «{ = { = ¢"~*. On the other hand, when n = p is
prime, we saw in (1.31) that [Q[(] : Q] = p — 1, and so the map is surjective. We shall prove
that the map is surjective for all n when F' = Q.

The polynomial X™ — 1 has some obvious factors in Q[X], namely, the polynomials X¢ — 1

for any d|n. The quotient of X™ — 1 by all these factors for d < n is called the n'" cyclotomic
polynomial ®,,. Thus

o, = H(X - () (product over the primitive n'™ roots of 1).

It has degree ¢(n), the order of (Z/nZ)*. Since every n'™ root of 1 is a primitive d™ root of
1 for exactly one d dividing n, we see that

X" =1 =[] a(x).
d|n

For example, ®1(X) =X — 1, (X)) = X + 1, &3(X) = X2+ X + 1, and

X6 -1
B (X) = = X2 - X +1.
6(>(X—mx+mﬂ+x+m
This gives an easy inductive method of computing the cyclotomic polynomials. Alterna-
tively ask Maple by typing: with(numtheory); cyclotomic(n,X);. Because X" — 1 has
coefficients in Z and is monic, any monic factor of it has coefficients in Z (see (1.6)). In
particular, the cyclotomic polynomials lie in Z[X].
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LEMMA 5.8. Let I be a field of characteristic O or p not dividing n, and let { be a primitive
n' root of 1 in some extension field. The following are equivalent:

(a) the n' cyclotomic polynomial ®,, is irreducible;
(b) the degree [F[(]: F] = ¢(n);
(c) the homomorphism

Gal(F[¢]/F) — (Z/nZ)*

18 an isomorphism.

PROOF. Because ( is a root of ®,,, the minimum polynomial of { divides ®,,. It is equal to
it if and only if [F'[(] : F] = ¢(n), which is true if and only if the injection Gal(F'[¢]/F) —
(Z/nZ)* is onto. O

THEOREM 5.9. The n™ cyclotomic polynomial ®,, is irreducible in Q[X].

PROOF. Let f(X) be a monic irreducible factor of ®,, in Q[X]. Its roots will be primitive
n'™® roots of 1, and we have to show they include all primitive n** roots of 1. For this it

suffices to show that
¢ aroot of f(X) = (" aroot of f(X) for all i such that ged(i,n) = 1.
Such an ¢ is a product of primes not dividing n, and so it suffices to show that

¢ aroot of f(X) = (¥ aroot of f(X) for all primes p 1t n.

Write
©,(X) = f(X)g(X).
Again (1.6) implies that f(X) and g(X) lie in Z[X]. Suppose ( is a root of f, but that for
some prime p not dividing n, ¢* is not a root of f. Then (P is a root ¢g(X), which implies
that ¢ is a root of g(X?). Since f(X) and g(X?) have a common root, their greatest common
divisor (in Q[X]) is # 1 (see 3.1). Write h(X) ~— h(X) for the map Z[X] — F,[X], and note
that

ged(f(X),g(X7)) # 1 = ged(f(X),g(X")) # 1.
But g(X?) = g(X)? (use the mod p binomial theorem and that a” = a for all a € F,), and
so ged(f(X),g(X)P) # 1, which implies that f(X) and g(X) have a common factor. Hence
X" —1 (regarded as an element of F,[X]) has multiple roots, but we saw in the proof of 5.7
that it doesn’t. Contradiction. O

REMARK 5.10. This proof is very old—in essence it goes back to Dedekind in 1857—but
its general scheme has recently become very popular: take a statement in characteristic zero,
reduce modulo p (where the statement may no longer be true), and exploit the existence
of the Frobenius automorphism a +— a” to obtain a proof of the original statement. For
example, commutative algebraists use this method to prove results about commutative rings,
and there are theorems about complex manifolds® that have only been proved by reducing
things to characteristic p.

There are some beautiful and mysterious relations between what happens in characteristic
0 and in characteristic p. For example, let f(X1,...,X,) € Z[ Xy, ..., X,,]. We can

(i) look at the solutions of f = 0 in C, and so get a topological space;
(ii) reduce mod p, and look at the solutions of f =0 in Fpn.

This is from my old notes—I no longer remember what I was thinking of.
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The Weil conjectures (Weil 1949; proved by Grothendieck and Deligne 1973) assert that the
Betti numbers of the space in (i) control the cardinalities of the sets in (ii).

THEOREM 5.11. The regular n-gon is constructible if and only if n = 2¥p, - - - ps where
the p; are distinct Fermat primes.

PROOF. The regular n-gon is constructible if and only if cos 27” (or ¢ = €2™/") is con-
structible. We know that Q[(] is Galois over Q, and so (according to 1.27 and 3.22) ( is

constructible if and only if [Q[(] : Q] is a power of 2. But (see Groups 3.10)

o) =]J@ -, n=]]pr",
pln

and this is a power of 2 if and only if n has the required form. O

REMARK 5.12. The final section of Gauss’s, Disquisitiones Arithmeticae (1801) is titled
“Equations defining sections of a Circle”. In it Gauss proves that the n'® roots of 1 form
a cyclic group, that X™ — 1 is solvable (this was before the theory of abelian groups had
been developed, and before Galois), and that the regular n-gon is constructible when n is as
in the Theorem. He also claimed to have proved the converse statement®. This leads some
people to credit him with the above proof of the irreducibility of ®,,, but in the absence of
further evidence, I'm sticking with Dedekind.

5.4. Independence of characters.

THEOREM 5.13 (Dedekind’s theorem on the independence of characters). Let F be a
field, and let G be a group (monoid will do). Then any finite set {x1,...,Xm} of homo-
morphisms G — F* is linearly independent over F, i.e.,

Zaixi:(] (as a function G — F) = a1 =0,... ,a, = 0.

PROOF. Induction on m. If m = 1, it’s obvious. Assume it for m — 1. We suppose
a1x1(x) + asx2(x) + -+ + amxm(x) =0 for all z € G,

and show that this implies the a; to be zero. Since x1 # x2, x1(9) # x2(g) for some g € G.
On replacing x with gz in the equation, we obtain the equation

a1x1(9)x1(x) + azx1(g)x2(z) + -+ + amx1(g9)xm(x) =0, all z € G.
On multiplying the first equation by x1(g) and subtracting it from the second, we obtain
the equation
ayxz + - Fapxm =0, af=ai(xi(g9) — x1(9)).
The induction hypothesis now shows that a; = 0 for all ¢ > 2. Since x2(g) — x1(¢g) # 0, we
must have as = 0, and the induction hypothesis shows that all the remaining a;’s are also
Z€eTO0. ]

6“Whenever n — 1 involves prime factors other than 2, we are always led to equations of higher de-
gree.... WE CAN SHOW WITH ALL RIGOR THAT THESE HIGHER-DEGREE EQUATIONS CANNOT
BE AVOIDED IN ANY WAY NOR CAN THEY BE REDUCED TO LOWER-DEGREE EQUATIONS. The
limits of the present work exclude this demonstration here, but we issue this warning lest anyone attempt
to achieve geometric constructions for sections other than the ones suggested by our theory...and so spend
his time uselessly.”
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COROLLARY 5.14. Let Fy and Fy be fields, and let o4, ..., 0., be distinct homomorphisms
Fy — F5. Then o4, ..., 0, are linearly independent over Fs.

PROOF. Apply the theorem to x; = o;|F}*. O

5.5. Hilbert’s Theorem 90.
Let G be a finite group. A G-module is an abelian group M together with an action of G,
i.e., amap G x M — M such that

(a) a(m+m') =om+om for all o € G, m,m' € M;
(b) (o1)(m)=o(rm) for all o,7 € G, m € M,
(¢) Im =m for all m € M.

Thus, to give an action of G on M is the same as to give a homomorphism G — Aut(M)
(automorphisms of M as an abelian group).

EXAMPLE 5.15. Let E be a Galois extension of F', with Galois group G; then (E,+) and
E* are G-modules.

Let M be a G-module. A crossed homomorphism is a map f : G — M such that
flor) = f(o) +af(r).
Note that the condition implies that f(1) = f(1-1) = f(1) + f(1), and so f(1) = 0.
EXAMPLE 5.16. (a) Consider a crossed homomorphism f : G — M, and let ¢ € G. Then
f(o*) = f(o) + o f(o),
f(0®) = flo-0%) = f(o) + o f(o) + a*f(0)
and so on, until
fo") = flo) +of(o)+ -+ 0" f(o).

Thus, if G is a cyclic group of order n generated by o, then a crossed homomorphism
f: G — M is determined by f(o) = x, and x satisfies the equation

r4+ox+---+o" =0, (%)
Conversely, if z € M satisfies (¥), then the formulas f(¢') = z + oz + -+ + o' "'z define a
crossed homomorphism f : G — M. In this case we have a one-to-one correspondence

{crossed homs f: G — M} 74 {z € M satisfying (*)}.

(b) For any x € M, we obtain a crossed homomorphism by putting
flo) =0x —ux, all o € G.
Such a crossed homomorphism is called a principal crossed homomorphism.

(c) If G acts trivially on M, i.e., om = m for all 0 € G and m € M, then a crossed
homomorphism is simply a homomorphism, and there are no nontrivial principal crossed
homomorphisms.

The sum of two crossed homomorphisms is again a crossed homomorphism, and the sum
of two principal crossed homomorphisms is again principal. Thus we can define

HY(G, M) = {crossed homomorphisms}
"7 {principal crossed homomorphisms}’
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The cohomology groups H"(G, M) have been defined for all n € N, but since this was not
done until the twentieth century, it will not be discussed in this course.

EXAMPLE 5.17. Let 7: X — X be the universal covering space of a topological space X,
and let I' be the group of covering transformations. Under some fairly general hypotheses, a
-module M will define a sheaf M on X, and H'(X, M) ~ H'(T', M). For example, when
M = Z with the trivial action of T', this becomes the isomorphism H*(X,Z) ~ H'(T',Z) =
Hom(T', Z).

THEOREM 5.18. Let E be a Galois extension of F with group G; then H'(G, E*) = 0,
i.e., every crossed homomorphism G — E* is principal.

PROOF. Let f be a crossed homomorphism G — E*. In multiplicative notation, this
means,

flor) = f(o)-o(f(1)), o,7€QG,
and we have to find a v € E* such that f(o) = o7/v for all 0 € G. Because the f(7) are
nonzero, Dedekind’s theorem implies that

Zf(T)T:E—)E

is not the zero map, i.e., there exists an a € E such that

B=> f(r)rao.

T€G
But then, for o € G,

of =Y o(f(r))-or(@) = flo)™" flor)-or(a) = f(o)™" Y flom)or(a) = f(a)7',

TEG TEG TEG

which shows that f(o) = % and so we can take = y7L. O

Let E be a Galois extension of F' with Galois group G. We define the norm of an element

a € F to be
Nmoz:Haoa.

ceG

Then, for 7 € G,
7(Nma) = H Toa = Nma,
ceG

and so Nma € F. The map a — Nma : E* — F* is a homomorphism. For example, the
norm map C* — R* is a + |a|? and the norm map Q[vd]* — Q* is a + bv/d +— a® — db>.

We are interested in determining the kernel of this homomorphism. Clearly if « is of the
form %, then Nm(a) = 1. Our next result show that, for cyclic extensions, all elements with
norm 1 are of this form.

COROLLARY 5.19 (Hilbert’s theorem 90). "Let E be a finite cyclic extension of F with
Galois group < o >; if Nmgpa =1, then a = /o3 for some [ € E.

"The theorem is Satz 90 in Hilbert’s book, Theorie der Algebraische Zahlkorper, 1897, which laid the
foundations for modern algebraic number theory. Many point to it as a book that made a fundamental
contribution to mathematical progress, but Emil Artin has been quoted as saying that it set number theory
back thirty years—it wasn’t sufficiently abstract for his taste.
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PROOF. Let m = [E : F|. The condition on « is that a - oa---0™'a = 1, and so (see
5.16a) there is a crossed homomorphism f :<o>— E* with f(0) = a. The theorem now
shows that f is principal, which means that there is a 8 with f(o) = /0. O

5.6. Cyclic extensions.

We are now able to classify the cyclic extensions of degree n of a field F' in the case that F
contains n n'® roots of 1.

THEOREM 5.20. Let F be a field containing a primitive n' root of 1.

(a) The Galois group of X™ — a is cyclic of order dividing n.
(b) Conwversely, if E is cyclic of degree n over F', then there is an element € E such that
E =F[f] and b =4 " € F; hence E is the splitting field of X™ —b.

PROOF. (a) If « is one root of X™ — a, then the other roots are the elements of the form
Ca with ¢ an n *® root of 1. Hence the splitting field of X™ — a is F[a]. The map o — 22 is
an injective homomorphism of Gal(F'[a]/F') into the cyclic group <¢> .

(b) Let ¢ be a primitive n*™ root of 1 in F, and let o generate Gal(E/F). Then Nm ¢ =
("™ = 1, and so, according to Hilbert’s Theorem 90, there is an element § € E such that
o8 = (B. Then '8 = ('3, and so only the identity element of Gal(E/F[3]) fixes f—we
conclude by the Fundamental Theorem of Galois Theory that £ = F[5]. On the other hand
o™ =("p" = 4", and so " € F. O

REMARK 5.21. (a) Under the hypothesis of the theorem X™ — a is irreducible, and its
Galois group is of order n, if

(i) ais not a pt" power for any p dividing n;
(ii) if 4|n then a ¢ —4k*.

See Lang, Algebra, VIII, §9, Theorem 16.

(b) If F' has characteristic p (hence has no p* roots of 1 other than 1), then X? — X —a
is irreducible in F[X] unless a = b* — b for some b € F', and when it is irreducible, its Galois
group is cyclic of order p (generated by a +— « + 1 where « is a root). Moreover, every
extension of F' which is cyclic of degree p is the splitting field of such a polynomial.

REMARK 5.22 (Kummer theory). Above we gave a description of all Galois extensions of
F with Galois group cyclic of order n in the case that F contains a primitive n'" root of
1. Under the same assumption on F'; it is possible to give a description of all the Galois
extensions of F' with abelian Galois group of exponent n, i.e., a quotient of (Z/nZ)" for some
r.

Let E be such an extension of F', and let
S(E) = {a € F* | a becomes an n'" power in E};

Then S(E) is a subgroup of F'* containing F*", and the map E +— S(E) defines a one-
to-one correspondence between abelian extensions of E of exponent n and groups S(FE),
F* > S(E) D F*", such that (S(E) : F*") < co. The field E is recovered from S(E) as the
splitting field of [[(X™ —a) (product over a set of representatives for S(F)/F*™). Moreover,
there is a perfect pairing
S(E
(a,0) — %a : % x Gal(E/F) — p, (group of n'™ roots of 1).
In particular, [E : F] = (S(E) : F*™). (Cf. Exercise 5 for the case n = 2.)
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5.7. Proof of Galois’s solvability theorem.
Recall that a polynomial f(X) € F[X] is said to be solvable if there is a tower of fields

F=FKCFHCF C---Ck,
such that

(a) F; = Fi_1]cu], where o' € F;_; for some m;;
(b) F,, splits f(X).

THEOREM 5.23. Let F' be a field of characteristic 0. A polynomial f € F[X] is solvable
if and only if its Galois group Gy is solvable.

Before proving the sufficiency, we need a lemma.

LEMMA 5.24. Let f € F[X] be separable, and let F' be an extension field of F'. Then the
Galois group of f as an element of F'[X] is a subgroup of that of f as an element of F[X].

PROOF. Let E’ be a splitting field for f over F’, and let «q,...,a, be the roots of
f(X) in E'. Then F = Flay,...,ay) is a splitting field of f over F. Any element of
Gal(E'/F') permutes the a; and so maps E into itself. The map ¢ — o|E is an injection
Gal(E'/F') — Gal(E/F). O

PROOF. (G solvable == f solvable). Let f € F[X] have solvable Galois group. Let
F' = F[(] where ( is a primitive n'" root of 1 for some large n—for example, n = (deg f)!
will do. The lemma shows that the Galois group G of f as an element of F’'[X] is a subgroup
of G¢, and hence is solvable. This means that there is a sequence of subgroups

G=GnDOGn1D---DG DGy ={1}

such that each G; is normal in G;11 and G;41/G; is cyclic (even of prime order, but we don’t
need this). Let E be a splitting field of f(X) over F', and let F; = E. We have a sequence
of fields

FCF({]=FchcCcFC---CF,=E
with F; Galois over F;_; with cyclic Galois group. According to (5.20b), F; = F;_1[a;] with
alf#*fi-ll ¢ B This shows that f is solvable. O

Before proving the necessity, we need to make some observations. Let ) be a Galois

extension of F', and let E be an extension of F' contained in €2. The Galois closure Eof E
in Q is the smallest subfield of 2 containing F that is Galois over F. Let G = Gal(Q/F)

and H = Gal(Q/E). Then E will be the subfield of  corresponding to the largest normal
subgroup of G contained in H (Galois correspondence 3.17), but this is (), .o 0Ho ™" (see
Groups 4.10), and o Ho~* corresponds to o E. Hence (see 3.18) E is the composite of the
fields o E, 0 € G. In particular, we see that if £ = Fla,... ,qn], then E is generated over
F' by the elements oay;, 0 € G.

PROOF. (f solvable = Gy solvable). It suffices to show that G is a quotient of a
solvable group. Hence it suffices to find a Galois extension E of F with Gal(E/F) solvable
and such that f(X) splits in E[X].

We are given that f splits in an extension F,, of F' with the following property: F,, =
Flag, ... ,an] and, for all i, there exists an m; such that o] € Fla,...,a;-1]. By (5.1)
we know £}, = F[y] for some . Let g(X) be the minimum polynomial of v over F', and let
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Q2 be a splitting field of g(X)(X"™ — 1) for some suitably large n. We can identify F,, with a
subfield of 2. Let G = {01 = 1, 09,...} be the Galois group of 2/F and let ¢ be a primitive

n'h root of 1 in €2. Choose E to be the Galois closure of F,,[¢] in ©. According to the above
remarks, F is generated over I’ by the elements

C, A1, 9, ... Oy, 0201, ... ,020y,, 0301, ... .
When we adjoin these elements one by one, we get a sequence of fields
FCF[]c Fl¢,ay]C---CF' CcF'c---CE

such that each field F” is obtained from its predecessor F’ by adjoining an r" root of an
element of F’. According to (5.20a) and (5.7), each of these extensions is Galois with cyclic
Galois group, and so G has a normal series with cyclic quotients. It is therefore solvable. [

h

5.8. The general polynomial of degree n.

When we say that the roots of
aX?+bX +c¢

—b+ Vb — dac
2
we are thinking of a, b, ¢ as variables: for any particular values of a, b, ¢, the formula gives
the roots of the particular equation. We shall prove in this section that there is no similar
formula for the roots of the “general polynomial” of degree > 5.

are

We define the general polynomial of degree n to be
fX) = X" =t X" o (=)' € Flty, . ] [X]
where the t; are variables. We shall show that, when we regard f as a polynomial in X with

coefficients in the field F'(¢y,... ,t,), its Galois group is S,,. Then Theorem 5.23 proves the
above remark (at least on characteristic zero).

Symmetric polynomials. Let R be a commutative ring (with 1). A polynomial
P(Xy,...,X,) € R[Xi,...,X,] is said to be symmetric if it is unchanged when its vari-
ables are permuted, i.e., if

P(Xoays - s Xom)) = P(X1,...,Xy), alloes,.

For example

o= >,X =X;+Xo+ - + Xy,

P2 = Ziq Xi X = X1 Xo+ Xi Xg 4+ + Xn X + Xo X5 + - + X1 X,
s = Dicjen XiXj Xk, =XiXoX5+--

pT’ = Zi1<...<i7, X’L1X’Lr

pn = XiXo- X,

are all symmetric, because p, is the sum of all monomials of degree r made up out of distinct
X;’s. These particular polynomials are called the elementary symmetric polynomials.

THEOREM 5.25 (Symmetric polynomials theorem). Every symmetric polyno-
mial P(X1,...,X,) in R[X1,...,X,] is equal to a polynomial in the elementary symmetric
polynomials with coefficients in R, i.e., P € R[p1, ..., pnl.
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ProOOF. We define an ordering on the monomials in the X; by requiring that
XPXP - X o> XPXP - X
if either
1+io+- -+t >g+Jo+ -+ In
or equality holds and, for some s,
11 =1y y 15 = Js, but i5+1 > j5+1.
For example,
X1 X3X5 > X1 X2 X3 > X1 X0 X3

Let Xfl -++ X™ be the highest monomial occurring in P with a coefficient ¢ # 0. Because
P is symmetric, it contains all monomials obtained from Xfl -+ Xkn by permuting the X’s.
Hence k1 > ky > --- > k,,.

The highest monomial in p; is X;---X;, and it follows that the highest monomial in
p?l PR pg’n is
X{i1+d2+~'+an§iz+m+dn N
o

Therefore
P(Xy,..., X)) — cpihephe=hs gk p(X LX),
We can repeat this argument with the polynomial on the left, and after a finite number of
steps, we will arrive at a representation of P as a polynomial in py,... ,px. O
Let f(X) = X"+ a; X" ' +--- +a, € R[X], and let a1, ... ,a, be the roots of f(X) in
some ring S containing R, i.e., f(X) = [[(X — ;) in S[X]. Then
a; = —pi(ag,...,an), as=pa(as,..., ), ..., ap="Epy(aq,...,a,).

Thus the elementary symmetric polynomials in the roots of f(X) liein R, and so the theorem
implies that every symmetric polynomial in the roots of f(X) lies in R. For example, the
discriminant

of f liesin R.

The general polynomial.

THEOREM 5.26 (Symmetric functions theorem). When S,, acts on E = F (X3, ..., X,) by
permuting the X;’s, the field of invariants is F(p1, ..., pn).

PROOF. Suppose f = ¥, g,h € F[Xy,...,X,], is symmetric, i.e., fixed by all 0 € S,,.
Then H =[] . s, ol is symmetric, and so therefore is H f. Both H f and H are polynomials,

and therefore lie in F'[py, ... ,p,]|. Hence their quotient f = %f lies in F'(p1,... ,pn). O

COROLLARY 5.27. The field F(Xy,..., X,,) is Galois over F(pi, ..., p,) with Galois group
Sy (acting by permuting the X; ).

PROOF. We have shown that F(pi,...,p,) = F(X1,...,X,)%, and so this follows from
(3.12). O

THEOREM 5.28. The Galois group of the general polynomial of degree n is S,.
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PRrROOF. Let f(X) be the general polynomial of degree n,
fX)=X" -t X" oo (=)t € Flty, ..., ta) [X].
Consider the homomorphism

F[tl,...,tn]HF[pl,...,pn], tzi—>pz

We shall prove shortly that this is an isomorphism, and therefore induces an isomorphism
on the fields of fractions

F(tl,...,tn)HF(pl,...,pn), tzi—>pz
Under this isomorphism, f(X) corresponds to
g(X) = X" —p X" (=1) .

But ¢(X) =[[(X —X;) in F(Xq,...,X,)[X], and so F(X3,...,X,) is the splitting field of
g(X) € F(p1,-..,pn)[X]. Therefore the last corollary shows that the Galois group of g is
Sp, which must also be the Galois group of f.

It remains to show that the homomorphism ¢; +— p; is an isomorphism. Let E D
F(t1,...,t,) be a splitting field of f, and let g, ..., a;,, be the roots of f in E. Consider the
diagram

ED Floa, ... o0 “20 FIXy,..., X,]
U U

F[tl,...,tn] tﬂ; F[pl:apn]

The top and bottom maps are well-defined because F[Xy, ..., X,,| and F[ti,...,t,] are poly-
nomial rings. The diagram commutes because t; = p;(a4, ..., ;). Hence the lower horizontal
map is injective, and, since it is obviously surjective, it is an isomorphism. O

REMARK 5.29. In the final section of this course, we’ll discuss algebraic independence.
Then it will be obvious that the map t; — p; : Ft1,... ,t,] — F[p1,...,ps] is an isomor-
phism, which simplifies the proof.

REMARK 5.30. Since S, occurs as a Galois group over Q, and every finite group occurs
as a subgroup of some S, it follows that every finite group occurs as a Galois group over
some finite extension of Q, but does every finite Galois group occur as a Galois group over
Q itself?

The Hilbert-Noether program for proving this was the following,.

Hilbert proved that if G occurs as the Galois group of an extension £ D Q(t1, ..., t,) (the t;
are variables), then it occurs infinitely often as a Galois group over Q. For the proof, realize
E as the splitting field of a polynomial f(X) € k[t1,... ,t,][X] and prove that for infinitely
many values of the ¢;, the polynomial you obtain in Q[X] has Galois group G. (This is quite
a difficult theorem—see Serre, Lectures on the Mordell-Weil Theorem, Chapter 9.)

Noether conjectured the following: Let G C S, act on F'(Xj, ..., X,,) by permuting the X;;
then F(Xy,...,X,)¢ ~ F(ty,...,t,) (for variables t,).

Unfortunately, Swan proved in 1969 that the conjecture is false for C47. Hence this ap-
proach can not lead to a proof that all finite groups occur as Galois groups over QQ, but it
doesn’t exclude other approaches. [For more information on the problem, see Serre, ibid.,
Chapter 10, and Serre, Topics in Galois Theory, 1992.]
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REMARK 5.31. Take F' = C, and consider the subset of C"™! defined by the equation

X" T X"+ 4 (=1)"T, = 0.
It is a beautiful complex manifold S of dimension n. Consider the projection
m: S —=C" (x,t1,...,tn) — (t1,... ,tn).
Its fibre over a point (as, ... ,a,) is the set of roots of the polynomial
X" —a X" (=1)"a,.

The discriminant of X™ — T3 X" ! + ... + (=1)"T,,, regarded as a polynomial in X, is a
polynomial D(f) € C[T4,...,T,]. Let A be the zero set of D(f) in C". Then over each
point of C" \ A, there are exactly n points of S, and S \ 77}(A) is a covering space over
C"™ \ A with group of covering transformations S,,.

A brief history. As far back as 1500 BC, the Babylonians (at least) knew a general formula
for the roots of a quadratic polynomial. Cardan (about 1515 AD) found a general formula
for the roots of a cubic polynomial. Ferrari (about 1545 AD) found a general formula for the
roots of quartic polynomial (he introduced the resolvant cubic, and used Cardan’s result).
Over the next 275 years there were many fruitless attempts to obtain similar formulas for
higher degree polynomials, until, in about 1820, Ruffini and Abel proved that there are none.

5.9. Norms and traces.

The trace of a square matrix is the sum of its diagonal elements, Tr(a;;) = Y, ai. Since
Tr(UAU™!) = Tr(A), we can define the trace of an endomorphism « of a finite-dimensional
vector space V' to be the trace of the matrix of o with respect to any basis of V.

Similarly, we can define the determinant and characteristic polynomial of a to be the
determinant and characteristic polynomial of the matrix of a with respect to any basis of V.

In a little more detail, a direct computation shows that Tr(AB) = Tr(BA), which shows
that Tr(UAU ') = Tr(A) and hence Tr(«) is well-defined. The characteristic polynomial of
a can be defined to be

X)) = X"+ X"t = (=1)"Tr(a|A'V), n=dimV;
in particular, ¢; = —Tr(A) and ¢, = (—1)"det A. If A is the matrix of a with respect to

some basis for V', then ¢, (X) = det(XI,, — A).
For o and (8 endomorphisms of a finite-dimensional F-vector space V', we have

Tr(a) € ;' Tr(a+p0) =Tr(a)+ Tr();
det(a) € F; det(aff) = det(a)det(3).

Now let E be a finite extension of F' of degree n, and regard E as an F-vector space. Then
a € E defines an F-linear map oy : K — E, x — ax.

Define:

TrE/F(oz) = Tr(ayp); Tr is a homomorphism (E,+) — (F, +);
Nmp/p(a) = det(ayr); Nm is homomorphism (E*, x) — (F*, X);

Ca(X) = Car(X).



50 J.S. MILNE

Note that o — «y is an injective ring F-homomorphism from FE into the ring of endomor-
phisms of E as a vector space over F', and so the minimum polynomial of « (in the sense of
Section 1.8) is the same as the minimum polynomial of o, (in the sense of linear algebra).

ExXAMPLE 5.32. (a) Consider the field extension C D R; the matrix of oy, a = a + bi,

relative to the basis 1, is ( Z _ab ), and so

Tre/r(a) = 2R(a), Nmg/r(a) = ]04]2.

(b) For o € F, Tr(a) = ror, Nm(a) = ", r = [E : F.

(c) Let E = Qla, 1] be the splitting field of X® — 2. What are the norm and the trace of
a? The definition requires us to compute a 16 x 16 matrix. We shall see a quicker way of
computing them presently.

PROPOSITION 5.33. Consider a finite field extension E/F, and let f(X) be the minimum
polynomial of « € E (in the sense of Section 1.8). Then

co(X) = f(X)[E:F[a]].

PROOF. Suppose first that £ = F[a]. In this case, we have to show that ¢, (X) = f(X).
But f(X)|ca(X) because cn(ar) = 0 (Cayley-Hamilton theorem), and the injectivity of
E — End, jjpear(£) then implies that cq () = 0. Since the polynomials are monic of the
same degree, they must be equal.

For the general case, write V for F regarded as an F-vector space. The endomorphism
ay of V' defines an action of F[X] on V (see Math 593), and this action factors through
F[X]/(f(X)) = Fla]. Because F[a] is a field, V is a free F[a]-module, and in fact, V ~
Fla]™ with m = [E : F[a]] (count dimensions over F'). Hence the characteristic polynomial
of a acting on V is the m!" power of its characteristic polynomial acting on F[a], which,
according to case already proved, is f(X).

Alternatively, we can be more explicit. Let (31, ..., 8, be a basis for Fa] over F, and let
Y1y -y Ym be a basis for E over F[a]. As we saw in the proof of (1.10), {8V} is a basis
for E over F. Write aff; = > a;3;; then A = (a;;) has characteristic polynomial f(X)
according to the first case proved. Note that a8y = > a;i8;v,. Therefore the matrix of
ay, in End(E) breaks up into n x n blocks with A’s down the diagonal and zero matrices
elsewhere. Therefore its characteristic polynomial is f(X)™. O

COROLLARY 5.34. Suppose that the roots of the minimum polynomial of o are o, . .. , oy
(in some splitting field containing F ), and that [E : F|a]] = m. Then

Tr(a) = miai, Nmg/pa = (ﬁ Oéz‘> )
i=1 i=1

PROOF. Write the minimum polynomial of « as
FX)=X"+a X" 4 tan = [[(X = ).
Then
ca(X) = (F(X)™ = X™ + ma X™ ' + - +all,

and so
Trg/p(a) = —ma; = mZ&i,
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and
Nmg,r(a) = (=1)"ay = (][ o)™

EXAMPLE 5.35. (a) Consider the extension C D R. If o € C\ R, then
ca(X) = f(X) = X? = 2R() X + |af.
If @ € R, then ¢,(X) = (X —a)?
(b) Let E = Qla,i] be the splitting field of X® — 2 (see Exercise 16). The minimum
polynomial of @ = v/2 is X® — 2, and so
Tropuoa = 0; Trgpa = 0.
Nmgpa o = —2; Nmpgga = 4.

REMARK 5.36. Assume F is separable over F', and let {2 be an algebraic closure of F; let
01, ...,0,. be the distinct embeddings of F into €2. Then

Trg/pa = Zaioz

Nmg/pa = Haioz.

When E = Fl[a], this follows from the observation (cf. 2.1b) that the o;« are the roots of
the minimum polynomial f(X) of « over F. In the general case, 010, ..., 0.« are still roots
of f(X) in €, but now each root of f(X) occurs [E : Fla]] times (cf. the proof of 2.7).

For example, if E is Galois over F' with Galois group G, then
Trg/pa = Zaoa

Nmg/ra = H oa.

PROPOSITION 5.37. For finite extensions E D M D F, we have
TregpoTryr = Trgp,

ProoF. If F isseparable over F', then this can be proved fairly easily using the descriptions
in the above remark. We omit the proof in the general case. O

PROPOSITION 5.38. Let f(X) € F[X] factor as f(X) = [[=,(X — «;) in some splitting

field, and let o« = 1. Then, with f' = j—f(, we have

disc f(X) = (=1)™™ V2 Nmpp/r f'(a).

ProoFr. Compute that

disc f(X) 4 H(O&Z‘ —a;)?

1<j

= (=m0 T (e = ap)

i g
= (=102 T fey)
_ (_1)m(m—1)/2NmF[a]/F(f/(Oz)).
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EXAMPLE 5.39. We compute the discriminant of
f(X)=X"+aX+0b, abeF,

assumed to be irreducible and separable. Let a be a root of f(X), and let v = f'(a) =
na™ ' 4+ a. We compute its norm. On multiplying the equation

a"+ax+b=0

by na~! and rearranging, we obtain the equation
na™ ' = —na — nba"t.
Hence
y=na""1'4+a=—(n-1)a—nba".
Solving for a gives
—nb
o0=—">""),
v+ (n—1)a

from which it is clear that F[a] = F[y], and so the minimum polynomial of v over F' has

degree n also. If we write
—nb P(X)

X+ (n— 1)a> Q(X)’

S

then P(y) = f(a) = 0. Since
P(X) = (X —+ (TL — 1)a)” — na(X + (TL _ 1)a)n—1 + (—1)nnnbn_1

is monic of degree n, it must be the minimum polynomial of 4. Therefore Nm~ is (—1)
times the constant term of this polynomial, and so we find that

Nmy =n"0""" + (=1)""'(n - 1)"a"
Finally we obtain the formula,
disc(X™ 4+ aX +b) = (=1)"" D2yt 4 (—1)" L (n — 1) ta™),

which is something Maple doesn’t know (because it doesn’t understand symbols as expo-
nents). For example,

n

disc(X® + aX +b) = 5°b* + 4%a°.

5.10. Infinite Galois extensions (sketch).

Recall that we defined a finite extension {2 of F' to be Galois over F' if it is normal and
separable, i.e., if every irreducible polynomial f € F'[X] having a root in €2 has deg f distinct
roots in €. Similarly, we define an algebraic extension €2 of F' to be Galois over F if it is
normal and separable. Equivalently, a field {2 D F'is Galois over F'if it is a union of subfields
E finite and Galois over F.

Let Gal(2/F) = Aut(§2/F'), and consider the map
o (0]F): Gal(QY/F) — HGal(E/F)

(product over the finite Galois extensions F of F' contained in €2). This map is injective,
because € is a union of finite Galois extensions. We give each finite group Gal(E/F) the
discrete topology and [ [ Gal(E/F) the product topology, and we give Gal(Q2/F’) the subspace
topology. Thus the subgroups Gal(Q/FE), [E : F] < oo, form a fundamental system of
neighbourhoods of 1 in Gal(2/F').
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By the Tychonoff theorem, [[ Gal(E/F) is compact, and it is easy to see that the image
of Gal(2/F') is closed—hence it is compact and Hausdorff.

THEOREM 5.40. Let Q2 be Galois over F with Galois group G. The maps
Hw— Q" M Gal(Q/M)

define a one-to-one correspondence between the closed subgroups of G and the intermediate
fields M. A field M is of finite degree over F' if and only if Gal(Q2/M) is open in Gal(Q2/F).

PROOF. Omit—it is not difficult given the finite case. See for example, E. Artin, Algebraic
Numbers and Algebraic Functions, p103. O

REMARK 5.41. The remaining assertions in the Fundamental Theorem of Galois Theory
carry over to the infinite case provided that one requires the subgroups to be closed.

EXAMPLE 5.42. Let Q be an algebraic closure of a finite field F,. Then G = Gal(§2/F,)
contains a canonical Frobenius element, ¢ = (a — aP), and it is generated by it as a
topological group, i.e., G is the closure of <o>. Endow Z with the topology for which the
groups nZ, n > 1, form a fundamental system of neighbourhoods of 0. Thus two integers
are close if their difference is divisible by a large integer.

As for any topological group, we can complete Z for this topology. A Cauchy seqgence in
Z is a sequence (a;);>1, a; € Z, satisfying the following condition: for all n > 1, there exists
an N such that a; = a; mod n for 7,j > N. Call a Cauchy sequence in Z trivial if a; — 0
as 1 — oo, i.e., if for all n > 1, there exists an N such that a; = 0 mod n. The Cauchy
sequences form a commutative group, and the trivial Cauchy sequences form a subgroup. We
can define Z to be the quotient of the first group by the second. It has a ring structure, and
theAmap sending m € Z to the constant sequence m,m,m, ... identifies Z with a subgroup
of Z.

Let a € Z be represented by the Cauchy sequence (a;). The restriction of ¢ to Fy» has
order n. Therefore (o|F,»)* is independent of ¢ provided it is sufficiently large, and we can
define 0 € Gal(Q2/F,) to be such that, for each n, 0®|Fyn = (¢|F,n)* for all i sufficiently

large (depending on n). The map a — o : Z — Gal(Q/F,) is an isomorphism.

The group 7 is uncountable. To most analysts, it is a little weird—its connected com-
ponents are one-point sets. To number theorists it will seem quite natural— the Chinese

remainder theorem implies that it is isomorphic to Hp prime Z,, where Z,, is the ring of p-adic
integers.

EXAMPLE 5.43. Let Q be the algebraic closure of Q in C; then Gal(2/Q) is one of the
most basic, and intractible, objects in mathematics. Note that, as far as we know, it could
have every finite group as a quotient, and it certainly has S,, as a quotient group for every
n (and every sporadic simple group, and every...). We do however understand Gal(£F*?/F)
when F' C C is a finite extension of Q and F?’ is  the union of all finite abelian extensions of
F contained in C. For example, Gal(Q*/Q) ~ Z*. (This is abelian class field theory—see
Math 776.)
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6. TRANSCENDENTAL EXTENSIONS

In this section we consider fields 2 D F' with {2 much bigger than F'. For example, we could
have C D Q.

Elements oy, ..., o, of € are said to be algebraically dependent over F' if there is a nonzero
polynomial f(Xi,...,X,) € F[Xi,...,X,] such that f(a,...,a,) = 0. Otherwise, the ele-
ments are said to be algebraically independent over F'. Thus they are algebraically indepen-
dent if
. €L Za“ nalar =0 = a;

-----

in — 0 all il, ,Zn

Note the similarlty with linear 1ndependence. In fact, if f is required to be homogeneous
of degree 1, then the definition becomes that of linear independence. The theory in this
section is logically very similar to a part of linear algebra. It is useful to keep the following
correspondences in mind:

-----

Linear algebra Transcendence
linearly independent algebraically independent
A C span(B) A algebraically dependent on B
basis transcendence basis
dimension transcendence degree

EXAMPLE 6.1. (a) A single element « is algebraically independent over F' if and only if
it is transcendental over F.

(b) The complex numbers 7 and e are almost certainly algebraically independent over Q,
but this has not been proved.

An infinite set A is algebraically independent if every finite subset of A is algebraically
independent.

REMARK 6.2. To say that aq, ..., a,, are algebraically independent over F', is the same as
to say that the map

f(Xl, ,Xn) — f(Oél, ...,Oén) : F[Xl, 7Xn] — F[Odl, ...,Oén]

is an injection, and hence an isomorphism. This isomorphism then extends to the fields of
fractions,
Xi = Qo F(Xl, 7Xn) — F(Odl, ...,Oén)
In this case, F'(aq,...,ay) is called a pure transcendental extension of F. Then (see 5.28)
the polynomial
fX)=X" —a, X" '+ (=D,
has Galois group S, over F(aq, ..., a,).

Let 6 € Q2 and let A C €. The following conditions are equivalent:

(a) [ is algebraic over F'(A);

(b) there exist ay, ... ,a, € F(A) such that " + a1 8" + -+ + a,, = 0;

(c) there exist ay, ... ,a, € F[A] such that opf3" + -+ + a;,, = 0;

(d) there exists an f(Xq,..., X, Y) € F[X;...,X,,Y] and a4,...,a, € F such that

flai, ... ,am,Y) #0but f(ay,...,am,3)=0.

When these conditions hold, we say that [ is algebraically dependent on A (over F'). A set
B is algebraically dependent on A if each element of B is algebraically dependent on A.
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THEOREM 6.3 (Fundamental result). Let A = {aq,...,a} and B = {f4, ..., Bn} be two
subsets of 2. Assume

(a) A is algebraically independent (over F');
(b) A is algebraically dependent on B (over F).

Then m <n.

PrRoOOF. We first prove a lemma. O

LEMMA 6.4 (The exchange property). Let {aq,...,an} be a subset of Q; if B is alge-
braically dependent on {au, ..., a,} but not on {aq, ..., am-1}, then o, is algebraically depen-
dent on {oq, ..., Qm—1, B}

PROOF. Because (3 is algebraically dependent on {av, ... , a;,}, there exists a polynomial
f(X1, ..., Xin, Y') with coefficients in F' such that

flag, .,am,Y) #0, flai,...am,[)=0.
Write A
FX0 o X, V) =Y (X, o, X1, V)X,
and observe that, because f(ai,...,qn,,Y) # 0, at least one of the polynomials
a;(a, ..., aom—1,Y), say a;,, is not the zero polynomial. Because 3 is not algebraically depen-
dent on {avu, ..., -1}, ai (0, ..., m—1, 3) # 0. Therefore, f(aq,...,®m-1, Xm, ) is not the
zero polynomial. Since f(a, ..., m, 3) = 0, this shows that «,, is algebraically dependent

on {ay, ..., -1, 5} O

LEMMA 6.5 (Transitivity of algebraic dependence). If C' is algebraically dependent on B,
and B is algebraically dependent on A, then C' is algebraically dependent on A.

PROOF. The argument in the proof (2.10) shows that if v is algebraic over a field £ which

is algebraic over a field F', then + is algebraic over F' (if ay, ... ,a, are the coefficients of the
minimum polynomial of v over E, then the field Fas, ... ,a,,~] has finite degree over F').
Apply this with F(AU B) for E and F(A) for F. O

PROOF. (of the theorem). We now prove the theorem. Let k be the number of elements
that A and B have in common. If £ = m, then A C B, and certainly m < n. Suppose that
k < m, and write B = {aq, ..., %, Bk+1, .-, On}. Since ayx4; is algebraically dependent on
{a1, ...,y Brt1, ..., B} but not on {ay, ..., a;}, there will be a 3;, k +1 < j < n, such that
a1 is algebraically dependent on {av, ..., ak, Bk+1, .., B} but not {au, ..., ak, Brt1, -, Bj—1}-
The exchange lemma then shows that 3; is algebraically dependent on

By =4 BU{ara} — {5}
Therefore B is algebraically dependent on Bj, and so A is algebraically dependent on B

(by the last lemma). If £ + 1 < m, repeat the argument with A and B;. Eventually we’ll
achieve k = m, and m <n. O

DEFINITION 6.6. A transcendence basis for €2 over F' is an algebraically independent set
A such that Q is algebraic over F'(A).

LEMMA 6.7. If Q is algebraic over F(A), and A is minimal among subsets of Q) with this
property, then it is a transcendence basis for ) over F.
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Proor. If ay,... ,a,, € A are not algebraically independent, then one is algebraically
dependent on the remainder, and it follows from (6.5) that © will still be algebraic over
F(A) after it has been dropped from A. O

THEOREM 6.8. If there is a finite subset A C S such that ) is algebraic over F(A), then
Q has a finite transcendence basis over F'. Moreover, every transcendence basis is finite, and
they all have the same number of elements.

PROOF. In fact, any minimal subset A" of A such that Q is algebraic over F'(A’) will be a
transcendence basis. The second statement follows from Theorem 6.3. O

The cardinality of a transcendence basis for €2 over F' is called the transcendence degree of
Q) over F. For example, the pure transcendental extension F'(Xj, ..., X, ) has transcendence
degree n over F.

EXAMPLE 6.9. Let p1,...,p, be the elementary symmetric polynomials in Xy,...,X,.
The field F(Xy,...,X,) is algebraic over F(p1,... ,p,), and so {p1,p2,...,p,} contains a
transcendence basis for F(Xi,...,X,). Because FI(Xy,...,X,) has transcendence degree
n, the p;’s must themselves be a transcendence basis.

EXAMPLE 6.10. Let € be the field of meromorphic functions on a compact complex man-
ifold M.

(a) The only meromorphic functions on the Riemann sphere are the rational functions in
z. Hence, in this case, () is a pure transcendental extension of C of transcendence degree 1.

(b) If M is a Riemann surface, then the transcendence degree of Q over C is 1, and {2 is
a pure transcendental extension of C <= M is isomorphic to the Riemann sphere

(c) If M has complex dimension n, then the transcendence degree is < n, with equality
holding if M is embeddable in some projective space.

LEMMA 6.11. Suppose that A is algebraically independent, but that AU{B} is algebraically
dependent. Then (3 is algebraic over F(A).

PROOF. The hypothesis is that there exists a nonzero polynomial f(Xi,...,X,,Y) €
F[Xy,...,X,,Y] such that f(as,...,a,, ) = 0, some distinct ay,...,a, € A. Because A is
algebraically independent, Y does occur in f. Therefore

f=gY" 4+ Y™ '+t g, g€ F[X1, ., X0, g0#0, m>1.
As go # 0 and the a; are algebraically independent, go(ay, ..., a,) # 0. Because (3 is a root of
f=golas,....a) X"+ gi(ar,...,an) X™ 4+ gulay, ..., an),
it is algebraic over F'(ay, ...,a,) C F(A). O

PROPOSITION 6.12. Every mazimal algebraically independent subset of €2 is a transcen-
dence basis for  over F'.

PROOF. We have to prove that Q is algebraic over F'(A) if A is maximal among alge-
braically independent subsets. But the maximality implies that, for every g € Q, AU{3} is
algebraically dependent, and so the lemma shows that [ is algebraic over F'(A). O

THEOREM 6.13 (*). Ewvery field Q containing F' has a transcendence basis over F.
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PROOF. Let S be the set of algebraically independent subsets of 2. We can partially order
it by inclusion. Let T" be a totally ordered subset, and let B = U{A | A € T'}. I claim that
B € S, ie., that B is algebraically independent. If not, there exists a finite subset B’ of
B that is not algebraically independent. But such a subset will be contained in one of the
sets in T', which is a contradiction. Now we can apply Zorn’s lemma to obtain a maximal
algebraically independent subset A. O

It is possible to show that any two (possibly infinite) transcendence bases for Q over F'
have the same cardinality.

PROPOSITION 6.14. Any two algebraically closed fields with the same transcendence de-
gree over F' are F'-isomorphic.

PROOF. Choose transcendence bases A and A’ for the two fields, and choose a bijection
¢:A— A'. Then ¢ extends uniquely to an F-isomorphism ¢ : F[A] — F[A’], and hence to
an isomorphism of the fields of fractions F'(A) — F(A’). Use this isomorphism to identify
F(A) with F(A’). Then the two fields in question are algebraic closures of the same field,
and hence are isomorphic (Theorem 2.16). O

REMARK 6.15. Any two algebraically closed fields with the same uncountable cardinality
and the same characteristic are isomorphic. The idea of the proof is as follows. Let F' and
F’ be the prime subfields of Q and '; we can identify F' with F’. Then show that when
is uncountable, the cardinality of {2 is the same as the cardinality of a transcendence basis
over F'. Finally, apply the proposition.

REMARK 6.16. What are the automorphisms of C? If we assume the axiom of choice,
then it is easy to construct many: choose any transcendence basis A for C over Q, and
choose any permutation o of A; then « defines an isomorphism Q(A) — Q(A) that can be
extended to an automorphism of C. On the other hand, without the axiom of choice, there
are probably only two, the identity map and complex conjugation. (I have been told that
any other is nonmeasurable, and it is known that the axiom of choice is required to construct
nonmeasurable functions.)

THEOREM 6.17 (Liiroth’s theorem). Any subfield E of F(X) containing F' but not equal
to F' is a pure transcendental extension of F.

PROOF. See, Jacobson, Lectures in Abstract Algebra III, p157. O

REMARK 6.18. This fails when there is more than one variable—see the footnote on p38
and Noether’s conjecture 5.30. The best that is true is that if [F(X,Y) : E] < oo and F
is algebraically closed of characteristic zero, then E is a pure transcendental extension of F
(Theorem of Zariski, 1958).



