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PREFACE

Although no text of reasonable length can cover all possible topics, it
seemed to us that the first edition of this text would be improved by
including material on two further items. Thus the main change in the second
edition is the addition of two entirely new chapters, Chapter 6 (Splines and
other approximations) and Chapter 11 (Matrix eigenvalues and eigen-
vectors). In the preface to the first edition we stated that the material was
equivalent to about sixty lectures. This new edition has adequate material for
two separate semester courses.

When this book first appeared in 1973, computers were much less
‘friendly’ than they are now (1995) and, in general, it was only specialists
who had access to them. The only calculating aids available to the majority
of our readers were mathematical tables and desk calculators; the latter were
mainly mechanical machines, which are now museum pieces. In contrast,
the readership of our second edition will be able to appreciate the power and
elegance of the algorithms which we discuss by implementing them, and
experimenting with them, on the computer. (Sounding like our parents of
old, we can say to our students ‘We never had it so easy: you are lucky!’)
To encourage the active pursuit of the algorithms in the text, we have
included computing exercises amongst the problems at the end of each
chapter.

Despite the changes made in the second edition, the flavour of this text
remains the same, reflecting the authors’ tastes: in short, we like both
theorems and algorithms and we remain in awe of the masters of our craft
who discovered or created them. The theorems show how the mathematics
hangs together and point the way to the algorithms.

We are deeply grateful to our readership and to our publishers for keeping
this text in print for such a long time. We also owe much to the many
colleagues from many countries with whom we have shared the sheer fun of
studying mathematics in our research collaborations, and we mention their



X Preface

names here as a sign of our respect and gratitude: G. E. Bell, L. Brutman,
B. L. Chalmers, E. W. Cheney, F. Deutsch, D. K. Dimitrov, D. Elliott, Feng
Shun-xi, D. M. E. Foster, H. T. Freitag, R. E. Grundy, A. S. B. Holland,
Z.F.Kogak, S. L. Lee, W. Light, J. H. McCabe, A R. Mitchell, D. F. Paget,
A. Sri Ranga, B. N. Sahney, S. P. Singh, E. L. Wachspress, M. A. Wolfe,
D. Yahaya.

G. M. PHLLLIPS P.J. TAYLOR

Mathematical Institute Sformerly of the

University of St Andrews Department of Mathematics

Scotland University of Strathclyde
Scotland

December 1995



FROM THE PREFACE TO THE FIRST EDITION

We have written this book as an introductory text on numerical analysis for
undergraduate mathematicians, computer scientists, engineers and other
scientists. The material is equivalent to about sixty lectures, to be taken after
a first year calculus course, although some calculus is included in the early
chapters both to refresh the reader’s memory and to provide a foundation on
which we may build. We do not assume that the reader has a knowledge of
matrix algebra and so have included a brief introduction to matrices. It
would, however, help the understanding of the reader if he has taken a basic
course in matrix algebra or is taking one concurrently with any course based
on this book.

We have tried to give a logical, self-contained development of our
subject ab initio, with equal emphasis on practical methods and mathemati-
cal theory. Thus we have stated algorithms precisely and have usually given
proofs of theorems, since each of these aspects of the subject illuminates
the other. We believe that numerical analysis can be invaluable in the
teaching of mathematics. Numerical analysis is well motivated and uses
many important mathematical concepts. Where possible we have used the
theme of approximation to give a unified treatment throughout the text.
Thus the different types of approximation introduced are used in the
chapters on the solution of non-linear algebraic equations, numerical
integration and differential equations.

It is not easy to be a good numerical analyst since, as in other branches of
mathematics, it takes considerable skill and experience to be able to leap
nimbly to and fro from the general and abstract to the particular and
practical. A large number of worked examples has been included to help the
reader develop these skills. The problems, which are given at the end of
each chapter, are to be regarded as an extension of the text as well as a test
of the reader’s understanding.

Some of our colleagues have most kindly read all or part of the
manuscript and offered wise and valuable advice. These include Dr J. D.
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Lambert, Prof. P. Lancaster, Dr J. H. McCabe and Prof. A. R. Mitchell. Our
thanks go to them and, of course, any errors or omissions which remain are
entirely our responsibility We are also much indebted to our students and to
our colleagues for the stimulus given by their encouragement.

G. M. PHILLIPS P.J. TAYLOR

Department of Applied Mathematics Department of Computing Science
University of St Andrews University of Stirling

Scotland Scotland

December 1972
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Chapter 1
INTRODUCTION

1.1 What is numerical analysis?

Numerical analysis is concerned with the mathematical derivation,
description and analysis of methods of obtaining numerical solutions of
mathematical problems. We shall be interested in constructive methods in
mathematics; these are methods which show how to construct solutions of
mathematical problems. For example, a constructive proof of the existence
of a solution to a problem not only shows that the solution exists but also
describes how a solution may be determined. A proof which shows the
existence of a solution by reductio ad absurdumt is not constructive.
Consider the following simple example.

Example 1.1 Prove that the quadratic equation

X2+ 2bx+c=0 (.Y

with real coefficients b and ¢ satisfying b?> c has at least two real roots.

Constructive proof Forall x, band c,
x*42bx+c=x*+2bx+b*+c~b?
=(x+b)Y’+c-bx
Thus x is a root of (1.1) if and only if
(x+b)+c-b*=0
that is,
(x+b)=b*-c.

1 In such a proof we assume that the solution does not exist and obtain a contradiction.
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On taking square roots, remembering that 5% — ¢ >0, we see that x is a root
if and only if

x+b=xJ(d*-0)
that is

x=-bxJ(b*=-c). (1.2)

Thus there are two real roots and (1.2) shows how to compute these. O

Non-constructive proof Let
q(x)=x*+2bx+c.

Suppose first that there are no roots of (1.1) and hence no zeros of g. As ¢
is a continuous function (see § 2.2), we see that g(x) is either always
positive or always negative for all x. Now

q(-b)=b*-2b"+¢
=c-b*<0

by the condition on b and c. Thus g(x) must always be negative. However,
for | x| large,

x2> | 2bx +c|

and thus g(x)>0 for | x| large. We have a contradiction.

Secondly, suppose that g has only one zero. Then from the continuity of g
we must have g(x)> 0 for x large and ¢(x) <0 for —x large or vice versa. This
contradicts the fact that g(x)>0 for | x| large, regardless of the sign of x.

This proof does not show how to compute the roots. 0

The word ‘algorithm’ has for a long time been used as a synonym for
‘method’ in the context of constructing the solution of a mathematical
problem. Measured against the long history of mathematics it is only
relatively recently that a proper mathematical definition of algorithm has been
devised. Much of this important work is due to A. M. Turing (1912-54), who
gave a definition based on an abstract concept of a computer. For the purposes
of this book we define an algorithm to be a complete and unambiguous
description of a method of constructing the solution of a mathematical
problem. One difficulty in making a formal definition is deciding precisely
what operations are allowed in the method. In this text we shall take these to
be the basic arithmetical operations of addition, subtraction, multiplication
and division. In general, the solution and method occurring in an algorithm
need not be numerical. For example, the early Greek geometers devised
algorithms using ruler, pencil and compass. One such algorithm is that for
constructing the perpendicular to a straight line at a given point. However,
the greatest of the Greek mathematicians, Archimedes (287-212 BC),
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constructed a most elegant numerical algorithm for approximating the area of
a circle (thus estimating 7), by bounding it above and below by the areas of
regular polygons with an increasingly large number of sides. In this book we
shall deal only with numerical algorithms.

It is interesting to note that until the beginning of the twentieth century
much mathematical analysis was based on constructive methods, and some
of the finest mathematicians of every era have produced important
algorithms and constructive proofs, for example Isaac Newton
(1642-1727), L. Euler (1707-83) and K. F. Gauss (1777-1855). It is
perhaps ironic that the trend in more recent years has been towards non-
constructive methods, although the introduction of calculating devices made
the execution of algorithms much easier.

The rapid advances in the design of digital computers have, of course, had
a profound effect on numerical analysis. At the time the first edition of this
book was published in 1973, computers could already perform over a million
arithmetic operations in a second, while around 1960 speeds had been nearer
one thousand operations a second. As we prepare the second edition of this
text we reflect that the most impressive and important development in
computers over the past two decades has been the dramatic decrease in their
cost, leading to their near universal availability. Yet, while lengthier and more
complex calculations may be tackled, the scope for error has correspondingly
increased. Unfortunately, the expectations of users of numerical algorithms
have more than matched the improvements in computers. However, one
cannot select the best algorithm for the problem in hand without having a
sound understanding of the theoretical principles involved.

Although most numerical algorithms are designed for use on digital
computers, the subject of numerical analysis should not be confused with
computer programming and information processing (or data processing).
Those who design and use numerical algorithms need a knowledge of the
efficient use of a digital computer for performing calculations. Computer
programming is primarily concerned with the problem of coding algorithms
(not necessarily numerical) in a form suitable for a computer. Information
processing is concerned with the problems of organizing a computer so that
data can be manipulated. The data is not necessarily numerical.

1.2 Numerical algorithms

For many problems there are no algorithms for obtaining exact numerical
values of solutions and we have to be satisfied with approximations to the
values we seek. The simplest example is when the result is not a rational
number and our arithmetic is restricted to rational numbers. What we do ask
of an algorithm, however, is that the error in the result can be made as small
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as we please. Usually, the higher the accuracy we demand, the greater is the
amount of computation required. This is illustrated in the following
algorithmt for computing a square root, based on bisection, where a
demand for higher accuracy in the result means completing more basic
arithmetical operations, as well as increasing the accuracy with which these
are performed.

Example 1.2 Given a>1 and £>0, we seek an approximation to Ja with
error not greater than . At each stage we have two numbers x, and x,. In the
calculation, we change x, and x,, keeping x,<va<x, and at the same time
repeatedly halving the interval [x,, x,]. Initially we take x,=1 and x, = a, as
1<va<a. We compute the midpoint x= (x,+x,)/2 and then decide
whether x is greater than Va. Since we do not know va, we compare x* and
a. If x*>a we replace the number x, by x; otherwise we replace the number
x, by x. We stop when x, — x,<2¢, since then we must have 0< x—va<g,
where € was chosen in advance to give the accuracy we desire in the final
approximation x. ]

Algorithm 1.1 (square root by bisection) We begin with a>1 and £>0,
and xo=1, x,=a.

repeat
x:=(xy+x,)/2
if x’>athen x,:=x
else x,:=x
until x, — x;<2¢ O

In the above algorithm, the symbol := should be interpreted as ‘becomes
equal to’. The ‘loop’ of instructions between repeat and until is called an
iteration. If we make the positive number & smaller, the number of
iterations required increases. We must also make the arithmetic more
accurate as € is decreased, as otherwise the test whether x>>a will give
incorrect results and x, and x, will not remain distinct. If we are prepared to
do the arithmetic to arbitrary accuracy, we can make & as small as we
please, provided it is positive. We cannot take & = 0 as this would require an
infinite number of iterations. O

In Algorithm 1.1 we compute the first few members of a sequence of
values (the midpoints x) which converge (see § 2.3) to Va, the solution of
the problem. As we can calculate only a finite number of members of the
sequence, we do not obtain the precise value of va. Many algorithms

t This algorithm is not recommended; it is given merely as a simple illustration. A more
efficient square root algorithm is described in § 8.6.
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consist of calculating a sequence and in this context we say that the
algorithm is convergent if the sequence converges to the desired solution of
the problem.

In the analysis of an algorithm we shall consider the error in the
computed approximation to the solution of our problem. This error may be
due to various factors, for example, rounding in arithmetic and the
termination of an infinite process, as in Example 1.2. Errors, which are a
deliberate but often unavoidable part of the solution process, should not be
confused with mistakes which are due to failure on the part of the human
user of an algorithm, particularly when writing a computer program. For
each algorithm we look for an error bound, that is, a bound on the error in’
the computed solution. A bound which is not directly dependent on the
solution and therefore can be computed in advance, is called an a priori
error bound. When directly dependent on the solution, a bound cannot be
computed until after the completion of the main part of the calculation and
is called an a posteriori bound. If, as is often the case, an error bound is
very much larger than the actual error, the bound cannot be used to provide
a sensible estimate of the error. For this reason we also devise alternative
methods of estimating the error for some problems. Error bounds and
estimates are often very valuable in telling us about the asymptotic
behaviour of the error as we improve approximations made in deriving an
algorithm.

There are two ways in Wthh we measure the magnitude of an error. If a
is some real number and a* is an approximation to a we define the absolute
error to be | a—a®| and we define the relative error to be |a—a*|/|a|.
We can see that the absolute error may be quite meaningless unless we have
some knowledge of the magnitude of a. We often give relative errors in
terms of percentages.

One important point we must consider in looking at an algorithm is its
efficiency. We usually measure this in terms of the number of basic
arithmetical operations required for a given accuracy in the result. Some-
times we also consider other factors such as the amount of computer storage
space required.

1.3 Properly posed and well-conditioned problems

There is one important question which we must investigate before
applying a numerical method to a problem and that is ‘How sensitive is
the solution to changes in data in the formulation of the problem?’ For
example, if we are solving a set of algebraic equations, the coefficients
in the equations form data which must be provided. There will certainly
be difficulties if small changes in these coefficients have a large effect
on the solution. It is very unlikely that we can compute a solution without
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perturbing these coefficients if only because of errors due to rounding in
the arithmetic.

Suppose that S(d) representst a solution of a problem for a given set of
data d. Now suppose that d + dd is a perturbed set of data and S(d + dd) is
a corresponding solution. We write ||8d|| to denote a non-negative number
which is a measure of the magnitude of the perturbation in the data and we
write || S(d+ 6d) - S(d)|| to denote a non-negative number which is a
measure of the magnitude of the difference in the solutions. We say that the
problem is properly posed for a given set of data d if the following two
conditions are satisfied.

(i) A unique solution exists for the set of data d and for each set of data
‘near’ d. That is, there is a real number £>0 such that S(d + dd) exists
and is unique for all 6d with || 6d|| <e.

(i1) The solution S(d) is continuously dependent on the data at d, that is

| S(d+dd)—-S(d)|| =0 whenever || 8d|| —0.

If there were more than one solution for a given set of data, then we
would not know which solution (if any) our numerical method obtains.
Usually we can avoid existence of more than one solution by imposing extra
conditions on the problem. For example, if we wish to solve a cubic
equation we could stipulate that the largest real root is required.

If the condition (ii) above is not satisfied, it would be difficult to use a
numerical algorithm as then there are data which are arbitrarily close to d
and such that the corresponding solutions are quite different from the
desired solution S(d).

We say that a problem which is properly posed for a given set of data is
well-conditioned if every small perturbation of that data results in a
relatively small change in the solution. If the change in the solution is large
we say that the problem is ill-conditioned. Of course these are relative terms.

Often the solution of a properly posed problem is Lipschitz dependent on
the data (see § 2.2). In this case there are constants L >0 and £> 0 such that

| S(d+ dd)~S(d)|| <L|| od|| (1.3)

for all dd with || dd|| < e. In this case we can see that the problem is well-
conditioned if L is not too large. The restriction, || d|| < &, only means that
there are limits within which the data must lie if (1.3) is to hold. This
restriction should not worry us unless € is small. If L has to be made large
before (1.3) is satisfied or if no such L exists, then a small change in the
data can result in a large change in the solution and thus the problem is ill-
conditioned.

1 §(d) and d may be numbers, functions, matrices, vectors or combinations of these
depending on the problem.
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As we remarked earlier, an ill-conditioned problem may be difficult to
solve numerically as rounding errors may seriously affect the solution. In
such a case we would at least need to use higher accuracy in the arithmetic
than is usual. If the problem is not properly posed, rounding errors may
make the numerical solution meaningless, regardless of the accuracy of the
arithmetic. Sometimes the data contains inherent errors and is only known to
a certain degree of accuracy. In such cases the amount of confidence we
can place in the results depends on the conditioning of the problem. If it is
ill-conditioned, the results may be subject to large errors and, if the problem
is not properly posed, the results may be meaningless.

The next example illustrates that the properties properly posed and well-
conditioned depend on both the problem and the data.

Example 1.3 We consider the computation of values of the quadratic
g(x)=x*+x-1150.

This is an ill-conditioned problem if x is near a root of the quadratic. For
example, for x=100/3, ¢(100/3)= -50/9= -5.6. However, if we take
x =33, which differs from 100/3 by only 1%, we find that q(33)= -28
which is approximately five times the value of ¢(100/3). To obtain a
relation of the form (1.3) when x=100/3 we need to take L=70 (see
Problem 1.5). O

Suppose that we wish to solve a problem which we will denote by P. We
often find it necessary to replace P by another problem P, (say) which
approximates to P and is more amenable to numerical computation. We now
have two types of error. Firstly, there is the difference between P and P,
and we write E, to denote some measure of this error. Often this results
from cutting off an infinite process such as forming the sum of an infinite
series (see § 2.3) after only a finite number of steps, in which case we call it
the truncation error. Secondly, there is the error consisting of the difference
between the solutions of P and P; and we denote some measure of this by
E;. This second type of error is sometimes called the global error. Of
course there is a relation between E, and Ej, but it does not follow that if E,
is small then so is E;. We shall derive relations between E, and E; for
different types of problem and, for a satisfactory method, will require E; to
become arbitrarily small as the approximation is improved, so that E, tends
to zero. If this property does hold we say that the resulting algorithm is
convergent. Unfortunately there are problems and approximations such that
E; does not tend to zero as E, is decreased.

Example 1.4 Suppose that f is a given real-valued differentiable function
of a real variable x and that we seek values of the derivative f' for given
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particular values of x in the interval a < x<b. We will assume that f* cannot
be obtained explicitly as f is a very complicated function but that we can
compute f(x) for any given value of x.

Our algorithm consists of replacing f by another function g which can
easily be differentiated. We then compute values of g'(x) instead of f'(x).
In Chapter 5 we will describe one way in which g can be chosen and
that provided f satisfies certain conditions we can make the error
Ep(x)=f(x) — g(x) arbitrarily small for all x with a < x<b. Unfortunately
it is possible for E (x)=f"(x)- g'(x) to be arbitrarily large although
E,(x) is arbitrarily small. For example, if E,(x)= (1/n) sin(n’x), where
n=1,2,3,... corresponds to different choices of g, then

E.(x)>0 as n—>oo,
for all values of x. However,
Es(x) = n cos(n’x)
and thus E(x) —ee as n = e, for x=0. O

If we replace a problem P by another, more convenient problem P,
which is an approximation to P, we shall normally expect both P and P, to
be properly posed and reasonably well-conditioned. If P were not properly
posed, in general we would not obtain convergence of the solution of P, to
that of P. We are almost certain in effect to perturb the data of P in making
the approximation P,. We therefore require, as a necessary condition for the
convergence of our algorithm, that the original problem P be properly
posed. The convergence will be ‘slow’ unless P is well-conditioned.

We also have to solve P, using numerical calculations and we are almost
certain to perturb the data of P,, which should therefore be properly posed
and well-conditioned. If P is well-conditioned, we normally expect P, to be
well-conditioned; if not, we should look for a better alternative than P,.

In some numerical algorithms, especially those for differential equations,
we compute elements of a sequence as in Example 1.2 but are interested in
each element of the sequence and not just the limit. In both types of
problem we use a recurrence relation, which relates each element of a
sequence to earlier values. For example, we may compute elements of a
sequence (y,);., using a recurrence relation of the form

yn+l=F(yn’yn—l""’yn—m) (14)

for n=m, m+1, m+2,..., where F is a known function of m+1
variables. We need starting values y,, o, ..., ¥,, and normally these must be
given. In using (1.4) we are certain to make rounding errors. Now an error
introduced in any one step (one value of n) will affect all subsequent values
and, therefore, we need to investigate the propagated effect of rounding
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errors. These effects may be very important, especially as computers allow
us to attempt to compute very many elements of a sequence and so
introduce many rounding errors. In this context we use the term stability in
referring to whether the process is properly posed and well-conditioned.
Example 1.5 If (y,)7_, satisfies

yn*l=100'01yn_yn-l’ n?1, (15)

with y,=1 and y,=0.01 then y;=10"'"°, whereas if y,=1+10"° and
¥, =0.01 then ys= —1.0001. The large difference in the value of y, shows
that the process is very ill-conditioned. In fact we say that the recurrence
relation is numerically unstable. Further details are given in §13.11,
particularly Example 13.18. O

Problems

Section 1.1

1.1 Give both constructive and non-constructive proofs of the following
statements.

(i) Every quadratic equation has at most two distinct real roots.
(i1) There are at least two real values of x such that

2 cos(2 cos 'x)=1.

(iii) Given a straight line £ and a point P not on ¢, there is a perpendicular
to £ which passes through P.

Section 1.2

1.2 Show that an a priori error bound for the result of the bisection
method for finding va withO<a<1is

lx-+a| < -a)/2",
where N is the number of iterations completed.

1.3 In Algorithm 1.1 we have at each stage

|x-+a| < x‘;xo.

Show that if

(x, = xp)* <4ae?,
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then the relative error in x as an approximation to va satisfies
x—+a
Va

Hence modify the algorithm so that the iterations stop when the relative
error is less than &.

<E.

Section 1.3
1.4 Show that the equations

x+y=2
bredy=1
x+2y=3

have a unique solution, but that the problem of computing this solution is
not properly posed, in the sense given in § 1.3. Notice that, if we express
coefficients as rounded decimal fractions, there is no solution.

1.5 If g(x)is the quadratic of Example 1.3, show that
gx+0x)—g(x)=Q2x+ dx+ 1)dx
and thus that, if 33<x<34 and | 6x| <1, then
| g(x + 6x) - q(x)| <70]| ox].



Chapter 2
BASIC ANALYSIS

2.1 Functions

Definition 2.1 A ser is a collection of objects. The number of objects
may be finite or infinite. a

We write
S={a,b,c,..},

where § denotes a set and a, b, c, ... denote the objects belonging to the set.
Wecall g, b, c, ... the elements or members of the set § and we write a € §
as a shorthand for ‘a belongs to §’. If S and T are sets such thatt}
x€ET=>x€ S, we say that T is a subset of § and write TCS.

Example 2.1 The set of all numbers x such that a<x<b is denoted by
{a, b] and is called a closed interval. The set of x such that a<x<b is
denoted by (a, b) and is called an open interval. We write (a, b] to denote
the set of x such that a<x<b and (—ee, o) to denote the set of all real
numbers. |

Definition 2.2 If, given two sets X and Y, there is a relation between them
such that each member of X is related to exactly one member of Y, we call
this relation a function or mapping from X to Y. O

Example 2.2 If, at some instant, X denotes the set of all London buses in
use and Y the set of all human beings, the relation ‘y is the driver of x, with
x€X, ye Y’ is a function from X to Y. O

+ The symbol = means ‘implies’.
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Example 2.3 If X is the set [0, 1] and Y is the set of all real numbers y,
then the relation

y=x+2, O=<x<l,
defines a function from X to Y. W]

We sometimes write y = f(x), where x € X and y € Y, to denote a function
by which x is mapped into y. We then refer to this as ‘the function f’. Note
that not every y € Y need be such that y= f(x), for some x € X. X is called
the domain of f and the set of all y € Y such that y = f(x), for some x€ X,
is called the range of f or ran( f). Thus we have

ran(f)CY.
In Example 2.3, the domain is the closed interval [0, 1] and the range is [2, 3].

Example 2.4 Let X denote the set of all vectors x with n real elements and
A denote an nxn matrix with all elements real. Then (see Chapter 9)
Ax € X and the relation y = Ax is a function from X to X. 0

We may depict a function schematically as in Fig. 2.1, which shows the
sets X, ¥ and ran(f) and shows a ‘typical element’ x € X being mapped into
an element y € Y by f.

If X and Y are subsets of the real numbers and y = f(x) denotes a function
from X to Y, the reader will be used to representing the function by a graph, as
in Fig. 2.2. Such a function is called a function of one (real) variable.

Example 2.5 Let X denote the set of ordered pairs (x, y) where x and y
are reals and let Y denote the set of all real numbers. A mapping from X to
Y is called a function of two real variables. Similarly, we may define a
function of n variables. The set of all ordered pairs (x, y) is called the xy-
plane. Geometrically, the function z=f(x, y) may be represented by a
surface in xyz-space. Thus, for instance, the function z=1 +x+y is
represented by the plane which passes through the three points with
coordinates (-1, 0, 0), (0, -1, 0), (0, 0, 1). 0

Definition 2.3 A function f from X to ran(f) C Y is said to be one—one if
to each y € ran( f) there corresponds exactly one x € X such that y=f(x). O

ran ( f

Fig. 2.1 Schematic representation of a function.
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|

ra“(f)i /\/

y=f(x)

Fig. 2.2 Graph of a function from the reals to the reals.

Thus the function of Example 2.3 is one—one. The function defined by
y=x2, —1<x=<1, is not one—one since each y such that 0<y=<1 corre-
sponds to two values of x.

Definition 2.4 If f is a one—one function from X to ran(f) CY, we may
define the inverse function of f by

x=f"(y).

The inverse function f~' maps y € ran(f) into the unique x € X such that
y=f(x). Note that ran( f™') = X. 0

Example 2.6 If y=f(x), x€X, is the function y=x+2, Osx<1, of
Example 2.3, then the inverse function x=f"'(y) exists and is given by
x=y-2,2<y<3, a

For the remainder of this chapter we shall be concerned mainly with
functions from the reals although most of the functions may also be defined
for a complex variable. We start by briefly considering polynomials and
circular functions. Later in the chapter we look at logarithmic and exponen-
tial functions.

Polynomials
The function

y=ay+ax+--+axt, 2.1)
where x belongs to the reals and the coefficients ay, a,, ..., a, are fixed real

numbers with a,#0, is called a polynomial in x of degree n.
The function in Example 2.3 is thus a polynomial of degree 1. Through-
out the text, we use P, to denote the set of all polynomials of degree n or
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less. If p is a polynomial of degree n=1 and o is a zero of p, that is
p(a) =0, then we have (see Problem 2.2)

p(x)=(x—a)q(x) 2.2)

where g is a polynomial of degree n— 1. If p is a polynomial of degree
nzr>1and

p(x)=(x—a)'q(x),
where ¢ is a polynomial of degree n — r such that g(a) =0, we say that « is
a multiple zero of p of order r. If r=2, we say that o is a double zero. For
example, p(x)=(x— 1)*(x-2) has three real zeros, a single zero at x=2
and a double zero at x=1.

We can use (2.2) to prove that a polynomial of degree n cannot have
more than n real zeros unless the polynomial is identically zero (that is, all
its coefficients are zero). This result is clearly true for a polynomial of
degree one (whose graph is a straight line) and using (2.2) and the principle
of induction (see §2.3) we can extend this to the general case.

Circular functions
In Fig. 2.3, AB is an arc of a circle of radius 1 and centre O. In radian
measure, the angle 0 is defined as the length of the circular arc AB. Thus
the angle of one complete revolution is 27 and a right angle is .
Evidently BC and OC are functions of 6 and these are denoted by
BC =sin 6, OC=cos 6, 0<f<im

Since the sum of the angles of triangle OBC is 7, we have

cos f=sin(} t - 0), (2.3)
where 0< 8<3n.

The domain of the sine function may be extended from (0, } i) to all real
9 as follows:

sin0=0,sinsm=1, 2.4
sin(sr — ) =sin 6, O0<f<inm,
sin(—0)= —sin 6, O0<fOs<nm,
sin(@+ 2ns) =sin 6, n=0, x1, £2,.... 2.5)
B

)
0 ) C A

Fig.2.3 OA=0B=1,sin 6=BC, cos 6=0C



Basic analysis 15

The domain of cos 8 is then extended to all real 8 by allowing (2.3) to hold
for all 8. Note that the values in (2.4) are chosen to make sin 8 continuous
(see §2.2). Equation (2.5) demonstrates the periodic nature of sin 6. Both
sin @ and cos @ are said to be periodic, with period 27z (see Fig. 2.4). We
note some identities satisfied by the sines and cosines:

sin®@+cos’@=1, forall§, (2.6)
9 6-
sin 8 + sin ¢ = 2 sin o cos ¢ , .7
2 2
6 -
cosG+cos¢=2cos( ;(p)cos(ozd)). (2.8)

The identities (2.7) and (2.8) hold for all # and ¢. Other circular functions
(for example, tan @) may be defined in terms of the sine and cosine.

-2 \ - /

y=cosx

Fig. 2.4 The sine and cosine functions.

Further classes of functions

Definition 2.5 A function f from the reals to the reals is said to be even if
f(=x)=f(x) and to be odd if f(—x)= —f(x), for all x. O

Thus sin x is odd, cos x is even and 1 + x is neither.

Definition 2.6 A function f defined on [a, b] is said to be convex if
fQx;+ (1= Dx) <Af(x) + (1~ 1)f(xy)
for all x,,x, € [a, b] and any A € (O, 1). O

Geometrically, this means that a chord joining any two points on the
curve y = f(x) lies above the curve, as for the function x? on (—eo, ). We
can similarly define a concave function by reversing the inequality so that
points on a chord must lie below the curve.
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Definition 2.7 A function f is said to be bounded above on an interval I
(which may be finite or infinite) if there exists a number M such that

fx)sM, forallxel.

Any such number M is said to be an upper bound of f on 1. The function is
said to be bounded below on I if there exists a number m such that

f(xy=zm, forall xel.
If a function is bounded above and below, it is said to be bounded. O

If f is bounded above on /, it can be shown that there exists a least upper
bound, say M™, such that M~ <M, for every upper bound M. The least
upper bound, which is unique, is also called the supremum, denoted by

sup 0

The supremum is thus the smallest number which is not less than any f(x),
x € I. Similarly, if f is bounded below on I, we have the greatest lower
bound or infimum, denoted by

inf f(x),
x€l
which is the greatest number which is not greater than any f(x), x€ I.

Example 2.7 Forsin x on [0, 27], we have

inf sinx=-1, sup sinx=1,
Osx€2n 0<x€2n

the infimum and supremum being attained at x = 372/2 and 7/2 respectively.
a

Example 2.8 For 1/x? on (—eo, o) there is no supremum, since 1/x? is
not bounded above. However, we have

inf 1/x*=0
although the infimum is not attained, since there is no value of x for which
1/x*=0. O

If a supremum is attained, we write ‘max’ (for maximum) in place of ‘sup’.
If an infimum is attained, we write ‘min’ (for minimum) in place of ‘inf’.

2.2 Limits and derivatives

We define
sin x
gx)= , O<xs
X

1
2.71'
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Table 2.1 Limit of (sin x)/xas x—0

x 0.50 0.20 0.10 0.05 0.02
(sin x)/x 0.959 0.993 0.998 1.000 1.000

Note that we have not defined g(0). What can we say about g(x) near x =0?
Inspection of a table of values of sin x (see Table 2.1) suggests that g(x)
approaches the value 1 as x approaches 0. To pursue this, we see from Fig.
2.5 that

area of AOAB < area of sector OAB <area of AOAC
or (see Problem 2.11)

isin x<ix<itan x, O<x<im.
This yields
X 1
l<——«<
sinx  cosx
and thus
sin x
cosx < < 1. 2.9
X

Since cos x approaches the value 1 as x approaches 0, (2.9) shows that
(sin x)/x also approaches 1 as x approaches 0. More precisely, we deduce
from (2.9) (see Problem 2.12) that

sinx | ,

0<1- <L (2.10)

X

0

Fig. 2.5 OA=O0B =1; AB is a circular arc; OAC is a right angle.
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This shows that (sin x)/x may be made as near to 1 as we please for all
values of x sufficiently near to zero. This is an example of a limit.

Definition 2.8 Suppose that x, € [a, b] and the function g is defined at
every point of [a, b] with the possible exception of x,. We say that g has
limit ¢ at x, if to each £> 0 there corresponds a number 6 > 0 such that

X € [a, b] with |x-x,| <dand x+x,= |g(x)—c| <&.
As a short-hand for the classical ¢é—0 terminology, we write
lim g(x) =c. O

X—= Xo

Example 2.9 The function (sin x)/x has the limit 1 at x=0. Given £>0,
we may take O=(2¢€)"? since, for all x such that x€& (0, 7/2) with
| x] < (2€)'7?, we have } x* < ¢ and thus from (2.10)

sin x
-1 <eg,
x
as required by Definition 2.8. .
We say that
lim g(x) =c¢

if to any &> O there corresponds a number M such that

lg(x)-c| <&, for all x> M.

Properties of limits

If the functions g and h are both defined on some interval containing x,, a
point at which both have a limit, then

(1) lim (og(x) + Bh(x)) = a lim g(x) + B lim A(x),
X=X X3 X3

where a and f are any constants;

(i) lim g(x)h(x) =( lim g(x)Xlim h(x));
X—)Xo X—)Xo X—)Xo

(iii) lim 1. 1/lim g(x)
X%y g(x) XXy

provided lim g(x) # O.
X‘—)Ab
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Continuity
Consider the function g(x) defined by

1, -1<sx=<0
x<1

x=_
8(x) L o<

We say that g has a discontinuity at x =0, where the value of g(x) jumps
from —1 on the left to +1 on the right.

Definition 2.9 A function g defined on [a, b] is said to be continuous at
X, € [a, b] if g has a limit at x, and this limit is g(x,). O

Thus g is continuous at a point x,€ [a, b] if, to each £>0, there
corresponds a number ¢ >0 such that

x€[a, blwith |[x-x,] <6 = |gx)-glxy)]|<e

We say that g is continuous on [a, b] if g is continuous at each
x, € [a, b]. The concept of continuity is applied also to functions defined
on open and infinite intervals.

Definition 2.10 A function g, defined on {a, b], is said to be uniformly
continuous on [a, b] if, to each £> 0, there corresponds a number é >0 such
that

xE[a, bl with [x-x,] <8 = |gx)-g(x)| <e 2.11)
for every x, € [a, b]. .|

The point of this definition is that, given an £>0, the corresponding J
which appears in (2.11) is independent of x,, so that the same J will serve
for each point of [a, b]. We state without proof that if a function g is
continuous on the closed interval [a, b] it is also uniformly continuous on
[a, b].

We quote the following theorems concerning continuous functions. The
first of these is a simple consequence of the properties of limits.

Theorem 2.1 If f and g are continuous on an interval /, so also are fg and
af+ Bg, where a and B are constants. If f is continuous on I and f(x)#0
for all x € I then 1/f is continuous on /. O

Theorem 2.2 If f is continuous on [a, b] and 7 is a number lying be-
tween f(a) and f(b), then there is a number & € [a, b] such that f(§)=». O

Thus a function f which is continuous on [a, b] assumes every value
between f(a) and f(b). As a special case of this, we have the following
result.
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Theorem 2.3 If f is continuous on [a, b], there exists a number
E € [a, b] such that

f(&)=1(f(a) + f(b)). O

The notion of continuity is easily extended to functions of several
variables. For example, for two variables we state the following.

Definition 2.11 A function f(x, y) defined on some region R of the xy-
plane is said to be continuous at a point (x,, y,) of R if, to each £ >0, there
corresponds a number &> 0 such that

(x,y)ERwith [x—x,] <dand |y-y| <6 = [f(x,y)=f(x0 yo)| <&
a

Lipschitz condition

Definition 2.12 A function f, defined on [a, b], is said to satisfy a
Lipschitz condition on {a, b] if there exists a constant L > 0 such that

[ fxe) = fxe) | <Llx, —x,], (2.12)
for all x,, x, € [a, b]. L is called the Lipschitz constant. a
We may deduce from (2.12) that if f satisfies a Lipschitz condition on

[a, b], then f is uniformly continuous on [a, b].

Example 2.10 Consider f(x)=x%on [-1, 1]. Then
fO) = f(x) = xi= )= (0, = ;) (%, + X))
Thuson [-1, 1]
[fx) = fO) | <2]x - x, ],
showing that f(x)=x? satisfies a Lipschitz condition on [-1, 1] with

Lipschitz constant 2. ;|

Example 2.11 Consider f(x)=x"?, with x=0. Then
fO) =) = x5 = %7 = (2, ~ 1) (K + /%),
1/2

By taking x, and x, sufficiently close to O we can make 1/(x\/?+ x}/?) as
large as we please. Thus the function x'/ does not satisfy a Lipschitz
condition on any interval which includes x=0. 0

This last example demonstrates that not every continuous function
satisfies a Lipschitz condition.
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Derivatives

We are often interested in how much f(x) changes for a given change in x.
As a measure of the rate of change as x varies from, say, x, to x,+ h, we
may calculate the quotient

Slxo + 1) = flxg) - %
(o+h)~x, PR’

as shown in Fig. 2.6. Geometrically, this ratio is the gradient of the chord
PQ. The number & (shown as positive in Fig. 2.6) may be positive or
negative. The rate of change of f(x) with respect to x at x, is defined as

i L&t M) =)

im ———

h—>0 h
assuming that this limit exists. Geometrically, the limit gives the gradient of
the tangent to the curve at P. Replacing x, by x, we write

+h)—f(x
F100 = lim fx+h)—f(x) 2.13)
h—0 h

and call this limit the derivative of f with respect to x. Instead of f'(x) we
sometimes write (d/dx)f(x), df/dx or dy/dx if y = f(x). If the derivative of
[ exists for all x in some interval I, we say that f is differentiable on I and
write f' for the resulting function on 1.

Properties of derivatives

® —fx— (af(x) + fgx) = a —fx—f(x) +p % gx). (2.14)
(if) d (f()g(x)) = flx) d (x) + gx) d fx) (2.15)
i) — = — — . .
dx & dx 8 8 dx
YA y=fx)

Fig. 2.6 Measurement of rate of change.
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(iii) If we write u=g(x), then
—f(g(x)) Y . =/ @R . (2.16)
du

It is assumed that all the derivatives occurring in the right sides of these
equations exist. The verification of these properties uses the basic properties
of limits.

Property (iii) is called the function of a function rule or chain rule. One
application of this rule concerns inverse functions. If the function y = f(x)
has an inverse function x = ¢ (y), we may write

y=f(o(»)
and deduce from (2.16) that
LY &
dy dx dy
so that
&/ .17
dy dx’

The derivative of an arbitrary polynomial is obtained by first showing
directly from the definition of a derivative (see Problem 2.16) that

d
—x"=nx""", n an integer. (2.18)

(This result holds also if n is any real number.) Applying (2.14) repeatedly
and using (2.18) we find

d
E (@G+ax+ax’+-+ax)=a + 2a,x + - + na,x""!
For the derivatives of the circular functions, we find (Problem 2.18) that

— sin x = COS X. (2.19)
dx

Making the substitution t=/2-x, using the chain rule and finally
replacing ¢ by x, we deduce from (2.19) that

— COS X = —sin x.
dx
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We now discuss two simple but very important theorems involving
derivatives.

Theorem 2.4 (Rolle’s theorem) If f is continuous on [a4, b] and is
differentiable in (q, b) and f(a)=f(b)=0, then there exists at least one
point £ € (a, b) such that f'(£)=0. O

We omit the proof. Notice that the same result holds if we substitute the
single condition ‘f is differentiable on [a, b}’ in place of the more
complicated conditions ‘f is continuous on [a, b] and is differentiable in
(a, b)’. The reason why this simplification is not usually adopted is because
it weakens the theorem’s generality.

Let f be continuous on [a, b] and differentiable in (a, b) and define

f(®) —f(a))

—-a

gx) =f(x) - f@) - (x - a)(

on [a, b]. (The function g is the difference between f and the polynomial
which interpolates f at a and b. See (4.3).) It folows from the above
conditions on f that g also is continuous on [a, b] and differentiable in
(a, b). In addition, we have g(a)= g(b) =0 and

. , (b) - f(a)
£ =1 - (L—f
-a
in (a, b). Thus g satisfies the conditions of Rolle’s theorem and we deduce
that there exists a §€& (a, b) such that g'(£)=0. Hence we obtain the
following result.

Theorem 2.5 (mean value theorem) If f is continuous on [a, b] and
differentiable in (a, b), then there exists at least one point & € (a, b) such
that

f(B)-fla)= (b-a)f' (&). (2200 O

Recall the remark after Theorem 2.4 on how the conditions on f could be
simplified, at a cost of loss of generality of the theorem. This remark
applies to Theorem 2.5 also.

Rolle’s theorem is a special case of the mean value theorem, which is in
turn a particular case of Taylor’s theorem 3.1. We shall need Rolle’s
theorem in the proof of Theorem 3.1.

From the mean value theorem, if x|, x, € [a, b] then

FO) = fx) = (x, — x)f" (8),
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where & depends on the choice of x, and x, and thus
| fx) = flx) | <L]x, = x|,
where

L= sup If' ().

Hence
differentiability = Lipschitz condition = uniform continuity.

We cannot reverse these implication symbols, as may be seen from Example
2.11 and Problem 2.19.

Higher derivatives

If the derivative of f’ exists at x, we call this the second derivative of f
and write it as f”(x). Similarly, we define third, fourth and higher order
derivatives from

P = % (f" Py, n=3.4,....

The nth derivative is sometimes written as d"f/dx" or d"y/dx" if y = f(x).
To unify the notation, we sometimes write f®(x) and f’(x) to denote f(x)
and f' (x) respectively.

We have already noted the geometrical interpretation of f'(x) as the
gradient of the tangent to y=f(x) at the point (x, f(x)). Thus if f'(x)>0,
Sf(x) is increasing and if f'(x) <0, f(x) is decreasing. The second derivative
too is easily related to the graph of y=f(x): if f"(x)>0, f' is increasing
and therefore f is convex (see Problem 2.20). If f"(x)<0, —f is convex
and thus f is concave.

We now consider a simple extension of Rolle’s theorem which involves
higher derivatives. Suppose that f is continuous on [a, b] and differentiable
in (a, b), and is zero at n+ 1 points, t,<t,<---<t, of [a, b]. (For the
special case of n=1 with t,=a and ¢ =b, this just reproduces the
conditions of Theorem 2.4.) Let us apply Theorem 2.4 to the function f on
each of the n intervals [1,_,, t;], 1 <i<n. We deduce that f' has at least n
zeros in (a, b) since there is a zero of f' in each of the subintervals
(t;_1, t;). We now assume further that f' is continuous on [a, b] and is
differentiable in (a, b). Then if n=2 we may apply Theorem 2.4 to the
function f* on each of the intervals between consecutive pairs of its zeros
to show that f” has at least n — 1 zeros in (a, b). This line of reasoning may
clearly be extended and we deduce the following result.
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Theorem 2.6 (extended Rolle theorem) If f(¢)=0, i=0,1,...,n,
where asty<t,<---<t,<b, and f"P is continuous on [a, b] and is
differentiable in (a, b), then there exists at least one point £ € (a, b) such
that f"(&)=0. a

Note (cf. the remarks made after Theorems 2.4 and 2.5) that the latter
condition could be simplified by merely asking that f™ exists on [a, b],
resulting in a loss of generality of the theorem.

Maxima and minima

Definition 2.13 We say that f(x,) is a local maximum of a function f if
there exists a number >0 such that f(x,)> f(x) for all x such that x+ x,
and |x—x,] <@. O

We often drop the adjective ‘local’ and speak simply of a maximum of
f(x) at x = x,, meaning that f(x,) is the greatest value of f(x) in the vicinity
of x,. Similarly we say we have a minimum of f(x) at x = x, if f(x,) is the
smallest value of f(x) in the vicinity of x, If f(x;) is the greatest (least)
value of f(x) for all x€[a, b], we call f(x;) the global maximum
(minimum) on [a, b].

Theorem 2.7 If f" is continuous at x, and f' (x;) =0 then f(x,) is a local
maximum (minimum) if " (x;) <0 (>0). O

The truth of this result is intuitively obvious from our remark above that
f"(x5) <0 (>0) implies that the function f(x) is concave (convex). The
theorem is easily proved (Problem 3.5) with the aid of Taylor’s theorem.
Notice that Theorem 2.7 tells us nothing if f' (x,) = f" (x5) = 0.

Partial derivatives

For a function of two variables, f(x, y), it is convenient to analyse the rate
of change of f with respect to x and y separately. This involves the use of a
partial derivative, defined by

of . fx+hy)-fx,y)
_— m

ax h—0 h

if the limit exists. Note that df/dx is obtained by treating y as a constant and
differentiating with respect to x in the usual way. Similarly we obtain df/dy
on differentiating f with respect to y, treating x as a constant.

For given values x = x,, y = y,, 9f/0x is the gradient of the tangent in the
x-direction to the surface z=f(x, y) at the point (x,, y,). Sometimes we

2.21)
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write f, and f, for 9f/dx and 9f/dy respectively. We also have higher partial
derivatives, for example

¥ 3(_81
= T ax)

_ ¥ 3 (_@z)
5= 5 " a3

Example 2.12 If f(x, y)=x? cos y, we have

f.=2xcosy, f,=-x%siny,
fu=2cosy, fy=—2xsiny,
fu=-2xsiny,  f,=-x%cosy. 0O

If f is a function of two variables x and y and each of these variables is in
turn a function of say ¢, we have the function of a function (or chain) rule
d
o _of & o &y 2.22)
dt ox dr 9dy dt

The definition of a local maximum or minimum of f(x, y) at (xg, Y,) is
similar to that for a function of one variable. For a local maximum or
minimum, we require f,=f, =0 at (x, y,) but these are not sufficient
conditions.

2.3 Sequences and series

Sequences

Consider a function whose domain is the set of positive integers such that
the integer r is mapped into an element u,. The elements u,, u,, us, ... are
called collectively a sequence, which we will denote by (u,) or («,);.,. The
sequences in which we will be most interested are those with real members
(elements).

Definition 2.14 We say that the sequence of real numbers (u,.)7_,
converges if there is a number, say u, such that

lim u, = u, 2.23)

roeo

and u is called the limit of the sequence. ]
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By the limit (2.23) we mean that to each &> 0 there corresponds a number
N such that

r>N = Ju-ul<e.

If a sequence does not converge, it is said to diverge.

Principle of induction
Let S, denote a statement involving the positive integer r. If

(i) S, is true,
(ii) for each k=1, the truth of S, implies the truth of §,_,,

then every statement in the sequence (§,)7., is true. This is known as the
principle of induction.
Example 2.13 If O< as<1, show that

(l-a)=21-ra, r=1,2,.... (2.24)

If S, denotes the inequality (2.24), we see that §, is obviously true.
Assuming S, is true, we have

(1-o)f=1-ka
and, on multiplying each side of this inequality by 1 — a =0, we have
(1-)*'2(1-a)(1-ka)
=1-(k+Da+ka’=1-(k+Da,

showing that §, ., is true. By induction, the result is established. a

Convergence of sequences
Having defined convergence of a sequence (Definition 2.14) we now state a
result which is often referred to as Cauchy’s principle of convergence.
Theorem 2.8 (Cauchy) The sequence (u,)7., converges if, and only if, to
each >0, there corresponds a number N such that

n>N=|u,.—u,| <e, fork=1,2,.... O

This result enables us to discuss convergence of a sequence without
necessarily knowing the value of the limit to which the sequence converges.

Series
A sum

iyt -+,
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where ¢,, c,, ..., C, are real numbers, is called a finite series. Suppose that
we have an infinite sequence of real numbers (c,)7., and that
U,=C +Cy+ -+ 0Cp. (2.25)
If the sequence (1), converges to a limit u, we write
Uu=c,+c,+ (2.26)

and say that the infinite series on the right of (2.26) is convergent with sum
u. We call u, the nth partial sum of the infinite series.

Example 2.14 Consider the infinite series

1
l+—+—+-+—+
n
From the inequalities
1 1 1 1
—+=>2xX—=—,
3 4 4 2
1 1 1 1 1 1
—+—=+—+=>4x ===,
5 6 7 8 8 2
and so on, we have
1 1
l+~+—+-+—21+—n
2" 2

Thus the partial sums can be made as large as we please by taking enough
terms and the series is divergent. O

Uniform convergence

Consider now a sequence (1,.(x))7., of which each member u (x) is a
function of x, defined on the interval [a, b].

Definition 2,15 The sequence (u,(x))7., is said to converge pointwise on
[a, b]if, for each x € [a, b], the sequence converges. O

Definition 2.16 The sequence (u,(x))7_, is said to converge uniformly to a
function u(x) on [a, b] if the sequence

oo

(ﬁ‘i‘ib [,(x) — u(x) l) (2.27)

r=0

converges to zero. O
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It is clear that uniform convergence to u(x) implies pointwise conver-
gence to u(x). We now see that the converse does not always hold.

Example 2.15 Consider the sequence (x") on [0, 1]. For any x€ [0, 1),
x"—0 as r—oo and at x=1, x">1 as r~>e. Thus (x") converges
pointwise on [0, 1] to the limit function u(x) defined by

0, 0<sx«<«l
u(x) = {l, el

However, for any r=0,
sup [x —u@)|= sup |x'|=1
O0<xsl 0sx<1
and therefore the sequence (x”) does not converge uniformly (see
Fig. 2.7). O

In Example 2.15, each member of the sequence is continuous on [0, 1]
but the limit function u(x) is not continuous. This could not have occurred
had the convergence been uniform, as the following theorem shows.

Theorem 2.9 If each element of the sequence (u,(x))7_, is continuous on
[a, b] and the sequence converges uniformly to u(x) on [a, b], then u(x) is
continuous on [a, b]. O

If all the u,(x) and u(x) are continuous on [a, b] we can replace the ‘sup’
in (2.27) by ‘max’.

As an alternative definition of uniform convergence of (u,(x))7_5, we
may say that to each £> 0 there corresponds a number N such that

n>N=|u,(x)~ux)| <e, for all x € [a, b].

7\

1

0 1

>

Fig. 2.7 Non-uniform convergence.
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Y

Fig. 2.8 Uniform convergence.

Notice that N does not depend on x. This statement is represented in
Fig. 2.8. Given &, we draw a strip about u(x) of width 2¢&: for n>N, the
graph of u,(x) lies entirely inside this strip. We can make the strip as
narrow as we please.

The following theorem (cf. Theorem 2.8) is also useful.

Theorem 2.10 The sequence (u,(x))7., converges uniformly on [a, b] if,
to each £> 0, there corresponds a number N such that

n>N=>|u, , (x)-u,(x)| <e
forallx€[a, bland k=1, 2, .... O
Let cy, c,, ... denote an infinite sequence of functions defined on [a, b].
We will form partial sums (as we did for a sequence of real numbers in
(2.25)) and write
U, (x) = € (x) + c3(x) + -+ + ¢, (x)

for asx<b. If the sequence of functions (u,(x))%., converges uniformly
on [a,b] to a limit function u(x), we say that the infinite series
¢,(x)+ ¢,(x) + -+~ converges uniformly to u(x) on [a, b] and write

ulx)=c(x)+c,(x)+---. (2.28)

2.4 Integration

We consider a function f, continuous on an interval [a, b] which we divide
into N equal sub-intervals with points of sub-division x,= Xo+rh,
r=0, 1,...,N, with x, = a, so that xy=band h= (b-a)/N. Then the sum

N

Su=D W) (2.29)

r=1



Basic analysis 31

y=f(x)

Fig. 2.9 Area approximation by a ‘sum’ of rectangles.

is the sum of the areas of the rectangles depicted in Fig. 2.9. If (Sy)%-,
converges, we write

lim 8= f00) dx. (2.30)
N—yeo a

We call this limit a definite integral and say that f is integrable on [a, b]. It
can be shown that the limit always exists if f is continuous and the definite
integral is thus interpreted as the area under the curve y = f(x), above the x-
axis (assuming f is positive) and between the limits x=ag and x=b. If we
allow the rectangles, which contribute to the sum Sy, to vary in width and
ask that the longest width tends to zero as N — oo, the sequence (Sy) still
converges to the same limit. Also, we remark that continuity of f is not a
necessary condition for convergence of the sequence (Sy).

In (2.30), the right side is a constant and x is therefore called a dummy
variable. Thus we could equally express (2.30) as

b
lim S, =j £ dt.
N—oyoo a

Now we allow the upper limit b to vary, so that the integral becomes a
function of b. Writing x for b, we define

F = [ f0 ar
and note that F(a) = 0. We have the following result.

Theorem 2.11 If f is continuous on [a, b], then
F' (x) = f(x), asxsb. d
We write | f(x) dx, called an indefinite integral, to denote any function

¢ such that ¢'(x)=f(x). The function is sometimes called an anti-
derivative of f. From Theorem 2.11 we deduce the following.
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Theorem 2.12
[ fayae =) - 9@, (231)

where ¢ is any anti-derivative of f. 0

We usually abbreviate the right side of (2.31) to ¢ (#)1%. This important
theorem allows us often to evaluate an integral without explicitly relying on
the limiting process (2.30). We shall also require the following results.

Theorem 2.13 (mean value theorem for integrals) If f is continuous
and g is integrable on [a, b] and g(x)=0 for as<x=<b, then there exists a
number & € (a, b) such that

7 gy ax =& [ g0 . O

Theorem 2.14 (integration by substitution) If g’ is continuous on
[a, b],

8(b

I Aetng @ dr=[ " f du

(a
(We obtain the integral on the right from that on the left by making the
substitution u = g(¢).) O

Theorem 2.15 (integration by parts) If f' and g’ are continuous on
[a, b],

[ o8 @ dx = gl -~ [ F0go) a (2.32)

This is proved by integrating (2.15). O

Suppose that a given infinite series ¢ (x)+ c,(x)+--+ converges
uniformly to u(x) on [a, b] and that all of these functions can be integrated
to give, say,

U(x)=j:u(r)dr and C(x) = Lxcj(t)dt, j=1,2,... (233)

for a< x<b. Then it can be proved that
Ux)=Ci(x)+ Cy(x) + -+, (2.34)

where the series on the right of (2.34) converges uniformly to U(x) on
[a, b]. Thus, in view of (2.33), we have integrated the given infinite series
term-by-term to give (2.34). This result is summarized as follows.
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Theorem 2.16 (term-by term integration) If an infinite series of func-
tions converges uniformly to a given limit function u(x) on [a, b1, then the
series can be integrated term-by-term to give a new series which converges
uniformly on [a, b] to the integral of the limit function u(x). O

For an application of this theorem, see Example 7.1 of Chapter 7.

2.5 Logarithmic and exponential functions

We define the function
log x = j]‘ ad (2.35)
t

for x>0 and call log x the natural logarithm of x. The integral in (2.35)
exists for all x>0 as the integrand is continuous. From the definition and
Theorem 2.11 we have

d log x = 1/x (2.36)
" g i i

From (2.35) we also deduce (Problem 2.28) that
log x,x, =log x, + log x, (2.37)

for x,>0, x,>0. (It is this property of the logarithm, allowing multipli-
cations to be replaced by additions, which motivated the construction of
logarithm tables in the early part of the seventeenth century.) If N>2 is a
positive integer,

dr & dr
logN=} —=
g Il t ;J.r 1 t
and thus
1 1 1
logN > — 4+ — + oo + —. (2.38)
2 3 N

From this inequality and Example 2.14, it follows that log x—>oco as
x—>o0, Also putting x,=N, x,=1/N in (2.37) and noting that log 1=0,
we have

log(1/N)= -log N

and we see that log x = —eo as x— 0 from above.
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Since the logarithm function is evidently one—one, we may define its

inverse function. If x =1log y, 0<y<ee, we define the inverse function
y=exp(x), (2.39)

which is thus defined for —oo < x < o0, We see that exp(x) —> oo as x —> o and
exp(x)—> 0 as x = —oo. We deduce from (2.37) (see Problem 2.29) that

exp(x,) exp(x,) =exp(x, + x,), (2.40)

where —eo < x,, X, <oo,
To obtain the derivative of y =exp(x), we use (2.17) to give

& _ /&
dx dy
and
d
— = — (log y) = 1/y = 1/exp(x).
dy dy
Thus

% (exp(x)) = exp(x). (241)

Hereafter, we shall write e* in place of exp(x). The number e =e' evidently
satisfies the equation

and, in fact, e =2.71828.... For any a >0 we define
a*=e*'e (2.42)

and this is also called an exponential function. It follows from (2.41)
that

—ad'=d'loga,
dx g

and it is essentially the simplification which occurs for a = e, namely
d

—_ ex___ ex,

dx

which makes e* the exponential function.
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Problems

Section 2.1
2.1 For the following functions f, state the range of f and say which
functions have an inverse.

(1) 1+ x+ x?%, X E (=00, 00),

() d+x)/Q+x),xe[-1,1],
(iii) 1+ x+ x%, x € [0, ).
2.2 Show that, for any real numbers x and o,

x"—a"=(x-o)(x" T ax" T ol ),
Hence, if p(x)=a,+ a,x+ -+ + a,x", a,+0, show that
px) = p(a)=(x- a)q(x),

where ¢ is a polynomial of degree n— 1, and thus obtain (2.2).

2.3 Suppose that x, <x,< - <x, and that p is a polynomial which satisfies
the conditions (—1)p(x,)>0, (=1)*p(x,)>0 and p(x;)=0 for 2<i<k-1.
Show that p has at least k-1 zeros in (x,,x,). (Hint: if k is even,
p(x,).p(x)<0 and p has therefore an odd number of zeros in (x,, x,).
Investigate also the case where & is odd.)

2.4 With the notation of the previous problem, show that if p satisfies the
conditions (—1)'p(x;)20, 1 i<k, then p has at least k— 1 zeros in [x,, x,].
2.5 If p and q are polynomials and

p(x)=(x-a)*'q(x),
show that p®(a)=0for k=1,2,...,r.
2.6 Assuming that (2.3) (for all values of 6) and (2.7) hold, deduce that
(2.8) holds.

2.7 Assuming that (2.3) holds for all values of §, deduce from the behaviour
of the sine function that cos # satisfies the properties cos (s — §) = —cos 8 and
cos(—6)=cos 6.

2.8 By writing 1 — cos x=cos 0 + cos(7 — x) and using (2.8), or otherwise,
deduce that 1 — cos x =2 sin*}x.

2.9 Show directly from Definition 2.6 that y = x* is convex on (—oo, o).
2.10 Investigate which of the following suprema and infima exist and, of
those that exist, find which are attained.

@ sup 2-x-x7), (i) inf (2 + sin x)e’,

1<x<oo —co g x < oo

(i) inf |cosxlogx] (iv) sup (1-x—xO).

O<x<oo O&x<eo
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Section 2.2
2.11 In Fig. 2.5 show that

(i) area of AOAB =1 OA.BD =}sin x,
(ii) area of AOAC =3 OA.AC=1]tan x,
(iii) area of sector OAB =} x, assuming that the area of a circle with radius
unity is .

2.12 Deduce from (2.9) that

O<1_sinx

< 1-coszx, O<x<jim
x

Use the result of Problem 2.8 and the right inequality of (2.9) to show that
0<1-cosx<ix? O<x<im,
thus verifying (2.10).

2,13 Which of the following functions are continuous on [—1, 1]?

@) x", @) |x], dii) sin( 1 ! ), (iv) cot x.

+x

2.14 Verify Theorem 2.1.

2.15 Show that if f satisfies a Lipschitz condition on [a, b], f is uniformly
continuous on {a, b].

2.16 Using the identity
a"-b"=(a-b)a""'+a" b+ +ab" i+ b ),

n a positive integer, verify (2.18). (Treat separately the cases n positive and
n negative in (2.18).)

2.17 From the definition, obtain the derivatives of
(i) 2x%+3x, @) 1/(x+1),  @ii) x2

2.18 Writing sin(x + k) —sin x=sin(x+ h) + sin(—x) and using (2.7) and
the result of Example 2.9, find the derivative of sin x directly from the
definition of a derivative.

219 If f(x)=| x| on [-1,1], show that f satisfies a Lipschitz condition
with Lipschitz constant L=1 on [~1,1], but that J'(x) does not exist at
x=0.

2.20 Suppose that f” is continuous on [x,, x,] and that D1{(x) =0 denotes the
equation of the chord joining the points (x,, f(x,)), r=1,2, so that
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p,(x,) = f(x,). Then, anticipating the result of (4.13), we have
f) = pi(x) =5 (x = x)(x = x)f" (§),

for some & € [x,, x,]. Deduce that if x€ [x,, x;] and f"(x)>0 on [x,, x;]
then fis convex on [x,, x,].

Section 2.3
2.21 Show that the sequence (u,)7 ., converges, where u,= (n+ 1)/2n.
2.22 Prove by induction that

12422+ o+ n’=n(n+ 1HQ2n+1)/6

and hence find the limit of the sequence (s,), where

e o)

223 If u(x)=ay+a,x+--+a,x"and | a, | <K for all r, use Theorem
2.10 to show that (u,(x));_, converges uniformly in any interval [-p, p],
where O0< p<1.

2.24 Show that the infinite series
T+i+i+g+%+

has partial sums

1
u=2-—, r=012,..,
2’

and deduce that the series is convergent with sum 2.

2.25 Show that the sequence (u,(x)); ., with

nx, O0<x<1i/n
u(x) =42 - nx, 1/n<x<2/n
0, 2/n<sx<?2

is pointwise convergent to u(x)=0 on [0,2] but that it is not uniformly
convergent.

Section 2.4
2.26 Evaluate fj x* dx in two different ways:

(i) by finding an anti-derivative (Theorem 2.12),
(ii) by treating the integral as the limit of a sum, as in (2.29), using the
result of Problem 2.22.
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2.27 Deduce from Theorem 2.13 that, if f is continuous on [a, b],
mb - a) < [bf(x)dx < M®b-a)

where m and M denote the minimum and maximum values of f(x) on
[a, b].

Section 2.5

2.28 For x,, x,>0, write log x,x, as an integral, as in the definition (2.35).
Split the range of integration [1, x,x,] into [1, x,] and [x,, x,%,] and make
the change of variable ¢ = x,u in the second integral. Thus establish (2.37).

2.29 If y,=exp(x;), i=1,2, use (2.37) to deduce (2.40).



Chapter 3
TAYLOR'S POLYNOMIAL AND SERIES

3.1 Function approximation

One very important aspect of numerical analysis is the study of approxima-
tions to functions. Suppose that f is a function defined on some interval of
the reals. We now seek some other function g which ‘mimics’ the behaviour
of f on some interval. We say that g is an approximation to f on that
interval. Usually we make such an approximation because we wish to carry
out some numerical calculation or analytical operation involving f, but we
find this difficult or impossible because of the nature of f. For example, we
may wish to find the integral of f over some interval and there may be no
explicit formula for such an integral. We replace f by a function g which
may easily be integrated. Other problems include:

e evaluating f for a particular x, especially if f is defined to be the solution
of some equation;

o differentiation of f;

& determining zeros of f (that is, finding roots of f(x)=0);

e determining extrema of f.

In all such cases we may need to replace f by some approximation g. We
choose g so that it is more amenable than f to the type of operation involved. We
can rarely then determine the exact solution of the original problem, but we do
hope to obtain an approximation to the solution. There are, of course, many
different ways in which an approximating function g may be chosen but we
would normally restrict g to a certain class of functions. The most commonly
used class is the polynomials. These are easily integrated and differentiated and
are well-behaved, in that all derivatives exist and are continuous.

One very desirable property, which we expect of any class of approxi-
mating functions, is that, for any function f with certain basic properties on
some finite interval, it is possible to approximate to f to within arbitrary
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accuracy on that interval. The class of all polynomials satisfies this
property, with only the requirement that f be continuous. This remarkable
result is embodied in Weierstrass’s theoremt in Chapter 5. It must be
stressed, however, that polynomials are not the only functions with this
property but are certainly the most convenient for general manipulation.

Even if the approximating function g is restricted to be a polynomial of a
given degree, there are still many ways of choosing g and the question of
determining the most suitable g is very complicated. We will return to this
point in Chapter 5.

3.2 Taylor’'s theorem

In this chapter we shall consider a polynomial approximation which mimics
a function f near one given point. We will restrict our choice of polynomial
to an element of P,, the set of all polynomials of degree not exceeding n.
We will seek coefficients a,, a,, ..., a, such that the polynomial

p.(xX)=ay+ax+ - +ax"

approximates to f near x =x, Assuming that f is n times differentiable at
x = x,, we try to choose the coefficients of p, so that

PPx) = fP(x,),  j=0,1,2,...,n, (3.1

where p@(x) =p,(x) and f@(x) =f(x). Thus we seek p, such that the
values of p, and f are equal at x=x, and the values of their first n
derivatives are equal at x = x,,.

The equations (3.1) are

ao+a1x0+azx(2)+ +an-1xg~l+ a, x5 =f(x)
@+ 2%+ e+ (= 1a, x5+ nag = f(%)
: 3.2)
(n—Dla,_,+n(n-1)...2a,x =f"""(x)
nla, = " (x).
These are n+ 1 equations} in the n+ 1 unknown coefficients a,, a,, ..., a,

and we see that these coefficients are determined uniquely by (3.2). The last
equation in (3.2) gives a, and then, from the penultimate equation, we may
determine a,.,. By working through the equations in reverse order we may
determine a,, a,_,, a,,, ..., d; uniquely. Hence p, is unique, that is, there is
only one member of P, satisfying (3.1).

+ Due to the German mathematician K. Weierstrass (1815-97).
1 These are triangular equations, and their solution is discussed in detail in Chapter 9.
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We do not usually bother to obtain a,, a,, ..., a, explicitly (see Problem
3.1) but instead write p, in the form

%) fry + & 2X°) f<x0)+-~+9—_f'if‘”<xo). (3.3)

n.

Palx) = flxo) +

It should be noted that (3.3) is a polynomial in x, as each term is a poly-
nomial in x. (Remember that x, is a constant.) We call p,(x) of (3.3) the
Taylor polynomialt of f constructed at the point x=x, The reader is
probably familiar with (3.3) as the first n+ 1 terms of the Taylor series of
f(x); however, it is instructive to verify that the Taylor polynomial does
indeed satisfy (3.1).

Example 3.1 For f(x)=e* (the exponential function), f’(x)=e* and
f2@©y=1 for r=0,1,2,.... Thus the Taylor polynomial of degree n
constructed at x=0is
2 3 n
X X
D) =1+x+—+— 4+ —, 0
2t 31 n!

Example 3.2 For f(x) =sin x,
fe(x)=(-1)sinx and f@*(x)=(-1)" cos x, r=0,1,2,....

Thus, for example, the Taylor polynomial of degree 4 constructed at x=0is
3

x
Pa(x) = x - ;

In this case the coefficients of 1, x? and x* are zero.
At x = /4 we obtain

(x—m/4) _ (x - /&) _ (x - 7/4)’ . (x - m/4)* 0
1! 2! 3! 4

1
Pa(x) = Z (1 +

The function f(x) — p,(x) = R,(x), say, is the error introduced when we use
p.(x) as an approximation to f(x) and the following theorem, which is very
important in classical mathematical analysis, gives an expression for R, (x).

Theorem 3.1 (Taylor’s theorem) Let f(x), f'(x), ..., f"™(x) exist and be
continuous on some interval [a, b], f*V(x) exist for a<x<b and p,(x) be

+ After B. Taylor (1685-1731).
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the Taylor polynomial (3.3) for some x,€ [a,b]. Then, given any
X € [a, b], there exists &, (depending on x) which lies between x, and x and

is such that
n+l
R(x) = f0) - o) = S paeney (3.4)
(n+ 1!

Alternatively, if we let x = x;, + h, we may write (3.4) as

h I
Sl + h) = fx) + ;f’(xo) + ;f”(xO) + e

n+1

+h—f‘"’(xo> + —h————f‘"* Yo + 8h), (3.5
n! (n+ 1!

where 0< 8,< 1.

Proof Let a€ [a, b] be the point at which we wish to determine the error.
We suppose (without loss of generality) that a > x,. Let

(o —X) (o~ X)

g(x) = flet) - f(x) - )= - —=f"x).  (3.6)

Then g’ (x) exists for x € (a, b) and

g = - &= eeny

n!

Now consider the function

_ n+1
G(x)=g<x)—( “ ") 8(x), 3.7)
[0 g 7}

for which
G(x)=G(a)=0.

From the differentiability of g and (a —x)"*' it follows that G is differenti-
able on any subinterval of (a, b) and we may apply Rolle’s theorem 2.4 to
G on the interval [x,, a]. Thus there exists &, € (x,, ) such that

G'(§,)=0,
which yields

_(a- §a) ST Dy (4 1) o §°‘) 8(x) =0,
( xo)"*

o -
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so that, since o — &, #0,

_ (a_f’(o)m1 n+ 1
8xo) = _—(n Y VA (-9

Now

g(xp)=f(a)-p,(a) =R, ()

and, therefore,

((1_4\'0)Ml (n+1)
Rn = oSS
(o) T A €9

where &, € (x,, o). On replacing o by x, we obtain (3.4). 0

There are various expressions for the error term R, other than (3.4). Some
of these may be found by making a slightly different choice of G(x) than
(3.7), as is seen in Problem 3.3. With n=0, we obtain the mean value
theorem and we sometimes call Theorem 3.1 the generalized mean value
theorem.

3.3 Convergence of Taylor series

We have seen in the last section how we may construct a polynomial p,
which approximates to a function f near a given point. We now ask whether
the error R,(x) = f(x) — p,(x) converges to zero as n is increased. Since
p.(x) is the nth partial sum of the infinite series

2 r
(X IIXO) f'(XO)"‘ (X‘;;Xo) f"(x())+ R (X‘;‘XO) f(r)(x0)+ ., (3.8)

we are equivalently concerned with the convergence of this series to f(x).
We call (3.8) the Taylor series of f constructed at x =x, and R, the error
when the series is terminated after n+ 1 terms, is called the remainder.
Sometimes it is possible to investigate the convergence of (3.8) directly, but
usually we consider the behaviour of R,(x) as n—> 0. In Chapter 2, we gave
two definitions of convergence of such a sequence of functions, each
defined on an interval I. We say that the sequence (R,(x)),., converges
(pointwise) to zero on [ if

R, (x)>0 asn—eo, forall xer (3.9)

Slxo) +

and (R,(x)):_, converges uniformly to zero on [/ if
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Corresponding to (3.9) and (3.10), we say respectively that the Taylor series
(3.8) is (pointwise) convergent or uniformly convergent to f(x) on /. It is
not always easy to determine the behaviour of R,(x) from (3.4), as &,
depends on x and the form of this dependence is not known explicitly.

Example 3.3 We investigate the convergence of the Taylor series of

f(x)=(1+x)"at x=0. Clearly

o (=1

()= ——

f (1 + x)r+ 1

and, therefore, the required Taylor polynomial of nth degree is
Pa(X)=1—=x+x*~x*+-- + (=x)".

On any interval not containing x = —1, all the derivatives of f exist and are
continuous and from (3.4) the remainder is

xn+| (_1)n+l(n+ 1)' _ (_x)n+l
i+ A+E? A+EyY

We first show that the sequence (R ,(x))7_, is uniformly convergent to zero
(and, therefore, that the Taylor series is uniformly convergent) on any
interval [0, b] with 0<b< 1. For 0 < x<b we have 0< &, < x with equality
only if x =0. Thus

R.(x) =

(3.11)

1
1+&

<1 (3.12)

and from (3.11)
[R,(x)]| <x"*. (3.13)
Now x < b and, therefore,

sup |R,(x)| < b"*'.
X€[0,b)

From O0<b<1 it follows that b"*' 50 as n— e and we have uniform
convergence of (R,(x)). In this case we were able to remove &, by using an
inequality.

Secondly, we show that (R,(x)) is (pointwise) convergent to zero on
[0,1). Again (3.12) and, therefore, (3.13) hold and, for any given non-
negative x< 1,

[R(x)| <x"™' >0  asn—deo.
However, as we have seen before (Example 2.15),

1
sup x"*'=1  foralln
x€[0,1)
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and, therefore, we cannot prove that the suprema of the | R,(x)| converge
to zero on [0, 1).

In fact, the Taylor series is not uniformly convergent on [0, 1) as can be
seen by a more direct approach. For this is a geometric series and

1 o _ n+l
Pa(x) = —Ul—, x*+ -1, (3.14)
1+x
so that
n+1
- X
R =) - po) = 2 (3.15)
1+x
Thus
sup |R(¥)|=3,  foralln

XE[0, 1)

and (| R,(x)|) does not converge uniformly to zero.

The investigation for all intervals {a, 0] where —1 <a<0 is not possible
using the remainder form (3.4) and the more explicit result (3.15) is
required. Alternatively, one of the remainder forms described in Problem
3.3 may be considered. Thus we find that the Taylor series

l=x+x?=x 4+
is uniformly convergent on any interval [a, b] with ~1<a<sb<1 (see
Problem 3.6). O

Example 3.4 For f(x)=sin x the Taylor series at x=0 is (see also
Example 3.2)

3 S 7
X X X

K=t e,
3t st M

The remainder is

XN =1)"cos &,

D for even n
(n+ D!
R”(x) = o 1(__ 1)(n+1)/2 sin §
il for odd n
(n+ D!

where £, lies between 0 and x. In both cases
I |n+ 1

[R,x)| <

(n+ 1)
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and on any interval [a, b}, with c = max{ |al, | b|},

n+1

sup |R(x)| = -0, as n—» oo,
X E [a,b}

(n+ D!

Thus (|R,(x)|) is uniformly convergent to zero (and therefore the Taylor
series converges to f(x) = sin x) on any closed interval. This is also true on
any open interval as we can always embed such an interval in a larger closed
interval. a

If, on some interval [a, b], all the derivatives of f exist and have a
common bound M (say), so that

max |[fPW)] <M, for all n, (3.16)

x € {a,b)}
then from (3.4), if x, € {a, b1,
b -a n+ 1
sup [R(0] < EZD
x€a,b] (n+1)!
It follows that

max | f(x) - p,x)|= sup |R(x)]|—>0, as n— oo,
X € [a,b] x€la,b)

Equivalently we can say that, given any £ >0, there is an N such that

max |f(x) - p.0)| < ¢, foralln = N.
X € [a,b]

Thus we can choose a polynomial p,(x) which approximates to f to within
any arbitrary accuracy on any interval [a, b], by choosing n sufficiently
large, provided f satisfies (3.16). This is a proof of a weak form of
Weierstrass’s theorem which states that we can approximate to any
continuous function to within arbitrary accuracy using a polynomial. The
condition (3.16) is very severe though it is satisfied by many functions
including that of Example 3.4.

3.4 Taylor series in two variables
We extend Theorem 3.1 to functions of two variables.

Theorem 3.2 Suppose that f(x, y) is a function of two real variables such
that all the (n+ 1)th order partial derivatives of f exist and are continuous
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on some circular domain D with centre (x,, y,). If (xo+ A, y,+ k) € D, then

1 d d
JOo + b,y + k) = f(x,50) + — (h —+k ’_‘)f(xo»}’o) +
1M\ ox )

1 d d
(h —+ k 'a—)ﬂxﬂ’yo)

n' ox

1 a n+1
+ — +k— + 6h, v, + 6k), (3.17
Py ( W ay) Sl Yo+ 6k), (3.17)

where O0< 0< 1.

Proof Letx=x,+ htand y=y,+ kt, where 0 <t=<1. Let

g(1)=f(xo+ ht, yo + kt)
when, by the chain rule,

dt dr ox dt ay ox dy
Similarly
2
g"—ﬁ— PRCANPRLA A f=(hi+ki f
ds ox ayJ\ ox dy dx oy
and

dr
g” = g=( 9 +ki

dt” ox

£, r=0,1,...,n+1.
ox ay)

We now construct the Taylor series of g(¢) at =0 and apply Theorem 3.1
to obtain

1 ’0 2 "0 ln (n)O 1n+l (n+l)6
) =gy s EQ 1EO IO 1)
1! 2! n! (n+ D!
where 0 < 8 < 1. On substituting for g and its derivatives in (3.18), we obtain
(3.17). O

3.5 Power series

In many applications of Taylor’s theorem we take x,=0. The Taylor series

becomes
2

.mwﬁf®+%ﬂm+~ (3.19)
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and is sometimes known as a Maclaurin seriest in this form. The series
(3.19) is a special case of a power series, that is, a series of the type

Ao+ @ X+ ax° + azx*+ -+,

where the coefficients ay, a,, a,, ... are real constants, independent of x. As
we have seen earlier, such a series may be convergent for only certain values
of x. We define the radius of convergence of such a series to be the largest
positive number r (if it exists) such that the series is convergent for any x
with | x| <r. Note that this does not imply anything about the convergence
or otherwise when | x| = r.

Example 3.5 We reconsider the Maclaurin series of (1+x)™! (see
Example 3.3),
l-x+x?=x+ ..

The partial sum is (3.14),

1- ( _ x)n+ 1
px)=—""—",
1+x
and this is convergent for |x| <1 and divergent for |x| > 1. The radius of
convergence is +1. O

Example 3.6 The Maclaurin series of the exponential function e* is
2 3
x x x
T+ —+ —+ — 4+
o2t 3!

and this is convergent for any x. We say that the radius of convergence is
infinite. a

There are various tests for determining the convergence of a power series
and details of these may be found in any good text on advanced calculus. It
can also be shown that a power series is uniformly convergent on any
interval [-a,a), where O<a<r. We have only considered real power
series, but the definitions may easily be extended to such series with
complex coefficients and complex argument.

If we use the partial sum of a convergent infinite series as an approxima-
tion to the sum of the infinite series, the error thus introduced is called the
truncation error. In the case of a Taylor series expressed as a power series,
this truncation error is the remainder, which takes the form

n+1

R+ h) = h—-f‘"* (g + 6h)
(n+1)!

t Named after the Scots mathematician Colin Maclaurin (1698 —1746).
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if f satisfies the conditions of Theorem 3.1 on some interval [a, b]. If, in
addition, for some fixed n we are given that f** is bounded on (a, b) (for
example, this will be true if £***" is continuous for a< x< b), then we write

R,(xo+h)=0(h"")

and say that R, is of order A"*'. By this we mean that there exists M
independent of & such that

|R,(xo+ k)| < MR™! (3.20)

provided £ is sufficiently small. The inequality (3.20) tells us how rapidly
| R,| decreases as h —>0.

Problems

Section 3.2
3.1 Show that the solution of equations (3.2) is

—Z ( XO) ("‘I)( ) r=0,1,...,n
'r'

(Hint: see (3.3).)

3.2 Construct the Taylor polynomials of degree 6 at x=0 for the
following functions:

cosx, (1-x)"", (1+x)'% log(l+x), log(l-x).

33 Let f(x), g(x), o and x; be as in Theorem 3.1. For some positive
integer m replace (3.7) by

G(x) = g(x) - ( ) g(x)
o—X

and thus show that for some & (depending on m and x) between x, and x,

n-m+1t
R0 = (x- Xo) x-8) f"’”’(&).

m.n!

In particular, for m = 1, show that

n+l _ n
R ETREE" o HTA-6)

: FO P + 6h), (3.21)
n. n:

where x=x,+ hand 0< 8< 1.
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34 If p,(x) denotes the Taylor polynomial of degree n for e* constructed

at x =0, find the smallest value of n for which
max | - p,(x)] < 107,
Osxs1

3.5 Show that, if f satisfies the conditions of Theorem 2.7 and 4 is
sufficiently small,
flxo +h)=f(xg) + 3R> f" (x, + 6h)

and thus prove the theorem.

Section 3.3

3.6 By considering the remainder form (3.21), show that the Taylor series
at x=0 of f(x)=(1+x)"' (see Example 3.3) is uniformly convergent on
any interval [a,0] with —-1<a<0. Combine this result with that of
Example 3.3 to show that the series is uniformly convergent on any interval
[a, bl with ~1<a<b<]l.

3.7 Show that the Taylor series at x =0 of f(x)=(1+x)"?is (pointwise)
convergent for ~1<x<1 and uniformly convergent on any interval [a, b]
with —1<as< b< 1. (Hint: show from (3.4) that

1.3.5...2n-1) X!
246..2n 2+ (1 +&)""

n+1

X
< —
(1 +§)n+1/2

|R(x)| =

forx >0

and thus that R,(x) >0 as n—ee for 0< x< 1. Similarly show from (3.21)
that

1.35...2n-1 - &)

R = |22 ) 2D
24.6...2n 2(1+ &)

< M, forx + 0

(1 + E)'H- 1/2

so that R,(x) >0 as n—eo for -1 <x<0.)

3.8 Show that the Taylor series at x =0 of f(x)=1log(l + x) is (pointwise)
convergent for ~1<x<1. As in Problem 3.7 consider -1<x<0 and
O<xs<1 separately. What happens when x=-1? (See also Example
2.14.)
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Section 3.5

39 Show that the Taylor series at x=0 of log(l+ x) has radius of
convergence +1.

3.10 Show that the Taylor series at x=0 of sin x has infinite radius of
convergence.

3.11 Show, using Problem 3.7, that
(1+x0)"P=1+ix+00().

3.12 If A is a given constant and h=A/n where n is a positive integer,
show that

(1+0H) =1+ 0(h), asn-yoo
and
(A+0E) =1+ 0, as n— oo,
3.13 Show that for x>0 and any fixed integer n=1:
e*z21+x,
ef=1+x+0(?,
ez (1+x)",
e™=(1+x)"+0(x%.



Chapter 4
THE INTERPOLATING POLYNOMIAL

4.1 Linear interpolation

We have seen that the Taylor polynomial is designed to approximate to a
given function f very well at one point. There is a much simpler type of
polynomial approximation in which the agreement with f is not all focused
at one point, but is spread over a number of points. This is the
interpolating polynomial, which was discovered before the Taylor
polynomial.

A simple case is the linear interpolating polynomial: given the values of
f(x) at two points, say x, and x,, we can write down a first-degree polynomial,

p(x) = ( ki )f(xo) + ( =% )ﬂxo, @1
Xo — X X1 — X

which takes the same values as f(x) at x, and x,. Geometrically (see
Fig. 4.1) it is clear that this is the unique straight line which passes through
the two points (x,, f(xy)) and (x, f(x,)). We can easily construct a
polynomial of degree greater than one which passes through these two
points. However (see Problem 4.3), such a polynomial is not unique.

It will be useful to us later to note that p, (x) may also be written as

_ - x)ftn) - (- x)f()
X —X

pix)

4.2)

or as

f(xo—f(xo))_ 43)

pi(x) =flxg) + (x = xo)(
X —X

We will examine (4.3) further and assume that x, <x,. From the mean value
theorem 2.5, if f is continuous on [x,, x,] and is differentiable in (x, x,),
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b\ f

\ p.

l l i

Xg X1 X

Fig. 4.1 Linear interpolation.

there exists a number £ € (x,, x,) such that

JO) =160 _ @
X1 — X
Hence (4.3) may be expressed in the form
pi(x)= fxo) + (x = x0)f" (). 4.5)

which shows that p, approximates to f at x=ux, in a way similar to the
approximation by the Taylor polynomial of degree 1. If we keep x, fixed
and let x, tend to x,, the limit of (4.4) becomes f'(x,) (assuming continuity
of f')and p, in (4.5) becomes precisely the Taylor polynomial.

The main purpose of constructing p, is to evaluate p,(x) for a value of x
between x, and x,, and to use this as an approximation to f(x); this is called
interpolation. If x is outside the interval [x,, x,] the term extrapolation is
sometimes used, although we will not normally make this distinction. Since
p, is a linear function of x, the evaluation of p,(x) is called linear
interpolation. The question of how well p, approximates to f is one which
we naturally ask; we pursue this later using a technique similar to that
employed in examining the error of the Taylor polynomial.

Some insight into linear interpolation can be gained by studying tables of
standard mathematical functions. Such tables were an indispensable part of
the toolkit of the numerical analyst from, say, the seventeenth century to the
later part of the twentieth century, when the universal availability of adequate
computing power made them obsolete. In these mathematical tables, functions
are usually tabulated at equal intervals. A mathematician who constructed such
a table had to answer two questions: to how many decimal places and at what
interval (between consecutive entries in the table) should the function be
evaluated? In practice these questions turned out to be related. The constructor
of a mathematical table first decided on the number of decimal places to
which the function would be evaluated at the tabulated points. The interval
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size was then chosen so that linear interpolation between consecutive entries
would roughly preserve this level of accuracy. (It is easy to think of this
graphically: choose an interval small enough so that the graph of the function
is sufficiently close to the graph of a straight line.) As an example, for the
function sin x we find that an interval of 0.01 radians is used in the four-
figure table, while an interval of 0.001 is used in the six-figure table.

Example 4.1 From a set of four-figure tables of natural logarithms, we find
that log 2.1 is 0.7419 and log 2.2 is 0.7885. We use linear interpolation on these
two values to estimate log 2.14. Here it is simplest to calculate p,(x) from (4.3),
with x,=2.1, x, =2.2, f(x,) =0.7419, f(x,) =0.7885 and x = 2.14. Thus

0.0466

Di(2.14) =0.7419 + 0.04( ) =0.76054.

For comparison, log 2.14 = 0.76081 to five decimal places. 0

4.2 Polynomial interpolation

We will now generalize most of the results of the last section to the case
where we are given the values of the function f at n + 1 distinct points x = x,,
Xy, ..., X,. These are not necessarily equally spaced or even arranged in
increasing order; the only restriction is that they must be distinct. We want to
construct a polynomial p, which takes the same values as f at the n + 1 points
Xgs Xy, ..., X,. We might suspect that p, € P,. Certainly this fits in with the case
n=1, which we have just discussed, where there are two interpolating points
and the interpolating polynomial is of degree 1. We could write

p.(X)=ay+ax+--+ax"
and, on putting p,(x,)=f(x,), r=0,1,...,n, we obtain n+1 linear
equations in the n+ 1 coefficients a,, a, ..., a,. Since these equations are

difficult to solve unless n is small, we prefer a different approach based on a
generalization of (4.1). We write p,, in the form

Pn(x) = Lo()f (xo) + Ly (xX)f () + -+ + L, (x)f(x,), (4.6)

where each L, € P,. The polynomial p, will have the same values as f at
X=Xg, X1, ey X, if

Li(x)=96, Os<isn. 4.7

In (4.7) we have written & ; to denote the Kronecker delta function, which takes
the value O when i # j and the value 1 when i =j. So, for example, L, has the
value zero at x =), x,, ..., x, and has the value | at x = x,. Therefore, if we put

Lo(x) = C(x—x)(x = x3)-+- (x = x,), (4.8)
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where C is a constant, L, will indeed be zero at x=x,, x,, ..., x,and L, € P,.
Putting x = x, in (4.8), the condition L(x,) = 1 gives

1= Clxg —x,)(x0= X2) (X0 = X,), 4.9)
which fixes the value of C. On substituting this value in (4.8) we obtain

(x=x)x-x)...(x-x)

(o= X)X = X2) oer (o= X)

Lyx) =

which may be written more neatly as

2l x—x
Lo(x)= ( l).
=1\ —%

Similarly, for a general value of i, 0 <i<n, we obtain

L=] (x_x"). (4.10)

j=0 \Xi— X
j*i

In (4.10) the product is taken over all values of j from O to n except for
j=1i. From (4.10) we see immediately that L; is zero at all values x=x,,
Xis .5 X, €xcept for x =x; when L, takes the value 1. This agrees with the
requirement (4.7) and the interpolating polynomial can be written in the
form

p0) = 3 Li(0)f(x). (4.11)
i=0

This is known as the Lagrange form of the interpolating polynomial, after
the French—Italian mathematician J. L. Lagrange (1736—1813).

Example 4.2 Given the values of f(x) at distinct points x = x;, x, and x,,
write out explicitly the interpolating polynomial p,. We have

(r—x)(x-x) L Em %)= x)

x) = ——— f(x) S
i (%o — X)) (X — x2) (0 = x0)(x5 — x2) l
+ (x - X())(x - xl) f(x2)- (412)
(02 — %0)(2 — x1) O

Example 4.3 Find the interpolating polynomial for a function f, given that
f(x)=0, =3 and 4 when x=1, -1 and 2 respectively. (The reader should
draw a graph.) Putting x,=1, x,=-1 and x,=2 in (4.12) (these three
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values could have been assigned in any order), we obtain

x+1Dx-2) <0+ x-1Dx-2)

p2(x>:(1+1)(1—2) (-1-1)}(-1-2)
. x-Dx+1) wd
2-DR+1

which simplifies to give p,(x)=}(5x*+9x-14). As a check on our
calculations, it may be verified from this last equation that p,(1)=0,
p,(=1)= -3 and p,(2) =4. O

The above example invites the question: is the interpolating polynomial
unique? With the question put in this way, the answer is obviously no. For
example, the polynomial

qxX)=t(5x*+9x-14)+ C(x— D(x+ 1)(x - 2),

with any choice of the constant C, also interpolates the data of Example
4.3. However, the following is true.

Theorem 4.1 Given the values of f at the n+1 distinct points
Xg, Xy, ..., X,, there is a unique polynomial of degree at most n which takes
the same value as f at these points.

Proof First, notice the crucial phrase ‘of degree at most n’ in the
statement of the theorem. We already know that there is at least one
polynomial p, € P, which interpolates f at x = x,, x,, ...,x,. This is displayed
in (4.11). Now consider any g,€ P, such that q,(x,)=f(x,), O<i<n. It
follows that p,—¢q,E€ P, is zero at the n+1 points x,,x,,...,x,. But a
polynomial of degree at most n has no more than n zeros unless it is zero at
every point, that is, it is identically zero. Thus p,(x) = ¢,(x), showing the
uniqueness of the interpolating polynomial and completing the proof. 0

4.3 Accuracy of interpolation

In this section, we will examine the accuracy with which the interpolating
polynomial approximates the function f. First, it is not going to be possible
to estimate the size of the error f-p, from a knowledge of the values of f
at x =x,, Xy, ..., x, alone. Some further information about f is required. To
see this, consider the n+1 points (x,, f(xo)), (x;,f(x)),..., s f(x)),
where x,, xy, ..., X, are distinct. These fix the polynomial p,, but we are free
to draw any curve which passes through these n + 1 points and let this define
the function f. Hence we can arrange for f(x) — p,(x) to be arbitrarily large
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at any value of x, except x=xg x,,...,X,, where f(x)—p,(x) is zero.
However, we can estimate the error f—p, in terms of the (n+ D)th
derivative of f, if this exists.

Theorem 4.2 Let [a, b] be any interval which contains all n+ 1 points
Xo» X1s--0r X, Let £, f ..., £ exist and be continuous on [a, b] and let f*+Y
exist for a<x<b. Then, given any x € [a, b], there exists a number &,
(depending on x) in (a, b) such that

{(n+1)
0 = pa) = (5= 1) - (= 1) T @.13)
(n+ D!

Proof The statement of this theorem is similar to that of Taylor’s theorem
3.1, whose proof depends on Rolle’s theorem 2.4. We use Rolle’s theorem
again in this proof. First, since f—p, and (x —x,)---(x —x,) have zeros at
the n + 1 points x,, x|, ..., x,, so also does the function

8(xX)=f(X) =pu(x) + A(x = Xp)-- (x = x,), (4.14)

where 1 is any constant. We now choose 4 so as to ensure that g has at least
n+ 2 zeros. If we wish to estimate the error at the point x = a in [a, b], we,
choose 4 in (4.14) so that g(a) = 0. This gives

0= f(@) - po(a) + A0 = x)--- (&t = x,).
With this choice of A4,
y ’ L =x) e —xy)
g(x) = f(x) — px) — -(f(e) — pa)). (4.15)

(- xp) - (@ —x,)

The function g is seen to be zero at not less than n+2 points including
X=X, Xy, ..., X, and x= o. On applying the extended Rolle theorem 2.6 to
g, we deduce that g**" has at least one zero, say &, in (a, b). Differentiat-
ing (4.15) n+ 1 times gives

D!
"W =" - — D (e @), @16)
(ot — xp) -+« (ot — x)

since, on differentiating n + 1 times, p, vanishes and the term x"*'in the

product (x — xp)-+-(x — x,) is reduced to (n+ 1)!. Substituting the zero £, in
(4.16) we obtain

I3}
0=r"""¢) - (n+ D (f(@) = palet)).
(ot —xp) -~ (0 — Xxp)
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Lastly, rearranging this last equation and replacing a by x gives

o0&

. a
(n+ !

SO =) = (x = x) -+ (x = x,)

To use the error estimate (4.13) we need to estimate f"*. Usually we do
not know the value of &, in (4.13) and have to work with bounds for the
(n+ 1th derivative, as we show in the following example. In § 4.8, we
mention a method for estimating the (n + 1)th derivative, when the points x;
are equally spaced.

Example 4.4 Use Theorem 4.2 to estimate the error in linear interpolation,
with particular reference to Example 4.1, where we estimated log2.14,
given the values of log2.1 and log2.2. For linear interpolation of f(x)
between x = x; and x,, (4.13) yields

f(-x) - p](x) = (_x — xo)(x —_ x‘) f ;'g\) )

4.17)

Here f(x)=logx, f'(x)=1/x and f"(x) = —1/x* Putting x =2.14, x,=2.1
and x, = 2.2, we obtain from (4.17) an error —(0.04) x (-0.06)/(2£&?). Since
£, lies between 2.1 and 2.2, the error lies between 0.00024 and 0.00028. O

4.4 The Neville—Aitken algorithm

The interpolating polynomial can be evaluated very elegantly and efficiently
by a scheme known as the Neville—Aitken algorithm, which we now
describe.

Algorithm 4.1 This begins with x,x,,...,x, and f,,...,f,, where f;
denotes f(x,). It computes f; ,=p,(x).

fori:=0ton
fio=f;
YimX—X;
next i

for k:==0ton-1
fori:=0ton-k-1
Sikn :=(y|'fi+l,k—yi+k+1fi,k)/(.yi_yi+k+l) (4.18)
next i
next k



The interpolating polynomial 59

The heart of the algorithm is (4.18), which repeatedly uses the same pattern
of calculation as in the linear case (4.2). ]

Each f;, is a function of x; we could write it as f; ,(x). It can be shown by
induction that f; (x) is the interpolating polynomial for f at the points
Xi» Xie1s --+s X; i SO that, in particular,

fO‘n=f0,n(x)=pn(x)’ (4.19)

the interpolating polynomial for f at the n + 1 points x,, x,, ..., x,. We have
to apply the algorithm for every value of x for which we want to evaluate
Pa(x).

In order to gain experience of the algorithm, it is helpful to work through a
calculation ‘by hand’, before implementing it on the computer. It is convenient
to set out the calculation as in Table 4.1, which illustrates the case where n=2.
The arrows in Table 4.1 link the sets of four numbers required to calculate f;) |
and f, ;; the four boxed numbers are used to calculate f, ,.

Table 4.1 The Neville-Aitken algorithm

foo
>

X=X fio foz
>

X=X, fro

Example 4.5 Suppose we are given the values of the function € ™ at the
following four points and wish to estimate e ™ at x = 0.2.

x 0.10 0.15 0.25 0.30
e 0.904837 0.860708 0.778801 0.740818

The numbers generated by the algorithm in this case are displayed in Table
4.2. Thus the required interpolated value is 0.818730 to six figures. From
(4.13), the interpolation error is

E = (0.01)(0.05)(=0.05)(=0.1)e ~¢/24, (4.20)

Table 4.2 Application of the Neville—Aitken algorithm

-x;

X=X e

0.10 0.904837

0.8165790
0.05 0.860708 0.8186960
0.8197545 0.8187302
-0.05 0.778801 0.8187643
0.8167840

-0.10 0.740818
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where 0.1 < £<0.3 and so, from the table, e ¢ lies between 0.904837 and
0.740818. From this and (4.20) we see that E satisfies

0.77x107"°< E<0.95 x 107°.

This shows that the error (neglecting the effects of rounding errors) is
almost one unit in the sixth place. a

4.5 Inverse interpolation

Let us write y = f(x). So far we have been interpolating in the x direction. It
is possible to consider interpolation in the y direction also. This is referred to
as inverse interpolation. In this case it is the numbers f(x;) which we require
to be distinct. The roles of x and f(x) are interchanged. Otherwise, the
calculation of the interpolating polynomial, say by the Neville—Aitken
algorithm, may be carried out as before. The resulting interpolating
polynomial may be regarded as a polynomial in y.

Example 4.6 Use inverse interpolation at x=0, } and 1 to estimate the
only real root of the equation

X +x*+x-1=0,

which lies between x=0 and 1. Secondly, use inverse interpolation at only
x=0.5 and 0.6 to estimate this root and estimate the accuracy of the result.
We see that the first derivative of y=x>+ x*+ x -1 is always positive,
showing that there is exactly one real root of the given equation. At x=0, }
and 1, y has the values —1, —} and 2 respectively. The Neville-Aitken
algorithm gives the scheme set out in Table 4.3. We have written y — y, in
the first column, although y =0, to emphasize the pattern of the calculation.
From the table, the result for inverse interpolation at the three points
is 199/357 =0.557 to three decimal places. Secondly, at x=0.5 and 0.6,
y=-0.125 and 0.176 respectively. Inverse interpolation this time gives, as
the estimate of the root, x = 163/301 = 0.5415 to four decimal places. We

Table 4.3 Inverse interpolation for

Example 4.6
Y=Y X;
1 0
4/7
3 3 199/347
9/17

-2 1
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now want to estimate the accuracy of the last result. Suppose that x = ¢(y)
and y = f(x). Assuming that ¢" exists on [-0.125,0.176], the error formula
(4.13) gives an error

Y=y (y-yDe" (/2! 4.21)

In (4.21) 5 lies in an interval containing y, y, and y, which, in this case, are
the values 0, —0.125 and 0.176. We have

d? d [dx\ d d [ 1
wo-&-2{e)-5 /8-
dy* dy\dy] dy dx/ dy \f'(x)

provided f' (x) # 0. Thus

d [ 1 \dx " 1
s L)
dy

dx \f'() F@F fx)
so that
" S'(x)
T
Since f(x)=x*+x+x -1, f'(x)=3x*+2x+ 1, f"(x)=6x+2 and so
6x+2)
¢'M=-

G2 +2x+ 1)

For x between 0.5 and 0.6, ¢"(y) lies between —0.25 and -0.15. From
(4.21), it follows that the error lies between 0.001 and 0.003, so the result
x=10.5415 is certainly correct to two decimal places.

The problem of finding solutions of an algebraic equation is discussed
more generally in Chapter 8. O

Uncritical use of inverse interpolation (as also for direct interpolation)
can produce misleading results. For example, consider the function y=x*
with x=0 tabulated at the four points where y=0, 1, 16 and 81. It is left to
the reader to verify (in Problem 4.20) that cubic inverse interpolation based
on these four points produces the approximation x = —33.4 at y = 64, where
the correct result is x = (64)'/%=2+/2. In this case, we are approximating to
x=y"* by a cubic polynomial in y. The error term includes the fourth
derivative of y'/* with respect to y, which explains why such a large error
can occur, as this derivative is infinite at y = 0.

4.6 Divided differences

Another approach to the interpolating polynomial is to use divided
differences, which will now be discussed. This method is due to Isaac
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Newton. As well as being of theoretical interest, it presents the interpolating
polynomial in a form which may be readily simplified, when we later
choose the interpolating points to be equally spaced.

At the moment, however, we allow the numbers x,, x|, ..., x, to be any
n+ 1 distinct numbers and attempt to write p,, the interpolating polynomial
for f at these points, as

Po(x)=ay+ (x—xp)a, + (x = x }{x—x)a, + -+

+ (x_xo)(x_xl)'“(x—xn—l)an’ (4'22)
Substituting x = xo, Xy, ..., X, in turn into (4.22), we obtain the following
simultaneous equations:
Jo) = a
Jx) =a+ (x, — %)

J) =ay+ (5 — x)a, + (x5, — %)%, — x)a, (4.23)

FO) = o + (5 = x)aty + -+ (6 = 2o) o+ (%, = X, ).

We see that these equationst determine values for a, ..., a, uniquely. The
first equation in (4.23) gives a, and the second gives a,, as (x, - x5) #+0.
Knowing a, and q,, the third equation gives a,, as (x,— xo)(x,— x,)#0.
Finally, knowing ag,ay,...,a, ;, the last equation gives a, since
(X, —x0)---(x,—x,-,)#0. Hence p,(x) can be written, as in (4.22), in a
unique way. Moreover, the coefficients which appear in (4.22) enjoy what is
called permanence. If we add one further point x,,,, distinct from
Xo, --.» X,, and write the interpolating polynomial constructed at all points
Xgs ++es Xy, in the form

Punt(X)=bo+ (x=x0)b, + -+ (x—xp) ... (x-x,-0b,

+ (x—xo)'”(x_xn)bn+lv (4.24)
we find that by=a,, b,=a,,...,b,=a, For, on writing down the linear
equations obtained for determining the b, by substituting x = x, x4, ..., X,,,
into (4.24) in turn, we have

fx) = b
S = by + (x, ~ )b,
: (4.25)
) = by + (5, = X)by + - + (6, = Xp) -+ (¥, — x,_ )b,
f(xn+l) = b0+ (xn+l _-Xo)bl A (xn+1 —-XO)'"(xmrl —xn)bn+l'

An examination of the first n + 1 equations in (4.25) shows that they are the
same as the equations (4.23), which justifies the statement that b,=a,,

t These are triangular equations, the solution of which is discussed in detail in Chapter 9.
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O=<i=<n. In fact, we now see that g, involves only f(x,), a, involves only
f(x,) and f(x;), and so on. In general, we see that a; involves f(x,),
f(x), ..., f(x)) only. We now rewrite g; as

a;=flxg, X1, ..., X;]

to emphasize its dependence on these suffixes. It is instructive to compare
(4.22) with the Lagrange form (4.6). If we equate coefficients of x", we
obtain

f[%» --'yxn] = Z Tf—(ﬂ'—. (4.26)
=0 (i-x)
j=0
J*i

Thus, for example,
foo )
o—x)o-x) (4~ x)0—x)

f ()
(o - X)X -x)

Slxo, xy, ] =

(4.27)

and in general the right side of (4.26) consists of a linear combination of
the function values f(x;). Can we express these coefficients more simply?
For example, we might try to find numbers o and § so that

Sflxg, x5 X5, x3] = af[xg, X, X, 1+ Bf[xy, x5, X531, (4.28)

for certainly (from (4.26)) each side of this equation is a sum of multiples
of f(xy), f(x), f(x,) and f(x;). Comparing the term in f(x;) in (4.26) and
(4.28), we need to choose a=1/(x,— x,), and a comparison of the term in
f(x3) requires B=1/(x; - x,). It may be verified that this choice of a and §
agrees also with the terms in f(x,) and f(x,), so that

Sl x, %3] = fx, X1, %]
X3 —Xo

S o, 1, 30, 53] = (4.29)

This shows why these expressions are called divided differences, especially
as a similar recurrence relation holds generally. We have

- f[xl»”'rxn] _f[x()""’xn—l]
Xn—Xo .

Sl enes %] (4.30)

The last relation may be verified by substituting for each divided difference
its representation in the form (4.26). It is helpful to exhibit these divided
differences, as in Table 4.4, to remind us of how they are calculated. To
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Table 4.4 Calculation of divided differences

X flxl
Sflxo. x,]
Xy flx1] Sflxo, Xy, X2}
Slx, %) Sflxo, %1, X2, %3]
X2 fx,] Sflxy, x5 x3]
Sflxz, x35]
X3 Sflxs]

preserve the pattern, we have written f[x,] for f(x;). Thus, for example, we
calculate f[x,, x;] from

flx]=flx]

X3 = X2

f[xz’ x3] =

and flx,, x,, x;] from

S, 5] - fx, %]

X3 — X1

Sl x,x] =

Applying this notation to (4.22), we write the interpolating polynomial in
the Newton form
P.(x) = flxo] + (x = x0)f[xg, X, ] + -+
+(x=xp) - (x=x,_ ) xo5 ..., X, ). “.31)

We now give an algorithm for evaluating divided differences.

Algorithm 4.2 This begins with the values x,, ..., x, and f,, ..., f,, where
fi=f(x), 0<i<n, and computes a, = f[x,, ..., x,], 0<k<n. The general
divided difference f[x,, ..., x;,,] is also computed and is denoted by F; .
ag:=fo
for i:=0ton
Fio=f;
next i
for k:=0ton-1
fori=0ton-k~-1
Fiva=Fi— Fi,k)/(xi+k+l - X;)
next |
A1 =Fo
next k =
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Table 4.5 Calculation of divided differences for

Example 4.7
X f(x) Divided differences
1 0
-3-0 3
-1-1 2
7/3-3/2 5
-1 -3 =
2-1 6
4-(-3 7
2-(-1) 3
2 4

Example 4.7 By using divided differences, obtain the interpolating
polynomial which we sought in Example 4.3, where f(x)=0, -3 and 4 at
x=1, -1 and 2 respectively. The calculation of the divided differences is
shown in Table 4.5. We see from this table that f[x,, x,]=3 and
flxg, X1, x,] =2 so that, from (4.31), the required interpolating polynomial is

Py(x)=0+ (x= D3+ (x - D(x+1D2.
This simplifies to give
p(x) =L (5x*+9x - 14),
as we found in Example 4.3 by the Lagrange method. a

We now comment on the relative merits of the divided difference form
and the Neville—Aitken algorithm for evaluating the interpolating poly-
nomial. The Neville— Aitken algorithm has the advantage that each number
generated by (4.18) is an interpolating polynomial (evaluated at the same
point x) for some part of the data. The level of agreement between these
numbers provides some empirical evidence about the accuracy of the
interpolation (see, for example, Table 4.2). On the other hand, if we wish to
evaluate p,(x) for many values of x, the divided difference form is the more
efficient method, since the divided differences f{x,, ..., x;], being indepen-
dent of x, only need to be computed once.

4.7 Equally spaced points
We now consider the special case where the interpolating points are equally

spaced: we let x;=x, + jh, 0<j<n, where h>0 denotes the equal spacing
between the points. Thus the interpolating points are completely determined
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by only two parameters, x, and &, compared with n+ 1 parameters in the
general case. We will see that this leads to a simpler form of the interpolat-
ing polynomial.

First we note that

f[xi’ xi+1] = (f;+l —fl)/h
where we have written f; as an abbreviation of f(x,). We also find that
S X, Xin2d = (fieg = 2fi + [ 202

To follow up what happens to higher order divided differences, we introduce
the forward difference operator A. We write

Af(x)=f(x+h) - f(x),
so that
Afi=fi+l "fi-

This is called a first difference. We define higher order differences
recursively from

A f(x)=AQA* f(x)), k=1,2,...,

so that
A? f(x)=A(A f(x)) = A(f(x + h) - f(x))
=(f(x+2h) = f(x+h)) = (f(x+h) - f(x))
=f(x+2h)=2f(x+h) + f(x)
and

AZ fl =fi+2 - 2fi+l +fi'
This is a second difference. For completeness, we also write
A° f(x) = f(x).
An induction argument can be used to verify that
A
kiRt
Note that this only holds when the x; are equally spaced. Table 4.6 shows
how the divided difference Table 4.4 simplifies in the equally spaced case.

We now turn to Newton’s divided difference formula (4.31). Let us
introduce a new variable s, defined by x = x, + sh. Then

(x=xp)(x—x,_ )= hts(s = 1)--(s—k+1).
From this and (4.32), the divided difference formula (4.31) becomes

f[xi’xi+h""xi+k]= “4.32)

pn(x)=pn(x0+Sh) =f0+(;)Af0+"°+( )Anfo, (433)

s
n
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Table 4.6 Divided differences with equally spaced
points, expressed in terms of forward differences

Xo fo 1
e
1 .
X h WAJB
1 |
— Af —Af;
h £ 6H’ 5
1 .
X, f 'ZTh—zAﬂ
1
—Af
p f2
X3 £

which is called the forward difference formula. In (4.33) we have used the
binomial coefficient

s)_ ss—D...(s-k+1)
k] k!

for k=1,2,...,n. By convention, when k=0 we write ({)=1. In this
notation, the interpolating polynomial plus error term (4.13) can be
expressed as

foo+shy=> (j{) Af+h™ ‘(n N l)f‘"* V(E. (4.34)

k=0

The forward difference formula is often attributedt to Newton and to his
Scots contemporary James Gregory (1638—75). However it was used earlier
by the English mathematician Thomas Harriot (1560-1621) and was known
very much earlier, at least for small values of 7, to the Chinese mathema-
tician Guo Shoujing (1231-1316).

Example 48 Given the following table, use the forward difference
formula to estimate sin x at x=0.63 and determine the accuracy of the
result.

x 0.6 0.7 0.8 0.9 1.0
sin x 0.564642 0.644218 0.717356 0.783327 0.841471

+ Hildebrand (1974, p. 129) makes an interesting comment on the naming of interpolation
formulas.
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Table 4.7 A table of differences for sin x

X sin x Differences

0.6 0.564642

07 0644218 ~6438
73138

0.8 0.717356 -7167
65971 ~660

09 0783327 -7827
58144

1.0 0.841471

The differences for this data are set out in Table 4.7. For convenience, the
decimal point has been omitted from the differences. This is normal practice.
In this case, x,=0.6 and h=0.1, so in using (4.33) to interpolate at x =0.63,
we choose s=0.3 and n=4. We see from Table 4.7 that f,, Af,, A*f,, A’f,
and A‘f, have the values 0.564642, 0.079576, —0.006438, —0.000729 and
0.000069 respectively, which are boxed in the table. With these figures, the
estimate for sin(0.63) provided by (4.33) is 0.589145, to six decimal places.
Using (4.34) to estimate the error, the fifth derivative of sin x is cos x, which
never exceeds 1 in modulus. Hence the error is not greater than the modulus of

107%(0.3)(=0.7) (= 1.7)(=2.7)(-3.7)/5!,

which is smaller than 0.3 x 1078, O

In Chapter 13 we require a companion formula to (4.33) which starts at
the right-hand end (i.e. at x=x,) of a set of equally spaced data and uses
differences constructed from function values to the left of x =x,. To obtain
this, we return to the divided difference representation of p,(x), in (4.31).
In this formula, the numbers x,, ..., x, are distinct, but otherwise arbitrary.

In particular, we could rename x,,x,,...,x, as x,, X,_,,..., X, which
would give

Pa(x)=flx, ]+ (x = x)f[x, X, 1] + -
+(x=x)(x~x,_) o (x=x M Tx0 ..0s Xp1- (4.35)

To simplify this when the x; are equally spaced, it is convenient to introduce
the backward difference operator V, for which

Vfi=fi_fi—1

and V™' f,.=V(V"f,), as for forward differences. Proceeding as we did in
deriving the forward difference formula, we obtain from (4.35)

P+ shy = (= 1) ( "j‘) V. (4.36)
J

j=0

This is the backward difference formula.
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It should be emphasized that the forward and backward difference
formulas are merely different ways of representing the same polynomial. It
may also be noted that it is not strictly necessary to have both operators A
and V. For example, Vf,, V*f, and V*f, denote the same numbers as Af, _,,
A*f,_, and A’f,_; respectively. As another illustration, consider Tables
4.8(a) and 4.8(b) whose corresponding entries are numerically the same;
only the notation is different. Nevertheless, it is convenient to have these
alternative ways of expressing differences. For expressing differences
symmetrically, there is a third operator 6, called the central difference
operator, defined by

Of(x)=f(x+3h) = f(x-3h).
Also
Of(x)=8(fx+3h) - f(x~1h))
=flx+h)=2f(x)+ f(x - h).

Hildebrand (1974) discusses several interpolating formulas which use
central differences. However, we will not pursue this here, since such
formulas are primarily of use in highly accurate interpolation of tables, and
are rarely required nowadays.

Table 4.8 Forward and backward differences

(a) (b)
Xo fo Xo fo
Afa \Z4
Xy fi A’f, Xy fi Vf,
Af, Afy V£, Vfs
X3 f A%f, X, £ Vi,
Af, \78
X3 £ X3 £

We now give algorithms to evaluate forward differences and the forward
difference formula.

Algorithm 4.3 This begins with values f,, ..., f, and computes a, = A*f,,
0< k< n. In the algorithm, F;, = A* f;. The F,, are computed from
Fiviar=Fio = Fig

Apart from this change in the calculation of the F,,, this algorithm is
identical to Algorithm 4.2. O

Having computed the differences A'f,, we use the following to evaluate
Pa(x) = p,(x, + sh) using (4.33).
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Algorithm 4.4 This begins with s and a, = A*f;, O0< k<n, and computes
p =p,(x, + sh) from the forward difference formula (4.33).

p:=a,
fori:=1ton

p=a, ;+(s-n+ipf(n—-i+1)
next i a

4.8 Derivatives and differences

One often observes that differences of a function (tabulated at equal
intervals) tend to decrease as the order of the differences increases. This
appears to be the case in Table 4.7. To explain this, we make use once more
of divided differences. Let us write

Flzg) = L=/
Xo—X
which may be rearranged as
J(x) =f(xo) + (x = x0)fTx, x0]. (4.37)

Also
ST, 1] = flx, %)

Xy —X

f[xvxo’xll =

which gives the equation
SIx, xo) = flxg, x, 1+ (x = x,)f[x, x4, x; 1. (4.38)
Substituting for fx, x,] from (4.38) into (4.37) gives
Jx) = flxod + (x = x0)fTxo, X1+ (x = x0) (x = x,)fTx, X6, )],

where we have written f[x,] instead of f(x,) for the sake of uniformity of
notation. This may be extended, by considering f[x, x,, x,, x,], and so on,
until we obtain by induction

Sx) = fxol + (x = xo)f[xo, X, 1 + -
+ (x=xp) - (x = x,_)f[xo, ..., x,]
+ (x = xp)--- (x = x,)f[x, x0, ..., x,,]. 4.39)

Comparing this with (4.31), we see that (4.39), is of the form
S =p,(x) + (x = x0)+- (x = x,)f[x, Xo, ..., X,] (4.40)
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and, on comparison with the error formula (4.13), we find that

()
f[x,xo,...,x,,] = m, (441)

where £, is some point in an interval containing x, x,, ..., x,. This last
formula holds for any n and any distinct numbers x, x,, ..., x,, provided that
the (n+ 1)th derivative of f exists. In particular, omitting the point x, in
(4.41), we have

(n)
JIxx,..x]= M (4.42)

n!

where #, lies in an interval containing x, x, ..., x,. Now put x =x, in (4.42)
and let xy, ..., x, be equally spaced. On using (4.32), we obtain

A"fo=h"f" (o), (4.43)

where 7, lies in the interval (x,, x, + nh). In the same way, we have
A"f = hf (),

where 7, lies in the interval (x, x, + nh), and so on. This shows that nth
differences behave as 4" times the nth derivative of f. It is now clear why in
Table 4.7, where h=0.1, differences are decreasing by approximately a
factor of 10, from one column to the next.

As an aside, if in (4.42) we put x =x, and retain the divided difference
notation we have

f (n)('lo)

(4.44)
n!

f[Xo,...,X,,] =

which shows the close connection between the divided difference represen-
tation for f, (4.39), and the Taylor polynomial representation. Indeed,
allowing xg, ..., x, to be equally spaced in (4.44) and letting 7 >0, we
obtain

FO0%)

n!

lim fl%, ..., ] = (4.45)

and (4.39) becomes the Taylor polynomial for f about x,, with remainder.
What we have given is a proof of Taylor’s theorem.

In practice, it is usually difficult to evaluate f**"(x). It is then desirable
to use an (n + 1)th difference in place of f"*P(§,) to estimate the error term
(4.13) for polynomial interpolation. If in Example 4.4 we are given
log2.3=0.8329 we find that, with h=0.1 and f(x)=logx,
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Table 4.9 Evaluation of a polynomial by ‘building-up’
from its differences. Here p(x) = x}-3x+5, so third differ-
ences are constant

Differences

x plx) Ist 2nd 3rd
0 5

-2
1 3 6

4 6

2 7 12

16 6
3 23 18

34 6
4 57 24

58
5 115

A’f(2.1)= -0.0022. (For x between 2.1 and 2.3, h*f"(x) actually lies
between —0.00227 and —0.00189.)

The relation (4.43), which connects differences with derivatives, reveals one
other property of polynomials. If p€ P,, its nth derivative is constant and
higher derivatives are zero. Substituting p(x) into (4.43), we sec that the same
statement holds for differences so that, for p € P,, differences higher than the
nth must be zero. We can make use of this property to tabulate a polynomial.

Example 4.9 In Table 4.9 the polynomial p(x) = x*—3x+5 is evaluated at
x=0,1,2,3 and differenced, to produce all the numbers which appear above
the line shown in the table. Further entries are constructed by using the
property that third differences are constant. So, below the line, we insert the
entries 6, 18, 34, 57 in that order. Next, returning to the constant third
differences, we insert the entries 6, 24, 58, 115, and so on, to extend the table.

a

4.9 Effect of rounding error

We now consider how the accuracy of the function values f(x;) affects the
accuracy of interpolation. We recall the Lagrange form (4.11),

Pi¥) = Y L(Xf(x).
i=0

Sgppose that, instead of exact values f(x;), we have approximate values
[ (x;), where

o) =X <e, (4.46)
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for each i. For example if the exact values f(x;) are rounded to four decimal
places, we can take £ =13 x 10~*. Thus, instead of the true polynomial p,(x),
we evaluate

pr@) =Y Lx)f* ). 4.47)
i=0
(We will ignore the effects of rounding error in evaluating the right side of
(4.47), so as not to obscure the main point.) We deduce, using (4.46), that

| pa(x) = pE(x)| <€A, (x), (4.48)

where

M) = L. (4.49)

i=0

The function 4,(x), which is called a Lebesgue function, gives an upper
bound for the ‘magnification factor’ between the errors in the f(x;) and the
error in p,(x), due to rounding. If we are interpolating within an interval
[a, b], we will be interested in the values of 4, on [a, b]. We note that the
Lebesgue function 4,(x) depends only on the interpolating points and not
on the function f. Suppose the x; are ordered so that x,<x,<---<x,. The
number

A, = maxb A (x) (4.50)
is called the Lebesgue constant of order n. It is an interesting task to
compute A, for different choices of interpolating points. When the x, are
equally spaced on [~1, 1] it may be verified (see Problem 4.33) that A, <30
for 1 < n<10, where [a, b] in (4.50) istakentobe [-1,1]. Thecase n=1is
particularly simple. We find that 4,(x) =1 for x,< x<x,, so that

[p(x)-pi(x)] se

for xo< x<x,, whenever (4.46) holds. This can be deduced directly from
Fig. 4.1, by drawing above and below p,, at a distance &, two straight lines
parallel to p,. We see that p] must lie between these two parallel lines.

4.10 Choice of interpolating points

We now return to the formula (4.13), obtained for the error incurred by
using the interpolating polynomial p, in place of f:
£ gD

) = p(0) = (x = xp) o+ (X = X)) =——— T 4.51)
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which is valid provided f**? is continuous. We suppose that p,(x) is used
to approximate to f(x) on some finite interval which, to be definite, we will
take to be [—1, 1]. Then, if | f"*P(x)| is bounded by M,,, on [-1,1], we
have

M
max | fix) = p )| € —— max |(x-x) (x-x)|. (4.52)
-lsxs1 (n+ 1)! -l1<x%1

We naturally ask: is there a choice of interpolating points x; for which the
right side of (4.52) is minimized? This is a very difficult question to answer
directly.

The answer is to be found in the study of a sequence of polynomials
discovered by the Russian mathematician P. L. Chebyshev (1821-94). By
applying an induction argument to the trigonometrical identity

cos(n+1)8+cos(n—-1)8=2 cos nf cos 6 (4.53)

we can see that cos n6 is a polynomial of degree n in cos 8 for n=0,
1,2, .... We therefore put x = cos 8 and write

x), —l=x=l, (4.54)

T ,(x)=cos(n cos™'

to denote this polynomial of degree n, which is called a Chebyshev
polynomial. On rearranging (4.53), we obtain

T, (x)=2T,(x)=T,_,(x), n=1, (4.55)

with To(x)=1 and T,(x) = x. This is a recurrence relation which enables us
to evaluate the Chebyshev polynomials. By using (4.55), with the above
initial values for T, and T, we derive in turn

T,(x)=2x*-1, T4(x) =4x* - 3x,

T,(x)=8x*-8x2 +1, Ts(x)=16x°—20x° + 5x,
to give only the first few. In practice we do not need to display these

polynomials in algebraic form, as above. For any given values of n and x
we can evaluate T, (x) by the following algorithm.

Algorithm 4.5
ifn=0thenT,:=1
elseifn=1thenT,:=x
else7,=1,T,=x

fork:=1ton-1

Ty =2xT - Ty,
next k O
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It is very easy, using a computer and Algorithm 4.5, to draw graphs of
the Chebyshev polynomials. As an example, the graph of T,(x) is displayed
in Fig. 4.2.

These graphs suggest the following three properties of the Chebyshev
polynomials:

@) |T,(x)| <1for -1<xst,
(ii) T, has n distinct real zeros in the interior of [-1,1],
(iii) | T,(x)]| attains its maximum modulus of 1 on [—1,1] at n+ 1 points,
including both endpoints +1, and 7,(x) takes the values +1 alternately
on these points.

We will now verify these properties. First we see that (i) follows
immediately from the definition (4.54). Second we note that

T,(x)=0 = cos nf=0,
whence nf = (2k + 1)xt/2, with k an integer, and
x=cos 8=cos{(2k+ 1)a/(2n)}.

We obtain exactly n distinct values of x on [-1, 1] for which T,(x)=0 by
taking k=0, 1,...,n—1. Since T,€ P,, there cannot be more than n such
values. Therefore we must have found all the zeros of T,. Finally,

[T, (x)|]=1 = cosnf==l1
whence n8 = km, with k an integer, and
x=cos 8, with 0 = kzt/n.

+1

i L -
V.

Fig. 4.2 The Chebyshev polynomial T,(x).
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Corresponding to this value of x we have
T,(x)=cos n#, with 6 = knt/n,
so that
T, (x)=cos k= (-1)*

This shows that T,(x) takes the values +1 alternately as x takes the values
cos(kn/n), 0<k<n. Note that k=0 and n correspond to x=1 and -1
respectively. These n + 1 points where T, assumes its maximum modulus on
[—1, 1] are called the extreme points of T,,.

We now state and prove a theorem due to Chebyshev which settles the
question posed at the beginning of this section about the choice of
interpolating points: the theorem shows that this difficult question has a
simple answer.

Theorem 4.3 If g€ P, has leading coefficient 1 (that is, the coefficient
of x"is +1) thent, for n=1,

lgll.= max |e@)|
is minimized over all such choices of g when ¢=T,/2""".

Proof We suppose that the statement of the theorem is false and seek to
establish a contradiction. Thus we assume the existence of a polynomial
r € P, with leading coefficient 1 such that

Irll.<1/27"

Let us consider the polynomial
1

2'2-1

r(x) = q(x) =r(x) - T(x), (4.56)
which belongs to P,_,. On each of the n+ | extreme points of T, the first
term on the right of (4.56), r(x), has modulus less than 1/2""!, while the
second term, T,(x)/2"', takes the values +1/2" ! alternately. Thus the
polynomial r — g takes positive and negative values alternately on the n + 1
extreme points of T,. This implies that r—q€ P, _, has at least n zeros,
which provides the required contradiction. O

Since (x —-x,)---(x—x,) is a polynomial belonging to P,,,, with leading
coefficient 1, we have the following important corollary to Theorem 4.3.

1 1l ¢]l. is called the maximum norm of g (see § 5.1).
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Corollary 4.3 The expression

max | (r—x)- (2 - x)|
is minimized, with minimum value 1/2", by choosing x,, ..., x, as the zeros
of the Chebyshev polynomial 7, (x). O

We now apply this result to the inequality (4.52) which, being derived
from the error formula (4.51), requires continuity of f"*V. If we choose
D, € P, as the polynomial which interpolates f on the zeros of T,,,, then

Mn+]
- D s — 457
”f n”oo 2'1( 1)!, ( )

where M, ., is an upper bound for | f**"(x)| on [-1,1].

4.11 Examples of Bernstein and Runge

In this section we consider examples which warn us of the limitations of
using interpolating polynomials as approximations to functions. First we
consider | x| on [—1,1]. Since the first derivative is discontinuous at the
origin, the error formula (4.13) is not valid in this case. Nevertheless, since
the function | x| is continuous, the reader may believe intuitively that the
sequence of interpolating polynomials, whether interpolating at the
Chebyshev zeros or at equally spaced points on [—1,1], will converge
uniformly to |x| on [-1,1]. Table 4.10 suggests that such intuition is
misleading: for the given range of values of n, we see that the errors grow
catastrophically for the equally spaced interpolation points. The behaviour
of the errors for interpolation at the Chebyshev zeros is much more
satisfactory and indeed these errors diminish with increasing #, although not
as rapidly as one might wish. (The entries in Table 4.10 are given to two
significant figures.)

Our second example is 1/(1+25x*) on [-1,1]. In this case, all
derivatives are continuous on [—1, 1]. Table 4.11 presents numerical results
for the error of interpolation for this function in the same format as used in
Table 4.10 for |x|. We note that the results in Table 4.11 are broadly

Table 4.10 Maximum modulus of f(x) - p,(x) on [~1,1] for f(x)= | x], for interpolation
at equally spaced points and at the Chebyshev zeros

n 2 4 6 8 10 12 14 16 18 20

Equally spaced 0.25 0.15 0.18 032 066 16 4.1 11 32 95
Chebyshev 022 0.12 0.087 0.067 0.055 0046 0040 0.035 0.031 0.028
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Table 4.11 Runge’s example: maximum modulus of f(x)-p,(x) on [-1,1] for
f(x)=1/(1 +25x%), where the interpolating points are equally spaced. For comparison, we
also give the results for interpolation at the Chebyshev zeros

n 2 4 6 8 10 12 14 16 18 20

Equally spaced 0.65 044 062 10 1.9 3.7 7.2 14 29 60
Chebyshev 0.60 040 026 017 011 0069 0.047 0.033 0.022 0015

similar to those of Table 4.10, with catastrophic results for the equally
spaced case and errors which decrease very slowly in the Chebyshev case.
The disastrous behaviour of interpolating polynomials on equally spaced
points for the function 1/(1 +25x%) on [-1,1] was first demonstrated by
the German mathematician C. Runge (1856-1927) near the beginning of
the twentieth century. Just a few years later, the corresponding problem for
| x|, which we have described above, was first discussed by the Russian
mathematician S. N. Bernstein (1880—1968).

After these two ‘bad’ examples, we end this chapter on a more positive
note by looking again at (4.57). We deduce that if all the derivatives of a
given function f exist and

. Mn+ 1
lim ———— =
ne 2"(n+ 1)!
where M,,, is the maximum modulus of f"*" on [-1,1], then the
sequence of polynomials which interpolate f at the Chebyshev zeros
converges uniformly to fon [—1, 1]. An example of such a function is e*.

Problems

Section 4.1

4.1 If f(x)=1and 5 at x =0 and 1 respectively, construct the interpolating
polynomial p, which matches f at these points.

4.2 Using (4.1) with x; = xo+ h, x=x,+ shand f(x) =e", show that
Pi(xo+sh)y=[1+s(e"~1)]e*
is the polynomial which interpolates e* at x, and x,.

4.3 Show that for any real number A#0 and any positive integers r and s
the polynomial

a0 = A0 —xp) (x = x)" + ( adnk )f(xo) + ( "'x")f(xo,
Xo— Xy X1 —Xo
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which is of degree r+s, passes through the points (x,,f(x,)) and
(xy, f(x))).

4.4 Use linear interpolation to estimate cos 50°, given that cos 45° = 1/v2
(0.7071 to four decimal places) and cos 60° = 1.

4,5 By using interpolation at x=1 and 4, find approximations to the
function y=x"?at x=2 and x = 3.

4.6 Write a program for carrying out linear interpolation. Extend the
program so that, for given values of x,and 4, it prints the values

le**" — py(xo + sh) |

for §=0.1,0.2,...,0.9, with p, as in Problem 4.2. Use this to estimate the
maximum error of linear interpolation between successive entries in a table
of e*, assumed to be tabulated at intervals of #=0.010n [0, 1].

Section 4.2

4.7 Find the interpolating polynomial for the function f which agrees with
the following data: f(x)=1, -1and 1 at x=—-1,0and 1.

4.8 Obtain the interpolating polynomial for the function x*+ 1 at x=0, 1,
2 and 3.

4.9 Construct a cubic polynomial p such that, at x=0 and 1, p takes the
same values as f (0 and 1 respectively) and p' has the same values as ' (-3
and 9 respectively). (Hint: let p(x)=ax’+ bx*+ cx+d, derive four
equations in a, b, ¢, d and solve them. See also § 6.4 on Hermite
interpolation.)

Section 4.3

4.10 Estimate the accuracy of the results obtained in Problem 4.4, noting
first that each cosine must be expressed in radian measure: for example,
cos 50° as cos(507/180).

4.11 Suppose that a function f is tabulated at equal intervals of length h
and that | f"(x)| <M throughout the table. Show that the modulus of the
error due to the use of linear interpolation between any two adjoining
entries in the table cannot be greater than § MA~

4.12 Verify that your computed results for Problem 4.6 are consistent with
the general result in Problem 4.11.

4.13 At what step size & ought the function sin x to be tabulated so that
linear interpolation will produce an error of not more than §x 107°? (Use
the result quoted in Problem 4.11.)
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Section 4.4

4.14 Verify by induction on k that f;,(x) is the interpolating polynomial
for f at the points x;, x;,,, ..., X;,, (see Algorithm 4.1).

4.15 Set out the Neville—~Aitken algorithm (as in Table 4.1) for interpola-
tion of the function x'/2 at x=2, with x,=0, x, = 1 and x, = 4. Use the error
formula (4.13) to help explain why it is possible for the result of interpola-
tion based on all three points to be less accurate than that of interpolation
based on x =1 and 4 only.

4.16 Write a computer program to implement Algorithm 4.1
(Neville—Aitken). Use the data of Example 4.5 to test your program.

Section 4.5

4.17 In the following table, y denotes the function x sin x—1 (to two
decimal places). Use inverse interpolation to estimate the smallest positive
root of the equation x sin x= 1.

x 1.0 1.1 1.2
y -0.16 -0.02 0.12

4.18 Write a program to carry out inverse interpolation based on three
points. The program should read x,, x,, x,, with x,<x,<x,, and three
numbers F(x,), F(x,), F(x,), with F(x)F(x,)<0. Assuming that F(x)=0
has exactly one root in [x,, x,], use inverse interpolation to estimate the root.
Test your program on the data of Problem 4.17. Also use it to estimate
the root of x-e =0, taking x,, x, and x, as 0.50, 0.55 and 0.60
respectively.

Section 4.6

4.19 1t is alleged that a certain cubic polynomial in x matches the
following data. Construct the polynomial by using divided differences.

X -3 -1 0 2 3
y ~9 5 3 11 33

4.20 By using divided differences, construct the cubic polynomial in y
which matches the function x=y'* at y=0, 1, 16 and 81. Evaluate the
polynomial at y = 64 (see p.61).

4.21 Let us define

Sl eenn X, x] = linéf[xo,...,x,,,x+ h, x].
h—o
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Deduce that

d
S e s X X, x] = — flxg, oo er X XJ.
dxf Xo

4.22 Write a program to implement Algorithm 4.2 (divided differences).
Test it using the data of Table 4.5.

4.23 Extend the above program so that, beginning with x, x,, ..., x, and
f(xo)s -.., f(x,), it evaluates the interpolating polynomial p,(x).

Section 4.7

4.24 For the following data, calculate the differences, write down the
forward and backward difference formulas and show that they give the same
polynomial in x.

x 0.0 0.1 0.2 0.3 0.4 0.5
fx) 1.00 1.32 1.68 2.08 2.52 3.00

4.25 In the following table, S(r) refers to the sum of the squares of the
first r positive integers. From a table of differences of S(r), form a
conjecture that S(r) can be represented exactly by a polynomial of some
degree in r. Use the forward difference formula to construct this polynomial
inr.

r 1 2 3 4 5 6 7 8
S(r) 1 5 14 30 55 91 140 204

4.26 Show that A(f(x)g(x))=f(x). Ag(x)+Af(x). g(x+ h), and note the
similarity this result bears to an analogous result for derivatives. Show also
that

A(f(x)g(x)) = f(x). Ag(x) + Af(x). g(x) + Af(x). Ag(x).

4.27 Construct the difference table for the following data. What is the
lowest degree of polynomial which matches the data exactly?

x00 01 02 03 04 05 06 07 08 09 1.0
y 0.000 0.541 1.168 1.887 2.704 3.625 4.656 5.803 7.072 8.469 10.000

4.28 Consider the forward difference formula (4.33) for the case where
f(x)=e". First show that, for this particular function, A*fy= u'f,, where
u=e”~1, and deduce that

D, (xo + sh) = [1 + (S)u + (s)u2 + et (s)u"} e’
1 2 n

(Note that the above factor which multiplies e** consists of the first n+1
terms of the binomial series for (1 + u)*=e*.
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4.29 Show by induction on k that
k

oS- f) g

A%, Zoj( Y% e

Hint: use A**'f, = A*f, — A*f, and Pascal’s identity

[

4.30 For the case where the x; are equally spaced, write a program to
evaluate the interpolating polynomial by the forward difference formula, using
Algorithms 4.3 and 4.4. Use the data of Example 4.8 to test your program.

Section 4.8

4.31 Evaluate the polynomial p(x)=x’+x+7 for x=0,1, ..., 10 by first
evaluating p(x) at x= -1, 0 and 1 and then ‘building up’ from the constant
second differences.

Section 4.9

4.32 Consider the Lebesgue function (4.49). Note that, as x varies, L,(x)
changes sign only when x passes through one of the points x;. Deduce that
A.(x) is a piecewise polynomial; that is, it is a polynomial on each sub-
interval [x;, x;,,]. By considering the interpolating polynomial (4.11) for

f=1, show that
2Lm=1

i=0
and deduce that 4,(x) =1 for all x. Finally, show that 4,(x;)=1,0<j<n.

4.33 Write a program to evaluate the Lebesgue function 4,(x) and draw its
graph. Estimate

A,= max A,(x)

-1<x&1

for 1< n=<10, when the x; are equally spaced.

Section 4.10

4.34 Show, by an induction argument based on the recurrence relation
(4.55), or otherwise, that

T,(-x)=(-1)"T,(x),
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that is, the Chebyshev polynomials are odd or even functions according to
whether n is odd or even respectively.

4.35 Derive the recurrence relation
T),..(x)= 2(2X2 - DT,,(x)=T,, (%)

and note that this can be used to compute the even order Chebyshev
polynomials recursively, without computing any odd order polynomials.
How could the odd order polynomials similarly be computed
separately?

436 Showthat 7,(T,(x))=T,,.(x).

4.37 Write a program to evaluate T,(x), using Algorithm 4.5. Hence use
the computer to draw the graph of 7,(x) for —1<x<1 and a given choice
of n.

4.38 Note how the gradient of T,(x) near x=zx1 increases sharply in
modulus as n increases. In particular, show that T/ (1) = n’ Alternatively,
note how close the largest zero of T, is to x =1 by noting that

7 a’
cos|—}=1—-—.
(2n) 8n*
4.39 By considering the function x(1 — x), show that, if n is a positive
integer, r(n—r)/n*= (r/n)(1 = r/n) and

0< r(n—-r) <

1
n® 4

for O< r< n. Next show that

and hence that

max <

1 n—1
xlx——}...lx - x-1
Osxs<| n n
4,40 Use the final result of Problem 4.39 to show that, if p, denotes the
interpolating polynomial constructed for e* at the n+1 equally spaced
points x=r/n, 0<r<n, then

2n+l'

€

max |e -p,(x0)| € ———.
1' P 2" Y n+ 1!

O<x%
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What value of n will ensure that the error of interpolation is less than 107°
in modulus? Compare your result with that of Problem 3.4.

441 If x=3;(1+ 1), verify that

I’il iy 1 "t 2i—n)
i=0 n 2" s n |

Deduce from the result of Problem 4.39 that

max |[(t—x)...(t-x)|=<1
-1€1<1

where x,= -1, x, =1 and the x; are equally spaced on [-1, 1].
4.42 In order to be able to evaluate sin x for any real x, it suffices to be
able to evaluate f(x) =sin{z (1 + x)/4] on [~1, 1]. Show that
max | fx) = p,()| < 2(w/8)"" ' f(n + 1)1,
-1sx<1

where p, interpolates f at the Chebyshev zeros. What are the smallest values
of n which guarantee accuracy to 2, 4 and 6 decimal places respectively,
assuming rounding errors are negligible?

4.43 With fand p, as in the previous problem, use your computer program
for evaluating the interpolating polynomial (Problem 4.23) to estimate the
values of

max | f(x) ~ p,(x)|
-l<sxs}
for the first few values of n. How do these compare with the error estimates
obtained in the previous problem?

4.44 Show that the change of variable

S

maps the interval -1<t<1 onto the interval a<x<b and that
x=x,=3(b-a)(t—t,), where x, and ¢, are connected by the above change
of variable. Hence show that

b'- n+1
min m?xbl(x—xo>---<x—xn)l=2( 4") :

the minimum being attained when x, = } (b - a)t, + (b + a) and the t,are the
zerosof T,,,.
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4.45 Apply the result of Problem 4.44 to map [—1, 1] onto [0, 1]. From
this, show that if we construct the interpolating polynomial ¢, for e* at the
n+ 1 points § (1 +¢,), 0<r<n, where the ¢, are the zeros of T, ,,

€

max | - g,(x)| € ———— .
0sx<1 | 27 m + 1)!

Compare this result with that in Problems 3.4 and 4.40.

4.46 Extend your interpolating polynomial program (Problem 4.23) so that
it evaluates f(x) and p,(x), allowing two options: where the x; are equally
spaced and the x; are the zeros of T,,,. Arrange for the graphs of fand p, to
be drawn for —1<x<1. Test your program on ‘good’ examples like e*
and the function in Problem 4.42, and on ‘bad’ examples like |x|
and 1/(1 +25x%),allon [-1,1].



Chapter
‘BEST’ APPROXIMATION

5.1 Norms of functions

In earlier chapters we have seen how both the Taylor polynomial and the
interpolating polynomial can be used as approximations to a given function
f, and in §4.10 we favoured interpolation at the Chebyshev zeros as an
approximation to a function f€ C n+1r_1,1], the class of functions whose
{n + 1)th derivatives are continuous on [—1, 1].

In this chapter we will explore other types of polynomial approximation
which are based on minimizing the norm of the error function. First we
must define the norm of a function, which is a measure of the ‘size’ of a
function. We write || ||, which we read as ‘the norm of f’.

Definition 5.1 The norm of a function belonging to some class of
functions C is a mapping from C to the non-negative real numbers which
sends f€ Cinto || f || =0, subject to the following three properties or axioms.

(i) |l fll>0 unless fis the zero function, when || f|| =0.
(i1) For any real number 4 and any f€ C,

NAfF=TA LA
(iii) For any f, g€C,

Wr+gl <lfll+ el 6. O

Property (iii) is known as the triangle inequality. We will be using norms
for two classes of functions. One is Cla, b], the class of continuous
functions on [a, b]. The other is the class of functions defined on a finite
set of distinct points X = {x,, x|, ..., x5} and we will denote this by C(X).

In § 4.10 we have already met an example of a norm:

£ = max [ ()] (5.2
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This is defined on Cla, b] and is called the maximum, Chebyshev or
oo-norm. It is easy to check that all three axioms of Definition 5.1 are
satisfied. It is customary to use a suffix, as we have used o= in (5.2), to
denote a particular norm. This suffix can be omitted if it is clear which norm
is meant or if we are making a statement which is valid for any norm.

There is a family of norms, called the p-norms, defined by

b p
nfup={L |f<x>r’dx] , 63

where f€ Cla, b] and p=1. Each value of p=1 gives a norm, although the
only two finite values of p which are used in practice are 1 and 2. It is easy
to verify that (5.3) satisfies axioms (i) and (ii) of Definition 5.1. Axiom
(iii) is easily verified for p =1 and does not hold for p <1, which explains
our restriction p =1 above. For p> 1 we can approximate to the integral by
sums and show that the verification of axiom (iii) is equivalent to carrying
out the same exercise for the discrete p-norm defined by (5.5) below.

As well as the above norms for C{a, b], there are norms defined
analogously for C (X). These are the discrete co-norm,

0= max |/ 54

and the discrete p-norm,
1/p

(5.5)

nfn,,={Z | £Ce) i"]

the latter again being defined for all p=1. It can be verified that (5.4) and
(5.5) satisfy Definition 5.1 and so are indeed norms. The verification of the
triangle inequality, axiom (iil), is difficult for (5.5), except for the
important special cases p=1 and p = 2. We will meet these discrete norms
again in Chapter 10.

The reader will note that in (5.2) and (5.4) we have used || f|| .. to denote
two different norms, one on Cla, b] and one on C(X), and we have
similarly used || fll, to denote two different norms. As long as it is clear
from the context which class of functions is being discussed, this dual use
of notation causes no confusion.

There is a close connection between the maximum norm (5.4) and
the p-norms of (5.5), given by

N 1/p
lim {Z [ f0x) lp} = om'axN | fxp . (5.6)
Py i-0 LR

(See Problem 5.5.) This explains the notation ||f]|.., and there is an
analogous result for the norms (5.2) and (5.3) on Cla, bl.
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5.2 Best approximations

Suppose we have a function f in C and we have chosen some norm on C,
where the class of functions C is either C{a, b] or C(X). This leads us to an
interesting class of polynomial approximations to f which are called best
approximations.

Definition 5.2 We say that p € P, is a best approximation to f€ C with
respect to a given norm if

Nf-pll= qigg ILf-all. (57 O

On the right side of (5.7), the infimum is taken over all polynomials
q € P,. Recall that ‘infimum’ means the greatest lower bound. It is
important to realize that a greatest lower bound is not always attained (see
Example 2.8). In this case, we want to know whether the infimum is
attained by any polynomial p € P,. If there is such a polynomial p, we will
say that the best approximation exists. Anyone who still thinks it is obvious
that the best approximation exists should consider another approximation
problem: find inf| o - \EI, where the infimum is over all rational numbers
o. Obviously the infimum has the value zero, but there is no rational
number closest to the irrational number V2. This is an example of an
infimum not being attained. Besides the question of existence of a best
approximating polynomial, we naturally want to know if it is unique,
whether it has any characteristic properties and how it can be computed. We
should also ask what happens as the degree of the approximating poly-
nomial is increased: can we obtain a sequence of approximating
polynomials which converges uniformly to fon [a, b]?

In fact, there is always a polynomial p which satisfies (5.7), for any
choice of norm, and therefore such a best approximation always exists. For
a proof, which relies on the theory of normed linear spaces and so is beyond
the scope of our text, see Davis (1976, pp. 137-9). We will consider the
question of the uniqueness of best approximations, and the other questions
raised above, throughout the rest of this chapter as we study important
special cases of best approximations defined by (5.7).

Before getting down to details, we make a simple observation about best
approximations for f€ C(X), with X={xy, x,, ..., xy}. If n=N, we need
only choose p€ P, as the interpolating polynomial for f on X and then
|f~pll =0. We therefore exclude this trivial case by seeking best
approximations from P, with n<N.

We now give an example on best approximations for a function in C[0, 1]
to make the point that, in general, different norms lead to different best
approximations.
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Example 5.1 The following are best approximations in P, for x'*€
C[0, 1] with respect to the norms given in parentheses.

13-3)+(VB-1x  (l-norm)
£ +ix (2-norm)
§+x (eo-norm)

These can all be found by elementary means and the last two may be derived
by methods to be developed later in this chapter. To find the above 1-norm
approximation, see Problem 5.32. 0

Best approximations with respect to the maximum norm (ee-norm) are
called minimax approximations, because this best approximation minimizes
the maximum error || f~q|| .. over all g € P,. There is also a special name
for best approximations with respect to the 2-norm. These are called least
Squares approximations, for obvious reasons.

Two classes of approximation problems can be distinguished. The first is
approximation to a function on a finite interval, for example, the problem
of choosing a polynomial which approximates within some given accuracy
to e* on [0, 1]. Such a polynomial could be used in a computer for evaluat-
ing e'. For this purpose, a minimax approximation seems the most
appropriate to use, amongst all the types of approximations which we have
mentioned so far. In practice, as we will see later, it is preferable to use a
polynomial which is near to the minimax but is easier to determine.

The second class of problems deals with approximation to a function
whose values are given at only a finite number of points. An example is a
set of experimental results where the value of some function f has been
determined at points x=x,, x,, ..., Xy. If the points are distinct, we could
construct the interpolating polynomial which matches f at each point.
However, experimental data generally contain errors. It is therefore usually
more appropriate to construct a polynomial of lower degree n<N which
does not necessarily pass through any of the points, but has the effect of
smoothing out the errors in the data. We now consider what type of
approximation will do this satisfactorily. Suppose we try a minimax
approximation and minimize

max |f(x) - q(x)|
O0<isN

over all polynomials g € P,, the set of polynomials of degree at most n. In
fact, this can be most unsatisfactory as we now demonstrate by taking an
especially bad case. We suppose that in Fig. 5.1 the extreme right-hand point
would be in a straight line with the others, but for experimental error. The
minimax straight line approximation for this data is that labelled ¢,(x) in
Fig. 5.1. Notice how the presence of only one inaccurate point has
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-Y

Fig. 5.1 Minimax straight line approximation.

substantially shifted the minimax approximation. Having seen an obvious
disadvantage of minimax approximations for a function defined on a finite
set of points we naturally turn to a best approximation with respect to one
of the p-norms. We will consider in detail least squares approximations,
which are the simplest to compute.

5.3 Least squares approximation

In this section, it is expedient to generalize the set of approximating
functions. A polynomial of degree n may be thought of as a linear
combination of the functions 1, x, x%,...,x" A key property of these
monomials x” is that no linear combination of them (that is, no polynomial
of degree at most n) has more than n zeros, except for the polynomial
which is identically zero. It is useful to have a special term to describe
functions which have this property.

Definition 5.3 A set of functions {y, ¥, ..., ¥,}, each continuous on an
interval 1, is said to be a Chebyshev set (or, equivalently, is said to satisfy a
Haar condition) on [ if, for any choice of ay,a,,...,a, not all zero, the
function

@, ()= ) apx) (5.8)

r=0
has not more than n zeros on 1. a

Thus the monomials {1, x,...,x"}, for any n, form a Chebyshev set on
any interval. Another example of a Chebyshev set is {1, cos x,
sin x, ..., cos kx, sin kx} on 0 < x <2, where k is any positive integer.

Suppose we wish to approximate to a function f whose values are known
at x=x,,...,xy by a function ®, defined by (5.8), with n< N. Let I be



‘Best’ approximation 91

some interval which contains all the x;. Then the condition that the functions
y, form a Chebyshev set on [ certainly ensures that the set {,, ..., ¥,}
contains no redundant members. For we cannot express any 1, as

Wy =Y by, forallx€ [a,b), (5.9)
r=0
since this implies that a linear combination of the y, has more than n (in
fact, an infinite number) of zeros. A set of functions which satisfy a
relationship of the form (5.9) is called linearly dependent. It is useful to
give a formal definition.

Definition 5.4 A set of functions {v,,...,¥,} is said to be linearly
independent on some interval [ if

Z ay(x) =0, forallx &€/

r=0
only if ay=a, = --- = a,=0. Otherwise, the functions are said to be linearly
dependent. 0O

The concept of linear independence will be met again in Chapter 9. It
follows from Definitions 5.3 and 5.4 that if a set of functions is a Cheby-
shev set on I, it is also linearly independent on /. The converse does not
always hold, as we now show.

Example 5.2 The set {1,x, x*} is not a Chebyshev set on [—1, 1], since
the function 0.1+ (=1).x+ 1.x* has three zeros belongingt to [-1,1].
However, these three functions are linearly independent on [-1,1]. 0O

We now wish to find the least squares approximation to a function fon a
finite point set {x,, xi, ..., xy} by a function of the form &, defined by
(5.8). We assume that {y,, ..., ¥,}, with n<N, is a Chebyshev set on some
interval {a, b] which contains all the x;. We require the minimum of

N
Ed, @) = 9 (f(5) = D))’
i=0
over all values of ay, ...,a,. A necessary condition for E to have a minimum
is 0E/da,=0 for r=0, 1, ..., n at the minimum. This gives

N
-2 > LF06) — (agh(x) + -+ + ) = 0

i=0

1 A simpler example is the set {x*}, since x° has a triple zero at x =0.
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which yields the equations

N N N
o Y WIBE) + -+ + a, 3 pIRE) = ) FEyp),  (5.10)
i=0 i=0 i=0

for O<r=<n. These n+ 1 linear equations in the n+ 1 unknowns a, ..., a,
are called the normal equations. We state, without proof here,} that these
linear equations have a unique solution if there is no set of numbers
bgs ..., b, (except by= b, =--- = b, =0) for which

n
D by)=0, Os<isA.
r=90
Since N> n and the y, form a Chebyshev set, this condition is satisfied. It is
for this reason that we use functions ¥, which form a Chebyshev set.

We have seen so far that a necessary condition for a minimum of
E(ay, ...,a,) is that the a, satisfy the normal equations (5.10) and we
know that these equations have a unique solution. It still remains to show
that the solution of these equations does, in fact, provide the minimum.
To see this, let a, ..., a’,‘: denote the solution of (5.10). First, we
consider the case where there are only two functions ¥, and vy,. Consider
the difference

E@d) + &, a +0) - E(a,a;)

=D L) = (@ + yp(x) = (@ + &) ()

i=0

N
- 2 L) - & ux) - af )

i=0

N N
= > [B0) + ST ~ 28 D OIS ) — & () — @ ()
i=0

i=0

=26, 3y ~ & wx) - afpi)].

i=0

The last two summations are both zero, since ay and a satisfy the normal
equations (5.10) for the case n = 1. Therefore

N
E@ +&,a7 +6) - E(@,a) =Y [Gu(x) + o). (.11

i=0

1 See Problem 9.39 of Chapter 9.
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The right side of (5.11) can only be zero if
60"/’0()‘,‘) + 6]11’1 (x,‘) =0

for 0< i< N, which cannot be so, unless §,= &, =0, since y, and y, form a
Chebyshev set. Thus the right side of (5.11) is always strictly positive
unless d,= 6, =0, showing that E(a,, a,) has indeed a minimum when
a,=ay,a,= al.Fora general value of n<N, we may similarly show that

N
E@y + 0@y +8,) — E@,....d}) = ) [Ootp(x) + -+ + ST,

i=0

showing that the minimum value of E(ay,...,a,) occurs when
*
ay=2a,,...,d,=d,.

Example 5.3 Find the least squares straight line approximation for the

following data.

x 0.0 0.2 04 0.6 0.8
f(x) 0.9 1.9 2.8 33 4.2

If we take n=1, yY,(x)=1 and y,(x) =x, the functions ®, defined by
(5.8) will all be straight lines. To find the least squares straight line we must
solve the normal equations (5.10) which in this case are

N N
aGN+1D)+a ) 5= f(x)

) .;o i}-vo (5.12)
@G xta Yy %= f)x
i=0 i=Q i=Q

For the above data, these equations are
Sa,+ 2a,=13.1
2ay+ 1.2a,= 6.84

with solution a,=1.02, a,=4. The required straight line is therefore
1.02 +4x. 0

The foregoing method is easily extended to cater for approximation to a
function of several variables. To approximate to a function f(x, y) at the
points (xo, ¥o)s ---» (Xy, yy) by an approximating function of the form
7, a,9.(x,y), again assuming N > n, we minimize

N
> 10D - (@il 1) + -+ + a )T

i=0
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By taking partial derivatives with respect to the a,, we again obtain a set of
linear equations, which are like (5.10) with (x;, y;) written in place of (x;)
throughout. For example, if n=2, yo(x,y)=1, ¥, (x,y)=x, ¥,(x,¥)=,
we have the system of three linear equations

N N N N
G l+a Yy 5+a ) y=p [

in i i=0 i=0
N ’ N ’ N N

aoZ*"i +a inz +a, Zyixi = Zf(xi»)’i)xi
1;0 ::IO 1:13 l:/O

aoz.)’i +a in)’i +a Z)’iz = Zf(xn)’i))’i
i=0 i=0 i=0 i=0

to determine a,, g, and a,.

Although we have discussed the existence and uniqueness of least
squares approximations constructed from a Chebyshev set of functions, in
practice we tend to use mainly polynomial approximations. It is sometimes
quite difficult to decide what degree of approximating polynomial is most
appropriate. If we are dealing with experimental results, we can often see
that a polynomial of a certain degree appears suitable, judging from the
number of large-scale fluctuations in the data and disregarding small-scale
fluctuations which may be attributed to experimental error. Thus two large-
scale fluctuations suggests a cubic approximation, since a cubic can have
two turning values. (Ralston and Rabinowitz, 1978, describe a more
rigorous statistical approach to the question of choosing the degree of the
approximating polynomial.)

Increasing the degree of the approximating polynomial does not always
increase the accuracy of the approximation. If the degree is large, the
polynomial may have a large number of maxima and minima. It is then
possible for the polynomial to fluctuate considerably more than the data,
particularly if this contains irregularities due to errors. For this reason it is
often more appropriate to use different low degree polynomials to approxi-
mate to different sections of the data. These are called piecewise
approximations, the most commonly used being spline approximations,
which we will discuss in Chapter 6.

5.4 Orthogonal functions

We now consider the problem of finding least squares approximations to a
function f on an interval [a, b}, rather than on a finite point set. Again, we
seek approximations of the form X", a,9,(x) constructed from certain
functions ¥,, 0 < r< n. We now assume that the , are linearly independent
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on [a,b] and that the v, and f are continuous on [a,b]. We wish to

minimize
n 2
N [f(x) -y a,w,<x)} dx
r=0

with respect to a, ..., a,. As before, we set to zero the partial derivatives
with respect to each a, and obtain the (linear) equations

a || woow0) e+ -+ +a, | wooweo de= [ fwww dr, 6.13)

for 0 <r<n. Notice that these equations may be obtained from their
counterparts (5.10) in the point set case, on replacing summations by
integrals. It can be shown that the equations (5.13) have a unique solution if
the v, are linearly independent (see Problem 9.16).

In the particular case where y,(x)=x"and [a, b] is [0, 1], the equations
(5.13) become

y+ya+ee+

: —a,= ], ax

n+
1 1 1 !
L e aﬂ:Jof(x)xdx (5.14)
1 Vo,
nel O e T a= [, fn a

Unless n is quite small, these equations are of a type for which it is difficult
to calculate an accurate solution. Such equations are called ill-conditioned, a
term which will be made more precise in Chapter 10. As n increases, the
accuracy of computed solutions of these linear equations tends to deterior-
ate rapidly, due to rounding errors (see Example 10.4). Similar behaviour is
exhibited by the linear equations which arise in computing least squares
polynomial approximations to f on a finite point set. The remedy is to use
only low degree approximating polynomials, perhaps n<6 or so, or to use
orthogonal polynomials, which are described in § 5.5.

It is natural to ask whether we can make a more appropriate choice of the
functions 1, than the monomials x”. We observe that, if the functions v, satisfy

[P woome de=0,  res, (5.15)

for all r and s, O<r,s<n, then the linear equations (5.13) ‘uncouple’ to
give
b

o[’ @) ax= fowe ax, (5.16)
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for O< r < n. Note that both integrals in (5.16) exist, since f and the y, are
continuous on [a, b]. Further, since the 1, are assumed to be linearly
independent, the integral on the left of (5.16) is non-zero and therefore a,
exists. This provides the solution immediately.

Definition 5.5 A set of functions {,, ..., ¥,}, which does not include
the zero function, is said to be orthogonal on [a, b] if the v, satisfy
(5.15). g

It can be shown that a set of orthogonal functions is necessarily linearly
independent (see Problem 5.14). Before studying particular sets of
orthogonal functions, we note the permanence property of least squares
approximations using orthogonal functions. Suppose we have found the
coefficients ay, ..., a, from (5.16) and wish to add a further continuous
function y,,,, orthogonal to the others, to find the best approximation of
the form X’ a,,(x). We see that we need only calculate a,,, (from
(5.16) with r=n+1); the values a,,...,a, will be as we have already
obtained.

Example 5.4 The functions 1, cos x, sin x, cos 2x, sin 2x,...,cos kx,
sin kx are orthogonal on [-s, 7]. We need to verify that the appropriate
integrals are zero (see Problem 5.16). O

With the set of orthogonal functions of Example 5.4 the best approxima-
tion to fon [—-m, ] is

k
3 a+ Z (a, cos rx + b, sin rx), (5.17)

r=1

where from (5.16)

Ga) [  ae=[" oo ax,
a, J:’ cos’ rx dx = J_Zf(x) cos rx dx, 1 srs<k,

b,‘[_” sin® rx dx = J_ﬂ F(x) sin rx dx, l<r<k

We find that the integrals on the left sides of the last two equations have the
value 7 (see Problem 5.16), so that

1 ¢n 1 ¢x
a,=— I f(x) cos rx dx, b =— J. J(x) sin rx dx. (5.18)
T b

In (5.17), we write } a, rather than a, so that (5.18) also holds for 7 = 0.
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Letting k—eo in (5.17), we obtain an orthogonal series for f which we
will refer to as the classical Fouriert series. Some authors use the term
‘Fourier series’ solely for this particular orthogonal series. The general
orthogonal series for f on [a, b] is X7, a,¥,(x), where the y, satisfy the
orthogonality property (5.15). To denote the relationship between f and an
orthogonal series for f, we will write

f@) ~ Y ap.

r=0

Note that, in general, we cannot assume that this infinite series converges
to the function f nor even that the infinite series has a finite value. From the
definition of the least squares approximation we have

n+l

- by
r=0

where the infimum is taken over all choices of by,...,b,,,. Since one
particular choice of the b,is b,=a, forO<r<n and b,,, =0, it follows that

/-y ey

r=0

n+1

f_ Z ay,

r=0

= inf

3

2

2

n+l

f-2.a%

Thus the sequence of numbers (|| f~ X, a,v,|l,) is decreasing. We will be
particularly interested in cases where this sequence tends to zero.

<

2 2

Definition 5.6 If || f-X",a,9./,>0 as n—e, we say that the
orthogonal series X", a,i, converges in the least squares sense to f on
[a, b]. O

There is also a stronger form of convergence in which we work with the
maximum norm of the error, rather than the least squares norm.
Definition 5.7 If ||f-X",a,%,]l.>0 as n—>e, we say that the
orthogonal series X./_, a,y, converges uniformly to f on [a, b]. 0
We can verify directly from the definitions of the norms that

f_iarwr f_zarwr

r=0 r=0

< (- a)l/2
2

(5.19)

oo

This inequality shows that uniform convergence implies convergence in the
least squares sense. The following example shows that the converse does not

+ Named after the French mathematician J. B. J. Fourier (1768-1830).
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hold. This is why we say that uniform convergence is a stronger form of
convergence than convergence in the least squares sense.

Example 5.5 Let f(x) =0on [0, 1] and consider the functions
fu(x)=x"

as approximations to fon [0, 1]. We have

i 3 _ 1
L) ) - )] dx = —;z-:l—

and
Jmax | f(x) - 0] = 1.

Thus (f,) converges in the least squares sense to f, but does not converge
uniformly to fon [0, 1]. O

If fis continuous on [—-, 7], it can be shown that the classical Fourier
series converges in the least squares sense to f. Much investigation has
been done on the uniform convergence of the classical Fourier series. This
investigation is concerned with finding conditions on f which ensure that
its Fourier series converges uniformly to f on [-m, 7w]. The assumption
that f is continuous on [-s, ] is not sufficient to guarantee uniform
convergence. If, however, f is periodic, with period 27z, and the classical
Fourier series converges uniformly to f on [-m,&] then, due to the
periodicity of all the functions involved, the series will converge
uniformly to f everywhere. For more information on these convergence
questions, see Davis (1976).

Example 5.6 Find the classical Fourier series for the function f(x)= x.
We have

1 ¢n
a,=—J xcosrxdx=0
n -
for all r, since x cos rx is an odd function, and

1 ¢n 1 ¢n d 1
b,——-—j xsinrxdx=—'[ x —|——cos rx}dx
b A T odx\ r

1 . 1 ¢=
=—— [xcosrx]l, + — J cos rx dx
nr nr

=(-1y""2/r,
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since cos rm =cos(—rm) = (—1)" and the last integral is zero. Hence

oo _1r—l
x~22—(——-—sinrx. O
r=1 r

Example 5.7 Find the classical Fourier series for the ‘square wave’
function defined by

1
-3 -t<x<0

fx)=40, x=0

2 O<x<nm

and f periodic elsewhere, with period 27 (see Fig. 5.2). Since f is an odd
function, a,=0 for all r and

1 ¢n 2 ¢n
b,=—J f(x)sinrxdx=—J S(x) sin rx dx
St T 0
1 ¢
= — J sin rx dx.
T 0
We find that
_ 0, reven
" 12/(wr), rodd

and therefore

2 <« sin(2r+ )x
) ~ — —_— ]
f b4 ,_ZO 2r+1
HON |
1 M
2
-2 - 0 T i 3 r T
}
- -1

Fig. 5.2 The ‘square wave’ function.



100 Numerical analysis

5.5 Orthogonal polynomials

To give a unified treatment of approximation, it is convenient to generalize
the least squares norm by introducing a weight function. Let w denote some
function which is integrable, non-negative and not identically zero on a
given interval [a, b]. Then we define

1/2
If; ol = [L" W) dx} : (5.20)

We note that when w(x) =1 (5.20) reduces to the 2-norm, defined by (5.3)
with p =2, and comparing the two definitions we observe that

£ oll= 1l 0"f |l (5:21)

From this it is clear that (5.20) defines a norm. We can determine best
approximations with respect to this norm, using Definition 5.2. Given f,
Yo, -.-» Y, as before, we wish to minimize

n 2
[’ w(x){f(x) -> a,w,<x)} dx
r=0

over all choices of q,, ..., a,. Proceeding exactly as before, we find that the
introduction of w does not cause any dramatic changes. The a, still satisfy
linear equations and if we now choose the functions ¥, so that

b
[ oepoumdi=0,  res, (5.22)
the normal equations uncouple, as before, to give

b 2 b
a | 0@ dx = [ w@feu) d. (5.23)

a

Note that, when we take w(x) =1, (5.23) reduces to (5.16) as we should
expect.

Functions which satisfy (5.22) are said to be orthogonal on [a, b] with
respect to the weight function w. The resulting infinite series 7., @,¥,(x)
is referred to as an orthogonal series, as before. We now show that we can
construct polynomials which satisfy (5.22). Since we are now to deal with
polynomials, we will write p, in place of ,. We will construct polynomials
p. r=0,1, ..., such that p,(x) is a polynomial of degree r with leading
term x” (with coefficient 1) and

[{ owp@podc=0,  res. (5.24)

This is done recursively. Suppose that, for some integer k=0, we have
constructed polynomials p,, p,, ..., p;, €ach with leading coefficient 1,
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which are mutually orthogonal on [a, b] with respect to w. (This is easily
achieved for k=0, where we select p,(x) =1.) We can verify (Problem
5.14) that p,, ..., p, are linearly independent and thus any polynomial of
degree k + 1 with leading coefficient 1 can be expressed in the form

k
Do) = xp0) + 3 6, p,(). (5.25)

r=0

We need to choose the ¢, so that p,,, is orthogonal to p,, p, ..., p,. First we
have to cope with the awkward first term on the right of (5.25): we know
that the polynomials p,, ..., p, are orthogonal, but what can be said about
xp.(x)? The following lemma comes to the rescue.

Lemma 5.1 IfO<ss<k-2,

b
[ 0xpp.) dx =0.
Proof We may write

LX) = poi(®) + Y dp ), (5.26)

j=0

for some constants d,, since xp,(x) and p,,,(x) are both polynomials of
degree s+ 1 with leading coefficient 1 (see Problem 5.23). On multiplying
each term of (5.26) by w(x)p,(x) and integrating over [a, b], the proof of
the lemma follows from the orthogonality property (5.22). O

By Lemma 5.1, the choice of ¢y=c¢,=++-=¢;_,=0 in (5.25) makes p,,,
orthogonal to pg, py, ..., Px_»- We now replace c¢,_; by -y, and ¢, by -8,
and write (5.25) as

Pisr (X)) = (x = BIP(x) = ViDPr-1 (X). (5.27)

It remains only to choose values of 8, and y, to make p,,, orthogonal to
Pr- and p,. From (5.27),

[} 0@pe. p.00) dx = [ w00 - BopCoIR) dx
] 0P (P dx (5:28)

and we require the integral on the left of (5.28) to be zero for s=k—1 and
s=k. For s=k- 1, since p,_, and p, are orthogonal, we obtain

[! 000 0p-0) dx = 3 [ 0Cpe- (0 dx=0.
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We can simplify the first of the two integrals above by writing xp,_,(x) as
we did with xp,(x) in (5.26) and obtain, by orthogonality,

7= [} e ax/]] 0o o o (5.29)

With s =k in (5.28), the required orthogonality of p,,, and p, immediately
yields

Bi= |, wx(p)’ “"/ [ ooy dx. (5.30)

It is convenient to define the trivial polynomial p_,(x) =0. This is not, of
course, one of the orthogonal polynomials. The introduction of p_,, together
with p,(x) =1, allows us to use (5.27) from k=0 onwards, instead of from
k= 1. Since p_, =0 the value of ¥, is irrelevant in (5.27), but to be definite we
take y,=0. Then (5.27), (5.29) and (5.30) allow us to compute the poly-
nomials p,, p,, ... recursively. The computation is carried out in the order

Bo.pis  Buvipy  Buvapy Buvapai-.. (53D
In general, we will need to use numerical integration to evaluate 8, and y,.
We will return to the practical details of this later.

Given a system of orthogonal polynomials p,, p,, ..., it is clear that the
system Oop,, O, p,, ... is also orthogonal, where d,, ,, ... are any non-zero
real numbers. These two systems are equivalent in the sense that an
orthogonal series in terms of the p, would be the same as that in terms of
the &, p,. This is why we have ‘normalized’ (scaled) the p, to have leading
coefficient 1. Subject to this normalization, there is a unique orthogonal
system with respect to a given w on [a, b].

Example 5.8 The most obvious weight function is w(x) =1, and we will
take [a, b] as [—-1, 1]. Then, following the scheme (5.31), we obtain for the
first few coefficients and polynomials

2

. 1 1. 4 3 3. S 4
O,X, 0,§,X—§, O,,—5,x—§x, O,E,X

6,2, 3
— 37X "+ 33,

These are called the Legendre polynomials. Traditionally, this name is
reserved for the multiples of these polynomials for which p,(1) =1 for all r.
Thus the first few Legendre polynomials proper are 1, x, (3x2-1)/2,
(5x° = 3x)/2, (35x* — 30x* + 3)/8. These satisfy the recurrence relation (see
Davis, 1976)

(k+ Dpyyy (x) = Rk + Dx pp(x) = k pi_y (%) (5.32) O

Once we have computed the system of orthogonal polynomials p,, we can
find the best approximation, which minimizes (see (5.20))

f- Za,p,; w
r=0

’

2
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by computing the coefficients a, from (5.23) with y, replaced by p,. Thus

a= ]! orp 0 & /[ om0 a. (5:33)
This will require numerical integration, in general.

Example 5.9 Let us find the first three terms of the Legendre series for
e*. We use (5.33) with w(x)=1 and [a,b]={-1,1], with p,=1, p,=x,
p;=x*— § as found in Example 5.8. Using integration by parts, we obtain
a,=(e—e1)/2, a =3, a,=15(e-"7e"")/4.
The least squares polynomial for e* on [-1, 1] is therefore
ag+ax+a,(x*—%)=0.996 + 1.104 x + 0.537 x*

which is not so different from the Taylor polynomial. In practice it would be
more sensible to use numerical integration to evaluate the a,. g

In § 4.10 we introduced the Chebyshev polynomials. We now ask if there
is a weight function which makes them orthogonal on [-1, 1]. For this we
require

0= _[_ll o)L ()T(x) dx = Jon w(cos @) cos mf cos nf sin 6 d6,

on making the substitution x = cos 8. The orthogonality property is satisfied
if w(cos @) sin 0 =1 since (cf. Problem 5.16)

Ioﬂ cos mf cos n@dé =0, m= n.

This gives
w(cos 6)=1/sin 6=1/(1 —cos? §)'/?

and we have shown that the Chebyshev polynomials are orthogonal on
[-1, 1] with respect to weight function (1 - xH)12,
The recurrence relation for the Chebyshev polynomials (4.55),

T,o(x)=2xT(x)-T,_,(x),

does not fit the general form (5.27) due to the presence of the factor 2 on
the right This discrepancy would be righted if each T, were scaled to have
leading coefficient 1.

A third set of orthogonal polynomials which is frequently encountered
(although not as commonly as the two sets we have just mentioned) are the
Chebyshev polynomials of the second kind, defined by

U,(x)=sin(k+1)8/sin 6, (5.34)



104 Numerical analysis

where x =cos 6. It is left as an exercise for the reader (in Problem 5.29) to
show that these polynomials are orthogonal on [-1,1] with respect to
weight function (1 - x1)'2. Note that, as defined by (5.34), these poly-
nomials do not have leading coefficient 1. The polynomials U, play an
important role in best approximations with respect to the 1-norm, defined by
(5.7) and (5.3) with p = 1. We state without proof the following.

Theorem 5.1 If f is continuous on [-1,1] and f—p has at most n+1
zeros in [—1, 1] for every p € P,, then the best 1-norm approximation from
P, for fon [-1,1] is simply the interpolating polynomial for f constructed
at the zeros of U,,, ;. |

Thus best 1-norm approximations are surprisingly easy to compute, for
functions f which satisfy the conditions of this theorem. This result enables
us to justify that the best 1-norm approximation for x'/2 on [0, 1] is that
given in Example 5.1 (see Problem 5.32). We will not pursue 1-norm
approximations any further. (See Rivlin, 1981.)

Of all the orthogonal polynomials, those which concern us most here are
the polynomials 7,. The orthogonal series based on these, called the
Chebyshev series, is of considerable theoretical and practical interest. It is
usual to write the series as

> aTw, (5.35)
r=0

where Y’ denotes a summation whose first term is halved. To find the
coefficients we use (5.33) with w(x)=(1-x%""2, [a,b]=[-1,1] and
p.=T,. Because we have ja, as the first term in (5.35) we need to replace
a, by 1a,in (5.33) when r=0. Putting x =cos 8, the denominator on the
right of (5.33)is

1 4
.[-1 (1 - Ty dx = jo cos’ r dé, (5.36)
which has the value /2 for r>0 and the value 7 for r= 0. Thus from (5.33)

2
a==] .ﬂ (1 = xS (x) dx. (5.37)
T

The ¥’ notation allows us to use the one formula (5.37) to stand for both
r=0 and r>0, despite the two different values of (5.36). On making the
substitution x = cos 8 in (5.37), we obtain

2 ¢tn
a== j ficos ) cos r d, (5.38)
T 0

which reminds us of the classical Fourier coefficients. Denoting the
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classical Fourier coefficients of f(cos 8) by a:k and b:k, we have from
(5.18) that

%k

1gn 1 ogn
a =— I f(cos 6) cos ré dé, b:k =— J Sf(cos G) sin r@ dé.
b A wer

Since the above two integrands are respectively even and odd functions on
[-n, =], we have bf‘ =0 and

2 ¢ra
== [ f(cos 8) cos rO d0 = a,.
T 0

Thus the Chebyshev series for f(x) is just the classical Fourier series for
f(cos 0) and therefore we may apply results concerning convergence of the
latter series. For example (see Davis, 1976), if f' is piecewise continuous on
[-1, 1], the Chebyshev series converges uniformly to fon [-1,1].

Example 5.10 Find the Chebyshev series for f(x) = ((1 + x)/2)"/%. Since,
with x=cos 8, ((1 + x)/2)"? = cos } 8, we obtain

2 ¢
a,=——J cos 3 6 cos r d6.
0
7
From (2.8) we have
2 cos S8 cos r@=cos(r+ 3)8+cos(r—1)6

and so obtain

( l)r— 1 4
a=(- —_
w(4r’-1)
for all r. This gives the Chebyshev series
1+x\? 2 4
) L2 DS -y et . O
2 b SR S

The above account of weighted orthogonal expansions was derived from
the weighted 2-norm defined by (5.20). We can analogously define

N 1/2
If; wll; = {Z wi(f(&))z} (5.39)

i=0

for a function defined on a point set {x, ..., xy}, given a finite set of
positive weights {wg, ...,wy}. We can verify that (5.39) defines a norm, in
the same way as we did for (5.20). Given a function f and linearly
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independent functions ,,..., ¥, we can define a best approximation
(Definition 5.2) with respect to the norm (5.39) and we can repeat the
discussion presented at the beginning of this section. We can likewise
construct a system of orthogonal polynomials induced by this norm. These
satisfy

N
Z wpx)p(x)=0, r+s,

i=0

which is analogous to (5.24). If we believe that, for the given f, the data
at some x; are more reliable than at other points, we can choose values for
the weights w; accordingly. Otherwise, we can set each w;=1 for equal
weighting. As for approximation on an interval, we find that the
orthogonal polynomials satisfy the same form of recurrence relation (see
(5.27),

Prs1 ()= (x = BIPi(x) = ¥iDsoi (). (5.40)
In this case, we compute 8, and y, from
N N
Bi= Z 0.5 (p(x))’ / Z w(pdx))’, (5.41)
i=0 i=0
N N
7= 2 0,(p)) | D wdpes (), (5.42)
i=0 i=0

which are analogous to (5.30) and (5.29) respectively. If the denominator in
(5.41) is zero, B, is not defined. This can only happen if p,(x;)=0,
i=0,...,N, and therefore only if k=N + 1, since p, is a polynomial of
degree k The least squares polynomial for f of degree <nis

2 ap, (5.43)
r=0
where
N N
a,= ) ofEpx) [ Y olpm), (5.44)
i=0 i=0

which is analogous to (5.33). If in (5.43) we choose n=N, the least
squares polynomial must coincide with the interpolating polynomial for f
constructed at x = x,, ..., xy and, therefore, we terminate the orthogonal
series for f after N + 1 terms. Thus the orthogonal series for a function on
a finite point set is a finite series, which is evaluated in the same way as
described above for the evaluation of weighted orthogonal series on
[a, b]. In fact, a weighted orthogonal series on [a, b] will usually be
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computed as if it were an orthogonal series on a finite point set, since the
integrals in (5.29), (5.30) and (5.33) will be estimated by numerical
integration. If we use an integration rule with all weights positive (see
Chapter 7), the integrals become sums exactly as in (5.41), (5.42) and
(5.44) above.

The determination of least squares approximations using orthogonal
polynomials avoids the ill-conditioning, referred to in §5.4, which is
encountered in the direct method of solving the normal equations.

Example §.11 Construct least squares approximations of degrees 1, 2 and
3 for the following data.

xx, -2 -1 0 1 2
f -1 -1 o0 1 1

We take every w;=1, p_,;(x) =0, py(x)=1, y,=0 and find that g,=0.
Thus p,(0)=x, B,=0, =2 p0)=x-2, B,=0, y=%
p3(x)=x*— 2 x. Hence a,=0, a,=32, a,=0, a;= -}, so that the best
approximation of degrees 1 and 2 is 1x; that of degree 3 is (7x—-x’)/6,

which interpolates f at all five points. O

The above example was so simple that we were able to write down the
polynomials. In the algorithm which follows, the polynomials are
evaluated in a purely arithmetical way without being displayed in
algebraic form. In the first instance, the algorithm evaluates the least
squares approximation defined by (5.43) and (5.44). It can also be used
to calculate the least squares approximation with respect to @ on [a, b],
whose coefficients are given by (5.33). For example, if w(x)=1 on
[-1,1], we can evaluate the Legendre series by taking equally spaced
points

x;=—1+2i/N, Os<is<N,
and choosing weights
wy=wy=13, w,=-=0y,=1,
for some suitably large N. Then the integrals (5.29), (5.30) and (5.33) will
be estimated by the trapezoidal rule (see Chapter 7).

Algorithm 5.1 The input consists of xg, ..., Xy, @y, ..., @y and f;=f(x;),
Osi<N, with n<N.

fori:=0to N
P1.i=0,pp =1
next i

¥o:=0
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compute B, and a, from (5.41) and (5.44)
forr:=1ton

for i:=0to N

compute p, ; = p,(x;) from (5.40)

next i

if r <n compute 8, and y, from (5.41) and (5.42)

compute a, from(5.44)
next r

For any required value of x, we can now find p,(x), 0 <r<n, using the
recurrence relation (5.40) and hence compute Y."_; a,p,(x). O

Note that we do not compute S, and y, as above in the case of the
Legendre series, since the recurrence relation is known explicitly
(see(5.32)). Likewise, for the Chebyshev series on [~1, 1], we should not
use Algorithm 5.1 as it stands, since we again know the coefficients §, and
y, of the recurrence relation. We will return to the evaluation of Chebyshev
series later, when the following property of Chebyshev polynomials will
prove useful.

Example 5.12 Let x; denote cos(7j/N). The point set { x,, ..., Xy} consists
of the extreme points (that is, points of maximum modulus) of T,. The
Chebyshev polynomials T,, for 0 r< N, are orthogonal on this point set

with respect to weights {3,1,1,...,1,1,5}. We can show (see Problem
5.37) that
N "
S TWLE) =0, r*s, (5.45)
j=0

where Y denotes a summation whose first and last terms are halved. We
now use our results on orthogonal series to obtain least squares approxima-
tions for a function f for the given sets of points and weights. To obtain
polynomials with leading coefficient 1, we write p,=T,/2""! (for r=1) in
(5.43) and define a,=aq,/2""", where a, is given by the appropriate form of
(5.44). On checking the coefficients a, for the three cases r=0, N and
O<r<N and using (5.45) we find that the least squares polynomial of
degree n<N on the given point set is

> o, T, (5.46)
r=0
where
2 S
o= = &I (547)

j=0
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If we take n=MN, the least squares polynomial, which coincides with the
interpolating polynomial for f at the x;, is given by

N

> ). (5.48) O

r=0

5.6 Minimax approximation

As we have just seen, the Chebyshev series for a given function f is the solution
of a certain least squares problem. We shall see later that, surprisingly, this
series is closely related to the best polynomials in the minimax sense.

If fis continuous on [a, b], we write

E(f)= Ir,rg,rg If-pl.. (5.49)

We found the least squares problem easy to solve because it required the
minimization of a differentiable function of several variables, for which we
have the standard technique of setting partial derivatives to zero. It is also
helpful that the resulting normal equations are linear. However, the solution
of the minimax problem (5.49) is much more difficult and we cannot solve
it by direct assault! It is helpful to look first at the following examples.

Example 5.13 If we replace n by n+1 in Theorem 4.3 we see that the
minimax approximation from P, for x"*' on [~1, 1] is the polynomial p
such that

X" = p(x) =T, (0)/2" (5:50) O

Example 5.14 Find the minimax straight line approximation a + bx to the
function x'/2 on [, 1]. It is convenient to draw a graph of x'/?on [}, 1]. On
the graph, we can visualize a straight line segment y=a+ bx which we
move around in different positions, seeking
E=min max Ix'lz —(a + bx)|,
ab 1/4<x%k1

the minimum being over all a and b. It is obvious geometrically that, as
shown in Fig. 5.3, the best straight line is that for which the maximum error
occurs at x=}, x=1 and at some interior point, say x=&. We therefore
have

a+b.t-)'*=E (5.51)
a+bE-E1=—E (5.52)
a+bl-1=E. (5.53)
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So far, to find four unknowns a, b, E and &, we have only three equations.
From Fig. 5.3 it is clear that the error y= x*/2 — (a + bx) has a turning value
at x = £ and so has zero derivative there. This gives, as a fourth equation,

1g-"2_p=0. (5.54)

On subtracting (5.51) from (5.53) we obtain b= § and so, from (5.54),
&= Z. Adding (5.52) and (5.53) yields a= j and finally we obtain, say
from (5.53), E=%. Thus the best straight line is y= 1 +%x, which
approximates x'/2 on [}, 1] with error in modulus not greater than z. As an
aside, we point out that this approximation may be used to estimate the
square root of any positive number. We need to multiply it by an appro-
priate power of 4 to put it into the range [, 1]. See Problem 5.41. 0

The latter example also shows us how minimax approximations from P,
behave for all functions f whose second derivative has constant sign. (Draw
a graph.) In such a case we can move the straight line by raising, lowering
or rotating it around the graph of f until the maximum error occurs at the
two end points and at some interior point, with the maximum error
oscillating in sign over these three points. A definition is helpful here.

Definition 5.8 A continuous function E is said to equioscillate on n points
of [a, b] if there exist n points x;, with a< x, <x,<---<x,< b, such that

|E(x)| = max |E(x)], i=1,...,n,
asx€h

YA y=a+bx

_XW

i | -
l T

0 4 5 1 x

Fig. 5.3 Minimax straight line approximation for x'/>on [1,1].

r’_"' T
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and

E(xi)=_E(x,*+|), i=1,...,n—1. O

Thus for the minimax approximation from P, in Example 5.13 the error
function equioscillates on n+ 2 points and the same is true with n=1 in
Example 5.14. The equioscillation of the error on 7 + 2 points or more turns
out to be the property which characterizes minimax approximation from P,
for any f€ Cla, b].

Theorem 5.2 Let f be continuous on [a, b] and suppose that, for a certain
polynomial p € P,, f— p equioscillates on n + 2 points of [a, b]. It follows
that p is the minimax approximation from P, for f on {a, b].

Proof 1If p is not the minimax polynomial, we can ‘adjust’ p by subtract-
ing some non-zero q € P, so as to reduce the maximum error. Thus ¢ must
have the same sign as f—p on its n + 2 equioscillation points. This entails
that g € P, oscillates in sign on n + 2 points, which is impossible as ¢ has at
ost 71 Zeros. a

Example 5.15 Find the minimax polynomial from P, for | x| on [-1,1].
We might guess this to be of the form a + bx?, since | x| is even. Thus on
[0, 1] we require a minimax approximation for x of the form a + bx* This is
equivalent to finding a minimax approximation for x'/? from P, on [-1,1]
which, using the method of Example 5.14, is found to be }+ x (see also
Example 5.1 and Problem 5.38). So we conjecture that the required minimax
approximation for [x| on [-1,1] is x*+4 Since the error function
| x| — (x*+ §) equioscillates on the points —1, -1, 0, 3, 1, Theorem 5.2
shows that x* +} is the minimax approximation for | x| on [-1, 1] from P;,
and so also from P,. O

There is a converse of Theorem 5.2 which justifies our claim above that
equioscillation of the error function on n+ 2 points characterizes minimax
approximation.

Theorem 5.3 If f is continuous on [a, b] and p denotes a minimax
approximation € P, to f on [a, b], then f— p equioscillates on at least n+2
points of [a, b].

Proof Write E(x)=f(x)- p(x) and suppose that E equioscillates on
k<n+2 points. Then (see Problem 5.45) we can construct g € P, which
takes the same sign as E on all points where || E|| .. is attained and is scaled
so that || g]|..=1. We denote by S_ the set of points where E(x)q(x)<0
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and §, the set where E(x)q(x)>0. Thus S, US_=[a,b] and §, includes
all points where || E || .. is attained. Let

d = max |E)| < | E]l.. (5.55)

We choose any positive @ and define & as any point in [a, b] for which
E(&)-6q9(&)| = |E-6q]|.. (5.56)
If £€ S _, we obtain from (5.56) that
IE-6qll.=|E&)]| +6]q(&)]

and so
|E-6qll.<d+8. 5.57
If £€85,, we deduce from (5.56) that
| E-0q|.<max{|E(&)|, 6]q(&)]}

so that
| E-6q|l .<max{ | E|l., 6}. (5.58)
By (5.55), we can now restict 6 so that
0<0<||E||l..-d
and the two possibilities (5.57) and (5.58) both yield
HE-6qll.< | Ell.

which contradicts the statement that p is the minimax approximation. 0

Corollary 5.3 If f is continuous on [a, b], the minimax pE€P, is an
interpolating polynomial on certain n + 1 points of [a, b]. (This interpolat-
ing property is shared also by the weighted least squares approximations.

See Problem 5.25.) O

Knowing the equioscillation property, it is not difficult to show the
uniqueness of the minimax polynomial.

Theorem 5.4 If f is continuous on [a, b}, there is a unique minimax
polynomial approximation of degree at most n for fon [a, b].

Proof This proof is essentially that of Theorem 5.2. We argue that if
p € P, is not the unique minimax polynomial, we can subtract some non-
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zero q € P, from p so that p — g is also a minimax polynomial. Since

[f() = (p() = g | = | (f(x) - p(x)) + g(0) |

cannot exceed || f-p]|| .. at each of the n + 2 equioscillation points of f—p,
it follows that g € P, is alternately > and < on these points. This is imposs-
ible (see Problems 2.3 and 2.4). O

5.7 Chebyshev series

Having studied the equioscillation property, we can now appreciate the
relevance of Chebyshev series. Intuitively, if the Chebyshev series
2% a,T,(x) converges rapidly to f(x), the error in the partial sum,

oo

f0-Y atw= 3 aTe
r=0

r=n+1}

will be dominated by the leading term a,,,T,,,(x), which equioscillates on
n + 2 points. (We assume here that a,,, #0, although if a,,, = 0, the first non-
zero term in the error will still equioscillate on n + 2 points.) From Theorem
5.2 we see that if the error were exactly a,,,T,,,(x), then the partial sum

n
'
s =Y al(x)
r=0
would be precisely the minimax approximation for f(x). If the series
converges rapidly, so that a,,,, a,.;, ... are small compared with a,.,, we
can expect s, to be close to the minimax approximation.
There are algorithms for computing minimax approximations. However,
these algorithms are not easy to use and hence the emphasis on Chebyshev
series, which are much easier to handle.

Example 5.16 Consider the function x'/* on [}, 1], for which we found
the minimax straight line in Example 5.14. We make a linear change of
variable, so that x'/? for < x<1 becomes (3 u+ §)'/* for -1 <u<1. To four
decimal places, the first few Chebyshev coefficients a, for this function are

r O 1 2 3 4 5
a, 1.5420 02465 -0.0202 0.0033 -0.0007 0.0002

r

The remaining coefficients are zero, to four decimal places. Knowing these
coefficients, we construct partial sums of the Chebyshev series. In Table 5.1
these are compared with the minimax polynomials of the same degree. To
make it easy to compare the polynomials themselves, we have expressed the
Chebyshev partial sums explicitly in powers of u. 0
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Table 5.1 Comparison of Chebyshev series and minimax approximations of degree 0, 1, 2
for the function (3u+ 3)"?on [~1, 1], whichis x'?on [}, 1]

Degree of Minimax Maximum Chebyshev Maximum

polynomial polynomial error partial sum error @,

0 0.75 0.25 0.7710 0.2710 0.2465

1 0.7708 + 0.2500u 0.0208 0.7710 + 0.2465u 0.0245 0.0202

2 0.7920 + 0.2465u 0.0035 0.7912 + 0.2465u 0.0043 0.0033
-0.0420u° -0.040417

The Chebyshev coefficients, as we saw in (5.38), are given by
2 ¢n
a == j f(cos 6) cos r8 db. (5.59)
T 0

It is not always possible to evaluate these integrals exactly, as we were able
to do in Example 5.10. We have to find some method for approximating to
these coefficients. The most obvious approach is to approximate to the
integral in (5.59) by some numerical integration rule. On using the
trapezoidal rule with N equal sub-intervals (see Chapter 7), we obtain from
(5.59), as an approximation for a,,

2 G

@ == > FOIT(x), (5.60)
N 1:0

where x; = cos(7j/N). In Example 5.12 we saw that these same numbers o,
are coefficients in a finite orthogonal series for f defined on the point set
{xo, ..., xy}, whose members are the extreme points of T,. This series has
partial sums

PIE A (5.61)

r=0

which we can now think of as approximations to the partial sums of the
Chebyshev series. Of course each a, depends on N; we expect that, in
general, as N is increased in (5.60), we will obtain closer approximations «,
to the Chebyshev coefficient a,, given by (5.59).

We now derive an explicit relation between the a, and the a,. First we
extend the orthogonality relation (5.45) to polynomials 7, with r >N by
noting that

2N . .
Ly, x) = cos(i—%r—)ﬂ) = cos(2knj + r—;j)
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From the periodicity of the cosine function, we have
Ty, (X)) = T, (x)). (5.62)
We also extend (5.45) to give, with r = s (see Problem 5.37),

N

Zu (T(x))2 - %N, O0<r<N
A

j=0

N, r=0orN.
Let us now assume that the Chebyshev series for f converges uniformly to f
on [-1, 1]. Then it follows from (5.60) that

N oo
= Z (Z aﬂx,))r,(x,)

(5.63)

ﬁ /=0 \s5=0
_2%7, Z T)Tx). (5.64)
N

s=

From (5.45), (5.62) and (5.63), if r+0 or N, the only summations over j
which are non-zero in (5.64) are those for which s=r, 2N—r, 2N +r,
AN —-r,4N+r,and so on. So, if r#0 or N,

@ =a+ ) (@, + By (5.65)
k=1
We find that (5.65) holds for =0 and N also, on examining these cases
separately. If we keep r fixed and take N large enough, we expect from
(5.65) that a, will approximate closely to a,.

We now consider an alternative method for approximating to the
Chebyshev coefficients a,, which is based on another orthogonality property
of the Chebyshev polynomials. This time, the orthogonality is on the zeros
of Ty, instead of on the extreme points as discussed above. We have (see
Problem 5.47) that forO<r, s<N,

N 0, r+s or r=s=N
D TN )={N/2,  r=5+0 or N (5.66)
i=1 N, r=s=0

where the x;k are the zeros of T,. Following the same procedure as in
Example 5.12, we find that for n<N -1

3 o (5.67)
r=0

with

*.—

’

2 N
2 Z SN, (5.68)
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is the least squares approximation to f on the point set {x¥,...,x5). The
weights are all equal in this case. Thus the polynomial (5.67) is another
approximation, easily computed, to the partial Chebyshev series. If we put
n=N in (5.67) the least squares approximation must coincide with the
interpolating polynomial for f constructed at the x;k, that is, the zeros of
Ty(x), which we discussed at the end of Chapter 4. Since then, we have in
this chapter followed a full circle from interpolation via least squares and
minimax approximations back to interpolation again.

We now establish two relations between o, and a, as we did for «, and
a,. First, (5.68) may be regarded as an approximation to (5.59) obtained by
using a quadrature rule. In this case (see Chapter 7), it is the midpoint rule.
Second, we replace f(x;k) in (5.68) by its Chebyshev series (again assumed
to be uniformly convergent) and extend the orthogonality relation (5.66) by
the relation

Tons,(X) = (=D, (x)). (5.69)

Thus we obtain

0" =a+ 2 (= D@, + Gvs)) (5.70)
k=1
forO<sr<AN.

The above analysis suggests a simple, reliable method for estimating
Chebyshev coefficients a,, for 0< r < n. First we select a value of N>n and
compute o, and o (0<rs<n) from (5.60) and (5.68). If |a,— af.I is
sufficiently small, we use (&, + a*)/2 to approximate to a,. Otherwise, we
increase N and re-calculate o, and «. Finally, we observe from (5.65) and
(5.70) that, if the Chebyshev coefficients tend to zero rapidly, we have

a.= ar - (GZN—r + a2N+r)
and
o X
a.=ao, + (aZN—r + a2N+r)'

Thus we expect that @, will usually lie between o, and a and will be more
closely estimated by (e, + ot))/2.

5.8 Economization of power series
Suppose we wish to approximate to the sine function with error not greater

than 0.5 x 107, It will be sufficient to approximate to sin(7x/2) on [0, 1].
Forgetting all knowledge of interpolating polynomials, minimax
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approximations and Chebyshev series, we might use the Taylor polynomial

o ax) 1 nx3+1 axy¥ 1 [ax\ 5.71)
p=f—]-—{—} +—|—] - ——1} .

2 31\ 2 51\ 2 7\ 2
We may verify that || sin(7zx/2) — p|| . =0.157 x 10, where the norm is on
[-1, 13, and the first three terms of p do not give the required accuracy. We

now express the powers of x which appear in (5.71) in terms of the
Chebyshev polynomials:

x=T,(x)
x’= (3T, (x) + T5(x))/4
x* = (10T, (x) + 5T (x) + T5s(x))/16
x'=B5T,(x)+21T;(x) + 7T(x) + T,(x))/64.
Substituting these into (5.71) and collecting like terms, we obtain

p(x)=1.133571T(x)-0.138123T5(x)
+0.004469 T'5(x) — 0.000073 T, (x), (5.72)

where we have rounded the coefficients to six decimal places. Since
| T,;]l.=1 we may delete the last term in (5.72) to give a polynomial
g € P which approximates sin(7x/2) on [~1, 1] with error not greater than
(0.157 +0.073) x 1073, which is still within the required accuracy. In fact,
by direct calculation we find that, with

q(x)=1.133571T, (x) - 0.138123 T (x) + 0.004469 T(x),

| sin(7x/2) - q||.=0.146 x 10~ so that in this case g€ Ps is an even
better approximation than p € P,. This simple process is known as econo-
mization of power series. It is sometimes possible to neglect further terms
besides the last one in the transformed series of Chebyshev polynomials.

We can also turn an infinite power series into a Chebyshev series, as
follows. Write

x=cosf=13(?+e”?),
where i>=—1. Then x"=(e’+¢7'%)"/2” and we apply the binomial
expansion. For 0< s< } r the coefficients of e’ 29% and e 7' "29¢ are equal.
(Look at the first and last terms, the second and second last terms, and so
on.) Since
Tr—2s(x) = % (ei(r—Zs)B + e—i(r-2s)0),

x" can be expressed in terms of T,, T,_,, and so on (see Problem 5.50).
Thus, if

fo =2 ax, (5.73)

r=0
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and the series converges uniformly to fon [-1,1], we can express each x”
in terms of Chebyshev polynomials and collect the terms in Ty, T, ..., to
give the Chebyshev series

f@=> aTw, (5.74)

r=0

where

1 G r+2s
= . 5.75
a, > ( s (5.75)

5.9 The Remez algorithms

We now return to the construction of minimax approximations and discuss a
class of algorithms based on one first given by the Ukrainian mathematician
E. Ya. Remez (1896—1975) in the 1930s.

Algorithm 5.2 (Remez) This computes iteratively the minimax poly-
nomial p € P, for f€ C[a, b]. Each time we carry out Steps 2 and 3 below,
we compute a polynomial p € P, and a set X of n+ 2 points. The sequence
of such polynomials p converges to the mlmmax polynom1a1 p € P, and
the sequence of sets X converges to a set X* on which f- p equioscillates.

Step 1 Choose aset X = {x,,...,x,,,}.
Step 2 Solve the system of linear equations

f(x)=px)=(=1)e, 1sisn+2, (5.76)

to determine a real number e and a polynomial p € P,.

Step 3 Change the set X in a suitable way (see below) and, unless some
‘stopping criterion’ has been attained, go to Step 2. 0

When [a, b]is [-1, 1], a common choice for the initial set X in Step 1 is
the set of extreme points of T,,,. (For this initial set, Step 2 gives the
minimax polynomial immediately when f(x) =x"*') In the general case
(see Problem 5.52) the linear equations in Step 2 always have a unique
solution.

To carry out Step 3, we first need to estimate || f~p]|| .., where p€ P, is
the polynomial which has just been computed in Step 2. If || f-p].. is
sufficiently close to |e| then, by Theorem 5.2, p is nearly the minimax
polynomial and we terminate the iterative process. Otherwise, let £ be a
point such that | f(§) - p(&)] = || f-p]l ... We include & in the point set X
and delete one of the existing points in such a way that f- p still alternates
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in sign on the n+ 2 points of X. If & happens to lie between a and x, we
discard x, or x,.,,, and similarly if & happens to lie between x,,, and b we
discard x, or x,,,. Otherwise, & lies between two consecutive x; and we
discard one of these appropriately.

We have described the simplest version of the Remez algorithms, where
we change only one point at a time. In another version, which converges
more rapidly, we change X by including not only a point where || f—p/|| .. is
attained, but we include n + 2 local maxima or minima and delete existing
points so that the new set X still consists of n+2 points on which f-p
alternates in sign.

Example 5.17 We will find the minimax p € P, for f(x)= (3x+ §)'? on
[-1,1], which was quoted in Example 5.16. We choose
X={-1,-0.5,05,1} initially, the extreme points of T, and solve the
linear equations (5.76) to give

p(x)=0.79188 + 0.24665x - 0.04188x?, le] =0.00335, (5.77)

to five decimal places. On evaluating f - p at intervals of 0.01, we find that
there are local maxima and minima at —1, -0.61, 040 and 1 and f-p
alternates in sign on these points, which we take as the new set X. Solving
(5.76) again gives

p(x)=0.79196 + 0.24650x — 0.04196x?, |e| =0.00350. (5.78)

We find that || f—p]]..=0.00350 to five decimal places and therefore we
accept this p as the minimax polynomial.

Let us also carry out the simpler version of the Remez algorithm, where
we change only one point at a time. We take the same initial X as above and
obtain (5.77). Since, again working at intervals of 0.01, we find that
lf-pll.. is attained at approximately -0.61, we change X to
{-1,-0.61,0.5,1} and solve (5.76) to give

p(x) =0.79209 + 0.24655x — 0.04209x%, |el =0.00345.

For this p, || f—p|l .=0.00363, attained at x =0.40. So we take the next X
as {~1,~0.61,0.40, 1} and solve (5.76) to give the minimax p as found in
(5.78). O

We now state a theorem due to the Belgian mathematician C. de La
Vallée-Poussin (1866—1962) which allows us to determine lower and upper
bounds for the minimax error

E(f)=min || f-pll.
PEP,

at each stage of the Remez algorithm.
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Theorem 5 5 If f-p alternates in sign on n+2 points x; with
asx <--<x,,<b,where f€ Cla, b] and pE P,, then

min | f(x) - p) | < ELf) < || f-pll.. (5.79

Proof The right-hand inequality is a consequence of the defmmon of
E(f). To pursue the left-hand inequality in (5.79), we write p EP, 1o
denote the minimax polynomial and consider

(fx) = p(x)) = (FG) =™ (x)) =p™ () = p(x). (5.80)
If the left inequality of (5.79) is false,

| fG) = P ) | <EL(S)< | () - p(x) |

for all i and the sign on the left of (5.80) will be that of f(x,) - p(x;), which
alternates. Thus p* —p € P, alternates in sign on n+2 points, which is

impossible. g
Corollary 5.5 At each stage of the Remez algorithm,
lel<ELH=<If-Pl. (5.81)
where p and e are obtained from the solution of the linear equations (5.76).
a

As we carry out the Remez algorithm, the sequence of numbers |e|
increases and the sequence || f - p|| .. decreases. In principle, both sequences
converge to the common limit E, ( f). Although in practice this limit is not
attained because f - p is evaluated only on a finite set of points, and we
carry out only a finite number of iterations, the inequalities (5.79) allow us
to monitor the progress of the algorithm after each iteration.

5.10 Further results on minimax approximation

The interpolatory property of minimax approximations (see Corollary 5.3)
can be used to derive error estimates when f is sufficiently smooth.

Theorem 5.6 If f€ C**'[~1, 1], the minimax error satisfies

FARNG)
E(f)=s ————, 5.82
& 2"(n+ 1)! 82
where & is some point in (-1, 1).
Proof First we have
1
E(N) <lf-ples o—— max [f"P],  (583)

2(n+ 1)l -i<as
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where p, is the interpolating polynomial for f on the zeros of T, _,. The left-
hand inequality above follows from the definition of E,(f) and the right
inequality (see (4.57)) was obtained in § 4.10.

Let p€ P, denote the minimax polynomial for f on [-1,1]. From
Corollary 5.3, p interpolates f on certain n+ 1 points of [-1,1], say
Xgs --5 X,, and we can write

(n+1)
£00 =) = (= 30 e (2 = ) L.
(n+ D!

It follows that

E =Nf-prl.=

_ _ : (n+1)
Py o= x0)... =)l _min "7

From Corollary 4.3,
1
- x)... x = x) |l = >
and therefore

1

E(f)2 ——— min |f""w)]. (5.84)
2i(n+ 1)} -tex<d |

The theorem follows from (5.83), (5.84) and the continuity of f**", a

The following corollary is verified in Problem 5.54.

Corollary 5.6 If feC"'[a,b],

b— n+1
E(f)= ( “) LR ®)], (5.85)

(n+1)! 4

for some £ € (a, b). O

As we remarked in Chapter 3, the main justification for using polynomials
to approximate to a function f which is continuous on a finite interval [a, b]
is Weierstrass’s theorem, which we restate more rigorously here.

Theorem 5.7 (Weierstrass’s theorem) If f is continuous on [a, b] then,
given any &> 0, there exists a polynomial p such that | f(x) - p(x)| < € for
all x € [a, bl. ]

There are several quite different proofs of this fundamental theorem.
One proof, published by S. N. Bernstein in 1912, uses the following
polynomials.
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Definition 5.9 The nth Bernstein polynomial for fon [0, 1] is
B(fix)=. f(i)(’?)x’(l -x)"7. (5.86) O
j=0 nj\J

By making a linear change of variable, we may construct similar poly-
nomials on any finite interval [a, b]. It can be shown rigorously that, if fis
continuous on [0, 1], the sequence (B, (f; x)) converges uniformly to f(x)
on [0, 1]. In addition, derivatives of the Bernstein polynomials converge to
derivatives of f (if these exist). Also, if f is convex (Definition 2.6), so is
each Bernstein polynomial. Unfortunately, such good behaviour has to be
paid for: the Bernstein polynomials converge very slowly to f, and thus are
of little direct use for approximating to f. However, the uniform conver-
gence of the Bernstein polynomials to f gives us a constructive proof of
Weierstrass’s theorem and shows us that the minimax polynomials must also
converge uniformly to f.
The Bemnstein polynomials are most efficiently computed as follows.

Algorithm 5.3 This process, called the de Casteljau algorithm, begins
with n and x and the numbers f(i/n), 0<i<n, and computes fi"' = B ( f; x).

fori:=0ton
SO = f(i/n)
next i
form:=1ton
fori=0ton-m

f[rrI] o= xflm l]+ (1 _X)f,'[m_”
next i
next m O

The following theorem justifies the algorithm.

Theorem 5.8 ForOsms<nandO<i<sn-m,

S YETI

The proof is by induction on m. a

Corollary 58 f{"'=B,(f;x). O

We will find it useful to have the following alternative expression for

f[ml
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Theorem 5.9 ForOsms<snandO<isn-m,
[m] myY.rar
= Af,

fi ZO(’)X i

where f; = f(i/n).

The proof is again by induction on . a
Corollary 5.9
B.(f;x)= Z (’:)X’A’f& (5.87) O
r=0

Example 5.18 Let us use (5.87) to evaluate B,(x% x). For f(x)=x?, we

have f,=f(0)=0, Afy=f(1/n)-f(0)=1/n* and A’fy=(2/n)*-
2(1/n)*+ 0 =2/n’ The third and higher differences are zero (see § 4.8) and
therefore from (5.87)

1 2
B,,(xz;x)= Ty — |7 =
(1 n? 2 n’

B,(x%x)=x*+x(1 - x)/n. d

Thus

This illustrates the point made above that B,( f; x) converges very slowly
to f. Indeed, for any f€ C?[0, 11, the error tends to zero like 1/n, as in the
above example.

Problems

Section 5.1

5.1 Verify that || f]|.. in (5.2) defines a norm and that (5.4) also defines a
norm.

5.2 Verify that the p-norm in (5.3) satisfies the norm axioms (i) and (ii)
for all p and that axiom (iii) holds for p=1. Repeat this exercise for the
norm defined by (5.5).

5.3 Show that, for the p-norm (5.3) with p=2, norm axiom (iii) 1s
equivalent to

b Y ) b 5
[ o ax| < [T () ax [ (g)” .
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5.4 Prove that, for the p-norm (5.5) with p=2, norm axiom (iii) is
equivalent to
N

> gt < 1 fl Nl gl

i=0

and, by squaring both sides, verify the above inequality. (Hint: begin by
squaring both sides of (5.1).)

§.5 Show that

IAl.<Nifl,= v+ DY fL,

where the above two norms are defined by (5.4) and (5.5). By taking the
logarithm, or otherwise, show that (N +1)'/?—> 1 and hence || f]| , = || 1.
as p —> oo,

Section 5.2

5.6 If p€ P, is a best approximation for f with respect to a given norm,
and g € P,, deduce from (5.7) that p + q is a best approximation for f + q.

Section 5.3
5.7 Find the least squares straight line for f(x) = x?on[0,1].

5.8 Find the least squares straight line approximation for the following
data:

x 0.0 0.1 0.2 0.3 04 0.5 0.6
S(x) 29 2.8 2.7 23 2.1 2.1 1.7

5.9 Show that, if the functions ¥,, ..., ¥, form a Chebyshev set on some
interval {a, b], they are also linearly independent on [a, b].

5.10 A set of functions {,,...,,} is said to be linearly dependent on a
point set {x,, ..., xy} if there exist numbers a,...,a,, not all zero, such
that

D awx)=0, i=0,1,...,N.
r=0

Show that the functions x, x°, x* are linearly dependent on the point set
{-2,-1,0,1,2}.
5.11 If a, and a, are not both zero, find a number « so that

ay+ a, cos x +a, sin x=ay+ (a*+ ad)'* cos(x - a).
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Then argue that the right side of the equation can be zero at no more than
two points of [0,2) and so {1, cos x, sin x} is a Chebyshev set on [0, 27).
(Hint: use the identity cos(x — o) = cos x cos o + sin x sin o.)

5.12 For the data of Problem 5.8, make a linear transformation so that
Y x;=2 x?=0. Hence find the least squares quadratic polynomial
approximation for this data.

5.13 Find the least squares planar approximation, that is, of the form
z=a,+a,x+a,y, for the following five points (x,y,z): (0,0,1.1),
0,1,19), (1,0,2.2), (0, -1,0.0), (-1,0,0.1).

Section 5.4

5.14 Show that a set of orthogonal functions is necessarily linearly
independent. (Hint: show that

n n 2
> woora=|’ (Z a,w,(x>) dr=0,
r=0

r=0
lf zrn=0 arwr = 0')

5.15 If the w, satisfy the orthogonality conditions (5.15) and the
orthogonal coefficients a, are given by (5.16), show that

n 2 n
] [f(x) -> a,w,(x)] de= [ UfOr de- Y af(j " pOor dx).
r=0

a
r=0

5.16 By using the well-known trigonometrical identities, including (2.7)
and (2.8), show that the set of functions {1, cos x, sin x, ..., cos kx, sin kx}
is orthogonal on [-m, x] and verify the formulas (5.18) for the Fourier
coefficients.

§.17 Obtain the classical Fourier series for f(x)= | x| on [-mx, 7).
5.18 Find the classical Fourier series for f(x) = x*>on [-m, ].

5.19 If §,(x) denotes the partial Fourier series (5.17), obtain as a special
case of the result of Problem 5.15 that

k
|7 @ -s@r ax={ [for dx- n(g ay+ Y (a+ bf)).

5.20 For the ‘square wave’ function of Example 5.7, deduce from the
result of the previous problem that

S 2 x 411 1 1
hmj L&) = S0l dx=—-~——(—+—+—+...)

k—oo ¥ —
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and show that this Fourier series converges to f in the least squares sense.
(Hint: you may assume that Y=_, (1/r%) = n?/6.)

5.21 Write a program which evaluates the partial Fourier series

n
3ay+ Z (@, cos rx + b, sin rx)

r=1

for a given x, f and n, computing the coefficients by a simple integration
rule (see Chapter 7). Your program should ask whether the function f is
odd, even or neither. If the function is odd, each a, should immediately be
set to zero and if it is even each b, should be set to zero.

Section 5.5

5.22 Consider the polynomials which are orthogonal on [-1,1] with
respect to weight function w. If w is an even function, use an induction
argument on (5.27) and (5.30) to show that 8, =0 for all & and p, is even or
odd according as k is even or odd. Further, deduce from (5.33) that a,=0
for odd r if fis even, and a, = O for even r if fis an odd function.

5.23 The set of polynomials {p,, ...,p,} with p,€ P, is orthogonal with
respect to a weight function w on [a, b]. Show that, given any g € P,, there
is a set of coefficients {a,, ..., a,} such that

q(x) = Z a,p,(x).

r=0

Obtain an expression for the a,. (Hint: the weighted least squares poly-
nomial approximation to q out of P, is unique and must be g.)

5.24 Suppose the orthogonal polynomial p, defined in Problem 5.23 has
exactly ksn zeros on [a,b], a x,..,x, and write
q(x)=(x-x;)---(x—x,). Why is k= 1? Then

Lb w(x)p(x)g(x) dx + 0.

By applying the result of the last problem, deduce that the orthogonal
polynomial p, has exactly n zeros on [a, b].

5.25 Following the method of the previous problem, show that the
error

&)=Y ap®)

r=0



‘Best’ approximation 127

has at least n + 2 changes of sign on [a, b], where the set {p,, ..., p,} is as
defined in Problem 5.23. (Hint: recall that

[ o (f(x) -2 a,p,<x))ps<x> dr=0
r=0

forO<ss<n.)

5.26 With p, as in the previous problem (and having leading coefficient
1), let us write

X = Pt = 3 bp o).

r=0

Multiply each term above by w(x)p,(x), integrate over [a, b] and use the
orthogonality property to show that x"*'—p, . (x) is the least squares
approximation with respect to w(x) for x"*' on [a, b].

§.27 By combining the results of Problems 5.24 and 5.26, show that
b 2 2
[ 0@ -5 (- )" ax

is minimized over all choices of x,...,x, by choosing
(x=xp)-(x=-x,)=p,.,(x), where p,,, is the orthogonal polynomial
defined in the previous problems.

5.28 Suppose that the polynomials p, are orthogonal on {a, b] with respect
to weight function w. By making the change of variable u= (2x~ b —a)/
(b-a), find polynomials which are orthogonal on [-1,1]. What is the
weight function in this case?

5.29 Show that the Chebyshev polynomials of the second kind U,,
defined by (5.34), are orthogonal on [—1, 1] with respect to weight function
(1-xH"

5.30 From (5.34) deduce that the orthogonal polynomials U, satisfy the
same recurrence relation as the T,.

5.31 Show that the zeros of U, are x=cos(jx/(n+1)), 1<j<n, and
show from the recurrence formula that U, has leading term 2"x ",

5.32 Verify that the conditions of Theorem 5.1 apply to the function
f(x)=x"? on [0,1]. Hence verify that the best l-norm straight line
approximation for x'/> on [0, 1] is that given in Example 5.1.

5.33 Find the Chebyshev series for f(x) =cos ™' x.
5.34 Derive the Chebyshev series for f(x) = (1 — x?)'/%.
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5.35 By calculating the coefficients B,, y, which are used in the recurrence
formula (5.40), construct polynomials of degree r, O0<r=<3, which are
orthogonal on the point set { -2, -1, 1, 2}.

5.36 Write a program to compute the Legendre series, based on the
adaption of Algorithm 5.1 described in the text.

5.37 To verify (5.45), one may proceed as follows. Express each 7, (x;) as
cos(mrj/N) and apply the trigonometrical identity (2.8) to give the left side
of (5.45) as a sum of cosines. Find the sum by using the identity

sin(k + 1)@ — sin(k - 3)0

2sin 16

cos k@ =
Verify (5.63) similarly.

Section 5.6
5.38 Obtain the minimax first degree polynomial for f(x) = x'/ on [0, 1].

5.39 Obtain the minimax first degree polynomial for f(x)=1/(1 + x) on
[0,11.

5.40 Let m and M denote the minimum and maximum values of a
continuous function f on [a, b]. Show that the minimax polynomial of
degree zero for f on [a, b] is $(m + M) and find the maximum error.

5.41 Given any a>0, show that there is a unique integer £ such that
l<4*a<1. If x=4%a, we saw in Example 5.14 that, for j<x=<l,
x"?= 142y Deduce that a'/?=112 %+ 22%; and find the maximum error
incurred by using this approximation. Thus estimate v2, ¥3 and V10 and
estimate the error in each case.

5.42 Show that the minimax polynomial from P, for 1/(3x+5)on [-1,1]
is (9 —8x+6x%)/48. (Hint: first show that the error function has turning
values at } and —%.)

5.43 Suppose f is even on [-a,a] and that p* € P, is the minimax
approximation for f. By considering the n + 2 equioscillation points, deduce
that p* (-x) is the minimax polynomial for f(—x). Since f(—x) =f(x) and
the minimax polynomial is unique, deduce that p*( -x)=p*(x).

5.44 Adapt the argument used in the previous problem to show that the
minimax approximation for an odd function on [ -a, a] is itself odd.

545 Let E=f-p equioscillate on exactly k<n+2 points on [a,b],
where f€ Cla, b]. Then there are points x; such that a<x, < <x,_, < b,
E(x)=0, I sisk-1, and there is one equioscillation point in each of the
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intervals [a,x,), (x,,x)), .., (X,_2, X_y), (x4-;, b]. Show that we can
choose a value of the constant C so that g(x)=C{(x—x)--(x~x,_,)
satisfies the requirements of the g used in the proof of Theorem 5.3.

546 Let p€ P, denote the minimax approximation for f&€ C"*'[a,b].
Suppose there are k interior points of [a, b] where f— p equioscillates. By
Theorem 5.3, k= n. Apply the extended Rolle theorem 2.6 to g=f" —p’' to
show that f**" has at least k —n zeros. Deduce that if f**" has constant
sign there are exactly n interior equioscillation points plus two at the
endpoints a and b.

Section 5.7
5.47 Verify (5.66) by following the method of Problem 5.37.

548 Write a program to evaluate the partial Chebyshev SCI‘ICS
Y aT,(x). Foreach r choose a value of N and compute o, and a from
(5. 60) and (5.68). If |a,— of| is sufficiently small, let a, =} (o, + &)
otherwise increase N and repeat the process. (Take account of the final part
of Problem 5.22 to avoid the unnecessary calculation of zero coefficients
when fis an even or odd function.)

Section 5.8

5.49 Show that, to approximate to e* on [—1,1] to an accuracy within
107 by a Taylor polynomial constructed at x = 0, we require the polynomial
of degree n =9 or more (cf. Problem 3.4). Verify that if n =9 the maximum
error is less than 0.75 x 107°. Given that

x° = T,4(x)/256 + (terms involving lower odd order Chebyshev polynomials),
x® = T,(x)/128 + (terms involving lower even order Chebyshev polynomials),

find how many terms of the above Taylor polynomial can be ‘economized’
so that the maximum error remains less than 107°.

§.50 Show that when ris odd

e ¥ (r)r,-zxx)

r-=1
2 O0ss<rf2

and when r is even we need to add the further term (1/27)(,/,).

5.51 Deduce from (5.73) and (5.75) that the Chebyshev coefficients for e*
are given by

oo

Z

s r+s)'s‘
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Section 5.9

5.52 Consider the matrix of the linear equations (5.76) and assume that
the matrix is singular. Then its columns would be linearly dependent and
there would exist numbers c,, ..., ¢,,, not all zero such that

CotCxi+ -+ x'=(=1)c,.0 I<isn+2.

Obtain a contradiction, considering separately the cases ¢,,,=0and ¢,,,+0
and deduce that the linear equations have a unique solution.

5.53 Find the minimax pE€P, for ¢* on [-1,1], using the Remez
algorithm. Compare this with the corresponding partial Chebyshev series,
whose coefficients are given in Problem 5.51.

Section 5.10

5.54 Let p€ P, be the minimax approximation for f€ C"*'[a, b]. Write
x=(b-a)/2+(b+a)/2 and let f(x)=g(t), p(x)=q(t). Deduce from
Theorem 5.3 that g € P, is the minimax approximation for g on [-1,1].
Verify Corollary 5.6 by applying Theorem 5.6 to g.

5.55 Apply the methods of Theorem 5.6 and the result of Problem 5.25 to
show that for f€ C"*'[a, b] there is a £ € [—1, 1] such that

. L")
fllf-ql,=c 22— 21
plgpnllf ql=C, el

where

C,=inf | (x = xp) -+~ (x = %) [
5.56 Write a program to evaluate B,(f; x) using the de Casteljau
algorithm. Hence draw graphs of B,(f; x) for the function | x| on [-1,1],

for various values of n. (Note that | x| on [~1,1] is replaced by |2x—1]
on[0,1])

5.57 Verify Theorems 5.8 and 5.9 by induction on m and thus verify (5.87).
5.58 Deduce directly from (5.86) and the binomial expansion that
B, (e x)= (1+ (/"= x)"

and expand the latter expression in powers of x to show agreement with
(5.87).



Chapter 6
SPLINES AND OTHER APPROXIMATIONS

6.1 Introduction

We begin with a gentle warning that some of the material in this chapter is a
little harder. For example, we have left the details of the proof of Theorem 6.1
to be filled in by the reader, who may wish to defer this task to a second reading.

In the previous three chapters we have discussed various types of
polynomial approximations for a continuous function f defined on [a, b].
The emphasis on polynomials is justified by Weierstrass’s theorem 5.7
which assures us that by choosing a polynomial of sufficiently high degree
we can approximate as closely as we wish to the given function. However
there are cases where the convergence of polynomial approximants is very
slow (cf. § 4.11) and this provides the motivation for developing other types
of approximations. We now consider one of the simplest of these.

Let us partition the interval [a, b] into n sub-intervals [¢;_,,7,], I Sisn,
where

a=ty<t;<--<t,=b.

We refer to the ¢, as the knots. We approximate to a given function f in
Cla,b] by the polygonal arc S,(x) which is formed by connecting
consecutive pairs of points (¢;, y;), 0<i<n, with straight line segments. As
a special case we may choose y;= f(t;), and then S, interpolates f at the
knots ¢;. In this case, by choosing n sufficiently large and ensuring that each
interval {¢,_,, ] is sufficiently small (for example, by taking equal sub-
intervals) the continuity of f ensures that S, is as close to f as we wish.

Example 6.1 Let us construct the polygonal arc S, for x'/? on [0,1],
where t,= i/n and y,=t}/2. Thus S, interpolates x'/? at the knots, which are
equally spaced. It may be verified (see Problems 6.1 and 6.2) that

max |x -S| = —=

0<x<1 4aJn’
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the maximum error being attained on the first sub-interval, [0,1/n]. It
follows that the sequence of approximating functions (S,(x)) converges
uniformly to x'/2on [0, 1]. O

By taking some care with the choice of knots and not insisting that S,
interpolates the function, we can sometimes obtain a much better approxi-
mation, as achieved in the following example.

Example 6.2 Again consider x'/2 on [0, 1] and define S, as the polygonal
arc connecting the points (¢, y;), 0<i<n, where

n(n+1) 4n(n+1)

In this case it is clear that §,(x) does not interpolate x'/? at the knots 7,. We
may verify that S,(x) restricted to [¢,_,, ¢;] is the minimax straight line for
x'/? on that interval and that

1
dn(n+1)

The maximum error is attained at each of the knots ¢, 0<i<n, and also at
one point &; = (i*/n(n+ 1))?* in the interior of each sub-interval. Figure 6.1
shows the graphs of x'/2 and §,, for the case n = 2. |

[max |x - 8. = 6.1
<rsl

The polygonal arc functions §, defined above are called first degree
splines, a special case of the general spline which we now define.

0 1y

Fig. 6.1 Graph of x'/? and the linear spline S,(x).
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Definition 6.1 Let [a,b] be partitioned into sub-intervals [t,_,,¢],
I<i<n, where a=t,<t <---<t,=b. A spline §, of degree k in [a, b]
satisfies the following two properties:

(i) S, restricted to [¢,_,t,] is a polynomial of degree at most k=1,
(i) §,€C* '[a,b]. O

Thus, for a given partition of [a, b], the spline consists of n polynomial
segments with the appropriate continuity condition at each of the interior
knots, which gives the spline a certain degree of smoothness. The first
degree spline discussed above (satisfying Definition 6.1 with k=1) is
continuous but may have discontinuities in its first derivative at the knots. In
many practical applications a greater degree of smoothness is usually
desirable and we may choose k =2 above to give a quadratic spline, which
has a continuous first derivative, or choose k =3 to give a cubic spline with
continuous first and second derivatives. It is rare to use a spline of higher
order than the cubic spline, which is the one most commonly used. For the
general spline of degree k we require k+ 1 conditions to determine the
polynomial of degree k on each interval, less & conditions at each interior
knot (to satisfy property (ii) of Definition 6.1). Thus, to determine a spline
of degree k we require

ntk+1)—(n—-Dk=n+k

conditions.

Example 6.3 Let us define the function C by

2_122-xD, O0<lx|=s1
CH =11 -|x]y, 1<|x|=s2 (6.2)
0, {x]>2

It is easily verified that C is a cubic spline with respect to the knots -2, -1,
0, 1, 2 and that C has a continuous second derivative for all real x. The
reader is encouraged to sketch the graph of C. This is a cubic B-spline, to be
defined in the next section (see Fig. 6.5). O

We are familiar with the fact that any polynomial p € P, can be expressed
as a linear combination of n+1 fixed linearly independent polynomials,
collectively referred to as a basis. For example, we can take {1, x,...,x"} as
a basis for P,. We will now obtain a basis for first degree splines. It is
helpful to extend the sequence of n+ 1 knots #,, ..., t, so that they become
part of an infinite sequence of knots

“eey t-2, t-ly tO’ rey tm tn+[1 tn+2’ s
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where ¢ _,,— —o0 and t,,— o0 as m —>eo. We then define, for —oo <i<oo,

0, X<t
x_ti
) LE<x s,
tis1— 1t
Blxy={"" " 6.3)
ti,a—X
—Hz—, ti+1 <xs= ti+2
ti+2_ti+l
0, ti,, <X

(See Fig. 6.2.) Note that B/ (¢;,,) =1 and B} (x) =0 at all of the other knots.
It is easily verified (see Problem 6.5) that the functions B/ are linearly
independent and are a basis for the first degree splines. The expression of
the spline S, in terms of the B, is remarkably simple. We have

S0 =D yBl (), sxst, (6.4)
i=0
From (6.4) we see immediately that S,(t;) =y,, as required, and it remains
only to verify that the right side of (6.4) reduces to a straight line segment
on each sub-interval [¢, _,, t;] (see Problem 6.4).

In the next section we will define the B-splines of degree k, written B,
which generalize the first degree splines B, defined above, and form a basis
for splines of degree k. To aid our discussion of this later, we conclude this
section by finding an alternative basis for the splines of degree k.

We define the truncated power of degree k=0 as a function of the form

-t = {(x -0, x=1 (6.5)
0, x<t

where ¢ is some fixed real number. Note that this is a spline of degree k
with a single knot at x=7r. We now show that we can build up the
representation of a spline, one sub-interval at a time, in terms of a
polynomial and truncated powers. First, on [#,, #,] we can write a spline of
degree k as

k
a0 = D cx. (6.6)
i=0

I .

1 Livt liy2 X

Fig. 6.2 Graph of a linear B-spline B/ (x).
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We now seek to add a suitable function to the right side of (6.6) to extend
the representation of §, from [¢,, t,] to [¢,, t,]. Note that any polynomial in
P, can be written in the form

k
Zai(x -t)

i=0
and if we adapt this to

k

2 aitx—1), ©.7)

i=0
we obtain a function (no longer a polynomial, but a spline of degree k)
which is zero for x<¢,, and so can be added to the right side of (6.6)
without disturbing the representation of S, on [t, #,]1. However, in order to
satisfy the smoothness requirement for the spline S, at ¢,, we must not
disturb the continuity of either S, or its first k— 1 derivatives at ¢,. Thus in
(6.7) we must take g,=a,=---=q,_, =0 and, on renaming a, as d,, we
find we can write

k
S, = D e’ +dix = 1)l 6:8)
i=0

and this is valid for the interval ¢, £,]. Thus we need to choose ¢, ..., ¢, to
give the appropriate polynomial to define S, on {[¢,, #;] and choose only one
further coefficient, d,, so that the right side of (6.8) gives also the correct
polynomial which represents S, on [#,, t,]. We continue in this way, adding
a suitable truncated power to give the correct polynomial on the next sub-
interval while not changing the representation of §, in earlier sub-intervals.
Finally, we obtain

k n-1
S0 = > cx'+ ) dix-1)h, (6.9)
i=0 j=1

which is valid on the whole of [ty t,]. We note that the number of
coefficients c; and d; is n + k, which agrees with the number of conditions
noted above to determine a spline of degree k on an interval with
n— 1 interior knots. We emphasize that the representation of §, in the form
(6.9) is only of theoretical interest. In order to evaluate a spline we will
prefer to express it in terms of B-splines, which we will discuss in the next
section.

Example 6.4 Let us express the cubic spline of Example 6.3 in the form
of truncated powers. We obtain, for x= -2,

S =5(x+2P =3+ DI+ (0] ~F(x-DI +5(x-2):.
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This coincides with the function C(x) of Example 6.3 for ~2<x<oo, [f we
replace the first term { (x +2)° by the truncated power § (x +2)’, we obtain
an expression which agrees with C(x) for all x. O

6.2 B-splines

As we have seen, the first degree splines B, form a basis for all first degree
splines (with respect to a given set of knots). We now show that the B/ can
themselves be expressed in terms of still simpler functions. Let us define

) (6.10)
0, otherwise.

Bl(x) = {

Note that B} is not continuous at ¢; and ¢, (see Fig. 6.3). It is easily verified
from (6.3) and (6.10) that

B!(x) = ( aanl/ )B?(x) + (;ﬁﬁl)B?Hw. 6.11)

Livi—ti iv2 = tivy

The B} are piecewise constant functions. They are clearly a basis for the set
of all piecewise constant functions. Such a function which takes the value y,
on the interval t,< x<¢,,,, for 0< i< n-1, and the value zero elsewhere can

be expressed as
n-1
> yiBw).
i=0

The functions B and B/ are called B-splines of degree 0 and 1 respectively.

We now introduce functions B?, B}, ..., defined recursively by

: x—t _ fivier— ._
B(x) = (ﬁ)Bf *(x)+(t—4;"—)3,x Yo 6.12)
i+k 4 i+k+1 T bis ]

for each i and for k=1,2,.... Note that for k=1 (6.12) reduces to (6.11).
Graphs of B? and B} with equally-spaced knots are given in Figs. 6.4 and 6.5

A

I 1 =

t; tis X

Fig. 6.3 Graph of the simplest B-spline B?(x).
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! ! -

1 Livt fis2 lis3 x

Fig. 6.4 Graph of a quadratic B-spline B?(x) with equally spaced knots.

respectively. The function Bf is called a B-spline of degree k. We need to
justify that it is indeed a spline. First, by using induction on k in (6.12) it is
clear that B} is a piecewise polynomial of degree k, that is, on each interval
[ A B} is a polynomial of degree k. An induction argument on (6.12)
also reveals how the support of B} grows with k. (The support of a function f
is the smallest closed set containing all x such that f(x)+0.) For k=0 the
support of B is the interval [¢,, t;, ,,,], that is, it consists of k+ 1 of the sub-
intervals created by our set of knots.

l/\[[L

-
¥ livt Liv2 Tis3 fiva x

Fig. 6.5 Graph of a cubic B-spline B}(x) with equally spaced knots.

It is not immediately obvious from (6.12) that B! satisfies the smoothness
condition necessary for a spline of degree &, namely that
Bfe€ C*~'(~o, o). However, this smoothness condition can be deduced
from the following result.

Theorem 6.1 For k>1

4 Bi(x) = ( )Bf"(x) - (————k—)Bf:l‘(x) (6.13)
dx Livker — Lisa

Livk— 1
for all x. For k=1, (6.13) holds for all xexceptatx=t1, ¢;,, and t,,,, where
the derivative of B; is not defined.

Proof We first prove the weaker result that (6.13) holds for all x
excluding the knots ¢;. It is easily verified that (6.13) holds for k=1 except
at the knots ¢, ¢;,, and #;,,. Next we assume that (6.13) holds for some
fixed value of k and all i. Differentiate both sides of (6.12) with k replaced
by k+ 1 and replace the derivatives of B} and Bj,,, using (6.13). Combine
the terms in BX~', B!;)! and BY}, using (6.12), to give terms involving B}

and B%,,. (Note that this involves splitting the term B[ into two parts.)
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Thus verify that (6.13) holds when k is replaced by k+1 and so complete
the proof of Theorem 6.1 by induction (see Problem 6.7).

We now pay careful attention to what happens at the knots. By induction
on (6.12) it is obvious that, for k=1, B! is continuous for all x. Thus for
k=2 we see that the right side of (6.13) is continuous for all x. Also, we
already know that (6.13) holds for all x except at the knots. It follows from
the continuity of the right side that, for k=2, (6.13) holds for all x. 0

Corollary 6.1 For k=1, Bf€ C'!(—o0, ).
Proof This follows from (6.13) by induction on &. Od0

We will require the following identity in the proof of our next theorem:
t—ti i, t—t,
t—x = [ -0 H i =0, (619
i=tivke Livisr =1

This is easily verified directly or we may observe that the right side of
(6.14) is the linear interpolating polynomial for ¢ — x (regarded as a function
of tyatt=t,and t,,,,,.

Theorem 6.2 (Marsden’s identity) For any fixed k=0,1, ...,

(=0 =S (= t,) o (-1, )B'R) (6.15)

i=—oo

where, for k =0, the empty product (¢t—1¢,,,)-- (t—1t,, ) is replaced by 1.
Proof For k=0, (6.15) gives
1= ) Bx) (6.16)

which follows immediately from the definition of B?. The proof is
completed by induction on k. Let us suppose that (6.15) holds for some
k=0. We multiply both sides of (6.15) by t— x and, in each term in the
summation on the right side, we express f— x as in (6.14). This gives two
summations on the right which we combine into one, using (6.12) with &
replaced by k + 1. This gives (6.15) with k replaced by &+ 1. 0O

Corollary 6.2 Every monomial x”, O<r<k, can be written as a sum of
multiples of the B}, with k fixed.

Proof Compare coefficients of powers of t*~" on both sides of (6.15). O

As a special case, comparing coefficients of ¢! in (6.15) yields

1= Bix 6.17)

i=—o0
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which generalizes (6.16). Note that Corollary 6.2 implies that any element in
P, can be expressed in terms of the Bf with k fixed. Now a polynomial in P, is
a special case of a spline of degree & on our given system of knots. Not only
elements of P, but in fact all splines of degree k can be expressed as a linear
combination of the B} with k fixed. We will content ourselves with Jjustifying
this in the next section for the special case of equally spaced knots.

Example 6.5 Let us take k =2 in Marsden’s identity (6.15) to give

2 2 2 2
=2t +x" = Z (" = (i + it + 1,01, )B (X)
i=—oco
and we may compare coefficients of %, ¢ and 1 to give expressions for 1, x
and x? respectively. Thus any element of P, can be written as

=3

1 2
Z (@ +3a\(ti + 1) + asti 1, ,)Bi (X). a

jm =00

I

2
ag+a,x + a,x

6.3 Equally spaced knots

B-splines become simpler when the knots are equally spaced. Let us choose
t;=1, since any equally spaced system of knots can be obtained from these by
making a linear change of variable. The recurrence relation (6.12) then becomes

Bix) = —,1(- (x-DB ') + % G+k+1-xB . (6.18)

These are called uniform B-splines. We find that for any fixed value of k the
functions B}, as i varies, are all ‘copies’ of each other. Specifically, we have

Bl(x)=B!, (x+1) (6.19)

and we say that Bf,, is a translate of B}. Also, for k>0, each B} is
symmetric about the centre of its interval of support [, i + k+ 1], that is,

Bi(x)=B}Qi+k+1-x). 6.20)
Both (6.19) and (6.20) may be proved by induction on (6.18).
Example 6.6 Using (6.10) with ¢,=i and (6.18) we obtain the uniform
quadratic B-spline

L -y, i<xs<i+l

Bl = |i— =G+, i+l<xsi+2
Li+3-x), i+2<x<i+3
0, otherwise.
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The corresponding cubic spline B}(x) = C(x — i —2), where C is the spline
defined in Example 6.3 above. a

We will require the following lemma.

Lemma 6.1 Fork=0,1,...,

k

Afigd = ), (f)Ak"fmA'gi- (6.21)

r=0

Proof We call (6.21) the Leibniz formula, after the analogous result for
the kth derivative of a product. The proof of (6.21) is by induction on %,
making use of the relation

Agi. =A""g+ g,

- :

As an application of Lemma 6.1 we take f;= (i— x)7, g;=i~x and we
note that f;g;= (i — x)7*' for m=0. Since second and higher differences of
i — x are zero it follows from (6.21) that

AMG = XY™ = (= x) - A* (i = x)"+ kAR (i + 1= )™ 6.22)

We now present a beautiful result due to I. J. Schoenberg (1903-90), who
carried out much of the pioneering work on splines. This shows the simple
relation between the uniform B-splines and the truncated powers.

and Pascal’s identity

Theorem 6.3 Forany k=0 and all i,

Bf(x) = % A -0t (6.23)

Proof We emphasize that in (6.23), as in (6.22), the forward difference
operates on i and not on x. The verification of (6.23) is by induction on %.
First we show that (6.23) holds for k=0. Then we assume (6.23) holds for
some k—120 and use this in the right side of (6.18). The first term of
(6.18) is then a multiple of (x—i)-A*(i—x)*"! which we rewrite using
(6.22) with m = k — 1. The second term is a multiple of

(I+k+1-0)A(i+1-x0) 1= kA i+ 1-x)+!
+(+1-x)Ai+1=-x)* " (6.24)
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We also apply (6.22), with i replaced by i+ 1 and m= k-1, to the latter
term in (6.24). On simplifying the transformed right side of (6.18) we
obtain (6.23). O

There is also an inverse result to (6.23), in which a truncated power can
be expressed in terms of uniform B-splines.

Theorem 6.4 For any k>0 and all /,

(-0f =k (" Jr' ’)Bf_k_ ). (6.25)
r=0

Proof We substitute (6.23) in the right side of (6.25) and expand the
forward differences (see Problem 4.29) to give

o k+1
ZZ(_I)S(k+r)(k+ 1)([—"—3—)()’:;.
r=0s=0 r s
We write r + s = m and express the above as

Z( Z (_1)5(k+r)(k+1))([_m_x)f”

m=0 \r+s=m r §
The inner summation above, in which r+s=m and also r=0 and
O<s<k+1, is seen to be the coefficient of x™ in

1= (1=x) %D = x)k*,

Thus the inner summation has the value 1 for m =0 and zero for m>0 and
hence the double summation reduces to (i — x)*. |

Example 6.7 For a cubic truncated power, (6.25) gives
(-] =) (r+ D(r+2)(+ 3B, ).
r=0
Note how the growth of the coefficients of B;_,_, follows the cubic nature
of the function (i — x)3 . |

When the knots are not equally spaced, a truncated power can still be
expressed in terms of B-splines, and vice versa. In this case the finite
difference on the right of (6.23) must be replaced by a divided difference. In
view of (6.9) and the identity

(=)= (-4 + (=D x-1)% (6.26)

(see Problem 6.12) the above results show that any spline of degree & can be
expressed as a linear combination of the B ¥ with k fixed.
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To compute a spline of degree k on the knots 0, 1, ..., n, we need to use
the B-splines B¥,, B¥,,,, ..., BX_,, for these are the only B-splines of degree

k which are non-zero on [0, n]. Note that there are n+ k of these, in
keeping with our earlier observation that n+ k conditions need to be
satisfied in determining a spline of degree k. For example, a cubic spline on
[0, n] is of the form

n-1
S = ) aBlx), O<xs<n 6.27)

r=-3
From (6.19) we have, due to the equal spacing of the knots, that
BXx)=B_,(x—1)=--=B%(x-r-2).

Let us write C(x) to denote B>,(x), the uniform cubic B-spline whose
interval of support is [-2,2].
Then we obtain from (6.27) that
n-1
S® =Y aCx-r-2), Os<xsn (6.28)

r=-3

We have already given the function C explicitly in Example 6.3, from
which we note that

CO=3, C@ED=5
and C(x) is zero at all other knots. Also
C'(-1)=3 C'()=~;
and C'(x) is zero at all other knots. Thus from (6.28) we obtain
S(H=i(a;_s+4a;,_,+a;_,) (6.29)
and
§'()=3(a;.,—a;_3), (6.30)

both valid for O < i< n.

To determine the n+3 values a_,,a_,,...,a,_,, thus determining the
spline § given by (6.28), we need n+3 appropriate conditions. Now
suppose that S is an interpolating spline which interpolates a given function
Sfatthe knots x=0, 1, ..., n. We still need two further conditions, and obtain
these by supposing that §' matches f’ at the endpoints x=0 and x=n.
Thus

S'O=f(0) and S'(n)=f(n).

(This is not the only possibility. One alternative, which yields what is called
a natural spline, is to choose §"(0)=S"(n)=0.) Then from (6.29) and
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(6.30) we can write down a system of n+ 3 linear equations to determine
the n+ 3 unknowns a_,, a_,, ..., a,_,. These are

f()=5(a;_3+4a;,.,+a;_y), O<is<n (6.31)
fO=3(a.,-ay) (6.32)
frimy=%(a,_,-a,.). (6.33)

(If the values of f' are not available, they may be replaced by a finite
difference.) It is convenient to eliminate a_, between (6.32) and (6.31) with
i=0to give

fOY+if' (O =%@a_,+2a_) (6.34)
and eliminate a, _ , between (6.33) and (6.31) with i = n to give
f(n)=3f' (n)=§Qa,_s+4a,_,). (6.35)

We now solve the system of linear equations consisting of (6.31) for
1<i<n-1 together with (6.34) and (6.35). This can be written in the form

Ma=>b, (6.36)
where
a'=[a,a_,....a,,], 6.37)
b’ = [6f(0) +2f'(0),6f(1), ...,6f(n~1),6f(n) - 2f"(n)]  (6.38)
and
[4 2 ]
1 4 1
M = 1 .4 '1 . 0
0 1 4 1
=3 2 4¢
The solution of these equations yields a_,, a_,, ..., a,_, and the remaining

coefficients a_; and an q,_, are obtained from (6.32) and (6.33) respect-
ively, thus determining the spline (6.28). The above system of n+ 1 linear
equations is called tridiagonal. It is also strictly diagonally dominant,
meaning that in every row of the matrix the modulus of the element on the
diagonal (4 for the matrix M above) exceeds the sum of the moduli of the
off-diagonal elements. As we will see in Chapters 9 and 10, a diagonally
dominant system has a unique solution and a tridiagonal system is easily
solved numerically.

The following example illustrates the above procedure for finding a cubic
interpolating spline and also makes it clear that our choice of knots at
integer points imposes no real restrictions.
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Example 6.8 Let us apply the above method to the function e*"on [0, n]
for different values of n and so obtain cubic splines for €* on [0, 1]. For
n=1 the system (6.36) has only two equations which we solve to give a_,
and a_,. We then obtain a_, and a, from (6.32) and (6.33), to give

S(x)=3(-5+2e)C(x+ 1) +3(8 —2e)C(x)
+3(=2+2e)C(x-1)+3i(8+4e)C(x-2)

as an approximation for e* on [0,1]. Since (see Example 6.3)
C(H)=C(-3H=2 and C(3) = C(~3) =5 we obtain S(3) =4(5 + 3e) = 1.644 as
an approximation for e'/>~1.649. For a general value of n we obtain the
coefficients a; numerically by solving the tridiagonal system (6.36) and
evaluate the spline using (6.28) and (6.2) for each required value of x. In
Table 6.1 we list the maximum errors of these interpolating cubic splines for
e* on [0,1]. The coefficients for these splines mimic the growth of the
exponential function. The coefficients for n=1, given above, are approxi-
mately 0.2910, 0.8545, 2.2910 and 6.2910. For n=35 the coefficients are
approximately 0.8133, 0.9934, 1.2133, 1.4819, 1.8100, 2.2108, 2.7002 and
3.2981. The ratios of consecutive pairs of the latter coefficients are very close
to e, m]

For a quadratic spline, it is not appropriate to interpolate at the knots,
0,1, ..., n, for then the typical equation is

f(h=3a;_,+a;_))

and the linear system is not strictly diagonally dominant. Further, in
providing the additional condition required to make up the necessary n+2
conditions for a quadratic spline, we may even create a system of linear
equations which is singular. Instead we interpolate at each of the midpoints
of the n sub-intervals between the knots and also interpolate at both
endpoints x =0 and n. Intuitively this seems more satisfactory, not only
because we are observing symmetry between the endpoints but, more
important, because by interpolating at the midpoints we are picking up the
maximum values of the quadratic B-splines (see Example 6.6). Thus we
express the quadratic spline in the form

n-1
S = . a,Blw. (6.39)

r=-2

Table 6.1 Maximum errors of interpolating cubic splines for e* with n+ 1 equally spaced
knots on [0, 1]

n 1 2 3 4 5

Maximum 43x10°% 40x10°% 8.1Ix10°° 26x107%  11x10°°3
modulus of error
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Applying the above interpolatory conditions we find that, for n>1, a_,,
a, ..., a,_, satisfy the tridiagonal system Ma = b, where

51
16 1
M=| 161 0
ST 6.40
0 1 6 1 ©49)
3 1 5—

a = la_i, ag,...,a,.,]
and
b" = [8f(3) - 2f(0), 8f(3), ..., 8f(n =3),8f(n—3) - 2f(n)]. (6.41)
Then a _, and a, _, are computed from
a_,=2f0y-a_,, a,_=2f(n)-a,._,.
In checking the details, the reader needs to be aware (Example 6.6) that
BL(-D=B%G)=4%, BL(-1)=BL0)=3 B%(-1=} (642)

6.4 Hermite interpolation

Suppose we are given the values of a function f and its first derivative f' at
n+ 1 points

a=x,<x;<--<x,=b.

Since we have 21+ 2 conditions it seems possible that we can construct a
polynomial p,,,, € P,,,, such that

Panar(X)=f(x)) and pj,.,(x)=f"(x), O=is<n. (6.43)
One way of obtaining p,,., is to construct the polynomial which interpo-
lates f on the 21 + 2 points x,, ..., X, Xg + A, ..., x,+ h and then let & tend to
zero. We write the interpolating polynomial based on the above 2n+2
points in the Lagrange form
Z (o,(x; h) f(x)) + Bilx; h)f(x; + h)), (6.44)
i=0
where the Lagrange coefficients a; and §; depend on h as well as on x. It is
helpful to rearrange (6.44) in the form
> ((ai(x; ) + Bie; WNf(x) + hBi(x; h)(

i=0

o+ h}: ~f(x) )) 6.45)
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On letting A tend to zero we obtain

Ponetl®) = D @0 f(x) + v, f (x), (6.46)
i=0
where
() = (1 - 2L} (x) (x = %)) (Li(x))?, 6.47)
vi(x)=(x- xi)(Li(x))2 (6.48)
and

=l x-x;
Li(x) = ( j)
jl.-:([) X;i—Xj

J*i

is the usual Lagrange coefficient. We call p,,,, the Hermite interpolating
polynomial for f on the given n+ 1 points x,. Note that u;, v; and hence
P2n.1 belongto P, . The derivation of (6.48) by writing

v;(x) = lim hB;(x; h)

in (6.45) is straightforward, although that of (6.47) from
u;(x) = lim (o;(x; h) + B;(x; h))
h—0

is a little more complicated. However, once one has obtained (6.47) and
(6.48) it is easy to verify that (6.46) gives the required polynomial, by
checking that

ui(xj) = 65/» u, (xj) =0,

vi(xj) =0, v/ (xj) = 6,',',
for all i, j. Above, J,; is the Kronecker delta function, which has the value 1
for i = j and zero otherwise.

Example 6.9 For sin zx with interpolating points at 0,  and 1 we find that
(6.46) simplifies to give

ps(x)= (16 = 4m)x*(1 - x)* + 7x(1 - x).
Since both sin 7tx and p;(x) are symmetric about x =1, we tabulate these for
values of x in [0, ] only in Table 6.2. O

From (4.13) we know that the error of interpolation at the points
Xgs ees Xy Xo+ h, ..., x,+ h of a function f whose (2n+ 2)th derivative is
continuous is

FE2E

(=) o ()= = B s (=B
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Table. 6.2 Comparison of sin mx with the Hermite interpolating polynomial constructed at 0,
!
2 and 1

x 0 0.1 0.2 0.3 0.4 0.5
sin 71x 0 0.3090 0.5878 0.8090 0.9511 1
ps(x) 0 0.3106 0.5906 0.8112 0.9518 1

where &, depends on h as well as on x, f and the x;. Since p,,,, was
obtained by taking the limit of the above interpolating polynomial as /4 tends
to zero, we deduce that for Hermite interpolation

2 f(2" } 2)(’7.\')

(2n +2)! (649)

F® = Por(@) = (x = x0)" -+ (x = x,)
for some 1, € (a, b).

The form of the error (6.49) prompts us to ask whether we can expect more
favourable results when using Hermite interpolation by making a particular
choice of interpolating points x;. Let us assume the interval [a, b] is [-1,1],
making a linear change of variable if necessary. Then the above question is
easily answered: if we can select the interpolating points we should choose the
zeros of the Chebyshev polynomial 7,,, since such x, minimize
| (x=xg) -+ (x = x,) [l.. Then by (6.49) the maximum error on [~1, 1] satisfies

1 lre?)
& 2n+2)

valid only for Hermite interpolation at the Chebyshev zeros. In this case
Dans1 18 given by (6.46) with

N f=Pamirlle (6.50)

2 — .
ui(x)=(T"*'(x)) ¢ x'xz) (6.51)
n+1l x—-x;)
and
Y142
v,»(x)=(T”“(x))(1 x’), (6.52)
n+1 X—X;

where x,=cos[(2n —2i+ 1)at/(2n+2)], O<i<n, denote the zeros of T,,,
arranged in order on {-1, 1] (see Problems 6.18 and 6.19).

Example 6.10 If we interpolate at x=-1, 0 and 1 and know that
| f©(x) | <Mon[-1,1] we find from (6.49) that
M. 2 2 M
— el € — |2 = D2 + 1|l = ——,
If=psll - [lx° = 1Y I 2860
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the norm of x(x— 1)(x + 1) being attained at x = :tl/‘f?: For comparison, if
we interpolate at x=0 and +3, /2, the zeros of T,, (6.50) shows
that || f- ps ||..<M/11520. O

Instead of constructing one polynomial as above which interpolates a
function and its derivative at certain points, we can construct separate cubic
polynomials which interpolate the function and its derivative at the
endpoints of each sub-interval. Thus we take

a=ty<t<---<ty=b
and obtain a unique function H such that
H(t)=f(t), H (t)=f'(2), O0<i<N,

and H is a cubic polynomial on each sub-interval. This is called piecewise
cubic Hermite approximation. Note that H is not in general a cubic spline
since H is only in C'{a, b] and not in C*[a, b].

Let the piecewise cubic H(x) coincide with the cubic polynomial H,(x)
on [t,t;,,]. Although H;(x) is simply (6.46) with n=1 and x, and x,
renamed as ¢; and ¢t,,,, we will derive H; by using the divided difference
form of the interpolating polynomial (see (4.31)) with interpolating points
t, t,+h, t,, and t;,,,+h and letting h tend to zero. We obtain, for
Lsxst,,,

H(x)=ay+a(x—t)+a,(x-t;)* +as(x—-t)*(x-t,,,), (6.53)

where

aO=f(ti)a a, =f,(ti)’

a=(flty ; 1= N/ tin 1= 1),

ay=(f"(t;. ) =2f[ti t; I+ 1/ (4 - D2
Note that the coefficients a;, a,, a, and a; need be evaluated only once for
each sub-interval [¢;, ¢;, ,] and then H,(x) can most efficiently be evaluated
for values of xin [¢, ¢, ] by nested multiplication, that is by expressing

Hi(x)=((a;(x - 1;, )+ a))(x—t) +a,)(x— 1;) + a,.
Recalling that H; denotes the function H restricted to [¢;, ¢;, ,] we have
I £=Hll = max max | f) - Hi(o)]
i i SXS 1y

and by using (6.49) with n=1 and x,, x, replaced by ¢,, t,, , we deduce that

£~ Hl. < max "*3'84" M, (6.54)



Splines and other approximations 149

Table 6.3 Comparison of the maximum error of
piecewise cubic Hermite interpolation with the error
bound for sin x on [0, 1]

Maximum modulus Error bound
N of error (m/N)Y[384
1 0.2146 0.2537
2 0.0108 0.0159
3 0.0031 0.0031
4 0.0010 0.0010
5 0.0004 0.0004

where

M, = max | £ ).

!,

i i+l

For the commonly used special case where the ¢; are equally spaced on
[a, b], thatis ¢,= a + (b— a)i/N, then (6.54) becomes

_ SL b-al'
If-Hl. 384( ~ )Ilf [l (6.55)

Example 6.11 Let us examine the accuracy of piecewise cubic Hermite
interpolation for sin mx on [0, 1]. In Table 6.3 we compare the error of
maximum modulus with the error bound on the right of (6.55), for various
values of N. O

6.5 Padé and rational approximation

Suppose that for x € (—R, R) a function f has a Taylor series about x =0,
f(x)=co+Cix+cpx?+ e, (6.56)

where c; = f¥(0)/;!. For given integers m, n>0 let us denote polynomials
P> 9x DY

Pn(X)=ay+ax+--+a,x"
and

g, (x)=by+bx+--+bx",

where we will take b,+0. We are familiar with using a polynomial (the
Taylor polynomial) to match the values of a function f and its derivatives at
a given point. Here we explore the use of a rational function Pnl g, to match
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f and its derivatives at the origin. Since multiplying p,, and g, by the same
constant does not alter the value of p,,/q, we will ‘normalize’ p,, and g, by
choosing b, = 1.

We write

n

-y=bx+-+bx
so that g,(x)=1-yand
1/g,00= 1+ y+ y*+ .
This expansion is valid for | y | <1. Thus we can express p,/q, as an

infinite series in powers of x provided | y | < 1. In what follows we restrict
x so that

| x] <R and |bx+--+bx"]|<1, (6.57)
giving a sufficient condition for both f and p,/q, to have expansions in
power series. Since, with by=1, p, and g, have m+ n + 1 coefficients to be
determined we can hope to construct a rational function p,,/q, to match f

and its first m+ n derivatives at x=0. We therefore seek values of the
coefficients @; and b; so that
Pm(X)
foy -~ =
qn(x) J=m+n+i

We note from (6.57) that g,(x)+0 for the values of x we are considering.
On multiplying (6.58) throughout by ¢,(x) we obtain

(icjxj)(ibjxj)—iajxj= i d/'»xj. 6.59)
j=0 j=0 j=0

j=m+n+1

dx’. (6.58)

J

(The relation between the d; and the d; is obvious but is irrelevant since we
are not interested in these coefficients.) Thus in (6.59) we seek values of
the a; and b; so that the coefficients of x/ are zero for j=0, ..., m+ n. This
gives the equations

J
ZC‘,_Ab‘—aJ=O, 0$j$m+n, (660)
k=0

where by=1, b;=0 for j>n and a;=0 for j>m. We may write these
equations in matrix form

ay ( —=Cp

-

AlSmi=l (6.61)

bn “Cmsn
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The matrix is

-1 0 0 O 0 0 0 0 0
0 -1 0 O 0 Co 0 O 0
0 0 -1 O 0 c co O 0
0 0 0 -1 0 c, cy Cy o 0

A= - . . . . (6.62)

0 0 0 0 - -1 ¢cuy = ~ +  Cuon
o o0 - - 0 cn Connal

| 0 o - .. 0 Cpopy - - - Cn

where ¢; =0 for j<0. (We have allowed the possibility of zero values of
¢; in (6.62) to avoid having to write down two versions of A, correspond-
ing to m=n and m<n. A similar point applies to the a; and b, in
(6.60).)

On examining A further we see (Problem 6.24) that the equations (6.61)
have a unique solution if and only if the matrix

Cm ot Cpen+t
C=

Cm+n_] s Cm

is non-singular, since det A= (-1)"*"' det C. Thus if C is non-singular we
solve

b, “Cma+t
Cl:|= : (6.63)

bn “Cm+n

to determine the b; uniquely. The a; are then obtained immediately from
(6.60) with j =0, ..., m only. The resulting rational function

+ax++ax”
R, (x) = 242 Int (6.64)
1+bix+--+b,x"

is called the (m, n) Padé approximation for f.

Example 6.12 Find Padé approximations for e®. When n=0 we
obtain simply the Taylor polynomial and when m=0, we obtain
1/(1 + b,x+ -+ + b,x"), where the denominator is the Taylor polynomial for
e~*. Neither of these possibilities gives anything new. We will choose m=n
as a ‘mean’ between these two extremes, although m=n+l is commonly



152 Numerical analysis

favoured. For m = n =2 the equations (6.63) are

1
% 1) b, _| s
11 “l_1
s 2J\b: 2
. . ) .
with solution b, = -3, b,=7. From (6.60) we then obtain q,=1, a,=3,
a, =3 to give
1+ix+ L
Ry () = ————.
1—3X+EX
We similarly obtain
1+35x
R, (x)= :
1—5x
and
3
L+3x+Lx’+ L
R3'3(x)= 1 1 2 1 3
1-ly+ iy

In the Padé approximation R, ,, for e*, due to the fact that e satisfies
f(=x)=1/f(x) the coefficients satisfy b;= (-1)a;, as seen above (see also
Problem 6.26). O

An obvious disadvantage of Padé approximations is that as we increase m
and n the earlier coefficients may change, as for the coefficients of x? in
Example 6.12. Another negative feature of Padé approximations is that an
error estimate is not readily available. On the positive side, Padé approxima-
tions can sometimes give good approximations to a function even at points
where the series (6.56) diverges (see Problem 6.31).

We might expect the errors of Padé approximations to grow with | x |.
We illustrate this in Table 6.4 where we have chosen to display the relative
errors | e'—R,, ,(x) | [e*. Note that R, , is not defined at x = 2.

An efficient way of evaluating a rational function is to express it as a
continued fraction. This is analogous to writing a rational number as a
continued fraction, for examplet

355 1

—_— 3

113 74 1
16

Let p,€ P,, p, € P,,, where ny= n,. If p, divides exactly into p, to give a

t The fraction 33 is the very accurate approximation of 7 obtained by the Chinese mathema-
tician Zu Chongzhi (429-500).
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Table 6.4 Relative errors | e* ~ R, .(x) | [e*

x m=1 m=2 m=3
-2 1.000000 0.055580 0.001479
-1 0.093906 0.001472 0.000010

1 0.103638 0.001470 0.000010

2 - 0.052653 0.001481

polynomial o, we simply write

Otherwise we divide p, into p, to produce a quotient polynomial plus a
remainder p, of degree lower than that of p,. Thus

Po(x) — ay () + p2(x) —a

0 X)+ - .
pi(®) j2169) pi(x)/pa(x)

where o, € P, _, and p, € P,, with n,< n,. We note that the quotient &, and
the remainder p, are unique. Similarly we obtain

(6.65)

pi(x)
=a,(x) + —————
paAx) p2(0)/px(x)

(6.66)

unless p, divides exactly into p,, when we have only «, on the right of
(6.66). Note that a, € P, _,,. We continue this process, until finally we
obtain

Po®) _ o+ ! , (6.67)
pix)

a](X)'l'

oo

o (x)

where o, (x) = p,(x)/p,. (x) and p,, (x)divides exactly into p,(x). The
expression on the right of (6.67) is called a continued fraction. Since it
looks so cumbersome, we usually write it in the more concise form

Pl _ o ] 1
pi(x) )+ )+ o)

(6.68)

We can modify (6.67) by introducing real numbers 8, chosen so that a; has
leading coefficient 1 for 1<j< k. This saves up to one multiplication in the
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evaluation of each a;, 1 <j<k, and gives

Do(®) g~ ﬂl ﬁz ﬂk ) (6.69)
pi(x) o (x)+ o(x)+ oy (x)

This process is called the FEuclidean algorithm, which we state more
formally below. The final polynomial p,,, is the polynomial of largest
degree which divides p, and p, exactly (see Problem 6.29).

Algorithm 6.1 (Euclidean) Given p,€ P,, p, € P,,, with ny= n,, compute
polynomials «;_, of largest degree (and leading coefficient 1 for j=2),
polynomials p; ., and real numbers §; such that

pia(x)=a;_, (xX)p;(x)+ ﬁjpj+ 1(x) (6.70)
forj=1,2,... until ;=0. O

To implement the algorithm we represent each polynomial p,€ P, by a
vector v; with n;+ 1 elements and by using (6.70) we compute v, ,, together
with B, and the vector corresponding to a;_;, by carrying out suitable
elementary operations on v;_, and v;. We omit the details. Thus we obtain
the continued fraction (6.69) for p,/p,. Since the degree of p;is n;, a; is of
degree n;— n,, . If we evaluate the o; by nested multiplication, we see that
the evaluation of (6.69) requires at most ny,—n,,,+ k additions,
ny— n,_, — k multiplications and exactly k divisions.

Example 6.13 We apply the Euclidean algorithm 6.1 to obtain a continued
fraction of the form (6.69) for the Padé approximant R; ; obtained for e* in
Example 6.12. We obtain

-24 50 10

R3_3(x) = ‘—1 + .
x—12+ x+ «x

(6.71)
This continued fraction is not defined at x =0, nor at x = 4.644, the only real
zero of the denominator of R; ;. a

In (6.71) we note that R; ;(x) — —1 as x—> o and this illustrates the point
that the Euclidean algorithm 6.1 develops a continued fraction ‘about infinity’.
We can also develop a continued fraction about the origin by reversing the order
of the coefficients in p, and p, before applying the algorithm to the resulting
vectors of coefficients. This is equivalent to applying the algorithm to t"op,(1/¢)
and t"1p,(1/t). Then we need to replace ¢ by 1/x and eliminate negative powers
of x. Applying this modified algorithm to R; ; above, we obtain

1 .2
12x

Ry;(x) =1+ (6.72)

1 a2
1 SX+ 1+mx



Splines and other approximations 155

In this representation the ‘beginning’ of R;;is

X 1+%x
1+

= =R2.2(x)’
1-3x 1-3x

as given in Example 6.12.

A further modification proves fruitful. Let us consider again the quotient
Po(x)/p,(x), but now assume that the polynomials p, and p, are of the same
degree, say n, and p,(0) = p,(0) = 1. Then if

=11/,  q,(®)=1"p(1/D),
we see that g, and ¢, are both polynomials of degree n and have leading
coefficient 1. Unless the polynomials g, and g, are identical, we now
compute further polynomials g, g3, ... from

q; - () =t"i1q () + B;g;.. (1) (6.73)
forj=1,2,... until 8;=0, where the integer m;_, is chosen so that ¢"i-1q;(¢) has
the same degree as g;_,(¢) and B, is a real number chosen so that the polynomial
q;., has leading coefficient 1. Note that it follows from the definition of g, and
g, that my =0 and the degree of ¢, is n— 1 or less. Observe, also, the similarity
(and the difference!) between (6.73) and the Euclidean algorithm. From (6.73)
we can now construct the continued fraction which begins

f
90 _ 1+—m’3‘— —;5—2- (6.74)
q:(H) Pt T+
For example, we have
2
42+ 1 1 2 =21
R e S PO e (6.75)
Frr+2 t+ 1+ 1+ 1

This corresponds to the case where po(x)=1+2x+x*> and
p(x)=1+x+2x% If we now write ¢ = 1/x in (6.75) and eliminate negative
powers of x we obtain

polx) 1+2x+x° x 2x —2x x

pix)  1+x+2x° 1+ 1+ 1+ 1

This illustrates the (commonly encountered) case where, in (6.74), the m;

are alternately 1 and 0, beginning with m; = 1 and m, = 0. In this case we see

that (6.74) gives the continued fraction which begins
Po(®) - (Io(l/x) =14+ Bix Bax
nx) @/ 1+ 1+

(We will not discuss further the more general case where the m; are not
alternately 1 and 0.) If we apply the process embodied in (6.76) to the Padé

(6.76)
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approximant R,, , for ¢* for m large enough, we obtain 8, = 1 and the next
1 1

11 1 1 i 3 M
are - 1,3, — &, % — 1 4> — s --- - For example, in this latter form, we have

1 1 1 1 1
Ryawy =1+ 25 oF Zo% Jof Tt (6.77)

’ 1+ 1+ 1+ 1+ 1+ 1
The popularity of least squares approximations by polynomials is due
to the fact that they can be computed by solving linear equations. This
simplicity is lost if we replace polynomials by rational functions, which
explains why rational least squares approximations are not commonly
studied. However, there is a well-developed theory of minimax
approximations by rational functions, which includes an equioscillation
property similar to that which holds for minimax polynomial

approximations.

Problems
Section 6.1

6.1 Let f€C?*0,1] and let S, denote the first degree spline which
interpolates f at the knots t,=i/n. If | f"(x) | is monotonic decreasing on
[0, 1], deduce from the error of interpolation (4.13) that

max | f(x) - S, (0] = max |[f(x)-S,x)]
Osxsl O0<x<1/n

6.2 Verify the result in Example 6.1 by applying the result of Problem 6.1.

6.3 Repeat the analysis of Example 6.2 for the function 1/x on [1,2], that
is, find points

I=ty<t)<--<t,=2

and a first degree spline §, so that

max |1/x— S, (x)]

l€x<2
is minimized. Verify that we need to choose 1, = (1 — (1 — (1/¥2))i/n) % and
that the minimax error is 3(1 — 1/¥2)%/n%

6.4 Show that, on [1,_,, t;], (6.4) is just the straight line joining the points
(t;i-1,yi-y) and (¢, y;), by first showing that only two terms in (6.4) are
non-zero in this interval.

6.5 Observe that at the knot f,,, every B}(x) is zero except for j=1i and
deduce that the B/ are linearly independent. Then (6.4) shows that the B}
form a basis.
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6.6 Verify that
=), = D (ty — 1)B)(0).

(Hint: check that both sides are zero for x<¢; and that they agree on the
interval [z, ¢, ] forevery s=1i.)

Section 6.2

6.7 Complete the details of the proof of Theorem 6.1. Note that at some
stage it is recommended to split the term in B¥;| into two parts: one part is to
be combined with the term in B! and the other with the term in B%}

i+2-

6.8 Show that for any fixed value of x the right side of (6.15) has at most
k + 1 non-zero terms.

6.9 Verify that
Bi()=(ti; = t)filti i 10 1010])
where the divided difference is of the function of ¢
f(D)=(x-1),.

(Hint: expand the divided difference in the symmetric form (4.27) and
verify that both sides agree on each interval [z, ¢,,,].)

Section 6.3
6.10 Verify (6.19) and (6.20).

6.11 Verify directly that the expression for B} given in Example 6.6
satisfies the required smoothness conditions at the knots.

6.12 Show that (t,— x)*=(t,— x)% + (-=1)* (x-1t,)% by checking that the
splines on each side of the equation are equal for x<¢; and for x> ¢,.

6.13 To emphasize the symmetry of the uniform B-splines, let us write
C¥* '(x)=B%-'(x) and C*(x)=B* (x+1).

Show by induction that

Ctx) = ﬁ ((k+1+20C" ' (x+ D+ (k+ 1 -20C " (x - 1Y),

with C%(x) = 1 for — }< x <} and zero otherwise.
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6.14 Use induction on the above relation connecting C* and C*~! to show
directly that each C* is an even function.

6.15 Derive the linear equations which must be solved to obtain the
quadratic  spline S(x) such that S(i)=f(i), Osi<n, and §'(0)=f (0).
Verify that this system of equations is non-singular but is not strictly
diagonally dominant.

Section 6.4

6.16 Show that there is a unique p € P,,,, such that p and p' take given
values at n + 1 distinct values of x.

6.17 Verify that, as defined by (6.47) and (6.48), u; and v, and their first
derivatives are all zero at x,, ..., x, except that u;(x;) = v,(x;) = 1.

6.18 To obtain (6.52) from (6.48) when the x, are the zeros of T,,,, use

(4.54) to show that
Tn+l(x) _( 1), T,H](X)’\/l —x,?

L(x)s —————— = )
(x = x)T7 1 (x) (n+1Dx—-x)

6.19 To obtain (6.51) from (6.47) for the Chebyshev case, first show that
1 T (x) 1 x

Lix) = — = — .
2 Thoax) 2 1-xf

6.20 Show that f[1, t,+ h] > f'(t;) as h— 0. Similarly consider the limits
of flt, t;+h,t;,,] and flt, t,+ h, t,,,, t;,, +h] as h tends to zero and so
verify (6.53).

6.21 Show that the cubic Hermite approximation on the single interval
[0, 1] can be expressed in the symmetric form

H(x)=3(f0) + f(1)) + (x = DSIO, 1] +3x(x = D(f' (1) - £ (0))
+x(x =3)(x = D' (1) =210, 1] + £ (0)).

(Although non-symmetric, the nested form of (6.53) is ‘preferable to the
above for reasons of computational efficiency.)

6.22 For which functions would it be advantageous to use piecewise cubic
Hermite approximation with unequally spaced interpolating points?

6.23 Write a computer program to implement piecewise cubic Hermite
approximation with equally spaced interpolating points on [a,b]. The
program should be provided with procedures to calculate f and f'.
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Section 6.5

6.24 For the matrices A and C defined in and following (6.62), show by
expanding det A by its first row, and so on, that det A= (-1)"*! det C,
showing that A is non-singular if and only if C is non-singular.

6.25 Obtain the Padé approximations R, ;, R ,, R;,and R, ; fore".
6.26 The Padé¢ approximation R, ,, for e* satisfies

Gn(x)e* = pp(X)=dp o x™ "
Multiply both sides above by e™*/p,.(x) and then replace x by —x to give

(= X)[Pr(=X) — €5 =dly, o x™ g

Deduce from the uniqueness of R, (x) that

pm(—x)= q,,,(X)
so that b= (~1Ya,

6.27 For ~1<x<1, tan”'x=x-x°+{x°— - If f(x)= (tan”' x'/?)/x'/?
obtain the R, ; and R,, Padé approximations for f(x) and thus the R;, and
R, approximations for tan™' x. Hence estimate 7 by using the relation

tan™'(1/\3) = /6.

6.28 In Example 6.12 we obtained the R,, Padé approximation for e".
Express R, , as a continued fraction in the form (6.69).

6.29 Use the fact that in (6.70) any polynomial which exactly divides p; and
Pj«1 must also exactly divide p;_, to show that the final polynomial
produced by the Euclidean algorithm is the polynomial of highest degree
which divides both p, and p,.

6.30 As an application of the Euclidean algorithm, devise a procedure to
test whether a given polynomial has a multiple zero. (Hint: consider the
derivative.)

6.31 Find the Padé approximations R,, and R,, for the function
(1/x) log(1 + x) and express each of these as a continued fraction of the
form described in the material leading up to (6.76). (Note how (6.76) has to
be modified in the case of R,,.) Investigate how well these rational
functions approximate to (1/x) log(1l + x), both for —1<x<1 and for x> 1
where the Taylor series diverges.
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NUMERICAL INTEGRATION AND DIFFERENTIATION

7.1 Numerical integration

Given a function f defined on a finite interval [a, b], we wish to evaluate
the definite integral

[} re ax, (.1)

assuming that f is integrable (see §2.4). If f(x)=0 on {a, b] the integral
(7.1) has the value of the area bounded by the curve y = f(x), the x-axis and
the ordinates x=a and x=b. The fundamental theorem of the calculus
(Theorem 2.11) shows that integration is the inverse process to differentia-
tion. If we can find a function F such that F’ = f, then we can evaluate the
integral using the relation

J'Ub F(9) dx = F(b) - F(a).

Sometimes considerable skill is required to obtain F, perhaps by making a
change of variable or integrating by parts. Even if F can be found, it may
still be more convenient to use a numerical method to estimate (7.1) if the
evaluation of F requires a great deal of computation. If we cannot find F
or if fis known only for certain values of x, we use a numerical method for
evaluating (7.1).

An obvious approach is to replace the integrand f in (7.1) by an approxi-
mating polynomial and integrate the polynomial.

Example 7.1 To evaluate
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we can replace the integrand by its Taylor series constructed at x =0,

x° "
—1+x +——+—+ —Z .
21 31 2o0 N

Since this series converges uniformly to e* on any finite interval, it may be
integrated term-by-term (Theorem 2.16) to give

fpefar= o

This series converges very rapidly. For example, to estimate the integral to
six decimal places, we require only nine terms of the series. O

(2n+ l)n'

Despite its success in Example 7.1, the Taylor polynomial is not suitable |

in general since it requires the evaluation of derivatives of f. We will prefer

to use an interpolating polynomial. First we use an interpolating polynomial
constructed at equally spaced points x,=x,+rh, O<r<n. If f"*V is
continuous on [x,, x,], we have from (4.34) that

f(xe+sh)=fo+(s)Afo+"'+(S)A"fo+h"”( s )f‘"*“(&g, (7.2)
1 n n+1

where & € (x,, x,). (We need to replace [x,, x,] by an appropriate larger
interval if s is outside the interval O<s<n.) We can construct different
integration rules by choosing different values of nin (7.2). Thus, with n=0,

flxo+sh)=fo+ h(;)f’(gs)'
Integrating f{x) over [x,, x,], that is, integrating with respect to s over
[0, 1] we obtain
Xy 1 ,
[ 70 dx=hfy+ 1 [ 5f'@) ds. (7.3)

We replaced dx by h.ds, as x=x,+ sh. In the integrand on the right of
(7.3), s does not change sign on {0, 1] and f'(&,) is a continuous function
of s. Thus by the mean value theorem for integrals, Theorem 2.13, there is a
number s = § with &€ (x,, x,) such that

.[.:f(x) dx = hfy + hzf’(gf) L)l s ds.
Writing £ in place of &;, we have
[Drw ax=nfo+ L0 ®. (7.4)

The first term on the right of (7.4) gives the integration rule (also called a
quadrature rule); the second term is the error term. This is called the
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o
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Xp Xy X

Fig. 7.1 The regular quadrature rule.

rectangular quadrature rule, since the integral (the area under the curve y = f(x)
in Fig. 7.1) is approximated by the rectangle of width h = x, — x, and height f,,.
Putting n = 1 and integrating f(x) over [x,, x,], we similarly obtain

[l rwdc=nfo+ihafy+wr@ [ ( ;) ds,

where f” is assumed continuous on [x,, x,]. We have again been able to
apply Theorem 2.13, since (3) does not change sign on [0, 1]. This gives

! h h3 ”
Jaf@ ax== s fo - = '@, (7.5)

where & € (x,, x,) and is usually distinct from the £ appearing in (7.4). This
is the ftrapezoidal rule plus error term. The integral is approximated by
3h(fo+ f1), the area of the trapezium which appears shaded in Fig. 7.2.

The trapezoidal rule is usually applied in a composite form. To estimate
the integral of f over [a, b], we divide [a, b] into N sub-intervals of equal
length h=(b-a)/N. The endpoints of the sub-intervals are x,=a+ ih,
i=0, 1,...,N, so that x,= a and x,=b. We now apply the trapezoidal rule
to each sub-interval [x;_,, x;], i=1,2,..., N (see Fig. 7.3). Thus we have
from (7.5), on distinguishing the numbers & occurring in the error terms,

JXNf(x)dx= ’ﬁ (fo+f1) - —}if"(gl) +eet Zl' (Fv-i+fw) - h—3f"(§/v)~
o 2 12 2 12

\4\ /_\=f(.tl

Fig. 7.2 The trapezoidal rule.
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Fig. 7.3 Composite form of the trapezoidal rule.

Maintaining the assumption that " is continuous on [a, b], we can combine
the error terms (see Theorem 2.3) to give

b h NK
B AL
for some & € (a, b). This may be rewritten as

h n
.Lbf(x)dx= h(fo+fi+ - +fu-)+ E (fn=So) = (xy — xo) Ef"(g),

amn

since xy— xo= Nh. Incidentally, we note from (7.7) that the composite
trapezoidal rule consists of the composite rectangular rule plus the correc-
tion term h( fy — f,)/2. We note that the error in (7.7) is of order A? and that
the rule is exact for every polynomial belonging to P,. (The second
derivative in the error term is zero for such polynomials.)

Now suppose that, due to rounding, the f; are in error by at most 3 x 107%
Then we see from (7.6) that the error in the trapezoidal rule due to rounding
is not greater than

Th(1+2424 - +2+ D xix 10" =NAxix 107 *=4{(b-a)107%

Thus, rounding errors do not seriously affect the accuracy of the quadrature
rule. This is generally true of numerical integration (see Problem 7.8),
unlike numerical differentiation, as we shall see later.

There is a generalization of the composite trapezoidal rule called
Gregory's formula:

[ o) dx = h(fo+ -+ )+ h Y (Vi + CI'NfD, - (18)

j=0
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where
. r0 -5
¢;= (-1’ ( ) )ds. (7.9
J J—] j
If m<N, the rule uses values f(x;) with every x;€ [x,, xy]. With m=0,
since ¢, = — 3, (7.8) is simply the trapezoidal rule. (The next few values of

the ¢; are — {5, — 21, — 7 We see from (7.9) that ¢;<0 for all j.) We state
without proof that if m=2k or m=2k + 1, then the rule (7.8) has error of
order A™*? and integrates exactly every polynomial belonging to P,,,,. For
example if m=2 and N=2, we have the integration rule

Xy Sh
@ dx = byt 4 = = Fotf)

h h
—_ ) -— _o), 7.10
+ 5 (fi+fn-1) a (fa+fn-2) ( )

which is exact if f€ P,;. For the derivation of Gregory’s formula, see
Ralston and Rabinowitz (1978).

Returning to (7.2), we now choose n =3 and integrate f(x) over [x,, x,].
This time the error term contains the binomial coefficient (;) which does
change sign over [x,, x,]. However, it can be shown that, in this case, the
error term can still be written in the form

hS
JRr 2sds=__ gy,
INGINM o5 /®
as if Theorem 2.13 were applicable. We obtain
*2 h " @)
[Droa= = (fo+afi+f0- = 1Y@, (7.11)
%o 3 90
where &€ € (x,, x,). This is called Simpson’s rule. Like the trapezoidal rule,

Simpson’s rule is usually applied in composite form. Combining the error
terms as we did for the trapezoidal rule, we obtain

Xon h
[ 0 = S fot 41+ 224 43 o0+ D + 4+ )

4

@, (1.12)

= (xv — Xo)
™7 180

where &€ (x,, x,y). Note that the composite form of Simpson’s rule
requires an even number of sub-intervals. For a rule of comparable
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accuracy which permits an odd number of sub-intervals, we have the
Gregory formula (7.10). Note that both (7.10) and (7.12) are exact if the
integrand f€ P,.

To verify (7.11) we may let x, = 0 without loss of generality. We write p,
to denote the interpolating polynomial for f constructed at x=—h, 0 and h
(i.e. xg, x; and x,). Then from (4.40) we have

fx)=p,(x) + (x + h)x(x - h) f{-h,0, h, x}

and integrate to give

h
[, £09 dx= = G #4700+ F) + EC),
say, where the error term is
E()=]" fl-h, 0,k x)x( - B dx.

Integration by parts yields
E(f) = —I - fl —h, 0 h X "“ (x -n ) dx (7 13)
dx B ' )

since }(x*— h?)? is zero at x=+h. From Problem 4.21 and (4.41) we may
write

fx- fl=h, 0, h,x]1 = fl-h, 0, h, x, x] = fO(E,)/4!

where & € (- h, h), assuming that —h < x < h. Finally, since (x* - h*)*20,
we may apply Theorem 2.13 to (7.13) to obtain

hs 4
E(f)=-— &),
N 90f ®

thus justifying (7.11).
The basic trapezoidal and Simpson rules (7.5) and (7.11) are special cases
of the form

[ pw dx = 3w fxy + iy (7.14)
i=0

where the w; are chosen so that the rule is exact if f€ P,. These are called
the closed Newton—Cotes formulas. For n=3 we have w,=w;=3h/8 and
w, = w,=9h/8. For even values of n the rules turn out to be exact for
f€EP,., (as for Simpson’s rule, with n=2). In any integration rule, such as
(7.14), the numbers w; are called the weights since the rule consists of a
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weighted sum of certain function values. There are also open
Newton—Cotes formulas, which are of the form

) n-1
[ 70 ax = 3 wiftxo + i,
i=1

The terms ‘closed’ and ‘open’ refer to whether the endpoints x, and x, are or
are not included in the rule.

To obtain the simplest open Newton—Cotes rule, we integrate (7.2), with
n=1, over [x,— h, x,+ h]. This gives

[ oo de = 2nfy 4 07| ( ;)f"(&) ds.

As in the derivation of Simpson’s rule, the error term here is troublesome,
since (3) changes sign on [-1,1] and Theorem 2.13 is inapplicable.
However, again it is possible to write the error in the form

G ( ;) ds = S K@),

as we will see shortly. Applying this rule to f on the interval [x,, x,], we
obtain

% no,
Ja o= b+ s+~ 1®, (7.15)

where & € (xy, x,). This is called the midpoint rule. At first sight this rule
appears to be more economical than the trapezoidal rule on [x,, x,], since
both have accuracy of order h* but (7.15) requires only one evaluation of f
instead of two evaluations for the trapezoidal rule. This is misleading, since
the composite form of (7.15) is

~"N N-1 h2 .,
Jf@a=h Y s+ i s e-x) Zr®. a6
r=0

where &€ (xo, xy). This requires N evaluations of f, which is only one
fewer than the N+ 1 evaluations required by the composite trapezoidal
rule (7.7). Note the opposite signs taken by the error terms in (7.7) and
(7.16). If f" has constant sign on [x,, xy] the value of the integral must
therefore lie between the estimates provided by the midpoint and
trapezoidal rules.

Let T(h) and M(h) denote the approximations to ] b f(x) dx obtained by
using respectively the trapezoidal and midpoint rules with sub-intervals of
width A. If f” is constant, we can eliminate the error terms between a.n
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and (7.16) and obtain the quadrature rule
b
L f() dx = CM(h) + T(h)/3. (7.17)

From (7.7) and (7.16), we see that this rule involves values of f(x) at the
2N + 1 equally spaced points x=x,+37h, r=0,1, ..., 2N. Indeed,

Q@MY+ T(h)/3=S(h) (7.18)

where S(3h) is the result of applying Simpson’s rule with sub-intervals of
width 3h. Thus the elimination of the A’ error term in this way gives
Simpson’s rule.

Example 7.2 In Table 7.1 are listed the results of approximating to
Jo (1 + x)7" dx by the trapezoidal, midpoint and Simpson rules, for different
numbers (N) of sub-intervals. As the second derivative of 1/(1+x) is
positive on [0, 1], the numbers in columns 2 and 3 of the table provide
bounds for the integral, whose value is log 2 =0.6931, to four decimal
places. O

Truncation errors for integration rules may also be estimated using Taylor
series. For example, if F'(x) = f(x) and we write u = x,+4 h, we have

J:lf(x) dx = F(u++hy - F(u— % h)
= F(u) + L hF'(u) + Lh°F"(w) + L KFO(E)
- [F@) - $hF'@) + § 1°F" @) = 5 O], (7.19)

where &, and &, € (x;, x,). Using Theorem 2.3 to combine the two error
terms, we see that (7.19) yields the midpoint rule plus error, as given by
(7.15). Alternatively, we can find the error term by a method similar to that
used for Simpson’s rule (see Problem 7.9).

Each quadrature rule studied so far consists of a weighted sum of values
f(x;), where the points x; are within the range of integration. It is not always

Table 7.1 Approximations to j'g (1 +x)'dx

Trapezoidal Midpoint Simpson’s
N rule rule rule
1 0.7500 0.6667 -
2 0.7083 0.6857 0.6944
3 0.7000 0.6898 -
4 0.6970 0.6912 0.6933
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possible to use such rules. For example, suppose we wish to integrate a
function f over {x,, x,.,,], where x, = x, + nh, and the only known values of
S are f(x;), 0<i<n. This type of problem arises in the numerical solution
of ordinary differential equations (see Chapter 13) and it is convenient to
use the backward difference form of the interpolating polynomial,
constructed at x = x,, X,_y, ..., X,_n, Where m<n. From (4.13) and (4.36),
we have for any s>0

f(xn+sh>=Z(—l)’(j)vf,.+(—1)“”h"'*‘( N )f""”’(fs)- (7.20)

i m+ 1

In (7.20), &, € (x,_, x,+sh) and f"*V is assumed continuous on this
interval. We now integrate (7.20) over the interval x,< x< x,,,. Because of
the change of variable x = x, + sh, we must replace dx by hds to give

x 2 o 1
nel - _ jV/ -5
[ fo ax DAY fnjo(j)ds

m+1

i
+ (=17 pm? jo ( -5 )f‘"” YEyds.  (721)
Again, Theorem 2.13 is applicable and we obtain

e = h Y bV T f7E, (122

j=0

where £, € (x,_,,, X,.,) and

b= -1y [ (‘js) ds.

It is sometimes appropriate to make use of f(x,,,) also and construct the
interpolating polynomial at x = x,,,, x,, ..., X,_,. We have

m+1

f(xn+1 + Sh) = Z (_1)/(—].5‘) Vj o+ (_1)m+2hm+2(m—.:'2)f(m+2)(§;),

j=0
(7.23)

which is just (7.20) with n and m increased by 1. In this case, x,<x<x
corresponds to —1 < s<0. We apply Theorem 2.12 and obtain

n+t

m+1

K"”f()c) dx=h ) ¢, VS, +h" e, f T ED, (1.24)

j=0

where £, € (x,_,,, X,.,) and the ¢; (see (7.9)) are the same numbers as occur
in Gregory’s formula.
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7.2 Romberg integration

We have already seen in (7.18) how Simpson’s rule can be expressed as a
linear combination of the midpoint and trapezoidal rules. By comparing
T(h) and T (} h) we can similarly discover the relation

SGh)y=@TGh) - T(h))/3. (7.25)

We can develop this further by using the Euler—Maclaurin formula: if all the
derivatives of f exist,

| ") de— T(h) = KE, + h*E, + hEg + -+, (7.26)

where

Ey = ——2 (£ (p) - £ (a))
@2n!

and the coefficients B,, are the Bernoulli numbers, defined by

'x iB,x'/r! .
-0

e’ -1 -

See Ralston and Rabinowitz (1978) for the derivation of (7.26). (Note the
similarity between (7.26) and Gregory’s formula (7.8). The first correction
term in the latter yields the trapezoidal rule and the remaining terms consist
of finite differences in place of the derivatives in (7.26).)

We note that in (7.26) A must be of the form (b— a)/N, where N is a
positive integer. If we replace h by 4/2 in (7.26), thus doubling the number
of sub-intervals, we obtain

b h\? h\ h\
Lf(x)dx—T(h/2)= oY L by L Y LR e

We now eliminate the term in h* between (7.26) and (7.27), that is, we
multiply (7.27) by 4, subtract (7.26) and divide by 3 to give

[b F) de—TO() = KEL + KED + ... (7.28)
where
4T(hj2)~T(h
TOM) = _l_)_____(_) (7.29)
3
and E{", ES", ... are multiples of E,, E, .... The important point is that

T (h) gives, at least for sufficiently small values of &, an approximation
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to the integral which is more accurate than either T(h) or T(h/2). (Of
course, we have already seen that T"’(h) = S(3 h).) Also note that we do
not need to know the values of the coefficients E,, in (7.26) in order to
obtain (7.29).

This process of eliminating the leading power of 4 in the error term is an
example of extrapolation to the limit, also known as Richardson extrapola-
tion. We can take this process a stage further, eliminating the term in h*
between T (h) and TV (h/2) to give

jbf(x) dx -~ TP = K’EQ + h°EQ + -+,

where
@ 16T (h/2) - T (h)
T = s . (7.30)
The numbers E?, EQ,... are multiples of E{’,E{’,... and are thus
multiples of E, Ej, ... . More generally, we find that
b : - :
[ £ ar=TO0) = BB+ (7.31)
where
v 4T DRy -1* "
T®h) = */2) 0N (7.32)

4 -1
Note that, in order to compute T®(h), we first need to compute the
trapezoidal approximations T(h), T(h/2), T(h/4), ..., T(h/2"). This
particular application of repeated extrapolation is known as Romberg

integration, named after W. Romberg who discussed the method in a paper
published in 1955.

Table 7.2 The Romberg table

T(h) T (h) T®(h) T (k)
T(h/2) TO(h/2) T(h/2)

T(h/4) T (h/%

T(h/8)

It may be helpful to set out the extrapolated values as in Table 7.2, where
we illustrate the case k = 3. In the Romberg table let R(i, 0) denote T (h/2°)
and, for j=1,2,..., let R(i,j) denote TY’(h/2). The R(i,j) may be
computed by the following algorithm.
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Algorithm 7.1 This approximates to the integral of f over [a, b] and
begins with &= (b—a)/N and h,= h/2*, for some positive integers N and
k, and the values of fat x=a+ ih, forO<i<N.2*

fori:=0tok A
R(i,0):=T(h/2%
next i

forj:= 1tok
p:=1/(1-47)
fori:=0tok—j
R(,j)=pR(i+1,j-D+ 1 -p)R(3,j-1)
next i
next j [

Example 7.3 Table 7.3 gives the results of applying Algorithm 7.1 to the

integral
L
0 1+x

with N=1 and k=3. For comparison, the result to six decimal places is
0.693147. Simpson’s rule with eight sub-intervals gives 0.693155, as in the
second column of the table, which is consistent with (7.25). Thus Romberg
integration has estimated the integral with an error not greater than
1.5 x 107%, using only nine function evaluations. From the error term of
(7.7), we can estimate how many evaluations are required to achieve such
accuracy, using the trapezoidal rule. Since in this case i<f"(x)<2, for
O0<x=<1, we see that over 140 evaluations are needed. O

In the above example, the final number in the Romberg table (0.693148)
is about 1000 times as accurate as the most accurate trapezoidal approxima-
tion in the first column of the table. However, it is important to remember
that the justification of Romberg’s method lies in the existence of the error
series (7.26), which depends on the existence of the appropriate derivatives
of the integrand f. If one of the derivatives of f does not exist at some
point in the range of integration, the results of applying the formula can be
misleading, as the next example illustrates.

Table 7.3 Results of applying Algorithm 7.1 with N=1 and k=3 to
fo (1 +x)™" dx (Example 7.3)

0.750000 0.694444 0.693175 0.693148
0.708333 0.693254 0.693148
0.697024 0.693155

0.694122
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Table 7.4 Erroneous Romberg table for [5* x'/* dx

035777
0.45657
0.43187 0.47066
0.46978 0.47484
0.46030 0.47477
0.47446
0.47092 047623
0.47612
0.47482

Example 7.4 We try repeated extrapolation to the limit for the integral
0.8
J x"? dx.
0

The integrand is not differentiable at x =0. Table 7.4 shows results taking
h=0.8/2", for 0<n<4. The two boxed entries are quite inaccurate, as the
result should be 0.47703 to five decimal places. g

In looking at a table of extrapolated results, we should look for signs of
convergence as we progress down each column. Looking at just the last
entries of the columns is misleading, as we found in Example 7.4.

7.3 Gaussian integration

We now consider quadrature formulas of the form
b n
[ reac =Y wsw), (7.33)
i=0

where the points are not necessarily equally spaced, as hitherto in this
chapter. We again replace f by p,, the interpolating polynomial constructed
at x = x, ..., x,. We write p, in the Lagrange form (4.6),

Pa(x) = Lo(x) f(xo) + ++- + L(x) f(x,)
and integrate p, over [a, b] to give the right side of (7.33). We thus obtain
the weights,
wi=[ Lydr,  O<isn. (7.34)

An explicit expression for L,(x) is given in (4.10). If we take the x; as
equally spaced on [a,b], we have an alternative derivation of the
Newton—Cotes rules discussed in § 7.1. We now study the error of the
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quadrature rule (7.33) for arbitrarily spaced x, € [a, b]. Integrating the error
of the interpolating polynomial (4.13), we obtain

b (n+D
[ty an (135

a

* e de= 3 wiftx) =

i=0 (n+ D!
where f"*" is assumed to exist on [a, ] and
Tpe(X) = (x—xp) -+ (x = x,,). (7.36)

Thus the integration rule is exact if f€ P,, since then f*"*"(x)=0 and the
right side of (7.35) is zero.

We can regard (7.33) in another way. First we note that if the rule (7.33)
is exact for functions f and g, it is also exact for any function of + g,
where a and f are arbitrary real numbers. For

b b b
|| @+ Beydx=af foydr+f [ g de

= > wilafx) + Bg(x)).

i=0

Hence, the rule (7.33) is exact for f€ P, if, and only if, it is exact for the
monomials f(x)=1, x,...,x" If (7.33) is to be exact for f(x)=x’, we
require

[(xax= S wix. (7.37)
i=0

The left side of (7.37) is known. This suggests that, by taking j=0,1, ...,
2n+ 1, we set up 2n + 2 equations to solve for the 2n + 2 unknowns w; and
x;, i=0,1,..., n. If these equations have a solution, the resulting integration
rule will be exact for f€ P,,,,. We will not pursue the direct solution of
these equations, although this is not as difficult as might at first appear (see
Davis and Rabinowitz, 1984).

Instead, we return to (7.35). It is convenient to use the divided difference
form of the error f— p,, as in (4.40),

f(x) = po(x) = 7, (X)fLx, X0, ..., X, ]
Thus we have
b

[P70 =Y wif ) = [ Hueif 30y o w1 A (1.38)
i=0

We now prove the following result.
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Lemma 7.1 If flx,x,, ..., x,] is a polynomial (in x) of degree m>0, then
flx, xg, -.-» X1 1 18 a polynomial of degree m — 1.

Proof From (4.30),

f[x, Xgy ooy Xps 1] - f[xo» ey Xg 1] —f[x’ X0y -es xk] ) (739)

Xik+1— X

Now x- x,,, is a factor of the numerator on the right of (7.39), since
f[xO, saey xk+1] —f[xk+‘, XO, cesy x‘] = 0.

This follows from the fact that the order of the arguments in a divided
difference is irrelevant, which is apparent from the symmetric form of
divided differences, (4.26). Since the numerator on the right of (7.39) is a
polynomial of degree m and x—x,,, is a factor, it follows that
Sflx, xq, ..., x,,,] is a polynomial of degree m— 1. O

Returning to (7.38), if f€P,,,,, an induction argument using Lemma
7.1 shows that f[x, x,, ..., x,] € P,. Suppose that {p,, p,, ..., P..,] is a set of
orthogonal polynomials on [a, b], that is,

b =0, rts
[ .0 dx LQ res

and p,€P,, r=0,1,..., n+ 1. For some set of real numbers o, o, ..., &

Jlx, xp0 oo x,] = 0P () + ap (X)) + -+ + a,p,(x)

(see Problem 5.23) and, from the orthogonality relation, the right side of
(7.38) will be zero if =, ,(x) = ap,,,(x) for some real number a+0.

On [-1,1], these orthogonal polynomials p, are the Legendre poly-
nomials (see Example 5.8). Thus, if the x; are chosen as the zeros of the
Legendre polynomial of degree n+ 1 and the weights w, are determined
from (7.34) with [-1, 1] for [a, b], the integration rule

[ fords = Y wosx) (7.40
i=0

is exact for f€ P,,,,. These are called Gaussian integration rules, after
K. F. Gauss.

The first few Legendre polynomials (see Example 5.8) are 1, x,
(3x*-1)/2, (5x*>-3x)/2. With n=0 in (7.40) we have a rule with one
point, x = 0. This gives

. £ ax = 20) (7.41)
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which is exact for f € P,. This is the midpoint rule, which we derived earlier
as (7.15). With n=1, the points are the zeros of (3x?-1)/2, which are
x==+1/v/3. The weights w, and w, are easily found from the requirement
that (7.40), with n =1, must integrate the monomials 1 and x exactly. Thus
we obtain the Gaussian rule

[ £ dx = f-1M3) + FAI3), (7.42)

which is exact for f€ P, and so is comparable with Simpson’s rule. With
n=2, the points are the zeros of (5x3-3x)/2, which are x=0, +v3. Since
the rule (7.40) with n =2 has to integrate 1, x and x* exactly, we have:

2 = WO + W‘ + W2

0= -vViw,+ Viw,
$=3w, + iw,

The integration rule is therefore

[ 700 dx = (5f(~2)+870) + 5/ )19, (7.43)

which is exact for f€ P,

Gaussian rules are also used in composite forms, similar to the trapezo-
idal, midpoint and Simpson rules. It can be shown that if f@"*? is
continuous on [—1, 1], the error of the (n+ 1)-point Gaussian rule (7.40) is
of the form d,,, f*"*?(&), where £€ (-1, 1) and

22n+1(n!)4
" @en+ DR’

which decreases rapidly as n increases. To apply a Gaussian rule to the integral

L‘”" g0 dr, (7.45)

(7.44)

we make the change of variable t=a+3h(x+ 1), which maps a<t<a+h
onto —1<x=<1. We have

g =gla+ih(x+1))=f(x),
say, and on differentiating k times, we have

a* n\ a*
— f)={—} — &O®.
dx* 2] ar*
Thus, the error in using the Gaussian (n + 1)-point rule to estimate (7.45) is

h 2n+2 ,
(E) dy, 892, (7.46)
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where 7 € (a, a + h). The high power of /2 in (7.46) makes the error very
small for small values of A.

Example 7.5 To illustrate the accuracy of Gaussian rules, we apply the 3-
point rule to

1 dx
Jo 1+x

to give the result 0.693122. The same rule applied in composite form on
[0,3] and [3, 1], that is with six function evaluations, gives 0.693146. The
last error is not greater than 1.5 x 1075, since the correct result is log 2 =
0.693147 to six decimal places. The accuracy is thus comparable with that
achieved by Romberg integration, with nine function evaluations, in

Example 7.3. 0
There also exist quadrature formulas of the form
b n
| oft) dr =Y wis, (7.47)
i=0

where w is some fixed weight function. Weights w; and points x; can be
found so that (7.47) is exact for all f€ P,,,,. A similar argument to that
used for the derivation of the classical Gaussian rules shows that the x, in
(7.47) must be chosen as the zeros of the polynomial of degree n+1
belonging to the sequence of polynomials which are orthogonal on [a, b)
with respect to the weight function w. The resulting formulas (7.47) are
all referred to as Gaussian rules. In particular, if [a, b] is taken as
[-1,1] and w(x)=(1-x%""2 the orthogonal polynomials are the
Chebyshev polynomials. (The resulting formulas are also called the
Chebyshev quadrature rules.) In this case, the interpolating polynomial
is

PA®) = 3 L)),
i=0
where the x; are the zeros of T,,, and (see Problem 7.14) we may write
Tn+ I(X)
(e = x)T pia(x3)
Thus from (7.47) the weights are given by

Lix)=

-[ =T

= (7.48)
= x)Tha(x)

i
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We now use the formula

LT T, 0) = T T ) = k=) D TOIT,(),  (7.49)

r=0

which is derived in Problem 7.15. (This is a special case of the Christoffel-
Darboux formula, which holds for any set of orthogonal polynomials. See
Davis (1976). Putting y=x; in (7.49) we have T,,,(y)=0 and we divide
both sides of (7.49) by %(x - x)T,(x)T, ., (x)) to give for (7.48)

Z T.(x) [1 (1= T (x) dx.
T (X,)T +I(xl) r=0 !

From the orthogonality of T,=1 and T,, r+0, only the first term of the
summation is non-zero, so that

LA

T hx)
Putting x=cos 6, since T,,,(x) =cos(n + 1)6 we obtain
T,(x)T,, (x)=(n+1)sin(n+ 1)@ cos nB/sin 6. (7.51)

We now write x; =cos 6, and use the identity

(7.50)

cos n@=cos((n+1)8—-60)=cos(n+1)8 cos 8+sin(n+ 1)0 sin 6.
Since cos(n + 1)8,=0, we have
cos nf;=sin(n+ 1)8, sin 6,
and, from (7.51),
T,(x)T., (x)=(n+ sin*(n+ 1)6,
=+ 11 -cos’(n+1)8)=n+1.
Thus from (7.50) we have
w,=n/(n+1)

and therefore, for the Chebyshev rules, all the weights are equal.
Note that the Gaussian rules with weight functions may be used to
integrate [% g(x) dx by writing

g(x)= oM/ w(x)]

and applying the rule (7.47) to the function f(x) = g()/w(x).

An obvious disadvantage of Gaussian rules is that their weights and
points are a little awkward to handle: we need to compute them with
appropriate accuracy and store them in the computer. Romberg integration,
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whose weights and points are very simple, is used more often than Gaussian
rules.

7.4 Indefinite integrals
Suppose we wish to evaluate the indefinite integral
FG) = [ fuy ar (1.52)

for a<x<b, rather than the definite integral (7.1). We can choose an
appropriate step size h and approximate to the right side of (7.52) for
x=a+h, a+2h,... in turn. Each integral can be estimated by some
quadrature rule, for example the trapezoidal rule. Intermediate values of
F(x) can be estimated by using interpolation.

Another method is to replace f by some approximating polynomial p and
approximate to F by integrating p. If | f(x) - p(x) | <efor asx<b, then

F(x) - j:p(t) dtl < j edx < (b—ak

for as<x<b. Taking [a, b] as [—1, 1], a suitable choice of p (see § 5.7) is
the modified Chebyshev series

> o, T,0), (1.53)
r=0
where
2 N
== T 7.54
NZO x)T,(x)) (7.54)

and x;=cos(nj/N), with N>n. To integrate (7.53) we need to integrate
T,(x), whose indefinite integral is clearly a polynomial of degree r+ 1 and
is thus expressible as a sum of multiples of T,, T, ..., T,,,. In fact, we find
that the indefinite integral is quite simple for, putting ¢ = cos 8, we have

| T, dt = -] cos r6 sin 6 d6

% | Isin(r - 1) - sin(r + 1)6] d6

cos(r+1)0 cos(r-1)6
- +C
2 r+1 r-1

if r+1, C being an arbitrary constant. Choosing C in agreement with the



Numerical integration and differentiation 179

condition that 7,(—-1) = (-1)", we deduce that

T, T,.l(x))+ 1

r+l -1 r-1’

x 1
[  Twa-= E( (7.55)

where r> 1. We also find that
[ T®de=1Ty -1
[ T dt=T,(x)+ 1.

Integrating (7.53) we have

n+1

[} (Zﬂ o, T,<r)) dr= ZO BT, (),

where, from (7.55) and the relations following it, we find that
1 .
ﬁjz—_:(aj-l—aj+l)’ 1$]Sfl—1, (756)
2j
and

Bo=gog=ion+ ) (<1 o /(- ).

r=2

If we define a,,, = a,,,=0, (7.56) holds for j= nand n+ 1.

7.5 improper integrals

Hitherto we have restricted our attention to so-called proper integrals, whose
range of integration is finite and whose integrands are bounded. We now
consider the following two problems.

(i) Estimate [5 f(x) dx, where f has a singularity at x = b, but is defined on
any interval {a, b— €], where 0 < £ < b — a. We suppose that

b-¢
lim I fx) dx
e->0 Ja

exists, write % f(x) dx to denote this limit and say that the integral
converges. An example of this type of integral is [ (1 - x) /2 dx.
(if) Estimate [; f(x) dx, where f is defined on any finite interval [a, b] and

lim L” Fx) dx

b—ooo
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exists. We write |7 f(x) dx to denote the value of this limit and say that
the integral converges. As an example, we have |7 x -2 dx which, like
our previous example, can be evaluated without recourse to numerical
methods.

A technique which is sometimes useful in both cases (i) and (ii) (and also
for proper integrals) is to make a suitable change of variable. Thus the
substitution £= (1 — x)"/? changes the improper integral (case (i) above)
[4 (1= x)™* sin x dx into the proper integral 2 [; sin(1 - ¢*) d¢, which may
be estimated by using a standard quadrature rule.

Another useful technique is that of ‘subtracting out’ the singularity.
Consider the improper integral

1
I=on“’cosxdx, 0<p<l,

with a singularity at x = 0. We can approximate to cos x by the first term of
its Taylor series about x =0, to give
1 1
I=[ x7dr+ | ¥Pcosx-1)ax

The first integral has the value (1 — p)~'. A numerical method may be used
for the second integral, whose integrand has no singularity, since cos x — 1
behaves like — §x? at x =0. However, x “?(cos x — 1) behaves like —$x*77,
whose second and higher derivatives are singular at x=0. We therefore
could not guarantee that numerical integration would give very accurate
results and could subtract out a little more. For example, we have

1
1= x7pyx) dx+ L: x7(cos x — pa()) dx, (1.57)
where
x2 x4
- X
Pd3) 21 a4l

At x =0, the second integrand in (7.57) is zero and its first five derivatives
exist on [0, 1]. We could therefore safely use Simpson’s rule (whose error
term involves the fourth derivative) to estimate the second integral. The first
integral in (7.57) may be evaluated explicitly.

Infinite integrals can be estimated by truncating the interval at a suitable
point. We replace [7 f(x) dx by [% f(x) dx, where b is chosen large enough
to give a sufficiently good approximation. We then use a quadrature rule to
estimate the latter integral. For example,

dx

s 2
I“"Slﬂx

<J e¥dr=e?
b 1+e* b
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and e ?<3x107® for b>15. Thus we can estimate [j sin’x/(1 +e*) dx
correct to six decimal places by calculating a sufficiently accurate approxi-
mation to the integral over the range [0, 15].

It is sometimes convenient to use Gaussian rules to estimate improper
integrals. Thus to evaluate jba w(x)f(x) dx, where f is ‘well-behaved’ on
[a, b], but w(x)=0 has a singularity, we could use a Gaussian rule based on
the polynomials which are orthogonal with respect to @ on [a, b]. The
obvious disadvantage is the need to compute the required points and
weights. For infinite integrals we have Gaussian rules of the form

[ oefey ax = wifix) (7.58)
i=0
and
[~ owfey ax = wifix) (7.59)
i=0

which are exact for f€ P,,,,. The choice of w(x)=exp(—x) in (7.58) gives
the Gauss-Laguerre rules. With w(x)=exp(—x?) in (7.59), we obtain the
Gauss—Hermite rules. The names of Laguerre and Hermite are given to the
respective sets of orthogonal polynomials associated with these formulas. For
further information on these two formulas, see Davis and Rabinowitz (1984).

7.6 Multiple integrals

It is obvious that we cannot easily give a comprehensive treatment of
numerical integration over domains of more than one dimension. For in one
dimension we have essentially only one domain of integration, the finite
interval [a, b], with the possibility that we may need to take a limit as
a—> —oo or as b— 0. Yet in two or more dimensions the number of possible
domains is infinite. Here we shall discuss only two-dimensional integrals
over a rectangular region. By means of a linear change of variable, the
rectangle may be transformed into a square. Now, using any one-
dimensional quadrature rule, we can write

Lb (Lbf(x, y) dX) dy = L” (i w, f(x;, y)) dy

i=0
N

>owi | f ) dy

i=0

Z Wi( z w; f(x;, }’j)),
i=0

j=0

I
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where, in fact, x;= y,. The numbers x; and w; are the points and weights of
the one-dimensional quadrature rule. Thus we have the two-dimensional
rule

N
Lb Lb fe,yydedy = Y wwf(x,y). (7.60)

ij=0

This is called a product integration rule. It generalizes obviously to higher
dimensional multiple integrals over rectangular regions. For a product
composite Simpson rule in two dimensions with, say, four sub-intervals in
each direction, the pattern of relative weights 1, 4, 2, 4, 1 is ‘multiplied’
to give the array in Table 7.5. The sum of the numbers in the table is
(1+4+2+4+1)’=144. Since the rule has to integrate the function
f(x,y)=1 exactly over the region with area (b— a)?, each number in the
table must be multiplied by (b — a)?/144 to give the appropriate weight w,w,
for (7.60).

It is easy to derive error estimates for product rules, given an error
estimate for the one-dimensional rule on which the product formula is based.
We will obtain an error bound for (7.60) based on Simpson’s rule, with step-
size h. Let R denote the square a<x< b, a<y<b and write

b N h4
[ f@n =S om o n = -0 — fu&). (6D
i=0
using (7.12). We have written f,, for 0*f/dx*, assumed continuous on R.
Then

Lb (Lbf x5 d") dy =2 w, Lbf(x,-, y)dy +E, (7.62)
i=0
where
E=-(b-a) : Ibf‘u(f . y) dy.
180 Y« ’

Table 7.5 Relative weights of a product Simpson rule

LadiR N SR
=]
Noo BN
o
— N B
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Replacing [% f(x;, y) dy, for each i, by Simpson’s rule with error term, we
obtain the total error in the product rule,

Bt &
~(b-a) - > wifux,m) +E, (7.63)
i=0

assuming that 9°f/dy* is continuous on R. If the moduli of f,, and f,, are
bounded by M, and M, respectively, we deduce from (7.63) that the
modulus of the error of the product rule is not greater than

4

b-af —— M, + M), (7.64)
180

7.7 Numerical differentiation

We will consider methods for approximating to f', given the values of f(x)
at certain points. If p is some polynomial approximation to f, we might use
p' as an approximation to f'. However, we need to be careful: the maximum
modulus of f'{x) - p’(x) on a given interval [a, b] can be much larger than
the maximum modulus of f(x) — p(x), as the following example shows.

Example 7.6 Suppose that f(x) - p(x)= 1072T,(x). Putting x=cos @ and
recalling that T,(x) = cos n6 we obtain

, sin n@ ,{ sin n@ 0
T, x)=n =n .

sin @ nt sin 8
Since (see § 2.2)
sin @

lim =1,
-0 [0

we find that T'(1) = n’. It can be shown that this is the maximum modulus
of T\ on[-1,1]. If n=10, say, the maximum modulus of f- pis 1072 on

[-1, 1], whereas that of f' — p' is unity. a
As an approximation to f, we now take the polynomial p, which
interpolates f at distinct points xg, ..., x,. The error formula (4.13) is
£ ED

f&) = pa(x) = 7, (%) (7.65)

(n+ 1!
where
T ()= (X =Xp) o+ (X = X,). (7.66)
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This is valid (see Theorem 4.2) if £**" exists on some interval [a, b] which
contains X, X, ..., X,. The number &, (depending on x) belongs to (a, b).
Differentiating (7.65) we obtain
) | An® d
(n+ 1! (n+ 1)} dx
In general, we can say nothing further about the second term on the right of
(7.67). We cannot perform the differentiation with respect to x of f"*Y(&),
since &, is an unknown function of x. Thus, for general values of x, (7.67) is
useless for determining the accuracy with which p/, approximates to f'. However,

if we restrict x to one of the values x, ..., x,, then 7 _,,(x) = 0 and the unknown
second term on the right of (7.67) becomes zero. Putting x = x,, say, we have

FoE)
(n+ 1)

FOEN. (.67

[0 = pox) = 7, 4(x)

f'x) = pux) =7, \(x,) (7.68)

where we have written £, for the value of &, when x=x,. For equally
spaced x,, we write p, in the forward difference form (4.33):

PA3) = Polo + sh) = fo + (j )Afo + (;)Azfo ok (;)A"fo. (7.69)
From x = x, + sh, we have dx/ds = h and therefore
W= sty = - Ly sh)
PodX) = — — p(xo+ sh) = — — p,(x, + sh).
dr ds 0 hods TP

Thus

’ 1 1 2 d Ry n
P = Af0+5(2s—1)Af0+-»-+d— S|.A%l 70

\Y

To calculate &', ,{x,), we write
i) = k- x) [JGx-x) (7.71)
Jj*r

and obtain 7', by differentiating the product on the right of (7.71). We
have

, d d
Ty (x) = (Ex' (x—x»)ﬂ(x—x,) +=x) —[]@-x)

jrr jxr
On putting x = x,, the second term becomes zero and we obtain
Tor@) = [ [ @ =x) = (D" Brin - 1, (7.72)

j*r
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since x, — x;= (r — j)h. We therefore now write (7.68) as

(n-—r)! .
fx)-pix,) = (—1)""h"r("(1—n+1—;%-f(" DE)D. (1.73)

We now give some differentiation rules obtained from (7.70), with error
estimates provided by (7.73), for different values of n and r.
Putting n =1 in (7.70), we obtain

1 -
p\x) = ; Afy = fl—hj:‘(')'
and with r =0 in (7.73) we have
7o = 2280 - s by, (7.74)

where &,€ (x,, x,). If we use (f, - f,)/h as an approximation to f'(x,),
(7.74) provides an estimate for the error.

We now choose n=2 in (7.70) and choose r=1, since we are then
obtaining the derivative at x,, which is the centre of the interpolating points
X, X, and x,. If x=x, then s=1 and (7.70) becomes

fito

, 1
pix) = —[8fo+ LAy) = >

(1.75)

This is an approximation to f'{(x,) with an error (from (7.73) with n=2,
r=1)

floe) - %‘1 = ~1RfOE). (1.76)

Both differentiation rules obtained above,

f'(x) ~ &*‘_’%ﬁ (7.77)

and

i) = far h)z_hf bx=h) (7.78)

are in common use. The former is the more obvious rule, since f'(x) is
defined as the limit of the right side of (7.77), as h—0. However, the
midpoint rule (7.78), which uses symmetrically placed interpolating points,
is usually preferred because the error (7.76) is of order h*. For some
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applications, it is convenient to use the approximation

_ f@-fx=h
h

(see Problem 7.27). Note that all three differentiation rules have a simple
geometrical interpretation: the right sides of (7.77), (7.78) and (7.79) are
the gradients of the chords BC, AC and AB in Fig. 7.4.

Higher derivatives of f are approximated by higher derivatives of the
interpolating polynomial p,. If we differentiate (7.65) k times (k> 1), we
again face the insoluble problem of finding derivatives of f"*Y(& ) with
respect to x. If k>1 we cannot even estimate f*(x) — p{¥(x) at tabulated
points x=ux,. At the end of this section we describe another way of
estimating this error. Meanwhile, we write

) (7.79)

vy 1 @
Pax) = FERPE PalXo + sh)

and obtain from (7.70)

” 1 2 d2 S 3 d2 Y n
pn(x)=F Afwa; 3 Af0+...+gz_ ; A"f,), (7.80)

where x = x;, + sh. To obtain a non-zero value for p’, (x), we must take n=2.
Putting n =2 in (7.80), we find that

n l
p2(x) = ‘}‘13 Azfo,

which is a constant. We take this as an approximation to f" (x) at x= x,, the
central interpolating point, since we find that at this point the error is of

y{\ c y=f@)

| ]l |
x—h x x+h

L
>
X

Fig. 7.4 Compare the gradients of the chords BC, AC and AB with f'(x), the gradient of
the tangent to y = f(x) at B.
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largest order in A. Thus

£l = f—ifz——’i (7.81)

This is the usual approximation to the second derivative. More generally, for
any k< n, we obtain

(k) 1 dk S k dk Ry n
p,,(x)=;; Es—‘ kAf0+---+~C-l—I n Afo (782)

S

If we choose n=/k (for k fixed), there is only one term on the right of
(7.82). Since

k k

d d .
— s(s=1) e (s—k+ D] = — [s"] = k!,
dSA dsl\

we obtain from (7.82) the approximation (cf. (4.43))

k
P = Ah—{". (7.83)

We normally use (7.83) to approximate to f*(x) for x lying at the centre of
the interval [x,, x,]. If k=2m, we use the approximation

2m
£ ~ 22 (789

If k=2m -1, the interval [x,, x,,,_,] has no central tabulated point. In this
case, generalizing the procedure adapted for estimating the first derivative,
we use (7.82) with n=k + 1 =2m. We find that

7O V) = e 7 4 LA, (7.85)

(See Problem 7.28 for the details.) Since
A2mf0 = A(A2m—1f0) = A’Zm-lfl _ A2m—lf0,
we obtain

A" fo+ A

pyer (7.86)

o) =
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which generalizes the result for f' (m = 1) given by (7.78). From (7.86) and
(7.84), we obtain the following approximations for the third and fourth
derivatives:

1
fm(xz) = Eh—i (fa=2f5+2f1 = fo)s

1
f(A)(xz) = 713 (fa—4f5+6f, — 4f, + fo)-

Obviously we can derive other differentiation rules by retaining more terms
of (7.82), that is, choosing a larger value of n for a given value of k. See,
for example, Problem 7.29.

We can find error estimates for all the above rules by the use of Taylor
series. As an example, we find an error estimate for the rule (7.81) for
approximating to f"(x,). We assume that f is continuous on [x,, x,].
Writing x, = x, — A and x, = x, + h, we have

2

fGo) = fi— hf' + h—f"—£f‘”+ h—4f‘“)(§) (7.87)
O TR TRST o '
2

f(X)=f+hf'+—h—f"+11—3f‘”+£f“’(§) (7.88)
PO Iy I T g 2 '

where &, € (x,, x,) and &, € (x,, x,). By Theorem 2.3, there exists a number
& € (xg, x,) such that

FOED) + fP(8) =2fP(8).
Adding (7.87) and (7.88), we find that
fot fa=2fi+ B°f + 1 h*f D).
This gives, as an error estimate for (7.81),
fo=2fi+fe K

e Tz—f“’(a, (1.89)

fll(x]) -

where & € (xg, x,).

7.8 Effect of errors

All numerical differentiation formulas are sensitive to rounding errors in the
function values f;. To illustrate this, we consider the relation for f' in (7.76),

fix) = +Ey, (7.90)
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where
Er=—-sh’f9(&) (7.91)

denotes the truncation error. Usually we do not have the exact values f, and
f,, but have approximations f E,k and f5. If

lfi-fF <3107, i=0,2, (7.92)
then
) =(f3 = £3)[2h+ Eg + Er, (1.93)
where
_fofo _ fi-Ss
2h 2h

denotes the rounding error. From (7.92) we obtain

Eg

1 * * 1 -k
Eol<—(fo—frl+lfofX) < — 107 7.94
|Ex| 2h(lfo fol+1fa=r2h o (7.94)
If | f@(x) | <M, for x € [x,, x,], we deduce from (7.93), (7.91) and (7.94)

that the total error in evaluating f’, due to truncation and rounding, is not
greater than

1 1,
|ER|+lET|sZI-IO +ghM3.
We write
E(h) = 1 107+ ihZM3. (7.95)
2h 6

As h decreases, the first term on the right of (7.95) increases and the second
term decreases. To find a value of h which minimizes E(h), we calculate

, 1 & 1
E(h)=——2 107 + — hM ;.
2h 3

We see that E' (h) =0 if h*=3.10"*/(2M,). Thus E(h) is a minimum when

3 1/3
" =(2M 10") o 729
3

say. Substituting s = h;, into (7.95) we find that

Eh,,) = 3 mM‘” (1.97)
T o \ax10t '
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For example, if the data is accurate to six decimal places and M; is
approximately unity, we expect from (7.97) that the differentiation rule will
be accurate to about four decimal places.

Differentiation rules based on higher order interpolation are even more
sensitive to rounding errors. If a formula is of the form

'—Zaf"

i=0

the maximum error due to rounding is X|a;]107%/(2h) and X]a;]
becomes large as we increase the order of the interpolation. For example,
the rule in Problem 7.29 has a truncation error O(h*) and the maximum
error due to rounding is 3 x 10 ~*/(4h), which is larger than (7.94).

Example 7.7 To illustrate the effect of different choices of A on the
accuracy of the differentiation rule (7.90), we list the moduli of the errors
of approximating to the derivative of e* at x =1, assuming that values of e*
correct to four decimal places are used. In this case, k=4, M, is approxi-
mately e and, from (7.96), h,,;,=0.04. The results in Table 7.6 support this
choice of h. 0O

Table 7.6 Accuracy of approximations to the derivative of e* at x=1, using (7.90) with
different choices of A

h 0.002 0.004 0.01 0.02 0.04 0.1 0.2 0.4

Modulus  0.0183 0.0067 0.0017 0.0008 0.0005 0.0047 0.0182 0.0731
of error

Extrapolation techniques can be applied to differentiation rules, although
caution is needed since differentiation rules are highly sensitive to rounding
error. Extrapolation will only reduce the truncation error and the over-all
error will continue to be limited by the size of the rounding error. For
example, by extending the Taylor expansions in (7.87) and (7.88) we see
that the truncation error in (7.90),

Sfomfo fo

Er=fx)- "

can be written as a series in powers of A?, provided the relevant derivatives
of f exist, and so we can apply repeated extrapolation exactly as in
Romberg’s method (see § 7.2).

Example 7.8 The numbers in the first column of Table 7.7 are the results
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Table 7.7 Extrapolation to the limit

(Example 7.8)

3.0176
2.7160

2.7914 2.7183
2.7182

2.7365

of applying the differentiation rule (f, - f,)/2h for e* at x=1 with h=0.8,
0.4 and 0.2, where f; and f, are given to four decimal places. The remaining
numbers of Table 7.7 are the result of repeated extrapolation. Given the
expected effects of rounding, the last number 2.7183 is fortuitously accurate
to four decimal places. a

Probiems

Section 7.1

7.1 Verify that Simpson’s rule is exact for all f€ P, by verifying it holds
exactly for f(x)=1, x, x* and x°. (Hint: apply the rule to the interval

[-1,1])
7.2 Derive an integration rule

I:f(x)dx = h(agfo+a,fi+a,fr+a;f3)

which is exact for f € P,. (Hint: set the midpoint x, + 3A/2 to zero, put h=2
and make the rule exact for f(x)=1, x, x*and x?.)

7.3 Obtain the open Newton—Cotes formula of the form
[ 7 ax = hoif, + a1,

7.4 Show that the integration rule
2

X h o ,
[l 700 € = = (0 + ey = — (e =)

is exact for f€ P,.
7.5 Deduce from the result of Problem 7.4 that

*n h2 ' ’
[ 760 & = Ty = — () =F o),
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where T (h) denotes the result of applying the composite trapezoidal rule, is
exact for f€ P,. (This is called the trapezoidal rule with end correction and
is obtained by truncating the right side of the Euler—Maclaurin formula
(7.26) after one correction term.)

7.6 Verify that the special case of Gregory’s formula given by (7.10)
is exact for all f€ P, (Hint: put x,=0, h=1 and use the identities
IV r=iNIN+ 12X, PP=IN(N+ DN+ 1), ZY., P =N (N+ D)%)

7.7 Verify (7.18), that 2M (k) + T (h))/3 = SG h).

7.8 Consider the quadrature formula
b n
[[ 10 = wrw),
i=0

where each w;>0 and the rule is exact for the function f(x)=1. If the f(x,)
are in error by at most 5 10~*, show that the error in the quadrature formula
due to this is not greater than (b - a)107%

7.9 Derive the error of the mid-point rule by following the method used in
the text for obtaining the error of Simpson’s rule. (Hint: write
f(x)=f(0)+ x f[0, x] and integrate over the interval [-hA,4], replacing x
by $d/dx(x%~ h?).)

Section 7.2

7.10 Verify that one step of Romberg integration, that is the elimination of
the A? error term between T(h) and T ( h), is equivalent to the composite
Simpson’s rule.

7.11 Write a program to implement Romberg integration and test it on
1
[[a+eyax

7.12 Assuming that f is sufficiently differentiable, use Taylor series to
show that the ‘half-way’ interpolation formula

fCxo) =3 (flxo+3h) + f(xo =3 h)) = H(xo; h)

has an error of a type which makes extrapolation to the limit valid.

Section 7.3

7.13 Verify directly that the 2-point Gaussian quadrature rule (7.42) is exact
for all f€ P, and that the 3-point Gaussian quadrature rule (7.43) is exact
forall f€ Ps.
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7.14 With x,,, defined by (7.36), show that

(x=xp) - (x =X, X=X, ) (x—x,)
(xr=x0) +++ Xy = X, )X = Xpi1) ooe (X, = X)

nn+ l(x)

- x)(x)

L.(x)=

(Hint: use (7.72).)

715 If x . (x,»)=T,. (T, (y)-T,,., ()T, (x), where T, denotes the
Chebyshev polynomial, show that

X (%, 9) =2(x = )T, ()T (¥) + Xn-1(X, ¥)

for n= 1 and deduce that
Ly y)=@=y Y TOT,G).
r=0
7.16 For a given function f, the Chebyshev coefficient a, (see (5.37)) is

a

= z j ‘, (1 = ) FOOT (x) dx.
)

Show that, if the N-point Chebyshev quadrature formula is used to estimate
the integral, we obtain the approximation a, = o ¥, where o is defined by
(5.68).

7.17 The points of the 4 point Gaussian rule are +{(15 —2v30)/35]'%,
each with weight }+V30/36, and +[(15 + 2v30)/35]"/2, each with weight
! _30/36. Test numerically that, to within the limits imposed by rounding
error, this rule is exact for 1, x2, x* and x®.

7.18 Write and test a program to apply the composite 2 and 3-point
Gaussian rules. (Hint: note the change of variable given below (7.45).)

Section 7.4
7.19 Obtain a quadratic polynomial approximation for
Foy = [ e dr

by integrating the interpolating polynomial for e constructed at t=0 and

0.1. Estimate the error in the resulting approximation to F on [0,0.1].
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7.20 One method of obtaining a polynomial approximation to
F(x) = j f@)dr

is to use the Taylor polynomial approximation of degree n—1 to f(t) at
t=a. Show that the resulting approximation to F(x) is the Taylor poly-
nomial of degree n for F(x) at x = a.

Section 7.5
7.21 Deduce from the inequality e~ <e ~** for x> M that

L: e dx < e_MZ/M.

Find a value of M so that this last number is smaller than 10~7 and hence
estimate [ e = dx to six decimal places.

Section 7.6

7.22 Obtain an error estimate for the product trapezoidal rule analogous to
the result (7.64) obtained for the product Simpson rule.

7.23 Use the product Simpson rule to estimate

Jol L)] AQ+x*+ vy dx dy.

Section 7.7

7.24 Write down the forward difference formula up to the second differ-
ences and differentiate to obtain the approximation

f'(x0)=(=3f+4f, - f2)]2h.
7.25 Obtain the error term for the approximation in Problem 7.24.
7.26 Show that a differentiation rule of the form
f(xp)=aofo+ afi+ 0, f,

is exact for all f€ P, if, and only if, it is exact for f(x) =1, x and x°. Hence
find values of «;, o, and o, so that the rule is exact for f € P,.

7.27 Use the backward difference formula with error term,

f&i+sh)y=f,+sVf, + hz( ;S)f"(ﬁs),
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to obtain

f,(xx) =

fl }—lf() +%hf"(§)

7.28 Show that the first two leading terms of s(s—1)--- (s — k), regarded
as a polynomial in s, are s**! =} k(k + 1)s*. Deduce that

dk S 1
J(m)"“i"-

Put k=2m-1, n=2mand s =m in (7.82), and so obtain the differentiation
rule (7.86).

7.29 Put n=41in (7.70) and then put s =2 to obtain
1
() = — (fo— 8f1 + 8f3— o),
S (x - fo-8fi+8f3—f,

which is exact for f€ P,.

7.30 By differentiating the best first degree polynomial, in the least squares
sense, for fat x = x,, xo% h, xy+2h, obtain the differentiation rule

f' (o) = [2f(x+ 2h) + f(xo+ h) = f(xo~ h) = 2f(x — 2h)}/10h.
(Hint: it is sufficient to consider the case where x,=0.)

7.31 If we repeat Problem 7.30, but construct the least squares straight line
at x = x,, xo+ h only, what approximation is obtained for f' (x;)?

Section 7.8

7.32 Consider the effect of rounding errors and the truncation error in the
rule (7.89) for estimating f". If | f®(x) | <M, and the f; are in error by at
most  x 107*, show that a choice of 4 near to

24 x 107\
h=|"—
M,

may be expected to minimize the total error.

7.33 Suppose that | f(x) | <1 for the function f tabulated below. From these
tabulated values, estimate /" (1.8) using the rule (7.89) with all three possible
choices of step size A. Given that f(x) = sin x, see how the best value of 4 (that
is h=0.1, 0.2 or 0.3) compares with that predicted in the last problem.

x 15 1.6 1.7 1.8 1.9 2.0 2.1
f(x) 09975 0.9996 0.9917 0.9738 0.9463 0.9093 0.8632



Chapter 8
SOLUTION OF ALGEBRAIC EQUATIONS OF ONE VARIABLE

8.1 Introduction
In this chapter, we discuss numerical methods for solving equations of the form

fx)=0, 8.1)

where both x and f(x) are real. Real values of x for which (8.1) holds are
called roots of the equation. (We shall not consider any numerical methods
for finding complex roots.) Examples of such equations are

x*=5x+2=0, (8.2)
2*_5x+2=0. 8.3)

The familiar quadratic equation (8.2) appears easier to solve than (8.3) since we
can express its roots in the form x =3+ ((3)>-2)"/? and we can compute the
square root by Newton’s method, which we will discuss in §8.6. For a general
equation (8.1) we need to evaluate f(x) at enough points so that we can sketch
the curve y = f(x) with sufficient accuracy to locate all the roots of (8.1). Once
we have located the roots approximately, we set about refining them. In locating
the roots it sometimes helps to rearrange the equation first. For instance, if we
rewrite (8.3) as 2*=5x—2, we see that the required roots are the values of x
where the graphs of y=2*and y =5x — 2 intersect. From Fig. 8.1 it follows that
(8.3) has exactly one root (denoted by o) between 0 and 1.

We shall consider only generally applicable methods of refining the
roots. Thus we shall not discuss any of the several methods available for
solving polynomial equations (see Ralston and Rabinowitz, 1978). We first
describe some elementary methods which have the following property in
common: beginning with an interval I, which contains at least one root of
(8.1), we construct a sequence of intervals I, such that /,,, C I, and that
each I, contains at least one root of (8.1). This will be called a bracketing
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y{\
3 y=5x-2
2} y=2
i
1 !
1
|
1
I
i i -
0 a x
.
-2

Fig. 8.1 Locating the root of 2*=5x -2,

method: a root is bracketed by the endpoints of each interval /,. Obviously,
we would like the length of the interval I, to tend to zero as n — oo so that in
principle we may compute the root as accurately as we wish.

8.2 The bisection method

Suppose that f is continuous on some interval [x,, x,] and that f(x,) and f(x,)
have opposite signs, as in Fig. 8.2. There is at least one root of f(x)=0 in the
interval [xp, x;1, which we shall denote by I,, We now bisect I,, writing
X, = (X + x,)/2, and let I, denote the sub-interval [x,, x,] or [x,, x,] at whose
endpoints f takes opposite signs. Similarly /, is bisected to give an interval /,
(half the width of I,) at whose endpoints f still has opposite signs, and so on
(see Fig. 8.2). This bracketing method is called the bisection method.

Algorithm 8.1 (bisection method) We begin with x,< x,, and y,= f(x,),
yi1=f(x,) with y,y, <0.

repeat
xy= (X + X,)/2 8.4)
¥2:=f(x;)

if y,y,<Othen x5:=x, ys:=y,
else x,:=x, y =y,
until x, - x,<107¢ a

The algorithm terminates when the root is pinned down in an interval of
at most 1075 We may select the midpoint of this last interval to
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Fig. 8.2 The bisection method.

approximate the root, with an error not greater than 3x 107°. (The number
107 which we have chosen in our stopping criterion, can be adjusted.
However, we need to avoid making this number so small that the operation
of the algorithm is confused by rounding error.) Advantages of the
bisection method are its simplicity and the fact that we may predict, in
advance, how many iterations of the main ‘loop’ of calculations will be
required since the interval is halved during each iteration. For example, if
initially x, — xy = 1, the number of iterations or bisections necessary will be
20, since 2 ®<107%<27"%,

Example 8.1 For equation (8.3), f(0)=3, f(1)= -1 and Algorithm 8.1
can be used on the interval [0, 1]. With 20 iterations we find that the root
lies between x,=0.7322435 and x,=0.7322445 (to seven decimal
places). 0O

8.3 Interpolation methods

The bisection method uses the fact that f(x,) and f(x,) have opposite signs
but takes no account of their magnitudes. This suggests replacing f by its
interpolating polynomial p, (see (4.1)) constructed at x; and x, and then
solving p,(x)=0. Since f(xy)f(x,)<0 we obtain a unique zero of p,
defined by

_ X f() = x,f (%)
Xy= ——

(8.5)
fx) = f(x)



Equations of one variable 199

Alternatively we see from the similar triangles AA'C and BB'C of Fig. 8.3
that

and (8.5) follows from this. If we then modify Algorithm 8.1, replacing
(8.4) by

X, 1= () = x00)/ (1 = Yo)s (8.6)

we obtain a method called the rule of false position or regula falsi (from
the Latin).

If f" exists and has constant sign in the vicinity of the root a, one of the
two points x,, x, remains unchanged throughout the operation of the regula
falsi algorithm. Therefore x, — x, does not tend to zero but has limit a — x,
or x; — o (see Problem 8.4). We then need to modify the stopping criterion,
ending when |y,|, rather than x, — x,, is small. Even so, without further
modification this method generally converges rather slowly and we do not
recommend it in practice.

There exists a method for solving equations which is sometimes confused
with the regula falsi method. This is the secant method, in which we begin
with any two numbers x, < x, and calculate

xr— ]f(xr) - xrf(xr— 1) =y — f(xr)(xr - xr— l)
f&) =) T —fxl)

assuming that each denominator f(x,)- f(x,_,) is non-zero. Note that,
unlike the regula falsi method, no attention is paid here to the signs of the
numbers f(x,) and, therefore, it is not a bracketing method. The second

y}}
/

r+l1 =

r=1,2,..., (87

y=fkx)

Fig. 8.3 The regula falsi method.
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formula in (8.7) is preferable to the first as it expresses x,,, in terms of x,
minus a correction term. We now give a formal algorithm for the secant
method, followed by an example.

Algorithm 8.2 (secant method) This begins with x,, x, and y,= f(x,),
yi=f(xy).

r:=0
repeat

ri=r+1

. yr(xr_xr—l)
Xp) i X —
yr—yr—l

Yra1 :=f(xr+l)

until |y, | <107 O

Example 8.2 Let us apply the secant method to equation (8.3) with x,=0 and
x;=1, so that y,=3 and y, = —1. Algorithm 8.2 gives 0.75, 0.731700, 0.732245
and 0.732244 as the next iterates, and then the stopping criterion is reached. (1

Suppose y = f(x) and that the inverse function, x = ¢ (), exists. Then, in
particular, 0= f(a) corresponds to o= ¢(0). Each step of the secant
method, as we have already seen in Example 4.6, may be regarded as
inverse interpolation at two points x, and x,. We replace ¢(y) by the linear
interpolating polynomial p,(y) constructed at y, and y,. To estimate the
accuracy attained at any stage by the regula falsi method, we consider the
error formula (from (4.13)):

PN -piN)= -y -y)9"(n,)/2!. (8.8)

This is valid on any interval ¢ < y<d containing y, and y, and on which ¢’
exists; 77, is some point of that interval. We now assume that | ¢" (y)| < M,
for y € [c, d]. Putting y = 0 in (8.8) we obtain

Lo~ x| <3 Myyey, (8.9
as by construction p, (0) = x,. We can estimate M, from the relation
" () =~f"/1f ), (8.10)
assuming /"' (x) # 0 (see Example 4.6, where (8. 10) is derived).
Example 8.3 Let us pursue (8.10) with SJ(x)=2"~5x+2 so that
f'(x)=2"log 2-5 and f" (x) =2* (log 2)*. Taking x,=0.75, x, =0.731700
and x,=0.732245 (three consecutive iterates obtained in Example 8.2

above) we find that | ¢"(y)| <0.0144 for 0.73<x<0.75 and obtain from
(8.9) that the error in the iterate 0.732245 is bounded by 1.03 x 1076, O
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An obvious extension of the secant method is to use three points at a time
instead of two. Suppose we begin with two approximations, x,and x,, to a
root of f(x)=0 and that the secant method is used to compute a third
approximation x,. Instead of discarding x, or x,, we may construct the
unique (quadratic) interpolating polynomial p, for f at all three points.
Suppose that p,(x) =0 has two real roots, as in Fig. 8.4, and that x; denotes
the root nearer to x,. We then repeat the above procedure with x,, x, and x;
in place of x,, x, and x,, and so on. This is called Muller’s method.

To avoid the possibility of the polynomial equation p,(x)=0 having
complex roots, we may adopt a variant of the above method in which the
root is bracketed at any stage. This time we begin with numbers x, < x, such
that f(x,)f(x,) <0 and select x, as some number in [x,, x,]. We could select
x, as the midpoint of [x,, x,] or as the number obtained by one iteration of
the secant method. The polynomial equation p,(x)=0 must then have real
roots. Only one of these, denoted by x,;, will be inside [x,, x,]. Next, we
replace either x, or x, by x,, exactly as in the regula falsi method, and
replace x, by x;. For example, in Fig. 8.4 we replace x, by x, and x, by x,.
This completes one iteration of the method. We repeat the process with the
new set {x,,x,,x,} until our stopping criterion is satisfied, as mentioned
above.

It is necessary to add one further set of instructions to this algorithm, If
| x, - x,] approaches zero, the effect of rounding error can perturb the
coefficients of the polynomial p, sufficiently to create complex roots
instead of the predicted real roots. If this occurs, we can arrange to drop the
point x, and continue the search for the root by applying the bisection or
regula falsi method.

YA

Fig. 8.4 Muller’s method. The dotted line is p,(x).
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Example 8.4 For the equation 2*-5x+2=0 with x,=0 and x,=1 the
secant method (see Example 8.2) gives x,=0.75. Two applications of
Muller’s method gives the iterates 0.732166 and 0.732244.

8.4 One-point iterative methods

Hitherto we have used at least two values of x in order to predict a ‘better’
approximation to the root, at any stage. We naturally ask whether we can
devise methods which use only one value of x at any time. These will be
called one-point methods. To find a root a of f(x)=0, we must therefore
construct a sequence (x,) which satisfies two criteria:

(i) the sequence (x,) converges to a,
(ii) x,,, depends directly only on its predecessor x,.

From (ii), we need to find some function g, so that the sequence (x,) may
be computed from

xr+1=g(xr)’ r=0)1’---, (8.11)

given an initial value x,. If we happened to choose x,= a, we would also
want (8.11) to give x, = o and therefore g satisfies the property a= g(a).
Thus, to obtain a one-point method for finding a root a of the equation
f(x)=0, we rearrange the equation in a form x= g(x), with a= g(a), so
that (8.11) yields a sequence (x,) which converges to o.

Example 8.5 Consider the equation x=¢ %, which is already of the form
x=g(x). The graphs of y=x and y=e~" intersect at only one point x= a
(between 0 and 1), which is therefore the only root of x=e*. Following
(8.11), let us choose x,=0.5 and compute x,,,=e™*, r=0,1,....
Rounding the iterates to three decimal places at each stage, we obtain the
numbers displayed in Table 8.1. These numbers suggest that the process is
converging, though slowly, and that the root « is 0.567, to three decimal
places. Assuming that this is true, the last row of Table 8.1 suggests further
that the errors | x, — | tend monotonically to zero. a

To investigate the behaviour of errors in the general case, we return to
(8.11) and subtract from it the equation a = g(a). Thus

X — 0= g(x)— gle)= (x,— )¢’ (§,), 8.12)
with £, some point between x, and a. This last step follows from the mean
value theorem 2.5, assuming that g’ exists on an interval containing x, and
a. It is easy to see how to impose conditions on g to ensure convergence of
the one-point iterative method. For, if

lg'(x)| =sL<1, for all x, (8.13)
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Table 8.1 Solution of x=e ™" by iterating x,,, =e ™"

r+i

r 0 1 2 3 4 5 6 7 8 9
X, 0.5 0607 0545 0.580 0.560 0.571 0565 0.568 0.567 0.567
x.—a -0.067 0040 -0.022 0013 -0.007 0.004 -0.002 0.001 0.000 0.000

we deduce from (8.12) that
|x,,,-a|l<L|x,-af, (8.14)

so that the errors are diminishing. Replacing r by r - 1 in (8.14), we obtain

|x,—a|<L|x,_,-al, r=1,
and, on applying this inequality repeatedly,

|x,—a]<L|x,-«af, r=0. (8.15)
Since 0<L <1, L'"—0 as r >eo. From (8.15), | x,— a| =0 as r > and
the sequence (x,) converges to the root a. In fact, the above condition on g’

allows us to show also the existence of the root o. The proof requires the
following lemma.

Lemma 8.1 If fhas continuous first derivative f* with
f(x)y=M>0, for all real x

then the equation f(x) =0 has a unique root and this root lies between x =0
and x = - f(0)/M.

Proof First we assume that f(0)>0 when by the mean value theorem 2.5
there is a point & such that

F(=fO)/M) - f0) = f'(§)(~f(0)/M - 0)
=~ (E)fO)/M
< -f(0)
as —f' (&)< -M. Thus

f(=f0)/M)=<0,

showing that there must be a root between x =0 and x = — f(0)/M. Figure 8.5
gives a graphical representation of this argument. The slope of f must be
positive and larger than that of the line AB, which has slope M. Similarly we
can deal with the case f(0) <0; finally f(0) = 0 automatically gives a root.

It remains to show that the root is unique and this follows from Rolle’s
theorem 2.4. Two distinct roots would imply the existence of a point 7 at
which f' () = 0 which contradicts the required property of f'. O
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-f (0)/V 0 Tx

Fig. 8.5 Representation of Lemma 8.1.

Theorem 8.1 If g’ exists, is continuous and | g'(x)| <L <1 for all x, then
the equation x = g(x) has a unique root, say «a. Further, given any x,, the
sequence (x,) defined by

X =8(x), r=0,1,..., (8.16)
converges to a.

Proof Since

% (x-g)=1-g@=1-L>0, (8.17)

the function x — g(x) satisfies the conditions of the lemma and the existence
and uniqueness of a follows. We have already shown that the sequence (x,)
converges to d. O

It is not sufficient to have f'(x)>0 in Lemma 8.1 and, similarly,
g (x)| <1 in Theorem 8.1. For example, the function f(x)=e* has
f (x)>0 everywhere, but there are no zeros of f. In fact the condition
| g’ (x)| <L<1 for all values of x is rather restrictive. For example, this
condition is not satisfied by the function g(x)=e~* in Example 8.5. We
shall return to this point in § 8.7. Meanwhile we note that the one-point
method has a simple graphical interpretation, as depicted in Fig. 8.6. In the
figure we start with the iterate x, and determine the point A, which has
coordinates (x,, g(x,)). We now draw the line AjA, parallel to the x-axis.
Since A, lies on the line y=x and x, = g(x;), A, has coordinates (x,, x,).
Next we compute the position of A, which has coordinates (x,, g(x,)). We
continue along the arrowed lines. In Fig. 8.6, where |g'(x)] <1, the
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Fig. 8.6 A graphical interpretation of the one-point method.

geometrical construction suggests that the sequence (x,) is converging to a.
The reader is urged to use the above geometrical approach to ‘prove’ non-
convergence in a case where | g’ (x)| > 1.

8.5 Faster convergence

As we have seen, to solve an equation f(x) =0 by a one-point method, we
first replace f(x)=0 by an equivalent equation x= g(x) and then (from
(8.16)) compute a sequence (x,). We have to find a function g which will
yield a convergent sequence. Obviously we ought to aim for rapid conver-
gence, if possible. Assuming that x, # a for all r, we obtain

lim Xrp1— O = lim g(xr)—g(a) -

e G -e O X —a

g (m), (8.18)

from the definition of the derivative g', which is assumed to exist. Thus the
ratio of successive errors tends to the value g'(e). This explains the
behaviour of the errors x, — o in Table 8.1 for the equation x=e¢~*, where
g' (a)=—0.6. Since (0.6)*=0.1, we expect to gain only about one decimal
place of accuracy every four iterations. This is in agreement with
Table 8.1.

Now, given an equation

x=g(x) (8.19)
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and any constant A+ —1, we may add Ax to each side of the equation and
divide by 1 + A. This gives a family of equations

A 1
= , 8.20
* (1+1)x+(1+1)g(x) (©:20

x=G(x)

and having the same roots as (8.19). Bearing in mind (8.18), we choose 4 so
as to make | G'(x)| small (and certainly less than unity) at a root o.. From
(8.20),

each of the form

1
G= (—)(l +g'(x)), (8.21)
1+4

so we choose a value of A nearto —g’'(a).

Example 8.6 For the equation x=¢~*, with g'(a)=-0.6, we modify the
equation as in (8.20) with 4 = 0.6. This yields the iterative method

x,,,= (3x,+ 5e~*)/8.

As in Example 8.5 we choose x,=0.5 but we now obtain the iterates
(rounded to six decimal places) shown in Table 8.2. Even x, is nearly as
accurate as the x, of Table 8.1 and x; here is correct to six decimal places. O

The above procedure for improving the rate of convergence requires an
estimate of g'. We examine a method for accelerating convergence which
does not require explicit knowledge of the derivative. From (8.12), if g’ (x)
were constant, we could deduce that

X1 — 0O x—o
— = , (8.22)
x-a X1 —Q
with both sides of (8.22) taking the value g’ (x) (which is constant). We could
solve (8.22) to determine the root a. Given a function g for which g’ is not
constant, we may still expect that the number x7, satisfying the equation

* *
Xeo1 = Xryi _ Xr=Xrey

* - *
Xr—Xra1 Xr-17Xr41

Table 8.2 Faster convergence to the root of x=¢~*

r 0 1 2 3
X, 0.5 0.566582 0.567132 0.567143
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will be close to a.. Thus

2
X, . 1X, - X
* +1*Ar-t
Xppy = ————— (8.23)
Xrsl _Zxr"‘xr—l

assuming the denominator is non-zero. The right side of (8.23) may be
rewritten as x,,, plus a ‘correction’,

2
* (xr+ 17 xr)

X =X, - — (8.24)
l l xr+1—2xr+xr—l

In terms of the backward difference operator V, introduced in Chapter 4, we
have

* (Vx,, 1)2

Xrs1 T Xpsy —
2
er+l

The calculation of a sequence (x¥) in this way from a given sequence (x,)
is called Aitken’s delta-squared process or Aitken acceleration, after A. C.
Aitken (1895-1967), who first suggested it in 1926.

In passing we note a connection between Aitken acceleration and the
secant method. If we apply the secant method to the equation f(x) = 0 where
f(x)=g(x) - x, beginning with x,_, and x,, we obtain as the next iterate
(see (8.7))

x — f(xr)(xr—xr—l) . (8.25)
J) = fx_1)
If we now write
f(xr)= g(xr) =X, =X T X,
and similarly replace f(x,_,) by x, — x,_,, then (8.25) becomes
(xr+ 1= xr)(xr - X ])

Xre1— 2Xr"}'xr—l

which may be simplified to give the right side of (8.23) or (8.24).

Example 8.7 To show how rapidly the Aitken sequence (x) can
converge compared with the original sequence (x,), we apply the method to
the sequence discussed in Example 8.5. The members of the sequence (x,)
are given to five decimal figures (to do justice to the accuracy of the Aitken
process) instead of the three figures quoted in Table 8.1. The results are
shown in Table 8.3. Note from (8.24) that xf‘ is defined only for r=2.

Often a more satisfactory way of using Aitken acceleration is to choose
X, and calculate x, and x,, as usual, from x,,; = g(x,), r=0 and 1. Then use
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Table 8.3 Aiken’s delta-squared process

r 0 1 2 3 4 5
X, 0.5 0.60653 0.54524 0.57970 0.56007 0.57117
x; - - 0.56762 0.56730 0.56719 0.56716

the acceleration technique on x,, x, and x, (that is, (8.24) with r = 1) to find
x}. We use x} as a new value for x,, calculate new values x, = g(x),
x,= g(x,) and accelerate again, and so on. Thus, for the equation x=¢™*
with x, = 0.5 initially, we obtain:

X%, = 0.50000
x,=060653}  x; =0.56762
x, =0.54524
% = 0.56762
x, = 0.56687 x; =0.56714
x, =0.56730

So, by calculating only two sets of x,, x, and x,, we find the root correct to
five decimal places. This is very satisfactory, considering the slowness of
convergence of the original iterative process. Sometimes Aitken accelera-
tion will not work, especially if g’ fluctuates a large amount and x, is a long
way from the root. a

8.6 Higher order processes

Let (x,) denote a sequence defined by x,,, = g(x,), for some choice of x,,
which converges to a root a of x = g(x). We define
e,=Xx,—- o, r=0,1,..., (8.26)

to denote the error at any stage. Thus x,,, = g(x,) may be written as
o+ €1 = g(a+ er)'

If g™ exists, we may replace g(a+ e,), by its Taylor polynomial with
remainder, to give
k-1 k

) e k=1 & w
ate,; =g0)+eg@+ -+ —— g V) + = g% &),
’ (k- 1) I
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where £, lies between a and o+ e,. Since a=g(a), we find that the
relation between successive errors e, and e, ,, has the form

2 k-1 k
! e " ef -~ er 3
€= 8@+ - g"(0) + - + —— g“ Vo) + L g¥(E). (8.27)
2! k-1)! k!
If g’(a)+0 and e, is ‘quite small’, we may neglect terms in e?, ¢} and so
on, and see that

e, =eg (),

which is merely an imprecise way of saying what we knew before from
(8.12). However, we see from (8.27) that if g'(a)=0 but g"(a)#0, e,,,
behaves like a multiple of ¢? and the process is called second order. More
generally, if for some fixed k=2,

g(@)=g"(a)="=g“(a)=0 (8.28)
and
g ()0,
then, from (8.27)
e = e 8 (ENK (8.29)

and the process is said to be kth order. If g'(a) 0, the process is called
first order. If g'® is continuous, we see from (8.29) that

lime,.., e, = g¥(a)/k! (8.30)

This discussion may appear to be rather academic, as it may seem
unlikely that the conditions (8.28) will often be fulfilled in practice, for any
k=2. On the contrary, however, we can easily construct second and higher
order processes, since f(x)=0 may be rearranged in an infinite number of
ways in the form x = g(x). For a given root a, different choices of g lead to
processes of possibly different orders.

To derive a second order process, we may return to (8.20) where we
constructed a family of equations with the same roots as x = g(x). These
equations are of the form x = G(x), with

Gx) = A )x+( ! )(x)
- 1+4 1+,1g

with A a constant, and, therefore,

y)
Gx) = (—)(l +g'(x)).
1+4
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We can make G'(a)=0 by choosing A= —-g'(a). To relate this to an

arbitrary equation f(x) =0 with a root o, we replace g(x) by x — f(x) so that

A=f"(a)— 1. Then x = G(x) becomes

fx)

[

suggesting the second order iterative process

_ S
f(e)

This is of no practical use, since we cannot compute f' (o) without knowing

o, which is what we are trying to find. However, let us replace f'(a) by
f'(x,)in (8.31). This gives the method

X=X—-

8.31)

xr+1 =X

rel =X~ /&) , (8.32)
f'(x)
which is of the form x,,, = g(x,), with
f)
gx)=x- . (8.33)
f'@)
Thus a = g(a) (since f(a) =0) and, on differentiating (8.33),
, JX)f"(x)
gx)y="——, (8.34)
f'@r

provided f'(x)#0. Thus, provided f'(a) =0, we obtain g' (o) =0, showing
that the method (8.32) is at least second order. Differentiating (8.34) and
putting x = o, we find that

8" (a)=f"(a)/f"(a),

and thus the method (8.32) is exactly second order if f" (a)# 0. This second
order process, called Newton's method, has a simple geometrical interpreta-
tion. The tangent to the curve y = f(x) at x = x, cuts the x-axis at x=x
From Fig. 8.7 we see that

r+l-

foy=TL%_

Xr = Xr+1

which is in agreement with (8.32). Note that we require the condition
S’ (x,)#%0 so that the tangent will cut the x-axis. This is in accordance with
the restriction f' (x) + 0 made above.
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Fig. 8.7 Newton’s method.

Example 8.8 For the equation xe*—1=0 (which we have used in earlier
examples in the form x=¢ ™),

fx)=xe*-1,  f'(x)=e*(1+x),

so that, for Newton’s method,

xe' -1 x—-¢e°
8(x) =x- — =x- .
e'(1+x) 1+x
Newton’s method is
Xr - e—.\',
X =X ———.
1+x

With x,=0.5, the next three iterates are given to eight decimal places in
Table 8.4, x; being the exact solution correct to all eight digits. 0

To investigate the convergence of Newton’s method to a root a of
J(x)=0, we consider (8.29) with k = 2. Successive errors behave as

e.1=3e28"(£,), (8.35)

where £, lies between a and x, and g" may be found by differentiating (8.34).

We assert, without formal proof, that provided f'(x)#0 and x, is chosen

Table 8.4 Newton’s method

r i 2 3
X, 0.57102044 0.56715557 0.56714329
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sufficiently close to o, we may deduce from (8.35) that the sequence (e,)
converges to zero. Thus Newton’s method converges. We also state a more
useful result on convergence.

Theorem 8.2 If there exists an interval [a, b] such that

(1) f(a) and f(b) have opposite signs,
(ii) f" does not change sign on [a, b],
(iii) the tangents to the curve y = f(x) at both @ and b cut the x-axis within
{a, b],

then f(x) =0 has a unique root a in [a, b] and Newton’s method converges
to a, for any x, € {a, bl.

The proof is omitted. Condition (i) guarantees there is at least one root
o € [a, b} and (ii) means that f is convex or concave on [a, b], which
allows only one root of f(x)=0 in [a, b]. Condition (iii) together with (ii)
ensures that, if x, € [a, b], the next iterate x,,,, produced by Newton’s
method, is also in [a, b]. Q

The best-known application of Newton’s method is the square root
algorithm. The square root of a positive number c is the positive root of the
equation x2— ¢ =0. In this case, f(x)=x2— ¢ and f'(x) =2x. So Newton’s
method is

2
xr+1=xr_xr C» X,*O.
2x,
This simplifies to give
1 c
X, =—lx.+—1. (8.36)
2 X,

All three conditions of Theorem 8.2 hold for the function x*-c on an
interval [a, b] such that 0<a<c'? and b>}(a + c¢/a). The inequality for b
ensures that both conditions (i) and (iii) hold (see Problem 8.18). Thus the
square root algorithm converges for any x,> 0. For a more elementary proof
of the convergence of the square root method (8.36) see Problem 8.19.
Notice that it is easy to demonstrate the expected second order convergence
of the sequence generated by (8.36). From

1 c
Yy — == n+ =] -c"=
2 X,

(xf -2c" 2)c, + ),
2x,

we obtain

1
X —c=— (x,- " (8.37)

Xr
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Note the squaring of the error x,— c'/?, associated with second order
convergence.

Given any ¢ >0, there exists an integer n such that }<4"c<1 and thus
1<27c!?<1. To calculate c'/?, it therefore suffices to consider c in the
range ;< c<1 and we choose

2 17
x°=§C+ a8 s

which is the minimax approximation to ¢'/? on [}, 1]. We have (see Example
5.14)

[ xo—c'?] <5, (8.38)

for this choice of initial iterate x, and after very few iterations we obtain
highly accurate approximations to c¢'/? (Problem 8.21).

We cannot always use Newton’s method as it is not always feasible to
evaluate f'. An obvious way to modify (8.32) is to replace f’(x,) by the

divided difference approximation, ( f(x,) — f(x,_))/(x,— x,_,). Thus (8.32)
becomes

_ f(x,)(x, . l)
f(xr) _f(xr— l)
which we have already met as the secant method.
In Problem 8.24 an alternative method of obtaining Newton’s method is

described and in Problem 8.25 an extension of Newton’s method to a third
order process is given.

r+ 1 =X

8.7 The contraction mapping theorem

Recall Theorem 8.1, which states that if g’ is continuous and
| g'(x)| <L <1 for all values of x, then the iterative process

Xre1 = g(xr)’ Xo arbltrary’

converges to the unique root of x= g(x). The conditions of Theorem 8.1
are not satisfied by the function g(x)=e™*, yet convergence appeared to
take place in that case (Example 8.5). It is not necessary to require
|g'(x)| <L<1 for all values of x. We will make use of a Lipschitz
condition (Definition 2.12) and will require:

Definition 8.1 A function g is said to be a contraction mapping on an
interval [a, b] if

(i) x€[a, b]=gx) € [a, b], (8.39)
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(ii) g satisfies a Lipschitz condition on [a, b] with a Lipschitz constant
L<1. Thus

x,yEla,b] = |g)-g|=sL{x-yl,
where L< 1.
Condition (i) is sometimes referred to as the closure condition. O
We can now give a less restrictive result than Theorem 8.1.
Theorem 8.3 If there is an interval [a, ] on which g is a contraction
mapping, then
(i) the equation x = g(x) has a unique root (say o) in [a, b],
(ii) for any x, € [a, b], the sequence defined by
X, =g(x,), r=0,1,..., (8.40)

converges to o.

Proof Forany x € [a, b], g(x) € [a, b]. In particular, for x= a,
a-g(a)sO. (8.41)
and, for x = b,
b-g(b)=0. (8.42)

The Lipschitz condition implies that g is continuous on [a, b]. Thus
x~— g(x) is continuous on [a, b] and, from the inequalities (8.41) and
(8.42), we deduce that the equation x— g(x)=0 has at least one root
belonging to [a, b]. Let us assume that there is more than one root and let o
and f (a< a, B < b) denote two distinct roots. Therefore

a=g(a), B=g(B)
and, subtracting these equations,
o-B=g(a)-g(B).

From the contraction mapping property, we deduce that
la-B]=|g(m)-gB|=<L|a-p],

with 0<L<1. This entails |a— 8| <|a~ 8], which is impossible. We
deduce that there is only one root, say a, belonging to [a, b].

Note that, since g is a contraction mapping on [a,b],
x, € [a, b]= g(x,) € [a, b], which shows that x,,, € [a, b]. By induction,
every x, € [a, b] if x, € [a, b], From the Lipschitz condition, it follows that

| %, -] =|glx)-gla)| <sL|x,~al.
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Hence, as in the proof of Theorem 8.1, we deduce that
|x,—a| <L |xy- o] (8.43)
and, since 0 < L < 1, we conclude that the sequence (x,) convergesto a. [J

Looking back over the proof, we see that it is not essential to use a
Lipschitz condition. If we prefer, we could use the mean value theorem and
require instead that | g'(x)| <L <1 on [a, b]. See Chapter 2, p. 23. It is,
however, informative to use the Lipschitz condition to prepare for the
extension of Theorem 8.3 to deal with iterative methods for a system of
algebraic equations, which we discuss in Chapters 10 and 12.

From (8.43), we can derive an a priori estimate of the error at any stage.
Since both x, and a belong to [a, b], we obtain

|x,—a| <L'(b-a). (8.44)
See also Problem 8.28.

Example 8.9 We apply Theorem 8.3 to the equation x=¢* of Example
8.5. For g(x)=¢7*, g(0.4)=0.67 and g(0.7) = 0.50, to two decimal places.
Since g is also a decreasing function,

x€[04,07] = gkx)€{04,0.7].

We have g'(x) = —e ™ and, therefore, | g'(x)] <0.7 on [0.4,0.7]. Thus g is
a contraction mapping with L =0.7 and Theorem 8.3 shows that the process
x,., =e~*, converges to the unique root of x=e""in [0.4,0.7], for any x, in
that interval. This confirms the apparent convergence of Example 8.5. a

As in Example 8.9, it can take some ingenuity to determine an interval
[a, b] on which g is a contraction mapping and therefore Theorem 8.3 is not
of great practical importance. In particular, the closure condition is often
awkward to verify. In practice, we will not often choose a first order method
to solve an equation f(x)=0. If f’' can easily be evaluated we would
probably prefer to use Newton’s method because of its second order
convergence. If it is difficult to evaluate f', we would opt for a ‘bracketing’
method such as Muller’s method, which in general converges faster than the
first order method based on contraction mapping. On occasions, we may
even wish to use the bisection method because of its simplicity, despite the
relatively large number of evaluations of f which it requires.

Problems

Section 8.2

8.1 Show that the equation 1 — x —sin x=0 has a root in [0, 1]. How many
iterations of the bisection method are required to estimate this root with an
error not greater than 3 x 107472
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8.2 Write a computer program to implement Algorithm 8.1 (the bisection
method). Test it by estimating the positive root of xt=-x-1=0.

Section 8.3

8.3 Write computer programs for the regula falsi and secant methods.
Apply them to estimate the root of 1 - x—sin x =0, beginning with x,=0
and x, = 1.

8.4 Suppose f(x)>0 and f(x,)<0 and let f" exist and be positive on
[xo, x;]. (For example f(x)=1-x-sin x with x,=0, x, =1, as in the
previous problem.) By drawing a graph, show that x, remains unchanged
when the regula falsi method is used.

8.5 Estimate the smallest positive root of 8x*~8x?+ 1 =0 as follows. Take
x,=0.3, x, = 0.4 and use one iteration of the secant method followed by one
iteration of Muller’s method. (Note that the equation is 7,(x) =0 and the
smallest positive root is therefore cos(37/8). See §4.10.)

Section 8.4

8.6 Compare the amount of calculation required to find the root of
e*+10x-2=0 to three decimal places by (i) the bisection method
beginning with x,=0, x, = 1 and (ii) the iterative scheme x,,,=(2 - e*r)/10,
r=0,1,..., with x,=0.

8.7 Find the root of the equation 2*-5x+2=0 by using the iterative
scheme x,,, = (2+2%)/5, with x,=0. Prove that the sequence (x,) is
monotonic increasing.

8.8 A function f is such that f'(x) exists and M= f'(x)=m>0 for all x.
Prove that the sequence (x,) generated by x,.,=x,—-Af(x,), r=0,1,...,
and arbitrary x,, is convergent to the zero of f for any choice of A in the
range 0<A<2/M.

Section 8.5
8.9 Choose a constant 4 so that the process
X, = (Ax,+1=sinx,)/(1 + 4)

will give a rapidly convergent method for finding the root near x=0.5 of
1 — x —sin x = 0. Calculate the first few iterates, beginning with x,=0.5.

8.10 Show that the number x*,,, defined by (8.23), obtained by applying
Aitken acceleration to the three successive iterates x,_,, x, and x,,,, may
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also be expressed as

2

ooy (Ax,_,)
r+l T Ar-1 T .

Azx,_l

8.11 If x,=a,+a,+--+a, show that the result of applying Aitken
acceleration to x,,_,, x,_, and x, is

K
Xn = n-2+ ’

ifa, #a,

8.12 Working to five decimal places, apply the result of Problem 8.11,
with n =12, to estimate

log2=1—3+3—§+--.

8.13 Let (x) and (y*) denote sequences obtained by applying Aitken
acceleration to (x,) and (y,) respectively. If x,=c+ y, for all » (where c is
constant), show that x*=c+y,. (For example, if x,=2.791, x, =2.737,
x,=2.723, we can apply Aitken acceleration to the last two digits of each
number.)

Section 8.6

8.14 Obtain a quadratic equation to which the iterative method
X,u1 = (bx} +2¢x,)/(c — ax})

relates. Show that, if ¢+0 and ax?#c at a root, the method is exactly
second order. What happens if ¢ =0?

8.15 Apply Newton’s method to find the root of 2*-5x+2=0, taking
XO=O.

8.16 Given some number x,>0, verify that the iterative scheme x,,, = ¢/x,,
r=0,1,..., produces the periodic sequence x,, ¢/x,, Xo, ¢/Xo,.... Show
that, although this is obviously not a viable method for calculating c'?,
Aitken acceleration on the three iterates x,, c/x,, X, yields the number

1(x, + ¢/ x,), which is equivalent to one iteration of Newton’s method.

8.17 Derive an iterative process for finding the pth root of a number ¢>0
by applying Newton’s method to the equation x” — ¢ =0.

8.18 Show that, if ¢>0, all the conditions of Theorem 8.2 hold for the
function f(x) = x2— ¢ on an interval [a, b] with 0<a< c'/*and b>j(a + c/a).
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8.19 Deduce from (8.37) and another similar result that the sequence of
iterates (x,), produced by the Newton square root method, satisfy

x—c"? o RV
x+c? \x+c'?

Hence show that, for any x, >0, the sequence (x,) converges to ¢'/?.

8.20 What happens in Newton’s square root process if we choose x,<0?

8.21 If ;=<c«<1, let x, and x, denote the iterates produced by Newton’s
method for finding ¢'/, beginning with x,= $c+ . Noting that x,>1 as

¢ 24, deduce from (8.37) that | x, — ¢'/?| < (x, - l/2)2. Hence, using (8.38),
show that | x,—c'?| <2x107".

8.22 If f(x)= (x—a)’h(x) and h(a)+0, show that f'(a)=0 and that, in
this case, Newton’s method is not a second order process for finding o. Find
a value of 4 so that the following modified version of Newton’s method is
at least second order for this function:

X1 =X, = Af(x)/f' (x,).

8.23 Apply Newton’s method to the equation 1/x — ¢ =0. (Notice that this
provides an algorithm for computing the reciprocal of a number ¢ without
performing the arithmetical operation of division.)

8.24 One way of obtaining iterative methods of solving f(x) =0 is to use an
approximating function as in Muller’s method but based on Taylor poly-
nomials. If x, is the nth iterate, we construct the Taylor polynomlal at x,,

P =fog) + L iy oy & ;," ),

assuming the derivatives exist. We now take x,,, to be a root of p,(x)=0.
Show that for k£ = 1 we obtain Newton’s method and that for k =2

—f06) £ L) = 2f () f1 )]
£

the + or — sign being taken according to whether f’(x,) is positive or
negative. Show that the last method is at least third order if f'(o)#0
and f"(a)+0, where a is the root. The method is difficult to use as we must
calculate a square root in each iteration. A better third order method is given
in the next problem.

Xns1 =Xy +

»

8.25 Show that the iterative method

AR ( S )2
fom 200y \fF) )’

n+1 ™
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used to solve f(x) =0, is of order 3 (at least) provided f'(a)+0 where a is
the root. Obtain a third order square root process.

8.26 Suppose y=f(x) has a unique inverse function x= ¢(y). If ¢ is
sufficiently differentiable, we have the Taylor series

o=y
2!

By expressing ¢' and ¢" in terms of the derivatives of f, derive the
iterative method quoted in Problem 8.25.

() =90 + (= y)P ) + ') + o

Section 8.7

827 If x,,,=g(x,), r=0,1,..., and g and x, satisfy the conditions of
Theorem 8.3, deduce that

IX”_‘—X,ISLIX,.—'X,_I‘, r=1’2’---9
and hence that
]xer_erSL"xl—xO" r=0,1,....

8.28 Applying the second inequality derived in Problem 8.27 to the
inequality

|xm+n—xn| s'xmwl-xmwx—ll +--+ IX,H,)*'X,,l,

deduce that, for m>0, n=0,

Ln
Ixmwr_-xnlS _lel—x()l'
Letting m — oo, obtain the estimate
n
-l € ——Ix -]

for the error between the iterate x, and the root a of the equation x = g(x).
8.29 Deduce from Problem 8.28 that

Ixn+l —xnl'

lxn-;»l_alS

(This enables us to use x,,, — x, to decide when to stop iterating.)

8.30 By summing the geometric series on the right, show that the positive
root of the equation

F=lax+ x4 428 k=22,
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also satisfies x = 2 — x ~*. Show that the conditions of Theorem 8.3 apply to
this last equation on the interval [2 —2'% 2]. For the case k=6, find the
root to three decimal places. (It may be assumed that (1-2"*)*>] for
k=1,2,...)

8.31 Suppose that on some interval I, g and g’ are continuous and that
x=g(x) has a root a €/ with |g' ()| <1. Show that g is a contraction
mapping on some sub-interval of I containing o.

8.32 Suppose that for all x, g and g’ exist with |g'(x)| <L <1 and that
y=g(x) has a unique inverse function x= y(y) such that y’'(y) exists for
all y. Show that y(y) is not a contraction mapping, regardless of the
interval chosen.

8.33 Show that we cannot expect the iterative method
Xy =cfxp™!

to be successful in finding the pth root (p a positive integer other than +1)
of a positive number c.



Chapter 9
LINEAR EQUATIONS

9.1 Introduction

In this chapter we shall be considering the solution of simultaneous linear
algebraic equations. We shall consider separately (in Chapter 12) the more
difficult problem of solving non-linear equations, as the methods for these
are quite different.
If three unknowns x, y and z are related by equations of the form
a,x+by+cz=d,
a,x+ by+c,z=d, 9.1
a;x+ byy+cyz=d,
where a;, b;, c; and d; (i = 1,2, 3) are given constants, we say that (9.1) is a
system of three linear equations. Since we have three equations in three
unknowns, we shall usually expect that there is a unique solution, that is,
there are unique values of x, y and z satisfying (9.1). We shall see that this
is not always true and the intention in the first part of this chapter is to
revise basic material on the solution of linear equations including conditions
for the existence of such solutions. We find it convenient to express linear
equations in terms of matrices and therefore we introduce the latter first.

9.2 Matrices

An mxn matrix A is an ordered set of mn real (complex) numbers a;
written in m rows and n columns:

4 Gy e G

A= 0.21 @y .. a:ln.

Qny Ay oo Qnn
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The element a,; is in the ith row and jth column and A is said to be of
order or dimension m x n. We usually use bold capital letters to denote
matrices and italic small letters to denote elements. If m = n we say that A is
a square matrix of order or dimension n. We refer to the elements a;;,
i=1,2,..., nasthe diagonal of a square matrix.

A column vector is a matrix with just one column. For example,

X

X2

Xm

is of order m x 1 and is called a column vector of dimension m. We usually

denote such a column vector by a small bold letter, for example, x. We write

R™ to denote the set of all m-dimensional column vectors with real

elements. (C™ is used to denote the corresponding set of vectors with

complex elements.) R" is usually referred to as n — dimensional real space.
A row vector is a matrix with just one row. For example,

fx, x, ... x,]

is of order 1 x n and is called a row vector of dimension n. We usually
denote such a vector by x". The superscript T indicates that the vector is a
row vector obtained by writing the elements of an n-dimensional column
vector X in a row. We call x” the transpose of x € R".

Two matrices are said to be equal if they are of the same order and
corresponding elements are equal, that is, A =B if @;;= b, for all i and j. We
add or subtract two matrices of the same dimensions by adding or subtract-
ing corresponding elements. Thus C=A+B if ¢;=a,;+ b, for all J and ;.
Note from the definition that addition is both commutative, A+B=B + A,
and associative, A+ (B+C)=(A+B)+C. (The zero matrix of order
m x n is denoted by 0 and has zero for each element, whence A + 0= A.)

If 4 is a real (or complex) number we define AA to be the matrix with
elements Aa;, that is, each element of A is multiplied (scaled) by 4 which is
called a scalar in this context. We usually write —A in place of (—1)A and
notethat A+ (-A)=0,0A=0.

Multiplication of matrices is more complicated. We start with the product
of arow vector and a column vector. If x,y € R” we define

YX =YK+ b+ Y= Dy,
i=1

The result is a single number and is called the scalar or inner product of y
and x.
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If A is an m x n matrix and x € R", we define

- -

X
ay Ay ... a4y, Xy + apXxy + - + 4%,
021 an e aZn xZ azlxl + 022x2 + -+ a/znxn
Ax = =
ny Gy oov Oy Ay Xy + Qpp Xy + <2+ + Ay Xy
.x"4

The result is a vector z € R™ with ith element

n xl
z= Z a,x; = [ithrow of A]
j=1 X,
We can now write the equations (9.1) as
Ax=d,
where
a b ¢ X d
A= aQ bz G X= y , d = dz .
a b z d

If A is an m x n matrix and B is an n x p matrix, we define their product
C = AB to be the m x p matrix with (i, j)th element

. jth
= z ayb,; = [ith row of A]{ column |.
k=1 of B

You will notice that the number of elements in a row of A must be the same
as the number of elements in a column of B (number of columns in
A =number of rows in B). The multiplication rules for vectors are special
cases of this more general rule.

Multiplication is not necessarily commutative even if both AB and BA are
defined; that is, AB+BA in general (see Problem 9.2). Thus the order in
which two matrices are muitiplied is important and we say that, for a product
AB, the matrix A is postmultiplied by B or that B is premultiplied by A.

Multiplication is associative so that if A, B and C are of suitable
dimensions

ABC)=(AB)C. 9.2)
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Addition is distributive over multiplication so that provided the matrices are
of suitable dimensions

AB+C)=AB+AC 9.3)
and
(A+B)C=AC+BC. 9.49)
We define the n x n unit matrix I as
1 0 ... O
I= o 1 - : .
o, -0 0
0O ... 0 1

It may be verified from the multiplication rule that, if A is any m x n matrix
and I is the n x n unit matrix, then

Al=A
and, if Iis the m x m unit matrix,
IA=A.

Under certain circumstances a square matrix A has an inverse written as A ™'
which satisfies

AA'=1 and A'A=L 9.5

If such an inverse A ™' exists we say that A is non-singular. The inverse of
the product of square matrices A and B satisfies

(AB)'=B'A"", 9.6)

We sometimes find it convenient to write matrices in a block form. The
m X 1 matrix A may be written as

A, A
A - [ 11 12}
A21 A22
where A, is rxp, A is rx(n—-p), Ay is (m—r)xp and A, is
{(m—r)x (n-p). The restrictions on dimensions are necessary so that, for

example, A, and A,,; have the same number of columns. We call A, A,,
A,, and A,, submatrices of A.

It is easily seen that if
B, B
B - [ 1 12]
BZI BZZ
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is divided into blocks of the same dimensions as those of A, then
Ap+B, A+ sz}

A+B=[
A, +B, A,+By

It is not so obvious, however, that provided B and its blocks are of suitable
dimensions

B= [(Aan +ABy) (ABp+ szBzz)] ©9.7)
(AyBy + ApBy)  (AyBi, + ApBy)
The proof of this last result is left for Problem 9.9.
9.3 Linear equations
We start by considering a simple example.
Example 9.1 Solve the set of equations
2x,4+2x,+3xy3= 3 (9.8a)
dx,+Tx,+Txy= 1 (9.8b)
—2x,+4x,+5x;=-7. (9.8¢)

We will solve these by an elimination process. First we use equation (9.8a)
to eliminate x, from the other two equations. If we subtract twice (9.8a)
from (9.8b) and add (9.8a) to (9.8c), we obtain the equations

3x, +x;=-5

6x,+ 8x; = —4.

We now eliminate x, from the third equation by subtracting twice the second
equation. We obtain

2x,+2x,+3x;= 3 (9.9a)
3x, +x3;=-5 (9.9b)
6x;= 6. (9.9¢)

Immediately from (9.9¢c) we deduce that x;= 1. On substituting this value
of x; in (9.9b) we obtain 3x,=—6, so that x, = —2. Finally, from (9.9a) we
have

2x1=3_2X2‘—3X3=4’
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whence x, = 2. The equations (9.9) are called triangular equations and the
process of working in reverse order to solve them is called back
substitution. g

The method of Example 9.1 is known as Gauss elimination and may be
extended to the m equations in n unknowns x;, X, ..., X,

agx,+apx,++a,x,=b

ApX,+ ApXy+ -+ ay, %, = b, (9.10)
A X, + ApXy+ -+ a,,x,= b,

or

Ax=Db,

where the coefficients a;; and b, are given. We detach the coefficients and
write them as the m x (n + 1) matrix

ay, @y ... a,.b
(Ab=|® @ 7 b 9.11)
Qpy Gy -er Gyyth,

The following operations may be made on the matrix (9.11) without
affecting the solution of the corresponding equations.

(i) Rows of (9.11) may be interchanged. This merely changes the order in
which the equations (9.10) are written.

(i1) Any row of (9.11) may be multiplied by a non-zero scalar. This is
equivalent to multiplying an equation in (9.10) by the scalar.

(iti) Any row of (9.11) may be added to another. This is equivalent to
adding one equation to another in (9.10).

(iv) The first n columns of (9.11) may be interchanged provided corre-
sponding unknowns are interchanged. This is equivalent to changing
the order in which the unknowns are written in (9.10). For example, if
we interchange the first two columns of (9.11), the first two terms in
each of the equations (9.10) are interchanged and the order of the
unknowns becomes x,, X, X3, Xg5 -+ Xp-

We use these operations to reduce the equations to a simpler form. Firstly
we ensure that the leading element a,, is non-zero by making row and/or
column interchanges. We now subtract multiples of the first row from the
other rows so as to make the rest of the coefficients in the first column zero.
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Thus, assuming that no interchanges were required at the start, we obtain the
matrix

ay Gy - aanbJ
' r ot
0 ay - a:bh
’ [N
O a32 LR RS a3n.b3
4 v
] 0 a, .. a,,,,,.b,,,_

where, for example, the second row is obtained by subtracting (a,,/a,,) x
the first row. Thus

ay=ay;- (021/011)012

and
b,=b,- (aml/all)bl'

We have eliminated x, from the 2nd to the mth equations.

We now ensure that the element a5, is non-zero by making row and/or
column interchanges, using rows 2 to m or columns 2 to n. Such inter-
changes do not affect the positions of zeros in the first column. We next
subtract multiples of the second row from later rows to produce zeros in the
rest of the second column, that is, we eliminate the second unknown from
the 3rd to the mth equations.

We repeat this process and at the pth stage we have a matrix of the form:

Oy Oy eee eee e Oy, if

0 o0pn v e e 0y, B
0 a, v O, B, 9.12)
: ap+l,p s ap+1,n:ﬂp+l

0 .. 0 a, cee O i Bm

The steps to be followed next are:

(1) interchange rows p to m or columns p to n so that a,,, is non-zero,
(ii) subtract multiples of row p from rows p + 1 to m so that elements in
the column below become zeros.

You will notice that neither of these steps will affect the positions of zeros
in the earlier columns. At this stage o, is called the pivot and row p the
pivotal row, corresponding to the pivotal equation.
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We stop for one of three reasons:

e cither it is not possible to make a,, non-zero by interchanges, as all the
o, in rows p to m are zero

e or p=m, when we have exhausted the equations

e or p=n, when we have exhausted the unknowns.

The final form of the matrix is

-u“ Uy Uz eee Wy Uppey -er Wt .}
0 Wy Wy oo Wy W,y oo Wi
0 ... ... O w, u,.; ... U, (9.13)
0 ... .. .. O 0 .. 0 :¢.,
O v e v O 0 - 0 :c,
which we may write in the block form
U B:c| 9.13)
0 0:d
U is the r x r upper triangular matrix
ul] seo e u‘,-
U= (.) u’22 ,
0 ... 0 u

B is 7 x (n— r) and the zero matrix below B is (m — r) x (n - r). The pivots
u;, i=1,..., r, are non-zero.

We suppose that, as a result of column interchanges, the order of the
unknowns x,, X, ..., x, has been changed and that the unknowns corre-
sponding to (9.13) are y,, y,, -..,¥,. If

[ %, Yron

y=]: and z=
| Jr I

the equations may, from (9.14), be written in the block form

AN
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Thus

Uy+Bz=c (9.16a)
and

Oy +0z=d. (9.16b)

The original equations (9.10) and the reduced equations (9.16) are
equivalent, in that a solution of (9.16) must also be a solution of (9.10)
(possibly after some re-ordering of the unknowns) and vice versa. We
therefore investigate the existence of solutions of (9.16) in detail.

The integer r in (9.13) is called the rank of the original coefficient
matrix A. The existence of solutions will depend on this rank. If r=m=n,
(9.16) is the triangular set of equations

Uy=c¢
where
Uy e Uy, 01 "
U= O , c={i] y=|:
0 ... u, g I

with »;#0, i=1,2,...,n. We can solve these equations by back substitu-
tion. From the last equation

unnyn = C’l’
we find

Yn= Cn/urm'

From the penultimate equation

un—l.n—lyn—l + un-l,nyn= Cn-l’
we find

.Yn-l = (Cn—l - un-l,n.))n)/un—l‘n—l

and so on. We work back through the equations, introducing new unknowns
one at a time and hence find all the unknowns in reverse order. Thus, for
r=m= n, the unknowns are all uniquely determined, as we would normally
expect for n equations in n unknowns. We then say that the equations (9.10)
are consistent with unique solution or just simply non-singular. We also
find that the square coefficient matrix A is non-singular.

If r<min (9.13) and d+0% in (9.16), that is, at least one of the c,,,,
C,42 ---» Cry 18 NON-ZeTO, We cannot satisfy (9.16b) for any choice of y and z.

t By d #0 we mean that d is a vector other than the zero vector. It is possible for some
components of d to be zero, but not all components may be zero. This is consistent with the
definition of equality of matrices.
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There is no solution of (9.16) and hence of (9.10) and we say that the
equations are inconsistent.

If r<min (9.13) and d = 0 then (9.16b) is satisfied for any y and z and
(9.16a) may be written as

Uy=c-Bz (9.17)

Similarly when r = m< n, (9.16b) does not apply and we obtain only (9.17).
We may choose the elements of z arbitrarily. This fixes the right side of
(9.17) and we may then solve these r triangular equations by back substitu-
tion to find y. We say that the equations (9.10) are consistent with an
infinity of solutions. A particular n — r of the unknowns (those correspond-
ing to z) may be chosen arbitrarily; the remaining r unknowns are then
determined uniquely.

We will restrict ourselves to the case n=m so that hopefully the
equations are consistent with a unique solution which can be determined
numerically. Of course the equations may still turn out to have no
solution as is illustrated by the second of the following examples. For
convenience all coefficients are integers; this will not be the case in most
problems.

Example 9.2 Solve
X, +3x,-2x,— 4xy,= 3
2x,+6x,— Tx;— 10x,= -2
-x,— X, +5x;+ 9x,= 14
+15x,=-6.

We detach coefficients and subtract multiples of the first equation from the
others to eliminate x,:

-3x,-5x,

1 3 -2 -4: 3 1 3 -2 -4: 3
2 6 -7 -10:-2 0 0 -3 -2:-8
-1 -1 5 9: 14 0 2 3 5:17]
-3 -5 0 15:-6 0 4 -6 3: 3

We interchange the second and third columns so that the second element in
the second row is non-zero and use this row to eliminate the second
variable:

1 -2 3 -4: 3 1 -2 3 -4: 3
0 -3 0 -2:-8 0 -3 0 -2:-8
0 3 2 5:17 0 0 2 3. 9f
0 -6 4 3: 3 0 0 4 7:19
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The last step is to eliminate the third variable from the fourth equation and
we obtain the triangular set

1 -2 3 -4: 3

0 -3 0 -2:-8

0 0 2 3: 9

0 0 O 1: 1

Thus by back substitution
)’4= 1)

2y;=9-3y,, y3=3,
=3y,=-8-0.y;+2y,, y2=2,

y1=3+2y,-3y,+4y,, yi=2.

We have interchanged the second and third columns and, therefore,

1=V X2=Y3 X3= Y2 X4 = Ya
Hence
2
3
X = .
2
1
The equations are non-singular with rank r = n=4. O

Example 9.3 Consider

1 -1 1[x] [2
1 2 -1lx|=]0]
1 5_3X3 3

We detach coefficients and the steps of the reduction process are

1 -1 1: 2 1 -1 1: 2
0 3 =2:-2 0 3 =2:-21.
0 6 -4: 1 0O O 0: 5

The final third equation is now clearly inconsistent and there is no solution.
Note that the coefficient matrix is of rank 2.

If in (9.13) we have rank r<m=n, we say that the equations (9.10) are
singular and that the square matrix A is singular. Notice that singular
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equations have either an infinity of solutions or no solutions. You will also
notice that an n x n matrix A is non-singular if, and only if, it is possible to
choose n non-zero pivots u,;, Uy, ..., U,, in the elimination process. It is
always possible to reduce an n x n matrix A to an upper triangular matrix U
using the elimination process, although for r<n some of the diagonal
elements of U are zero. It can be shown that if a total of j interchanges of
rows and columns are required in the process, the product
d=(-1)u,up,... u,, is independent of the order in which the pivotal
equations and unknowns are chosen. We call d the determinant of the n x n
matrix A. Thus A is non-singular if, and only if, its determinant is non-zero.
(See, for example, Johnson et al. 1993.)
We now consider the particular system of equations

Ax=0

where A is n x n. These will always be consistent as the right-hand side will
remain zero throughout the reduction process, and, even for r<n, d=0 in
(9.16b). Thus if A is singular there are an infinity of solutions of this
problem and, in particular, there will be a solution x+0. If A is non-
singular, r=n and the solution x=0 is unique. We conclude that A is
singular if, and only if, there exists a vector x+ 0, such that Ax = 0. Thus if
A is singular, its columns are linearly dependent (cf. Definition 5.4).

Finally note that if a square matrix A is non-singular then there is an
inverse A" and we could solve linear equations by determining this inverse.
On premultiplying both sides of

Ax=b
by A~! we obtain
x=A"'"Ax=A""p.

Such a method of calculating x is rarely to be recommended because
elimination is a much more efficient algorithm.

9.4 Pivoting

Example 9.4 Consider the solution of

107"%x+ y+z=2 (9.18a)
x+2y—2z=2 (9.18b)
—x+ y+z=1 (9.18¢)

if, during the calculation, numbers may be stored to an accuracy of only 10
decimal digits in floating point form. The solution to the accuracy required
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is seen to be x = y = z = 1. However, the elimination process produces

1072+  y+ z= 2
-10'%y - 10"z= -2 x 10"
10'%y+10'%z= 2x 10"
The last two equations are obtained by adding —10'’x (9.18a) and
10'% x (9.18a) with rounding. The next step yields
107 2%x+  y+ z= 2
-10"%y - 10"2z= -2 x 10"
0.z= 0.
These suggest that z can have any arbitrary value and, by back substitution,
y=2-zand x=0.
If instead we had arranged the equations as
x+2y-z=2
107%x+ y+2z=2
-x+ y+z=1
after one step they become
X+2y-z=2
y+z=2
3y =3.
Because of rounding, the second equation is not changed apart from the

removal of x. We obtain the solution y=1, z=1, x=1, on working back
through the equations. a

The fault in the first attempt at solving Example 9.4 was that a small pivot
(the coefficient of x in the first equation), meant that very large multiples
of the first equation were added to the others, which were therefore
‘swamped’ by the first equation, after rounding.

The trouble can be avoided if interchanges are made before each step to
ensure that the pivots are as large as possible. When we have reached the
stage displayed in (9.12), we look through the block of elements

and pick out one with largest modulus. This is then moved to the pivot
position (p, p) by appropriate row and column interchanges. This process is
called complete pivoting.
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Usually elimination with partial pivoting is employed, when only row
interchanges are permitted. At the stage of (9.12), only the column

aPP

.,

is inspected for an element with largest modulus. Normally we are seeking
the unique solution of n non-singular equations in n unknowns and,
therefore, column interchanges should not be necessary to reduce the
equations to triangular form. Alternatively, we could use a method in which
only column interchanges are allowed. At the stage of (9.12), the row

[ay,...a,]
is inspected for an element with largest modulus.

Example 9.4 above may seem exceptional because of one very small
coefficient. Of course this was deliberately chosen as an extreme case but
the lessons learned from it do hold for more reasonable equations. As a
second example, we consider a more innocent looking problem.

Example 9.5 Solve
0.50x+ lLly+ 3.1z=60
2.0x+ 4.5y+0.36z2=0.020 (9.19)
50x+096y+ 6.5z=0096.
The coefficients are given to two significant decimal digits. In an attempt to
minimize rounding errors we will carry one ‘guarding’ digit and work out

multipliers and intermediate coefficients to three significant digits. Without
interchanges we obtain

0.500 1.10 3.10: 6.00 0.500 1.10 3.10:  6.00
0 0.100 -12.0 :-24.0 0 0100 =120 :-240
0 -100 -24.5 :-59.0 0 0 -1220 : -2460

Back substitution yields
z=2.02, y=2.40, x=-5.80.

With partial pivoting involving only row interchanges we obtain, on
interchanging the first and third equations,

500 0960 6.50: 0.960 500 0960 6.50: 0.960
0 412 -224:-0.364 0 412 -224:-0.364|
0 1.00 245: 590 0 0 299: 599

Back substitution yields
z=2.00, y=1.00, x=-=2.60.
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By substituting these values in equations (9.19), it may be confirmed that
this is the exact solution. Later we shall consider in more detail the effects
of rounding errors on the accuracy of the elimination process.

We are now in a position to consider a complete algorithm for solving
linear equations. This is a reasonably accurate algorithm but as will be seen
from further examples and analysis, improvements may be made. In
particular, we will see in Chapter 10 that scaling of individual equations is
also important if only partial pivoting is used.

Algorithm 9.1 This solves (n = 2) linear equations in n unknowns.

fork:=1twn-1
max:=|ay|, pivrow =k

fori:=k+1ton [seek max |ay], ..., | aul]
if | a,,| > max then pivrow := i and max :=| a, |

next i

if max < ¢ stop [as the matrix is singular or nearly so]

[At this point the next pivotal row is given by pivrow and we
interchange rows k and pivrow. }
forj:=kton
swop a,; and a
next j
swop b,and b,
[Carry out reduction.]
pivot = a,
fori:=k+1ton
m:=a, [pivot [multiple of row & to be subtracted from row ]
forj:=k+1ton
a;:=a;—m.ay

pivrow, j

next j
b;:=b,—- m.b,
next i
next k
if |a,,| < estop [as the matrix is singular or nearly so]
[Now perform back substitution.]
x" := b’l/anll
for i :=n-1downto 1
s:=b,
for j:=ndowntoi+1
si=5-a;x;
next j
x;:=s/a;

next /
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The equations are reported as nearly singular if a pivot would have
magnitude less than a fixed £>0. (In practice a more sophisticated test
should be used.) The matrix A is reduced to upper triangular form but the
algorithm does not bother to insert zeros below the diagonal. Partial pivoting
by rows is included. a

9.5 Analysis of elimination method

Again we shall assume that we have n equations in n unknowns
Ax=b
where A is n x n. After one step of the elimination process, A becomes

a, a, .. a,
0 a ... a

d] = . 0:22 .2’! s
0 a, .. a,

assuming there are no interchanges. We have subtracted (a,/a,,) x first
row from the ith row. We can restore A by operating on #,, adding

(ay/ay,) x first row to the ith row for i =2, 3, ..., n. This is equivalent to
A=2d,
where
[1 0 ... 0]
Ly 1 - :
2=t 0 H,
O 0
_1,,1 0O ... 01

and the /, = a,/a,,, i=2,..., n, are the multipliers. Similarly the new right
side b, is related to its old value by
b=2%2b,.

The second step (assuming there are no interchanges) in the elimination
process is to form

(a” a;n vee “ee a‘,,

r

0 a ... ... a,
£2= 0 O aé’:; ven a:’;’n

0 0 da, .. a,

L B
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by subtracting (a’,/a%) x second row from the ith row for i=3,4,...,n.
Again we may restore &, by an inverse process and

911:552542
where

[1 0 0]
0 1

P, =

2 0 .
.. . . .0
0/, 0. 01

and I,=(a'y/a), i=3,...,n, are the multipliers of the second row.
Thus

A=2,,=2L,.L,dd,.
Similarly
b = ’(glbl = $|$2b2

where b, is the right side after two steps.
Provided there are no interchanges, by repeating the above we find that

A=%%,.2, U (9.20)
and
b=%%,..2, 9.21)
U is the final upper triangular matrix, c¢ is the final right side and
B 1
0 0
0 1
£ =1 1 (9.22)
e
0
0-014, 0--0 1

where ; is the multiple of the jth row subtracted from the ith row during
the reduction process.
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Now
1
121 1 0
LLy b =l L, 1 =L, (9.23)
lnl 1n2 s ln‘n— i 1

say, which is a lower triangular matrix (see Problem 9.21). We therefore
find that, provided the equations are non-singular and no interchanges are
required,

A=LU (9.24)
and

b=Lc (9.25)

where L is a lower triangular matrix with units on the diagonal and U is an
upper triangular matrix. We say that A has been factorized into triangular
factors L. and U.

Example 9.6 For the equations of Example 9.1,

1 00 1 0 1
£=f 2 1 0] and %,={0 1 0.
-1 01 0 2 1
Thus
1 0 0O
L=££1$2= 2 1 0 .
-1 2 1
From the final set of equations we find
2 2 3 3
U=}{0 3 1| and c¢=|-5{
0 0 6 6
It is easily verified that
2 2 3
LU=| 4 7 7]|=A
-2 4 5

and
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If interchanges are used during the reduction process, then instead of
determmmg triangular factors of A, we determine triangular factors of A™
where A™ is obtained by making the necessary row and column interchanges
onA.

9.6 Matrix factorization

The elimination process for n equations in n unknowns
Ax=b (9.26)

may also be described as a factorization method. We seek factors L (lower
triangular with units on the diagonal) and U (upper triangular) such that

A=LU,
when (9.26) becomes
LUx=b.
First we find ¢ by solving the lower triangular equations
Le=b

by forward substitution. We have

l.c, = b,
121C1+ 1.02 =b2
13|C|+l3202+ 1.C3 =b3
L+ 1,0+ +1.c,=b,.

We find ¢, from the first equation, then c, from the second and so on.
Secondly we find x by back substitution in the triangular equations

Ux=c.
The solution of (9.26) is this vector X, since
= (LU)x=L({Ux)=Lc=b.

We can see from the above that, given any method of calculating
factors L and U such that A = LU, we can solve the equations. One way of
finding the factors L and U is to build them up from submatrices. We will
use this method to describe how an n x n matrix A may be factorized in the
form

A=LDV 9.27)
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where
Pdl h
d, 0
D=
0
! |
is a diagonal matrix with d,+0, i=1,2, ..., n, L is a lower triangular matrix

with units on the diagonal as before and V is an upper triangular matrix with
units on the diagonal. We will show that, under certain circumstances, such
a factorization exists and is unique. In this factorization we call the diagonal
elements of D the pivots. We shall see later that these pivots are identical
with those of the elimination method.

Let A, denote the kth leading submatrix of A. By this we mean the
submatrix consisting of the first ¥ rows and columns of A. Note that
A, =[a;;]and A = A. Suppose that for some value of k we already have a
factorization

A= LkaVk

of the form (9.27), where L,, D, and V, are matrices of the appropriate
kinds. We now seek L, |, D,,, and V,, such that

Ak+1 =Lk+le+le+l'

We write
Aigrr
A, €
A= . , where ¢, =
Fivl Garpsn
* M Dejisr
and
T
oo =iy Grarn o0 Gyl
We seck an element d, ., and vectors
Viks1
L., =0 I} ] =
ko1 = ot Lz - hendds Vie1 =
vkju-l

such that

A = A, Crvt L, 0}|D, O V. Vi
A U, Lo 4 e '
k+1 k+1k+1 k+ 1 %+ 1 1



Linear equations 241

On multiplying out the right side and equating blocks, we find that we
require

Ak = Lkavk (9'28)

e =L Dy, (9.29)
ri.=1,DV, (9.30)
ak+l.k+l=lz+levk+l +dk+1- (931)

Equation (9.28) is satisfied by hypothesis. We can solve (9.29) for v,,,
by forward substitution in the lower triangular equations

(LiDVis =y (9.32)
We use forward substitution in the triangular equations
IO AAES J (9.33)

to find 17, . Having found v,,, and 1}, ,, we use (9.31) to determine 4, ,.
We have a practical method of factorizing A since clearly

A, =[a,]=[1}{a,][1]1=L,D)V,

and the process only involves solving triangular equations. The L, D, and
V, are successively determined for k=1,2,...,n and are leading sub-
matrices of L, Dand V.

Example 9.7 Factorize
1 2 3 -1
2 -1 9 -7
A= .
-3 4 -3 19
4 -2 6 =21

We carry out the factorization of the leading submatrices A,, for
k=1,2,3,4, in turn, as follows.

A =[], L={11, D=[1], V=[]

1 2 1 0] (1 o 1 2
A: N L= N D: , = .
2 [2 —1] 2 [2 1] 1o —5] V2 [o 1]

1 2 3] 1 0 0

A,=| 2 -1 9], Ly=| 2 1 0}

-3 4 -3] -3 2 1

1 0 0] (1 2 3
D3= 0 _5 O, V3= 0 1 _%.
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A=A
1 0 O -1
(L:Dyv,=| 2 -5 Olv=¢,=|~7},
-3 10 12 19
and thus
-1
ve=1 1§
1
2
1 2 3
lI(D3V3)=|I 0 -5 3 =rI=[4 -2 6]
0 0 12
and thus
IN=[42 -1}
dy = a4 - 1DV,
-1
=-21-[4 2 -1]|-5
6
=-21+20=-1.
Thus
1 2 3 -1
A= 1 -5 -3 -
-3 =2 1 12 1 %
4 2 -1 1| © ~1ll o 1

The process will fail if, and only if, any of the pivots d, become zero as
then we cannot solve (9.32) and (9.33). This can only happen if one of the
leading submatrices is singular. To see this, suppose that d,, d,, ..., d, are
non-zero but that when we solve (9.31) we find d,,; =0. We now have

(L, o][Dp, o[V, v.,
L. 1f|07 o o] 1]
(L, o0][DV, Dyv,.,
LSRR Y| U ]

Ak+l =
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Using a process equivalent to the elimination method of §9.3, we have
reduced A,,, to the second of these factors. This is of the form (9.14)
without the right-hand side vectors ¢ and d, where the upper triangular
matrix D, V, is kx k. Thus A,,, is of rank k which is less than the
dimension k + 1 and, therefore, A, is singular.

The above argument and method of finding factors forms a constructive
prooft of the following theorem.

Theorem 9.1 If an nx n matrix A is such that all n of its leading sub-
matrices are non-singular, then there exists a unique factorization of the
form

A=LDV, (8.34)

where L is lower triangular with units on the diagonal, V is upper triangular
with units on the diagonal and D is diagonal with non-zero diagonal
elements.

Proof The proof of both existence and uniqueness is based on induction.
The factors exist and are unique for the 1 x 1 leading submatrix A,. Given a
unique factorization of the kth leading submatrix A, we deduce from
(9.29), (9.30) and (9.31) that A,,,, has a unique factorization. Thus the
factors of A=A, exist and are unique. g

9.7 Compact elimination methods
We do not usually bother to determine the diagonal matrix D of (9.34)
explicitly and instead factorize A so that

A=L({DV) (9.35)
or

A= (LD)V. (9.36)

In the former we calculate L with units on the diagonal and (DV). In the
latter we calculate V with units on the diagonal and (LD). The elimination
method of § 9.3 is equivalent to (9.35) and, on comparing with (9.24), we
see that

From the diagonal,

+A proof in which an existence statement is proved by showing how to construct the objects
involved. See p. 1.
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and thus the pivots in the elimination method are the same as those for
factorization.

In compact elimination methods, we seek a factorization of the form (9.35)
or (9.36), but instead of building up factors from leading submatrices
described in the last section, we find it more convenient to calculate rows and
columns of L and V alternatively. For the factorization (9.35), we calculate
the ith row of (DV) followed by the ith column of L for i=1,2,...,n. To
obtain (9.36) we calculate the ith column of (LD) followed by the ith row of
V. The following algorithm describes the process.

Algorithm 9.2 Compact elimination without pivoting to factorize an nx n
matrix A into a lower triangular matrix L. with units on the diagonal and an
upper triangular matrix U (=DV). (As no pivoting is included, the
algorithm does not check whether any of the pivots u; become zero or very
small in magnitude and thus there is no check whether the matrix or any
leading submatrix is singular or nearly so.)

{row 1 of U]:=[row 1 of A]
[column 1 of L) := [column 1 of A}/u,,
fori:=2ton

fork:=iton

Uy

up=ay— [yl ]
Ui 1k

next k

l:=1

if i< n then
fork:=i+1ton

hi=\ay— U D) ¢ [
Uiy

next £
next i 0

The process used in the last algorithm is exactly equivalent to elimination
except that intermediate values are not recorded; hence the name compact
elimination method. Because there are no intermediate coefficients the
compact method can be programmed to give less rounding errors than
simple elimination. However, it is necessary to include partial pivoting in
the compact method to increase accuracy. This can be achieved by suitable
modification of Algorithm 9.2.
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It can be seen from (9.34), (9.35), (9.36) and Algorithms 9.1 and 9.2 that
there are various ways in which we may factorize A and various ways in
which we may order the calculations.

In all factorization methods it is necessary to carry out forward and back
substitution steps to solve linear equations. The following algorithm
describes the process for factorization of the form (9.35).

Algorithm 9.3 Forward and back substitution to solve LUx=b, where L
is lower triangular with units on the diagonal and U (=DV) is upper
triangular.

yi:=b
fori:=2ton

Mt
yi=bi =y ;]
: Yi-1
next |
[y is the solution of Ly =b]
Xy 2= Yo U

fori:=n-1downtol

Xien

=iy e )| f /“ﬁ
xn

next | O

9.8 Symmetric matrices

Given any m x n matrix, we call the n x m matrix obtained by interchang-
ing the rows and columns of A the transpose of A and write it as A™.
Thus

Ay Ay eee Gy
AT = a.lz @y ... a,."z
Ay Dy e Qi

and a;; is the element in the jth row and ith column of A", This extends the
definition of the transpose of a vector, given in § 9.2, to a general mx n
matrix.
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For any two matrices A and B whose product is defined, we find (see
Problem 9.29) that

(AB)"=BTAT. 9.37)
An n x n matrix A is said to be symmetric if
AT=A,

that is, a;=a; for all i and j. When using a computer, we need store only
approximately half the elements of a symmetric matrix as the elements below
the diagonal are the same as those above. We therefore look for an elimination
method which preserves symmetry when solving linear equations.

We have seen how to factorize A so that

A=LDV (9.38)
where, provided the factorization exists, L, D and V are unique. Now
AT=(LDV)'=V'D'L"=V'DL",
as any diagonal matrix D is symmetric. If A is symmetric
A=AT=V'DL", (9.39)

V7 is a lower triangular matrix with units on the diagonal and L7 is an upper
triangular matrix with units on the diagonal. On comparing (9.38) and (9.39)
we deduce from the uniqueness of L and V that

L=VT and L=V,
These two are equivalent and (9.39) becomes

A=LDL" (9.40)

If
d] '\/d]
0 0
D= & ) and E-= ‘/dz
0 d, 0 «/ d
thent
E’=D
so that
A=LEEL"=LEE'L" 94N

= (LE)(LE)".

Thus A=MM"

t We write E for E.E.
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where
M=LE

is a lower triangular matrix and will have real elements only if all the
diagonal elements of D are positive.

To calculate M we adapt the process described in § 9.6. Equation (9.28)
becomes

A,=MM! 9.42)
where M, is the kth leading submatrix of M. Both (9.32) and (9.33) become
Mm,,  =c., (9.43)

where

A= T T
Covl Gryrps My, M4

A, C. M, 0
¢ AI} and Mk*1=[ ¢ ]

We solve (9.43) for m,,, by forward substitution. Finally (9.31) becomes
(mk+l‘k+l)2=ak+l.k+l _m’{HmkH- (944)
Example 9.8 Solve

4 2 =2x1 [10
2 2 -3|lnl=]| 5l
-2 -3 14| x 4

FromA,=[4], M,=[2].

meA2=[g g] M2=[§ g].

4 2 2
FromA,=| 2 2 -3|, [2 0]["’3‘]:["2].
2 -3 14 Lo Ljm,| {3

Therefore,

Hence
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and Ax = b becomes MM™x = b. We seek ¢ such that

10
Mc=| 5|
4
By forward substitution, we obtain
5
c=]0|
3
Finally, by back substitution in
M'x=c,
we obtain
2
x=|2] 0
1

The above method is difficult to implement if some of the elements of
the diagonal matrix D are negative, as this means using complex numbers in
finding M. Since each of the elements of M will be either real or purely
imaginary, there is, however, no need to use general complex arithmetic. In
such cases it is probably best to ignore symmetry and proceed as for general
matrices. Another difficulty, which may arise with the method preserving
symmetry, is that pivots may become small or even zero and it is difficult to
make row or column interchanges without destroying the symmetry. This is
only possible if, whenever rows are interchanged, the corresponding
columns are also interchanged and vice versa.

There is an important class of matrices, called positive definite matrices,
for which M will always exist and be real. An n x n real symmetric matrix A
is said to be positive definite if, given any real vector x+ 0, then

xTAx>0.

Note that x"Ax is a 1 x 1 matrix. Positive definite matrices occur in a
variety of problems, for example least squares approximation calculations
(see Problem 9.39).

We note first that the unit matrix is positive definite, as it is symmetric
and

xIx=x"x=x2+x}+ -+ x%

The latter must be positive if the real vector x is non-zero.
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Secondly we observe that, if a matrix A is positive definite, then it must
be non-singular. For, suppose that A is singular so that, by the last part of
§9.3, there is a vector x # 0 for which

Ax=0.
Then clearly
xTAx=0
which would contradict the positive definite property.

Theorem 9.2 An nx n real symmetric matrix A may be factorized in the
(Choleski) form

A=MMT (9.45)

where M is a lower triangular real matrix with non-zero elements on the
diagonal if, and only if, A is positive definite.

Proof If A can be factorized in the form (9.45), then
xTAx=x"MM'x=yTy

where
y=MT"x.
If x+ 0 we must have y + 0 as M is non-singular and thus
xTAx=yTy>0,

showing that A is positive definite.

Conversely, if A is positive definite all the leading submatrices are
positive definite and hence non-singular (see Problem 9.35). By Theorem
9.1, A may be factorized in the form

A=LDV
and since this factorization is unique and A is symmetric
L'=V.
It remains to be shown that the diagonal elements of D are positive.
Choose x so that
L'x=¢;
where ¢,=[0...0 1 0.. .0]7, with the unit in the jth posmon ie. ¢ is the

Jjth column of I. We can always find such an x+0 as L” is non- smgular
Now since A is positive definite,

0<x"Ax =x"LDL™x = (L™x)"D(L"x)
=e De; = d;
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where d, is the jth diagonal element of D. Since this holds for j=1,2,...,n,
it follows that all the diagonal elements of D are positive. O

What is not obvious from the above theorem is that in fact the Choleski
factorization of a positive definite matrix is an accurate process and that
pivoting is not required to maintain accuracy.

Algorithm 9.4  (Choleski factorization A =MM" of a positive definite
symmetric matrix A where M is lower triangular) The algorithm does not
check that A is positive definite but this could easily be included by
checking for positivity all quantities whose square roots are required.

m”:=\/a”
fori:=2ton
forj=1toi-1
mﬂ
my:=la;=[my...m;_ 3| 8 ||/m;
m.

Jii=1

[Omit inner product when j =1.]

next j
mi
m;: = fla; — [my...m_,]
m;ia
next ; a

9.9 Tridiagonal matrices

An n x n matrix A is said to be tridiagonal (or triple band) if it takes the form

b ¢
a b o 0
A=| @ 5o (9.46)
0 Cn-1
- a" bn P

Thus the (i, j)th elements are zero for j>i+1and j<i-1.
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The elimination method can be considerably simplified if the coefficient
matrix of a linear set of equations is tridiagonal. Consider

Ax=d (9.47)

where A is of the form (9.46). Assuming b, #0, the first step consists of
eliminating x, from the second equation by subtracting a,/b, times the first
equation from the second equation. There is no need to change the 3rd to nth
equations in the elimination of x,. After i—1 steps, assuming no inter-
changes are required, the equations take the form

-131 G W [ dy ]
0 B % 0 :
. 8
0 Bi G X=
G bivy Cis1 ey
0 ;s b2 Civ2
] . N .

We now eliminate x; from the (i + 1)th equation by subtracting a;,,/8; times
the ith equation from the (i + 1)th equation. The other equations are not
changed. The final form of the equations i<

-ﬂl G W -61.}
B &) 0
- - x=|: (9.48)
0 Cr-y
] B.| |e.

and these are easily solved by back substitution.

Algorithm 9.5 Solve tridiagonal equations of the form (9.46) and (9.47).
There is no test for a zero pivot or singular matrix (see below).

Bi:=b,

d,:=d,

fori:=1ton-1
m;:=a;,.,/B;
Bivi:=biy —myg;
0.1 :=dj. — m;0;

next i

xﬂ:= 6’(/5"
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fori:=n-1 downtol
xj=(0;~ Cixi+x)/ﬂi
next i 0

If A is positive definite we can be certain that the algorithm will not fail
because of a zero pivot. In Problem 9.42, simple conditions on the elements
a;,, b, and c; are given which ensure that A is positive definite. These
conditions hold for the tridiagonal matrix M in (6.36) for cubic splines. We
shall also see in Chapter 14 that tridiagonal equations occur in numerical
methods of solving boundary value problems and that in many such
applications A is positive definite (see Problem 14.5).

9.10 Rounding errors in solving linear equations

We have seen that, if we are not careful, rounding errors may seriously
affect the accuracy of the calculation of a solution of a system of linear
equations. Examples 9.4 and 9.5 illustrate the importance of pivoting. We
should also consider the effect of rounding errors even in apparently well
behaved cases. A large number of additions and multiplications are used in
the elimination process and we need to investigate whether the error caused
by repeated rounding will build up to serious proportions, particularly for
large systems of equations.

We shall use backward error analysis in our investigation. This approach
was pioneered by J. H. Wilkinson (1919-86) and is suitable for various
different algebraic problems.

We will assume that, instead of calculating x, the solution of

Ax=b (9-49)

where A is n x n and non-singular, we actually calculate x + éx, because of
rounding errors. We will show that x + 8x is the (exact) solution of the
perturbed set of equations

(A+ 6A)(x+ 6x)=b = 6b. (9.50)

In this section we will derive a posteriori bounds on the elements of the
nx n perturbation matrix 6A and the perturbation column vector 6b.
Backward error analysis of this type does not immediately provide bounds
on the final error 6x but in the next chapter we will obtain a relation
between 6x and the perturbations #A and 6b.

Much of the calculation in the factorization method consists of determin-
ing inner products of the form

u|v1 + u2v2+ cee 4 u,.v,.

Most computers are able to work to extra precision for at least some of their
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calculations and because inner products form such an important part in
solving linear equations we will assume that inner products are computed
with double precision before rounding to a single precision result. The better
computer packages for linear algebra use such extra precision for inner
products. Thus with floating point arithmetic, we produce

(v, + v, + -+ u,v )1 + €)
where bounds on & are determined by the type of rounding (see Appendix).
In the compact elimination method (see Algorithm 9.2), we seek
triangular factors L and U (= DV) such that
=LU 9.51)
where L has units on the diagonal. Let us suppose that because of rounding
errors we actually compute matrices L’ and U’. We now seek 8A such that
A+S8A=L'U". (9.52)
To compute /; for i>j>1 we try to use

Ly + g+ - + L= ay

in the form

ly=(a;— L= =1 ,)/

There will be two rounding errors; one due to the formation of the
numerator (an inner product) and the other due to division by u;. We obtain,
therefore,

po Gz T h ) g &)

1/ '
U

where €, and &, are due to rounding. Thus

, £ +&+EE .
I,«j - ——=2 712 =(a,'j‘li|“xj_“'_ ij- Iu 11)/ W;
(1+&)1+g)

which we can write as

Uy j+ -+ yuly = ay + Ly (9.53)
where

£ +£2 + £1&
(A+e)l+g)

Hence the amount added to a;; by the two rounding errors is
da;=lu)w.

i
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If | £,] and | &,| are bounded by & then
e2+¢)
a-ef
say. Note that £” = 2¢, since in practice € is much smaller than 1, and that if

partial pivoting is used all the multipliers /; satisfy | /;| <1.
The calculation of u; for 1 <i<jis made using

i+ 1= ay (9.55)

Since only an inner product and no division is required to find u;; there will
be less errors than in the calculation of L. However, for uniformity we will
assume the same error bound.

We can make a similar analysis of the solution of

Ly=b (9.56)

lv] < ¢, (9.54)

Lywyj+ -+ 1 u

and
Ux=y. 9.57)

We find each element of y in (9.56) from a single inner product. We
replace
Liyi+ o+l 3,0, + ly;=b;
by
yi=(b=1y, = - Uy )+ g)
where ¢, is due to one rounding error. Thus

r 7 ! ’ ! 8 ’
b+ -+ Ly +1yj=bj+( ‘ ))’j
1+€1

and the perturbation of b, is bounded by

£ '
Y;
1+ £ !

<éey

where

, €

£= =g,

(1-¢)

€ is a bound on |¢,| and y is an upper bound on |y,], ..., | y,|. We have
shown that y’ satisfies

L'y’ =b+ 6b, (9.58)

in place of (9.56).



Linear equations 255

Similarly we replace (9.57) by
U'x' =y’ + 6y. 9.59)
The components of 8y satisfy
| 8y;| < xue"

where &" is defined by (9.54) and x and u are upper bounds on the
magnitude of the elements of x' and U’ respectively. Again there are two
rounding errors: one is due to the formation of an inner product and the
other to division by a pivot. To relate 6y to the original equations, we
premultiply (9.59) by L’ to give

L'Ux'=L'(y' + 6y)=b + 6b, + 6b, (9.60)
where
6b,=L'46y.
The ith element of &b, has magnitude
| 0y, + o + 1 ;21 0;,0y;_, + 10y,
<[y |+ |0y,| + -+ |0yl
<ixue’
assuming that partial pivoting is used.
We summarize these results as a theorem.
Theorem 9.3 Suppose that the compact elimination method is used and that

(i) arithmetic is floating point with relative errors bounded by &,
(ii) inner products are computed with only one rounding error,
(iii) partial pivoting is used,
(iv) the elements of the final upper triangular matrix U’, the reduced right
side y' and the calculated approximate solution x’ satisfy

luyl<u, |y/l<y, |x/|=x, 1<i,jsn.
Then the computed approximation x' = x + &x satisfies the perturbed equations
(A+ 6A)(x+6x)=b + b, + 6b, 9.61)

where each element of | §A| is bounded by ue”, each element of | &b, | is
bounded by ye' and

|6b,| < xue'| *
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with

\ £ , €2+¢€)
£= and ¢ =—.
1-¢ (1-¢)

(9.62)

(We use |A| to denote the matrix with elements | a;|, that is, the matrix
of absolute values of elements of A. By A<B, we mean that a; < b;; for all
i and j.) Note that, for small ¢,

=g and €' =2 0

The bounds in Theorem 9.3 as stated are not the best that can be derived
but they do illustrate the effects of rounding errors. The largest perturbation
is likely to be &b, which is due to errors in the back substitution process.
Since these errors are in the final part of the calculation of the solution they
are unlikely to have any really significant effect on the computed solution
and are indeed all that one can expect from the final rounded form of the
solution.

Strictly speaking, the bounds of Theorem 9.3 are a posteriori bounds,
as they depend on the magnitude of elements determined in the calcula-
tion. However, the bounds may be used to decide, a priori, to what
accuracy the calculations should be made, assuming the equations are
‘well-behaved’. If the elements of U’ and A are of similar magnitudes,
so that

a = max |a;|=u,
iij

the perturbation 6A, in (9.61), has elements whose moduli cannot be much
greater than that of a double rounding error determined by the floating point
representation of a. Similarly, elements of &b, may not be much greater
than a single rounding error. For a well-behaved set of equations there is
therefore no point in computing with more than one extra ‘guarding’ decimal
digit (or two binary digits) during the main part of the reduction process.
Even without guarding digits, the error introduced in the main part of the
process will be only a little more than that due to representing the coeffi-
cients by floating point numbers.

The calculation for the simple elimination process of § 9.3, in which
many more intermediate coefficients are determined, is identical to that of
the compact elimination method without double precision calculation of
inner products. Extra rounding errors are introduced in computing
intermediate coefficients. There are similar perturbations to those in
Theorem 9.3 but the bounds on their elements are much larger. Rounding
errors are introduced in forming each term in an inner product. If all initial,
intermediate and final coefficients are bounded by a, we find (see Forsythe
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and Moler, 1967) that, provided pivoting is used,

0 00O .. 0 0 ]

122 2 .. 2 2

1 3 4 4 .. 4 4
|[pA|<ae'|l1l 3 5 6 6 6

1 35 7 ... 2n-4) (2n-4

(1 3 57 @n-3) @2n-2)]

where €' is given by (9.62) and & is the usual error for single precision
floating point arithmetic. The perturbations &b, and &b, are similarly
bounded.

A comparison of the perturbation bounds for the simple elimination and
compact elimination methods provides a strong reason for preferring the
latter when calculating on a computer capable of forming double precision
inner products. It must be stressed that, in spite of the apparent extra length
of simple elimination, the methods are identical in terms of computing
effort, which consists primarily of approximately n*/3 multiplications. One
advantage of simple elimination is that complete pivoting is possible, which
may be desirable for troublesorne sets of equations.

So far we have not discussed the effects of perturbations caused by
rounding errors, on the accuracy of the computed solution, that is, we have
not discussed éx in (9.50). We have already seen in §9.4 that these effects
may be very serious but that pivoting does help. In the next chapter we
consider the sensitivity of equations to small changes in the coefficients by
determining bounds on &x in terms of &A and 6b.

Problems
Section 9.2
9.1 If
s 3 1 1 2 0 2 1 -1
A=[ - ], B=i{0 1 1| and C=| 3 4 =2],
-1 2 4 1 -1 3 -1 0 1

verify by calculation that
AB+C)=AB+AC.
9.2 Show that BC + CB where B and C are as defined in Problem 9.1.

9.3 Produce an example which shows that it is possible for two matrices A

and B to be such that
AB=0,

although neither of the matrices is a zero matrix.
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9.4 Produce an example which shows that it is possible for three matrices to
be such that
AC=BC

even though A and B are not equal and C # 0.
9.5 An nx nmatrix A is said to be lower triangular if a;; = O for all j> i.

(i) Show that the product of two lower triangular matrices is lower
triangular.

(i1) Show that the product of two lower triangular matrices with units on
the diagonal (a;=1, i=1,2,...,n) is a lower triangular matrix with
units on the diagonal.

(1) Show that the product of two lower triangular matrices with zeros on
the diagonal (@;=0, i=1,2,...,n) is a lower triangular matrix with
zeros on the diagonal.

9.6 If the product AB exists, show that
[ith row of AB] = [ithrow of A]B

and
jth jth
column | = A| column |.
of AB of B

9.7 If A is an nx n matrix and D an n x n diagonal matrix with diagonal
elements 4,, ... ,d,, show that

[ithrow of DA] =d.[ithrow of A].
What can be said about the elements of AD?

_la b _le f
aefe 8] wa nee 1]

Find e, f, g, hinterms of a, b, c, d such that AB = L. Confirm that such values
exist if, and only if, ad + bc and that with such values we also have BA = L.

9.8 Suppose

9.9 Verify the block multiplication rule (9.7) by considering (i, j)th elements.

Section 9.3

9.10 Show, using the elimination process, that the following equations have
a unique solution and find this solution.

Ax=b



Linear equations 259

where
1 2 =2 1 4
2 5 -2 3 7
A= , = .
-2 -2 5 3 b -1
1 3 3 2 0

Check your result by substituting it back in the original equations.

9.11 Use elimination with only row interchanges to show that the following
equations have a unique solution and find this solution.

1 1 3 2 4
11 4 3{._ |7
2 1 1 2|*7|3
2 -1 4 5 8

Check your result as in Problem 9.10.
9.12 Repeat Problem 9.11 but use only column interchanges.
9.13 Show that the following equations are of rank 2 and inconsistent.
x+2y+3z= 3
x- y—4z=-5
3x+43y+2z= 2,
9.14 Show that the following equations are consistent if, and only if,
a=+lora=-1.
x+ y+ z= l1+a’
x+2y+3z=-2aqa
x+3y+4z=-4a
x+2y+2z= 2(1-a).
9.15 Write in an algorithmic form the elimination process without

interchanges for a system of n non-singular linear equations in » unknowns
(see Algorithm 9.1).

9.16 If the matrix of the linear equations of (5.13) is singular, show that
there exist numbers c;, not all zero, such that

n

el vowwac=0, o0<j<n

i=0
Deduce that

b n 2
L [Z c,tp,-(x)] dx =0,

i=0
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which is impossible if the , are linearly independent, and hence show that
the normal equations (5.13) have a unique solution.

Section 9.4

9.17 Repeat Example 9.4 with the same ten digit accuracy but making only
column interchanges to pick suitable pivots.

9.18 Repeat Example 9.5 with the same three digit accuracy but making
only column interchanges to pick suitable pivots.

9.19 Use elimination to solve

0.20x; + 1.2x, + 1.6x;= 4.5
1.2x;+7.1x,— 6.0x;=-4.3
42x,-2.8x,+ 10x;= 5.3

working to only three significant digits and

(i) without pivoting,
(ii) with partial pivoting.

9.20 Write a computer program to implement Algorithm 9.1 and test your
program on Examples 9.1, 9.4, 9.5 and the equations of Problem 9.19.

Section 9.5

921 If
[ 1
b 0
: 1
M;= foy; 1
P00
I lL; O 0 1
show that
M;.. =M%,

where £, is defined by (9.22). Hence verify (9.23) by induction.

9.22 Find the matrices £, £,, £,, L, U and ¢ of § 9.5 for the equations of
Problem 9.10. Verify that (9.24) and (9.25) are valid for your results.
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Section 9.6

9.23 Use the method of § 9.6 to find factors L, D and V of the coefficient
matrix A of Problem 9.10.

9.24 Show that the coefficient matrix in Problem 9.11 cannot be factorized
in the form LDV.

Section 9.7

9.25 Use Algorithm 9.2 (compact elimination) to factorize the matrix of
Example 9.7.

9.26 Use Algorithms 9.2 and 9.3 to solve the equations of Problem 9.10 by
hand.

9.27 Write a program to solve linear equations by implementing Algorithms
9.2 and 9.3. Test your program on the equations in Example 9.1, Problem
9.10 and Problem 9.19.

9.28 We can find the inverse of a non-singular matrix by solving linear
equations. If AX =1and x; is the jth column of X then

Ax;=e, (9.63)

where e; is the jth column of I. We can solve the set of linear equations
(9.63) by elimination. By taking j=1,2,..., n we obtain n different sets of
equations and by writing the solutions as columns of a matrix we calculate
X = A%, Use this method to find the inverse of the matrix

-1 8 -2
=|-6 49 -10]|
-4 34 -5

For simplicity do not use interchanges in the elimination process and note
that the same factors L. and U apply to each of the three sets of
equations.

Section 9.8

9.29 By considering (i, j)th elements show that if matrices A, B are such
that AB exists then

(AB)'=BTA".

9.30 If the product ABC exists, by writing ABC=A(BC), show that
(ABC)"=C'B"A".
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9.31 If A and B are symmetric n x n matrices, show that
(i) (A + B) is symmetric,
(ii) AB is not necessarily symmetric. (Produce a counter-example.)
9.32 An n x n matrix A is said to be skew-symmetric if
AT=-A.

Show that all the diagonal elements of such a matrix are zero. Hence, by
considering the (1, 1) element, prove that it is not possible to factorize such
a matrix in the form LDV where D has non-zero diagonal elements.

9.33 Find a matrix M such that (9.45) is valid for

4 -2 -4
A=1-2 17 10
-4 10 9
and hence solve the equations
10
Ax=} 3.
-7

9.34 If A is any non-singular symmetric matrix, show that A? is a positive
definite matrix. (Hint: x"A = xTATAx.)

9.35 Show that if A is a positive definite matrix, all of its leading sub-
matrices are positive definite. (Hint: consider x TAx, where x is a vector
whose last n — p elements are zero.)

9.36 Write a computer program which implements Algorithm 9.4 to
perform Choleski factorization of a positive definite matrix. Test your
program on the matrices of Example 9.8 and Problem 9.33.

9.37 Write in an algorithmic form the forward and back substitution process

for solving Mc = b and M"x = ¢ where M is lower triangular and b is given.
Convert your algorithm to a computer program and combine it with your

answer to Problem 9.36 to produce a program to solve Ax =b where A is

positive definite. Test your program on the equations in Example 9.8 and
Problem 9.33.

9.38 Use the program developed in Problem 9.37 to solve Ax =b where A
is the positive definite matrix

420 210 140 105 875
210 140 105 84 539
A= d = .
140 105 84 70| 2 P=]3g9

105 8 70 60 319
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The exact solution is x=[1 1 1 1]7 but because of rounding errors you
may obtain a solution which is correct to only two or three significant
decimal digits. (The precise accuracy depends on your computer.) These
equations are difficult to solve accurately as A =420 H, where H, is the
4 x 4 Hilbert matrix described in § 10.4. What happens to the solution if we
take b, =400 (instead of 399)?

9.39 Show that the least squares normal equations (5.10) may be written in
matrix form as ¥¥'a = Wf, where

a'=[a,...a,], 7= [f(x0) ... f(xn)]
and W is the (n+1)x (N+1) matrix whose (i, j)th element is ¥, ,(x;_,).
Show that if {¥,, ¥, ..., ¥,} is a Chebyshev set then ¥'b# 0 for all (n + 1)-
dimensional vectors b+#0. Hence show (cf. Problem 9.34) that WW¥7 is
positive definite and thus that the normal equations have a unique solution.

Section 9.9

9.40 Show that the process described in § 9.9 is equivalent to factorization of
the tridiagonal matrix A into lower and upper triangular factors of the form

1 rﬂl € 0 ]
m‘ l 0 )
A= m, 1 -
0 T
n—1
B,

9.41 Use Algorithm 9.5 to solve the equations
2 -1 0 0 O 1
-1 2 -1 0 O 0
0 -1 2 -1 O0lx=]0{
0 0 -1 2 -1 0
0 0o 0 -1 2 7

Also find the triangular factors of the coefficient matrix as in Problem 9.40.

942 If Aisthe nx n symmetric matrix

b, ¢ .‘
Cy bz G 0
A= o b oo ,
0 .. Cn-i
L Cn- 1 bn
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show that, for any n-dimensional vector X,
XTAX = b, x2+ 20, %, %, + by X2+ 20,005 + -+ + b, X7
+2¢, X, X, + b,Xx2
= (b, e, Da+ e (2 x)2 + (b= || - l e, e
+lelprx)’+ -+ (b= leaal = lens 1xi_,
+ ] (o 2 X, )+ (b= | €y |)x2,

where the + sign in (x; £ x,,,)* is taken to be that of c;. Hence show that if
lc;| >0,i=1,2,...,n—1, and, defining ¢,= ¢, =0,

bi;lci|+lci—1|7 i=1’2,'~~’n,

with strict inequality in the last relation for at least one i, then x"Ax >0 for
all x+ 0 and thus A is positive definite.
Show that the coefficient matrix in Problem 9.41 is positive definite.

Section 9.10

9.43 It is possible to mimic the behaviour of a computer of limited
accuracy by multiplying the result of every arithmetic operation (addition,
subtraction, multiplication and division) by an amount 1+ ¢ for a suitably
small &.

(i) Amend the program requested in Problem 9.20 so that the result of
every arithmetic operation is multiplied by 1.005 (the maximum error
for three significant decimal digit working). Try the amended program
on the various equations tested earlier, including those of Problem
9.38, ignoring symmetry.

(ii) Carry out a similar amendment of the program of Problem 9.27 but in
the case of inner products multiply only the final total by 1.005 and not
individual terms. This simulates the use of extra precision for inner
products. Try the amended program on the various equations encoun-
tered before.



Chapter 10
MATRIX NORMS AND APPLICATIONS

10.1 Determinants, eigenvalues and eigenvectors

We will need to use eigenvalues to complete the error analysis of the solution
of linear equations and to describe fully the use of iterative methods.

Definition 10.1 The determinant of an nxn matrix A is defined
recursively as follows.

(i) If A=[a,,], that is a 1 x | matrix, then the determinant of A, written
asdet A, is q,.

(ii) If Ais nxn, n=22, we define the minor A;; of A to be the determinant
of the (n-1) x (n- 1) matrix obtained by deleting the ith row and jth

column of A. We then define
detA =) (-1)"ayA;,  foranyj, 1<js<n,  (10.1)
i=1

or

det A = Z (—1)i+jai,~A,,, foranyi, l<is<n. (10.2)

j=1
Note that we obtain the same result (see, for example, Johnson et al., 1993)
regardless of whether we use (10.1) or (10.2) and regardless of the value of
jin (10.1) or of {in (10.2). O

For a 2 x 2 matrix
a, a
A — 11 12
a an

det A=aya, - apay

we have
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and, for a 3 x 3 matrix,

a a a a a a
det A =4y det[ z 23] —dap det[ a 23] +al3 detl: 2 22].

as aixp as das as dasn

We can show that adding one row (or column) of a matrix to another row
(or column) does not change the determinant and that interchanging two
rows (or columns) changes the sign of the determinant. Multiplying one
row (or column) by a scalar 4 multiplies the determinant by 4 and thus

det(AA)=A"det A,

where n is the order of the matrix, since each row is scaled by A. For the
product of two square matrices we have

det(AB) = (det A)(det B).

Proofs of these results may be found in Johnson et al. (1993). In Chapter 9
it was asserted that the product of pivots (arising from Gaussian elimina-
tion) is £det A (the sign depends on how many row and/or column inter-
changes are made) and thus a matrix A is singular if, and only if, det A= 0.

Definition 10.2 An nxn matrix A is said to have eigenvalue 1 € C if
there is a non-zero vector x € C" such that

Ax = Ix. (10.3)

The vector x is called an eigenvector of A corresponding to the eigenvalue A.
a
Equations (10.3) are equivalent to

(A-AiDx=0 (104)

and these have a non-zero solution x if, and only if, A — Al is singular or,
equivalently,
det(A - AI)=0. (10.5)

Equation (10.5) is called the characteristic equation of A and det(A — AI),
which is a polynomial in 4 of degree n, is called the characteristic
polynomial of A. There are n roots of (10.5), which we will denote by
A, 4y ..., A,. For a given eigenvalue A, the corresponding eigenvector is
not uniquely determined, for if x is an eigenvector then so is ux where u is
any non-zero scalar.

Example 10.1 If
4 -3 3
A=| 2 -1 1
-4 4 -4
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then

4-1 -3 3
dettA-A) =det] 2 -1-4 1
-4 4 —-4-1
= 4=DI-1-A)-4 -1 -4]
+3[2(-4-A)+4] + 3[8 +4(-1 - A)]
= A1 -A2+4).
Thus the eigenvalues of A are 1,=0, 4,=1, 1;=-2. To find eigenvectors
we substitute each eigenvalue in (10.4) in turn and solve equations for an
x + 0. For example, 4 = 4, =1 yields the linear equations
3x1 - 3XZ+ 3x:; =0
2x,—=2x,+ x3=0
—4x,-4x,+5x;=0
and the general non-zero solution is x,=¢q, x,=¢, x;=0, gER, g+0. We

can similarly solve the equations with A =0 and with 1 = —2. We thus find
eigenvectors corresponding to 4,, 4, and 4;:

0 q ~r
xl = P s x2 = q ’ X3 = O ’
D 0 2r
where p, q, r € R are non-zero. 0O

In general the eigenvalues and eigenvectors of an n x n real matrix are
complex, but for real symmetric matrices the eigenvalues can be shown to
be real and real eigenvectors can be chosen.

Definition 10.3 Two n x n matrices A and B are said to be similar if there
exists a non-singular matrix T such that

A=TBT"'
or equivalently
B=T'AT.
T is called a similarity transformation matrix. O

It is easily shown that similar matrices have common eigenvalues. If
Ax = Ax
where x+ 0 and B is similar to A then
TBT 'x=1x
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which implies
BT x=T'TBT 'x=4T 'x. (10.6)

Now T ! is non-singular so that x+ 0 implies T 'x+0 and hence 1 is an
eigenvalue of B with corresponding eigenvector T ~'x. Similarly if x is an
eigenvalue of B it can be shown to be an eigenvalue of A. This proof of
common eigenvalues is, however, not complete as we should also show
that repeated eigenvalues of A are repeated eigenvalues of B and vice
versa.

The most interesting matrix similar to a given matrix A is a diagonal
matrix. It can be shown that many (but not all) real matrices are similar to a
diagonal matrix and thus

A=TAT"™! (10.7)

where A is diagonal. Now A and A have the same eigenvalues and the
eigenvalues of a diagonal matrix are simply the diagonal elements of that
matrix. Thus the diagonal elements of A are precisely 4,, 4,, ..., 4, if such a
similarity transformation T exists. From

AT=TA
we have, on equating jth columns on each side,
Ax;=Ax;

where x; is the jth column of T. Thus the columns of T consist of
eigenvectors of A . We need to be able to choose n eigenvectors such that T
is non-singular. Equivalently we must be able to choose n linearly indepen-
dent eigenvectors for T to be non-singular (see Johnson et al., 1993). It can
be shown that this is always possible if A is a real symmetric matrix or if A
has n distinct eigenvalues. In other cases A may not be similar to a diagonal
matrix (see Problem 10.4).

If A is symmetric, a further simplification is that T may be chosen to be
orthogonal (T ~! = TT). We then have

A=TAT"
Definition 10.4 The spectral radius p(A) of a matrix A is
p(A) = max |4,;| (10.8)
1<i<n

where 4,, 4,, ..., 4, are the eigenvalues of A.

We will see that the spectral radius plays an important role in the theory
of iterative methods for solving linear equations.
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10.2 Vector norms

We shall require some measure of the ‘magnitude’ of a vector for satisfactory
error analyses of methods of solving linear equations. You are probably
familiar with the ‘magnitude’ (or ‘length’) of a vector in three-dimensional
space. We generalize this concept to deal with n-dimensional vector spaces by
defining a norm. (Note the similarity between the following definition and
Definition 5.1 in Chapter 5, where we also use norms.)

Definition 10.5 For any vector x € C", we define the norm of x, written
as || x[|, to be a real number satisfying the following conditions.

() | x|l >0, unless x=0, and ||0] =0,

(ii) For any scalar 4, and any vector x, || Ax|| = | 4]/ x]|.
(iii) For any vectors x and y,

[x+yll < lxil + Iyl (10.9) O

The last condition is known as the triangle inequality and from this it may
also be shown (Problem 10.5) that

Ix=yll =1 lI=ll -1yl | (10.10)

We may also define the norm to be a mapping of the n-dimensional space
into the real numbers such that (i)~ (iii) hold.

There are many ways in which one may choose norms. One of the most
common is the Euclidean norm (or length) || x ||, defined by

Ixl, = (Ix, Iz + |x2|2 +oee-+ Ixnlz)l/z

n 1/2
= [leilz] = [x'x]"” (10.11)
i=1

where X is the complex conjugate of x. Conditions (i) and (ii) above are
clearly satisfied. The verification that condition (iii) holds is more difficult
and is left as Problem 10.6. In three-dimensional space, (iit) corresponds to
stating that the length of one side of a triangle cannot exceed the sum of the
lengths of the other two sides.

Other possible norms include

lIxlly = [xaf + o]+ -+ 1x, |
= lx] (10.12)
i=1

and
Ix]l. = max | x; 1. (10.13)
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These are particularly useful for numerical methods as the corresponding
matrix norms (see § 10.3) are easily computed. All of these norms may be
considered special cases of

n l/p
Ixfl, = [Zixil”] , (10.14)
i=1
where p=1. The norms ||-||, and |- ||, correspond to p=1 and p=2
respectively. The maximum norm | -|| .. may be considered the result of

allowing p to increase indefinitely. The reader is urged to verify that (10.12)
and (10.13) do define norms, by showing that conditions (i)- (iii) are
satisfied. (See Problem 10.7.) It is more difficult to verify that, for a general
value of p=1, (10.14) satisfies condition (iii). It is easily verified that
conditions (i) and (ii) are satisfied. In most of this chapter we shall use
Il-1l, or ||-ll.. and, where it does not matter which norm is employed, we
shall simply write || -||. Of course we do not mix different types of norm as
otherwise (10.9) may not hold.

Example 10.2 The norms of

1 0
x=}-2| and y=|2
3 3
are
”x”1=6, “)'”1'—'5,
Ixll,=v14,  |yl,=V13,
Ixll.=llyll.=3. )

You will notice that two different vectors may have the same norm, so
that

Ixlh =Nyl # x=y, (10.15)
However, from condition (i),
[x-yl[=0 = x-y=0 = x=y. (10.16)

We say that a sequence of n-dimensional vectors (x,,)7,_, converges to a
vector a if, for i=1,2,...,n, the sequence formed from the ith elements of
the x,, converges to the ith element of a. We write

lim x,=a.

n-—»o0

Lemma 10.1 For any type of vector norm

lim x, =«

m - oo
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if, and only if,
lim ||x,, ~a|=0.

Proof The lemma is clearly true for norms of the form (10.14) (including
p = o) because of the continuous dependence of the norms on each element
and condition (i). The proof for general norms is more difficult and may be

found in Isaacson and Keller (1966). |
Note that
Tim 1%, | = e (10.17)

is not sufficient to ensure that (x,,) converges to o Indeed, such a sequence
may not even converge. Consider, for example,

S EF T

This satisfies (10.17), with
a- [1 ,
1]

for any choice of the norms (10.14).

10.3 Matrix norms

Definition 10.6 For an n x n matrix A, we define the matrix norm |[A||
subordinate to a given vector norm to be

Al = Sup, Il Ax . a

The supremum is taken over all n-dimensional vectors x with unit norm.
The supremum is attained (the proof of this is beyond the scope of this
book except for the norms (10.11), (10.12) and (10.13)) and, therefore, we
write

Al = max | Ax]. (10.18)

Lemma 10.2 A subordinate matrix norm satisfies the following properties.

@ [|A|ll >0, unless A=0, and ||0]=0.
(i) For any scalar A and any A, || AA || = |A]|]|A]].
(iii) For any two matrices A and B,

fA+B[ <|A] +[B].
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(iv) For any n-dimensional vector x and any A,
lAx|l < || All-lIx]f-
(v) For any two matrices A and B,
lAB| < [Aff-lB].

Proof

(i) If A+0, there is an x+0 such that Ax+0. We may scale x so that
Ix]| =1 and we still have Ax+0. Thus, from (10.18), ||A|| >0. If
A =0 then Ax = 0 for all x and therefore || A|| =0.
(i1) From condition (ii) for vector norms, it follows that
14411 = max JlAAx]| = max |1]-| Ax]| = 4] max | Ax].

fxff=1

(iii) From condition (ii1) for vector norms,
1A+ Bl = max 1A + Byxl| < max [} Ax] + || Bx]
< max || Ax||+ max |[Bx| = | Al|+ | B].

IIxfl=1

(iv) For any x+ 0,

lAx | = fix|}- lA(—l— X) < [IxI-tAl,

flxl

as

—xjl=1

Il

and ||A || occurs for the maximum in (10.18). The result is trivial for
x=0.

™) |AB[| = max | ABx|| = max || AGBx)|
< max [|A]-||Bx]|
Ixi=1
by (iv) above. Thus
|AB]I< [ Al max |Bx]| = | A]l-|BI. 0

Matrix norms other than those subordinate to vector norms may also be
defined. Such matrix norms are real numbers which satisfy conditions (i), (ii),
(iii) and (v) of Lemma 10.2. Throughout this chapter we shall use only
subordinate matrix norms and, therefore, condition (iv) of Lemma 10.2 is valid.
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We now obtain more explicit expressions for the matrix norms sub-
ordinate to the vector norms of (10.12), (10.13) and (10.11). From (10.12)

lax|l; = X
il e
<3 Slalsl= 3 (Slals)
ielj= j=1\i=1
Z(ggax Zla,‘l)lx | -(max Zla,,l)(Zle)
The second factor of the last expression is unity if || x|}, = 1 and thus
1AL = max, lAxl, < max 3la,l (10.19)

Suppose the maximum in the last expression is attained for j=p. We now
choose x such that

x,=1 and x;=0, J#ED,

14
when || x||, =1 and

| Ax{], = Zlaip|'
i=1
Equality is obtained in (10.19) for this choice of x and, therefore,
Al = max > layl
Ti=1

Thus ||Aj}, is the maximum column sum of the absolute values of
elements.
Similarly, from (10.13),

Al = max flAx].

n

2%

i=1

< max |max
Ixf=1] i

|

< max y_|a,l, (10.20)
1 ]=1

as | x;| <1 for [|x|l..= 1. Suppose the maximum in (10.20) occurs for i =p.
Assuming A is real, we now choose x such that

x;=sign a,.
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We obtain equality in (10.20) and, therefore,
|All. = max Zlaijl'
i i1

(If A is complex we make a different choice of x. See Problem 10.9.) Thus
|| A]l.. is the maximum row sum of the absolute values of elements.

To consider the Euclidean norm (10.11) we start with (10.18) but assume
x is real (to simplify the analysis):

| Ax[|3 = (Ax)"Ax =x"ATAx = x"Bx

where B=ATA is a symmetric matrix. Thus there exists an orthogonal
matrix T such that

x'Bx =x"TAT 'x =y Ay

where A is the diagonal matrix formed from the eigenvalues of B and
y=T"x. Since T is orthogonal, T is orthogonal and || x||,= ||yll, (see
Problem 10.11). Thus ||y||, =1, so that

iy?= 1.
i=1
Now

A [i=y Ay = A, yi+ Aoy3+ - + A, ¥%. (10.21)

As B=ATA is semi-positive definite all its eigenvalues are non-negative
(see Problem 10.12). We assume that they are arranged in the order
Az2,2---24,20. Hence from (10.21)

| Ax 3= A, (yP+ y2+ -+ y) = 4, (10.22)

Now choose x such that y=[1 0 0 ... 0]7, when | x|,=|lyll,=1, and
from (10.21) we have equality in (10.22).

We deduce that
All,= 417 = [p(ATA)]'2. (10.23)
Note that if A is symmetric ATA = A2, whence p(A?) = (p(A))? and thus
A= p(A).

The following lemma will be useful in subsequent error analyses.

Lemma 10.3 If ||A| <1 then I+ A and I - A are non-singular and

1 1
<azAay'| <

T lA] JAl (1029
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Proof We restrict ourselves to I+ A since we can always replace A by
—A. We first note from (10.18) that

I = max [lIxfl = max x|} = 1.

If I+ A is singular, there is a vector x + 0 such that

d+A)x=0.
We will assume that x is scaled so that ||x|| =1, when
Ax=-Ix= -x
and
lAx|| = | -1]-[x]| =1.

From (10.18), it follows that [|A[| =1. Thus I+ A is non-singular for
lA]l <1.

From
I=I+A)'I+A) (10.25)
and Lemma 10.2, we have
I={[If < |@+A)7" [T+ Al < [fA+A) [T + TAID.

Dividing by the last factor gives the left side of (10.24).
We rearrange (10.25) as

I+A)'=I-Jd+A)'A
and, on using Lemma 10.2,
| X+A) " < [T + fa+A)" |- [All.
Thus
A=Al a+ayf=1
and, as ||A|| <1, the right side of (10.24) follows. i

The convergence of a sequence of matrices (A ), .o is defined in an
identical manner to that for vectors and we write

lim A, =B

m-—yos

if, for all i and j, the sequence of (i, j)th elements of the A, converges to the
(i, ))th element of B. Corresponding to Lemma 10.1 we have the following.

Lemma 10.4 For any type of matrix norm
lim A, =B

m—yeo
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if and only if
lim |A,-BJl=0.
Proof The lemma is clearly true for the norms || - ||, and || - ||.. because of

the continuous dependence of the norms on each element and (i) of Lemma
10.2. The proof for general norms is again more difficult and is given by
Isaacson and Keller (1966). )

One important sequence is
LA A% A% AY ... (10.26)
It follows from L.emma 10.2 (v) that
NA™l < fAl A"
and, by induction,
fA™] < |lAf™
Hence, if for some norm
lAll <1,

then the sequence (10.26) converges to the zero matrix.
The infinite series

I+A+AZ+A+ .- (10.27)

is said to be convergent if the sequence of partial sums is convergent. The
partial sums are

S,=I+A+A%+ ... +A"
and, if

lim S, =8,

we say that (10.27) is convergent with sum S. Now,
I-A)S,=T-A)I+A+A%+---+A™)
=(I+A+ - +A™)-(A+A%+... +A™)
= I_Am+l
and, if [|A|| <1, from Lemma 10.3 I - A is non-singular, so that
S, =(-A)"'I-A™).
Thus
S, ~(I-A)"'=—(I-A)'A™!
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and
IS, - @-A)"=[d-A)-"||-[Af .
For || A| < 1, the right side tends to zero as m increases and by Lemma 10.4
lim S, = I-A)"

m-—yoo

Thus, for || A]| <1, the series (10.27) converges with sum (I - A)~".

Example 10.3 If
0.6 0.5
A=
[0.1 0.3]

lAll,=08,  ||All =11
Using Lemma 10.3 with || - ||, we deduce that I + A is non-singular and

then

1
— < la+A)7"|, <5.
T8 ll Il

The sequence (A™);_, converges to the zero matrix and the series X A™ is
convergent with sum (I- A)~'. Notice that we cannot make these deduc-
tions using || A ... O

10.4 Conditioning

Definition 10.7 We define the condition number of an n x n non-singular
matrix A for the norm || - ||, to be

k(M) = [[All A,
If the particular choice of norm is immaterial, we omit the subscript p. 0O

The condition number of a matrix A gives a measure of how sensitive
systems of equations, with coefficient matrix A, are to small perturbations
such as those caused by rounding. We shall see that, for large k(A),
perturbations may have a large effect on the solution.

Suppose that

Ax =b, (10.28)
where A is non-singular, is perturbed so that
(A + BA)(x+ b6x)=b + &b.
Hence
Ax+ A 6x+8A(x+8x)=b+ 8b
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and on using (10.28)
8x=-A"' BA(x+b6x)+A "' &b.
Thus, on using properties of norms,
loxli <fA-f-II8Al Clix(l+ | 8x)l)+ |A"[|- | 8b]. (10.29)
Now from (10.28)

bl < | All-lIx]]
and, therefore,
L < JAl-Ixil
bl
so that
. 11sbll
TAT'isbll < AT I AlIx] —— Il
| 8b|]
= k(A) [|x|| —— ol (10.30)
Also
. 4 lI5A|]
B8A
NA[lsAll = AT [ All — N
= ke
where k=k(A)and e= || 8A||/||A|l. Hence in (10.29)
li8b]]

dx — ke) < kel|x
| 8x[| (1 ~ ke) < kel|x]| + k[ x|| — Il

and, provided ke< 1,

ol _ _k ( usbn) 03

Ixl — 1-ke o)/

The quantity on the left of (10.31) may be considered a measure of the
relative disturbance of x. The inequality provides a bound in terms of the
relative disturbance | 8b|l/||b|| of b and the relative disturbance
e=||8A|/||A] of A. You will notice that the bound increases as k(A)
increases.

We have thus shown that, if the condition number of a matrix is large, the
effects of rounding errors in the solution process may be serious. Even if a
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matrix or its inverse has large elements, the condition number is not
necessarily large. It is easily seen that for any non-zero scalar 4,

k(AA) =k(A).

Increasing (or decreasing) A will increase the elements of AA (or (AA)™")
but the condition number will not change. If k(A)>>1 we say that A is ill-
conditioned.

Example 10.4 The Hilbert matrices (see also § 5.4)

-

AU | 1
2 3 4 n
| 1 1 1 1
2 3 a4 s n+ 1
H, = 1 1 1 1|
3 4 5 6 n+2
1 1 1 1 1
_; n+l n+2 n+3 2n—1_

n=1,2,3,..., are notoriously ill-conditioned and k(H,) — e very rapidly as
n— oo, For example,

1 3 3 9 -36 30
H,=[1 1 i, Hy'=|-36 192 -180|,
RN 30 -180 180
IH = [Hyll.=11/6, || H3'[|, =||H;" |l =408

and k,(H;) = k_.(H;)=748.
For n as large as 6, the ill-conditioning is extremely bad, with

k,(Hg) = k. (Hg)=29 x 105,

Even for n=3, the effects of rounding the coefficients are serious. For
example the solution of

H3X =

34 sls @l
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If we round the coefficients in the equations to three correct significant
decimal digits, we obtain

1.00 0500 0.333 1.83
0.500 0.333 0.250 |x={1.08 (10.32)
0333 0250 0.200 0.783

and these have as solution (correct to four significant figures)

1.090
x =10.4880 |. (10.33)
1.491

The relative disturbance of the coefficients never exceeds 0.3% but the
solution is changed by over 50%.

The main symptom of ill-conditioning is that the magnitudes of the
pivots become very small even if pivoting is used. Consider, for example,
the equations (10.32) in which the last two rows are interchanged if partial
pivoting is employed. If we use the compact elimination method and work
to three significant decimal digits with double precision calculation of inner
products, we obtain the triangular matrices

1 0 0} 100 0.500 0.333
0.333 1 010 0.0835  0.0891
0500 0994 1{|0 0 -0.00507

The last pivot, ~0.00507, is very small in magnitude compared with other
elements. a

Scaling equations (or unknowns) has an effect on the condition number
of a coefficient matrix. It is often desirable to scale so as to reduce any
disparity in the magnitude of coefficients. Such scaling does not always
improve the accuracy of the elimination method but may be important,
especially if only partial pivoting is employed, as the next example
demonstrates.

Example 10.5 Consider the equations
1 10*][x,] [10*
1 1 ){x] 2

Al = 1 -1 10
10°-1j 1 -1

for which
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and
10*+1)? ~
10°-1

The elimination method with partial pivoting does not involve inter-
changes, so that, working to three decimal digits, we obtain

x, + 10%, = 10°
-10%, = -10*

k.(A) = 10*.

On back substituting, we obtain the very poor result
X 2= 1 > X 1= O.

If the first equation is scaled by 10 %, the coefficient matrix becomes

» 1\
B=[10" I} winB'= b
11 1-10°)L 1 -10

k (B) = 4 =4
- 1-107*

and

This time partial pivoting interchanges the rows, so that the equations reduce to

These yield x, = x, =1, a good approximation to the solution. O

It must be stressed that the inequality (10.31) can rarely be used to
provide a precise bound on || 8x|| as only rarely is the condition number
k(A) known. When solving linear equations, it is usually impracticable to
determine k(A) as this requires a knowledge of A ™' or the eigenvalues of A
(see Problem 10.23). The calculation of either would be longer than that for
the original problem. However the inequality (10.31) when combined with
the results of § 9.10 does provide qualitative information regarding 8x, the
error in the computed solution due to the effect of rounding error.

10.5 Iterative correction from residual vectors

Suppose that x, is an approximation to the solution of non-singular
equations

Ax=b.
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Corresponding to X, there is a residual vector r, given by
r,=Ax,—b. (10.34)

We sometimes use F, to assess the accuracy of x, as an approximation to X,
but this may be misleading, especially if the matrix A is ill-conditioned, as
the following example illustrates.

Example 10.6 The residual vector for the equations (10.32) when

1 0.003
Xe=]1], is ro,=]0.003}
1 0

Notice that for these equations

|x-x]l. 0512 N

= 0.3, (10.35)
Ixll.  1.491
whereas

.003
Mﬁ = 0.003 < 0.002. (10.36)

Ibll.  1.83
The left of (10.35) is a measure of the relative accuracy of x, and the left
of (10.36) is a measure of the relative magnitude of r,,. O

If a bound for k(A) is known, then the residual vector may be used as a
guide to the accuracy of the solution (see Problem 10.24). The residual
vector is also useful in enabling us to make a correction to the approxima-
tion to the solution. If

Ox = x - x,, (10.37)
then
rp=Ax,—b=A(x-08x)-b
= —-A 8x,
so that 8x is the solution of the system
A 8x=-r, (10.38)

We attempt to solve (10.38) and so determine x=x,+ 8x. In practice,
rounding errors are introduced again and, therefore, only an approximation
to 8x is computed. Hopefully, however, we obtain a better approximation to
x. We may iterate by repeating this process and, to investigate convergence,
we need the following theorem. Note, however, that Theorem 10.2 gives a
stronger result using eigenvalues.
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Theorem 10.1 Suppose that for arbitrary x, the sequence of n-dimen-
sional vectors (X,,)5 ., satisfies
X, =Mx, +d, m=0,1,2,.... (10.39)
If, for some choice of norm,
M| <1
then the sequence (x,,) converges to X, the unique solution of
d-M)x=d. (10.40)
Proof The theorem is a special case of the contraction mapping theorem
12.1, but because the proof is much simpler we give it here.
First we note from Lemma 10.3 that, for || M|| <1, I-M is non-singular

and therefore (10.40) has a unique solution x.
Now suppose that

X,=X+e,
when, from (10.39),
x+e,,, =M(x+e,)+d
and, using (10.40),
e,..=Me,. (10.41)

Hence

llen. Il < lIMllle,ll. (10.42)
Using induction, we have

el < M [lel
and, as ||M]| <1,

Ix,—x|| =lle .l 20  asm—oo,

that is,

X, =X as m->o0 0O

We note from (10.42) that for e,+ 0 (and hence e+ 0 for all m),

len sl
llenll

and therefore we say that the convergence is of at least first order (cf. § 8.6).
We return to the problem of correcting an approximation X, to a solution
vector X. We assume that X, has been calculated by a factorization method

<[M]l <1
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with rounding errors, so that
(A+B8A)=L'U (10.43)
and
(A +8A)x,=b + &b.
We compute the residual vector r, from
ro=Ax,-b (10.44)

using high accuracy arithmetic so that rounding errors in this step are
negligible. This is not too difficult as each element of r, consists of an
inner product. We now attempt to solve (10.38) and so find 8x. In practice,
we use the known approximate factorization of A, (10.43), but we do use
more accurate arithmetic in the forward and back substitutions involving the
right side r,, so that the perturbation of r, due to rounding errors is
negligible. Thus we calculate 8x,, say, the solution of

(A + 8A)bx, = -1 (10.45)
Finally we compute x, from
X, = Xy + 8x,, (10.46)

which we again assume is achieved with negligible rounding error. In
general X, #X, due to the perturbation 8A in (10.45) and, therefore, we
repeat the above process, starting with x, instead of x,,.

From (10.46), (10.45) and (10.44),

X, =%x,—-(A+8A)'r,
=Xo— (A+8A) '(Ax, - b)
=(A+8A) "(A+B8A-A)x,+ (A+8A)'b
=(A+8A) '8A.x,+ (A+8A)'b.
If the process is repeated, we obtain a sequence of vectors (x,,)5 ., related by
X,n.1=(A+8A)'8A.x,,+ (A+8A)'b, m=0,1,2,....

This is of the form (10.39) and, by Theorem 10.1, the sequence (x,,) will
converge if

Il (A+8A)'8A| <1. (10.47)
This will be satisfied if the elements of 8A are sufficiently small, as
| (A+8A)7'8A( <]l (A+8A)'| ||6A].

The sequence (x,,) converges to the solution of

[I-(A+8A)"'6A]x=(A+8A)'b,
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that is, on premultiplying by (A + 8A),
Ax=b.

As was observed after Theorem 10.1, the convergence is of at least first
order.

We normally apply this correction process only once or twice after an
approximate solution has been calculated by one of the elimination
methods. The intention is to reduce the effects of rounding errors.

Example 10.7 Consider the equations
33 25 20 78
20 17 14 |x={51},
25 20 17 62

x=[111]"

If we use the simple elimination method with arithmetic accurate to only
two significant decimal digits, except that we compute inner products in
double precision, we obtain

which have solution

33 25 20 : 78
0 18 18 : 341
0 0 079 : 080

The first three columns form U’ and the last column is the reduced right side
(L") 'b, where the multipliers are elements of

[1 0 0}
L'=1061 1 0l.
076 0.56 1
The computed approximation to x is
x,=[1.1 0.89 1.0]"

We now find, working to four significant digits, that

r, = [0.5500 0.1300 0.3000]"
which, when treated by the multipliers as above, becomes

(L") "'ry=[0.5500 —-0.2055 -0.002920]".

On solving

U' 6X0= - (L,)_lro,



286 Numerical analysis

we obtain
8x,=[-0.1026 0.1105 0.003696]",
so that
X, =X, + 8%, = [0.9974 1.000 1.004]".

Notice that

| x—x,]l..=0.11,
whereas

Il x - x, ||..= 0.004,

showing that there has been a considerable improvement in the
approximation.
A second application of the process yields

8x, = [0.002737 -0.0001538 -0.004034]"
so that if x, = x, + &x,

I x - x; ||.. < 0.0002. O

We can also use an iterative process to improve the accuracy of a
computed approximation to the inverse of a matrix. Details are given in
Problem 10.26.

10.6 Iterative methods

We again consider the problem of solving n non-singular equations in n
unknowns

Ax=h. (10.48)
If E and F are n x n matrices such that
A=E-F, (10.49)
we call (10.49) a splitting of A. For such a splitting, (10.48) may be written as
Ex=Fx+b.
This form of the equations suggests an iterative procedure
Ex,. =Fx,+b, m=0,1,2, ..., (10.50)

for arbitrary x,. If the sequence is to be uniquely defined for a given x,, we
require E to be non-singular, when

X, =E'Fx,+E'b.
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This is of the form (10.39) and Theorem 10.1 states that the sequence
(X,.)5 - converges if

IE-'F| <1. (10.51)

It can also be seen that, in this case, (X, ) converges to the solution vector x.

The next result, which is stronger than Theorem 10.1, gives more precise
information on the behaviour of the error in iterative methods for linear
equations.

Theorem 10.2 If M is similar to a diagonal matrix and (x,)5 ., is a
sequence of vectors satisfying (10.39) then this sequence converges to the
solution of (10.40) for any choice of x, € R"if, and only if, p(M)< 1.
Proof From repeated use of (10.41)
e, =M"e, (10.52)
and, if M=T AT, we have
M"=TAT " TAT'..TAT"!

=TA"T".
Hence
e, =TA"T e, (10.53)
Now A is the diagonal matrix
e 0
A=| H
0 A

where 4,, 4,, ..., 4, are the eigenvalues of M and thus
A" = ) . (10.54)

From (10.53) and (10.54) we see that in general e, —0 if, and only if,
|4,] <1,i=1,2,...,n The process does not converge if |4;|>1foranyi. O

We also see that in (10.54) the dominant term behaves like (p(M))".
Thus the rate of convergence depends on p(M) and we should try to choose
E and F so that p(M) is as small as possible.
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The important question is: what is a suitable choice of E and F? If E=A
and F=0 we achieve nothing. We repeatedly solve (10.50) in order to
determine x,,,, and we would need to use one of the elimination methods
unless E is of a particularly simple form. If E is not of a simpler form than A,
the work involved for each iteration will be identical to that required in solving
the original equations (10.48) by an elimination method from the start.

The simplest choice of E is a diagonal matrix, usually the diagonal of A
provided all the diagonal elements are non-zero. We obtain the splitting

A=D-B,

where D is diagonal with non-zero diagonal elements and B has zeros on its
diagonal. The relation (10.50) becomes

X,.,=D'Bx,+D"'b, m=0,1,2,.... (10.55)

This is known as the Jacobi iterative method. D' is simply the diagonal
matrix whose diagonal elements are the inverses of those of D. The method
is convergent if

ID-'B|| <1.

This condition is certainly satisfied if the matrix A is a strictly diagonally
dominant matrix, that is, a matrix such that

Ia,»,|>2|a,7l foralli=1,2,..,n
j=1
j®i

D "'B has off-diagonal elements —a,/a; and zeros on the diagonal, so that
for a strictly diagonally dominant matrix A,

[D'B].. = max Z'ﬁ
/=! ai
j#i

1 n

= max — Zla,,-l <1
1<i<n laiil e
j*i

1<ign ¢

Alternatively we could obtain this result using Gerschgorin’s theorems (see
§ 11.1) and Theorem 10.2.
Another suitable choice of E is a triangular matrix. We split A into

A=D-L)-1,

where D is diagonal with non-zero diagonal elements, L is lower triangular
with zeros on the diagonal and U is upper triangular with zeros on the
diagonal.T We obtain in place of (10.50),

D-L)x,, =Ux,+b, m=0,1,2..... (10.56)

T The L and U described here should not be confused with the triangular factors of A.
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This is known as the Gauss—Seidel iterative method. The coefficient matrix
(D - L) is lower triangular and x,,,, is easily found by forward substitution.
There is no need to compute (D — L) ~'U explicitly.

The Gauss—Seidel method converges if

|D-L)"'U[ <L

Again it can be shown that the Gauss—Seidel method is convergent if the
original matrix is diagonally dominant. You will notice that both the Jacobi
and Gauss—Seidel methods require the elements on the diagonal of A to be
non-zero.

Algorithm 10.1 The Gauss—Seidel method for solving n linear equations.
An initial approximation x, to the solution must be given, but this need not be
very accurate. We stop when || x,,,; — X,, ||.. is less than & (see Problem 10.31).

set X =X,
repeat
maxdiff =0
fori:=1ton

Yy 3=(bi - Z aijxj)/aii
j=1

J#1
if |y —x;| > maxdiff then maxdiff:=|y- x|
X;:=y
next i
until maxdiff < €
[x is the refined solution.] (]

The algorithm for the Jacobi method is similar and the construction is left to
the reader (Problem 10.29).

Example 10.8 Solve the equations

5 -1 -1 -1 -4
-1 10 -1 -1 |12
-1 -1 5 -1 8
-1 -1 -1 10 34

by an iterative process. (The solution is x=[1 2 3 417.) The coefficient
matrix is diagonally dominant and, therefore, the Jacobi method is
convergent. The equations (10.55) are:

0 02 02 02 ~08
01 0 01 0.1 12

= +
Xm1=102 02 0 0207 16

01 01 01 O 34
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and ||D'BJ|.=0.6. Table 10.1 shows six successive iterates starting with
X, = 0 and working to three decimal places.
The Gauss—Seidel method (10.56) is

5 0 0 0 011 1 -4
-1 10 0 of, _|0 0 1 1|, |12
-1 -1 5 o™ loo o 1™ | 8
-1 -1 -1 10 0000 34
and
0 02 0.2 0.2
D_Ly'u=|0 002 012 012
( »'u 0 0044 0064 0.264
0 0.0264 0.0384 0.0584

Thus || (D-L)"'U}|.=0.6<1 and this method is convergent also. Table
10.1 shows six successive iterates starting with x,=0 and working to three
decimal places. 0

You will notice that in Example 10.8 the iterates for the Gauss—Seidel
method appear to converge faster than those for the Jacobi method. This is
often the case and might be expected in that the Gauss—Seidel method
makes use of the most recently calculated approximations to elements of x
at all times. If (x;),, denotes the ith component of x,,, the Jacobi method is

1
Cdmar = — b= ay(x) = (X ) = =+ = a; i (X2 Dm
aii

- ai,i#l(xh l)m -t T ai,n(xn)m]’ i= l, 2) ey 1T,

Table 10.1 The iterative solution of the equations in Example 10.8

(a) Jacobi method

m 0 1 2 3 4 5
0 -0.800 0.440 0.716 0.883 0.948
X,n 0 1.200 1.620 1.840 1.929 1.969
0 1.600 2.360 2.732 2.880 2.948
0 3.400 3.600 3.842 3.929 3.969
(b) Gauss—Seidel method
m 0 1 2 3 4 5
0 -0.800 0.476 0.889 0977 0.995
X,, 0 1.120 1.774 1.956 1.990 1.998
0 1.664 2.770 2.949 2.989 2.998
0 3.598 3.902 3.979 3.996 3.999




Matrix norms and applications 291

whereas the Gauss—Seidel method is

1
Kdme1 = — [bi— aq(xX)D)msr = QXD mer = = — @i A (X2 D
a;;

- ai.i+1(xi+ ])m -t ai,n(xn)mL [ = 1’ 2’ ey 1

The Jacobi method does not make use of the known components
(X)) mets --os (Xiz1)mey When calculating (x;),,.,. It must be stressed that the
Gauss—Seidel method is not always better than the Jacobi method. Indeed
the former may diverge whilst the latter converges.

We now consider the equation

Dx,. =Lx,., +Ux,+b. (10.57)

The Gauss—Seidel method (10.56) is obtained by putting x,,,=%X,,,;.
Instead we let

Xpay = 0%, + (1 - w)X,, (10.58)

where o is a parameter to be fixed. On combining (10.57) and (10.58) we
now have

Dx, ., = owlx,,, + oUx,+ ob+ (1 - w)Dx,,
so that
(D- wL)x,.,=((1 - w)D+ wU)x, + wb. (10.59)

We thus have an iterative method of the form (10.39) with iteration matrix
M given by

M, =(D-wL) '((1- w)D+ oU). (10.60)

Notice that M, depends on w. The iterative method (10.59) is called the
successive over-relaxation (SOR) method. It can be shown that for
convergence we must choose @ in the range 0 < w <2. We try to choose w
so that the sequence (x,,) converges as rapidly as possible. Thus we try to
make p(M,) as small as possible. For a wide range of problems arising
from differential equations we find that a careful choice of w can yield a
substantial reduction in the magnitude of p(M,). The optimum choice of @
is usually in the interval (1,2) but the precise value depends on the problem.
A considerable amount of research has been devoted to this topic of which
a simplified account may be found in Isaacson and Keller (1966). Of course
for @ =1 we obtain the Gauss—Seidel method and, for w +0, we can show
the method (10.59) can be derived from a splitting of A (see Problem
10.34).

Rounding errors do not seriously affect the accuracy of a convergent
iterative process unless ||[M|| =1 or p(M)=1 (see Problem 10.35). One
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advantage of an iterative method is that the effects of an isolated error will
rapidly decay as the iterations advance if || M|| is small. As the number of
completed iterations increases and the accuracy of the iterates improves, it
is desirable to increase the accuracy of the calculation,

Problems

Section 10.1
10.1 Let A be the 3 x 3 matrix
a,; 4ap ag
A=lay ap ayl
ayy, axp ay
Show that

(i) adding one row of the matrix to another row does not change its
determinant
(i1) interchanging two rows causes the sign of the determinant to change
(iii) multiplying one row of the matrix by a scalar A causes the determinant
to be multiplied by 4.

10.2 Show that the matrix

1
2
1

N - O

has eigenvalues 2 + V2, 2,2 — V2 with corresponding eigenvectors

1 1 1

1 1
X, = — |+/2], x,=—] 0 X;= — | =2

10.3 Show that the matrix A of Problem 10.2 is similar to a diagonal
matrix by confirming that A = TATT, where
2+42 0 0 e V3o
A=| 0 2 o0 | and T=TJ§ 0 2|
0 0 2-42 611 -3 1

Note that T is orthogonal and is the matrix whose columns are the above
eigenvectors X, X, and x;.
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0 1
A=
5 o)
has eigenvalues 4, =0 and 4, =0 and that A cannot be similar to a diagonal
matrix.

10.4 Show that

Section 10.2
10.5 Prove that (10.10) is valid for all vectors x and y and any norm.

10.6 Show that if x and y are n-dimensional vectors with real components
then, for any real number 4,

n

ix,?«l—ﬂix,y,«l—lziyiz:Z(xﬁlyi)z20.
i=1 i=] i=1

i=1
If y#0 put A=-X", x;y,/E", y} and thus prove the Cauchy—Schwarz
inequality
iyt o+ 2,900 S O e+ 2 (] + o + ¥2),
Hence prove that

Ix+yl3=<lxlZ+21x /Iyl + Iyl
and thus verify (10.9) for the Euclidean norm of real vectors.

10.7 Prove that (10.12) and (10.13) do define norms, that is they satisfy
the conditions of Definition 10.5.

10.8 Show that for p = we do not obtain a norm in (10.14) by finding an
example for which condition (iii) fails.

Section 10.3

10.9 (assumes knowledge of complex numbers) Show that, for a complex
matrix, we may obtain equality in (10.20) by choosing

—ie,
x;=e %,

where 6, is the argument of a
occurs in (10.20) for i =p.

. _ 0. .
,» that is, a, = |a,|e’% and the maximum

10.10 Show that, for all non-singular matrices A and B,

-1 ;;
A= Al

IA" -8B <A [llIBT'[l|A - B
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10.11 Show that if x and y are real vectors with x=Ty, where T is an
orthogonal matrix, then || x|, = ||y [l,- (Hint: use || x|, = [x"x]"%)

10.12 An n x n semi-positive definite matrix B is a symmetric matrix such
that x"Bx = 0 for all x € R". Prove that if A is any n x n matrix then B = ATA
is semi-positive definite.

Show that all the eigenvalues of a semi-positive definite matrix B are
non-negative by choosing x =Te,, where e, is the ith column of the unit
matrix and T is the orthogonal matrix which reduces B to diagonal form,
that is, B=TAT" where A is diagonal. Note that x"Bx=
x"TATx=¢Ae;= 4,.

10.13 Show that

1 04 0.7
B=101 1 0.2
03 02 1
is non-singular and find an upper bound for ||B~'||, without calculating the
inverse.
10.14 Show that if A and (A — B) are non-singular and || A~ ||||B|| <1 then
1
lA-B)"| < —F——r0.
fA™ " -1B]

10.15 If p(x) is the polynomial
p(X)=ag+a,x+ax’+-+ax’,
with non-negative coefficients (4,20, i=0,1,...,r) and
pA)=aJ+aA+a,A’+- +aA’,
show that
Ip@ |l <pdlAlD

S
2 0
show that the series I+ A + A%+ A’ + --- is convergent although
lAll=llAll.>1.
10.17 Show that the sequence
1 1 1
LA —A°,—A°, —A% .
2! 31 4!

is convergent to 0 for any choice of A.

10.16 If
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Section 10.4

10.18 Show that if A and B are n x n matrices their condition numbers
satisfy the following for any choice of norm and scalar 4 +0.

@) k(A)=1 (ii) k(AB) < k(A)Yk(B) (i) k(AA) = k(A).
10.19 Find the condition numbers of

_{1 2
1.001 2.001
for the 1 and o= norms. This matrix is ill-conditioned because the second row
is almost a multiple of the first row.
10.20 The linear equations

201 1.01], _[-0.01
1 05 0

have solution x=[1 —2]". Show that, if the elimination method is used
with all calculations rounded to three significant digits, the equations reduce

to

201 1.01 x =] 001

0 -0.00300 0.00498
and hence the computed solution is

[0.831 -1.6]".
10.21 The first row of a matrix is scaled so that

A=|2A A
1 1
Show that k. (A) is a minimum for 4 = +3.
10.22 Show that if (A + 8A) ' is computed as an approximation to A ™' and
e=[8All/llAll,
then
[(A+8A) " ~AT|| _ kA
A 1-kA)e’
provided that k(A)e < 1. This is a bound on the relative error of (A + 8A)7".
(Hint: start by proving the identity
(A+8A) '-A'=-(A+8A)".6AA"!
=-I+A"'6A)'A".8A.A"!

and take norms, using Lemma 10.3.)
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10.23 Show that if A is a non-singular symmetric matrix then

ky(A)=|4,1/14,1
where 4, ..., 4, are the eigenvalues (necessarily real) of A ordered so that
PHEIPAERS IV

Section 10.5
10.24 Show that, with ry and 8x as in (10.34) and (10.37),

Boxl o Dl
x|l bl

10.25 Use the correction process described in §10.5 to improve the
computed approximate solution in Problem 10.20. Work to 3 significant
digits except in the calculation of the residual vector when extra accuracy
should be used.

10.26 We can improve the accuracy of a computed approximation to
the inverse of a matrix A as follows. We calculate the sequence W, W,
W,, ..., using

k(A)

W,..=W,.2I-AW ).
Prove that, if E,,= W, — A~ is the error after m steps, we have
Emﬂ = _EmAEm

HE..ll <Al HE, I

Deduce that the sequence (| E,,||) will tend to zero if | A}j || Eoll <1. (The
process is at least second order.)

so that

10.27 Write an algorithm for the compact elimination method followed by
one correction of the solution using the method of § 10.5.

Section 10.6
10.28 Carry out three iterations of

(i) the Jacobi method,
(ii) the Gauss—Seidel method

of solving
-8 1 1 1
I -5 1ix=}16}
1 1 -4 7

(Solutionx=[-1 -4 -3]17)
In each case check that the methods converge and start with x,= [0 0 0]™.
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10.29 Write an algorithm for the Jacobi method of solving n linear
equations. Note that, unlike the Gauss—Seidel method, it is necessary to
keep two vectors, say X=X, and y = X,,, ;.

10.30 Write computer programs for the Jacobi and the Gauss—Seidel
methods. Test your programs on the equations in Example 10.8 and those in
Problem 10.28. In each case determine which method seems to give the
faster convergence, for example, by considering how many iterations are
required to obtain an accuracy of +107°.

1031 If (x,)5 .0 is a sequence satisfying (10.39), use (10.52) to deduce
that

Xpne — X, =(M-1)M"e,.
Hence use Lemma 10.3 to deduce that if ||M|| <1 then
1
llenll = M7l € ———— [ %1 = x5l
1-IM]|
10.32 If

calculate the Jacobi iteration matrix M; =D (L + U) and the Gauss—Seidel
iteration matrix Mg = (D — L) 'U. Show that p(M;) =3 and p(Mg) =3.

10.33 With A as defined in Problem 10.32, calculate the successive over-
relaxation matrix M, of (10.60). Show that if w=4(2- ‘5) we have
oM )=7- 43 =0.072. (This is the optimum choice of @ for the matrix
A, that is, it minimizes p(M).)

10.34 Show that for w+0 the successive over relaxation method (10.59)
may be obtained from the splitting (see (10.49))

1
A= —I-D—L -{Uu-{1-—D}.
) w
10.35 Suppose that an iterative process

X,. =Mx,+d, m=0,1,2,..., (10.61)

with ||M|| <1, is affected by rounding errors so that a sequence (X,,)7-o is
computed with

£,..=MX_ +d+r,, m=0,1,2,..., (10.62)

where the error vectors r,, satisfy || r,, || <& and &%, =x,.
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Show that

£
1-IM|l’
(Hint: if p,,=X,,— X,,, show from (10.61) and (10.62) that

lpma |l < IMI lpnll +¢
and thus, by an induction argument, that

“im_xm” <

m=0,1,2,...

£

llpall < m

See also Lemma 13.1.)



Chapter 11
MATRIX EIGENVALUES AND EIGENVECTORS

11.1 Relations between matrix norms and eigenvalues;
Gerschgorin theorems

Let the eigenvalues 4,, 4,, ..., 4, of a given nx n matrix A be ordered so
that |4,| = |4,| =---=|4,|. We call 4, a dominant eigenvalue of A and
thus we have (see Definition 10.4) p(A)= | 4, |. Now suppose that x, is an
eigenvector of A corresponding to 4, with x; scaled so that ||x,|| =1 for
some norm. Then

Ax, = Ax,
and
fAx | = 1Al = 1A%l = [ 4] = p(A).

By Definition 10.6

Al = || Ax, |l
and thus

pA)<||Al (11.1)
for any choice of norm. As we saw in §10.3, when A is symmetric,

A= p(A). (11.2)

One consequence of (11.1), (10.19) and (10.20) is that
p(A) < max Z|a,~jl (11.3)
7 s

and

p(A) < max ) _|a| (11.4)
! ,-1
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so that | 4,] is bounded by the maximum column and row sums of absolute
values of elements of A. We can obtain tighter bounds than these by using
Gerschgorin’s theorems.

Theorem 11.1 The eigenvalues of an n x n matrix A lie within the union
of n (Gerschgorin) disks D, in the complex plane with centre a,; and radius

A= layl,  i=12,...n (11.5)
=
Thus D; is the set of points z € C (the complex plane) given by
|z—a;| <A, i=1,2,...,n (11.6)

Proof Suppose Ax = Ax with x scaled so that || x||.=1, and suppose that
| x.| = 1. Consider the kth equation of the system Ax = Ax,

A Xy + AppXg+ o + X+ o + @, x, = Ax,

which may be written as

n
@ - awx, = Z Ak
j=1
j*k

Hence

|- ayl. x| < Zlakjl-lle
j=1

J*k

and thus

[A=a.] <> layl, (11.7)
o
since |x;| <|x| =1, j=1,2,...,n. Hence 4 lies in D,. For each eigen-

value, there is a disk D, for which the required inequality is satisfied. O

The following theorem provides an even tighter result, using the
Gerschgorin disks.

Theorem 11.2 If s of the Gerschgorin disks in the complex plane form a
connected domain which is isolated from the remaining n - s disks, then
there are precisely s eigenvalues of A within this connected domain.
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Proof We use a continuity argument. Let
A=D+B (11.8)

where D is diagonal and B has zeros on the diagonal, that is, we split A into
its diagonal elements and its off-diagonal elements. Let

A(a)=D+aB (11.9)

where o€ [0,1]. Clearly A(0)=D and A(1)=A. We then argue that the
eigenvalues of A(a) must be continuous functions of a, since they are the
roots of a polynomial equation whose coefficients are themselves poly-
nomials in a. The eigenvalues of A(0), the diagonal matrix, are simply the
diagonal entries a,, ay,, ..., a,,, which are the centres of the Gerschgorin
disks. Without loss of generality, we suppose that the first s disks, with
centres at 4y, dy, ..., a, and radii A, A,, ..., A, form a connected domain
which is isolated from the disks centred at a,,, ,.,,..., a,, and with radii
A ..., AL It follows that disks with the same centres but with radii
aA,, aA,, ..., @A are isolated from those with radii aA,,,,..., aA,, for
a€[0,1]. For a=0, the first s disks reduce to points a,;, ay, ..., a,, and
their union contains s eigenvalues. As « is increased, these s eigenvalues
must remain within the union of the first s disks, since the eigenvalues are
continuously dependent on a. Although it is possible for an eigenvalue to
move out of one disk into another as a increases and the two disks intersect,
it is not possible for an eigenvalue to ‘jump’ out of an isolated set into
another disk. The result follows by increasing a to 1. ]

Example 11.1 Use Gerschgorin’s theorems to deduce as much as possible
about the eigenvalues of the matrix

-4 0 0 1
11210
A“0230‘
1 01 4

We note that

D, has centre at -4, radius 1
D, has centre at 2, radius 2
D, has centre at 3, radius 2
D, has centre at 4, radius 2.
We conclude that there is one eigenvalue in D, as this is isolated from the

other disks. The other three eigenvalues lie in the union of D,, D; and
D,. 0
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Sometimes we can obtain further results by using the columns of A
instead of, or as well as, rows. The eigenvalues of AT are the same as those
of A.If A is symmetric the eigenvalues are real and the Gerschgorin disks
reduce to intervals on the real line. In some cases we can also use simple
similarity transformations to enhance bounds obtained from Gerschgorin’s
theorems, as the next example shows.

Example 11.2 Use similarity transformations and Gerschgorin’s theorems
to obtain bounds on the eigenvalue near +1 of the matrix

1 01 02
A=101 2 0.1}
02 01 3

A is real symmetric and the Gerschgorin disks reduce to intervals which in
this case are disjoint. We have

D;: |A-1]<03=14,€[0.7,1.3]

D, |A-2|<02=>4,€[1.8,2.2]

Dy |A-3]|<03=1,€[2.7,3.3].

Let
a 0 O
D,=/0 1 0
0 0 1
for any a >0, when
1 0.la 0.2a
D.AD;' ={0.1/a 2 0.1
02/a 0.1 3

Since D,AD,' has the same eigenvalues as A, the Gerschgorin intervals are
now

D =[1-03¢a,1+0.3a]

D,=12-0.1-0.1/a,2+0.1 +0.1/at]

D;=[3-0.1-0.2/0,3+0.1+0.2/a).

We seek better bounds on A,. As we decrease o, D, decreases in length
but D, and D; increase. As long as D, does not overlap D, or D, we know

that A, € D,. We therefore decrease o until D, is about to overlap D, or D,.
This occurs first when

14030=2-0.1-0.1/a,
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that is
302-9q+1=0.

The smallest root is o= (9 - ‘/6_9-)/6 =0.1155.... We round up to make sure
there is no overlap of intervals and take o=0.116, giving the intervals
D,=10.9652,1.0348], D,=[1.0379,2.9621], D;=[1.1758,4.8242]. Thus
A, €[0.9652, 1.0348], so that A, is known to be within +0.035 of +1, a
much tighter result than can be obtained by Gerschgorin’s theorems alone.

O

11.2 Simple and inverse iterative method

We suppose initially that a matrix A has the following properties.

(i) The eigenvalues A, A, ..., A, satisfy |A,| > |A,| =---=|A,], so that
A, is the dominant eigenvalue of A.

(ii) There are n linearly independent eigenvectors X, X,, ..., X, scaled so
that

%l =% fle = = lIx, [l = 1.

Algorithm 11.1  Given an initial non-zero vector y, € R"” we compute the
sequence ¥,, Y., ... given by

yf«»l = AYr

1 * . r=0,1,2,....
-y ,. (normalization)

Yr+l =
”yj:l“”

In general (although there are certain exceptions)

y,—*x, and y'. =21y, as r oo,
Note that because of the normalization, ||y,|l.=1, r=1,2,.... To
justify the convergence we note that, as X,X,,...,Xx, are linearly

independent, any vector (see Johnson et al., 1993) may be expressed as a
linear combination of these eigenvectors. Thus there exist numbers
€y, Cy, ..., C, such that

Yo=CX; + Xy + - + C,X,. (11.10)
Hence

YT = Ay, =\ X, + CAX, + - + C,4,X,
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and thus
YI = kl(cl'{lxl + CZ}'ZXZ + o+ Cnlnxn)

where k, is the scaling factor to ensure that ||y, [l.= 1.
Similarly
¥, =k (C AKX, + CoA2X, + - + ¢, A2X,)

n°’'n n

where k, is a scaling factor chosen so that ||y, |l.. = 1. In general
Yy, =k (c,AX; + A%, + -+ c,AX,) (11.11)

where £, is a scaling factor. Hence

Yy, =kAlox; + ¢ -A—Q- x2+---+c,,(£ X, (11.12)
A A

and thus, if ¢, #0,
y,~kAcx,, as r—yoo,

since |A,/A,| <1, i=2,3,..., n. Thus we see that y, becomes parallel to x,
andy.,, = Ay, = 4,y, as r—> oo,
We make the following observations about the algorithm.

(i) The normalization of each y, is not essential, in theory, but it does
prevent ||y, |.—0 for |4,] <1or ||y, |l.—>ee for |4,] > 1. Either of
these outcomes would be inconvenient in practice. _

(ii) There are various ways in which 4, can be estimated from y, and y,, ,.
For example,

(11.13)

element of y, | of largest modulus)
=

corresponding element of y,

or, if the matrix is symmetric, we shall see that the Rayleigh quotient is
much better.

(ii1) It is important that ¢, #0 so that y, has a component in the direction of
x,. If ¢;,=0 and there are no rounding errors we will not obtain
convergence to 4, and x, (see Problem 11.6).

(iv) If 4, is not the sole dominant eigenvalue (for example, if
|4l =[4,|>]A;]=---=|A4,]), there are various possible
outcomes but, in general, the algorithm does not converge to 4, and
X,.

(v) We can apply the Aitken extrapolation process to speed up
convergence.
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Table 11.1 Resuits for Example 11.3

Yo Y1 ¥ y; Yz ¥ Y5 e Y
1 -3 -3/4 5/2 -2/3 73 =711 ... 65/29 -13/21
1 4 1 -15/4 1 ~11/3 1 ... -105/29 1
1 -4 -1 15/4 -1 113 1 .. 105/29 -1
-1 3 3/a =52 23 -1/3 111 ..  -65/29  13/21
Estimated A -4  -3.75 ~3.6667 ~3.6207

Example 11.3 Use the simple iteration Algorithm 11.1 to estimate the
largest eigenvalue of the matrix

-2 1 0 ©0
0 1 -2 1
0 0 1 -2
(The dominant eigenvalue is 4, = —3.618034 with corresponding eigenvec-

tor x, = [0.618034 -1 +1 -0.618034]", to six decimal places.)

We take y,=[1 ~1 1 -1]T and ignore the symmetry of A. The first
few vectors of the algorithm are given in Table 11.1.

The estimated A,, is given by (11.13) above and, by the time we have
computed the sixth iterate y,, the estimate of 4, is accurate to almost three
decimal places. The vector y, is also a fairly accurate estimate of x,, as
¥o=[-0.619 1 —1 0.619]" to three decimal places. a

The matrix in Example 11.3 is symmetric and a more accurate estimate of
A, may be obtained using the Rayleigh quotient
T

A
@) = - Y (11.14)
y'y

where y is an estimate of the eigenvector. It can be shown that if y=x +e,
where x is an eigenvector of A and e is an error vector, then

Ahm=41+0(el» (11.15)

where 1 is the eigenvalue to which x corresponds. If || e|| is small then 4,
will be a very close (second order) approximation to A. A thorough error
analysis of the Rayleigh quotient is given by Wilkinson (1988).

Example 11.4 Apply Rayleigh quotients to the vectors obtained in
Example 11.3.
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First note that y’f“ = Ay, and thus
T_ %
Iatyy = LIt (11.16)
Yy
We find that
-94/9
26/9

which is a much better approximation to 4, than we obtained after three
iterations using (11.13). Also,

Ax(ye) = —3.618033

which is very accurate. O

Ax(y2) = = —3.6154

To find a subdominant eigenvalue we can use deflation. Having found the
dominant eigenvalue 4, and eigenvector X;, we construct a new matrix
which has the same eigenvalues as A except that A, is replaced by zero.
Problem 11.10 gives such a method for symmetric matrices.

It can be seen from the above discussion that there are several pitfalls
with simple iteration. The eigenvalue A, may not be very dominant and then
convergence, which depends on how rapidly (4,/4,)" tends to zero, will be
slow. The choice of y, is important and, if ¢, in (11.10) is small, the
convergence will be slow but, since we are trying to find x,, we may not
know how to ensure that ¢, is reasonably large.

To a certain extent we can overcome these problems by using inverse
iteration. The matrix (A - pI)~!, where p €R, has eigenvalues (4, - p)~',
(A,-p) ', ...,(A,~p)~" and the same eigenvectors as A (see Problem
11.11). We now choose p close to an eigenvalue. By choosing p sufficiently
close to 4, where 4,+ A, for i+ j we can ensure that

[ A=p)' 1 >> [ (di=-p) '], i=12,..,n, i%j, (11.17)

so that (4,- p)~' is clearly the dominant eigenvalue of (A — pD) ™. We
iterate with (A — pI)~' and update p every iteration or every few iterations,
as our estimate of A, improves, and thus obtain very rapid convergence.

In practice we do not compute (A - pI) ™' but solve the equations

(A-phy’,, =y, (11.18)

by factorization. If A-pI=L U, we can use the triangular factors L, and
U, again in the next iteration if p is left unchanged. If p= 4 ; exactly, the
matrix A - pl is singular and the method fails. In practice we rarely obtain
A; exactly, and so p# 4; however, for p very close to 4 ; the equations
(11.18) are nearly singular and hence ill-conditioned. This is not usually
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important since at this stage we have obtained the desired close approxima-
tion to ;. The method can be used to find any eigenvalue of A, evenifitis
not distinct from the other eigenvalues. For a discussion of this and other
cases, see Wilkinson (1988) and Gourlay and Watson (1973).

If A is symmetric we can use Rayleigh quotients again to estimate the
eigenvalue. If A is tridiagonal we can use the simplified form of factoriz-
ation described in § 9.9.

Example 11.5 Use the method of inverse iteration to find the eigenvalue
of the matrix of Example 11.3 nearest to —-4. We start with
Yo=[1 -1 1 -1]" as before, choose p= -4 and use Rayleigh quotients.
With r = 0, we obtain y; by solving the system of linear equations

(A-pDy. =y, (11.19)
compute y, from
1 *
Vo= —— ¥ (11.20)
lyreill-

with 7 =0, and then obtain u , and 4., from

T, * T -1
+ ,A— I r
_¥Yya _Yy(A-pDy (11.21)

Y'Y 'Y

:uR,p

and

1
Ao = +p. (11.22)
Mr.p

We then increase r by 1, replace p by A, and repeat the sequence of
calculations defined by equations (11.19)—(11.22). The values of y, and 4.,
for the first three iterations are given in Table 11.2. Note that equations
(11.19) and (11.20) are the usual relations for inverse iteration, in which the
elimination method for tridiagonal equations is used. Equation (11.21) gives

Table 11.2 Results for Example 11.5

Yo Y Y. ys3

1 0.666667 -0.617647 -0.618034
-1 -1 1 1

1 1 -1 -1
-1 -0.666667 0.617647 0.618034

p -4 -36 -3.618056 —
Hr, 25 -55.3846 46366.6 —
A, -36 -3618056  -3.618034 —
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the Rayleigh quotient for the matrix (A —pI)~' and, since this matrix has
eigenvalues 1/(4; - p), (11.22) gives our next estimate of the eigenvalue of
A '

It would have been more efficient to normalize by using |y, [, in
(11.20), as then yy, =1 in (11.21). However we have used || - ||, so that the
vectors obtained can be compared directly with those in Examples 11.3 and
11.4.

11.3 Sturm sequence method

We shall see in §11.4 that it is possible to reduce any symmetric matrix to a
tridiagonal matrix with the same eigenvalues, using similarity transforma-
tions. We therefore concentrate on methods of finding the eigenvalues of
the symmetric tridiagonal matrix

B o
o B o 0
A=| 2B o , (11.23)
0 a, > ﬂn—l an—\
an—l ﬁn i
We assume that a,;#0, i=1,2,...,n - 1; otherwise we may split A into two

parts and find the eigenvalues of the two tridiagonal principal submatrices.
We could use inverse iteration as described in § 11.2 but, as we will see,
there are better methods. We start by describing the Sturm sequence method,
which locates all the eigenvalues of (11.23).

Let
Bi—4 a,
6 p-1 %
foi(A) =det .. (11.24)
ar—l ﬂr - A’ ar
o, ﬁr+ 1 A
On expanding by the last row we obtain
Bi-4 a
o, B-4 o 0
FerQ) =B, — D)f(A) - o, det .
0 o,_, ﬁr—l - A’ O

o, a,
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and, on expanding the latter determinant by its last column, we obtain
fraiA)= (B, = DS, (D) ~alf,_, (D). (11.25)
Note also that
fa(A) =det(A - AD). (11.26)

In seeking zeros of f,, we may use (11.25) recursively, as we will describe
below. Let

=1,
) = (B - DA,
ForQ) = Broy = DEA) - o2f_4(A), (11.27)

r=12,...,n-1

The values f,(4), f,(4), ..., f,(41) form a Sturm sequence.

Theorem 11.3 Suppose there are s(4) changes of sign in the Sturm
sequence

fo(l)’ fl (A)v "')fn(i)

(where, if f;(A) is zero, it is deemed to have opposite sign to f;_,(4)), then
there are precisely s(4) eigenvalues of A which are less than or equal to A.

Proof Left as an exercise (Problem 11.14). Note that there cannot be two
successive zeros in the Sturm sequence as o;#0, i=1,2,...,n~-1. 0

This result may be used to locate eigenvalues by bisection. Suppose that
for some a, b (with a<b) we have s(a)< s(b). Then there are s(b) - s(a)
eigenvalues in the interval (a, b]. Next we write c= (a+ b)/2 and evaluate
s(c). There are s(b) - s(c) eigenvalues in (c, b] and s(c)- s(a) eigen-
values in (a, c]. We can repeat this process, although convergence is slow.
However, it could be used to locate eigenvalues which may then be further
refined using inverse iteration.

Example 11.6 Locate all the eigenvalues of the matrix A in Example 11.3
to within +0.5 and refine the eigenvalue nearest to —1.5 to within £0.125
using the Sturm sequence and bisection process.

In this case

f0(1)= 1»f1(1)= (-2- 1)f0(1)
and
fr+l(l)=(“2'1)fr(1)—fr—l(l)’ r=1’2’ 3



310 Numerical analysis

Table 11.3  Swurm sequences for Example 11.6

A -4 -3 2 - 0 -15 -125

A 1 1 1 1 1 1 1

fi 2 1 0 -1 -2 -05 -0.75

I 3 0 -l 0 3 075 -0.4375

£ 4 -1 -4 0.875 1.078125
£ 5 -1 1 -1 5 03125  -0.371094
s(A) 0 1 2 3 4 2 3

From the first five columns of Table 11.3, 4, € (-4, -3), 4,€ (-3, -2),
A;€(-2,~1) and 4,€ (-1,0). (Note that we can exclude endpoints of
intervals since f,(4) is always non-zero at the tabulated values.) We now try
A=-15 and deduce that A;€(-1.5,-1). Then A= -125 yields
As€ (~1.5, -1.25). O

One way of refining eigenvalues quickly is to use Newton’s method.
Since we seek roots of the equation f,(4) = 0, we use the iteration

”rlrl =”r_fn(,ur)/f:1(.ur)' (11'28)

We can use the Sturm sequence property to obtain a good starting value u,.
The function f,(u) is evaluated using the recurrence relation (11.27), which
we can also differentiate (with respect to 4) to find f,. Thus

fod)y=0,
FiA) = (B, = Mf o) = KA,
Fro@) =By = DA — o2f o \(A) = £(A), (11.29)

r=12,...,n-1.

Of course the process is not satisfactory if we have a repeated eigenvalue as
then the convergence is not second order. However, this can only happen if
o, =0 for some r (see Problem 11.15).

Example 11.7 We again consider the matrix of Example 11.3 and find
the eigenvalue closest to —1.5. From the relations in Example 11.6, we
obtain
fo=0,fi=(=2=-Dfo-fo.  fo=(2-Df - fo-f,
[3=(2=-Df - fi- 1o [a= (22=-1f5-f2- fi.
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Since we know that 4, € (-1.5, ~1.25) we will choose, as initial estimate,
Uy = —1.375. With 4 = u, we find

fo=1 fo=0
f,=-0.625 fi=-1
f,=-0.609375 =125
f,=1.005859 f,=0.828125
fo=-0019287  fi=-2.773437.

Thus

11 = tho = fulo)/ £ o) = —1.381954.
In fact 4, = —1.381966 and so u, is a good approximation to 4,. |

Having found an eigenvalue, it may seem tempting to try to find the
corresponding eigenvector by solving

(A-iDx=0,

perhaps leaving out one equation to solve these singular equations.
However, this is a very ill-conditioned process and should not be attempted.
The recommended procedure is to use inverse iteration or the QR algorithm,
which is described next.

11.4 The QR algorithm

The most powerful method of finding the eigenvalues of a symmetric
tridiagonal matrix is the QR algorithm. Given a symmetric tridiagonal matrix
A, we factorize it as A = QR, where the matrix Q is orthogonal (Q '=Q")
and R is an upper triangular matrix. We then reverse the order of the factors
and obtain a new matrix B =RQ. If we repeat this process we obtain rapid
convergence to a matrix which is diagonal, except that there may be 2 x2
submatrices on the diagonal. The eigenvalues of A are then simply the
eigenvalues of those 2x2 submatrices together with the values of the
remaining elements on the diagonal. (Thus, in the simplest case, where there
are no 2 x 2 submatrices, the eigenvalues of A are just the diagonal elements.)
First note that the matrices A and B are similar, since

B=RQ and R=Q'A
and so
B=QTAQ (11.30)

which is a similarity transformation. Hence B has the same eigenvalues as
A. We generate a sequence of matrices A,(=A), A, A,;, ... factored as
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described above, such that
A,=QR, (113D
A, =RQ,=Q'AQ,, i=1,2,... (11.32)

and we find that A, converges to a diagonal matrix as i — o,
We shall see that, since A is symmetric tridiagonal, so is each A;. To find
Q, and thus R, we use a sequence of rotation matrices.

Definition 11.1 For some fixed i+ j let T denote a matrix whose elements
are those of the identity matrix I except for the four elements defined by

t;=t;=cos 0, tj=—t;=sin 6,

for some 6. T is called a rotation matrix. ]

Note that a rotation matrix is orthogonal, that is, TTT =L It is easily seen
(Problem 11.19) that TA differs from A only in the ith and jth rows.
Likewise, AT differs from A only in the ith and jth columns. The factoriz-
ation of A into QR is achieved by finding a sequence of rotation matrices

T,,T,, ..., T,_, sothat R may be obtained from
R=T, T,,..T,A=Q"A, (11.33)
where
Q=(T,.T,,..T)'=TT,...TT_,. (11.34)

(The product of orthogonal matrices is orthogonal. See Problem 11.20.)
Suppose that at some stage we have reduced the symmetric tridiagonal
matrix A to the form

C,.,=T,T,,..T A, (11.35)
where

0 -
0 - 0
Pect G-y By O
Ci.\ = O o w0 . (11.36)
0 o Bivi sy .
0
0 0
o,

0 o,y ﬁnJ
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We now choose T, so that the element o, (just below the diagonal) is
reduced to zero. We take T to be the rotation matrix

L.,
T, = R (11.37)

0 In—k—l

where the 2 x 2 matrix in the middle is in rows k and k+ 1 and columns &
and k+ 1, with ¢, =cos 6, and s,=sin 8,, for some 6,. When we premulti-
ply C,_, by T,, only six elements of C,_, are changed, namely those which
are in rows k or k+ 1 and columns k, k+ 1 or k+2. In particular o, (the
element in row £+ 1 and column k) is replaced by -s.u,+c,a, and we
choose 6, so that

—s,u+co,=0. (11.38)
Since 57+ ¢ =1 we may choose

ak uk

[ 2 2’ G = [2 2"
U + o Ui + o

Thus «, is replaced by zero and we need to follow up the changes made, on
premultiplying C,_, by T,, to the other five elements defined above. We
repeat this process until we obtain

R=Cn_1 =Tn—lTn—2"'TlA'

Note that, as A is transformed into R, a third diagonal of non-zeros
Iy, T, ...,F,_ appears in the upper triangular form at the same time as the
diagonal with entries a,, o,...,a,_; (below the principal diagonal)
disappears, as these elements are replaced one-by-one by zeros.

We now form

5= (11.39)

B=RTITI... T]_. (11.40)

Because of the nature of T, T, ...,T,_,, the matrix B has only one
diagonal of non-zero elements below the principal diagonal. However, by
(11.30), B is symmetric as A is symmetric and so B is tridiagonal. Thus in
the repeated process defined by (11.31) and (11.32) each matrix A; is
tridiagonal.

We find that if each o;#0 in (11.23) so that all the eigenvalues of A are
distinct (Problem 11.15) and if all the eigenvalues are of distinct magnitude,
the sequence of matrices A, A,, A,, ... converges to a diagonal matrix. The
eigenvalues are then simply the diagonal entries. If we have a pair of
eigenvalues of the same magnitude, for example if 4,=—4,,,, then we
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obtain a diagonal matrix except that the diagonal elements 4,,4,,, are
replaced by a 2 x 2 submatrix
[0 ’1”], (11.41)

i, 0

so again we can easily determine the corresponding eigenvalues. Note that the
eigenvalues of (11.41) are 4, and —4,. Finally, if one «; in (11.23) is zero
then the eigenvalues are no longer necessarily distinct. However we can write

a=|A O]
0 A,

where A/ and A, _; are tridiagonal matrices of order i and n — i respectively.
Since

det(A - AI) =det(A] — AI,) det(A’,_,- AL, _)
the problem of finding the eigenvalues of A reduces to that of finding the
eigenvalues of A/ and A’ _,.

It can be shown that if the eigenvalues of A are of distinct magnitude, the
rate of convergence of the off-diagonal elements to zero is given by

0 Aj+] '
4

), (11.42)
where the eigenvalues of A are ordered |A,|> |A,|>--->|A,], and we
wish these off-diagonal elements to converge to zero as rapidly as possible.
To speed up convergence we introduce a shift, much as we did in inverse
iteration in §11.2. We have, for some p ER,

Ai—pI=QiRi (11.43)

and
A, =RQ;+pL (11.44)
The rate of convergence of off-diagonal elements now becomes
'1,'+1 =P '

0 \ (11.45)
( A-p )

which gives much more rapid convergence to zero than (11.42) if p is close
to 4, butnot close to 4,.

The choice of p at each stage is important and there are various options. A
good strategy is to look at the 2 x 2 matrix in the bottom right-hand corner of A,

:?21 ag)-l
’ (11.46)

()] 0]
(l,, -1 ﬁn
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and take the eigenvalue of this matrix which is closest to 8. If we do this
then either o), =0, and we can pick out 8" as an eigenvalue, or a{?,—>0
and we are left with the 2 x 2 matrix (11.46) in the bottom right-hand corner
whose two eigenvalues may be determined.

We now know one or two eigenvalues of A; and, by omitting either the last
row and column of A, or the last two rows and columns, we continue with a
smaller matrix to find other eigenvalues. We repeat the process, gradually
reducing the order of the matrix until all the eigenvalues are determined.

Although the algorithm may appear complicated, it is a very effective
method of finding all the eigenvalues of a symmetric tridiagonal matrix, as
very few iterations are required per eigenvalue.

The QR algorithm also provides eigenvectors. If a!?, —0 in (11.46), we
know that the eigenvector of A, corresponding to the final value of 8" (an
eigenvalue) is of the form [0 ... 0 1]%. If a?,—>0 we have eigenvectors
[0 ... 0 u v]", where [u v]" are eigenvectors of the 2 x2 submatrix
(11.46). In both cases we know at least one eigenvector of A; from which
we can derive an eigenvector of the original matrix A via the orthogonal
transformations used to derive A;. We have x=Sv, where x and v are
eigenvectors of A and A, respectively. The orthogonal matrix S is the
product of all the orthogonal transformations used but, since the matrices
decrease in dimension as the algorithm proceeds, some of these transform-
ation matrices will need to be extended to the full dimensions of A by the
addition of the appropriate rows and columns of the nxn unit matrix.
Similarly, vectors need to be extended by the addition of extra zeros.

11.5 Reduction to tridiagonal form:
Householder’s method

So far we have seen how to solve the eigenproblem for symmetric tri-
diagonal matrices. We now consider a method of reducing a general
symmetric matrix to tridiagonal form, using similarity transformations. We
will then have a means of determining all the eigenvalues and eigenvectors
of any symmetric matrix.

Given any x,y €R" with ||x||,= ||y |l,, we show how to construct an n xn
orthogonal matrix T such that y = Tx. (Note that orthogonal transformations do
not change the Euclidean norm of a vector. See Problem 10.11.) We will
assume that y # x, since for the case y = x we simply take T = 1. Without loss of
generality, we can multiply x and y by a common scalar so that [y -x||,=1.
Then a convenient choice of T is the Householder transformation

T=1-2ww’, where w=y - x. (11.47)
This is named after A. S. Householder (1904-1993).



316 Numerical analysis

Note that || w||,= 1. The matrix T is symmetric and orthogonal, since
TT=(I-2ww) =I-2ww'=T
and
TIT=T?’=I1-4ww" + Cww)Qww) =1
since w'w = || w||Z= 1. To verify that y = Tx, we write
Tx-y=x-2ww'x -y
=x-y)=-2(y-x)( -x")x
=x-y{@ -xDy-x)+2(F" -x")x}
since, as noted above, (y"—x")(y - x) =w'w = 1. Hence
Tx-y=(x-y)(y" -x")(y-x+2x)
=x-y)yy-xx+yx-x"y)
=0
as y'y= lylE=lIx[}=x"x and y"x=x"y=27, xy. Thus y=Tx, as
required.

In practice, instead of scaling x and y so that ||y —x[|,=1, we leave x+y
unscaled and choose

W= ——0(y-x)
Iy —xll.

in the Householder transformation T =1 - 2ww. To apply the above result
we will choose y such that

y2=y3="'=yn=0 (11.48)
and thus, as ||y ||, = || x]|, we must have
n==x|x], (11.49)

Since we have a choice, we usually take the sign of y, to be opposite to that
of x,. This may reduce the effect of rounding error in calculating w.

Example 11.8 With x=[2 -2 4 -1]", find y of the form (11.48) and
an orthogonal T such that y = Tx.

Now [|x|,=V(4+4+16+1)=5 and so y, = +5. Although the choice is
not important in this case, we take y, = —5 (with opposite sign to x,). Hence

y=[-500 017,

1
y-X)=——=[-72 -4 17,
(y-x) O[ ]

1
"y —xlh 770
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and so
) -7
T=I-2ww =1-—| 2{[-72 -4 1)
70 | -4
1
-14 14 -28 7
_ 1l 14 3 8 -2
35{-28 8 19 4f
7 =2 4 34
The reader should check that y=Txand T'T = T*=1L O

We can use a set of Householder transformations to reduce a symmetric
matrix to tridiagonal form. Suppose A is n x n symmetric and let

c=[a, a; ... a;,]TER".

We start by finding the (n— 1) x (n— 1) Householder transformation T such
that

Te=[x 0 ... O]".

s=|1 0
0T

which is n x n symmetric and orthogonal. Now

STAS = (1 0 ][an c|[1 O
0 T)]lc BJO T
- -an ¢'T
| Te TBT
(x x 0 ... 0
X X X .. X
=10 x x ... x|,
[0 x x ... X%

where B is the (n— 1) x (n— 1) submatrix of A, consisting of its last n—1
rows and columns. The symbol x is used in the last matrix and in the vector
Tc above to denote a general (non-zero or zero) element.
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We repeat the process, using transformations of the form

§¥ = I 0’
0T
where I, is the r x r unit matrix and T is an (n—r) x (n—r) Householder
transformation. We have

AU+D — GINAMNGN)

where
[ 00 .. 0]
(r) :
C 0 0 ... 0
AP = x 0 ... 0
0 ... 0 x ’
(? O 0 B”
0 ... 00 ]

C is rxr tridiagonal and B'” is (n—r)x (n—-r) symmetric. Note that
T ¢ reduces the first column of B to the form [x x O ... 0]". We begin
with A®=A and repeat the above process for r=0,1,...,n-3, so that
n — 2 transformations are needed.

Example 11.9 Find the first Householder transformation in the reduction
of a matrix of the form

1 2 -2 4 -1

2 X X x X
A=]-2 x x x x
4 x x x x

L—l X X X X

In this case ¢"'=[2 -2 4 —1], which is the vector of Example 11.8. Thus
the first transformation is

(35 0 0 0 O
1| o -14 14 -28 7
—] 0 14 31 8 -2
35/ 0 -28 8 19 4
0 7 -2 4 34 a

S(l) =

If the eigenvectors of a symmetric matrix A are required, we should keep
a record of all the orthogonal transformations used. The eigenvectors are
then calculated from the final matrix, as described at the end of §11.4.
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The final recommended algorithm for finding the eigenvalues and
eigenvectors of a symmetric matrix is first to reduce the matrix to symmetric
tridiagonal form using Householder transformations and secondly use the QR
algorithm. If only one or two eigenvalues are required, it is probably best to
use Newton’s method in the second part of the process. In both cases the
Sturm sequence may be used to locate eigenvalues of the tridiagonal matrix.

For general matrices (non-symmetric) the calculation of eigenvalues and
eigenvectors is much more complicated since, in general, these are complex
even when the original matrix is real. One method is based on reduction to
upper Hessenberg form, in which all (i, j)th elements with j<i—1 are zero.
We no longer have the symmetry of zeros as in a tridiagonal matrix.
Detailed discussion of the method is beyond the scope of this text. (See, for
example, Gourlay and Watson, 1973.)

Problems

Section 11.1

11.1 Use Gerschgorin’s theorems to locate as far as possible the (real)
eigenvalues of the symmetric matrices

210 6 1 1
1 2 1} 1 4 11
01 2 1 1 -5

11.2 Use Gerschgorin’s theorems on the following matrices and their
transposes to locate their eigenvalues in the complex plane as far as
possible.

6 1 O 4 1 1
2 1 4 1 5 O}
0 1 -7 2 1 10
11.3 Show, by using Gerschgorin’s theorems, that the symmetric matrix
-6 1 1
A=| 1 2 -1
1 -1 7
has an eigenvalue A, € [5,9]. By finding D, AD;', where
100
D,=/0 1 Of,
0 0 o

and taking a suitable value of o, show that A E[64,7.6].
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11.4 Given

1 0.01 -0.01
A=]| 001 -2 0.02},
-001 002 3

show by means of Gerschgorin’s theorems that there is an eigenvalue
A, = =2 to within £0.03. By finding D,AD_' for a suitable diagonal matrix
D,, show that 4, = -2 to within £0.00013.

Section 11.2
11.5 Use the simple iteration Algorithm 11.1 with the matrix

A=

— N
[\ IRV
NN =

Start with the vector y,=[1 1 1]7, carry out 10 iterations and show that the
dominant eigenvalue is near 8.05, using (11.13).

11.6 Show that if in (11.10) ¢, =0, ¢,#0 and the eigenvalues are such that
A1 > 12,1 > 43] =---= |4,], then

r
Y.~ mA%:X,

in place of (11.12), where m, is a scaling factor. Thus the simple iteration
Algorithm 11.1 would yield the subdominant eigenvalue A, and the
corresponding eigenvector X,.

11,7 Try the simple iteration Algorithm 11.1 with the matrix of Example
11.3, with yo=[1 1 1 1]". Carry out five iterations without normalizing,
taking y,., =y, = Ay,. (This avoids any rounding errors.) Why do the
ratios given by (11.13) fail to converge to the dominant eigenvalue? (Hint:
use the result of Problem 11.6.)

11.8 What goes wrong and why, if we use the simple iteration Algorithm
11.1 on the matrix

3 -2 -1
A={1 -2 1|,
1 -1 O

starting with yo=[1 1 1] Try the algorithm again with yo=[1 -1 1]".

119 Repeat Problem 11.5 but use Rayleigh quotients (11.16) to estimate
the dominant eigenvalue.
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11.10 A symmetric matrix A has dominant eigenvalue 4, and corresponding
eigenvector X;. Show that the matrix

B=A-1xx

has the same eigenvalues as A except that 4, is replaced by zero. Show also
that if x,,X,,...,X, are orthonormal eigenvectors of B (that is, they are
orthogonal and x'x;=1, i=1,2, ..., n) they are also eigenvectors of A.

11.11 Show that if 4 is an eigenvalue and x is a corresponding eigenvector
of a matrix A and A — pl is non-singular for a given p €R, then (A -p)~'is
an eigenvalue of (A - pI)~' with corresponding eigenvector x.

11.12 Use inverse iteration (11.18) with p=8 for each iteration for the
matrix of Problem 11.5. Start with y,=[1 1 1] and use Rayleigh
quotients to estimate the eigenvalue. Compare your results with those in
Problem 11.9.

11.13 Use the inverse iteration method (11.19)~(11.22) on the matrix

520
A=12 4 1],
013

starting with yo=[4 3 1] and taking p=7.

Section 11.3

11.14 A Sturm sequence f,(4), f1(4), ... is defined by (11.27), where each
o,+0.

(i) Show, using a diagram, that the zero of f,(4) lies strictly between the
two zeros of f,(4).

(it) Using (i) and induction, prove that the zeros of f,_,(4) strictly separate
those of f,(A). (Hint: consider the recurrence relation (11.27)
involving f,, f,_, and f,_, and deduce that the sign of f,(4) is opposite
to that of f,_,(A) at each zero of f,_,(A).) Also show by induction that,
for r=1, f,(A) >0 as A—> —oo and f,(4) > (—1)"e0 as A >0, s0 that
[.(A) has two zeros ‘outside’ the zeros of f,_,(4).

(iii) By using a diagram of f,(4), ..., f4s(4), prove Theorem 11.3 for the case
n = 4. Indicate how you would extend this proof to the general case.

11.15 Show that if each o, + 0 then the eigenvalues of (11.23) are distinct.
(Hint: use the method of Problem 11.14.)

11.16 Use the Sturm sequence property and bisection to estimate the three
eigenvalues of the matrix of Problem 11.13 to within +0.5. Use Newton'’s
method (11.28) to refine the smallest eigenvalue further, to within +107°.
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11.17 From Table 11.3 we deduce that there is one eigenvalue of the
matrix in Example 11.3 within the interval [~4, —3]. Use Newton’s method
(11.28) to determine this eigenvalue to six decimal places, starting with
Ho = —3.5.

11.18 Use the Sturm sequence property to deduce that the matrix

-3 1 0 O
1 -3 2 0
0 2 -4 2
0O 0 2 -5

has one eigenvalue in (-8, —6). Use Newton’s method (11.28) to find this
eigenvalue to six decimal places, starting with g, = =7.

Section 11.4

11.19 T is an n x n rotation matrix, as given by Definition 11.1. Prove that
if A is any n x n matrix then TA differs from A only in the ith and jth rows.
The ith row of TA consists of the elements

a;cos 6 +a;sin 6 k=1,2,...,n,
and the jth row has elements
—ay sin 6 + a, cos 0 k=1,2,...,n
Prove a similar result for the columns of AT.

11.20 Prove that the product of two orthogonal matrices is orthogonal.

Section 11.5

11.21 Find the Householder transformation T which reduces
x=[12 -2 -4]Tto the form y = [y, 0 0 0]". Check that y = Tx and that
T’=1L

11.22 Reduce the following symmetric matrix to tridiagonal form using
Householder’s method.

»
1l
H W
— N W
(NS



Chapter 12
SYSTEMS OF NON-LINEAR EQUATIONS

12.1 Contraction mapping theorem

We now consider a system of algebraic equations of the form
f(x)=0, (12.1)

where f is a mapping from R” to R”. Thus x € R", while f(x) and 0€R",
The equations (12.1) may be written in full as

Jitxs..,x,)=0
fo(xy,.,x)=0
: (12.2)
Fulxys oo x,)=0.
A special case of (12.1) is the system of linear equations
Ax-b=0, (12.3)

where A is an m x n matrix (see Chapters 9 and 10). As an example of a
system of non-linear equations, we have

X +2x,-3=0 (12.4a)
2x}+x3-5=0 (12.4b)

which is of the form (12.2) with m = n =2. Geometrically, the solutions of
(12.4) are the points in the x,x,-plane where the straight line with equation
x, +2x, - 3 =0 cuts the ellipse with equation 2x7+ x — 5=0. We see from a
graph that the system (12.4) has two solutions, corresponding to the points
A and B of Fig. 12.1. However, there is no general rule which tells us how
many solutions to expect. A general system of equations (12.2) may have
no solution, an infinite number of solutions or any finite number of
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Fig. 12.1 The straight line and ellipse have equations (12.4a) and (12.4b) respectively.

solutions. For example, the system of two equations
x,—-1=0
(- D(x—2)...(x;-N)=0

has exactly N solutions.

We restrict our attention to the case where m=n in (12.2), so that the
number of equations is the same as the number of unknowns, and write
(12.1) in the form

X = g(x). (12.5)
This is an extension of the one variable form x = g(x), which we used (see

§ 8.4) in discussing iterative methods for a single equation. Notice that
(12.5) is also a generalization of the equation

x=Mx+d
which we used (see §10.5 and §10.6) in solving linear equations by iterative
methods.

Given the non-linear equations (12.5), we construct a sequence of vectors

(xm):t =0 from

xr+l = g(x,),
r=0,1,..., beginning with some initial vector x,. We are interested in
whether the sequence (x,,)5., converges to a vector & which is a solution
of the equations (12.5). We recall from §10.2 that a sequence of vectors
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(X,,) 5o 1s said to converge to a if

lim x, = a.
m—yoo

In Lemma 10.1 we saw that this is equivalent to the condition

lim ||x,—al|=0
m-=yco
for any vector norm, including the norms ||-||,, 1 Sp<eo.

Definition 12.1 A region R in n-dimensional space is said to be closed if
every convergent sequence (X,), with each x,,€ R, is such that its limit
axER. 0

For example, in two-dimensional space with coordinates x,, x,, the region
asx sb, c<x,sd
is closed (see Problem 12.3). The region

asx, sb, —oo < X, <00
is also closed. But
asx <b, csx,sd

is not closed as we can have sequences whose first coordinates converge to b.
Definition 12.2 A function g, which maps real n-dimensional vectors into

real n-dimensional vectors, is said to be a contraction mapping with respect
to anorm |- || on a closed region R if

(i) XER=>g(X)ER, (12.6)
(i) [lgx)-g&x) |l sL|x-x"|, withO<L <1, (12.7)
for all x, x' €R. O

We have extended the closure and Lipschitz conditions to n variables and
thus extended the notion of contraction mapping from Definition 8.1. We
can now generalize Theorem 8.3.

Theorem 12.1 If there is a closed region RCR" on which g is a
contraction mapping with respect to some norm || - ||, then
(i) the equation x = g(x) has a unique solution (say a) belonging to R,
(ii) for any x, € R, the sequence (x,) defined by
X, =8(X,), r=0,1,...,
converges to Q.

Proof. The only essential difference between this proof and that of
Theorem 8.3 is that it is slightly more difficult, when n>1, to show the
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existence of a solution. Otherwise, the proof is the same except that we
write ||-|| in place of |-| throughout.

If x,ER, it follows from the closure condition that x, €R, r=0,1,....
Then, as in Problems 8.27 and 8.28 we obtain the inequality

- xoll (12.8)

Xpor — Xnll <
%o = %l "

for any fixed m=0and all k=0, 1, .... Thus, for any &, we have

lim ||x,,,, ~x,{|=0

and, from Lemma 10.1, this implies that the sequence of vectors
(X, & — X)) =0 coOnverges to the zero vector. If x,, ; denotes the ith element
of the vector x,, it follows that, for each i=1,2,...,n the numbers
| Xppssi— Xm ;| may be made arbitrarily small for all k=0 by choosing m
sufficiently large. Thus, for any i, it follows from Cauchy’s principle for
convergence (see Theorem 2.8) that the sequence x;;, X, ;, X5, ... CONVErges
to some number, say «,. Therefore (x,,) converges to a vector a and, since
R is closed, @ € R. To show that a is a solution of x = g(x), we write

a-g(a)=a-x,,, +8x,)-ga),
for any m= 0. Thus

la-gl@|l <fla-x,.. || + ||gx,)-g(x)|
<la-x,. || +Llx,-al.

Since both terms on the right may be made arbitrarily small by choosing m
sufficiently large, it follows that || a ~g(a)|] =0. Thus a-g(a)=0and a
is a solution of x = g(x). The uniqueness is shown as in Theorem 8.3. O

We now suppose that on some region R, dg,/dx;, 1<i,j<n, are
continuous, and write g,(x) to denote g;(x,,...,x,). Then by Taylor’s
theorem in several variables (Theorem 3.2) we have

' agl(g) P

' a ;
&(x) — g(x) = (x; = x7) 8(®

+ (X, — x,) , (12.9)
291 ax,,

where x, X' € R and § is ‘between’ x and x', that is = (1 — 8)x + 6x’' for some
0 € (0, 1). We shall assume that £ € R, which will be so if the line segment
Jjoining any two points of R is also in R. (A region satisfying this property is said
to be convex.) If G denotes the n x n matrix whose (i, j)th element is

dgi(x)

> 12.10
ax, (12.10)

& = Sup
XER

it follows that
lg(x)-g(x")| <G|x-x'], (12.11)
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where, as in § 9.10, the inequality between the two vectors on each side of
(12.11) holds element by element and |u| denotes a vector whose elements
are the absolute values of the elements of the vector u. Since for 1< p<eo
the p-norms of |u| and u are equal, we deduce from (12.11) that

lgx) -gx)H < IGI,lIx-x"],.

With the choice p=1 or p=9co, we can take the Lipschitz constant L as
IG|l, or ||G||l. respectively. As we saw in § 10.3 both of these matrix
norms are easily evaluated. In practice, the only other norm we might wish
to use is ||-]|, and, as remarked in Chapter 10, the corresponding matrix
norm is not easily evaluated. However, we can write (see Problem 12.4)

/2
IGx-x)l, < [Z g.?] lIx - x[l,

so that in working with [ - ||, we can take
12
2

-2

(12.12)

Example 12.1 We apply Theorem 12.1 to equations (12.4), although these
are easily solved by eliminating x, between the two equations and solving
the resulting quadratic equation for x;. We rewrite equations (12.4) as

5 —x22 12
x =
: 2 (12.13)

X = %(3 - X)

which are in the form x = g(x). If R denotes the closed rectangular region
1<x,<2, 05<x,<1.5, we see from (12.13) that if xER, g(x)ER. We
have

dg;

=L = _x/(10 - 27,
X2

whose maximum modulus on R occurs for x, = 1.5, with value 3/+/22. Thus
the matrix G, defined by (12.10), is

Go (0 3/«/22).

1 0

2

We have |G|, = || G]l..=3/+22 and (12.12) gives L = (29/44)'/%. Thus we
have a contraction mapping on R with any of the three common norms and
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Table 12.1 Results for Example 12.1

Iteration number 0 1 2 3 4 5 6
X, 1.5 1414 1.490 1.478 1.488 1.487 1.488
X, 1.0 0.750 0.793 0.755 0.761 0.756 0.756

Theorem 12.1 is applicable. Taking x, = 1.5, x, = 1, the centre point of R, as
the initial iterate, we obtain the next six iterates as shown in Table 12.1.
Because of the simple form of the equations, it is possible to make the
iterations computing values of only x; for even iterations and x, for odd
iterations or vice versa. For the other solution of equations (12.4) (which is,
of course, outside R) see Problem 12.7.

Example 12.2 Consider the equations
x; =13 (=1 +sin x, + sin x3)
X, =4%(x, = sin x, + sin x;) (12.14)
X3 =1(1 =sin x, + x,).

The closure condition is satisfied with R as the cube ~1<x,, x,, x,<1. The
matrix G, defined by (12.10), is

1 011

-~ {4 4 4

21110
In this case, [|G|},=4, ||Gll.=1 and, for ||-||,, (12.12) gives L=+13/6
Thus we have a contraction mapping for norms || ||, and || - ||,. a

The concept of a contraction mapping, which has been applied in this
section to a system of algebraic equations, applies also to other types of
equations. For example, in Chapter 13, we apply it to a first order ordinary
differential equation.

12.2 Newton’'s method

Suppose that & is a solution of the system of equations x = g(x) and that
ag,-(a)/ax,:O for 1<i, j<n. We assume also that, on a closed region R
containing a, the second derivatives d°g,/ dx;dx, (1<1i, j, k< n) are bounded
and continuous. Then from Taylor’s theorem we have

i nn aZ ’
8i(X) — g(a) = 5 DD 05— ) — o) S g,gg) . (12.15)

j=1lk=l1 X; OX;
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As for (12.9), we assume that & € R whenever x € R. If
I8
then we deduce from (12.15) that

<M, I <i,jk<n,
XER

| 8:(x) - gi(@)| <t Mn’||x - al.,
since | x;— ;| < ||x~ &}, 1 <i<n. It follows that
llgx) - g(a) . Mn? | x~ a|ll. (12.16)
Thus, if x,,, = g(x,),
%, - all.<sMn?|x, - all

and we have at least second order convergence of the iterative method.
We now construct an iterative method which has second order conver-
gence. Consider the system of equations

f(x)=0 (12.17)
and write
X, =0+e,, (12.18)
where a is a solution of (12.17). We have
(X)) =€, KAL) +eete,, A , l<is<n, (12.19)
X Toox,

where e,,; denotes the jth element of the vector e,,. If we knew the values
of & (which depend on i), we could solve the system of linear equations
(12.19) to find e, and thus find a from (12.18). If instead we evaluate the
partial derivatives df,/dx; at x,, and replace e, in (12.19) by X, ~X,,
rather than x,, — &, we obtain

9f (X) N of; (Xn)

e+ (xm‘n - xm+1,n)
X1 ax,,

Il<is<sn.

ﬁ(xm) = (xm,l - xm+].l)

We write this system of linear equations, with unknown vector x,, , |, as
F(x,) = I (X)) (X=X 1 1) (12.20)

where J(x) is the Jacobian matrix whose (i, j)th element is af,-(x)/axj. If
J(x,,) is non-singular, we have

X1 =X — [J(X,)]17'F(X,,), (12.21)

which is called Newton’s method. Note that we do not find the inverse of the
Jacobian matrix J(x,,) explicitly, as (12.21) might suggest: at each stage we
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solve the system of linear equations (12.20) to find x,,— x,,,, and hence Xom-
When n=1, (12.21) coincides with the familiar Newton method for a single
equation. To verify that we have second order convergence, we write (12.21) as

xm+l = g(xm))
where
g(x) =x- [J(x)]'f(x). (12.22)

We denote by dg/dx; the vector whose ith element is dg,/dx;. Then from
(12.22)

og(x) odx _, of(x) ( d _,)
=—-[Jx —{— J] ). (12.23)
" [Jo] vl P )
The partial derivatives of J ' (see Problem 12.9) satisfy the equation
d
i (J_])= __J-l __J.J—l.
x; dx;

Thus these exist if J is non-singular and if the partial derivatives of J exist.
The second condition is equivalent to asking for the existence of the second
derivatives of f. Premultiplying (12.23) by J(x), and noting that f(a) =0,

we have
(J(x) ag(")) =(J(x) o _ af(")) . (12.24)
0% |iaq o5, I |,
Since
»_,
ox;

the Kronecker delta function, whose value is 1 when i=j and zero
otherwise, ax/ax, is the jth column of the nx n unit matrix and we see that
each element of the vector on the right of (12.24) is zero. Thus, from
(12.24), if J(a) is non-singular,

2]
27 .

and Newton’s method is at least second order.

If for any x,, J(x,) is singular, then x,,, is not defined. There is a
theorem, proved by L. V. Kantorovich in 1937, which states conditions
under which the sequence (x,,) is defined and converges to the solution o
(see Henrici, 1962).
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Table 12.2 Results for Example 12.3

Iteration number 0 1 2 3
X, 1.5 L5 1.488095 1.488034
X, 1.0 0.75 0.755952 0.755983

In §8.6 we saw how Newton’s method for a single equation and
unknown can be described in terms of tangents to the graph of the
function involved. In the case of two equations in two unknowns, we can
again visualize the process using graphs. This time we have two surfaces
z= f(x;, x,) and z = f,(x,, x,) and we are trying to find a point where both
of these are zero, that is we seek a point at which both surfaces cut
the plane z = 0. Given an approximate solution x,,,, X,,,, We construct the
tangent planes to f, and f, at the point (x,,,, x,,,). We now calculate the
point at which these two planes and the plane z =0 intersect. This point is
taken as the next iterate.

Example 12.3 For the equations (12.4), we have

J) = [}u %xz]

With x, = 1.5, x, = 1.0 initially, the next few iterates obtained by Newton’s
method (12.21) are as shown in Table 12.2. For the last iterate in the table,
the residuals for equations (12.4) are less than 107°. O

Problems

Section 12.1

12.1 Show that the closure condition and contraction mapping property
apply to the following equations on the region 0 < x|, x,, x;<1.

X, =5 (xF+2e™™)
xy;=%(1 = x, +sin x;)
X3=iO2+ X3+ x3).
12.2 Show that the equations
=lcosy
y=3sinx

have a unique solution. Find the solution to two decimal places.
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12.3 If a, b and x denote vectors with n real elements and R denotes the
region a<xs<b, show that R is closed. (Hint: consider the sequences
composed from corresponding components of vectors.)

124 If A is an m x n (real) matrix and x is an n-dimensional real vector
show that

(5]

f=1 \j=1

e

i=1 \j=1 j=1
)/2
i=1 j=1 j=1
using the Cauchy--Schwarz inequality (see Problem 10.6). Thus
| Ax |, =N |Ix]l,

where

1/2
N(A) = (Z f) .

L

(Because N(A) satisfies all the properties mentioned in Lemma 10.2, it is
sometimes called the Schur norm of the matrix A. Note however that N(A)
is not a subordinate norm, as in Definition 10.6.)

12.5 Show that, working with the norm ||-|,, the contraction mapping
property holds for the following system of equations on the region
—-1=<x, x,x<].

1
x;=3(x, + X~ X3)
X, =¢(2x, +sin x, + x;)
X3 =3(2x, — x, + sin x;).

12.6 In Example 12.1, eliminate x, between the two equations and show
that the sequence (x,,, ) satisfies

x2m+2,1=%[40—2(3_x2m,1)2]l/2’ m=0,1,....
If this relation is denoted by

VYme1=8(Vm)

where y,,= x,,,;, show that |g'(y)| <+2/8 for 1<y<2. (Note that for the
three common norms 1, 2 and e we obtained in Example 10.1 Lipschitz
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constants of 3/v22, (29/44)'/? and 3/+22 respectively. The value L =~2/8
is in fairly close agreement with the apparent rate of convergence of
alternate iterates in Table 12.1.)

Section 12.2

12.7 The equations (12.4) have a solution which is near to x, = -1, x,=2.
Use Newton’s method to find this solution to two decimal places.

12.8 An mx n matrix A has elements a,(x) which depend on x and an n-
dimensional vector y has elements y;(x) dependent on x. If all elements of
A and y are differentiable with respect to x, show that

d dA dy
— (Ay)=— y+A =,
VT E T g

where dA/dx is an m x n matrix with elements da,/dx and dy/dx is an n-
dimensional vector with elements dy,/dx.

12.9 Assuming that J'(x) exists, by differentiating the product JJ ' =1
partially with respect to x;, show that

J ,._ ) |
— JH=-J'=
ox; ox;

J

12.10 Use Newton’s method to obtain the solution of the system of
equations in Problem 12.2, beginning with x = y=0. Show that J ! exists
for all x and y.

12.11 What happens if Newton’s method is applied to the system of
equations

Ax=b,
where A is an n x n non-singular matrix?
12.12 Given a system of two equations in two unknowns
F(x,y)=0
Gx,y)=0
show that Newton’s method (see (12.21)) has the form
Xpor =Xn— (FG,- F,G)/(F,G,- F,G,)
Yms1=In— (F,.G = FG)[(F,G,~ F,G)),
where the six functions F, G, F,, G,, F, and G, are all evaluated at the
point (X, ¥,.)-
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12.13 Write a computer program which uses Newton’s method to obtain a
solution of the pair of simultaneous equations

x*+y?=5

x+y3=2

taking x=2 and y= —1 as the initial values in the iterative process. This
system of equations has two solutions. Also find the other solution.



Chapter 13
ORDINARY DIFFERENTIAL EQUATIONS

13.1 Introduction

Let f(x, y) be a real valued function of two variables defined for a<x<b
and all real y. Suppose now that y is a real valued function defined on
[a, b]. The equation

Y =f(x.y) (13.1)
is called an ordinary differential equation of the first order. Any real valued
function y, which is differentiable and satisfies (13.1) for as x< b, is said
to be a solution of this differential equation. In general such a solution, if it
exists, will not be unique because an arbitrary constant is introduced on
integrating (13.1). To make the solution unique we need to impose an extra
condition on the solution. This condition usually takes the form of requiring
y(x) to have a specified value for a particular value of x, that is,

y(xp)=s (13.2)
where x, € [a, b] is the particular value of x and s is the specified value of
y(x,). Equations (13.1) and (13.2) are collectively called an initial value
problem. Equation (13.2) is called the initial condition and s the initial value
of y.

Example 13.1 The general solution of
Y =ky, (13.3)
where £ is a given constant, is
y(x) = ce® (13.4)

where ¢ is an arbitrary constant. If, for example, we are given the extra
condition

y0)=s (13.5)
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then, on putting x=0 in (13.4), we see that we require ¢ =s. The unique
solution satisfying (13.3) and (13.5) is

y(x) = se*.

The differential equation (13.3) occurs in the description of many
physical phenomena, for example, uninhibited bacteriological growth, a
condenser discharging, a gas escaping under pressure from a container
and radioactive decay. In all these examples, time is represented by x.
The condition (13.5) gives the initial value of the physical quantity
being measured, for example, the volume of bacteria at time x=0.
Many more complex phenomena may be described by equations of the
form (13.1). 0O

During most of this chapter we shall discuss numerical methods of
solving (13.1) subject to (13.2). By this, we mean that we seek approxima-
tions to the numerical values of y(x) for particular values of x or we seek a
function, for example a polynomial, which approximates to y over some
range of values of x. Only for rare special cases can we obtain an explicit
form of the solution, as in Example 13.1. In most problems, f(x, y) will be
far too complicated for us to obtain an explicit solution and we must
therefore resort to numerical methods. We shall also discuss systems of
ordinary differential equations and higher order differential equations, in
which derivatives of higher order than the first occur. The methods for
both of these are natural extensions of those for a single first order
equation.

The first question we ask of (13.1) and (13.2) is whether a solution y
necessarily exists and, if not, what additional restrictions must be imposed
on f(x,y) to ensure this. The following example illustrates that a solution
does not necessarily exist.

Example 13.2 For0s<x<2, solve
y' =y with y0)=1.
The general solution of the differential equation is

1
(x+c)’

yo) = -

where c is arbitrary. The initial condition implies ¢ = —1, when
1
(1-%

This solutton is not defined for x =1 and therefore the given initial value
problem has no solution on [0, 2]. ]

y(x) =
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You will notice that in Example 13.2 the function f(x,y) is the well-
behaved function y* Obviously continuity of f(x,y) is not sufficient to
ensure the existence of a unique solution of (13.1) and (13.2). We find that
a Lipschitz condition on f(x, y) with respect to y is sufficient and we have
the following theorem.

Theorem 13.1 The first order differential equation

y’ =f(x,)’)

with initial condition

y(xg)=s,

where x, € [a, b], has a unique solution y on [a, b] if f(x, y) is continuous
in x and if there exists L, independent of x, such that

| fx, y) = flx,2)| <L|y-z| (13.6)
for all x € [a, b] and all real y and z.
Proof We shall consider an outline of the proof, which is based on the

contraction mapping theorem. We may write the problem in the integral
form

¥ =5+ 5 ye) dx. (13.7)

We consider the sequence of functions (y,(x)),., defined recursively
by

Yo(x)=5, (13.8)
ym+1(X)=S+L:f(x,ym(X)) dr, m=0,1,... (13.9)
We find that, for m=1,
[ () = Y] < [ 1£5 yu9) = & Y1)
<[ L1y - yu 0 ax.
Now

131 = 300 = 1) = 51 =| [ £x,9) e | < ML=z,
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where M= | f(x, s)| for x € [a, b]. M, an upper bound of |f(x, s)]|, exists
as fis continuous in x. Thus

15920 = 3@ < [ L1109 =yl | x

x LM
stOLM|x—x0|dx =5 lx = x|

and

x « L*M

353 = 701 < [[ LIya0 -yl < [ == b= xof
L’M | g
= X=Xoi -

31 °

We may prove by induction that
|10 = yul0)] |x = x|

(m+ 1!
for m=0. The series

Yo(x) + (3, (x) = Yo(0)) + (y2(x) = y, (X)) + -

is thus uniformly convergent on {a, b1, as the absolute value of each term is
less than the corresponding term of the uniformly convergent series
M S L7 x—xp|"
5]+ 2 5 Ellx=xal”
m=1 m!

The partial sums of the first series are yy(x), y,(x), y,(x),... and this
sequence has a limit, say y(x). This limit y(x) can be shown to be a
differentiable function which is the solution of the initial value problem. By
assuming the existence of two distinct solutions and obtaining a contradic-
tion, the uniqueness of y can be shown. 0O

The sequence (y,,(x));, ., defined in the proof of the last theorem may
be used to find approximations to the solution. The resulting process is
called Picard iteration, but is only practicable for simple functions f(x, y)
for which the integration in (13.9) can be performed explicitly.

Example 13.3 Use Picard iteration to find an approximate solution of
y =y, with y(0) =1

forO<sx<2,
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In this case, f(x, y) =y and thus
| fx, )= flx,2)| =|y-z],

so we choose L = 1. We start with y,(x)=1 when, from (13.9),

1 =1+ [ @ de=14x,

i 2
y) =1+ [ A0 dr=1+x+ 32‘—'

2 2 3
X
yi(x) =1 +J' (1 +x+—)dx—- 1 +x+—+x—
2! 20 3
and, in general,
X x
Y =1l+x+—+.-+—.
2! r!
The exact solution in this case is

2
y(x)=ex=1+x+f——+---
2!

339

so that the approximations obtained by the Picard process are the partial

sums of this infinite series.

Example 13.4 We show that

L

- 1+y

> with y(xp) = s

has a unique solution for x € [a, b]. We have

f(x’y -

and from the mean value theorem

of (x, !;')
fe,y)-f,2)=(y-2) ——
dy
where £ lies between y and z. Thus to satisfy (13.6) we choose

af(x, y)
dy

L=z

O
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for all x € [a, b] and y € (—oe, ), provided such an upper bound L exists.
In this case,

of -2y
ay| |A+y)
and, as may be seen by sketching a graph, this is a maximum for y = +1/v3.
We therefore choose

of(x, 1//3)
dy

34/3
8 ) 0

L=

Most numerical methods of solving the initial value problem (13.1) and
(13.2) use a step-by-step process. Approximations y,, ¥,, ¥, ... are soughtt
for the values y(x,), y(x,), y(x,),... of the solution y at distinct points
X=Xg, X, Xs,.... We calculate the y, by means of a recurrence relation
derived from (13.1), which expresses y, in terms of y,_,, ¥,_2, ..., Yo WE
take y,= y(x,)=s, since this value is given. We usually take the points
X, Xy, ... to be equally spaced so that x, = x,+ rh, where h>0 is called the
step size or mesh length. We also take a = x, as we are only concerned with
points x, > a. (We could equally well take & <0 but this may be avoided by
the simple transformation x’' = —x.)

The simplest suitable recurrence relation is derived by replacing the
derivative in (13.1) by a forward difference. We obtain

Yne1= Yn
- =f(xn’ yn)’
h

which on rearrangement yields Euler’s method
Yo= 5, (13.10)
)’n+|=)’n+hf(xm)’n), n=0,1,2,.-.. (1311)

The latter is a particular type of difference equation.

13.2 Difference equations and Inequalities

In order to discuss the accuracy of approximations obtained by methods
such as (13.11) in solving initial value problems, we must use some
properties of difference equations. If (F,(wy, w,)) is a sequence of

T We use the notation y, to denote an approximation to y(x,), the exact solution at x = x,,
throughout the rest of this chapter.
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functions defined for n € N, some set of consecutive integers, and for all w,
and w, in some interval I of the real numbers, then the system of equations

Fo(Yn ¥ae1)=0, (13.12)

for all n€ N, is called a difference equation of order 1. A sequence (y,),
with all y, €1 and satisfying (13.12) for all n € N, is called a solution of
this difference equation.

Example 13.5 If
F . (wg, w)=wy—w, +2n
for all integers n, we obtain the difference equation
Ya= Yar1 +2n=0.
The general solution of this equation is
y,=n(n—1)+c,

where ¢ is an arbitrary constant. Such an arbitrary constant may be
determined if the value of one element of the solution sequence is given.
For example, the ‘initial’ value y, may be given, when clearly we must
choose ¢ =y,. The arbitrary constant is analogous to that occurring in the
integration of first order differential equations. (]

The difference equation of order m is obtained from a sequence

(Fn(w()’ Wl’ ey Wm))

of functions of m+ 1 variables defined for all n € N, a set of consecutive
integers, and all w,€l, r=0,...,m, for some interval I. We seek a
sequence (y,) with all y, € I and such that

F,,(y,,, yn+1’ ey yrH»m) = 09
for all n € N. The simplest difference equation of order m is of the form

aOyn+alyn+l+"'+amyn+m=0, (1313)

where a,, a,, ..., a,, are independent of n. Equation (13.13) is called an mth
order homogeneous linear difference equation with constant coefficients. It
is homogeneous because if (y,) is a solution, then so is (ay,), where a is
any scalar. Equation (13.13) is called linear because it consists of a linear
combination of elements of (y,). We illustrate the method of solution by
first considering the second order equation,

a(]yn+a|yn+l+a2yn+2=0- (13-14)

We seek a solution of the form

n

Yn=2"
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where z is independent of n. On substituting z " in (13.14), we have
agz"+a,z"' +a,z"?=0,
that is,
z"(ao+a,z+ a,z?)=0.
We conclude that for such a solution we require either
z2"=0
or
ap+a,z+a,z*=0. (13.15)

The former only yields z =0 and hence the trivial solution y, = 0. The latter,
a quadratic equation, is called the characteristic equation of the difference
equation (13.14) and, in general, yields two possible values of z. We
suppose for the moment that (13.15) has two distinct roots, z, and z,. We
then have two independent solutions

n

yn=zl and yn=zél'

It is easily verified that
Yn=CiZi+Cy+12y, (13.16)

where ¢, and c, are arbitrary constants, is also a solution of (13.14). This is
the general solution of (13.14) for the case when the characteristic equation
has distinct roots. You will notice that this general solution contains two
arbitrary constants and those familiar with differential equations will know
that two such constants occur in the solution of second order differential
equations,

Now suppose that in (13.15)

at=4aya, and a,#0,

so that the characteristic equation has two equal roots. We only have one
solution

n

yn = zl‘
We try, as a possible second solution,
y,=nz} (13.17)

in (13.14). The left side becomes
agnzi+a,(n+ Dz + a,(n+2)z7 2
=z{[n(ay+ a,z, + a,z}) + z,(a, + 2a,z2,)]
=0
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as z, = ~ 3a,/a, is the repeated root of (13.15). Clearly (13.17) is a solution
and the general solution of (13.14)is
Y.=C 127+ Cynzy. (13.18)

The only remaining case is @, = 0, when the difference equation is of only
first order and has general solution

a,\"
Yn=Cl—1,
a,
where c¢ is arbitrary.
If a,+0 we may write (13.14) as the recurrence relation
Yus2= —(ao/a)y, = (a)/@))y,...

If we are to use this to calculate members of a sequence (y,) we need two
starting (or initial) values, for example, y, and y,. Such starting values fix
the arbitrary constants in the general solution. It can also be seen from this
that (13.16) or (13.18) is the general solution in that any particular solution
may be expressed in this form. Given any particular solution we can always
use y, and y, to determine c, and c,. The remaining elements of the solution
are then uniquely determined by the recurrence relation above.

Example 13.6 The difference equation
Yu—2¢08 0.y,,1 % Yui2=0,
where 0 is a constant, has characteristic equation
1-2cos 0.z+2%=0

which has roots z = cos §xi sin 8 =e*'®. The general solution is:

y.=c, e+ c,e =k cosn@+k,sin nf, +mm,
Ya=CFCon, 8=2mn,
Vo= (€ + en)(=1)", 6=(02m+ D,
where m is any integer and ¢, ¢, and, hence, k,, k, are arbitrary. O

To determine the general solution of the mth order equation (13.13) we
againtry y, = z". We require

agz"+a;z"'+ - +a,z""=0
and thus either z=0 or

p(Z)=ay+az+azi+--+a,z"=0. (13.19)
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Equation (13.19) is called the characteristic equation and p,, the character-
istic polynomial of (13.13). In general, (13.19) has m roots z,, z,, ..., z,,
and, if these are distinct, the general solution of (13.13)is

Yo=CZi+ Cz 4+ iz,

where the m constants c¢,, c,, ..., C,, are arbitrary. Again we may expect m
arbitrary constants in the general solution of (13.13), because we need m
starting values when it is expressed as a recurrence relation. For example,
Yo» Yis --+» Ym-1 are needed to calculate y,., Yu.ts -.- -

If p, has arepeated zero, for example if z,=z,, we find that y, = nz/is a
solution. If the other zeros of p,, are distinct, we obtain the general solution

Ya=C 214 Cnzl+ 323+ + ¢, 20,
If azero of p,, is repeated r times, for example if
Ly=Zy= =2,
the general solution is

r=l,n

Ya=CZ{+ Cunzi+ csn’zi+ -+ o’ 'zl e, 28 e+ C

n
m»

z

m

again assuming that z,,,, ..., z,, are distinct.

Example 13.7 Find the solution of the third order equation

yn_yn*l_yn+2+yn+3=0’ (1320)

withy_; =0, y,=1and y,=2.
The characteristic equation is

1-z-22+23=0
with roots z= ~1, 1, 1. The general solution of (13.20) is
Yo=C (=D + ¢+ ne,

and thus we require

ya=-C+c—-¢;=0
Yo= C+ ¢, =1
YVi=—C+ct+ =2,

We obtain
C]=O, C2=C3=1,
and the solution required is

y.=1+n. O
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The non-homogeneous difference equation
AYn* @ Yuri + 0+ QY = b, (13.21)
is solved by first finding the general solution of the homogeneous equation
AoYnt @\ Yni1 + 0+ Ay =0.

We denote this general solution by g,. Secondly we find any particular
solution ¥, of the complete equation (13.21) by some means (usually by
inspection). The general solution of (13.21) is then

Y=ot &ne

There are m arbitrary constants in g, and hence m in y,. (This method is
entirely analogous to the ‘particular integral plus complementary function’
solution of a linear differential equation.)

Example 13.8 Find the general solution of
2Ya* Yurr = Yne2= L.
The homogeneous equation is
2Yp* Yne1 = Yas2 =0,
which has general solution
Vo= (=1)"+ 2"
A particular solution is
F.=3, for all n,
so that the general solution of the complete equation is
Va=C (=) + 2" +5. g

In the error analysis of this chapter we shall meet difference (or
recurrent) inequalities. We need the following lemma.

Lemma 13.1 Let the sequence (u,);_, of positive reals satisfy the
difference inequality

Uy SU + Ol + O U+ + 0 U, + b (13.22)
forn=m,m+1, m+2,...,where o, 20, r=0,1,..., m, and b=0. Then, if
A=oy+a,+- +a,,

" < (d+ X)e -—, A>0 (13.23)

O + nb, A=0
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for n=0,1,2, ..., where 9 is any real number satisfying

o=u, r=0,1,...,m.

Proof The proof in both cases is by induction. Suppose (13.23) is true
when A >0 for all n< N. On applying (13.22) with n= N we see that

“ b b
Uy, < 6+£ eNA—£+Za, (6+— e(N_'M-——]+b
A A D A A

b = b b
<[o+—=|e™+D a0+ )" - —
A A A

r=0
b b b . b
={6+—=|eM1+4)- — <[o+ —|e" - —
A A A A
since 1 + A <e”. From the definition of & we can see that (13.23) holds for
n < m. The proof for A =0 is simpler but similar. O

13.3 One-step methods

We return to the numerical solution of the initial value problem

y' =f(x,y)
with

y(x) =s,
where x € [x;, b]. We shall assume that f satisfies the conditions of
Theorem 13.1, so that the existence of a unique solution is ensured. We
shall also assume that f is ‘sufficiently’ differentiable, that is, all the
derivatives used in the analysis exist. We look for a sequence y,, y,,
Y2, ..., Whose elements are approximations to y(x,), y(x,), y(x,), ..., where
x,= xo+ nh. We seek a first order difference equation to determine (y,). A
first order difference equation yields a one-step process, in that we evaluate
Yn+; fromonly y, and do not use y,_;, y,_,, ... explicitly.

One approach is to consider the Taylor series for y. We have

, n o, h? R
Y0, 1) = y(x,) + hy'(x,) + oYt el yP,) + hPTIR,, (x,),

(13.24)
where

1
Rp+l(xn) =0 y(lﬂl)(g) and Xy < § < Xpete
(p+ 1)

We find we can determine the derivatives of y from f and its partial
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derivatives. For example,
y' ()= f(x,y(x))

and, on using the chain rule for partial differentiation,

Y v
ox dy dx
=f+fy
=f+f,f. (13.25)

We have written f, and f, to denote the partial derivatives of f with respect
to x and y.
If we define the functions f(x, y) recursively by

y'(x)

FOx =P )+ 770, y) f(x,9) (13.26)
for r= 1, with f©(x, y) = f(x, y), then
YOO = £ x, y (%) (13.27)

for r = 0. The proof of this is easily obtained by induction. The result is true
for r =0 and on differentiating (13.27) we have

YU ) = £y () + £y () ' ()
= £y (D) + f17(x, y () £ (x, y(x))
=f" 0 (x, y(0),

showing that we can extend the result to the (r + 2)th derivative of y. Note
that the f”(x, y) are not derivatives of fin the usual sense.
If we substitute (13.27) in (13.24), we obtain

hf .
Yne1) = Y(X) + A (s (X)) + 20+ + ;'-f“"”(x,., y) +h"'R, L (x).

(13.28)

The approximation obtained by neglecting the remainder term is
B -
Yuo1 = Ya+ WGy + o+ — F07 0, y,) (13.29)
p!

and the Taylor series method consists of using this recurrence relation for
n=0,1,2,... together with y,=s. The disadvantage of this method is that
the f”(x, y) are difficult to determine. For example,

P =f+ L1 (13.30)

[P N=f0+°f
= fut 2o f+ [ S+ (L4 £,DF (13.31)
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The method might, however, be useful for p<2. For p =1 we obtain Euler’s
method. For most problems the accuracy of the method increases with p
since the remainder term decreases as p increases if the derivatives of y(x)
are well behaved.

Example 13.9 For the problem
Y=y with y0)=1,
fean=y, [P =f+ff=0+1.y=y,
[P =fP+fPf=y and fOxy)=).
From (13.29), the Taylor series method is

K h?
Yn+1 =yn+hyn+-yn+"'+_yn
2! p!

h ?
=(1+h+—+---+h—)y,,
2! p!

with y,= 1. Thus we have

hPY
y,,=1+h+---+——). O
D!

Example 13.10 For the problem
1
y =

1+y

1

with y(0) = 1,
we obtain

S,y =

1 +y2,

o) -2y
ey =fo+tfif=—53,

(1+y9)

205y~ 1)

A+yy
Thus, for p =3, the Taylor series method (13.29) is

h_ K ) K 2655-D
T+y2 20 (1+y) 31 (1+yd)°
with y,=1. 0

P,y =

Yas1 =Yt
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A much more useful class of methods is derived by considering
approximations to the first p + 1 terms on the right of (13.28). We seek an
expression of the form

Vo1 =Yat h ) ik, (13.32)
i=1
where k, = f(x,, y,) and
ki:f(xn+h}’i’yn+htuiki—l)’ l>1

We try to determine the coefficients a;, A; and u; so that the first p+ 1
terms in the Taylor series expansion of (13.32) agree with the first p +1
terms in (13.28). Taylor’s theorem for two variables gives

[, + hA, y, + huk)

d d h* d PRY
=f(Xp Vo) + HA — + uk — | fx y) + — (A — +uk — w Vn
SOy ( = 7 ay)f(x Ya) 2!( > M ay)f(x Ya)

hP! ] a\y! ,
Foeee + A — +uk — Xps Yo + BES (X, ¥, A, k),
(p_l)!( n u ay) Sxn yn) p(Xns Yr A, k)

(13.33)

where h’S, is the remainder term. It is clear that equating terms of (13.32),

using the expansions (13.33), with the terms of the expansion of (13.28),
using (13.26), is very tedious. We shall illustrate only the case p =2, when
(13.28) becomes

Y(Xna1) = Y& + B + LRY(f, + £, f) + Ry(x,), (13.34)

where f, f, and f, have argument (x,, y(x,)). Clearly there are an infinity of
ways of choosing r, o;, 4;and u,;.
If we choose r=2, (13.32) when expanded becomes

Yns1 = Yo+ (o + 0p)f + Ry (A,f, + uaf1y)
+ h3a2S2(xm )’m 12’ #Zf)) (13.35)

where f, f, and f, have arguments (x,,y,). On comparing (13.34) and
(13.35) we see that we require

(!l + a2= 1, (!2/12=%, (12/12=%. (13.36)

One solution is

N

al=0’ (!2=1, )vz=ﬂ2=

’
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when (13.32) becomes
Yae1 = Yo+ Bf (X, + 51, ¥, + 1 Af (X0 Y0))- (13.37)

This is known as the modified Euler method.
If we take a, = a, =3, then 4, =y, =1 and we obtain

Yne1 = Yu+ 3R G ¥2) + f(pirs Yo ¥ W (X0, D)1 (13.38)

which is known as the simple Runge~Kutta method.
For p =4 and r = 4, we obtain the classical Runge—Kutta method

Vo1 =Y+t hlk, + 2k, + 2k + k;], (13.39)
where

kl =f(xn’ yn)’
k2=f(xn+%h’y'l+%hkl)’
k3=f(x,,+%h,y,,+%hk2),
k4=f(xn+l’yn+ hk3)
This is not the only choice of method for p = r = 4. Ralston and Rabinowitz

(1978) give a complete account of the derivation of this and other similar
methods.

13.4 Truncation errors of one-step methods

The general one-step method of solving (13.1) may be expressed as

Y1 =Yat h@p (X, ¥ h) (13.40)

where @(x, y; h) is called the increment function. For h+0, we rewrite
(13.40) as

l‘h;y = $im Y B). (13.41)

We are interested in the accuracy of (13.41) when considered as an
approximation to (13.1). If y(x) is the solution of (13.1) and (13.2), we
define the local truncation error, t(x; h), of (13.40) to be

t(x; B) = —yix—i’%"—y(i) - o(x, y(x); h), (13.42)



Ordinary differential equations 351

where x € [x,, b] and h>0. We say that (13.41) is a consistent approxima-
tionto (13.1) if
t(x; h)—0, as h—0,
uniformly for x € [x,, b]. From (13.42) we see that, for a consistent method,
Y'(x)= ¢ (x, y(x);0) = f(x, y(x)). (13.43)

More precisely, we say that the method (13.40) is consistent of order p, if
there exists N =0, h,>0 and a positive integer p such that

sup |t(x; )| < Nh?, for all h € (0, hy). (13.44)

xp&x%bh

The Taylor series method (13.29) is consistent of order p as, on
comparing (13.28) and (13.29), we see from (13.42) that

1x; By = KR, (x) = ¥, (13.45)
(p+ D!
where x < £ < x+h. We choose
N= max |y?* (). (13.46)

(p+ 1)! Xgsx&b

The Runge-Kutta method (13.32) with p+1 terms of its expansion
agreeing with the Taylor series will also be consistent of order p. It is
difficult to obtain an explicit form of N. We just observe from (13.33) and
(13.28) that the truncation error takes the form

t(x; h) = W (R, (x) + Q,(x, 1)), (13.47)

where Q, depends on p, r and the coefficients a;, 4;, #,. Provided sufficient
derivatives of y and f are bounded, we can choose a suitable N. Full details
are given by Henrici (1962).

There are methods of the Runge—Kutta type for which it is possible to
estimate the local truncation error ¢ from the values calculated. The most
commonly used method is due to R. H. Merson, and details of this and other
methods may be found in Lambert (1991). Such estimates of the truncation
error may be used to produce methods which automatically adjust the step
size h according to the accuracy desired in the results.

13.5 Convergence of one-step methods

So far we have considered local truncation errors. These give a measure of the
accuracy of the difference equation used to approximate to a differential
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equation. We have not considered how accurately the solution sequence (y,),
of the difference equation, approximates to the solution y(x) of the differen-
tial equation. We shall also be interested in knowing whether the solution of
the difference equation converges to the solution of the differential equation
as the step size h is decreased. We call y(x,) — y, the global truncation error.

We must define convergence carefully. If we look at the behaviour of y,
as h—0 and keep n fixed, we will not obtain a useful concept. Clearly

X, =Xo+ nh—> x,, as h—0, with n fixed,

yet we are interested in obtaining solutions for values of x other than x = x,. We
must therefore consider the behaviour of y, as h—0 with x,= x, + nk kept
fixed. In order to obtain a solution at a fixed value of x+ Xo, WE Must Increase
the number of steps required to reach x from x, if the step size 4 is decreased. If

lim  y,=y(x) (13.48)
h—
x, = x fixed

for all x € [x,, b], we say that the method is convergent. This definition is
due to G. Dahlquist.

Example 13.11 The Taylor series method (13.29) applied to y' =y with
¥(0)=1, x€ [0, b}, is convergent. In Example 13.9 we obtained

P\n
y,,=(l+h+---+£—).
p!

Now by Taylor’s theorem
14 hl“’l
e =1+h+ -+ —+
pt (p+D)

W
e, whereO < h' <h,

and thus

¥y, = e"— L e"'n
" (p+ 1)

=e"™|1 - . et ".
(p+ 1!

As x, = nh and y(x,) =e™, we have for the global truncation error

hPH , o \n
1- e" " -1
(p+ D

+1
x, nh? W=k
€

(p+ 1!

ly() = y,| = e™

se
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for h sufficiently small (see Example 2.13). Thus, ase” ~*<1,
X, X,,hp
[y = yal <e : (13.49)
(p+1)!
Hence | y(x,) - y,| =0 as h =0 with x, fixed.
We also remark that there exists M such that
[ y(x) =y | < MR, (13.50)
We choose any
M = max xe . 0
0<x<b (P + 1!

The following theorem provides an error bound for a consistent one-step
method, provided the increment function ¢ satisfies a Lipschitz condition
with respect to y. From this error bound it follows that such a method is
convergent.

Theorem 13.2 The initial value problem
y = ),  yx)=s,  x€lx,bl,
is replaced by a one-step method:
Yo=S5
X, = Xo+ nh

n=0,1,2, ..
yn+l =yn+h¢(xmyn; h)

where ¢ satisfies the Lipschitz condition
| gy h)- ¢(x,zh)| <L, |y-z] (13.51)

for all x € [x, b], —ee <y, z<o0, h € (0, hy], for some L , and h,> 0.

If the method is consistent of order p, so that the local truncation error
defined by (13.42) satisfies (13.44), then the global truncation error
y(x,) — y, satisfies

(v, -1l o 1
= N, forL,+0,
|y(x,,)—-y,,|$ L¢

(x, — xg)NR?, forL, =0,

(13.52)

for all x, € [x,, b] and all h € (0, h,], and thus the method is convergent, as
(13.48) is satisfied.
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Proof Welet
e,=1y(x,) =yl
From (13.42),
Y(xn) =y(x) + h@p (x,, y(x,); h) + ht(x,; h) (13.53)
and
Y1) = Yner = Y(x,) = Yo+ B (x,, y(x,); ) = h@(x,, y, ) + Bt (x5 h).
Thus

|y s = Yaur | S 1y =yl + Al @ (o y(6,)s 1) = @ (3 v 1) |
+h|t(x,; b))
< |y = yal + AL, y(x) = y,| + NW*Y, (13.54)
where we have used (13.44) and the Lipschitz condition (13.51). Hence
e, s (1 +hL e, + NiP*

This is a difference inequality of the type considered in Lemma 13.1. In this
case m =0and

0=c¢ey= I)’(xo)—)’ol =0
and from (13.23), for L , # 0,
™o

hL,

(“'n'xo)Lo
-1
I ! P
L,

For L, =0, Lemma 13.1 yields
e,<n.Nh*' = (x, - xo)NH. O

<

=

th+|

n

You will notice from (13.52) that, for all h € (0, A,] and all x, € [x,, b1,
there is a constant M =0 such that

[ y(x))— y.| s MR, (13.55)

A method for which the global error satisfies (13.55) is said to be con-
vergent of order p. We shall normally expect that a method which is
consistent of order p is also convergent of order p and we say simply that
such a method is of order p.

It follows from (13.43) that, for a consistent method, (13.51) reduces to

[fo - fx, | <Lyly-z]|
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when h=0. Thus (13.51) implies the existence of a Lipschitz condition on
f(x, y), of the type required to ensure the existence of a unique solution of
the differential equation.

In order to obtain expressions for L, for the Taylor series and
Runge-Kutta methods, we assume that bounds

of “(x,
Lk = sup f—(y).
X €x%h ay
—o<y<oo

exist for the values of & required in the following analysis.
As in Example 13.4 we observe, using the mean value theorem, that we
may choose L = L,. For the Taylor series method (13.29),
p-1

h h _
O yi 1) =) + — [P + o+ — =[x y)
! p!
and, on using the mean value theorem for each of the f*, we obtain

2 p-1

h h
|$Cx, y; By — d(x, z; h)| < |Lo + ;LI + ;Lﬁ--- +

Lp—l Iy_zl'

We therefore choose
he!
p!
For the simple Runge—Kutta method (13.38),
@ (x, y; h) =30f(x, y) + f(x + b, y + hf(x, y))].
Now with L = L, we have the Lipschitz condition on f,
[ fx, y) = flx,2) | <Lg|y-z]|
and, for h € (0, hgl,
| fx+ h,y+ hf(x,)) = f(x+ h, z+ hf(x, 2)) ]
sLoly+hf(x,y)—z—hf(x,z)|
<Llly-z|+ Al f(x, ) - f(x, 2]
<Llly-z|+hLs|y-z|]
=Lo(1+ hoLo) |y - z|.

L forhe (0, hy]. (13.56)

h
L¢=L0+2—?L,+---+ s

Thus

| ¢ (x,y; h)— @ (x, 2 h)| < 3[Lo+ Lo(1 + hoLo)1| y - 2|
= Lo(1 +%hoLo)|)"‘zl9
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so we may choose
L, =Lo(1 +3heLy). (13.57)
For the classical Runge—Kutta method (13.39), we may choose
hoLo | h3LZ .\ hyL3 '
6 24

L,=Ly|l+ (13.58)

Full details are given by Henrici (1962).

Example 13.12 We reconsider Example 13.11, only this time we will
obtain a global error bound, using Theorem 13.2.
We know that y(x) = e* and thus from (13.46)

b

max |y** ()| = :
(p+ 1)t o<x<h (p+1)

From Example 13.9, f*’ = y for all k and thus L, = 1 for all k. We therefore
choose, from (13.56),

h hy
Ly=1+— 442
2! p!

and (13.52) becomes
ano b
e -1 e
|y('xn)_ynlS hp.
Ly (p+ 1)

For x € [0, b] this bound is larger and hence not as good as that of (13.49).
O

Example 13.13 Find a bound of the global error for Euler’s method
applied to the problem

1
y'= > withy(0)=1 and O<sx<1.
1+y

From (13.45) with p = 1 the truncation error is
h h
1x; by = — y"(&) = — f V&, y(&)).
2! 2
By sketching a graph, we find that

m_ _ -2y
A A
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has maximum modulus for y = 1/+/5 and thus

25+/5
)
x, yO) | = .
| f70x y() | 108
We therefore obtain
2545
[t B <h J .
216

Since ¢(x, y; h)=f(x,y) for Euler’s method, we choose L, =L =3V3/8
(see Example 13.4). The bound (13.52) becomes

For x,=1,
|y, - y(1.0)| <0.365 h.

This is a very pessimistic bound for the error. With 2=0.1 the absolute
value of the actual error is 0.00687. O

From the last example it can be seen that Theorem 13.2 may not give a
useful bound for the error. In practice this is often true and in any case it is
usually impossible to determine (13.52) because of the difficulty of
obtaining suitable values of N and L ,. The importance of Theorem 13.2 is
that it describes the general behaviour of the global errors as 1 — 0.

13.6 Effect of rounding errors on one-step methods

One difficulty when computing with a recurrence relation such as

yn+1 =yn+ h¢(xn’yn; h)
is that an error will be introduced at each step due to rounding. If we reduce
h so as to reduce the truncation error, then for a given x, we increase the
number of steps and the number of rounding errors. For a given arithmeti-
cal accuracy, there is clearly a minimum step size h below which rounding
errors will produce inaccuracies larger than those due to truncation errors.
Suppose that instead of (y,) we actually compute a sequence (z,) with

o =2, +hp(x, 25 h)+ &, (13.59)

where ¢, is due to rounding. From (13.53) and (13.59) we obtain, analogous
to (13.54),

ly(xn+l)_zn+l| < ly(xn)—znl +h| ¢(xn9y(xn); h)_ ¢(X,,, Zn h)l
+hltxa )| + | e.].



358 Numerical analysis

Thus, if | &,| < ¢ for all n, a quantity /A must be added to NA” in (13.52)
to bound | y(x,) - z,|. The choice of method and arithmetical accuracy to
which we work should therefore depend on whether &/4 is appreciable in
magnitude when compared with NA?.

13.7 Methods based on numerical integration;
explicit methods

On integrating the differential equation

Yy =f(x,y)
between limits x, and x,,,,, we obtain
Y(Xne1) =y(x,) + ] " fx, y(x)) . (13.60)

The basis of many numerical methods of solving the differential equation is
to replace the integral in (13.60) by a suitable approximation. For example,
we may replace f(x, y(x)) by its Taylor polynomial constructed at x = x, and
integrate this polynomial. This leads to the Taylor series method described
earlier (see Problem 13.19). A more successful approach is to replace f by
an interpolating polynomial. Suppose that we have already calculated
approximations y,, y;,..., ¥, to y(x) at the equally spaced points
x,=xo+rh,r=0,1, ..., n. We write

fo=f (x5, r=0,1,...,n;

these are approximations to f(x,, y(x,)).

We construct the interpolating polynomial p,, through the m+ 1 points
ns fo)s (Xaois fazt)s ooy (Xu_ms faem), Where m<n. We use p,(x) as an
approximation to f(x, y(x)) between x, and x,,, and replace (13.60) by

Yn+i =y,.+Ln""pm(x) dx. (13.61)

It should be remembered that p,(x), being based on the values
Jasfa-1s o-os fn-m» 15 DOt the exact interpolating polynomial for f(x, y(x))
constructed at the points x,, x,_,, ..., X

> n-me

By the backward difference formula (4.36),

)= (—1)"(‘}? ) VY.  wheres=(x-x)/h.

j=0

Thus, asin §7.1,

J Prx)dx=h ibj - (13.62)

j=0
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where
e _
b,:(_1)fj0( ;?)ds. (13.63)

Note that the b; are independent of m and n.

On substituting (13.62) in (13.61), we obtain the Adams—Bashforth
algorithm for an initial value problem. To compute approximations to the
solution y(x) at equally spaced points x,=x,+rh, r=0,1,..., given the
starting approximations y,, y,, ..., ¥, We use the recurrence relation

Yasr = Yo+ hlbof, + b,V + -+ b,V"f,] (13.64)

forn=m, m+1,..., where f,= f(x,, y,).

The starting values y,, y, ..., ¥, are usually found by a one-step method.
Table 13.1 exhibits some of the b, We shall see that (13.64) is of order
m+ 1, that is, both the local and global truncation errors are of order
m+ 1.

Table 13.1 The coefficients b;

j 0 1 2 3 4
1 5 3 251

b, 1 = = = =
2 12 8 720

In practice we usually expand the differences in (13.64) so that it takes the
form

yn+1=yn+h[ﬁ0fn+ﬁlfn—l+'”+ﬂmfn—m]' (1365)

The B; now depend on m. For example, when m =1 we obtain the second
order method

yn+1=yn+%h(3fn_fn—l) (1366)
and, for m = 3, the fourth order method
Yoot = Yo+ 23 R(85f, = 59f, 1+ 37f, ., = 9f,.3). (13.67)

The following algorithm is for the fourth order method (13.67) on the
interval {a, b]. Four starting values yq, y,, y,, y; are required and these are
found by a one-step method such as the fourth order Runge—Kutta method
(13.39).

Algorithm 13.1 (Adams-Bashforth of order 4). Let F,, F,, F,, F;
represent the values of f,, f,_i, f.-2, f._3 respectively. Choose a step 4 such
that (b - a)/h is an integer.
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Start with yo, ¥, Y2, Y3
X:=a+3h Y=y,
Fo:=f(X, y;3)
Fi:=f(X-h,y,)
Fy=f(X-2h,y))
Fy:=f(X~=3h, yo)
repeat
Y=Y+ %h (55F,— 59F, + 37F, - 9F5)

Fy:=Fy; F,:=F; F,:=F,

X:=X+h
For=f(X,Y)
until X =5 0
You will notice that, in the above algorithm, f is evaluated only once in each
step.

To determine the truncation error of the Adams—Bashforth formula, we
rewrite (13.64) as

Yne1 = Vn < j
2l 2n 2% b, VS, (13.68)
h izo
and consider this as an approximation to (13.1). Now from (7.22)

a1 r

[ pe e ax = [ y0o ax

=h Zb/ ijr(Xn) + hm+2bm+1y(m+2)(§n)’

j=0

where x,_,, < §,<x,.,. Thus from (13.60)

y(x"”)h-y(x‘") = Db VG YD) + A" b YT UED, (13.69)
j=0

where V/f(x,, y(x,)) = V7 f(x,, y(x,)) = VI f(x,_ ), y(x,_))).
The last term in (13.69) is the local truncation error. You will notice that
this is of order m + 1. We expand the differences in (13.69) to obtain

y(an) = y(xn) + h[ﬂOf(xn’ y(xn) + ﬂlf(xn-l’ y(xn-—l)) + -
+ B Kps Y X 1+ BB, 1y THP(E,). (13.70)

We assume that y "*?(x) is bounded for x € [x,, b], so there exists M,,,,
such that

max |y" ()] < M,.,. (13.71)

X € [xg,b)
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We again let
en= | y(x) =yl
and, by the Lipschitz condition on f,
| £ y (D) = fx Y| <L y(x,) = 3, = Le,
On subtracting (13.65) from (13.70), we obtain
erni <€+ Ll Bole,+ | B | e, it + [ Bulen )+ h"*? by | My

(13.72)
We suppose that the starting values y,, ..., y,, are such that
e, <9, forr=0,1,...,m.
We now apply Lemma 13.1 with
o,=hL|{B| and b=h""?|b,. |M,.,
so that
A=ag+a,+---+0,=hLB,,
where
B,=|Bol+ 1B 1+ +|Bal. (13.73)
From (13.23) we obtain, remembering that nh = x, — x,,
Ly = yal=e, < (6 4 1 ‘M'"”) exp((x, = Xo)LB,)
LB,
- hmlb’"*"M"’*z. (13.74)
LB,

The inequality (13.74) provides a global truncation error bound for the
Adams—Bashforth algorithm. This bound is again more of qualitative than
quantitative interest. It is usually impossible to obtain useful bounds on the
derivatives of y(x); however, (13.74) does provide much information about
the behaviour of the error as 4 is decreased. From the first term on the right-
hand side, it can be seen that if the method is to be of order m+ 1, we
require 4, a bound for the error in the starting values, to decrease like !
as h tends to zero. Thus we should choose a one-step method of order m + 1
to determine starting values.

Theorem 13.3 The Adams—Bashforth algorithm (13.64) is convergent of
order m+ 1 if y ™*?(x) is bounded for x € [x,, b] and the starting values
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Yo --+» Y are such that
|y(x)-y,| <D™,  r=0,1,...,m,

for some D=0 and all h€ (0, hy] where hy>0. Furthermore, the global
truncation errors satisfy (13.74), where M,,,, and B,, are defined by (13.71)
and (13.73) and

6=0max ly(xr)_yrl‘ ]

Example 13.14 As we have seen before, for simple equations it is possible
to deterrnine bounds on the derivatives of y and hence compute global error
bounds. We will seek a global error bound for the second order
Adams-Bashforth algorithm applied to the problem of Example 13.13.
From Example 13.4, we have L = 3v/3/8 and in Example 13.10 we found

10y*-2
2)
(x, y) = ———.
f y) 117
Thus
10y* -2
3) 2)
X =1f"(x, < max =
YPE1=1 %0yl < _max_ ey

and we choose M;=2.
For the Adams—Bashforth algorithm of order 2,

m=1, by=%, B,=|Bol + 18] =2
and thus (13.74) yields

ly(x) = yal < (6 + K % : 3—33 - —zz-)exp(s«/xxn - 0)/4)

2S5 8 2

—_  —— e

104* 104°
_ ( )e”“‘""‘ - (13.75)

o+ —— .
94/3 9/3

This error bound is considerably larger than the actual error. For example,
with h=0.1, n=10 and y, obtained by the simple Runge—Kutta method
(which yields 6= 10"%), (13.75) becomes

| ¥(1.0) - yjo| <0.0172.
In fact, to five decimal places,

¥(1.0)=1.40629 and y,, = 1.40584
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so that
| y(1.0) = y,o| =0.00045. ]

There is no reason why we should not consider the integral form of the
differential equation over intervals other than x, to x,,,. For example,
instead of (13.60), we may consider

Xnsl

YXni1) =y(Xao1) +I f(x, y(x)) dx. (13.76)

On replacing f(x,y(x)) by a polynomial as before, we derive the
formula

Yue1 = Yuor + ALbofu 4 BV, 4 - + DRV L], (13.77)

where
e
by =1/ [ ( ;)ds. (13.78)

This method is attributed to E. J. Nystrom.

The Adams—Bashforth and Nystrém algorithms are known as explicit or
open methods. The recurrence relations (13.64) and (13.77) do not involve
S(Xns1s Yasy); they express y, ., explicitly in terms of y,, y,_1, ..., Yo_m The
explicit nature of these algorithms arises from the fact that we use
extrapolation when obtaining an approximation to f(x, y(x)) between x, and
X,.:- As was seen in Chapter 4, extrapolation, that is interpolation outside
the range of the interpolating points, is usually less accurate than interpola-
tion inside this range. The class of formulas considered in the next section
avoid extrapolation by introducing the extra point (x,,;,f,.;) in the
interpolatory process.

13.8 Methods based on numerical integration;
implicit methods

We again approximate to the integral in (13.60) and thus obtain a
recurrence relation. Suppose that g,,,,(x) is the interpolating polynomial
through the points (x,., fue1)s X Jo)s ooos (Xnoms fo-m). We regard q,,,,,(x)

as an approximation to f(x, y(x)) between x, and x,,, and replace (13.60)
by
Yne1=Ynt L " G+ i(X) dx.

Notice that this approximation does not involve extrapolation.
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By the backward difference formula (4.36),
m+1
m+ I(X) = Z (_1)1(_‘;) Vlfn+ 1»
ji=0 J

where s = (x - x,,,)/h, and

m+1

[ queydr=h ), ¢, V0,0,

j=0

where
¢, = (_1)fj_°l (—j) ds. (13.79)

The latter are independent of m and n and Table 13.2 gives some of the
values. We thus replace (13.60) by the approximation

Yns1 = yn+ h[cofn+l + C]an+l + -t Cm+lvm+1fn+I]' (13'80)

Given y,, Y, 1s---s Yn-m» W€ seek y,., satisfying (13.80). In general,
(13.80) does not yield an explicit expression for y,,, as each of the terms
Vif,.. involves f(x,.,, ¥,.,). Usually (13.80) must be solved as an algebraic
equation in y,,, by an iterative method. Let us suppose that y‘? | is the ith

iterate in this process. Then (13.80) is already in a convenient form for
iteration of the kind

wi,=F(w)

where F is some given function and w; = y!),. The y,, ¥,_1, ..+, Yu_ TEMain
unchanged throughout this iterative process to calculate y,,,. We will
examine the convergence of this process in the next section. To calculate a
good first approximation y %, we employ one of the explicit formulas of
the last section, for example, the Adams—Bashforth formula.

This leads to the Adams~Moulton algorithm for an initial value problem.
To compute approximations to the solution y(x) at equally spaced points
X,=Xxo+kh, k=0, 1, ..., given the starting approximations yg, ¥, ..., Y, W€

Table 13.2 The coefficients c,

J 0 1 2 3 4

1 1 19

¢ 1 —l
2 12 24 720
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use the following forn=m, m+1, ....

Predictor: y©\, =y, + hlbof,+ b,Vf,+ -+ b,V"f,] (13.81a)
Corrector: y'itV =y, + hlco f), + ¢,V S+, VO,
i=0,1,...,(-1), (13.81b)
Yas1 =Y
where

fg:ll=f(xn+l’ysx'il ’ fn=f(xmyn)
and
V= VIR, -V,

The coefficients b; and c; are defined by (13.63) and (13.79) respectively.
Equation (13.81a) is called the predictor and (13.81b) the corrector. For each
step, I inner iterations of the corrector (or I corrections) are performed and
¥, is considered a sufficiently accurate approximation to the y,,, of (13.80).
We shall prove later that (13.81b) yields a method of order m+2. The
following algorithm describes the process which integrates a differential
equation over the interval [a, b].

Algorithm 13.2 (Adams—Moulton). Choose a step A such that
N = (b - a)/h s an integer.

Obtain starting values y, ...,y,, by a one step method.
n:=m
repeat
calculate y), from the predictor
i:=0
repeat
calculate y '} from the corrector
i=i+1
until i=7

[—))
Yne1 = Yast

n:=n+1

until n=N a

We normally expand the differences so that the formulas become
Predictor: y ., =y, + h(Bofu+ Bifaci + -+ + BuSa-m] (13.82a)
Corrector: YtV =y, + hly_ fO, + Yo Lot + VuSn-m]- (13.82b)
The B, and y, are dependent on m. For m =0, we obtain the second order method
Yol =Yut hfo (13.83a)
Y=yt b h(f 2+ f) (13.83b)



366 Numerical analysis

and for m = 2, the fourth order method
YO, =y, +5h(23f, - 16f,_; +5f,_2), (13.84a)
)’E.ifl‘) = yn + _2‘71 h(gf(n’ll + lgfn - an—l +fn—2)' (1384b)

We may simplify the iteration procedure for the corrector by noting from
(13.82b) that

Y=yt hy (AL~ FUD), i=12,., 0=, (13.85)

Therefore we only need to employ the full formula (13.82b) for the first
inner iteration. For subsequent iterations we may use (13.85). Although we
prove in § 13.9 that the inner iteration process is convergent, we shall also
show that we normally expect to make only one or two iterations.

In the rest of this section, we will discuss the truncation and global errors
of the corrector and will assume that members of the sequence y,.,.,
Ym 2 --- satisfy (13.80) exactly. Of course in practice this will rarely be
true, as only a finite number of inner iterations may be performed for each
step. We leave the discussion of the additional errors due to this and
rounding until the next section.

To derive the local truncation error, we rewrite (13.80) as

Yne1 = Yn

m+1
h =C()fn+1+"'+cm+lv n+1

and consider this as an approximation to (13.1). From (7.24)

ot yoy ax = [y ax

m+ i
=h D VY () + H" 0y "D,
j=0

where x,,_,,< &,<x,,,. Thus from (13.60)

m+1

y(x'H l)h—y(x") = Z Cj ij(x,” 1> y(xm- l)) + hm*ZC’n*zy(m+3)(§"). (1386)
j=0

The last term is the local truncation error and is of order m + 2.
We expand the differences in (13.86) to obtain

y(an) = y(xn) + h[y—lf(xn+lry(xn+1)) + -
+ Y f K YK 1+ B, 0y T(E ). (13.87)

As in the analysis of the Adams—Bashforth algorithm, we let

€, = ly(xn)_ynl
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and, on expanding and subtracting (13.80) from (13.87), we obtain

en+1<en+h[’[|y—llen+l+ |YO'en+”'+ lymlen—m]

+ B Cpan | Moy (13.88)
where |y "*P(x)| <M,,,, for x € [x,, b]. If his sufficiently small, so that
1-hL|y_,| >0, (13.89)
then
S T {ent ALl yolen+ - +|¥nlenn] + A" Cpis| M. s)
= et~ (ol + [7-sDent 71l g4+ [yl )
1-hL|y,|
hm+3lcm+2|Mm+3
1-hL|y_]

On applying Lemma 13.1, we obtain
h’"”chle) ((x,,~xo>Lcm)
ex

lyx) —yol=e, <{o+

LCm 1_hLly_1I
hm+2 Coms M,,H.
_H ensal My (13.90)
LC,,
where
Co=lyl+ 170l ++1 7.l (13.91)

and O is the maximum starting error, so that
ly(xr)_yrI$67 "=0,1,...,m.

The inequality (13.90) provides a global truncation error bound for the
Adams—Moulton algorithm, assuming that the corrector is always satisfied
exactly. Again, this result is qualitative rather than quantitative but it may be
seen that the method is of order m+2 if the maximum starting error d
decreases like A™*? as h is decreased. We should therefore choose a one-step
method of order m + 2 to determine starting values.

Theorem 13.4 The Adams—Moulton algorithm (13.81), with the corrector
satisfied exactly for each step, is convergent of order m+2 if y "*¥(x) is
bounded for x € [x,, b] and the starting values y, ..., y,, are such that

ly(x)-y, | <Dh™,  r=0,1,...,m,
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for some D=0 and all K€ (0, h,] where hy>0. Furthermore, the global
truncation errors satisfy (13.90) provided A< (L|y_,])~". O

You will observe that the order of the corrector in (13.81) is one higher
than the order of the predictor. This is because we have chosen a pair
which require an equal number of starting values. There is no reason why
we should not use other explicit formulas as predictors, as these clearly do
not affect the final accuracy of the corrector, provided [/ is suitably
adjusted.

It should be noted that, for small 4 and a given value of 9, the error
bound for the Adams—Moulton method is smaller than that of the
Adams—Bashforth method of the same order, since for m >0, we can show
that |c,|<|b,,| (see Problem 13.32) and C,,<B,,,,. For the second order
Adams—Moulton method the relevant constants are ¢,= ~1; and Cy=1,
whereas for the second order Adams—Bashforth method we have b, =3 and
B,=2. For nearly all problems the Adams-—Moulton algorithm is far
superior to the Adams-—Bashforth algorithm of the same order, in that
global truncation errors are much smaller. This might be expected since the
Adams—Moulton method does not use extrapolation.

Again, we may obtain other corrector formulas by integrating the
differential equation over two or more intervals. By integrating over two
intervals, we obtain a class of formulas which includes Simpson’s rule (see
Problem 13.33).

Example 13.15 Obtain a global truncation error bound for the second
order Adams—Moulton algorithm applied to the problem of Example 13.13,
assuming that the corrector is satisfied exactly after each step. From
Example 13.4, L =3+v3/8 and, from Example 13.14, M, =2. Since ¢, = — 55,
Co=1and y_, =14, (13.90) becomes

1 8 2 x,3v/3/8 1 8 2
|}’(xn)“ynf<(5+h2—-——'—ex _EnNE ) gl 82
2 33 1) 1 -h3/3/16

( an’ ) ( 6+/3x, 4K’
=lo+ exp -
93 16-3+/3k] 943

provided h < 16/(3V3). For example, with #=0.1, d=10"% and x,=1, this
bound is

| (1.0) - y,0| <0.00248.

Notice that this is much smaller than that in Example 13.14 for the second
order Adams—Bashforth algorithm. d
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13.9 lterating with the corrector

We first verify that the inner iterative process (13.81b) for solving the
corrector is convergent for small . We rearrange the expanded form
(13.82b) as

yirl=y + hlyofut =+ Yufumd + hy  f(x00 Y0, (13.92)

which, on writing w; = y!) | may be expressed as

Wi =F(w).

In Chapter 8, Theorem 8.3, it was shown that the sequence (w,) will
converge to a solution if F satisfies closure and a suitable Lipschitz
condition on some interval. In this case, we take the interval to be all the real
numbers, when clearly closure is satisfied, and we seek L, < 1, such that

|F(w)-F(z)|<L;|w-z] (13.93)
for all reals w and z. From (13.92), we have

l F(W) - F(Z)l = l h)’—lf(xn-bl’ W) - hy-lf(xnﬂy Z)l
<shL|y_ | |w-z] (13.94)
where L is the usual Lipschitz constant for f(x,y) with respect to y. We
obtain a condition of the form (13.93) with L. <1 for
1

I}’-I‘L‘

This does not impose a very severe restriction on A for most problems. You
will notice that this is the same condition as (13.89) which was necessary for
the validity of the error bound (13.90).

We also observe, for later use, that

[y@ =yl = FOR)-FOYaP]
<hL|y_| |y, -y{P]. (13.95)

We now investigate the effect of performing only a finite number of

iterations with the corrector and we will assume that y (), is the last iterate

which is actually computed. From (13.82b)

h <

) (I+1)
net = Yne1 o

YO =yt Ry f O+ Yofut o+ Vnfuml+ Y

We let

—y+D )
Pr=Yne1t — Yas

and assume that

lp.l<p, for all n.
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We will also allow for rounding errors in the process and thus, instead of
computing a sequence (y,) which satisfies the corrector exactly for each n,
we actually compute a sequence (z,) with

Zn = ZoH ALY f(X 200 )+ + Y f (e 2,0+ ot 8,
where ¢, is due to rounding. On subtracting (13.87) and putting
e,= | y(x,) - z,]
we obtain

€156, + hL[I Y- ' €nyy t l YOI €yt +Ile en—m]
+h"? | Cpia| My s+ pte, (13.96)

where | ,| < ¢ for all n. By comparing (13.96) with (13.88), it can be seen
that an amount (p + €)/h must be added to A"*?|c,,,,| M,,,; in the error
bound (13.90). If we have an estimate for M, ,,, we can then decide how
small p and & should be. Since h"**|c,,,,|M,,,, is a bound for the local
truncation error of the corrector (see (13.87)), we are in fact comparing
(p + €)/h with the truncation error and in the next section we describe how
this may be estimated.

Having chosen p, we may use (13.95) to decide when to stop iterating
with the corrector. We require

U J-1

lyn+\ _yn+1)l < WL'L (1397)
-1

If L is not known, as is usual, we can use the mean value theorem in
(13.94) and replace L by |df/dy|at some point near x=x,,,, y=y,,,. We
then use the estimate

a f«»

n+t n+l

(1) O

of
Yn+1=Yne1

dy

L=

=~

) (13.98)

in place of L in (13.97).

13.10 Milne’s method of estimating truncation errors

W. E. Milne first proposed a technique for estimating local truncation errors.
For the technique to work the predictor must be of the same order as the
corrector. However, it is only necessary to make one or two applications of
the corrector for each step, provided 4 is small.
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We consider the following formulas.
Predictor: y©), =y, + hlbof,+ b, Vf,+--+b,, V"'f]  (13.99a)

Corrector: y}\’ =y, + hlcofili + ¢ Vi + -+, V™ FOLT,

i=0,1,...,(I-1), (13.99b)

(€3]
yn+l yn+1

Apart from the necessity of an extra starting value, these formulas are
implemented in an identical manner to (13.81).
From (13.69) and (13.86),

m+1
Yna) =30 + Y bV, yx) + B0,y P, (13.100a)
j=0
m+1
y(xn+ 1) = y(xn) +h Z Cj V/‘f(x,”, 1 y(xn+ 1)) + hm+3cm+2y(m+3)(§n),
j=0
(13.100b)
where 7, and £, are intermediate points. We assume that
Y2 (n,) =y I(E,)
and write
T,=h""2c,,y " NE) (13.101)

for the local truncation error of (13.100b). (An additional factor 4 is
accounted for by writing (13.100b) in the form (13.86).) On subtracting
(13.100a) from (13.100b), we obtain

b . m+1 m+1
( 2 I)T = 3 0 Vs Yar ) = 2 b VIF(x, y(x,). (13.102)

Cm+2 j=0 j=0

We now use approximations
ij(xm y(xn)) = ijm ij(xm»l’ y(xnﬂ)) = ij(r?ll’

to obtain

m+ | m+1
e D) UMD RAL
m+2

Cm+2 j=0
1 .
== 2 )’211 )’S)zl (13.103)
h\bpni2=Cmsz

on using (13.99a) and (13.99b). We may use this last result to estimate the
local truncation error at each step.



372 Numerical analysis

If only one application of the corrector is made, /=1 and we seek an
estimate of

lpal = Iy Q= y@l <ALy 1y2-y2ul.

Now, from (13.103) and (13.101),

bm+2'—cm+2

RlyILyS =y | = h'L)y.] | 7|

Cm+2
=< hm+4L|Y—1”bm+2 - cm+2|Mm+3’

where M, .= |y™*¥(x)| for x€[xy, b]. Thus an approximate upper
bound for the p, is
i)= hm+4L I 7 l ‘ bm+2 =~ Cm+2 l Mm+3
and p/h is small compared with
hm+2 l Crn+2 l Mm+3> I Tn I’
if
1 lcm+2|

h << . (13.104)
LIV—II |bm+2 "Cm+2|

If this condition is satisfied, there should be no advantage in applying the
corrector more than once. The effects of correcting only once are investigated
more precisely by Henrici (1962). Lambert (1991) also describes the
consequences of applying the corrector only a small number of times. Ralston
and Rabinowitz (1978) show how the estimate (13.103) of the local
truncation error may be used to improve the predicted value y' | at each step.

Example 13.16 We consider the following fourth order pair:
Predictor: y0,, =y, + % h(55f,=59f,_ +37f,_2-9f._3), (13.105a)
Corrector: y} =y, + 3 h(9f ), + 19f, - 5f,. 1+ fro2)- (13.105b)

Here m=2, b,,,,=b,=%} and c,,,, = c4= — 735 The local truncation error
of the predictor is

B2,y "2 () = B A ()
and that of the corrector is
T,= hm+2Cm+2y(m+3)(§n) = -7 % A (5)(§ )
Thus, from (13.103),

1 1
T,=— O =y =—|-— (yf,‘l D). (13.106)
h(b4-04) RS Y RS



Table 13.3 Results for Example 13.17

X, ¥ 1o yo i %10 ¥{x,) Error x 10°
0 1 0.5 1.0 0
0.t 1.04879039 047619926 1.04879039 0
0.2 1.09531337 0.45460510 1.09531337 G
0.3 1.13977617 0.43495475 1.13977617 0
04 1.18236027 0.41701839 1.18236150 0.41701788 -87 1.18236140 -10
0.5 122322920 0.40059453 1.22323034 0.40059409 -80 1.22323016 -18
0.6 1.26252409 0.38550950 1.26252510 0.38550953 ~-71 1.26252485 -25
0.7 1.30037111 0.371613%90 1.30037199 0.37161358 -62 1.30037168 -31
0.8 1.33688243 0.35877598 1.33688319 0.35877571 -54 1.33688284 =35
0.9 1.37215806 0.34688284 1.37215872 0.34688262 -46 1.37215832 —-40
1.0 1.40628744 0.33583594 1.40628800 0.33583576 -39 1.40628758 -42

suonenbe fenuesayp AIBUpIo

€.€
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If only one correction is made for each step, then from (13.104) with
| y_, | = 5 we require

h<c — — = —. (13.107) 0O

Example 13.17 We apply the fourth order method of Example 13.16 to
the problem in Example 13.13. From (13.107) with L= 3+/3/8, we see that
we require h<<0.289 if only one correction is made for each step. Table
13.3 gives results with h=0.1; the T, are obtained from (13.106). The
starting values are calculated using the fourth order Runge—Kutta method.
The last column gives the errors y(x,) — y'’.

At first sight it might appear that for x,=0.9 the correction process makes
the approximations worse, as |y ~y(x)|>|y®-y(x,)| for n=9.
However, omission of the corrector affects all approximations so that the

fourth order Adams~—Bashforth process does not give the column y©. O

13.11 Numerical stability

We have seen that the inclusion of rounding errors does not radically
change the global truncation error bounds for the methods introduced earlier
in this chapter. However, the error bounds do not always provide a good
description of the effects of rounding errors and starting errors.

We consider the calculation of members of a sequence (y,)5 . o by means
of a recurrence relation (or difference equation) of the form

yn+]=F(yn1yn—l"")yn—m)’ n=m,m+1,..., (13.108)

given starting values y,, y,,...,y,. We suppose that a single error is
introduced so that, for some arbitrary r,

=y +e

and we compute the sequence

* ¥
YosYis oo Vrot5 Ye s Yrats oen-

We assume that this sequence satisfies (13.108) for all n=m except
n=r-1.If r<m the error will occur in the starting values and if r> m the
error will occur when (13.108) is computed for n=r- 1. We say that the
recurrence relation (13.108) is numerically unstable if the errors |y,— y: |
are unbounded as 71— co,

Clearly an unstable recurrence relation will not provide a satisfactory
numerical process, as we are certain to introduce rounding errors. Of course
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in practice we will introduce more than one rounding error, but in the
analysis it is more instructive to consider the effect of an isolated error.

Example 13.18 Suppose we wish to calculate (y,) from

Yns1=100.01y,~y,, (13.109)
with y, =1, y, = 0.01. The general solution of (13.109) is

1 n
00

where ¢, and c, are arbitrary. The solution which satisfies the initial

100

for which ¢, =0 and ¢, = 1. The introduction of errors may be considered
equivalent to changing the particular solution being computed. This will
have the effect of making ¢, non-zero, so that a term ¢,.100" must be added
to y,. Clearly ¢, . 100" will quickly ‘swamp’ ¢,/100". For example, if

Yo = y,+ 1076 =1.000001,

Y =y,=001

Yn= c1100"+cz( 1

then
y¥=0.000099 and y;=~—1.0001. a

For an approximation to an initial value differential problem, the function ¥
in the recurrence relation (13.108) will depend on 4 and f(x, ). In defining
stability we do not decrease h as n — oo as was necessary when considering the
convergence of y, to y(x,). We are now interested in only the stability of
recurrence relations resulting from differential equations. Because the precise
form of the recurrence relation depends on f(x,y), it is difficult to derive
general results regarding the stability of such approximations. We find it
instructive, however, to consider in detail the linear differential equation

y' = —Ay, with y(0) =1, (13.110)

where A is a positive constant, which has solution y(x) =€ -4% Note that this
solution converges to zero as x —>eo. Later in this section, we show thatto a
large extent the lessons to be learned from this problem will apply to other
initial value problems. We shall certainly expect that any approximate
solution of the test equation (13.110) should satisfy y,—>0 as n—> oo so that
the behaviour of the exact solution is mimicked. If such a property is
satisfied the method is said to be absolutely stable.
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We start by considering the midpoint rule
Yns1 = Ya-1 + 2Hf, (13.111)

which is obtained by using

Yne1 =™ Vn-1

=/
2h

as an approximation to (13.1) or, alternatively, from Nystrom’s formula
(13.77) with m=0 (see Problem 13.25). For (13.110), f(x,y)=—-Ay and
the method becomes

Yaer= —2hAy,+ o i (13.112)
This is a second order difference equation with characteristic equation
z2+2hAz-1=0,

whose roots are

o _Ah s (14 ARH,
Z2

The general solution of (13.112)is
Ya=C1Z1+ €235, (13.113)

We find that z{ behaves like y(x) as 4 is decreased with x, fixed, but that
23 has a completely different behaviour. On expanding the square root, we
obtain

z,= ~Ah+ 1 +3(A%*hD) + O(K%).

By O(h*) we mean terms involving h* and higher powers. On comparison
with

e =1-Ah+3(A%hY) + O(h%),

we see that
zi=e "+ 0
=e "1+ 0(n*),
since
e " =1+ 0(n).
Thus

zi=e (1 + O(F*)"=e **(1+ n.0(h*))
=e "(1+0(h%),
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as x, = nh. Now as h— 0 with x, = nh fixed,

= y(x,)
and, for small values of A, z{ behaves like an approximation to y(x). It can
also be shown that z;{— 0 as n — oo for any fixed h>0and A>0.

On the other hand

zi—>e”

z,= —Ah— (1 + A"V < ~1
since Ah>0 and thus | z,|> 1. In fact
z,=—Ah— (1 + Ah*)'?
= —Ah—-1-1A%2+ O(h%)
= —e*"+ O(h*)
= —e(1+ 0(h*))
and thus
z3= (=)"e*™(1+ 0(h*)"
= (=D)"e™ (1 + O(h?)).

As h is decreased with x, fixed, z; does not approximate to y(x,).
The general solution of (13.112) is, therefore,

V.= e (1 + O(h?)) + c,(=1)"e* (1 + O(h?)) (13.114)
and for this to be an approximation to y(x,), we require
¢c,=1 and ¢,=0.
We would therefore like to compute the particular solution
Ya=127

of (13.112). In practice we cannot avoid errors and we obtain, say,

Y= (1+40,)z0+ 6,20

In this case the error
|ya=yal =827+ 8,2]] oo,  asn—eo

since | z,| > 1. Therefore the method (13.111) is unstable for this differential
equation.

The solution z; is called the parasitic solution of the difference equation
(13.112). It appears because we have replaced a first order differential
equation by a second order difference equation. In this case the parasitic
solution ‘swamps’ the solution we would like to determine.

Even if we could use exact arithmetic with the midpoint rule, we would
not avoid numerical instability. We need starting values y, and y,, and y,
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must be obtained by some other method. Let us suppose that this yields the
exact soltution y(x,). Clearly, with

n=yx)=e M=z,

we do not obtain ¢, =1 and ¢, =01in (13.113).

Example 13.19 The initial value problem
y(x)=-3y(x)  withy0)=1

has solution y(x) = e ~**. We use the midpoint rule (13.111) with 2= 0.1 and
starting values

Yo=y(0)=1 and y, =0.7408.
The last value is y(h)=e " correct to four decimal places. Results are
tabulated in Table 13.4. The oscillatory behaviour for x,>1 is typical of
unstable processes and is due to the (—1)" factor in the second term of
(13.114). O

The midpoint rule is thus at a major disadvantage when used for problems
with exponentially decreasing solutions and will not produce accurate results
although it has a smaller local truncation error (see Problem 13.38) than the
second order Adams—Bashforth algorithm, which we consider next.

From

h
Yns1=Yn t 5 (3fn—fn-1)

with f(x, y)= —Ay (A >0, as before), we obtain the recurrence relation
Yni1=(1=3AR)y, +3Ahy,_,, (13.115)
which has characteristic polynomial
2= (1 -3Ah)z -} Ah.
The roots are

z /
-‘] =3[0 -2AR) £ (1 - Ah + 247K

Z3
On expanding the square root, we obtain
z,=3[(1 ~3AR) + 1 +§(—Ah +A%h®) - (- AR + 2 A%h%)2 + O (K%)]
=1-Ah+31A*H*+ O(W®)
=e (1 + O(h%).
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Thus

zl=e "1+ O(h*))"

=e (1 + O(h?),
so that, for small 4, z['is an approximation to y(x,). We also find that for all
values of h>0and A>0 we have |z,|<1sothat z]—>0as n—> oo,
We seek the solution of (13.115) of the form
Yn=121

but, in practice, obtain

yi=(1+0)z]+ 8,2}
Now

z,=3[(1 -1 Ah) - (1 - Ak +§A%H)'2)

and detailed analysis shows that z,< -1 if AA>1, and -1<z,<0 if
0<Ah<1. Hence the method is absolutely stable only if h<1/A. We will
certainly also need to satisfy this inequality if the truncation error is not to
be excessive and, therefore, this is not a severe restriction for the differential

equation y' = ~Ay. However, this restriction may be severe for other
problems.
Similar results may also be obtained for the equation
y'=-Ay+B, (13.116)

where A>0 and B are constants. The constant B will not affect the
homogeneous part of the difference approximations to (13.116) and it is

Table 13.4 An unstabie process

X, Y

0 1

0.1 0.7408
0.2 0.5555
0.3 0.4075
0.4 0.3110
05 0.2209
0.6 0.1785
0.7 0.1138
0.8 0.1102
0.9 0.0477
1.0 +0.0816
1.1 -0.0013
1.2 +0.0824
1.3 -0.0507

14 +0.1128
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only necessary to add the particular solution y,=B/A, to the general
solution of the homogeneous equations (13.112) and (13.115). As h—0,
with nh=x, fixed, this particular solution converges to y(x)=B/A, a
particular solution of (13.116). For both of the methods investigated in this
section, we would like the solution

Y.=zi+B/A,
but actually obtain
yi=(1+8,)z+ 0,25+ B/A.

Thus the absolute stability conditions are identical to those for the problem
(13.110).

If a first order difference equation is used to approximate a differential
equation then there are no parasitic solutions to give stability difficulties.
However, the only solution of the difference equation may not satisfy our
absolute stability condition: y,— 0 as n —eo. If Euler’s method is applied to
(13.110), we obtain

Yae1=Ya— Ahy,
= (1-Ah)y,,

so that
Ya= (1= Ah)"y,.

We can see that y, -0 only if |1 - Ah|<1, thatis, h<2/A. In practice, for
(13.110), this restriction on # should normally be satisfied for accuracy
reasons even when A is large. For a large value of A, the exact solution
decreases very rapidly and a small step size would be essential. However,
consider the equation

y=-A(y-1

-Ax

which has solution y(x) = ce ~** + 1 where c is arbitrary. Euler’s method is

Yns1 =Y.~ Ah(y,— 1)
so that
Ya=C,{(1-Ah)"+1

where ¢, is arbitrary. Now y(x)—>1 as x—>eo, but y,—> 1 as n—eco with A
fixed, only if |1 — Ah|<1, that is, #<2/A. This condition may be severe if
A is very large. If the initial value y(0) is near +1, the solution will not vary
rapidly for x>0 and there should be no need to use a small step size.

There are similar restrictions for all the other methods introduced in this
book except the Adams—Moulton method of order 2, When this method is
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applied to (13.110) we obtain

yn+l =yn+%h(—'Ayn_Ayn+l)
so that

(1+3AR)y,.,= (1 —3Ah)y,.

~LAh\»
Yn= y
1+1An)""
and y,—0, as n—eo, for all A>0 and fixed A>0. Results for the
Runge—Kutta methods are included in Problem 13.40 and a full discussion

of stability is given by Lambert (1991).
The stability behaviour of approximations to the general equation

y=f(xy (13.117)

will to a certain extent be similar to those for the special problem (13.110).
On expanding f(x,y) using Taylor series at the point x=X, y=Y, we
obtain

Thus

foeN=fX N+ -DfX )+ 0x-X)+0(y-Y)
=y, (X, )+ [[(X, 1) - Y[ (X, 1)]

near the point (X, Y). Thus locally (that is, over a small range of values of
x) the problem (13.117) will behave like one of the form (13.116).
Alternatively, we may argue that one would need to be rather optimistic to
expect success in computing a decreasing solution of (13.117) by a method
which is unstable for the particular case (13.110).

13.12 Systems and higher order equations

Suppose that

fi=fi(x, 21,22, ... 20)s j=1,..k
is a set of k real valued functions of k+ 1 variables which are defined for

a<x<band all real z,, ..., z;. The simultaneous equations
y'l(x) =f1(x9 yl(x)s ceey yk(x))
y2(x) = f2(x, y1(0), -y Yi()) (13.118)

Yi) = fult, y1(), s Yi(2))



382 Numerical analysis

where x € [a, b], are called a system of ordinary differential equations. Any
set of k differentiable functionst

yl(x)’ "-’yk(x)

satisfying (13.118) is called a solution.
In general, the solution of (13.118), if it exists, will not be unique unless
we are given k extra conditions. These usually take the form

Yi{xo) =), j=1,.k, (13.119)

where the s; are known and x, € [a, b]. We are thus given the values of the
y;(x) at the point x=x, The problem of solving (13.118) subject to
(13.119) is again known as an initial value problem.

We write (13.118) and (13.119) in the form

y =f(x,y),
¥y(xo) =s,

where y(x), y'(x), f(x,y) and s are k-dimensional vectors, whose ith
components are y;(x), yi(x), fi(x,y,(x), ..., y.(x)) and s, respectively. The
problem has a unique solution if f satisfies a Lipschitz condition of the
form: there exists L =0 such that, for all real vectors y and z of dimension &
and all x € [q, b],

(13.120)

£ y)-f(xr, ) |l.<L]ly - z]l.. (13.121)

The norm is defined in § 10.2.

Numerical methods analogous to those for one equation may be derived in
an identical manner. For the Taylor series method, we determine f”(x,y)
such that

h2
Y(x,. 1) = y(x,) + hf(x,, y(x,)) + > £, y)) + -

hP
+ —' f(p- 1)(xny y(xn)) + hp+ ]R[)+ l(‘xn)
p:

(cf. (13.28)), where R, is a remainder term. For example,
d of & dy,(x) of of & of

PO, y) = — fx, y()) = — + Yy L5 —=— 4y f—

dx ox FZ, dx dy; ox le " 3y

(13.122)

’

+Note that the subscripts denote different functions and not values of approximations to
values of a single function, as in earlier sections.
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where the ith component of 9f/dy, is df,/dy,. The formulas for £ are very
lengthy for r= 2. The Taylor series method of order 2 is thus
Yo=S58,

X (13.123)
Yoot = Yut+ hEQ, y,) + > £, ¥,

where y, is a vector whose ith element y,, is to be considered as an
approximation to y;(x,) and x, = xy + nh.

We may derive Runge—Kutta methods by using Taylor series in several
variables. Analogous to (13.39), we have the classical method

Yn+l =yn+éh[kl + 2k2+2k3+k4]’
where
kl=f(xmy'1)’ k2=f(xn+%h’ yn+!§hkl)v
k3=f(xn+%h’ Yn+%hk2)’ k4=f(xn+1v Yn+ hk})

Predictor—corrector methods are also identical to those for single equations.
We merely replace the y, and f, in (13.82) by vectors y, and f,.

Global truncation error bounds for all methods are very similar to
those for a single equation. We replace the quantity |y,—y(x,)| by
” y.— y(xn) ”we

Example 13.20 Consider the initial value problem
Yi(x) = xy,(x) = y,(x)
Ya(x0) = =y, (x) + y,(x)

with
y Q) =s,, ¥:(0)=3s,.
We have
fi(6 ¥4, ¥2) (xyy —¥2)
f , = =
®y [fz(x’)’h)’z)] [(—)’1 +)’2)]
and

of of of
£ )= —+f, — +f, —
(x, y) I S En [ 3

= [)8] + (xy, _)’2)[_1;] + (- "')’2)[—;}

_ [((xz +2y,- 0 +x)yz>]_
(=1 +x)y, +2y,)
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The Taylor series method of order 2 is

Y10= S Y20= 52
wo,
Yin+v1 = Yin +h(xnyl,n_y2,n) + _é— {(X"+ 2))’1,:: - (1 +-xn)y2.n}’

X
Yonr1 = Yant B(=Y1a+ Y20 + ‘2— =+ x)¥1,5+2y24},

forn=0,1,2, ....
The Adams—Moulton predictor—corrector method of order 2 (cf.
(13.83)) is as follows.

Initial values: y, o = s, Y20 =833
©
Predictor‘ yl,n+l =y1.n + hfl,m
1,@ .
y2,n+l =y2,n + hfZ,m
G+ 1) i 0}
= + = h( atfids .
Corrector: {771 =7t 2 Finer S i=0,1,..,U-1);

i+1) 1 [Q)
y2',71+1 =Yt Eh(le,n+l +f2.n)’

n o
yl,n+1=y1‘n+lr y2,n+1=y2,n+l’
Wheref(j‘.)nﬂ=j}(xn+l’y§,,)n+l’y(2")n+l . . . .
(The superscript i in the above is to distinguish different iterates and does
not denote differentiation. ) O

If the real valued function

fzf(x’zl’ Zyy euny Zm)

of m variables is defined for x € [a, b] and all real z,, ..., z,,, we say that
Y M) = £, y(x), Y (X), .0 y " 0(R)) (13.124)

is a differential equation of order m. If the solution y(x) is to be unique we
need m extra conditions. If these take the form

yOU)=t, r=0,1,..,m-1, (13.125)

where x, € [a, b] and the ¢, are given, we again say that we have an initial
value problem. You will notice that we are given the values of y and its first
m — 1 derivatives at one point x = x,. In Chapter 14 we will discuss problems
with conditions involving more than one value of x.

We make the substitutions

z;(x)=y Y= V(x), j=1,...,m,
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so that
Z,"(X)"—'y(j)(x): j+l(x)’ j=1"'-vm_19

and thus rewrite the single equation (13.124) as the system of first order
equations

zy(x) = z,(x)
z(x) = z3(x)

21 (%) = 2,,(X)
z'm(x) =f(x' zl (x)9 22(x), LK} Zm(x)).
The conditions (13.125) become
2 (xo) = to, (xp)=1t, .., Zn(X0) = Ly,
and we have an initial value problem of the type considered at the beginning

of this section.

Example 13.21 Consider

y'=8(x ")
with
y(xp) =1y, ¥ (xg) =t
Let
z,(x) = y(x), z(x)=y' (x),
when

Zi(x) = z,(x),

Zy(x) = g(x, 2,(x), 2,(x)).
Euler’s method is

Z,=S,
Z,.=2,+hf(x,,2,).

For this example, we obtain

Zy =1y, Z0= 1,

Z) pe1 =21 0t 2y

zZ,n+|=22,n+hg('xn’ zl,n’ zZ,n)‘ (]

There are also some special methods for higher order differential
equations, particularly second order equations. See Henrici (1962) and
Lambert (1991).

We have already seen in §13.11 that for Euler’s method applied to y’ = —Ay
with A>0, we obtain y,—0 as n—>eo with h fixed, only if h<?2/A. If we
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have a linear system of the form
y =—Ay (13.126)
where A is an m x m matrix, then one component of the general solution
vector has the form
y(x)=ce M +ce 4o e (13.127)
where 4,, 4,, ..., 4, are the eigenvalues of A. If 1,>0, r=1,2,..., m, the

solution shown in (13.127) will satisfy y(x)— 0 as x — 0. It can be shown
that with Euler’s method we need to choose

h<2/A,, forr=1,2,...,m (13.128)
if the solution of the difference equation is to decrease towards zero as the
number of steps increases. If 0<A,<4,<---<4, in (13.127) then, for
¢, #0, the first term will be the dominant term for large x. The inequalities

(13.128) may impose a very severe restriction on A if 4,, is very much larger
than 4,. We illustrate this by the following example.

Example 13.22 Given
Y (x)=-8y(x)+7z(x)
2" (x)=42y(x)—43z(x)
with y(0) =1 and z(0) = 8, the solution is
y(x)=2e*—e™
z(x)=2e ™"+ 6e .
The equations (13.129) are of the form (13.126) where A has eigenvalues
=1 and 4,=>50. For large x> 0 the dominant term in this solution is 2e ~*

but we must choose 4 <0.04 if Euler’s method is to produce a decreasing
solution. 0

(13.129)

Equations such as those of Example 13.22 are called stiff equations.
There are similar difficulties with all the methods we have discussed except
the Adams—Moulton method of order 2 which, as we saw in §13.11, is
always absolutely stable. The restrictions on A given in Problem 13.40
for the Runge—Kutta method and in §13.11 for the second order Adams—
Bashforth method must be satisfied for each 4, in (13.127). Lambert (1991)
gives a full discussion of the solution of stiff equations.

13.13 Comparison of step-by-step methods

The types considered are

(T) Taylor series methods.
(RK) Runge—Kutta methods.
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(E) Explicit methods, for example, the Adams-—Bashforth method
(13.64) and Algorithm 13.1.

(PC) Predictor—corrector methods, for example, the Adams-Moulton
algorithm 13.2 and the method (13.99).

Ease of use

The main consideration is how simple they are to program for a digital
computer.

(T) Difficult to establish suitable formulas, except for low order methods.
No special starting procedure.

(RK) Very simple. No special starting procedure.

(E) Quite straightforward, but special starting procedure required.

(PC) Slightly difficult to implement, due to inner iterations, unless only
one correction is made per step. Special starting procedure
required.

Amount of computation

We usually measure this by the number of evaluations of f that are needed
for each step. If f is at all complicated, most of the calculation time will be
spent on evaluations of f.

(T) Many evaluations of fand derivatives required per step, for example,
six evaluations for the third order method.

(RK) Comparatively many evaluations of f, for example, four for the
fourth order method. For the commonly used methods, the number of
evaluations equals the order of the method.

(E) One evaluation of f, regardless of the order.

(PC) Two or three evaluations of f, regardless of the order.

Truncation error

The truncation error gives a measure of the accuracy of a method for a
range of problems but does not necessarily provide a correct comparison of
the accuracy of methods for one particular problem. We consider the
magnitude of the truncation error for a given order.

(T) Not very good.

(RK) May be quite good.

(E) Much poorer than (PC).
(PC) Good.
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Error estimation

(T) Difficult.

(RK) Difficult, although there are some methods which give some
indication of truncation errors.

(E) Difficult.

(PC) Fairly easy if Milne’s method (§13.10) is used.

Stability and stiff systems

For all the methods introduced in this chapter, except the Adams—Moulton
algorithm of order 2, the step size must be restricted for absolute stability
and hence there are difficulties for stiff equations.

Step size adjustment

It is sometimes desirable to adjust the step size as the solution proceeds.
This is particularly necessary if there are regions in which the solution
has large derivatives, in which a small step size is required, and other
regions in which derivatives are small, so that a large step size may be
employed.

(T) Very easy to change the step size, as these are one-step methods.
(RK) As (T).

(E) Quite difficult, as special formulas are required.

(PC) As (E).

Choice of method

(T) Not recommended unless the problem has some special features, for
example if f and its derivatives are known from other information.

(RK) Recommended for a quick calculation for which there is little concern
about accuracy. Also recommended to obtain starting values for (E)
and (PC).

(E) Only recommended for problems for which f is particularly difficult
to evaluate.

(PC) Recommended (particularly (13.99)) for most problems as
truncation error estimation is possible. The fourth order
predictor—corrector (13.105) is probably one of the best methods,
except for stiff equations. It involves comparatively few function
evaluations (for one or two inner iterations) and provides truncation
erTor estimates.
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Problems

Section 13.1
13.1 Show that forO<x<1

"=xy, with y(0)=1,
has a unique solution and find an approximate solution by Picard iteration.
13.2 Show that
y =siny, with y(xg) = s,
has a unique solution on any interval containing x,.

13.3 Given that g(x) and h(x) are continuous functions on some interval
[a, b] containing x,, show that the linear differential equation
y' =gx).y+h(x),  withy(x)=s,

has a unique solution on [a, b].
(Hint: use the fact that g(x) is bounded on [a, b].)

Section 13.2
13.4 Find the general solution of the homogeneous difference equations:

(i) ¥,.1 — ay, =0, where a is independent of n;

(i) Yps2=4Yni1 +4y,=0;
(i) Yna3=2Yne2 = Ynr1 +2Y,=0;
(“’) Ynes— 5yn+2 + 8yn+l _4yn = O;

(V) Yn+3 + 3yn+2 + 3yn+\ + Yn =0'
13.5 Find the general solutions of the difference equations:

(l) Yns2— 4yn+l + 4yrt =1

(ll) Yns2t Yns1— 2yn =1
(1) Yosz=2Ynsr + Y, =n+ 1
(Hint: find particular solutions by trying solutions which are polynomials in
n, for example, y,=k,, y,= ko+ k,n, y,= ko+ k,n+ k,n*, where the k; are
independent of n.)
13.6 The sequence (u,)5_, of positive reals satisfies the recurrent inequality

U, <au,+b

for n=0,1, ..., where a, b=0 and a# 1. Prove by induction that

a" -1
u, < a'ug+ ( )b.

a-1
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This is a stronger result than (13.23) when (13.22) holds with m=0 and
a=1+ay,

Section 13.3

13.7 Derive an explicit formula for the Taylor series method (13.29) with
p = 3 for the differential equation of Problem 13.2.

13.8 The initial value problem,
y' =ax+b, with y(0)=0,
has solution
y(x)=3ax*+ bx.

If Euler’s method is applied to this problem, show that the resulting
difference equation has solution

Yo=3ax,+ bx,-1ahx,
where x, = nh, and thus that
y(x,) = y,=1ahx,.
13.9 Show that, for any choice of v, the ‘Runge—Kutta’ method
Yns1=Yat3hlky + k3], (13.130)
ky=f(x y2), ky=f(x,+ vh, y,+ vhk)),
ky=f(x,+[1-v]h, y,+[1 - v]hk),

is consistent of order 2. That is, show that the first three terms in the Taylor
series expansion of (13.130) agree with the first three terms (p=2) in
(13.28).

13.10 Show that the ‘Runge—Kutta’ method
yn#l =yn+ h[%kl +%k2+gk3]y

kl=f(xn’yn)’ k2=f(xn+%h’ yn+%kh)’
k3=f(‘xn+%h’ y,,"'%kzh),

is consistent of order 3. (Consider four terms in the Taylor series
expansion.)

13.11 Write a formal algorithm for the classical Runge—Kutta method
(13.39) when applied to the initial value problem (13.1) and (13.2).

13.12 Solve the equation
y=x*+x-y,  withy(0)=0
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by the simple and classical Runge—Kutta methods to find an approximation
to y(0.6) using a step size h=0.2. Compare your solution with the exact
solution

yx)=—-eF+xi-x+1.

13.13 Use the classical Runge—Kutta method (13.39) to solve the initial
value problem

y' =siny, with y(0)=1.
Take h = 0.2 and obtain estimates of the solution forO<x<1.

Section 13.5

13.14 Show that a suitable value of the Lipschitz constant L » of (13.51) for
the method of Problem 13.9 is

Ly=3LQ2+[|v]+|1-v]]1Lho),

where L is the usual Lipschitz constant for f. Deduce that the method is
convergent of order 2.

13.15 Show that a suitable value of the Lipschitz constant L, of (13.51)
for the method of Problem 13.10 is
L L
Ly=L+hy— +hy—.
’ EPTRREY
13.16 Use Theorem 13.2 to find a global truncation error bound for Euler’s
method applied to the equation given in Problem 13.12 withO<x<1.

13.17 Find a global truncation error bound for the Taylor series method of
order 2 applied to the initial value problem of Examples 13.10 and 13.13
with 0< x< 1. (Hint: show first that | f®(x, y)| <2.)

13.18 Find a global truncation error bound for Euler’s method applied to the
differential equation of Problem 13.2 with xy=0, h=0.1 and Osx=<1.

Section 13.7

13.19 The Taylor polynomial of degree p— 1 for f(x, y(x)) constructed at
x=Xx,1i8

qw) = f(x,, y()) + —(f%x—")f“’(xn, YE)) + -
(x - xn)p—‘ :

oD £ P, y(x,),
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where the f'” are as defined in § 13.3. Thus

p

Xnet h -
[ o dx = hfen, yxa) + - + = £ 5 y05).
n p.

Show that, on approximating to the integral in (13.60) by the above integral
of g and replacing y(x,) by y,, we obtain the Taylor series algorithm for an
initial value problem.

13.20 Determine the third order Adams-Bashforth algorithm in the form
(13.65), that is, expand the differences.

13.21 Determine an approximation to y(1. 0), where y(x) is the solution of
y=1-y, with y(0) =0,

using the Adams—Bashforth algorithm of order 2 with A =0.2 and starting
values y,=0, y,=0.181 (=y(0.2) correct to three decimal places).
Compare your calculated solution with

X

yx)y=1-e7%

13.22 Use the fourth order Adams—Bashforth algorithm 13.1 to solve the
equation in Problem 13.13. Take h = 0.2 and consider 0< x< 1.

13.23 Evaluate the error bound (13.74) for the initial value problem and
method of Problem 13.21. Compare the global error bound with the actual
error for x, = 1.0. (Initial error bound, é = 0.0005.)

13.24 Obtain a global truncation error bound for the Adams—Bashforth
algorithm of order 2 applied to the equation in Problem 13.2. (Hint: show
that f®(x, y) = sin y cos 2y has maximum modulus +1.)

13.25 Derive explicit forms of the Nystrém method (13.77) for m=0, 1, 2.
(Expand the differences.)

Section 13.8

13.26 Determine the third order Adams—Moulton algorithm (m=1) in the
form (13.82).

13.27 Show that if a predictor—corrector method is used to solve the linear
differential equation of Problem 13.3, then y,,, may be found explicitly
from the corrector formula.

13.28 Use the Adams—Moulton algorithm of order 2 with A=0.2 to
determine an approximation to y(1.0), where y(x) is the solution of the
differential equation of Problem 13.21. (Note the result of Problem
13.27.)
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13.29 Use the fourth order Adams—Moulton predictor—corrector method
(13.84) to solve the equation in Problem 13.13. Take h=0.2, consider
O<x<1 and perform just one or two corrections per step (/=1 or 2).
Compare your results with those of Problems 13.13 and 13.22.

13.30 Evaluate the global truncation error bound (13.90) at x, = 1.0 for the
calculation of Problem 13.28. Compare the actual error with this error
bound.

13.31 Obtain a global truncation error bound for the Adams—Moulton
method of order 2 applied to the equation in Problem 13.2. (Compare with
the result of Problem 13.24 which also contains a hint.)

13.32 Show that
s s )
jo( j)ds jo (j)dsI, forj = 2,

and thus that | b;| > | ¢;] for j=2, where b, and c; are defined by (13.63)
and (13.79) respectively.

>

13.33 Corrector formulas may be obtained by approximating to (13.76),
using ¢,,,; as in §13.8. Show that, with both m=1 and m =2, there results
the formula

Yner = Yoy +3RUf i +4f 0+ o]

This is called the Milne—Simpson formula and it reduces to Simpson’s rule
if fis independent of y.

Section 13.10

13.34 The predictor—corrector formulas
y(r?ll =yn+%h(3fn-fn-l)’
YD = yat BHCS, £,

obtained from (13.99) with m = 0, are both of order 2. Show that the local
truncation error of the corrector as given by (13.101) is

T,= -t hyP(E,)
and that

1
T, = o oY =y,

Discuss the choice of # if only one correction is to be made for each step.
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13.35 Write a formal algorithm for the method of Example 13.16. You may
assume only one correction is made per step.

Section 13.11

13.36 Investigate the numerical stability of the following methods for the
differential equation y' = —Ay with A>0.

(1) Yot = yn+ll2h[5fn+\ +8fn_fn-l]
(Adams—Moulton corrector of order 3.)
(ll) yn+l = yn—l +%h[fn+l +4fn+fn—l]
(Milne—-Simpson formula. See Problem 13.33.)
(lll) yn+l =yn—l +%h[fn+l + 2fn+fn—-l]
(Double trapezoidal rule.)

13.37 Investigate the numerical stability of the following method for the
test equation y' = —Ay with A>0.

Vnet =Yaor +3 A(f +3f,1).

Show that absolute errors |y,— y. | (notation as in § 13.11) will decrease
for sufficiently small h but that relative errors |(y,—y»)/y.| are un-
bounded as n— oo,

13.38 Show that the local truncation error of the midpoint rule (13.111) is
Y2y (E ).

13.39 The equation y' = -Ay+ B has general solution y(x)=ce "+ B/A
where ¢ is arbitrary and thus y(x) = B/A as x—eo. If Euler’s method is
applied to this equation, show that y,—> B/A as n— e with the step size h
fixed, only if h<2/A.

13.40 The equation y’' = —Ay with A> 0 is to be solved. Show that y, =0 as
n—> oo with the step size h fixed (and thus there is absolute stability), if

(i) h<2/A, for the simple Runge—Kutta method;

1

1
(i) |1 -Ah+ — A - — AR’ + 1 A'nti <1,
2! 3! 4!

for the classical Runge—Kutta method.

Section 13.12

13.41 Show that, for the function f of the equations in Example 13.20 with
x€ [0, b] where b>1, a suitable choice of L, the Lipschitz constant in
(13.121),isL=1+b.
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13.42 Determine, as in Example 13.20, the difference equations for the
Taylor series method of order 2 applied to the two simultaneous equations

Yi(x) = x%y,(x) = y2(x)
yo(x) = =y, (x) + xy, (x).
with y,(0) =5, and y,(0) =s,.
13.43 Solve the equation
Y'+4xy'y+2y*=0.

with y(0)=1, y'(0)=0, using Euler’s method with h=0.1, to obtain
approximations to y(0.5) and y' (0.5).

13.44 Determine the difference equations for the classical Runge—Kautta
method applied to the differential equation of Problem 13.43,

13.45 Derive the difference equations for the Taylor series method of order
2 applied to

¥y =2y"+x%y+1+x,
assuming that y(x), y'(x) and y” (x) are known for x = x,.

13.46 Determine the difference equations for the Adams—Moulton
predictor—corrector method of order 2 applied to the differential equation in
Problem 13.45.



Chapter 14

BOUNDARY VALUE AND OTHER METHODS FOR ORDINARY
DIFFERENTIAL EQUATIONS

14.1 Shooting method for boundary value problems

Two associated conditions are required for the second order equation

Y =fxyy) (14.1)
if the solution y is to be unique. If these two conditions are imposed at two distinct
values of x, we call the differential equation and conditions a boundary value
problem. The conditions are called boundary conditions. The simplest type are

y@=o andy(b)=8, (14.2)

where a < b and a and § are known. Thus y(x) is given at the distinct points
x=a and x = b. For such problems, we seek y(x) for x € [a, b].

We may adapt the step-by-step methods employed for initial value
problems to boundary value problems. Suppose that we have an estimate w
of y'(a), where y(x) is the solution of (14.1) subject to (14.2). We now
solve the initial value problem (14.1) with

y@=a

y(a@)y=w
using a step-by-step method and suppose that §,, is the resulting approxima-
tion to y(b). It is most likely that 8,+ 8. We adjust w and repeat the
calculation to try to produce 8, = B. Figure 14.1 describes a typical problem.
In the upper curve, w is too large and in the lower too small. The broken line is
the required solution. We call the process of starting from one end, x=a, to
try to produce the correct value at the other end, x = b, a ‘shooting’ method.

Of course we should adjust w in a systematic fashion. It is clear that

B.=F(w)

for some function F(w) and we are therefore trying to find w such that

F(w)=§.
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y A

(a, a) ) (b‘ ﬂ)

—
-
X

a b
Fig. 14.1 The shooting method.

This is an algebraic equation and the bisection, regula falsi and Muller
methods are suitable for its solution (see Chapter 8).
More general boundary conditions than (14.2) are

py(@)+qy (a)=ay, (14.3a)
py(b)+ qyy' (b) = @y, (14.3b)
where p;, g; and o, i = 1,2, are constants. The shooting method may be adapted
to these conditions by choosing approximations to y(a) and y' (a) which satisfy
(14.3a) exactly and calculating approximations to y(b) and y' () by a step-by-

step method. These approximations will probably not satisfy (14.3b), so we
adjust the approximations to y(a) and y' (a) and repeat the calculation.

14.2 Boundary value method

An alternative to step-by-step methods, when solving a boundary value problem,
is to make difference approximations to derivatives and impose boundary
conditions on the solution of the resulting difference equation. We illustrate the
method first by considering the linear second order equation on [a, b],

u(x)y" + v(x)y' + wx)y=f(x), (14.4)

where u, v, w and f are continuous on [a, b]. We are also given that
u{x)>0and w(x)<0Oon [q, b]. (Not all of these restrictions on u, v, w and
[ are necessary but they do simplify our analysis.) The given boundary
conditions are again taken to be

y(a) =a, y(b)=8 (14.5)
and we will assume that (14.4) and (14.5) have a unique solution y(x) on
[a, b}.
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We divide the interval [a, b] into N + 1 intervals each of length h and
seek approximations y, to the solution y(x,) at the points x,=a+ nh,
n=1,2,...,N. We choose the mesh length h=(b—a)/(N+1) so that
Xy,; = b. We approximate to (14.4) at the point x, by replacing derivatives
by differences as in (7.78) and (7.81) and so obtain

+ _2n+ n- n+l ™~ Jn-
un(ynl h); Y 1)+vn(1_.'_27y_‘)+w"yn=ﬂ, n=1,2,...,N, (14.6)

where u,=u(x,), v,=v(x,), w,=w(x,) and f,=f(x,). Corresponding to
(14.5) we also have

Yo=@,  Ynv.=h (14.7)

Equations (14.6) are N linear equations in the N unknowns y,, y,, ..., yy and
may be written in the form

Ay=f, (14.8)

where A is the N x N tridiagonal matrix

[ —2u, u, v,
> W =t 0
h h 2h

B4 b
y= )jz and f= f3
YN =
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Because of the tridiagonal nature of A, the equations (14.8) may easily be
solved by an elimination method, as was seen in §9.9. It can be shown that if
h is sufficiently small the equations are non-singular. Problem 14.5 gives a
proof of this for the case v(x) =0.

If the boundary conditions are of the form (14.3) with ¢, #0 and ¢,+0
so that derivatives are involved, we must make an approximation to (14.3)
using (7.78). At the end x=a we introduce the point x_,=a—-h% and a
‘fictitious’ value y _, at this point.t We replace (14.3a) by

Y
+ =q 14.9
DiXo 41( s ) 1, ( )
which on rearrangement yields
2h -
Y= M +y. (14.10)
a

Since y, is unknown we must also use (14.6) with n=0, the difference
approximation to (14.4) at x=a. We use (14.10) to eliminate the y_,
introduced and obtain

—2u, 2hp, [uy 1wy 2 2hoy [uy v,
+twp+ — | = - —iw+ —un=HL+—|—-—} (14.1])
( e a \n2 2" R g 2h
where again u,= u(x,), etc. We can obtain a similar equation at x,,,

relating yy and yy., by approximating to (14.3b) and using (14.6) with
n=N+ 1. We now have linear equations of the form

Bz=g,

where

Yo
2= 7

N+l

It can be seen from (14.6) and (14.11) that the (N + 2) x (N + 2) coefficient
matrix B is again tridiagonal and therefore the equations are easily solved.

Example 14.1 We use the above method for the linear boundary value
problem on [0, 1],

(1+x)y" —xy' =3y=6x-3 (14.12)

+ We cannot say that y_, is an approximation to y(a—h) since the latter is not defined.
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with
y©0) -y (0)=1 (14.13a)
y(H)=2. (14.13b)
We take £=0.2 and seek y,, n=0, 1, 2, 3,4, approximations to y(x,) where
x,=0.2n.
We replace the boundary conditions (14.13) by
Y1
-—}=1 (14.14)
% ( 0.4 )
and
ys=2.
At x =0 the approximation to (14.12) is
-2y +y.
N =< 2)’ 1 —3y,=-3
0.2)

and, on multiplying by (0.2)> and substituting for y_, using (14.14) we
obtain

-2.52y,+ 2y, = -0.52.
The difference approximation to (14.12) is
+1 7 2 nt Yn- nel ™ Jn-
(1 +0.04n 2t m Tt} o 2t Tt} 3y g0y 3,
0.2y 0.4
n=12734

We multiply these equations by (0.2)* and rearrange them to obtain the
tridiagonal set

[-252 2 0 0 o {[»] [-052 ]
106 -220 102 0 0 wl |-0072
0 120 —244 112 0 ¥, [ =1-0.024 |.
0 0 142 -284 130||y| [|+0.024

| 0 0 0 172 =340 |y |-3.048 ]

The solution, correct to five significant decimal digits, is y,= 1.0132,
y,=1.0167, y,=1.0693, y,=1.2188, y,=1.5130. The required solution of
the differential equation is y(x) = 1 + x, so that

y(x)=1, y(x,)=1008, y(x,)=1.064, y(x;)=1216, y(x,)=1512. O
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We now return to the non-linear problem

y' =flx,5y") (14.15)

with y(a) = a, y(b) = B. We again seek approximations y, to y(x,) at the N
equally spaced points x,=a+nh, n=1,2,...,N, with h=(b-a)/(N +1).
The usual approximation to (14.15) is
yn+1—2yn+yn—l Yne1 = Yn-t
—_— = fx, Y, ————1, n=12,..,N, (14.16
2 f ( y " ) (14.16)
with y,= a and y,,, = B. If the boundary conditions are of the form (14.3),
we introduce extra equations as in the linear case. Equations (14.16) form N
non-linear equations in the unknowns y,,y,,...,yy. The solution must
usually be found by an iterative method. For example, we could try keeping
the right side in (14.16) fixed and solving the resulting linear equations. We
use this solution to compute new values for the right side and then solve the
linear equations again. However, the resulting iterative process will not
always converge. A much more satisfactory approach is to use Newton’s
method, especially as each of the equations (14.16) involves at most three
unknowns so that the Jacobian matrix is tridiagonal (see Problem 14.7).
Henrici (1962) discusses in detail the convergence of Newton’s process
when f is independent of y'.
So far we have not considered the global errors |y,—y(x,)| and the
possible convergence of these to zero as the mesh length # is decreased. In

this context, we also will assume that f is independent of y’ and will
investigate only problems of the form

=f(x,y) (14.17)

with
y(@=a and y(b)=4. (14.18)

The simplest difference approximation is
-2

Z’—'—*-‘—Ty;ﬂ"——‘_f( ), n=1,2,...N, (14.19)

with
Yo= @, v =B (14.20)

If y®(x) is continuous on [a, b] we note from (7.89) that

y(xn+ l) - 2y(xn) +y(xn— l)
hZ

=, y(x)) + — “"(zsn) (14.21)
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where &,€ (x,_,, X,.,)- The last term in (14.21) is called the local trun-
cation error of the method (14.19). To obtain a bound on global errors, we
need the following lemma, which is based on the so-called maximum
principle.
Lemma 14.1 If w, n=0,1,..., N+ 1, satisfy the difference equation

W~ Q+cw,+w, =d,, n=12,..,N,
where ¢,20 and 4,20, n=1,2,...,N, and wy<0 and wy,, <0 are given,
then

w,<0, n=1,2,...,N.

Proof Forn=1,2,...,N,

wn—1+wn+] dn

”)n=
2+c¢, 2+¢,

< W,y + Wosi .
2
Hence w, cannot exceed both of its neighbours, w,_, and w,,,, and,

therefore, the maximum w, must occur at one or both of the boundaries
n=0and n=N + 1. Thus

w,swy<0 or w,<wy, <0, OsnsN+1. (]
We will make the additional assumption that in (14.17) f,(x, y) exists and
is continuous with f,(x, y) =0 for x € [a, b] and —ee <y <eo. Henrici (1962)

shows that this condition is sufficient to ensure the existence of a solution
of the boundary value problem.

Theorem 14.1 Given the boundary value problem (14.17) and (14.18), let
¥ n=0,1,...,N+1, satisfy (14.19) and (14.20). If

M= max |y“®l
Xx€la,b)

exists and df/dy =0 for x € [a, b], —e° <y <o, the global error satisfies

2

Mh
2 (x,— a)(b - x,). (14.22)

ly(xn) "'ynl <

Proof ltis easily verified by direct substitution that the solution of

M
Zoe1 =22, + 2,1 = o n=12,...,N, (14.23)
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with
207 INyg = 0!
is

2

a 2:/! (x,—a)(b - x,). (14.24)

Zz =

From (14.21) we have

Y1) = 2y(x,) + y (X, ) = B2f(x,, y(x,)) + 5 Ry D(E).

On subtracting h*x (14.19), putting e, =y(x,) - ¥y, and using the mean
value theorem, we obtain

€ni—2e, e, = hig.e, + iy O(E,), (14.25)
where g,=f,(x,,7,)=0, with 5, lying between y, and y(x,). On adding
(14.23) and (14.25), we see that
(Zi+ e, )= R+ R8Nz, +e)+ (2, +¢e,.)

=5 M +yD(E,) - hg,z,. (14.26)
The right side of (14.26) is non-negative, as can be seen from z,<0,

8,20 and the definition of M. Also z,+e,=0 and zy,, + ey,, =0 and, on
applying Lemma [4.1 to (14.26) with w, =z, + e,, we deduce that

z,+e,<0,
that is,

e,< -z, (14.27)
Similarly, by subtracting (14.25) from (14.23), we deduce that

z,—e,<0
so that

e, = z,. (14.28)

Combining (14.27), (14.28) and (14.24) provides the result (14.22). O

For many problems the bound in Theorem 14.1 is very much larger than the
actual error. The bound also requires an upper bound of |y'?(x)|, which may
not be readily available. The theorem does show, however, that the global error
is O(h?), as h is decreased, and therefore we say that the method is of order 2.

As in the discussion of errors for initial value problems, we can include
the effects of rounding errors. Suppose that, instead of finding y,,..., yu,
we actually calculate w,, ..., wy, satisfying

Waet — 2W"+ W, = hzf(xm wn) + €,
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where ¢, is the error introduced in solving the simultaneous algebraic
equations. If for some ¢, | &,| <h*e, n=1,..., N, we must add & to M/12
in the bound (14.22) to obtain a bound of |w,-y(x,)].

There is a more accurate three-point difference approximation than
(14.19) to (14.17), the special case of (14.1) when f is independent of y'.
The formula

Yn+1 —2yn+yn-—1
h2

has a truncation error —h*y©(£,)/240, £, € (x,_,, X,.,)- See Problem 14.2

for a proof that the error is O(h*). We can obtain a global error bound

which is of O(4*) but is otherwise similar to that in Theorem 14.1. Since

(14.29) again involves at most three unknowns in each equation, it is no

more difficult to implement than (14.19) and is, therefore, to be preferred
for problems of the form (14.17).

]lz-(f(xru hyn+ 1) + lof(xmyn) +f(xn—hyn-1)) (14“29)

Example 14.2 We consider the simple linear equation on {0, 1]
y' =y
with
y©@=0, y(=1

The solution is y(x) = sinh x/sinh 1.t
With 4 =0.2, the difference approximation (14.19) becomes

yn+l.-2'04yn+yn—l=0) n=1’2’3749

with y,=0, ys;=1. Table 14.1 shows results including a comparison of the
solutions of the difference equation and the differential equation. The global
error bound is calculated from (14.22) with

inh x
M = max I yw ) | = max =
Osxs1 o0<x<1|ginh 1
Table 14.1  Solution of Example 14.2
Error bound
n Y y(x,) y(x) -yl x10°  (14.22)x 10°
1 0.17140 0.17132 8 27
2 0.34967 0.34952 15 40
3 0.54192 0.54174 18 40
4 0.75584 0.75571 13 27

tsinh x =} (e* - e™).
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The difference approximation (14.29) is in this case

0.04
Yn+l_2yn+yn-l=—1—2_"(yn+l+IOYn+yn-l)’ n=ly2’314’

that is,
0.996667y,,, — 2.033333y,+ 0.996667y,_, =0, n=1,2,3,4,

with y,=0, ys = 1. The solution to five significant decimal digits is identical
to y(x,), n=1,2,3,4, O

14.3 Extrapolation to the limit

In solving a differential equation we can often apply an extrapolation to the
limit process to results using different step sizes as in Chapter 7 for
numerical differentiation and integration. We consider, for example, the
solution of the first order initial value problem (13.1) using Euler’s method
(13.11). We write Y(x,; k) to denote the approximation y, to y(x,) when a
step size A is used. We will assume that the global error may be expressed as
a power series in & of the form

y(x)=Y(x; h)=A,(X)h + A, (X)h* + A; (R + -+, (14.30)

where A;(x), A;(x), ... are unknown functions of x but are independent of A.
The existence of an expansion of the form (14.30) is dependent on there
being no singularities in the differential equation and the existence of
‘sufficient’ partial derivatives of f(x, y). Henrici (1962) proves the existence
of A,(x) under these conditions. As in §7.2, we usually halve the step size and
eliminate the first term on the right of (14.30). By repeating this process we

can eliminate terms in A%, A%, .... Analogous to (7.32), we computet
2"Y " Vs h2) - Y D b
Y™(x; h) = x 2{, ) 1 (k) (14.31)

where Y@ (x; h) = Y(x; h).
Example 14.3 We use Euler’s method and repeated extrapolation to the
limit to find approximations to y(0.8), where y(x) is the solution of
y=x'-y
with
y(©0)=1.

1 The superscripts m do not denote derivatives.
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Table 14.2 Extrapolation to the limit (Example 14.3)

h Y© Y® y® y®
0.8 0.20000

0.64800
0.4 0.42400 0.58485

0.60064 0.59101
0.2 0.51232 0.59024

0.59284 0.59069
0.1 0.55258 0.59063

0.59118
0.05 0.57188

The results are tabulated in Table 14.2. The layout is similar to that of Table
7.2. The solution of the differential equation is

y(x)=2-2x+x*-e"
and, therefore, to five decimal places y(0.8) = 0.59067. O

In general, if a method is of order p, the power series for the global error
will take the form

yX)=Y(x; )= A ()P + A, (X)h**' + Ap,,z()c)h"’+2 + e, (14.32)

if such a power series exists. We need to modify (14.31) by replacing 2™ by
27*P~! in both the denominator and numerator. Some methods will yield a
power series in only even powers of A, so that

y(X)=Y(x; )= E,(x)h* + E,(x)h* + E;(x)h® + -

for some functions E,, E,, ... . We must then use the relation (7.32) (with T
replaced by Y). The Adams—Moulton corrector (13.83b) and the difference
approximation (14.16) are both examples of such methods.

Finally, we must add a warning that extrapolation will produce misleading
results if a series like (14.32) does not exist. This can be caused by singulari-
ties in the differential equation, that is, one of the coefficients in the equation
or one or more of the solutions of the equation is singular at some point. It is
also important that derivatives of the solutions should exist. There may be
trouble even if the solution which misbehaves is not the particular solution we
are seeking. We have already seen in numerical integration, §7.2, that singular
derivatives at one point may have an adverse effect on extrapolation.

X

14.4 Deferred correction

It is often possible to estimate the truncation error of difference approxima-
tions to differential equations by using differences of the computed solution.
We can then use these estimates to improve (or ‘correct’) the computed
solution. This technique can be used for both initial value and boundary
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value problems and we will illustrate it by considering the solution of the
boundary value problem (14.17) and (14.18) using the difference approxi-
mation (14.29). From Problem 14.2 it follows that, if y(x) is the solution of
the differential equation and y(x) has a continuous eighth derivative,

Y% s 1) = 2Y(%,) + y(x_ 1)
h2
= 11_2 (f(xn+|»y(xn+1)) + lof(xmy(xn)) +f(xn-1’y(xn-])))

4

_ R Sewy s ont. (1433
240

Now from (7.84), using Taylor series, we see that
1
f%m=7FA®mP9+0mﬁ (14.34)

Having computed the y,, the solution of (14.29), we approximate to the
truncation error in (14.33), using —A%y,_,/(2404?), and solve

Zn+1 _2zn+zn-l

h2 =% (f(xn+l’zn+l)+ lOf(x,,,z,,) +f(xn-l’zn—1))

Ay, 5. (14.35)

T 40n?

We expect z, to be a better approximation to y(x,). In general, (14.35) gives
a non-linear set of equations in the z,, which are therefore difficult to
compute (although no more difficult than the y, from (14.29)). We can
replace (14.35) by the linearization

Z 2en+en—1
hZ

= % (f;r(xmrhyn*- 1) ~€na + IOf;(xn,_)’,,) <€ +f;z(xn— l’yn—l) 'en—l)

Ay,_5, (14.36)

" 24012

where f,=df/dy and e, is to be the correction to y,, that is we take y, + ¢, as
an improved approximation to y(x,). We derive (14.36) by subtracting
(14.29) from (14.35) and using

f(xm Z") _f(xn’ yn)= (zn _yn)fy(xm yn)

from the mean value theorem. We also replace z,— y, by e,.
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It can be shown that, for both (14.35) and (14.36), the global error of the
resulting process is O(h®), that is |y(x,)-z,| =0(® and
| y(x,) = (y.+e,)| = O(h®), compared with O(h*) for (14.29). It is possible
to use a more accurate approximation to the truncation error in (14.33) and
so increase the order of the method even more. To achieve this we also need
to iterate. We compute a succession of approximations, each of which is
used to estimate the truncation error from which the next approximation can
be calculated. Fox (1957) gives many details of deferred correction.

With boundary conditions (14.18), we must apply (14.29) and (14.35) for
n=1,2,...,N where N=(b-a)/h— 1. To use (14.35) we need values y _,,
Y_i1» Yn+2» Yn+3 and these are found by using (14.29) in a step-by-step
procedure. For example, we use (14.29) with n=0 to compute y_, from y,
and y,, and then with n = —1, we compute y _, from y_, and y,,.

Example 14.4 Compute an approximation to the solution of
Y'=y+2-x%
with
y©0)=0, y@=17.

Use (14.29) with h=1 and the deferred correction process (14.36). The
linearization (14.36) is identical to (14.35) with e,=z,— y, because f is
linear in y. The equations (14.29), n= 1,2, 3, become

(2= + -y, = 3

=ty +(=2-1Dy, +A-Hy;=-%
(I=9y+ (-2-By=-F- 1 -H).17.

Table 14.3  Solution of Example 14.4 before correction

n y Ay A’y Ay Ay Ady A%y
-2 386762
-2.91045
-1 095717 1.95328
-0.95717 0.04672
0 0 2.00000 0.00001
1.04283 0.04673 0.05094
1 1.04283 2.04673 0.05095 0.05569
3.08956 0.09768 0.10663
2 413239 2.14441 0.15758 0.17177
5.23397 0.25526 0.27840
3 936636 2.39967 0.43598 0.47571
7.63364 0.69124 0.75411
4 17.00000 3.09091 1.19009
10.72455 1.88133
5 27.72455 4.97224
15.69679
6 4342134
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Table 14.4 Solution of Example 14.4 with correction

n ¥y, e, x10° z, y(x,) (y(x,) =y ) x10°  (y(x,)-z,)x 10°
1 1.04283 29 1.04312 1.04306 23 -6
2 4.13239 64 4.13303 4.13290 51 -13
3 9.36636 91 9.36727 9.36709 73 -18

Solving these gives the values y,, y,, y; shown correct to five decimal places

in Table 14.3. We now find y _,,y_,, ¥s and y, using (14.29 ) with n=0,

—1, 4 and 5 respectively. Thus, for example, with n=4,
Bys=Q+B)yi—ny: -7

From (14.36), the corrections satisfy

(1 _ﬁ)en—l + (—2 _%)en'*' (1 _ﬁ)eni-l = —2‘2—0 A6 Yn-3s

n=1,2,3, with e,=e,=0. The solution of these equations and the
corrected solution z,=y,+ e, are shown in Table 14.4, which also gives a
comparison with the exact solution y(x) = x> + sinh x/sinh 4. O

14.5 Chebyshev series method

We will show how to obtain a Chebyshev series approximation to the solution
of a differential equation with polynomial coefficients. We shall obtain
approximations which are valid over an interval and not just approximations to
the solution at particular points. We need the following identities (see Problem
14.13) concerning products and indefinite integrals of Chebyshev polynomials:

xSY;(x) = 2—3 Z (‘?)7;-5+ Zj(X) (1437)
j=0
T, ()T, (x) =31T,.,(x) + T,_,(x)] (14.38)
i[Tm(x) _ T,_l(x>]’ el
[Twa={2[re1 r-1 (14.39)
{% E(x)a r=1
0, r=0
7)) ={2rQ T+ G+ +T_), rodd (14.40)
2r(L+ LG +---+T1_)), reven

forr,s=0,1, 2, ..., where we define T_ (x) = T (x).
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We consider first the initial value problem of [-1,1],
@, ()y'(x) + g, (x)y(x) = g3(x) (14.41)
with
y(==s, (14.42)
where q,, q, and g5 are polynomials. On integrating (14.41) we obtain

qi(x). y(x) + I (@:(0) = ¢(x)y(x) dx = ] ) dx+C, (14.43)

where C is an arbitrary constant. We now express ¢,, ¢, and g5 in terms of
Chebyshev polynomials and seek a seriest

Y@ =Y al(x)

r=0

which satisfies (14.43). On using (14.37)-(14.40) we can express (14.43) as

i' bT ) = i ¢L(x), (14.44)
r=0

r=0

if g; € P,,_,. Each coefficient b, is some linear combination of the unknown
a,; the coefficients c, are known, being determined by g, with the exception
of ¢, which also depends on the arbitrary constant C. On equating coefficients
b, and c,, we obtain an infinite set of linear equations in the a,. We usually
solve the first few of these equations, except for r=0 as this involves the
arbitrary constant, and so find an approximation to y(x). We also impose the
initial condition (14.42) on our approximation and so obtain a further linear
equation in the a,. The following example illustrates the process.

Example 14.5 Consider
y +xy=x, -Isx<1, (14.45)
with
y(-1)=0. (14.46)
On integrating, (14.45) becomes

y+[wdy=1r+c (14.47)
If

y= i al,
r=0

t X’ denotes summation with the first term halved.
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then, from (14.37) and (14.39),

[ =1 -a)m +%Z(ﬁ’i‘i’—*i)r,.

r=2

Thus

y+[xydr=ta+iGa-a)f+1 Z(u +4a, - a’”)T,. (14.48)
r r

r=2

Also,
Ix* +C=(G+C)+3T,. (14.49)

On equating coefficients (except constant terms) in (14.48) and (14.49), we
obtain

! (14.50)

and

1
L _,+a - —a,,,=0, r=5,6,7,...
4r

We look for an approximation p, € P, to y of the form

4
P = aT),

r=0

where the 4, satisfy the first four of the equations (14.50) with

ds=dg=---=0. If we solve these equations, keeping d, as a free parameter,
we find that
a-l = a~3 = 0
as= ‘%52=T%§ (dy—2).

Finally, p, satisfies the initial condition (14.46) if
la,—a, +a,-d;+a,=0,
that is,

%do‘le%(do—z)"‘%(do_z):O,
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whence

Thus the approximation is

pa(x)= _%)'*'%Tz(x) ~%T,(x)

= -5 @-5x"+x%.
The solution of the problem is
y(x)=1-¢l P

and on [-1,1] the maximum error in using p, as an approximation to y
occurs at x =0, when

¥(0) — p,(0) =22 x 107%,

One interesting feature of the method is that we can make a backward
error analysis. The coefficients g, satisfy all the equations (14.50) with the
exception of that with r = 6, which must be replaced by

1 v 1 1
— dy+dg— — dg = — d,.
46 ° 46 ° 46
Now this equation would be obtained if a term a,T/24 were added to the
right side of (14.47). We thus find that p, satisfies an equation of the form

P + [ xpy(n) dx= 127 - o T + €,
We have perturbed (14.47) by an amount 7',/1188. 0

The method is easily extended to second order equations of the form

4" + @y + g3y =4, (14.51)

where ¢q,, r =1,2,3,4, are polynomials. We integrate (14.51) twice to
obtain

@+ [ (@ 2qh)y dx + ” @ - g +q)ydx= ” %dx+Cix+ G,

where C, and C, are arbitrary constants. We now proceed as before and obtain
a system of linear equations in the Chebyshev coefficients. This time we omit
the equations equating coefficients for both T, and T\, as these involve the
arbitrary constants. These equations are replaced by the two boundary
conditions which are needed with the second order equation (14.51).

The method can also be used to deal with boundary conditions of a more
general form than (14.42). For example, we could deal with the unlikely
condition

ay(-=1)+ By(1)=s,
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where a+0, f+0 are constants. This will just give a linear equation in the
a,. For a second order problem there is no difficulty in dealing with
conditions of the form

ay(a)+ By'(a)=s.

If the interval on which we require a solution is not [-1, 1] we must
use a simple transformation of variable (see Problem 4.44). Polynomial
terms in the differential equation will remain polynomials after such a
transformation. Fox and Parker (1968) discuss the use of Chebyshev
methods for differential equations and similar problems more fully.
Much of the pioneering work on these methods was done by C. Lanzcos
(1893-1974).

Problems

Section 14.1

14.1 Write a formal algorithm for obtaining the numerical solution of the
boundary value problem (14.1) and (14.2) by a predictor—corrector
method. Note that you should have three ‘nested’ iteration loops corre-
sponding to:

(i) choice of starting conditions,
(ii) step-by-step advancement,
(ii1) use of the corrector.

Section 14.2
14.2 Suppose that y satisfies

y'=f(x,y)

and let

1
t(xn = ? (y(xm- 1) - 2'.Y(xn) + y(xn- 1))

- le' (f(xn+l’y(xn+l)) + lof(xmy(xn)) +f(xn- l’y(xn— l))):

where x,,, = x,+ h. If the eighth derivative of y exists and is continuous on
{x._1» X,+1], show that

1(x,) = — 2 h'y O (x,) + O(h°).

(Hint: use the Taylor series for both y and y" at x=x,.)
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14.3 Use the difference approximation (14.19) with A= 0.2 to solve
y' =1
with
y(©0)=y(1)=0.
Show that the calculated solution is identical to the exact solution
y(x)=(x*-x)/2.

14.4 Repeat Problem 14.3 with the boundary conditions replaced by
y©=-3, y(1)=0.
Use (14.9) to approximate to the first of these conditions.

145 If v(x)=0in (14.4) and we scale the equation so that u(x)=1, the
N x N coefficient matrix A in (14.8) is the tridiagonal matrix

Q-hw) -1 0
1 1
A=-—| -1 (2 -hw) -1 =-—B,

2
h
h 0 -

say. Show that if z is any N-dimensional (real) vector with components z
then

n

2’Bz=zl+ (2, - 2,)’+ (z,— 2,)*+ - + (zy_1—zw)’+ 23
— R (w2t + w22+ - + wyzd).

Hence show that if w(x)<0 on [a, b], the matrix B is symmetric and
positive definite (see § 9.8) and thus A is non-singular.

14.6 Given the non-linear boundary value problem
y" = _2yyl
with
y©)+y'(0)=0,
y(h=4,

derive a system of non-linear equations for approximations y, to y(0.2r),
r=0,1,2,3,4, using a difference approximation of the form (14.16) with
h=0.2.

14.7 The equations (14.16) can be written in the form
Fn(yn—l’anyn+1)=O, n=1,2,...,N,
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with y, = a, yy,, = . We can write these as
F(y)=0,

where F is an N-dimensional vector whose nth component is F,. Show that
the Jacobian matrix (see §12.2) of F is tridiagonal.

148 The boundary value problem on [0, 1],
y' =4(y+x)
with
yO=1, y)=e*-1,

is to be solved using the difference approximation (14.19). Use Theorem
14.1 to determine what size of interval should be used if the global error is
to be less than 102 at all grid points. (Note that the required solution of the
differential equation is y(x) =e?* - x.)

Section 14.3

149 A one-step method for first order initial value problems may be
formed as follows. Suppose y, is known.

(i) Advance one step using Euler’s method (13.11) with step size h; let
y(x,,,; h) be the resulting approximation to y(x,, ).
(ii) Advance from y, again, using two steps of Euler’s method with step
size h/2. Let y(x,,,; h/2) be the resulting approximation to y(x,,,).
(iii) Extrapolate using

Yo = 2y(xn+l; h/2) - y(xn+l; h)
Show that the resulting method is precisely the modified Euler method (13.37).

1410 Use Euler’s method with extrapolation to the limit to obtain
approximations to y(0.8), where y(x) is the solution of

y=1-y
with
y(©0)=0.

Take h=0.4, 0.2, 0.1 and 0.05. Compare your computed solutions with the
exact solution y(x)=1-e ™"

Section 14.4
14.11 Consider deferred correction for Euler’s method. Show that, if

Yy =fx)



4186 Numerical analysis

and y @(x) exists for x,<x<x,,;, then
y(xn+ 1) - y(xn)
h

where &, € (x,, x,.,). Thus we can estimate the truncation error using (see
§7.7)

h " h2 3)
=f(xmy(xn)) + ; Yy (xn) + ——6—- Yy (En))

h [ T
Syl == S — A,
R W= T T, :

Having computed approximations y,, we seek new approximations z,
satisfying (cf. (14.35))

1 1,
— (G — Z,,) = (xm Zn) +—A n-1+
h (Zp41 f o Yn-1

Apply this method to the initial value problem given in Problem 14.10,
taking /= 0.2 and 0 < x <0.8. Note that the method requires y _;, which must
be calculated from

Yo=Yy 1+ hf(x_1,y.0),
where x_, =x,— h=-h.
14.12 Derive the formulas needed for applying the deferred correction

process to the method (14.19) for boundary value problems of the form
(14.17).

Section 14.5

14.13 Verify the formulas (14.37)-(14.40). (Hints: (14.37) may be
proved by mathematical induction and the recurrence relation (4.55) written
in the form

xT,(x) =3 (T, (x) + T, (x));

the other formulae may be proved using T,(x)=cos r6 where 8 =cos™' x.

See also § 7.4.)

14.14 Use the method of § 14.5 to obtain an approximation p, € P, to the
solution of the initial value problem given in Example 14.5. Compare the
accuracy of p, with that of the p, given in the example.

14.15 Use the method of § 14.5 to determine an approximation p; € P; to
the solution of the initial value problem

Y +y=x
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with

y(0)=1.
(See Example 14.3 for the exact solution.)

14.16 Show that we obtain the same approximation p, as in Example 14.5
if we replace the initial condition (14.46) by

y(=D+y(1)=0.

14.17 Use the method of §14.5 to determine an approximation p, € P, to
the solution of the boundary value problemon [-1,1]

y"=y

with y(=1)= -1, y(1)=1. (The solution of the differential equation is
y(x) = sinh x/sinh 1.)



Appendix
COMPUTER ARITHMETIC

A.1 Binary numbers

For reasons of economy in design, computers use binary representation of
numbers instead of the decimal system adopted by humans. In the decimal
system we use 10 as a base and there are 10 different digits, 0, 1, 2, 3,4, 5, 6,
7, 8, 9. Numbers are represented as sequences of these digits. For example,

739=7x10* +3x 10" +9 x 10°
=7x100+3x10 +9x1
and
910.68=9x102+1x10'+0x10°+6x 107" +8x 1072
=9x100+1x10 +0x1 +6x7; +8xik.

In the binary system we use two as the base and there are two different
digits, 0 and 1. For example,

11011=1x2%+1x23+0x2*+1x2'+1x2°
and
11101 =1 x2'+1x2°+1x2'+0x2 '+ 1x273

In binary, each digit is called a bit.

It is shown in number theory that every real number can be expressed as a
finite or infinite sequence of digits, regardless of the base used in the
representation (except for base 1). It is also shown that if the representation
of a rational number is an infinite sequence of digits then these must
include a pattern which repeats after a certain point. It is interesting to note
that a number which can be represented by a finite sequence of digits in one
representation may need an infinite sequence in another representation (see
Problem A.1).

In this book we normally discuss decimal representations because of their
familiarity.
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A.2 Integers and fixed point fractions

All computers can deal with integers but, because a computer store must be
finite, only a restricted range is available. Usually this is more than adequate
and typically a machine will store integers of up to 32 bits of which one is
kept for the sign so that the range is approximately —2 x 10° <n <2 x 10°.
Arithmetic with such integers is exact provided the result is an integer in the
permitted range. If the result is too large most computers can give some
kind of ‘overflow’ indication.

Some types of processor deal only with fixed point fractions as an
alternative to integers. These fractions are restricted to the range —1<x<1
and a finite number of digits, usually about 32 binary digits (approximately
9 decimal digits). If we think in terms of decimal numbers, a fixed point
fraction consists of only a finite number ¢ (say) of decimal digits after the
decimal point. In general, we have to terminate the decimal representation
of a number after ¢ digits. To do this we round off the number by chopping
the decimal representation after ¢ digits and then adding 10 "’ if the amount
neglected exceeds 310 " (If the amount neglected is exactly 110 " we can
avoid statistical bias by forcing the last digit in the rounded number to be
even.) In binary fixed point representation with ¢ digits, we replace 10~
by 27"

Addition and subtraction of two fixed point fractions does not introduce
any error unless the result lies outside the permitted range. Multiplication of
two t-digit numbers yields a 2¢-digit product which is said to be double
precision, as it consists of twice as many digits as the operands, which are
said to be single precision. We must usually round the product to single
precision (or ¢ digits) and thus, provided the result lies in the permitted
range, an error of at most 310 ™ is introduced. Similarly, division gives an
error of at most 310" If fix(a) represents the fixed point representation
of areal number a, we have the following results.

For any a,

@) | fix(a) —a|<i107"
If aand b are any two fixed point fractions with ¢ digits:

(ii) fix(axb)=azxb,

(iii) | fix(ab) - ab| <3107". (A.D
(iv) | fix(a/b) - a/b} <3107 (A2)
You will notice that multiplication and division will in general introduce
rounding errors. These results are only valid if all quantities lie in the ranget

+ Strictly, this range should be ~1 +10 "<x<1-}10""
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—1<x<1. If working is to ¢ binary digits, 10 = must be replaced by 2 ™. If
‘chopping’ is used, without rounding up if the error exceeds 3107/, the
bounds must be made twice as large.

On some processors, integers are stored in exactly the same way as
fixed point fractions. The main differences lie in the way that the binary
digits are interpreted. For integers, the binary point is considered to be at
the least significant end and for fractions it is at the most significant end.
There is also a difference in the way that the double-length product is
interpreted.

In dealing with decimal numbers (not necessarily fractions) in fixed point
form, we sometimes refer to the number of decimal places, by which we
mean the number of decimal digits appearing after the decimal point. Thus
3.460 is a number given to three decimal places. If this is an approximation
to some value, the least significant zero indicates that it is correct to three
decimal places whereas 3.46 would suggest it is correct to only two decimal
places. In general, we say that two numbers agree to ¢ decimal places if their
absolute difference does not exceed 310 ~'.

A.3 Floating point arithmetic

One difficulty with fixed point arithmetic is that we usually have to worry
about scaling so that results of arithmetical operations lie in the permitted
range. We can avoid nearly all of such problems with floating point
representation of numbers. Each non-zero number is expressed in the form
a x 107 where a is a fraction in the range 1>]a|=0.1 and p is an integer
called the exponent.t We now represent a number by a pair (a, p). For
example,

27.3=0.273 x10* =(0.273,2)
-832,000= —0.832 x 10° = (-0.832, 6)
0.000641=0.641 x1073=(0.641, -3).

We represent zero by the pair (0,0). In practice a, the main part of the
number, must consist of a finite number of digits and we will assume that
only ¢ decimal digits are permitted. The exponent must also be restricted in
range and we assume that —N <p < N so that numbers expressed in floating
point form must lie within 10¥>| x|>10 ""~'. We say that the floating point
number consists of ¢ digits, irrespective of the number of digits in the
exponent. On a typical scientific calculator, t=10 and N =99 so that a very
wide range of numbers is available.

+ There is no special name for a although some people misname this the ‘mantissa’.
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On a computer we work with powers of 2 and numbers are usually
expressed in the form a x 27 where 1 >|a|=4. The IEEET have set standards
for binary floating point arithmatic. These include single precision when a
consists of 24 bit (about 7 decimal places) and p has 8 bits (so that numbers
as large as 10* or as small as 107%® may be represented). In double pecision
a has 53 bits (about 15 decimal places) and p has 11 bits.

Suppose x#0 is any real number which we wish to express in the nearest
floating point form of ¢ decimal digits. It is always possible to find p such
that x=5.10” and 0.1 <|b|< 1. We assume that p is in the permitted range
-N<p<N. We now choose a to be a r-digit fraction obtained by rounding
b, so that}

|b-a|<i10~"
and
0.1<|a|<l.

The floating point number we choose in place of x is (a,p). Since
|| =0.1,
|x|=|b]|x107=0.1 x 10 =10°"" (A3)

and we find that
|x—ax10?| = | bx 107 ~ax 107 |

=|b-a|x10?
<1107 x 10| x|.
Hence
-ax10”
2 l<iiom (A4)
X

-t+1

and, therefore, the relative error in replacing x by (a, p) is at most 3 10
We shall write fl(x) for the floating point approximation to x, so that
fl(x) = (a, p).

All the basic arithmetic operations on floating point numbers may
introduce a rounding error and, from (A.4), the following statements are
valid for any non-zero real numbers x and y, provided all quantities lie in the
permitted range.

@) fl(x)=x1+¢),

(i) flxxy)= (xxy)(1 + ¢), (A.5)
(i) fl(xy)=xy(1 + ¢)
@(iv) fl(x/y) = (x/y) (A + &),

+ The Institute of Electrical and Electronic Engineers (USA).
$If 1 -1107'<|bl< 1 itis necessary to increase p by +1 and take a = +0.1 or —0.1.
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where in each case | £]<110 ~"*!. The results (ii)— (iv) cannot be improved
even if x and y are floating point numbers. If binary arithmetic is used,
10~"*' must be replaced by 2~'*'. The arithmetic in most computers is
arranged so that rounding is optimal and thus the above conditions are
satisfied. Sometimes ‘chopping’ without rounding is used, so that errors can
be up to twice as large. Usually a computer will give an ‘overflow’
indication if the exponent of a result is too large, that is p>N. ‘Underflow’,
when p < —N, usually means that the result is treated as zero. Note that, for
| x|=|y|, cancellation may give large relative errors when calculating x+y
using floating point representations (see Problem A.5).

We often refer to the first r significant digits of a number and by this we
mean the first r digits in the main part of the floating point representation of
the number. Thus the first three significant digits of 730,000 are 7, 3 and O
and the first two significant digits of 0.000681 are 6 and 8. Two numbers are
said to be the same (or agree) to r significant digits if, after rounding to r-
digit floating point form, the numbers are identical. Thus 730,423 and
730,000 are the same to three significant decimal digits. We are concerned
here with relative accuracy rather than absolute accuracy, which is usually
expressed in terms of decimal places. For example, although 0.00126 and
0.0013 agree to four decimal places, they agree to only two significant digits.

Problems

Section A.1

A.1 In each of the following the number on the left is in decimal and that
on the right is in binary. Verify that they are both the same number.

(i) 39.25=100 111.01
(i1) 0.2=0.0011 0011 0O11...,
(1ii) 1=0.111 111 1...

Use (ii) and (iii) to verify that 0.2 x 5 = 1 by working in binary arithmetic.

Section A.2

A.2 Give examples of fixed point fractions a and b such that equality
holds in (A.1) and (A.2).

A3 Show by means of examples that, if x, y and z are any real numbers,
then in general
fix(x+ y) # fix(x) + fix(y)
fix(fix(x.y).z) = fix(x. fix(y.z)).
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Show that the last relation can hold even if x, y and z are already fixed point
fractions with 7 digits.

Section A.3

A4 We do not obtain equality in (A.3) unless | b|=0.1 in which case
fl(x) = x. Use this result to show that we must have strict inequality in
(A4).

A5 As in Problem A.3, show that if x, y and z are t-digit floating point
numbers, then in general

fIfl(x+y) + 2) # fl(x + f1(y + 2))
fl(fl(xy).z) # fl(x fl(yz)).

A.6 Suppose fl(x) = x(1 +¢,) and fl(y) = y(1 +¢,), where x and y are real
with x >y > 0. Show that if &, = —¢, and fl(x) — f1(y) = (x - y)(1 + 6) then

X+
0= Y £.
xX=Yy
Conclude that for some choices of x and y, the relative error  in forming
x —y, may be much larger than ¢, or &,.




SOLUTIONS TO SELECTED PROBLEMS

Chapter 1

1.1 (i) Constructive proof: cos(2cos™'x)=14=>2cos 'x=Qkz})n,
where £ is an integer. Thus x = cos § 7, cos Z 7 are two real roots.

Non-constructive proof: let f(x)=2 cos(2 cos ™' x) -1, when f(0)= -3
and f(1)=+1. Thus as the function is continuous (see § 2.2) and has
opposite signs at the endpoints of [0, 1], it has at least one zero in {0, 1].
Similarly, there is at least one zero in [-1, 0].

1.4 Condition (i) on p. 6 is not satisfied. There is no solution if we change
any one of the coefficients in the first two equations by an arbitrary small
amount, keeping the others fixed.

Chapter 2

21 (i) [3,0), (i) [0, 3], (iii) [1, o). Inverses exist for (ii) and (iii) only.
2.10 All exist; only (iii) and (iv) are attained.

2,13 Only (i) and (ii) are continuous. At x= —1, (iii) is not even defined;
similarly for (iv) at x=0.

215 If |f(x)-f(x')|<sL|x—x"| for all x,x €[a,b] then Definition
2.10 holds if we choose 6 = ¢/L.

217 (ii) We have
favhy=foy 1 1 1 -1
h =;[x+h+l B x+1]= (x+h+ Dx+1)
and thus f'(x)= —-1/(x+ )%
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219 |fx)-fx)=llx]-|x|l<]x-x"|

2.21 Since|u,—4|=1/2n, (u,) converges to 3.

Chapter 3

I 1 1
3.2 cosx: pe(x)=1-—x*+ —x*— —x°%
! 4! 6!
1 1 1-3 1-3-
(1+x)"% ps(x)=1+—x- xi+ x’ - 35 x*
2 2-4 2:-4-6 2:-4-6-8
1-3:5-7 1:3:5:7-9
+ x - x.
2:4-6:8-10 2:4-6-8-10-12
log(1 - x): p6(x)=—x—%x2_1x3_lx4_lx5_%x6.

3 4 5
34 n=09.

36 R0)=(-1) e e 228} L
() = (=1 '(n + )x(1+§) T

where -1 <a<x< &<0. Thus
(n+1)al"
+a)?

Since (n+ 1)] a|"—0 as n—> o0, we have uniform convergence.

|R(x)| < , for-1<a<x<O.

39 The nth term in the series is (—1)"*'x"/n. For | x|> 1, this term
increases in magnitude as n —eco, showing that the series cannot be
convergent. Combine this last result with that of Problem 3.8 to show that
the radius of convergence is +1.

3.11 For x>0 use | R, (x)|=§x*(1 + §) 3*<}{x*= O(x?), where 0<&<x.
For x<0 use |R,(x)|=[ix(x=&)(1+& ™ |<i| 1+ 07 |=00(Y,
where -1 <x< £<0.

3.13 By Taylor’s theorem

e*=1+x+)x%s
e™=1+nx+in’x%%
Q+x)"=1+nx+ix’n(n-1DA+ &)

Thuse*=1+x, e*=1+x+0(x?),e*=(e")"=2(1+x)"ande™ - (1 +x)"=
O(x?).
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Chapter 4

41 p,(x)=4x+1.

44 0.6381.

45 p,(0)=i(x+2),s02"2=1},32=11,
4.7 py(x)=2x*-1.

4.8 p;(x)=x*+1. (See Theorem 4.1.)

49 p(x)=4x>-3x.

4.10 Error lies between 0.003 and 0.006.
413 h=0.002.

4.17 Estimateis x=1.11.

419 p,(x)=-9+(x+3)- 7T+ (x+3)(x+ - (-3)+ (x+3)(x+1)x-1
=x 4+ x?-2x+3.

4.24 Polynomial is 2x% + 3x+ 1.

425 S(N=1+@-1D-4+i(-D(r-2)-5+(r-D(r-2)(r-3)-2
=1@r*+3rt+r).

4.27 Degree 3.

436 Write y=T,(x)=cos(n cos 'x).
Then T,(T,(x))=T,(y) = cos(m cos "'y) = cos(mn cos "'x) =T, (x).

440 n=17.
442 n=3,5 and 7 respectively.

Chapter 5

5.7 Normal equations are a,+3a,=3%, }a,+}a, =%, with solution g, =,

_4
al—g.

58 297-2x

5.9 Show that if the y, are linearly dependent, they do not form a
Chebyshev set.

5.10 4x-5x*+x’is zero forevery x€ {-2,-1,0,1,2}.
513 1.06+1.05x+0.95y.
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4 oo
517 |x|~%n——zm.
T, @Qr+1)

2

518 x ~—+4Z( 1)

r=1

5.29 Make the substitution x =cos 6.

T2r+1(-x)
xS er+1)?

cos rx

5.33 cos” x~—n—

4 & T, (x)
53¢ (1-x)"?~ = AN
4 ,.Zo 4r* -1

5.35 The orthogonal polynomials are 1, x, x> -3, x* - Y x.

538 x+j.
539 j+iv2-ix

5.41 Error is not greater than -2 ~%. Approximations to v2, v/3, V10 are
13, 14, 37; with errors less than %, %, 15 respectively.

5.49 The last two terms can be ‘economized’.

5.53 Follow Example 5.17. Take X={-1, -0.5, 0.5, 1} initially. One
cycle of the algorithm, exchanging the two interior points, gives
X={-1,-0.44,0.56,1} and p(x)=0.9890 + 1.1302x + 0.5540x%. Compare
with the Chebyshev series for e*, which begins 1.26617(x)+
1.13037(x) + 0.2715T ,(x).

Chapter 6

6.1 For x€[r,¢t,,], wrte f(x)-S.(x)=x-t)x-1¢, f" (gx)/zgi
where £_€ (t,, t,,,), and consider the value at the midpoint x = (t;,+ ¢,,,)/2.

6.6 On [t,t,,] with s=1i, the right side has only two non-zero terms,
giving

(t,— t)B_ () + (1,5, - t)BLX) = (t, - t)( )+(t;+1 t;)( x_ts)
tse1— s to1—t

=x—t,«.



428 Numerical analysis

6.7 Rearrange the terms involving B/,;' as follows:

k x—t; t; -Xx -
)(_( i ) +( i+k+2 ))Bf+ ‘I(X)
tivker—linn tivks1— tivkse2 = linn
k x—t t; —-X -
= _ i+1 + i+k+1 Bf”]()().
Livke1— tivt tivks2 = lis1 tivker — i

(x=t). + (=t ).
(ti—tie)(ti—tiv2)  (Cier =) (tis1 — tis2)
(x=1;,2),
(tiva—t)(tiva—tisy) .

6.9 Write

fx[ti’ Livts ti+2] =

This is zero for x<t, For t;,<x<t,,,,

7 Bl

iz = )Mt ti s tina] =

tivi—t

Finally, check the two intervals ¢;,,, < x<t;,, and x> 1,,,.
6.15 Write

n~1

S(x)= Y a,B}(x).

r=-2

The given conditions imply that
(ai—2+ai—l)/2=f(i)9 i=0?17"-: n,

and —a_,+a_;=f'(0). We thus obtain a_,=(-f'(0)+2£(0))/2 and
a_;=(f'(0)+2f(0))/2. The remaining coefficients a,,a,,...,a, , are
determined by a system of n+ 1 linear equations. The matrix is not strictly
diagonally dominant but is non-singular,

6.18 For n=1 write
T,.(x)= 2n(x —x)(x = x1) ... (x — x,)

and verify that

Thai(x) =2"T] (i - x).

jei
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Next write

d de s
L =L cosn+ 1) 38 L (nt Dsin(n + DI
deo dx sin @

Finally, observe that, for x = x; (zero of T,,,), sin #=V1 —cos® 8= VI — x?
and sin(n+ 1)8=1.

6.21 Note that HE P, and verify that H(0)=f(0), H(1)=f(1) and
H'(0)=f"(0), H'(1)=f'(1).

1+2x+ix? T+1ix
6.25 Ry (x)= —2——°— R ,(x) =
2,1 1 1 12 2 1.2’
-3X P=$x+2x
3,403,213 2y 4Lyl
L+sx+5x"+5x l+sx+5x
Rsa(x) = 1—2y4l,2 Ry(x) = 3,.,3 21 3
-—;x+%x l—-;x-f-%x ~“oX

6.27 For tan ~'(x) we obtain

3 3 64 S
x+%x x+%x +—mx

32 3.2 a 54 0.2, 5 4°
1+;x 1+—5-x +5]—x

With x=1/V3 these give approximations to m/6. These give 3.14335 and
3.14160 respectively as approximations for .

T+ix+Lly? 12 12
6.28 22 o1+ —=.
1—%x+l’—2x2 x-6+ x

6.30 Apply the Euclidean algorithm to the polynomial p and its derivative
p', and note that a repeated zero of p is also a zero of p’. The final
polynomial produced by the algorithm is the greatest common divisor of p

and p' and its roots (if any) will be repeated zeros of p.
6.31 For (1/x)log(1 + x) we obtain

1+¢x 37X

R,_,(x)= ;1= 42

1+3x +3x

and
7 1,2 1 1.2
Ry () 1+Ex+30x B 5 X X
220X) = =

1+8x+2x? 1+2x+ 1+3&x
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Chapter 7

7.2 We obtain a,=a,=3, a,=a,=3. (This is called the three-eighths
rule.)

7.3 Follow the method of Problem 7.2 and obtain b, = b, = 3.

7.4 1t is sufficient to put x,=0, =1 and show that the rule is exact for
f=1,x, x*and x°.

7.8 Usethe factthat Y w,=b-a.

7.19 The required interpolating polynomial for e " is 1+ 10z(e "% - 1).
Since
a? s

<2
de?

the error of the interpolating polynomial is less than 0.0025. Thus, on
integrating, F(x)=x+5x%(e %" ~1) with error less than 0.00017 on
[0,0.1].

7.21 Choose M =4. Then Simpson’s rule on [0,4] with h=0.025 will
give adequate accuracy.

7.22  Error is bounded by (b-a)*h*(M,+M,)/12, where M, is a bound
for | 3°f/dx*| and M, is defined similarly.

7.23 For h=0.5, 0.25 and 0.0125 we obtain 0.63765, 0.63951 and
0.63951 respectively.

7.25 Erroris 5 h2f®(&,), where &, € (x,, x,).

7.26 We obtain the differentiation rule of Problem 7.24.
131 f'(x0) = (f(xo+ h) = f(xo~ 1))/ 2h.

7.32 We need to differentiate E(h) =2 x107%/h*+ 5 i*M,.

7.33 For h=0.1, 0.2, 0.3 we obtain —0.9600, —0.9675, —0.9656 respect-
ively, with h=0.2 yielding the best value. This agrees with the result of
Problem 7.32, which predicts h=0.22.

Chapter 8

8.1 If the equation is f(x)=0, f(0)>0 and f(1) <0 and since f'(x)<0 on
[0, 1] there is exactly one root. Fourteen iterations are required if we use the
midpoint of the final subinterval [x,, x,] to estimate the root.
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8.2 Root=1.618.

8.5 One iteration of the secant method gives x,=0.382095. Then one
iteration of Muller’s method gives x=0.382686, compared with the exact
value cos(37/8) ~0.382683.

8.6 The root is 0.091 to three decimal places; (i) requires ten iterations and
(ii) only three iterations.

8.7 Root=~0.732244. Note that x,>x, and, for rzl, x,  -x=
$(2%-2%-1) and we see by induction that (x,) is monotonic increasing.
(Since, by induction, x,<1 for all r, the sequence (x,) is also bounded
above and so has a limit.)

8.9 We need to choose A near to cos(0.5)=0.9. (See (8.21).) With A=0.9
we obtain 0.510828, 0.510971, 0.510973 for x,, x,, x;. The last iterate is
correct to six decimal places.

8.12 We have x,,=0.64563, a, =0.09091, a,,=-0.08333 so that
x’fz = 0.69306 which agrees with log 2 to four decimal places.

8.14 The equation is ax?+ bx + ¢ =0.If c=0 the roots are x=0and -b/a
and the iterative method finds the second root in one iteration if x,#0.

8.15 With x, =0, the next iterates are 0.696564, 0.732115 and 0.732244.
8.17 The pth root process is

1 c
Xpe1 = — (p_l)xr+ p-1|
p P

8.18 We find (see Theorem 8.2):

(i) f(a)<Oand f(b)>i(a+c/a)*-c=}(a-c/a)*>0.

(i) f"(x)=2.

(ili) We need to show that 1(x+c/x)E€la,b] for x=a (which is
easy) and x=b. For x=b, we find }(b+c/b)>c'*>a and, since
b>1(a+c/a)>c'?, wehave b*> c and thus } (b+c/b)<b.

8.19 Show that

1
Pe— (x, "

1
xr+]:tc 2
X,

8.20 We obtain a sequence which converges to —c'/2.

8.22 If g(x)=x- Af(x)/f'(x), then
FOf'(x)

"D=1-A+4
§® T,
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and if f(x) = (x - a)*h(x), the numerator and denominator of the last term
each has a factor (x — o)?. We find that

g (a)=1-4+34=0, if A=2,
8.23 TIterative process for finding 1/c is x,,, = 2x, - cx>.

8.30 The closure condition of Theorem 8.3 is easily verified, using the
given inequality. For the Lipschitz condition, if g(x)=2-x7%
g (x)=kx*'andon [2-2'"*,2]

xk?(z_zl—k)k=2k(l__2—&)1(?21(-1?1(
for k=2,3,.... Thus
g < —=1/2-2"" <1
x|

and g satisfies a Lipschitz condition with L<1. With k=6 and x,=2 we
have x, = 1.984 which is correct to three decimal places.

8.31 By continuity of g' we can find 6>0 such that | g’ (x)| <L <1 for
all xE[a- 4, a+ 6] C I For closure,

lg(x) - al=|gx)-g(w)|=]x-al-|g'(&)]<d.
8.32 We have

d
! =1 1
Yy = > /dx /8'(x).
Thus |9'(y)|=1/L > 1.

833 If gx)=c/x*", g'(x)=(1-p)exPand|g'(c'?)|=]|1-p|=1.

Chapter 9

93 A=[1 0], B=[0 1]"
94 A=[1 0], B=[0 1], C=[1 1]
9.5 (i) Let C= AB, where A and B are lower triangular.

n i
€y = Z ayby = Z a;by
k=1 k=1

as a, =0 for k>i. Thus c¢;=0 for j>ias by;=0for j>i=k.
9.7 The ith column of AD is the ith column of A multiplied by d,.
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9.8 If d =ad-bc+0, we obtain
e=dfd, f=-b/d, g=-c/é, h=a/é.
9.11 Need to interchange rows (or columns), e.g. rows 2 and 3.
x=[-32 -1 4]

S5l
Z I%ch,dx e [Zc,.j w,-wjdx]=0.

j i

9.16 j[ c,-t/),]

Finally use the argument at the end of § 9.3.

1 0 o0 Ot o o0 ojj1r 2 -2 1
2 1 0 o0ljo 1. 0 OO 1 2 1
923 A=
-2 2 1 O0J/|6 0 -3 O|j0 0 1 -
1 1 -1 1}Jj6 06 0 3jJj6 0 O

9.28 The inverse matrix is
95 -28 18
A'={10 -3 2|
-8 2 -1

9.29 The (i,j)th element of (AB)"=(j,i)th element of AB=inner
product of (jth row of A) and (ith column of B) = inner product of (ith
row of BT) and (jth column of AT)= (i, j)th element of BTA™.

930 (ABC)"=([AB]JC)"=C"[AB]"=C"B"A".

9.31 (ii)[i }][(‘) 8]:[} 8].

2 00 2
933 M=|-1 4 0}, x=} 1]
-2 21 -1

9.34 x"AX=x"ATAx = (Ax)"Ax =Yy,

where y = Ax. As A is non-singular, x+0=>y#0 and y"y = y}+ --- + y2>0
fory+0.

9.39 Suppose b#0 and ¥'b=0. The jth component of this last equation
is

boolx;- )+ by (x;_ )+ + by, (x;-)=0
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for 0<j<N. Thus by, + -+ b3, has N+ 1 zeros, which is not possible
for a Chebyshev set.

941 x=[23456]"

Chapter 10
105 ||x||=|(x-y)+yll<lix-yll+[lyll by ~ (109).  Thus
xll-Ilyll<lix - yll. Similarly ||y [| - | || <l x -y ||.
1 0
108 x=|], =191
=[o) =[]
1010 AA~' =I=[AA~||=|T]=1.

By Lemma 10.2(v), |A||-|A'||=]|AA~'||=1. For second part use
A'-B'=A"'B-A)B ' and Lemma 10.2(v).

1011 x"x = (Ty)" Ty =y"T Ty = yy.

10.12 With B=ATA, we have x'Bx=x'A"Ax=(Ax)TAx=y"y=0,
where y = Ax.

10.13 LetB=I+A, when| A||,=0.9. By Lemma 10.3, B is non-singular
and | B7' ||, <1/(1 || A]},)=10.

10.15 ||A’}|<||A||" so that by Lemma 10.2

IpA) < al| X[ +a |All+ -+ a, | A"l
s+ a||All+--+a,[All"=p( Al

10.17

1,
— A
n!

1

< —||A]I">0 as n—os,
n!

regardless of the value of || A||. Thus

lim
n—soo

n!

L
—A —0”:0.

10.19 K, (A)=k (A)=12011.

1
1021 A'=—| 1 4
0 ,1[—1 21]

For |A|<}, |[All.=2,|A""[l.=2+1/|4| and k.(A)=4+2/|A|. For
[21>5, 1Al.=3] A, A" l.=2+1/]A|and k.(A)=3+6]A|.
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10.24 Use (10.31) with 8A=0and §b=r,.
10.25 0.498 x first equation is subtracted from the second equation.
ro=—[0.00371 0.001]7, dx,=[0.140 -0.283]"

so that x,=[0.971 —1.94]". A further application of the process yields
x,=[0.995 -1.99]".

10.28 (i) x;=[-0.895 -3.865 -2.830]"
(ii) x3=[-0.978 -3.983 -2.990]".

|

11.2 First matrix: there is one eigenvalue in each of the disks |4 +7|<4
and | A — 1]=<2; the third is in the intersection of the disks | A —-6|<2 and
| A ~1]<6. Second matrix: one eigenvalue is in the disk |1 -10|<1; two
are in the disk | A —4|<2.

11.3 The critical value is oo=1-1/v/2, and the set | A-7|<2a, with 4
real, is contained in the interval [6.4,7.6].

11.5 We obtain y,,=[0.445 0.802 1]" and 4,=8.05.

0

O NI

1032 M, = [

Hl= =
[——1

-

Chapter 11

11.7 In decreasing order of magnitude, the eigenvalues are ~ (5 ++/5)/2,
-(3++5)/2, =(5-+5)/2 and —(3 —+/5)/2. The initial vector happens to
contain no contribution from the eigenvector corresponding to the dominant
eigenvalue. Thus, without rounding error, the process converges to the
eigenvalue of second largest modulus, — (3 + v/5)/2 ~ -2.618034.

11.9 After six iterations, (11.13) gives A4,=8.0655 and the Rayleigh
quotient (11.14) gives 4, =8.0489, which is correct to four decimal places.

11.12 First factorize

1 o o]f[-4 1 1
A-8I=|-1/4 1 of|l 0 -11/4 9/4{

-1/4 -9/11 1]l o o 1/11

(In practice, this is done ‘in the computer’. The above factorization is given
merely as a check.) With yo=[1 1 1] we obtain y, = [0.4400 0.8000 177,
after normalization, and y,=[0.4451 0.8020 117. In both cases the
Rayleigh quotient, using (11.21) and (11.22), gives 4, = 8.0489.
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11.16 We have 4,=6.5, 4,~3.5, 4,=1.5. Using Newton’s method (11.28)
we find that, more precisely, 4;=1.8549.

11.17  After four iterations, we obtain —3.618034.
11.18 Two iterations of Newton’s method gives —7.029173.
11.20 Let A and B both be orthogonal. Then
(AB)" AB=B"ATAB=B"B=1L
11.21 The required transformation T is

3 -6 6 12
1l-6 13 2 4
151 6 2 13 -4

12 4 -4 7]

11.22 With
([5 o o 1'125—1250
S=—|0 -3 -4|, wehaveSTAS=—|-125 74 7
S50 -4 3 251 o0 7 26

Chapter 12

12.1 Closure condition is straightforward. Second, from (12.9),
lgl(X)—gl(X')|<rlz[|x1 -1l 2+|x3‘x'3|'2]$é“x_x' ”1

Similarly |g,(x) - g,(x")|<3llx—x']|; and |g;(x)-g;(x")|<3||x~x";
and so || g(x) - g(x") ||, <}llx = x'||,, giving a contraction mapping.

12.2 If there exists a solution (x,y), then we see that —}<x, y<j. The
closure and contraction mapping properties are easily verified, showing that
the solution exists and is unique. With x;=y,=0, we obtain x=0.49,
y=0.23 in four iterations.

12.5 G-=

W | W W

e O W

= = W
~

where G has elements g;; given by (12.10). Thus from (12.12) L=+(2/3),
showing there is a contraction mapping. Note that in this case we cannot
infer that a contraction mapping exists with either of the other two common
norms.



Solutions 437

12.7 Two iterations of Newton’s method gives x, = -0.82, x, = 1.91.

12.10 The first two iterations give x =%, y=1} and x = 0.4865, y = 0.2338.

J_1= 1 l —’%Siny
1++sinycosx |3 cosx 1

which exists for all x and y.
12.11 In this case J = A and Newton’s method is
X, =X,—A"'(Ax, - b)
which gives x,,, = A™'b and thus we do not obtain an iterative method.

12.13 With initial values x=2, y= -1, Newton’s method gives the
solution x = 1.709427, y = —1.441478. The other solution is x = —1.441478,
y=1.709427.

Chapter 13
131 L=1.Withy,(x)=1,
2 4 2n
X x x
VX)) =14 —+ — + oo o
2 24 24...2n
132 L=1.
134 (i) c,a". (iv) ¢, + 2"+ cyn2".
13.5 () c,2"+c,n2"+ 1. (iii) ¢, + c,n + 5 n’.

13.8 Difference equation: y,,,=y,+anh®*+bh with y,=0. Solution
(verify by induction): y, = }an*h*+ bnh - } anh®.

13.12 Simple: y,=0.024, y,=0.09488, y,=0.2186.
Classical: y,=0.02127, y,=0.08969, y,=0.2112.
y(0.6) = y(x;)=0.2112.

1313 y,=1.176819, y,=1.367624, y,=1.566211, y,=1.764979,
y,=1.956291.

1316 L,=L=1. |y"|=|2-e|[s2-e"'=1.6321. Thus |t(x;h)|=
Lh|y"(£)]<0.8161k and (13.52) becomes | y(x,) — y,|< (e~ 1)0.8161A.

1317 p=2,Ly=L=3v3/8, L,=2,L,=3Y3/8+ hy, N=13.

L.x
1 C¢"—l 2
X)) =V, € — h.
ly(x) = ¥l 3( L )
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1320 y,.,=y,+ 5 h(Q23f,-16f,_, +5f..2)-
1321 y,=0.6265, y(1.0)=0.6321.

13.22 We take starting values y,=1 and y,, y,, y; as computed above in
Problem 13.13 by the Runge—Kutta method. Then the Adams—Bashforth
algorithm gives y, = 1.764587, y; = 1.955417.

1323 B,=2,b,=3%,L=1,M;=1, e5<0.0569.
1325 m=0,1:y,,,=y,_,+2hf,.

h
m=2: Yns1=Ynr t g (7fn_2fn—l +fn-2)'

13.26 See Problem 13.36(i).
13.28 y,=0.6334.

13.29 We use y,=1 and y,, y, as computed in Problem 13.13 by the
Runge—Kutta method. The Adams-Moulton method (13.84) with two
corrections per step then gives y, = 1.566238, y, = 1.765044, y, = 1.956389.
1330 6=0,|y_|=3,|ci|l=%,M;=1,Co=1,L=1, e5<0.00679.
13.36 (i) Stable for h<3/(2A). (ii) Unstable. (iii) One root of the
characteristic equation is z,=-1 and the method is neither stable nor
unstable. (It is said to be neutrally stable.).
1340 () y,,,=(-ArR+;A’R)y,=y,=(1-Ah+3A’hD)"y, >0 if
h<2/A.
1342 y o=yt h(xb’l,n = Ya.n)

3L+ 22, + XYy = X (14 X,)92,0)

Yone1 = Yan + h(-yl,n + xnyZ.n)

3=, (L + X0y 0+ 2+ xD)y2.)

13.43 y;=0.8187, ys= —0.7301. Exact solution y(x) = (1 + x?) .

13.46 Letz=y', w=z'=y". Corrector is

(r+l) _ 1
ynr+l _yn+§h(zn+z(nrzl)

(r+1) _ 1
znr+l = zn+7h(wn+wr(r’+)l)

(r+1) _ (r+1) (r+1)

1 2 2
Wai 1 =w, 3 hQCw, + 2w,V + xgy, Hxl, vy V4 24 x4 x,, ).

Chapter 14

14.6 -1.6y,+2y, - 0.08y3=0
Yo=2y1+ ¥+ 0.2y,(y; - ¥0) =0
Yi=2y,+y;+0.2y,(y;~y,)=0
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Y2=2y3+ y,+0.2y;(y,— y,) =0
y3 - 1.9y4 - 0.2y3y4 + 0.5 = 0.

148 h<+6/10e ~0.0901.

14.10 0.6400
0.5408
0.5904 0.5512
0.5486 0.5509
0.5695 0.5509
0.5503
0.5599

¥(0.8) = 0.55067.

1411 y_ =-02500, y,=0, y,=0.2000, y,=0.3600, y,=0.4880,
¥o=0.5904; z, = 0.1750, z, = 0.3200, z,=0.4400, z, = 0.5392.

14.12 (zn+l - 2zn +z, —l)/h2 =f(xm zn) + A4yn—2/(12h2)~
1415 p,(x)= (27T — 19T, + 5T, + T3)/22 = (2x° + 5> — 11x + 11)/11.
14.17 p,(x) = (51T, +2T3)/53 = (8x* +45x)/53.
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absolute error, 5 Chebyshev, P. L., 74
Adams—Bashforth method, see Chebyshev approximation, 109
differential equations Chebyshev norm, 86
Adams—Moulton method, see Chebyshev polynomials, 74, 82, 83, 84,
differential equations 103, 108, 117, 129, 147, 409
Aitken, A. C., 207 of second kind, 103, 127
Aitken acceleration, 207, 304 Chebyshev quadrature, 176
Aitken’s algorithm, 58 Chebyshev series, 104, 113
algorithm, 2 for differential equations, 409
a posteriori bound, 5, 252, 256 for indefinite integrals, 178
approximation, 39, 86 for minimax approximation, 113
a priori bound, 5 Chebyshev set, 90, 124
Archimedes, 2 Choleski factorization, 250
Christoffel —Darboux formula, 177
back substitution, 226, 229, 239, 245, closed region, 325
251 condition number, 277, 279, 295, 296
rounding errors, 256 consistent approximation, 351
backward difference operator, 68 consistent equations, 229, 232
backward error analysis, 252, 412 constructive method, 1
Bemnoulli numbers, 169 continued fraction, 153
Bemstein, S. N., 78, 121 continuity, 19
Bemnstein polynomials, 122 contraction mapping, 213, 283, 325, 337
best approximation, 88 convergence
1-norm, 104 matrices, 275
binary representation, 418 one-step methods, 354
bisection method, 4, 197 pointwise, 28
boundary conditions, 396 real sequence, 26
boundary value method, 397 real series, 28
deferred correction, 406, 415 uniform, 28, 97
B-spline, 136 vectors, 270
uniform, 139, 157 convergent algorithm, 4, 7
convex
Cauchy sequence, 27 function, 15
Cauchy—Schwarz inequality, 293, 332 region, 326
central difference operator, 69 corrector formula, 365
characteristic equation
of difference equation, 342 Dahlquist. G., 352

of matrix, 266 Davis, P. J., 88, 98, 102, 105
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Davis, P. J. and Rabinowitz, P., 173, 181
de Casteljau algorithm, 122
deferred correction, 406, 415
deflation, 306
determinant, 232, 265
diagonally dominant matrix, 143, 288
diagonal matrix, 240, 258
difference equation, 341
characteristic equation, 342
numerical stability, 374
difference inequalities, 345
difference table, 68
differential equations, 335
Adams-Bashforth method, 359, 365,
368
Adams—-Moulton method, 364, 368,
384, 394, 406
Chebyshev series method, 409
comparison of methods, 386
Euler’s method, 340, 348, 380, 405,
415
higher order, 384
midpoint rule, 376
Milne—Simpson formula, 393, 394
modified Euler, 350
Nystrom method, 363, 376
one-step methods, 346
Picard iteration, 338
Runge~Kutta methods, 350, 355, 381,
394
shooting method, 396
stiff systems, 386
systems, 381
Taylor series methods, 346, 382
differentiation, numerical, 183, 187
extrapolation, 190
divided differences, 61, 70, 174
double precision, 253, 419, 421

economization, 116
eigenvalue, 266
deflation, 306
dominant, 299, 306
Householder’s method, 315
inverse iteration, 306
iteration, 303
QR algorithm, 311
elimination, 225, 232, 236
Choleski, 250
compact, 243, 255
rounding errors, 252, 278

Index

tridiagonal case, 250, 263
equioscillation, 110, 113, 118, 128, 156
error, 5
error bound, 5
Euclidean algorithm, 154
Euclidean norm, 269, 293
Euler, L., 3
Euler—Maclaurin formula, 169, 192
Euler’s method, 340, 348

modified, 350

stability, 380

with deferred correction, 415

with extrapolation, 405
extrapolation, 53
extrapolation to the limit, 170

in differential equations, 405

in differentiation, 190

in integration, 170

factorization of a matrix, 238, 239, 243
positive definite case, 250
rounding errors, 285
symmetric case, 246
first order process, 209
fixed point fractions, 419
floating point, 420
Forsythe, G. E. and Moler, C. B., 256
forward difference operator, 66, 82, 140
forward substitution, 239
Fourier, J. B. J., 97
Fourier series, 97
Fox, L., 408
Fox, L. and Parker, L. B,, 413

Gauss, K. F., 3,174

Gauss elimination, 226

Gauss—Hermite integration, 181

Gaussian integration, 172, 181

Gauss—Laguerre integration, 181

Gauss—Seidel method, 289

Gerschgorin’s theorems, 288, 300,
301

global error, 7, 352

Gourlay, A. R. and Watson, G. A., 307,
319

Gregory, James, 67

Gregory’s integration formula, 163

Guo Shoujing, 67

Haar condition, 90
Harriot, Thomas, 67
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Henrici, P., 330, 351, 356, 372, 385,
401, 402, 405

Hermite integration, 181

Hermite interpolation, 79, 145

Hilbert matrix, 263, 279

Hildebrand, F. B., 67

Householder, A. S., 315

Householder’s method, 315

ill-conditioned, 6, 95, 279

improper integrals, 179

inconsistent equations, 230

increment function, 350

indefinite integrals, 178

induction, 27

inf (infimum), 16

inherent errors, 7

initial value problem, 335, 353, 382
Chebyshev series method, 410
deferred correction, 406, 415
extrapolation, 405

inner product, 222

integration, numerical, 160
backward difference formulas, 168
Chebyshev rules, 176
extrapolation, 170
Gaussian rules, 172, 181
Gregory’s formula, 163, 169
improper integrals, 179
indefinite integrals, 178
midpoint rule, 166, 175
multiple integrals, 181
Newton-Cotes rules, 165, 172
product rules, 182
rectangular rule, 162
Romberg rule, 169, 176, 192
Simpson’s rule, 164, 167, 175, 182
trapezoidal rule, 162, 192

interpolating polynomial, 52
backward difference form, 68
divided difference form, 64
error, 56
forward difference form, 67
Lagrange form, 55
rounding error, 72

inverse interpolation, 60

inverse of a matrix, 224, 231, 296

Isaacson, E. and Keller, H. B., 271, 276,

291

iterative method, 4, 118, 202, 325

for linear equations, 283, 286, 297
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for matrix inverse, 296
order of, 209

Jacobian matrix, 329, 401

Jacobi iterative method, 288

Johnson, L. W. et al. 232, 265, 266, 268,
303

Kantorovich, L. V., 330
knots, 131, 139

Lagrange interpolating polynomial, 55,
193
Laguerre, 181
Lambert, J. D., 351, 372, 381, 385, 386
Lanczos, C., 413
least squares approximation, 90
for several variables, 93
on point set, 91, 263
on interval, 94, 259
Lebesgue function, 73
Legendre
polynomials, 102, 174
series, 103
Leibniz formula, 140
linear dependence, 91, 124, 125, 232,
260, 303
linear equations, 221, 225
rounding errors, 235, 252
scaling, 280
symmetric, 245
Lipschitz condition, 20, 24, 36, 213,
325, 337,382
lower triangular matrix, 238, 239

Maclaurin, C., 48
Maclaurin series, 48
Marsden’s identity, 138
matrix, 221
diagonal, 240, 258
factorization, 238, 239, 243, 246, 250
inverse, 224, 232
lower, upper triangular, 228, 239
norm, 271
orthogonal, 311
positive definite, 248, 252, 263, 264,
414
rotation, 312
singular, 224, 229,232
skew-symmetric, 262
symmetric, 245, 249, 262
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matrix (Continued)
tridiagonal, 143, 145, 250, 263, 308,
312, 398, 401
upper Hessenberg, 319
maximum norm, 270, 273
maximum principle, 402
mean value theorem
for derivatives, 23, 43
for integrals, 32
Merson, R. H., 351
mesh length, 340
midpoint rule
for differential equations, 376
for differentiation, 185
for integration, 166, 175
Milne, W. E., 370
Milne-Simpson formula, 393, 394
minimax approximation, 89, 109, 113,
118, 128
error, 111, 120
rational, 156
minor (of matrix), 265
Muller’s method, 201, 397

Neville—Aitken algorithm, 58

Newton, Isaac, 3, 62, 67

Newton—Cotes rules, 165, 172

Newton’s method, 210, 212, 329, 401

norm, 86, 100, 123, 124, 269, 271,
332

normal equations, 92, 95, 260, 263

numerical integration, see integration,
numerical

Nystrom, E. J., 363

Nystrém method, 363, 376

O (order), 49

one-step methods, 346, 357

orthogonal functions, 94, 125

orthogonal matrix, 311

orthogonal polynomials, 100, 115, 126,
174, 181

orthogonal series, 97

Padé approximation, 149
parasitic solution, 377
Picard iteration, 338
pivoting, 227, 232, 240, 250
complete, 233, 257
partial, 234, 255
symmetry, effect on, 248

Index

polynomial, 13
equations, 196
positive definite matrix, see matrix
predictor—corrector method, 364, 369,
371, 384, 406
product integration rule, 182
properly posed, 6

QR algorithm, 311
quadrature rules, see integration,
numerical

Ralston, A. and Rabinowitz, P, 94, 164,
169, 196, 350, 372

rank, 229

rational approximation, 149

Rayleigh quotient, 304, 305

rectangular quadrature, 162

recurrence relation, 8, 74, 101, 102,
340

recurrent inequality, 345

regula falsi, 199, 397

relative error, 5

relaxation, 291, 297

Remez, E. Ya., 118

Remez algorithms, 118

residual vector, 282

Richardson extrapolation, 170

Rivlin, T. J., 104

Rolle’s theorem, 23, 25

Romberg integration, 169, 176,
192

rotation matrix, 312

rounding, 419

rule of false position, 199, 397

Runge, G., 78

Runge—Kutta methods, see differential
equations

scaling of matrices, 280
Schoenberg, 1. J., 140
Schur norm, 332
secant method, 200, 207, 213
second order process, 209
sequence

of matrices, 275

of real numbers, 26

of vectors, 270

Sturm, 308, 321
shooting method, 396
similarity transformation, 267
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Simpson’s rule, 164, 167

for multiple integrals, 182
single precision, 419, 421
singular equations, 231
singularity, subtracting out, 180
skew-symmetric matrix, 262
spectral radius, 268
spline, 132, 133

B-splines, 136

cubic, 133, 135, 137, 142

interpolating, 142

natural, 142

quadratic, 133, 137, 139, 144

uniform B-splines, 139, 157
splitting of matrix, 286, 297
square root algorithm, 4,212,218
stability, 9, 374, 375
step-by-step process, 340, 396
step size, 340

adjustment, 351, 388
stiff equations, 386
Sturm sequence, 308, 321
submatrix, 224
subordinate norm, 271, 332
successive over relaxation, 291, 267
sup (supremum), 16
symmetric matrix, 245, 249, 262

Taylor, B., 41
Taylor polynomial, 41, 52, 71
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Taylor series 41
for differential equations, 346, 382
in two variables, 46
Taylor’s theorem, 40
transpose of matrix, 222, 261
trapezoidal rule, 162, 192
triangle inequality, 86, 269
triangular equations, 62, 226, 239
triangular matrix, 228, 239
tridiagonal matrix, see matrix
truncated power, 134
truncation error, 7, 48, 350, 352, 370,
402
Tschebyscheff, see Chebyshev
Turing, A. M., 2

upper Hessenberg matrix, 319
upper triangular matrix, 228, 239

Vallée-Poussin, C. de La, 119
vector norm, 269

Weierstrass’s theorem, 40, 46, 121

weight function, 100, 126, 177

weights in integration rules, 165, 175,
176

well-conditioned, 6

Wilkinson, J. H., 252, 305, 307

Zu Chongzhi, 152
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