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Foreword

A student that has attained a MSc degree in the physics of materials or
electronics will have acquired an understanding of basic atomic physics and
quantum mechanics. He or she will have a grounding in what is a vast realm: solid
state theory and electronic properties of solids in particular. The aim of this book is
to enable the step-by-step acquisition of the fundamentals, in particular the origin of
the description of electronic energy bands. The reader is thus prepared for studying
relaxation of electrons in bands and hence transport properties, or even coupling
with radiance and thus optical properties, absorption and emission. The student is
also equipped to use by him- or herself the classic works of taught solid state
physics, for example, those of Kittel, and Ashcroft and Mermin.

This aim is reached by combining qualitative explanations with a detailed
treatment of the mathematical arguments and techniques used. Valuably, in the final
part the book looks at structures other than the macroscopic crystal, such as quantum
wells, disordered materials, etc., towards more advanced problems including Peierls
transition, Anderson localization and polarons. In this, the author’s research
specialization of conductors and conjugated polymers is discernable. There is no
doubt that students will benefit from this well placed book that will be of continual
use in their professional careers.

Michel SCHOTT

Emeritus Research Director (CNRS),
Ex-Director of the Groupe de Physique des Solides (GPS),
Pierre and Marie Curie University, Paris, France
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Introduction

This volume proposes both course work and problems with detailed solutions. It
is the result of many years’ experience in teaching at MSc level in applied, materials
and electronic physics. It is written with device physics and electronics students in
mind. The book describes the fundamental physics of materials used in electronics.
This thorough comprehension of the physical properties of materials enables an
understanding of the technological processes used in the fabrication of electronic
and photonic devices.

The first six chapters are essentially a basic course in the rudiments of solid-state
physics and the description of electronic states and energy levels in the simplest of
cases. The last four chapters give more advanced theories that have been developed
to account for electronic and optical behaviors of ordered and disordered materials.

The book starts with a physical description of weak and strong electronic bonds
in a lattice. The appearance of energy bands is then simplified by studying energy
levels in rectangular potential wells that move closer to one another. Chapter 2
introduces the theory for free electrons where particular attention is paid to the
relation between the nature of the physical solutions to the number of dimensions
chosen for the system. Here, the important state density functions are also
introduced. Chapter 3, covering semi-free electrons, is essentially given to the
description of band theory for weak bonds based on the physical origin of permitted
and forbidden bands. In Chapter 4, band theory is applied with respect to the electrical
and electronic behaviors of the material in hand, be it insulator, semiconductor or
metal. From this, superlattice structures and their application in optoelectronics is
described. Chapter 5 focuses on ordered solid-state physics where direct lattices,
reciprocal lattices, Brillouin zones and Fermi surfaces are good representations of
electronic states and levels in a perfect solid. Chapter 6 applies these representations
to metals and semiconductors using the archetypal examples of copper and silicon
respectively. An excursion into the preparation of alloys is also proposed.
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The last four chapters touch on theories which are rather more complex. Chapter
7 is dedicated to the description of the strong bond in 1D media. Floquet’s theorem,
which is a sort of physical analog for the Hiickel’s theorem that is so widely used in
physical chemistry, is established. These results are extended to 3D media in
Chapter 8, along with a simplified presentation of silicon band theory. The huge gap
between the discovery of the working transistor (1947) and the rigorous
establishment of silicon band theory around 20 years later is highlighted. Chapter 9
is given over to the description of energy levels in real solids where defaults can
generate localized levels. Amorphous materials are well covered, for example,
amorphous silicon is used in non-negligible applications such as photovoltaics.
Finally, Chapter 10 contains a description of the principal guasi-particles in solid
state, electronic and optical physics. Phonons are thus covered in detail. Phonons are
widely used in thermics; however, the coupling of this with electronic charges is at
the origin of phonons in covalent materials. These polarons, which often determine
the electronic transport properties of a material, are described in all their possible
configurations. Excitons are also described with respect to their degree of extension
and their presence in different materials. Finally, the coupling of an electromagnetic
wave with electrons or with (vibrating) ions in a diatomic lattice is studied to give a
classical description of quasi-particles such as plasmons and polaritons.



Chapter 1

Introduction: Representations
of Electron-Lattice Bonds

1.1. Introduction

This book studies the electrical and electronic behavior of semiconductors,
insulators and metals with equal consideration. In metals, conduction electrons are
naturally more numerous and freer than in a dielectric material, in the sense that they
are less localized around a specific atom.

Starting with the dual wave-particle theory, the propagation of a de Broglie wave
interacting with the outermost electrons of atoms of a solid is first studied. It is this
that confers certain properties on solids, especially in terms of electronic and
thermal transport. The most simple potential configuration will be laid out first
(Chapter 2). This involves the so-called flat-bottomed well within which free
electrons are simply thought of as being imprisoned by potential walls at the
extremities of a solid. No account is taken of their interactions with the constituents
of the solid. Taking into account the fine interactions of electrons with atoms
situated at nodes in a lattice means realizing that the electrons are no more than
semi-free, or rather “quasi-free”, within a solid. Their bonding is classed as either
“weak” or “strong” depending on the form and the intensity of the interaction of the
electrons with the lattice. Using representations of weak and strong bonds in the
following chapters, we will deduce the structure of the energy bands on which solid-
state electronic physics is based.



2 Solid-State Physics for Electronics

1.2. Quantum mechanics: some basics

1.2.1. The wave equation in solids: from Maxwell’s to Schrodinger’s equation via
the de Broglie hypothesis

In the theory of wave-particle duality, Louis de Broglie associated the
wavelength (A) with the mass (m) of a body, by making:

A=—. [1.1]

my

For its part, the wave propagation equation for a vacuum (here the solid is
thought of as electrons and ions swimming in a vacuum) is written as:

1 92
As —— 22 =0
c? ot?

[1.2]

If the wave is monochromatic, as in:

s=Ax,y,2)e " = A(x,y,z)e ™

then As = Ade ' and 9 _ —@?Ae ' (without modifying the result we can
ot? g

interchange a wave with form s=A(x,y,z)ei(m =A(x,y,z)ei2nw). By

introducing A =2m° (length of a wave in a vacuum), wave propagation
(O]

equation [1.2] can be written as:

2

mM+Za-0 [13]
cz

=
4 2

M+ g =, [1.3°]

}\12
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A particle (an electron for example) with mass denoted m, placed into a time-
independent potential energy V(x, y, z), has an energy:

1
E =—mv*+V
2

(in common with a wide number of texts on quantum mechanics and solid-state
physics, this book will inaccurately call potential the “potential energy” —to be
denoted V).

The speed of the particle is thus given by

Lo |AE-T) [1.4]
m

The de Broglie wave for a frequency v = % can be represented by the function

Y (which replaces the s in equation [1.2]):

E E
o ioqwe . T T i
Y = ye = ye = e = e . [1.5]

Accepting with Schrodinger that the function y (amplitude of V') can be used in
an analogous way to that shown in equation [1.3’], we can use equations [1.1] and
[1.4] with the wavelength written as:

A= — = . [1.6]

so that:
2m

This is the Schrodinger equation that can be used with crystals (where V is
periodic) to give well defined solutions for the energy of electrons. As we shall see,
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these solutions arise as permitted bands, otherwise termed valence and conduction
bands, and forbidden bands (or “gaps” in semiconductors) by electronics specialists.

1.2.2. Form of progressive and stationary wave functions for an electron with
known energy (E)

In general terms, the form (and a point defined by a vector 7) of a wave
function for an electron of known energy (£) is given by:

E
—t

W(E) =y =y(ie

where y(7) is the wave function at amplitudes which are in accordance with
Schrodinger’s equation [1.7]:

— if the resultant wave W(r,t) is a stationary wave, then y(7) is real;
—if the resultant wave W(r,t) is progressive, then y(7) takes on the form

y(r)=f )ejk " where f (F) is a real function, and k = Z}L—nﬁ is the wave vector.

1.2.3. Important properties of linear operators

1.2.3.1. If the two (linear) operators H and T are commutative, the proper functions
of one can also be used as the proper functions of the other

For the sake of simplicity, non-degenerate states are used. For a proper function
y of H corresponding to the proper non-degenerate value (), we find that:
Hy = ay

Multiplying the left-hand side of the equation by 7 gives:

THy =T oy =oT .
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As [H ,T] =0, we can write:
HT vy = oT y.

This equation shows that 7y is a proper function of H with the proper value o.
Hypothetically, this proper value is non-degenerate. Therefore, comparing the latter
equation with the former (H v = oy, indicating that  is a proper function of A for
the same proper value o), we now find that 7y and w are collinear. This is

written as:
Ty =ty.

This equation in fact signifies that y is a proper function of 7 with the proper

value being the coefficient of collinearity () (QED).

1.2.3.2. If the operator H remains invariant when subject to a transformation using
coordinates (T), then this operator H commutes with operator (T) associated with
the transformation

Here are the respective initial and final states (with initial on the left and final to
the right):

T
energy: £ — E'

T
Hamiltonian: H — TH = H' = H (invariance of H under effect of 7')

T
wave function: y — Ty =y,

Similarly, the application of the operator T to the quantity A\, with H being
invariant under 7°s effect, gives:

T H'=H y'=Ty
Hy - THvy)=H'y' = Hy' =  HT .
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We thus find:
THwy = HT vy,
from which:

[H,T]=0 QED.

1.2.3.3. The consequence

If the operator H is invariant to the effect of the operator 7, then the proper
functions of 7 can be used as the proper functions of H.

1.3. Bonds in solids: a free electron as the zero order approximation for a weak
bond; and strong bonds

1.3.1. The free electron: approximation to the zero order

The electric conduction properties of metals historically could have been derived
from the most basic of theories, that of free electrons. This would assume that the
conduction (or free) electrons move within a flat-bottomed potential well. In this
model, the electrons are simply imprisoned in a potential well with walls that
coincide with the limits of the solid. The potential is zero between the infinitely high
walls. This problem is studied in detail in Chapter 2 with the introduction of the state
density function that is commonly used in solid-state electronics. In three
dimensions, the problem is treated as a potential box.

In order to take the electronic properties of semiconductors and insulators into
account (where the electrons are no longer free), and indeed improve the
understanding of metals, the use of more elaborate models is required. The finer
interactions of electrons with nuclei situated at nodes throughout the solid are
brought into play so that the well’s flat bottom (where ¥ = I = 0) is perturbed or
even strongly modified by the generated potentials. In a crystalline solid where the
atoms are spread periodically in certain directions, the potential is also periodic and
has a depth which depends on the nature of the solid.

Two approaches can be considered, depending on the nature of the bonds. If the
well depth is small (weak bond) then a treatment of the initial problem (free
electron) using perturbation theory is possible. If the wells are quite deep, for
example as in a covalent crystal with electrons tied to given atoms through strong
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bonds, then a more global approach is required (using Hiickels theories for chemists
or Floquet’s theories for physicists).

1.3.2. Weak bonds

This approach involves improving the potential box model. This is done by the
electrons interacting with a periodical internal potential generated by a crystal lattice
(of Coulumbic potential varying 1/r with respect to the ions placed at nodes of the
lattice). In Figure 1.1, we can see atoms periodically spaced a distance “a” apart.
Each of the atoms has a radius denoted “R” (Figure 1.1a). A 1D representation of the
potential energy of the electrons is given in Figure 1.1b. The condition @ < 2R has

been imposed.

Depending on the direction defined by the line Ox that joins the nuclei of the
atoms, when an electron goes towards the nuclei, the potentials diverge. In fact, the
study of the potential strictly in terms of Ox has no physical reality as the electrons
here are conduction electrons in the external layers. According to the line (D) that
does not traverse the nuclei, the electron-nuclei distance no longer reaches zero and
potentials that tend towards finite values join together. In addition, the condition
a < 2R decreases the barrier that is midway between adjacent nuclei by giving rise to
a strong overlapping of potential curves. This results in a solid with a periodic,
slightly fluctuating potential. The first representation of the potential as a flat-
bottomed bowl (zero order approximation for the electrons) is now replaced with
a periodically varying bowl. As a first approximation, and in one dimension (» = x),
the potential can be described as:

2n
V(x) =wycos —x.
a

The term wy, and the associated perturbation of the crystalline lattice, decrease in
size as the relation a < 2R becomes increasingly valid. In practical terms, the smaller
“a” is with respect to 2R, then the smaller the perturbation becomes, and the more
justifiable the use of the perturbation method to treat the problem becomes. The
corresponding approximation (first order approximation with the Hamiltonian

. . . 2 . . .
perturbation being given by A" = w, cos Ty ) is that of a semi-free electron and is
a

an improvement over that for the free electron (which ignores A"). The theory that
results from this for the weak bond can equally be applied to the metallic bond,
where there is an easily delocalized electron in a lattice with a low value of wy (see
Chapter 3).
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by atom (1) by atom (2) with respect to Ox

Figure 1.1. Weak bonds and: (a) atomic orbitals (s orbitals with radius R)
of a periodic lattice (period = a) respecting the condition a < 2R; (b) in 1D,
the resultant potential energy (thick line) seen by electrons

1.3.3. Strong bonds

The approach used here is more “chemical” in its nature. The properties of the
solid are deduced from chemical bonding expressed as a linear combination of
atomic orbitals of the constituent atoms. This reasoning is all the more acceptable
when the electrons remain localized around a specific atom. This approximation of
a strong bond is moreover justified when the condition a > 2R is true (Figure 1.2a),
and is generally used for covalent solids where valence electrons remain localized
around the two atoms that they are bonding.

Once again, analysis of the potential curve drawn with respect to Ox gives
a function which diverges as the distance between the electrons and the nuclei is
reduced. With respect to the line D, this discontinuity of the valence electrons can be
suppressed in two situations, namely (see also Figure 1.2b):

—1If a >> 2R, then very deep potential wells appear, as there is no longer any real
overlap between the generated potentials by two adjacent nuclei. In the limiting
case, if a chain of NV atoms with N valence electrons is so long that we can assume
that we have a system of N independent electrons (with N independent deep wells),
then the energy levels are degenerate N times. In this case they are indiscernible
from one another as they are all the same, and are denoted £, in the figure.
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Figure 1.2. Strong bonds and: (a) atomic orbitals (s orbitals with radius R)
in a periodic lattice (of period denoted a) where a > 2R; (b) in 1D,
the resulting potential energy (thick curve) seen by electrons

—If a 2 2R, the closeness of neighboring atoms induces a slight overlap of nuclei
generated potentials. This means that the potential wells are no longer independent
and their degeneration is increased. Electrons from one bond can interact with those
of another bond, giving rise to a spread in the band energy levels. It is worth noting
that the resulting potential wells are nevertheless considerably deeper than those in
weak bonds (where a < 2R), so that the electrons remain more localized around their
base atom. Given these well depths, the perturbation method that was used for weak
bonds is no longer viable. Instead, in order to treat this system we will have to turn
to the Hiickel method or use Floquet’s theorem (see Chapter 7).

1.3.4. Choosing between approximations for weak and strong bonds
The electrical behavior of metals is essentially determined by that of the

conduction electrons. As detailed in section 1.3.2, these electrons are delocalized
throughout the whole lattice and should be treated as weak bonds.
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Dielectrics (insulators), however, have electrons which are highly localized
around one or two atoms. These materials can therefore only be described using
strong-bond theory.

Semiconductors have carriers which are less localized. The external electrons
can delocalize over the whole lattice, and can be thought of as semi-free. Thus, it
can be more appropriate to use the strong-bond approximation for valence electrons
from the internal layers, and the weak-bond approximation for conduction electrons.

1.4. Complementary material: basic evidence for the appearance of bands in solids

This section will be of use to those who have a basic understanding of wave
mechanics or more notably experience in dealing with potential wells. For others, it
is recommended that they read the complementary sections at the end of Chapters 2
and 3 beforehand.

This section shows how the bringing together of two atoms results in a splitting of
the atoms’ energy levels. First, we associate each atom with a straight-walled potential
well in which the electrons of each atom are localized. Second, we recall the solutions
for the straight-walled potential wells, and then analyze their change as the atoms
move closer to one another. It is then possible to imagine without difficulty the effect
of moving N potential wells, together representing N atoms making up a solid.

1.4.1. Basic solutions for narrow potential wells

In Figure 1.3, we have W > 0, and this gives potential wells at intervals such that
[-a/2,+a/2] where — W<O0.

242

We can thus state that W = Z—Y >0, and the energy E is the sum of kinetic
m

p? k2 .

= ) and potential energy.

energy (E, = . e

As the related states are carry electrons then £ < 0, and we can therefore write
that:

n? n2o?
Y2 —k2?)=—
2m ( ) 2m

< 0.

E= +E, =-

By making o = (y> - k) >0, o is real.
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Figure 1.3. Straight potential wells of width a

Schrodinger’s equation % + Zh—'f(E -V )y =0 (where V is the potential energy
X

such that V'=— W between —a/2 and a/2 but V= 0 outside of the well) can be written
for the two regions:

d 2
fregionlfor|x|>£ —1; —mE\p 0,
P 2 dx [1.8]
so that lzu—(lep=0
dx
. a a d? )
—region Il for —— < x S—'— (E+W)l,// 0,
e 2 2 dx? [1.9]
so that \;+k2w=0.
dx

The solutions for equation [1.8] are (with the limiting conditions of y(x) being
finite when x — too):

—0x

— for x >%:1|I[(x)=Ae

+ow

—for x <—%:\|11(x):Ae

The solution to equation [1.9] must be stationary because the potential wells are
narrow (which forbids propagation solutions). There are two types of solution:

— a symmetric solution in the form yy(x) = B coskx, for which the conditions
of continuity with the solutions of region I give:
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e -
K }[xza] - }(ka] |

2 2

1
from which it can be deduced that katan—ka = o,
2
— an asymmetric solution in the form wyy(x) = Bsinkx. Just as before, the
conditions of continuity make it possible to obtain the relationship written:
1
ka cotan—ka = —aa. [1.11]
2

Equations [1.10] and [1.11] can be combined in the form:

tanka =

o [1.12]

In addition, equations [1.10] and [1.11] must be compatible with the equations
that define o and £, so that:

2mW
o2 ykr=yr= 0 [1.13]
hZ
oa A
- |-
0 m vya2m 3m ka

Figure 1.4. Solutions for narrow potential wells
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The problem is normally resolved graphically. This involves noting the points
where aa = f'(ka) at the intersection of the curves described by equations [1.10] and
[1.11] with the curve given by equation [1.13] (the quarter circle). The latter
equation can be rewritten as:

[(0a)* + (k0] = (va). [1.14]

The solutions for o and thus £ (as E = —Z—a) correspond to the points where
m

the circle of equation [1.14] crosses with the deduced curves from equations [1.10]
and [1.11].

If:

- Ya < T — one symmetric solution — one energy level

— T < Ya < 2n — two asymmetric solution
. . — two energy levels
+ two asymmetric solution

- (n - 1)11: < Ya < nmt — n energy levels

Energy N e )‘

2" agymmetric level _/

2" symmetric level

1™ asymmetric level

1* symmetric level —

Figure 1.5. The first four energy levels along with the appearance
of the corresponding wave functions in the narrow potential wells
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(OF NO) O CON BN

»
»
X

—a—d/2 —d/2 d2  atd2

Figure 1.6. Scheme of the potential energies
of two narrow potential wells brought close to one another

1.4.2. Solutions for two neighboring narrow potential wells

Schrodinger’s equation, written for each of the regions denoted 1 to 5 in
Figure 1.6 gives the following solutions (which can also be found in the problems
later on in the book):

— Symmetric solution:

o

y; =Ce
Y, =B cos(kx +¢)
Y3 =A chox
Wy = B cos(kx — @)
Ys =Ce ™™,

Conditions of continuity for x = d/2 and for x = d/2 + a/2 make it possible to state
that:

d
tan ka —% tho—

o _ . 2 [1.15]
k 1+k—tankath0c5

— Similarly, for the asymmetric solution we obtain:

o tanka — < co‘[hoci
P k z_ [1.16]

- d
1+ %tanka cothoc?
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1.4.2.1. Neighboring potential wells that are well separated
If d is very large, equations [1.15] and [1.16] become:

o
o tanka—; [0.17]
k 1+%tanka

and tend to give the same solutions as those obtained above for narrow wells. In

effect, by making % = tan 0, equation [1.17] is then written as tan® = tan(ka — 0)

for which the solution is 6 = %(ka +nm). This in turn gives:
. . o ka
—1if n is even then T tanT;
. . o ka
—if n is odd then = —cotanT.

In effect, we again find the solutions of equations [1.10] and [1.11] for isolated
wells, which is quite normal because when d is large the wells are isolated. Here
though with a high value of d, the solution is degenerate as there are in effect two
identical solutions, i.e. those of the isolated wells.

1.4.2.2. Closely placed neighboring wells

od

If d is small, we have e " << 1 and:

tanh o d = 127
; = equations [1.15] and [1.16] give:
cothocE =1+2e%

tanka —— [1-2e]
o _ k [1.18]
k 1+%(1 -2e'°‘d)tanﬁa

tgBa -2 [1+26]
and & = k [1.19]
k 1+%(1 + 2e'°‘d)tan Pa
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For the single solution (0,) in equation [1.17] (if the wells are infinitely
separated) there are now two solutions: one is o from equation [1.18] and the other
is o, from equation [1.19]. For isolated or well separated potential wells, all states
(symmetric or asymmetric) are duplicated with two neighboring energy states (as 0
and o, are in fact slightly different from o). The difference in energy between the
symmetric and asymmetric states tends towards zero as the two wells are separated
(d — o). In addition, we can show quite clearly that the symmetric state is lower
than the asymmetric state as in Figure 1.7.

A A A
W(x)
2" agymm.
1* asymm. |~ | 2" symm.
p—
1% asymm.
Psymm| | T e N | st symm,

2 wells in proximi
isolated wells P b

Figure 1.7. Evolution of energy levels and electronic
states on going from one isolated well to two close wells

The example given shows how bringing together the discrete levels of the
isolated atoms results in the creation of energy bands. The levels permitted in these
bands are such that:

— two wells induce the formation of a “band” of two levels;

— n wells induce the formation of a “band” of n levels.



Chapter 2

The Free Electron and State Density Functions

2.1. Overview of the free electron
2.1.1. The model

As detailed in Chapter 1, the potential (V) (rigorously termed the potential
energy) for a free electron (within the zero order approximation for solid-state
electronics) is that of a flat-bottomed basin, as shown by the horizontal line in the
1D model of Figure 2.1. It can also be described by V=1 =0.

For a free electron placed in a potential 7° = 0 with an electronic state described

by its proper function with energy and amplitude denoted by E° and 1|IO,
respectively, the Schrodinger equation for amplitude is:

2
Ay +h—an0\|/0 = 0. [2.1]

2.1.2. Parameters to be determined: state density functions in k or energy spaces

With:

0
2mE
o= 2.2]
hZ
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equation [2.1] can be written as:

Ay +k2y? = 0. [2.3]
Vs V@)V e V - V e
A ‘V(x)
»n X #x
~Ln T 0 L2 0 T L
V=1"=0 V=1'=0

Figure 2.1. (a) Symmetric wells of infinite depth (with the origin taken at the center
of the wells), and (b) asymmetric wells with the origin taken at the well’s extremity
(when 0 < x < L, we have V(x) = 0 so that V(- x) = eofor a 1D model)

We shall now determine for different depth potential wells, with both symmetric
and asymmetric forms, the corresponding solutions for the wave function (¥°) and
the energy (£ 0). To each wave function there is a corresponding electronic state
(characterized by quantum numbers). It is important in physical electronics to
understand the way in which these states determine how energy levels are filled.

In solid-state physics, the state density function (also called the density of states)
is particularly important. It can be calculated in the wave number (k) space or in the
energies (E) space. In both cases, it is a function that is directly related to
a dimension of space, so that it can be evaluated with respect to L =1 (or V=L =1
for a 3D system). In k space, the state density function [n(k)] is such that in one
dimension n(k) dk represents the number of states placed in the interval dk (i.e.
between k and k+dk in k wave number space). In 3D, n(k) d’k represents the
number of states placed within the elementary volume @’k in k space.

Similarly, in terms of energy space, the state density function [Z(E)] is such that
Z(E) dE represents the number of states that can be placed in the interval dE (i.e.
inclusively between E and E + dE in energy space). The upshot is that if F(E) is the
occupation probability of a level denoted E, then the number N(E) dE of electrons
distributed in the energy space between E and E + dE is equal to N(E) dE = Z(E)
F(E) dE.
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2.2. Study of the stationary regime of small scale (enabling the establishment of
nodes at extremities) symmetric wells (1D model)

2.2.1. Preliminary remarks

For a symmetric well, as shown in Figure 2.1a, the Hamiltonian is such that 4

(x) = H(—x), because V(x) = V(—x) and % = d[(i; )]

. If I denotes the inversion

operator, which changes x to — x, then
IH(x) = H(—x) = H(x).

H(x) being invariant with respect to I, the proper functions of / are also the proper
functions of H (see Chapter 1). The form of the proper functions of / must be such
that 7y(x)=rwy(x). We can thus write: /y(x) =¢ty(x)=y(-x), and on
multiplying the left-hand side by 7/, we now have:

I[Iy()] = d () =t2w(x)} L2 =L and 1 = 1.
= I [w(=x)] = w(x

The result is that

Ty(x)=ty(x)=%y(x)
ey } = () = £y(=x). [2:4]

In these cases, the form of the solutions are either symmetric, as in
Y(x) = y(—x), or asymmetric, as in y(x ) = —y(—x).

2.2.2. Form of stationary wave functions for thin symmetric wells with width (L)
equal to several inter-atomic distances (L = a ), associated with fixed boundary
conditions (FBC)

EROR
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This limiting condition is equivalent to the physical status of an electron that
cannot leave the potential well due to it being infinitely high. The result is that

L L . .
between x = ) and x =+ ) there is a zero probability of presence, hence the

preceding FBC:

The general stationary solution to equation [2.3] is:
\uo(x) = A cos kx + B sinkx.

The use of the boundary conditions of equation [2.5] means that:
L L L
wo(—jzA cosk —+B sink—=0
2 2 2
or

L L L
wo(——j=/l cosk——-B sink —=0.
2 2 2

These last two equations result in the two same conditions:
. . L 0 . kL .
—either 4 =0 and B sink 5= 0, so that both ¢y~ = B sinkx and - =nm (nis
whole), so that £ = Zn% =N % where N is an even integer. The solution for

solution \yO is thus \|J]0v = B sin %x , with N being even; [2.6]

—or B=0and4 cosk%=0, so that 1|10 = A coskx and %L= g+nn (nisan
integer), so that k£ = %[Zn +1]=N % where N is an odd integer. The solution for

\uo is thus: W?v = A cos %x , with N being odd. [2.7]
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2
The normalization condition ELL //22 w?\, (x)‘ dx =1 gives A =B = JLE , and the

two solutions in equations [2.6] and [2.7] can be brought together in:

2 N7 L

0 .

Yy =, —sin—1| x +— |, where N=1, 2, 3, 4, etc. [2.8]
NoNL T ( 2j

For both symmetric and asymmetric solutions, & is of the form
T
k=ky =N—, [2.9]
ML

where N is an odd integer and the symmetric solution and is an even integer for the
asymmetric solution. Thus, N takes on successive whole values i.e. 1, 2, 3, 4, etc.
The value N = 0 is excluded as the corresponding function y( = B sinkypx =0 has
no physical significance (zero probability of presence). The integer values N'=—1,
-2, =3 (=—N) yield the same physical result, for the same probabilities as

2 2 2 .
:‘WQN‘ :“V?v‘ . Summing up, we can say that the only values worth

"
retaining are N =1, 2, 3, 4, etc.

This quantification is restricted to the quantum number N without involving spin.

As we already know, spin makes it possible to differentiate between two electrons

with the same quantum number N. This is due to a projection of kinetic moment on
1

E.

the z axis which brings into play a new quantum number, namely m, = +

We thus find that each N state can be filled by two electrons, one with a spin
mg =+1/2 and wave function ‘\y?v +>, and the other with a spin m; =-1/2 and

wave function ‘\y?\, —>.

2.2.3. Study of energy

nk?

From equation [2.2] we deduce that: £ 0= "% With k given by equation [2.9],
m

we find that the energy is quantified and takes on values given by:
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2
L0 I S VR N [2.10]
2m 2m L? 8mlL?

EY

where N=1, 2, 3, 4, etc.

The graphical representation of £ = f{k) is given in Figure 2.2. The energy states

(E ](\)/) are associated with the electronic states denoted by wave functions in the

form ‘w?\, +> and “V?v —> that correspond to the spin states characterized by the
1 1 .
quantum numbers mg; = + and mg = — respectively.

0
AE

e

N=1 2 3 4 5
Figure 2.2. Curve E = f{k) for stationary functions

The filling of energy levels is carried out from the bottom up. The fundamental
level (E)) is filled with electrons in the states ‘\u?+> and ‘\vlo—>- Each level is thus

filled with two electronic states that are differentiated by their spin.

2.2.4. State density function (or “density of states”) in k space

As defined in section 2.1.2, the density of states is a function [n(k)] in terms of a
unit of direct space (L = 1) such that n(k) dk represents the number of states that can
be held within the interval dk that is between k and k + dk. The electronic states are

represented (and numbered) by the wave functions ‘W?\, i>.
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On average, each interval of size dk = % can hold 1 orbital (without taking spin
into account). In fact, this interval corresponds to 2 orbital states; however, each is
shared with the adjacent intervals. For example, in the interval [2711’3711 we can place
the orbital states Q) and [w0), but [y0) is shared with |2%%| and |Z2"| just as

2 3 2 L'L L'L
‘\ug> is shared with {271:371:} and {ij%} From this we can see that the resulting
T

average is 1 orbital state per interval dk = .

By taking spin into account, we can now place twice the number of states, so that

in the interval dk =L£ we now have two states. It is thus possible to write

nk)- % = 2, so that with L = 1 (density function) we have:

(k) =2, [2.11]
T

NOTE.— When dk =1 we have n(k) dk = n(k), so that the state density function n(k)
represents the number of states in a unit k£ space with the whole having a single unit
dimension in direct space (L = 1).

2.3. Study of the stationary regime for asymmetric wells (1D model) with L = a
favoring the establishment of a stationary regime with nodes at extremities

The general solution for equation [2.3] is still 1|10 (x)=Acoskx + Bsinkx, but
the boundary conditions are now such that:

v 0) =y (L) =0. [2.12]

From the condition wo (0)=0, we deduce that 4=0, from which
\uo (x) = Bsinkx.

The condition \|JO(L) = 0 thus gives B sinkL =0 where kL = Nm, so that:

k =ky :N%, [2.13]
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in which N = 1, 2, 3, 4, etc. noting that N < 0 does not change the probability of
presence; in other terms it has no physical significance. We finally arrive at:

NT
\po(x):Bsinkx = Bsinkyx =BsinTx =w?\; (x).

. . . - . L 2
B can be determined using the normalization condition, as in: IO “"?v ) dx =1

that which gives B = E , from which

2 N
W ()=, | Zsinm L. [2.14]
L L

This solution (with N =1, 2, 3, 4, etc.) replaces the solution for equation [2.8] for
a symmetric system.

For its part, energy is still deduced from equation [2.2]. With the condition
imposed by equation [2.13] on ky, we are brought to the same expression as
equation [2.10]:

EY=EY =—kj = =EN2 [2.15]

The representation of E° = f(k) is also still given by Figure 2.4 and the state
density function [n(k)] is the same as before, i.¢. as in equation [2.11].

2.4. Solutions that favor propagation: wide potential wells where L = 1 mm, i.e.
several orders greater than inter-atomic distances
2.4.1. Wave function

This problem can be seen as that of a wire, or rather molecular wire, with a given
length (L) tied around on itself as shown in Figure 2.3.

0
L +L

Figure 2.3. Molecular wire of length L
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For a point with coordinate x, the probability is the same whatever the number of
turns made, so we can write y(x ) = y(x + L) . Generally, after making » turns of
length L we would end up at the same point, so we can write W(x) = y(x +nlL)
where 7 is an integer. The boundary condition:

Yx) =y +1L) (2.16]

is called the periodic boundary condition (PBC) or the Born-von Karman condition.
When x = 0, it can be simplified so that:

W(0) = w(L). [2.17]

That several revolutions are possible means that the solution must be
a progressive wave. The amplitude of the free electrons wave function must take the
form (see Chapter 1) given by:

o) =yl (x) = 4. [2.18]

In effect, with the form of the wave being that presented in section 1.2.2, the
function W(r,t) here becomes the propagation wave ‘I’O(x,t) = fe! (kx -0t ),

which propagates towards x > 0 as k > 0. As propagation in the opposite sense is
possible, we find that k& < 0 is therefore also physically possible.

The normalization condition IOL |\pk (x )|2dx =1 makes it possible to determine

A = E For its part the condition expressed in equation [2.17] gives 0 = ikl ,
so that 1 = et , from which kL = 2Nm, which in turn means that:
27
k =ky =—N ,where N=0,+1,+2,+3,+4... [2.19]
L

(the solution for N = 0 simply gives a probability for a constant presence).

Placing these results into equation [2.18] we finally have for the amplitude function:

wy () =Wy ()= e =T L [2.20]
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NOTE.— We can immediately say that for the conditions that favor propagation, we

2
0

now have wkN (x)

0 1
= wg sz =4%= o constant value wherever along (x)
N

an electron might be. The electrons move freely, without any specific localization
(i.e. the probability of their presence is constant, whatever the value of x).

2.4.2. Study of energy

By taking the expression for k& given in equation [2.19] and placing it into
equation [2.2], we obtain:

0o R(2nY o,
E"=Ey = — | N°, withN=+1,+£2,+3, £4... [2.21]

2m \ L

Figure 2.4. Curve of E” = f{k)
for progressive solutions

E ](\), =f (k) is represented in Figure 2.4. Without taking spin into account, at
each electronic level there are two electronic states (associated with the two possible
values of N, as in N = i|N | ). Including spin, each level actually corresponds to
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four states. To put it another way, we can state that each point on the curve
corresponding to either a negative or a positive value of N is associated with two
states (up and down spin).

When taking spin into account, we also find that the degree of degeneracy is
four as each energy level can accommodate four electrons, each corresponding to
a specific wave function. Thus, at the N level these four functions are:

0 0 0 0
“"N > “"N > ‘”’N > “"N >

2.4.3. Study of the state density function in k space

Taking electron spin into account, we can now place on average two electrons

. . 2 . . .
into the interval dk = Tn There are four electrons in all, but with two in each

division. Thus, 7 (k) ZLL‘ =2, sothat with L = 1:

n(k) = L [2.22]
T

To conclude, we can see that with progressive solutions, the number of states
that can be placed in a unit interval in reciprocal space is equal to 1/m. One half of
that can be placed in stationary solutions, even though the available & space is twice
as large. It should be noted that the negative values of N and thus of k£ must also be
taken into account.

2.5. State density function represented in energy space for free electrons in
a 1D system

The curves given by E = f'(k) give a direct relation between k and energy spaces.
In the space that we have defined, as detailed in section 2.1.2, the Z(F) state density
function is such that Z(E) dE represents the number of energy states between E and
E + dE with respect to a material unit dimension (in 1D, L = 1 unit length).

Rigorously speaking, Z(FE) should be a discontinuous function as it is defined,
a priori, only for discrete values of energy corresponding to the solution of the
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Schrédinger equations [2.10] and [2.15] or [2.21] as below, respectively for
stationary or progressive cases:

2
_Iky AT P e [2.21]
2m 2m L? 2mlL?

Ey

A numerical estimation can be carried out to find the typical value for free
(conduction) electrons and, in this example, shows that Er = 3 eV (Fermi energy
measured with respect to the bottom of the potential wells).

By making L = 1 mm (which is small enough to be at the scale typically used for
lab samples, and large enough to contain a sufficiently high enough number of
particles to give a statistical average), equation [2.18] gives N~ 1.5 x 10°.

The difference in energy between two adjacent states [N+ 1] and N is thus
given by:

2 h2
(2N +1) = —2N,
mL

AE =ENyy~Ey =—
2mL

giving AE~4 x 10° eV.

This holds where Er is small and in effect the conduction electrons show
a discrete energy value that can be neglected in an overall representation of electron
energies (see below).

AEnergy
E]: 3¢V

AE [~
—2eV

—1eV

—0

To conclude, the energy levels are quantified but the difference in their energies
are so small that the function Z(E) as defined above can be considered as being
quasi-continuous around Er. Often the term quasi-continuum is used in this
situation.



The Free Electron and State Density Functions 29
2.5.1. Stationary solution for FBC

Here, as shown in Figure 2.2, only values with £ > 0 are physically relevant. £ 10

pertains to a single value (k) in & space. Similarly, £ 3 corresponds to a single value

(ky). A consequence of this relationship between energy and k spaces is that for
a number of states with energies between E and E + dE there is a corresponding and
equal number of states between k and k + dk. This can be written as:

Z(E) dE = n(k) dk. [2.23]

n(k)
aE -
dk

From this it can be deduced that Z (£) =

With E from equation [2.2], i.e. E = ;—zkz, we also equally have k& = ZZE
m

> 2 1/2
and thus % = g = 120k =h(£) EV2,

dk 2m m m

From this it can be deduced that, for n(k) given by equation [2.11] (or rather
2 .
n(k) = ;) :

Z@E)y =1 |2 [2.24]
nh\ E

Thus, when E increases, Z(E) decreases, as shown in Figure 2.5.

ZE)]

A

Z(E) dE

Z( E) ...........

»
>

E E+dE E

Figure 2.5. State density function for a stationary or progressive 1D system
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2.5.2. Progressive solutions for progressive boundary conditions (PBC)

As shown in Figures 2.4 and 2.6, here the interval dE corresponds
simultaneously to the intervals dk; (for £ > 0) and dk _ (for k£ <0).

AL

ko ky ki ko
dk _ dk.

Figure 2.6. Plot of E = f{k) for progressive solutions

As in both dk. and dk_ we can place the same number of states, it is possible to
state that:

Z(EYAE = n(k)dk, +n(k)dk_ = 2n(k )dk.

_ A nlk)
Thus, Z(E)=2 aE
dk
With n (k) given by equation [2.22], n(k) = l, we obtain: Z(E) = 3%,
n n 4L
dk

where Z—i was calculated in the preceding section.

We again find the same expression for Z(E), as shown in equation [2.24] and
thus the same graphical representation as shown in Figure 2.5.
2.5.3. Conclusion: comparing the number of calculated states for FBC and PBC

Stationary waves: FBC

n? m
Ey =——N*
2m L*
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n(k) =2
T

Progressive waves: PBC

2
(2
Eﬁ:[”sz

2m\ L
nky="
T
hZ 2
E2=2-l¥
m L
Ry T .
2 N
0 o
FINS S S
Eq S S S .y
Q n 21 3n 4n
L Li L I
N=1 2 3 4
E
» /i

Figure 2.7. FBC and PBC states
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The total number of states calculated over all the reciprocal space is in fact the
same for the two types of solution, as with the FBC there is the involvement of only
one half-space and n(k) = 2/n, while under PBC both half-spaces are brought in (i.c.
k>0 and k£ < 0) and n(k) = 1/m. It can be seen in Figure 2.7 that there are eight states
represented when taking into account spin for the two cases (four states not
accounting for spin associated with the points on the plots in Figure 2.7) with:

— k varying from 0 to 4m/L or from 0 to + 4m/L;

2 2 2 2
— E varying from 0 to [E‘(‘)]FBC = 2%%42 = %[zij 22 = [Eg

2.6. From electrons in a 3D system (potential box)

2.6.1. Form of the wave functions

Figure 2.8. 4 parallelepiped box (direct space)

We assume that the free electrons are closed within a parallelepiped box with
sides of length Ly, L,, L; as shown in Figure 2.8. The potential is zero inside the box
and infinite outside. The Schrodinger equation is thus given by:

2
Awo(x,y,z)+h—"jE°w°<x,y,z) =0.

2m

By making k2 = ?EO, it can be rewritten as: A\uo + k2\|10 =0.
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The resolution of this equation can be carried out after separating the variables.
In order to do this, we make: wo(x,y,z) = w?(x )wg(y )wg(z) and E° = Elo +

EY+E 30 . From this we can deduce three equations with the same form:

2.0
d .
a) le(x) + Z%Elow?(x) = 0, so that on making kxz = 2—';E10 we have:
dx h n

a2y (x)
x2

+kw) () =0

a9 | om

0,0 _ . 2 _ 2m -0 .
b) 2 + hszzllfz (») = 0, so that on making k;, = TTZEz we have:
W30 a0
kv () =0
a3 om0 0 o am
¢) —3—+-5 E3y3(2) = 0, so by making k; = =3 E3 we have:
dz n B

dzluo z
—d3f L k2w =0
zZ

2.6.1.1. Case favoring fixed boundary conditions
Here the FBCs are:

— with respect to Ox: \u? (0) = w? (Ly) =0,
— with respect to Oy: wg (0) = wg (Ly) =0,

— with respect to Oz: w3 (0) = w3 (L3) = 0.
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The use of these boundary limits means that we can solve these differential
equations directly from the equivalent 1D system (the boundary limits are identical
to those in the 1D system with an origin at an extremity — see section 2.3):

llIO(X’y’Z)=q]2(x,y,z)=11!2X()C)\IISV()/)WSZ(Z)
o [2.25]
= A sin nxnx sin| —~—y |sin UL ,
Ll L2 L3

T .. .
k., = o n, and n,, n, and n. are positive integers.

k, ="

T
where ksz—lnx, y =,

Energy is given by:
2
0 0 0 0 2,42 2
E”=E[ +E; +E3 =2m[kx +ky +sz
2.26
B PR PR -
2m le ’ L% d % -

2.6.1.2. Case favoring progressive boundary conditions

Analogously to the case for limiting conditions, we have:

— with respect to Ox: w? (x)= w? (x +Ly),

— with respect to Oy: \ug )= \If(z) (y +Ly),

— with respect to Oz: wg (z)= \ug (z +Ly).

The use of these boundary limits means that we can solve these differential

equations directly from the equivalent 1D system (the boundary limits are identical
to those in the 1D system where propagation is favored — see section 2.4.1):

W () =Wy nyez) =) vy vy

:AlezyA3z€lk*‘xel ek = go 1
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21

2n 2n
Zne,k, = k, = N and where n,,
3

in which AIXAZyA3Z =4 . kx = I x>y gl’ly,

n, and n, are positive or negative integers.
Energy is given by:
2 2 2 2
4

h h? n
E°=E)+E)+E? = [kf+ky2+kﬂ= n—);+—y2+n—2.
2Zm 2m| Ly Ly L3

[2.28]

2.6.2. Expression for the state density functions in k space

2.6.2.1. Where stationary solutions are favored

In 3D, we can divide the k space into elemental cells (ny, n,, n., which change
values as integers) such that their smallest variation is given by An,= An,= An.= 1
and that the sides of the smallest, elemental cell are given by Ak, = Ll,

1

Ak, = Li, Ak, = Ll The elemental cells are such that their nodes (upmost point)
2 3

are associated with an electronic state represented by a wave function given by:
0 0
Vi(x,y,z) =y, (x,y,2)
n,m n,m n,m
= A sin| =*=x [sin| X—y [sin| ==z =l|!2 W;(g Wg-
L] L2 L3 x i z

Each elemental cell thus has eight nodes, each of which corresponds to eight
states that are, in turn, each shared across eight elemental cells. Without taking spin

. 8 . .
into account, we can assert that i 1 state per cell on average. Taking spin states

into account we can now place two electronic states into each elemental cell.

The elemental cells have an elemental volume given by:

m T T TC3

Ak = Ak, Ak, Ak, = ——— =
AR N R
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where V' is the volume in direct space (starting with a parallelepiped, see Figure 2.8).

For a unit volume in direct space (V=1 given for the calculation of the state density

function), we have [AkS}V e .

Still using n(k) to denote the state density function, we can write that
n(k)[ Ak ,_, =2, sothat n(k y® = 2. In other words,

nik) == [2.29]
TT

2.6.2.2. Where progressive solutions are favored

2n

In 3D, we have Ak, = i—", Aky = i—n, Ak, = o and the elemental cells are
1 2 3

such that each has a node associated with an electronic state represented by a wave
function in the form:

Vn () =W} Wy vy =de
The elemental cells thus have an elemental volume given by:

2n2n2n  8m
Ak 3 = Ak, Aky Ak, _ L AmSm ST
LiLyLy V

where V' is the direct space volume. For a direct space unit volume (¥ = 1), we have

[Akﬂ v 87t3, and then by using n(k) to denote the state density function, we

can write that n(k)[Akﬂ v 2, so that n(k )871:3 =2, which in other words

means:

nk)= % [2.30]
41
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2.6.3. Expression for the state density functions in k space

2.6.3.1. Where stationary solutions are favored

The calculation for the state density function now denoted Z(£) can be carried
out using two different routes:

— using the correlation between k and energy spaces;

— via a direct calculation in energy space using quantum numbers.
Here we will use the direct method.

First we can note that with stationary solutions where quantum numbers n,, n,
and n, are positive, the quantum number space must be held within the first octet
(ny, ny, n. > 0) as shown in Figure 2.8a. If the problem is dealt with in 2D only, then
the space (or more exactly the plain) should be within the first quadrant, as indicated
in Figure 2.8b.

n. A
An,
, Y23
/K- o 1 b Vano ; -
- i1
A1 N
: BYA\ > >
L L My g
A 0 1 2 3 4 n,
X
7y Wi =W cin, =10, =1
(a) (b)

Figure 2.8. Nodes and states in quantum number space:
(a) 3D space with n, n,, and n.as whole integers; (b) likewise in 2D

In quantum number space, just as in k space, the cells and their nodes are
associated with electronic states that are characterized by their electronic wave

functions, as in

Vi oy le> where each is denoted with respect to its specific

quantum number n,, n,, and n.. Once we take spin into account, characterized by the
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1 1 L L
quantum numbers m; = + and mg = > these functions in fact give rise to the

electronic states

\Ilnx,ny,nz *>-

Wiy ny ng +> and

From equation [2.23], we can see that the states of the equi-energy £ = constant

are spread out over a sphere of radius given by n = constant = /%E Also, in the

quantum number space shown in Figure 2.9, the state that have energies between £
and E+ dE are spread between the spheres of radius » and n+dnr such that

n= %E and n +dn = %(EME). This gives a volume which is equal to

4mn*dn. With the quantum numbers being obligatorily positive we have restricted
the quantum number space to the first octant (where n,, n,, n. > 0) in which the
Ann>dn _ mn’dn

T2

preceding volume (divided by eight) is reduced to

v

Figure 2.9. The relation between the quantum number
and energy spaces

The number of cells that can be placed in this volume is given simply by @

when the cells have a volume given by An, An, An_ = P =1 (the quantum number

can vary in single steps in each particular direction, as in Figure 2.8). Without taking
spin into account, each cell contains eight states, but each state is shared between
eight cells, so that on average we can therefore place one state in each cell. So, again
without taking spin into account, the number of electronic states that can be placed

. TN 2d)
is thus =22
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Taking spin into account means that we can now place twice the number of
states, so that the total number of electronic states is equal to mn?dn. We can thus
finally write that:

Z(E)dE = mn%dn.

With equation [2.26] (where nzznf +n§ +nZ2 and it is supposed that

Ly=L,=L;=1 so as to have a unit volume from which the density functions can be

obtained) which takes the form of E = h n?= h—nz, we have dE = h—ndn,
8mL? 8m 4m

from which %’dE = ndn.

The result in that: mn%dn = /%Eni—de = Z(E)dE, so that:
2 12

4n(2m)’'?

Z(E) = 3 JE. [2.31]

The curve thus has a parabolic shape, as shown in Figure 2.10.

Z(E)
A

Z(E+dE)
Z(E

~—

Z(E)dE

v

E E+dE

Figure 2.10. State density function in 3D
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NOTE.— If we use the correlation between & space and energy space, we can write:

2
D gy srear "
Z(EYE = n(k)—% = n(k) =" —k2dk.
8 8 2
With k2= # we have on one side k = ZZE , and on the other

kdk = %"dE , from which we once again obtain equation [2.28].

2.6.3.2. Problem: where progressive solutions are favored (see also problems 5 and
6 of this chapter)

In this case, n,, n,, and n. are positive or negative integers and the quantum
number spaces — just as that for & — is no longer restricted to the first octet but covers
all space.

By using the correlation between k& space and energy space, we can thus
write:

n(k):L
3D 4’ ]
Z(EME =n(k)dVy =n(k)dnkdk = —k*dk,
T

from which we again find equation [2.31].

2.7. Problems

The reader is advised that if he or she has not yet looked at the basics of
statistical thermodynamics, including the use and significance of the Fermi-Dirac
function, problems 1, 3 and 4 should be attempted after reading section 4.4.3.2 of
this bootk.
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2.7.1. Problem 1: the function Z(E) in 1D

Here we are looking at free electrons in a small one-dimensioned medium with L
being equal to several nanometers. The total number of electrons is equal to N, and
the filling of the energy levels at absolute zero is under consideration.

1) What type of boundary conditions should we use?
2) Give the value of N of the last occupied level.
3)

a) If Ex(0) = Er represents the energy of the highest fully occupied level,
express the value of £ as a function of N,

b) From this and as a function of Er, deduce the expression of the total
numbers of orbitals [N(EF)] (of electronic states including spin) for electrons with
energies lower than Ep.

4)
a) Generalize the last expression for any level £ that is lower than E.

b) From this deduce the expression for the function [Z(E)] of the density of
energy states.

Answers

1) The medium is of a sufficiently small size so that we can assume that there is
a stationary regime and as a consequence the use of fixed boundary conditions,
which takes into account the presence of a node at each extremity of the system.

2) Being at absolute zero, the levels are filled as a continuum from the lowest
level N=1 to the highest. With two electrons placed into each level (each electron

has a different spin), the highest level can thus be discerned using N = N—Zt

3)

, ) e e, B 22 [y, 2
a) We can now write that £ =[EN ]N—N n = TF[T[} = |:27L[} .
-V m m

b) We thus have N(Er) =N, so that by taking the preceding equation into
account, we now have:

-1/2

oL [

N(EF):—[ } EN?
T | 2m
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4)

a) For any level £ which is such that £ < Ef, the preceding relationship retains
its validity when the level Ef is replaced by the level £ (which accords to the same
filling rules as the level Er). The total number of electronic states with energy less
than E, including spin states and denoted N(E) is thus given by:

, 112
N(E)=2_L[h } g2
T | 2m

b) The function Z(F) is such that [dM(E)], -1 = Z(E) dE (number of states with
energies comprised between £ and E = dE for a crystal with a unit dimension, i.e.
L =1), so that:

, 7-1/2
Z(E)= {dN(E)} = [£j { ’ } 2= Lom) g2,
dE L=1 T ) =1 2m mh

Here we return to the expression given in equation [2.24] and plotted in
Figure 2.5.

2.7.2. Problem 2: diffusion length at the metal-vacuum interface

The electronic representation of a metal using potential bowls with flat bottoms
makes it possible to define the work function () (of electrons) of the metal. The
origin of the potentials was taken as being the level of electrons in a vacuum at an
infinite distance from the metal with the highest energy level (last occupied level)
being in the metal (at absolute =zero temperature) and situated at
— W,. The work function is thus equal to AW = 0 — (— W,) = W,(where W, is
positive).

This level corresponds to the Fermi level Ey, which is generally defined with
respect to the last occupied band (see also section 1.3 in [MOL 06]).

The potential bowl is thus represented in the following diagram, and it is
noticeable that it no longer resembles the infinitely high potential wells. The depth
of the wells being finite means that the electrons situated at the Fermi level can now
“penetrate” the vacuum.
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0 Level of the vacuum

Ep

For a value W, =3 eV, evaluate for x > 0 the penetration length L, (of diffusion)
into the vacuum for electrons at the Fermi level of the metal (divided by e for the
wave function following the pathway L,).

Answer

For electrons that are likely to be in the zone x > 0 where ' = 0 with an energy
V=0
corresponding to that of the level Er = — W,, we have E -V = E =V . The

2 2 .
‘;‘f + h—rf(E -V )y =0 can thus be written for these

Schrodinger equation ——
X

electrons as:

d>y _ 2m
de? h?

Wy =0.

N

By making k2= %WS (with W, > 0), the solution is w(x) = Ae®™ + Be ™.
When x > 0, the boundary condition ()= 0imposes 4 = 0, so that
W(x) =Be .

X

The diffusion length L, is defined by w(x)ee “ , which is such that

W(Ly)
w(0)

=1 (divided by e for the wave function following the pathway L), and we
e
1 h

now have: L. = — = .
Yk 2mwy

Numerically speaking, with m = 0.9 x 10" kg, W, =3 eV =3 x 1.6 x 10" Jand
with 7 = 1Js, we obtain L, = 107" m = 0.1 nm.
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2.7.3. Problem 3: 2D media: state density function and the behavior of the Fermi
energy as a function of temperature for a metallic state

This section considers a square 2D metal in the Oxy plane with N atoms
distributed with spatial periodicity with respect to both Ox and Oy. The sides of the
crystal are denoted L, and L, and are such that L, =L, =L =(N+1)a = Na as N is
very large (N >> 1). The mono-valent atoms placed at the lattice nodes each liberate
a free electron, which are thus present in numbers given by N, = N?, to which there is
N, N:?

a corresponding electronic density givenby N, = TR

1) For the reciprocal space (k space) indicate:
a) The dimension of an elementary cell.
b) The form of the equi-energy curve.

¢) Which surface the electrons are placed on that have energy less than or
equal to a given value of E.

d) The maximum number of electrons that can be held in a unit surface.

¢) The maximum number N’ of electrons with energies less than or equal to
a given E, where N'=f[N, a, m, E].

2)

a) Determine the expression of the energy states density function (Z(E) = g[m, E]),
and conclude.

b) Calculate the Fermi energy at absolute zero EF(0) defined by
EF(0) = Emaximum for 7= 0 K. What is the relation that exists between £F(0) and

Z(E)?

¢) Numerical application: using ¢ = 0.3 nm, calculate the value of EF(0).

d) Given that the integration is J'Epi :Eéj +1{1+“2p+..}, obtained
o = T Lt
I+e \Eg
from N, = ISQ Z(E)f (E)E , where f(E) is the Fermi-Dirac function given by

f(E)= El YT (see section 4.4.3.2 if needed), show that the Fermi energy
1+e [L

kT

EF(T) for a 2D crystal is strictly independent of the temperature as in EF(7) = EF.
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Answers

1

2
a) We have (Ak)? = Akx - Aky = (Ak)2 27 27 = (i“) ,
Ly Ly L

b) The energy of free electrons is given by E = ? . In the & space, where
m

2mE . V2mE . .
k = hnz , the energy is constant for &k = h"; = constant (equation for a circle
ofradius R =k = 2han ). The cells distributed around the circle contain electrons

with a given equi-energy E.

c) Electrons with energies lower than a given value E are thus spread around
2mE
hZ

the inside of the circle surface with a radius &k = =constant, and surface

2mE
value Tk 2 = n%.

2
d) In a unit surface, the number of surface cells [i—nJ that we can place are
1 12 .
such that: = [2—] . The maximum umber of electrons that can thus be placed
T

(=)

2
are (with two electrons per cell) 2x [;} .
I

e) Electrons with energies less than E are distributed on the inside of the circle

2mE 2mE

of radius &k = and of surface mk? = n7. On this surface, we can thus

distribute a maximum number of electrons equal to:

2
L 2mE 4dmtmL? 4dntmN 2a?
}x{nm }: mml? o _4mnNa®

N'=2x {—
2n n? h? h?

It should be noted that in order to attain the maximum number, the probability
that each cell can be occupied by two electrons should be equal to unity.
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2)

a) On taking spin into account, each state corresponds to an electron (non-
degenerate problem). Thus, the maximum number N’ of electrons with energies less
than E is equal to the total number of states existing between 0 and the energy E.

The state density Z(E) is such that the number per unit surface N/L? of energy

states below E are in accordance with: % = J'(f Z(E)dE, from which

d(NVL? 4
( ) ,sothat Z(E) = A _ ™ constant.
dE R

Z(E)=

The function Z(E) is thus a straight line in 2D space.

AE)

1
A

Constant

E

b) When E = EF(0), all states below EF(0) are occupied by Nt = N? electrons

of the system, and therefore [N '] =N, =N2. Given the expression

E=E;(0)
obtained in Question 1(e) for £ = EF(0), we thus have:

, 4mmN *a?
[V g, 0 = B = N
from which:
h? Th? N2
Ep(0)=——=——=

Atma®  ma*  L*Z (E) .

¢) Numerical application. With @ = 0.3 nm, we obtain EF(0) =2.7 eV.

d) With Z (F) = %2(0) , we can thus write:
F
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N2 <
e = | Z(EY (E)E = J(EXE,
L g LEF(O)(J;

from which £ (0) = [°f (E)dE, so that:

o 1 p=0,y=E . [kT
EF(O)z(j) EF(T)[ - leE = EpT)[1+0]=Ep@).
l+e kT \Ep(T)

2.7.4. Problem 4: Fermi energy of a 3D conductor

Show that the Fermi energy EAT) of a 3D conductor described by a free
electrons model is practically independent of temperature. In order to do this,
consider that the total effective number of free electrons in a 3D conductor is ..

1) For any given temperature 7, determine the relation N, = f(EAT)) by using,
just as for the 2D conductor, the fact that N, = jgo Z(E)f (E)E , with

_ I T EPaE _ p+l[ 1 mp
f(E)_l(E_EF(T)j and '[[E ]—EO [ﬁ+67\(2+:|
+exp| ——— 0 v —-1
kT I+e LEO
2) For T=0 K, find the relation N, = g(Ery) wWith Ery = (Er)7r-o k.

3) Express Er as a function of Er. Conclude, knowing that the value of the
Fermi level for a metal is often of the order of 3 eV.

Answers
1) We have N, = [ Z (E)f (E)E , so that with Z () = 4"(2’”’ an2m'? (from

equation [2.28] for the 3D model)we can write Z(E) =Ac\/E with

an2m)>’2
A =
3

¢ . Hence, we can write:
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w gl oo g2
= . —d = .
Ne A‘(I) E-EpT) E A‘O Ep@) E | aE
l+e T l4e T LEF@)
p=1/2
Y=E£,(T)/ kT ) 21 kT2
3/2 gL
= AJERO] | Tt
3 62EXT)

2) At absolute zero, the number of electrons is unchanged. The levels are simply
filled up to the Fermi level with an occupation probability of 100%. Using Er, to
denote the Fermi level at absolute zero, we can write that:

Ero Fro 12 2 30
N,= | Z(EYE =4, | E"'"dE =§ACEF0.
0 0

3) Using the equations for N, obtained in response to questions 1) and 2), and
equating them, we obtain:

[Ep@)P2| 2+ LR | o2
3 62ER(T) 3 0
from which
2 k2T2 _2/3 2 k2T2
8 Ef(T) 12 EA(T)

In terms of numbers, when Ery = E{T) = 3 eV, T = 300 K (so that £k = 8.6 x
10° eVK " and kT = 2.6 x 10 eV), and the corrective term required is:

2047 ¥ m2(kr Y
r I 258 %1070 eV
2\ E,T)) 12| Epy
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The value of the corrective term is negligible with respect to the 3 eV of the
metal Fermi level. We can thus assume that the position of the Fermi level is
practically independent of temperature, at least within reach of ambient
temperatures.

2.7.5. Problem 5: establishing the state density function via reasoning in moment
or k spaces

Derive the aforementioned equation for the state density function in 3D but this
time by:

1) using the space of moments (p) wherein Hesienberg’s relation can be written
with respect to a specific direction, for example x so that Ax - Ap, = h; and

2) in k space where the use of Heisenberg’s relation can be made and justified.

Answers

1) In 3D, Heisenberg’s equation is written: Ax Ay Az Ap, Ap, Ap. = h3, SO
that by making V' = Ax Ay Az (space within which the particle can move) we have:

h3
Apx Apy Apz :V_'

A free electron placed in a potential of zero exhibits a relation between E and p

2
that is: £ = 2’7—. Quantum states for energies between E and E + dE in moment
m

space are situated between spheres with radii p (= +2mE) and p + dp. The volume

between two spheres is 4mp2dp. This volume can hold a number of cells of volume
4mp2dp

Ap® = Ap,Ap, Ap. given b
\p” = Ap.Ap, Ap. g Y 3,

By making /' = 1 (to obtain a given density) and recognizing that we can place
two electrons per cell, the state density function Z(£) is such that

Z(E)YE =2- A ;dp . The differentiation of p?=2mE gives 2pdp = 2mdE,
h

from which 2p2dp = (2m )3/2 E''2dE , and we directly obtain:

m 3/2
Z(E)E = 41{—2] EV%E.
h
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2)With p =nhk, we have Ap, =hnhAk,, from which Ax -Ak, =27

3
(Heisenberg’s other equation!). From this we deduce that Ak, Ak, Ak, = (2m) .

This relation is identical to that deduced for the quantification with progressive
ik x

boundary conditions (PBC), where for a free electron we have vy, (x) = 4e

(x +L)

vy (x +L) = Ae™F) | from which <L =1, so that k L =2m(n), so that

between adjacent values of n, k, varies by Ak, = 2L—n This result makes it possible

to justify Heisenberg’s equation, as L is the space Axin which the electron can
probably be found.

In k& space, the volume for energies between £ and E + dE is situated between the
spheres of radii £ (=« 2mE / h) and k + dk, equal to a volume of 4mkdk. Into this
4tk dk
@) /v

volume we can place cells, so that to obtain the state density function when

E . 2mE
V=1, we have Z(E)dE = ok fk electrons. With k2 = —rhnz , we can state that
T

dE . .
kdk = mhz , and we once again obtain:

m 3/2
Z(EYE = 41{—2] EV2E.
h

2.7.6. Problem 6: general equations for the state density functions expressed in
reciprocal (k) space or in energy space

1) Based on the reasoning given in problem 5 question 2, show how it is possible
to write the 3D relation between the state density function in energy [Z(E)] and the
state density function in & space [n(k)] in the form:

Z(E)E = j' n(k)d 3k, detailing the significance of 8V (E).
3V (E)

2) For theories more refined than that based on the free electron, the dispersion
equation for E(k) can be quite complex, making the determination of 8V (£) more
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difficult. Show how the following general equation for 3D space can be derived and
detail the significance of S(E).

Z(E)= 1 das
47‘[3 S(E)‘gradkE‘

3) What happens to the preceding equation in 2D? Apply it to free electrons to
obtain the equation for Z(E) as found in question 2 of the preceding problem 3.

Answers

1) By definition, the density function of energy states Z(E) is such that the
number of states with energies between £ and E + dE is given by Z(E)dE. For free
N2mE

h

electrons (where E = hz—k, so that k = ), the corresponding energy volume
m

is situated in k space between two spheres of radii k£ and k + dk, that is, of volume
dV = 4nk*dk. The transition from the function n(k), i.e. the state density in k space &,
to the function Z(E) — the density of state in energy space — is thus given via the
equation:

Z(E)AE = n(k )Ank *dk .

Given that n(k) = % (see equation [2.27]), we once again find the equation in
4m
problem 5, i.e. Z (E)dE = %.

For free electrons, as n(k) is a constant in £ space (equation [2.27]) we can thus
write that Z (E )dE = n(k)j5V(E)d3k where IBV(E)d3k = Atk *dk .

SOV (E) thus represents the volume of reciprocal space between the surface S(F)
of the equi-energy E and the surface S(£ + dE) of the equi-energy E + dE.

In more general terms, if n(k) varies with k, the preceding relationship should
thus be written as:

Z(EME = [ n(k)d’k.
SV (E)
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2) The elemental volume d 3k can be seen as the product of elemental surface
d’S carried through area S(E), in other words the surface of the equi-energy E in
reciprocal space through the space between areas S(E) and S(E + dFE) along a line

normal to S(E). This normal S(E) is collinear to ﬁi «E so that we can state that:

dE

3 2 2
d’k =d’s -|grad k|dE = dSW

Placing this in Z(E)dE = k)dk  wh ky=""'. ti
acing this in Z(E) ISV(E)n( ) where n(k) g (equation

independent from the dispersion equation), we have Z(E)E =

o ISV (E) ‘gradkE‘ dE , from which:

2= d*s
47'133 S(E)‘g’”adkE‘

where S(E) is the surface of the equi-energy E in reciprocal space.

NOTE.— We can quickly verify the veracity of equation [2.28] for free electrons.
Here, in effect we find:

1 d’s 1 d’s
ZE)=— | === ] RiGsEn)
4 S(E)‘gradkE‘ S )T
1 i d*S 1 4mk?  4mk _ 4m \2mE 4n( w2 JE.
Calsin T a4 e e B

m

3)In 2D, n(k) must be such that n(k)[Akz]S:1 =2, so that with

2m2 4 1
[Akz]S 1 LTLZL_I ={;L ]=471:2 we have n(k)=_ . Analogously to



The Free Electron and State Density Functions 53

question 2, and on accepting that the equi-energy surface S(E) becomes an equi-
energy line L(E) in 2D, we have:

1 dL
T L (E)|grad; E

Its application to free electrons makes it possible to again find the equation for
Z(E) previously given in the answer to problem 3. In effect, we now have:

dL | 2k m

27‘52 L(J;?)‘@kE‘ ) 21‘52 hzl - 1'l',h2
m

Z(E)= = constant.




This page intentionally left blank



Chapter 3

The Origin of Band Structures within
the Weak Band Approximation

3.1. Bloch function

As presented in Chapter 1, the weak bond applies for electrons placed in
a periodic potential, as represented in Figure 3.1.

3.1.1. Introduction: effect of a cosinusoidal lattice potential

For a free electron — in a zero order approximation — the potential is that of a flat-
bottomed bowl (as indicated by the line through the nuclei in Figure 3.1). For this
system, already studied in Chapter 2, the potential (potential energy) is such that
V=1"=0, and the Schrodinger amplitude equation is:

2m
hZ

A\|10+ E\uo =0.

With this and by making k*= zh—TE, it is now possible to write solutions in the

form WO =™ for the wave function, and £ = E 0= zh—zk2 for the energy. Thus,
m

at this level of the zero order approximation we have a parabolic form representing

E=f(k.
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Potential energy A
(origin at a nucleus)

Vix)=w(x)

2m
=WyCO0S—X
a

0

Figure 3.1. Curve of the potential energy w(x) =w, €OS 2—ﬂx , showing that wy <0
a

The perturbation of potential by the lattice generates a periodic potential, as we
have seen in Chapter 1. The first term of the Fourier series gives a first
2n
approximation, as in V. = V' = w(x) = w, Cos—-X. The wave function is thus
also perturbed. It takes on the form of a Bloch function which, as detailed below, is
ikx
e

of the form vy, (x) = lpou (x) = u(x ), where u(x) is a periodic function (with

a period equal to that of the lattice).
3.1.2. Properties of a Hamiltonian of a semi-free electron
In the approximation of a semi-free electron, the equation in proper terms,

Hvwy = Ev, is such that with V' =w  cos 2" ¢ we have:
a

B n? d2>y
2m dx?

+Vy=Ey,

so that in addition:

d>y
dx?

2
+7m(E -V )y =0.

The semi-free electron’s Hamiltonian is therefore:

hZ d2
H=-———+V(x) with ¥V (x)=V (x +a).
2m dx2
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We can thus deduce that H(x)=H(x+a) as V(x)=V(x +a) and

d? a? o d d  d(x+a) d
— = because, in simple terms, we have — = = .
dx d (x +a) dx d(x+a) dx d(x +a)

We can consequently conclude that a semi-free electron’s Hamiltonian is
invariant with respect to a translation (7,) of modulus a.

Using the properties established in Chapter 1, the search for the proper
Hamiltonian functions associated with a semi-free electron can in fact lead us to
search for the proper functions of the translational operator 7.

3.1.3. The form of proper functions

We will denote the proper functions of translation operator 7, as y (x).

They will be such that:
Tawk (x) = Cr.aVk (x)

where ¢y, is a proper value of operator 7,.

Depending on the definition of operator 7, we also have:
Ty (x) =y (x +a).

Now, let us try and obtain the precise form of the coefficients ¢ ,. In order to
do this, we will apply two successive translations of modulus a; and then a, to the

function yy, (x).

In this example we will use a; =a anda, = —a so that the application of
operator T, T, results in a return to the departure point and thus leaves function

Yy (x) unchangled. We can thus write that:
To Wi (x) =cp qWy () =Yy (x +a)
(Ta, T )i 06) =Ty @y Wi () =Ty, (g 0 Wk (¥)) = Cp € W ()
Ty Ty Wi (x) =Wy (x +a—a) =y (x)

jck,—ack,a =1.
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Ty Wy (x) =y (x +ap)

4 a,

Vi @ > (Taz on)wk ) =y (x +a +ap)

An acceptable solution is ¢; , = e™@ as it is in accordance with the preceding

iy —ika ik
condition as e %™ =1.

Finally, the equation for the proper values can be written as:

Ty (x) =™y (x).

Now, let us determine the form of the proper function Wy (x) of a semi-free
electron (in first-order approximation). In order to do this, we can first of all note

that the zero-order solution is of the form wg (x)= ¢™ . To reach the first-order

(1)

approximation (where the function is denoted by W, ’(x) =y (x)) the solution to
the function of the zero order must be perturbed by a function u(x) such that:

1 .
w0 2w 00 = Wl 00 e ) = e*u ).

Now we need to find the form that gives u(x). To do that, we look at the proper
%y (x) with the
condition that u(x) = u(x + a). These functions are called Bloch functions. In effect,
we have:

functions Wy, (x) that can be chosen in the form y, (x)=e

_ ika
a

S e B _—
Ty (x) =cp Wi (X) = Cra€iux) = e"™e™u(x)
and =
[we ), oo™ e]
Twy (x) =y (x +a) =

u(x)=ulx +a).

eik(x +a)u(x +a)
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To conclude, the proper functions for the semi-free electron are in the form

Wi ) =e™
period equal to a, the lattice repeat unit.

u(x) and are called Bloch functions. Function u(x) is periodic with a

3.2. Mathieu’s equation
3.2.1. Form of Mathieu’s equation

The form of this equation is that of the Schrodinger equation where

Vv =wocosﬁx. By denoting the mass of the electron as u we thus have the
a

following Mathieu’s equation:

2 2
d\u+_u[

2
PR E—wocos—nx}u=0. [3.1]

a

3.2.2. Wave function in accordance with Mathieu’s equation

Following on from Bloch’s theorem, Mathieu’s equation should be written

v (x) =e™
unit. On introducing the angular frequency ® that is tied to the repeat unit of the

u(x), where u(x) is a periodic function of period a, the lattice repeat

lattice by equation a = z—n, it is possible to develop the periodic function u(x) as a
(O]

Fourier series, such that:

u(x) — zAne—in(Dx
n

. . w —1.
where n is an integer and 4, = [, u(x)e " dx.
2m o2

(O]

To within a normalization factor (4,), the function . (x ) must therefore be in
the form:

n#0

vy (x) = e {1 + Y A, e7inex } [3.2]
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In equation [3.2], the first term (associated with unit 1 of the square bracket)
corresponds to the zero-order wave function of an electron (\ug (x) e k¥ ), and
can perhaps be seen as the principal part of this wave function. As a consequence it
is possible to write (still within the normalization term) that:

v (x)=e® 4 3 4, kromx [3.3]

n#0

From this we can deduce that:

d , .
Nk _ k™ + 3 i(k - nwyd, e’ k—nox

ox #0
2y | " | [3.4]
2/( — _kZelkx _ z (k _nm)zAnel(k —nm)x )
ox n#0

nk?

The solution for zero order energy E, written as £ 0= , can be introduced
m

into equation [3.1], so that we then obtain the energy E as a precise function of E°
and bring in the term [E — E°] (which is a small term for the first order term). This
gives:

d>y
dx?

2
{h—‘:(E —EO—chosmx)+k2}u=0. [3.5]

Substituting equations [3.3] and [3.4] into equation [3.5] gives terms in k % ihox
that cancel out:

d? 2

w+k21y+ M[E EO—wocos(DxJ\u 0, k2™
dx? h?
and hence we can now write that:

: 2 ,
> 4, el knwx [kz - (k —nm)2J+—L;[E -E° —wocosu)xJe’kx
"0 ¢ [3.6]

2
% Z[E Eg Wocoswx]A pi(k=no)x _
h n#0
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In equation [3.6], the third term brings in the coefficients (E —EO)An and

which are second-order terms, as (E —E°), w and [4,,] _  are all small
n#0

terms of the first order that can be neglected in an approximate calculation. This is

W()A

no

because to zero order, the energy is E 0 the potential energy is V' =V 0=0, and
the development of wave function is constrained to the single term for 4, so that

[An ]n #0 = O’

Mathieu’s equation is now reduced here to:

2u
”

3 A, O (2 [k — noP] +

[E ~E% —w cosax :|eikx =0. [3.7]
n#0

The resolution method, i.e. to obtain coefficient 4,, (of the development of ),

—i (k —m)x

is to multiply equation [3.7] by e and then integrate over a repeat unit, in

other words from 0 to a.

—i (k —mw)x

Thus, the first step, multiplication by e , gives us:

i 2 .
Z 4, [kz—(k _nm)z]ezwx(m—n) +h_!':'|:E .y —WOCOS(Dx:|elmwx -0
n#0

Here though we should note that:

— the only term of the first sum which does not cancel itself out on integration is
when m = n, and corresponds in the summation to the coefficient 4,,. The value of
this term after integration is:

I 2 27 2 2
({Am[k (k - mw) ]dx Am[k (k - mo) Ja

—ad,, [kz —k? —m2a? +2km(n}

=2mwad,, [ _mTw}
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— [y (E ~ENe™™ gy =0;

— the second term will be different from zero only for terms in cos? that will be
obtained when m = 1.

Thus, we can conclude that except for 4; and 4_; the coefficients of A, are all
zero.

When m =1, we have (noting that _[g cosoxe’ P dx = jg cos2mxdx +

i [ coswx sinxdx = %):

=0

u o a .
203““11(" —%) =—L2Lwoj’cos0)xe’wxdx =Ly oa
h

0 n’
g [3.8]
=>4 =—F.
th(n(k - 8)
2
Similarly when m =—-1 we have:
a
—2wad_ (k + gj = 2—;J'w0_|'cos(nxe_’ % dx
awg [3.9]
= A—l = -
20%0(k + 2)

Finally, within a first-order approximation, the form of equation [3.2] for the
wave function is now limited to:

—i x imx
y=eh |1y L0 ¢ . [3.10]
2n*w k—% k+%
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3.2.3. Energy calculation

Here we are seeking to determine the term (£ —EO) introduced into
> and then integrated from 0

i

equation [3.6]. The expression is multiplied by e~

to a. Stepwise, we obtain the initial multiplication by e ¥ which gives

; 2
> A, [k - (k —nm)2]+h—!j[E -E° —wocosu)xJ
n#0
2 B
i > [E -E° —wocoswaAne ner =0
7 20

— The first sum integrated is zero.

— The second integrated term gives %(E -E O)a (and now we realize that if we

had restrained equation [3.6] to [3.7] we would have simply found E=E’, which
would not have given £ in this new approximation).

— As only 4 and A_; are different at zero, the third and final sum gives non-
Zero terms:

2w @ y ‘
— =y o[ cos o [Ale O g el de =AM A
PO n?
__Mwo’a 1
o | k-2 Kk +2
2 2
_ /.t2W02a(D
2h4m(k2—22)
4
We finally obtain:
2 2 02 2
h—/:a(E—EO)— HWod E-E0=_ 40 [3.11]
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2
so that with a = —n:
O
[3.12]

When deducing equation [3.6] from equation [3.7] to determine the coefficient
A,, and coefficients 4; and 4, (the latter are also used in the determination of £ —
E%), we made the assumption that the terms for 4, were small (and importantly a
posteriori A, and A_,) much as [E — E°]. The results confirm that the assumption was

reasonable except when £ is close to +™ When k =+ we can see that [E - E°
a a

(in equation [3.11]) and 4; and 4 ;| (equations [3.8] and [3.9]) become very large.

A direct calculation is thus required for these values when &k = +" We will now
a

look at the calculation of energy when k = + 7
a

3.2.4. Direct calculation of energy when k = *

Q|3

In this calculation we will limit ourselves to the case of k = ~. The other case,
a
k =-", leads to a similar result. Following from the preceding example
a

(equation [3.5]), we can see that when & = T, only coefficient 4, is large: the other
a

A, coefficients remain small. Hence, the only approximation made this time outside
of what remains a direct calculation gives us a new form of equation [3.3] (still
within a normalization factor) for the wave function:

v (x) =™ 4 gt Km0 [3.13]
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With % = k2™ — (k —w)* 4’ ¥ ¥ | Mathieu’s equation [3.1] can be

written as:

—k2e™ —(k —co)zAlei(k o) +il—'lz(E -wy cos mx )e'F

i(k —m)x

+h—tlA1(E —w  cos X Je =0.

This equation can be rearranged in the form:

2
{h'u(E —W COSMX ) — kz} ihx

2 .
L;l 1(E —wgcosox) — 4y (k —w) } k- g,

To resolve this equation and determine the energy, we again use the general
principles that were applied to Mathieu’s equation. That is, we successively multiply
the equation by ¢ ™ and then by ek -0) (the conjugated terms of the
imaginary exponentials in Mathieu’s equation), each time integrating the obtained

equations over the range 0 to a. Thus, the two following equations are obtained:

2uE
[ a kzj 4,20, ¢ [3.14]
2 72
2E
—”;VZOHA{ ;2 —(k—w)z}mo. [3.15]

In order to ensure that these two equations are compatible, the determinant of the
system must be equal to zero. This gives the following relation (which can also be
obtained by eliminating 4, from equations [3.14] and [3.15]):

2
(_2”’5 —k j(Z”E [k - o) ]: L [3.16]
fi2 h2 h4
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4
On multiplying the two members by %, we obtain:
U

27 2 oL _ 12 2
(E_’”‘ J[E_—h [k — o] }W_O, [3.17]
2u 2u 4

. 2
so that when k = ™ (and using ® = —n) we have
a a

from which we find:

a wo
E = +—. 3.18
Hk—f T [3.18]

NOTE.— When k =—", a similar set of calculations will yield the same energy
a

values as found in equation [3.18].

3.3. The band structure
3.3.1. Representing E = f (k) for a free electron: a reminder

For a free electron (in a zero-order approximation), the potential is considered to
be like a flat-bottomed bowl (¥ = = 0 where a horizontal line passes through the
nucleus depicted in Figure 3.1). As shown in Chapter 2, the progressive solutions for

this system are in the form = (wave function) and E = E° = ;’—kz
m

(energy). E =f'(k) is thus shown as being parabolic at a zero-order approximation.
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3.3.2. Effect of a cosinusoidal lattice potential on the form of wave function and
energy

3.3.2.1. When k is very different from +7
a

We have seen above how the wave function is given to the first order by equation
[3.10] and corresponds to a progressive wave. For its part, the energy is given by

Hwo?
4h2[k 2—”—2]
a2

parabolic form shown in Figure 3.2 by the presence of the term

equation [3.12], as in: £ =F 04 . This curve is taken away from the

“wo’
4h2[k2—n—2]
aZ
3322 When k =+~
a

3.3.2.2.1. Evolution of energy

. . . . n2k>?
Noting that the expression for energy obtained at zero order is £ 0 - S we
u

can insert this into equation [3.12] to obtain an energy equation for when & =+

2|3

n :[EO} L+ 20 [3.16]
n i
a a

Figure 3.2. Curve E = f(k)
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We can thus see in Figure 3.2 (where k values are quantified according to
k

, =n2m/L) that as k tends towards T the energy moves away from the value
a

given in equation [3.8] and tends towards:

lw |

—1g0 _
(E1,_n =[E")_n ="

a a

In algebraic terms, as wy < 0 (see Figure 3.1), we should write that E tends
towards:

w(z)
o la) wo
2 2 2

_ 10
(] = =[E"] _

213

a

As k increases towards the value ™, energy passes abruptly to the value given by:
a

and then increases so that it closes in on the curve given by the relation:

Hw o
4h2(k2—n—2).

a

E=E"+

3.3.2.2.2. Stationary form of wave functions when k£ = *

2| a

When k =", the wave function given by equation [3.9] is in fact in the form:
a

n 2%
ik i (k —) i"x "(f—*}c i -i %
Wy (x) =Adge™ + 4’ Y =Adpe ¢ +4e =Ape ¢ +Ae ¢

2n .. . .
where w = == and A4, is introduced as a normalization factor.
a
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LT
1 —X

In fact, the function for the incident wave (amplitude term Age ¢ ) and the
7iEx
reflected wave (amplitude 4je ¢ ) is a stationary solution (see also, for example,

Chapter 6 [MOL 07b]). Found by calculation, this result can also be determined
using more direct physics (see section 3.4), where a greater understanding of the
forbidden bands is possible. This is because the two stationary solutions (in terms of
cosine and sine in section 2.2.2) —and each for a solution in energy — define the
values in which a forbidden band resides. Their energy difference is equal to the
width of the forbidden band (or “forbidden energy”) of the material.

3.3.3. Generalization: effect of a periodic non-ideally cosinusoidal potential

In the most general of terms, the potential interacting with the lattice must be
seen as simply periodic (with the period being that of the lattice repeat unit). It has
a form P(x) that is non-ideally cosinusoidal, which up till now has been introduced

. . 2
using the function V' (x ) =w  cos Tx.
a

Equation [3.1] can thus be written as:

d? 2
LR -Peyv =0,
dx? h?

and as such corresponds to the general form of Mathieu’s equations. The general
method to resolve these equations is similar to that shown in section 3.2. The
periodic potential P(x) is thus treated as a Fourier series that brings in the terms

cos nwx = cos2mn . It is thus possible to find that in the wave function expression,
a

coefficients 4, and 4_, are non-zero and not small when £ is close to +"  These
a

discontinuities, which decrease as 7 increases, occur for energy values found around

2u

We thus obtain a representation of the energy bands, as shown in Figure 3.3.
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Figure 3.3. E = f(k) with discontinuities when k = tn — that decrease as n increases
a

3.4. Alternative presentation of the origin of band systems via the perturbation
method

3.4.1. Problem treated by the perturbation method

For a weak bond, the perturbation potential V' (x ) =w  cos 2Ty can be assumed
a

to be small (the amplitude w, is small) and hence the perturbation method widely
used in quantum mechanics can be applied. If y° represents the wave function of the
non-perturbed state characterized by the energy E°, then the energy of the system
perturbed by the Hamiltonian perturbation Hp; (= V(x) in this case) is given by:

E=E"+Ey where Ep=AE = <w0|Hpert|\p0>.



The Origin of Band Structures 71

3.4.2. Physical origin of forbidden bands

a1 ——a—»

~

q ._

<'_/ <+«—a4 »
0

Figure 3.4. Bragg reflection for a 1D crystal

Figure 3.4 shows a periodic chain subjected to an incident ray, which is reflected
by the atoms of the lattice. There is an additive wave interference following
reflection if the difference in step (A) between two waves is equal to a whole
multiple of the incoming waves wavelength. For a 1D system, the value of A
between wave 1 and wave 2 following reflection is given by A = 2a so that only
incident waves of wavelength (A,), such that A=2a=nA,, will give a maximum

reflection. With the wave vector module being k= 2711’ the incident waves which

undergo the maximum reflection (otherwise known as diffraction) are also such that:

k=k,=—=n—. [3.19]

In other words, they satisfy the Bragg condition.

For a weak bond, we can assume that the incident wave associated with an
electron in the bond is only weakly perturbed by the linear chain and that its
amplitude can be written using a zero-order approximation, that is in the form:

\|12 =Aeikx'

The time-dependent incident wave is thus [‘Pg . t)ine. = Ae' k¥ =01 Thig is

the expression for an incident plane progressive wave moving towards x > 0.

When the equation k=k, is precisely fulfilled, then this incident wave

[‘Pg (x,8)]ine. =Ae! F¥ =00 g reflected as a wave propagating towards x < 0 and

is given by [‘Pg (1) e, = Ae! k¥ 00 The superposition of these two types of

waves (incident and reflected) establishes a stationary wave regime. This regime has
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two solutions (symmetric and asymmetric, as established in section 2.2.2) that can
be written, to within the proximity of a normalization coefficient, as follows:

nm

nTm
+i—x —i—X > nT >
Yroe |e @ 4e @ |e7'® =cos| —x | e [3.20]
a
and
nm nm
3 +—x X (nm it
Y < |le @ —e a |77 =gin| —x |e ) [3.21]
a

These two wave function equations for electrons that conform to k=k,=n"
each have a corresponding presence probability, that can be written as: “

A A cosz(ﬂxj [3.22]
a
and
0 =W e sin? (ﬂx} [3.23]
a

For the same given value of %, Figure 3.5 shows the presence probability densities
denoted p*, p~ and p, which are for electrons with stationary wave ¥, stationary wave

¥, and progressive wave [ (x,t)] = 4 ol _“)t), respectively.

Given its shape, for p the progressive wave is constant. When k=k,, this
progressive wave can only exist when neglecting the effect of reflection on a lattice
with a spatial period equal to a, i.e. with the zero-order approximation V=" =0.
Also, when V' # V, this type of wave can only exist when & # k,,.

For example, when k=m/a, function W' has a spatial period given by

A= [z—n} = 2a, whereas p' takes on the form \‘P+\2 < cos?lx o< 1+
k dk=n/a a

cos " x , in other words its period is determined by the term for a period given by a.
a
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p(x)

P = constant

| -
L
: : — X
«— atomic nucleus

Figure 3.5. Electron presence probabilities p', p-, and p for the stationary
waves ¥, W~ (when k=m/a) and the progressive wave, respectively

Figure 3.5 shows that when k=m/a:

— p' has its maximum concentration of electrons close to the nuclei. This
configuration has the lowest average energy (w') as the Coulombic energy is
negative and has a high modulus due to the short distance between the electrons and
nuclei;

— p~ has a maximum concentration of electrons midway between nuclei. This
configuration has the highest energy (w") as the Coulombic potential has a low
modulus and the distance between electrons and nuclei is greatest;

— p is equal to a constant due to an equal spread of electrons at an intermediate
distance from nuclei and, correspondingly, displays an intermediate energy which
approximates to that of a free electron.

The existence of two physical solutions, ¥ and ¥, with the same value of &,

(k=k,=nT) generates two values for energy when in the presence of a periodic
a

potential such as P(x). Figure 3.6 shows the energy dispersion curve, i.e. E=f (k). In
the zero-order approximation (free electron with P(x)=7"=0), the problem is
a degenerate one with solutions in sine and cosine for the same single energy

E® = n2k2/2m.

In the presence of a periodic potential, the gap between the two energy values is
equal to an energy “gap” given by Eg=AE — AE"=w — w". This is the so-called
forbidden band as there is a flip (for the same value of k=k,) from the energy w" to
w™. The calculation of E¢ using perturbation theory is detailed in the following
section.
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A o/
E E

v

0 L |
a a

Figure 3.6. Plot of E = f(k). A zero order approximation (which assumes a perturbation

potential of V(x) =0 as interactions between electrons and the lattice are neglected) results in

nk?
an energy given by E'= Et The effect of the lattice, through reflection at atoms in the
m

periodic chain of electron waves, is to give two energy solutions (w" < w ) for each value of

. s
k oasink=k,=n=.
a

If k is significantly different from the values given by k, = n”, the wave
a

function takes on a progressive form with two types of propagation being possible
(towards the left or the right), each having the same energy value. This is the
degenerate value of E° when V= F° =0, and it remains degenerate in the presence of
the periodic potential /(x) # 0 and has a value given by equation [3.8].

3.4.3. Results given by the perturbation theory

3.4.3.1. Simple estimation of the size of the forbidden band, with k| = kil
a

The functions ¥ and ", normalized over a 1D chain containing N atoms such
that N+ 1 = N and thus of length L =N a, are such that, with £ = I.
a

2dx = 1,sothat ¥¥(x)= \/%cos(ﬁxj
a

L
P(x)

=Na
[ 4
0
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_ /2
2dx = 1,sothat ¥ (x) = zsin[zxj.
a

The energy gap is thus equal to Eg=w~ — w’, so that on applying the result
gained from the perturbation theory presented in section 3.4.1, we obtain:

L=Na
[ 42
0

Yo(x)

Eg =AE™ —AE* =w ™ -w? = <\P“V (x)“P_>—<‘P+ V(x)“I’+>
2wy L 2
=0 [cos (—nxj {sinzﬁx —coszEx }dx
L a a a
L L|1+cos ( nx)
2w i 2w @
———Ojcosz[—x]dx = | z dx =-w,

Finally, we obtain E; =— wy. This is a positive value as wy is negative, as can be
seen in Figure 3.1, where the energy curve reaches a minimum at the nuclei.

Thus, with Eg=|wg|, we can conclude that the higher the value of |wy|, in other
words the stronger the electron-lattice interactions, the greater the forbidden band.
The origin of the forbidden band is thus from the rise of degeneracy in

7-[2

k =T from the initial energy level F 0= ?‘122"—2 caused by periodic potential V(x).
a m

The two proper functions W~ (x) and y*(x) thus have corresponding energy

levels denoted w™ and w" separated by E; =|w|.

3.4.3.2. Degeneracy of the restricted problem, with k # kil
a

With these values of k&, the wave function is progressive. In the zero order, the
wave is given by:

W (x 1) = Ade ¥ e (E I _ gt =i (E [
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or

‘P;(x,t):Ae*ikxefi(E/h)t =y efi(E/h)z’

where A4 = 1/ JL for normalized wave functions that satisfy 1= <\|Ji

+
Wik > =
j'OL |A |2 dx = |A |2L. The energy correction made by inserting the (cosinusoidal)

potential of the lattice is zero, so that in effect we have:

AE* =(wi [ )

L . ,
WZ> _ J'|A|Zelka (xk_lkxdx
0
L L L=N
=|A|2 IV (x )dx = |A|2w0jcosz—nxdx = aO
0 0 a
and similarly

- ek B
AE _<q; ‘V(x)‘q! >—|A| E|)'V(x)dx—0.

We thus finally have:
AET =AE™ =AE* = 0.

There is no longer a rise in degeneracy for & values (in contrast to when k=1m/a)
asnow with k # = wehave E¥ =E~ =E* + AE* = E°.
a

When £ is very different from 7/a, this result is practically in agreement with that
given by equation [3.12] where the second term is in effect negligible.

When £ is close to m/a, the calculation becomes too crude to give a precise
expression for the energy where the second term of equation [3.12] is non-negligible
(small denominator). We must therefore abandon the use of the zero-order wave
function in calculations using the perturbation method and turn to equation [3.10]
where a first-order wave function is used, even though the use of the expression is in
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itself debatable for values of & close to m/a. For these values of k, where the use of
stationary solutions could be justified, the perturbation method still does not allow
a more exact determination of the energy as the stationary solutions are periodic and
the energy corrections terms are thus calculated as being zero.

3.4.4. Conclusion

To conclude, we can see that the use of perturbation theory is useful when

k =" as it makes a simple calculation of the gap value possible, and enables us to
a

physically determine the origin of the forbidden bands. When k # . the
a

perturbation method used in a simple calculation is not sufficient, and it is rather the
resolution of the Mathieu equation that is required.

Put simply, we can note that at the level of zero-order approximation, the
solutions for the wave function are given by y=Ae*™ (where the + sign comes
from degeneracy of the problem that in turn results from the physical possibility that
the electronic wave can propagate in one direction or another), and the stationary
solution . = cos(kx) or y,=sin(kx) is obtained by a linear combination of the two
exponential solutions. We can also note that these stationary solutions can be seen as
real or purely imaginary parts of progressive solutions. In fact, the stationary
solutions can only be obtained when the wavelengths (A,) of particular electrons in

a 1D lattice satisfy the relation nA,=2a so that k, = n” from equation [3.19].
a

Given that it is these waves that are reflected from the crystal, the electrons cannot
propagate as their wavelengths are commensurable with the lattice period. The result
is the establishment of a system of stationary waves (one with sine and the other
with cosine forms).

So, when the wavelength A of an electronic wave is large, or rather, k=2m/A is
small, the electrons only weakly sense the effect of the periodic potential V(x)
generated by the atom cores (shown in Figure 3.7a). The wave functions (Figure
3.7b) thus evolve relatively free of ¥(x) and at the limit (A — o) can be thought of
as being completely disconnected. This results in a constant presence probability
across the whole lattice (see also Figure 3.5, which shows how the density
p =constant as a solution for a free electron).

In contrast, when A is small and k& moves towards the values k=zm/a, the
functions ., and \, (see section 3.4.2) tend towards " and y~ (with period 2a as
shown in Figure 3.7¢c). For these functions, amplitudes of the presence probabilities
(of period a) evolve exactly with variations in V{(x) as these probabilities are centred
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on or between atoms (see Figure 3.5). These two very different functions,
represented physically as presence probabilities with maximums out of phase by a/2
when k=m/a, corresponding to two different energies that are separated by an
“energy gap” denoted by AE = E; and shown in Figure 3.6.

V(x)
T a

() WR III/'\&\IU /'\\ smallxx
NYEANY \

s
=+
a

SN AN LN ANTEN /
VAAVIAVIAVIAVES

Figure 3.7. (a) Periodic potential V(x); (b) functions w,and y; when A is large; (c) functions y'*
and w~when Ais small and k = 7wa; and (d) functions " and w~ when Ais small and k = 2a

When k=% 2m/a, functions y* = cos(z—nx) and Yy = sin(z—nx) have the
a a
period given by a while the period of their presence probability is equal to a/2.
In general terms, when k=z1nm/a, the period of the wave functions is 2a/n

(=2n/|k]) and that of the presence probability is a/n. The wave functions and, more
particularly, their presence probabilities (for the different k& values) are in perfect
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accordance with the terms in cosnmx = cos2nn >~ (of period a/n) of the Fourier
a

series development for the periodic potential interacting with the lattice P(x) (see
section 3.3) and give rise to degeneracy in k==tnm/a.

3.5. Complementary material: the main equation

The central equation, as far as band theory is concerned, is the Schrodinger
equation in which the crystalline potential ¥(x) can, in its most general form, be
written as a periodic potential (with the period being that of the lattice) and where
Yy (x) is a Bloch function. The Schrodinger equation is the most widely applied in
band theory.

3.5.1. Fourier series development for wave function and potential

In 1D we have V(x)=V(x + a), that is, a periodic function with a period that can
be developed as a Fourier series:

21
G,=—m
oo G ] a
V(x)= z vmel ,,,Xj with 1 X,ta
m==e Vi =— j e 1Oy (x )dx .

Xo

Taking into account the symmetry of the problem, as given by v, =v_,, and by
choosing an origin for the potentials as being such that vy =0, we can write that:

Vix)=ve+ 3 v, (% + sz)_sz cosG,,x.
m>0
m=l—+oo

For its part, wave function y (x) is a Bloch function that is periodic but where
the period is equal to L, i.e. the complete length of the crystal. So, by using the
periodic Born von Karmen conditions we have:

(x +L)

v () =e®ux) =y, (x +L)—el u(x +L).
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As also shown in problem 1 in section 3.6.1, this function y, (x ) does not contain
the perjod a. As u(x)=u(x +a)=u(x +a+a)=--=u(x + Na) [with L=Na], we
have ¢t =1, so that k =k, = (2m/L)n, and the wave function y(x) is thus written
as:

n
Foo .
Vi) = Y cuett with le+L .
== I ek, xlpk(x)dx.

X

2
K =Tnn andn=0, +1, +2...

3.5.2. Schridinger equation

. . h* 02 o
This equation, - . axw Vy=FEvy, becomes, on substituting the
developments for V" and y, ==, k2 Cne’ ke

n? 2 kx iG._x ik x
— 2 ket 43y et Y e et
2m m n

h2 . . ;
— ; Zkicnezk"x + zzvmcnez(k”+Gm x Ezcnelk”x
m pn

m n n

In most classic textbooks k,=K and G,,=G, so that the preceding equation is
written as:

iKx +ZZVGC(K)ei(K+G)x _ EZC(K)e[Kx
G K K

n? . .
Then we make EK 2 = Ag . It should be noted that the preceding equation can
only be satisfied if the coefficients in front of the same Fourier component are

. . . Kx . .
identical. The coefficient €'~* is obtained for the left member’s second term when

i (K +G )x le

K also assumes the value (K — G) (because [e ). For each

]K =K -G —
given value of K, we should therefore satisfy the following equation:

)\’KC(K) + %:VGC(K_G) = EC(K),
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so that:

(}“K —E)C(K) + %VGC(K—G) =0.

This is called the central equation due to its pivotal role in solid state physics.
Given that the addition over G should, a priori, account for an infinite number of
terms, its resolution may at first appear difficult. However, the rigid decrease in the
coefficient v means that only treatment of the first two or four G vectors of the
reciprocal lattice are required. If in the development of }(x) we only bring in the two

. 2 . .
smallest G vectors, given by G = tg = i—n, the only v; coefficients which come
given by - y

into play are Vap =V 5 =V

a a

3.5.3. Solution

For a given value of k in the first zone, the group of equations for the system
only account for the coefficients denoted c(), c- ;) which represent the different
vectors of the reciprocal lattice. The initial problem is therefore to resolve N
independent problems, each one for a permitted value of & in the first zone.

Finally, the possible values for the energy will be obtained by writing that the
determinant of the preceding linear system of equations must be equal to zero. This
is because the system of linear equations under consideration (that carry unknowns
given by the coefficients denoted by c¢) only have solutions if the determinant is
zero.

3.6. Problems

3.6.1. Problem 1: a brief justification of the Bloch theorem

The wave function of a semi-free electron placed within a periodic potential (and
of a period such that the dimension of the crystal is given by L=N a) is given by

ll!k (x) — eikx kx
determine the condition that the function u(x) must satisfy:
y

u(x), where ¢™ is the zero order solution (free electron). To

1) Write the condition that imposes the interaction potential on electron presence
probability. From this deduce the wave function that satisfies the relation
Y(x +a) =Cwy(x), in which C is determined and is written for N times over.



82  Solid-State Physics for Electronics

2) By comparing the expression obtained in the paragraph above with that giving
the progressive boundary conditions (PBC), deduce the condition on u(x).

Answers

1) The periodicity of the potential energy involves the periodicity of the electron
presence probability, as the electron perceives the same interaction before and after
a displacement that is equal to the lattice period. We can thus write that:

e =i +a)f. [3.24]
This means that the wave function must satisfy a relation of the sort given by:
w(x +a)=eMyix) [3.25]
which can be rewritten as
Y(x +a)=Cwy(x) [3.26]
having made
C =e [3.27]
Equation [3.26] N times over gives us:
y(x +Na) =CVy(x). [3.28]

2) In addition, the periodic Born von Karmen conditions (also called the PBC)
can be written for a 1D material of length defined by L=N a, as:

y(x + Na) =y(x), [3.29]
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from which identification with equation [3.28] finally yields cV =1. C thus
appears here as an N root of the unit so that:

c =exp[izfij, [3.30]
N

where n=0,1,2,..., N-1.

The comparison of equation [3.30] with [3.27] shows that A must therefore of the

27
form A = —n.
N

Finally, seeking y(x) in the form

v (x) =e®u(x), [3.31]

kx

is quite legitimate as the zero-order solution is given by lyg (x)= e™ | and results

in finding:

©) . .
VW (x +a) = o +a)u(x +a) =e™e®y (x +a)
2) (5)

Sy e Yy ) = u() =u(x +a)

M i
=e N e™u(x)

with ka = i]—nn, so that k was of the form k, = =~n = ~—n.
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3.6.2. Problem 2: comparison of E(k) curves for free and semi-free electrons in
a representation of reduced zones

The representation of E(k) within a system of smaller zones, with the help of

. 2n . .- . . .
a translation of modulus n == (where n is a positive or negative integer), makes its
a

tracing for a domain possible in k£ where k € [—E,+E]
a a

1) In question 2 below, where we will see if k' is a wave vector outside of the
interval [—§,+S}, the use of a translation of modulus ‘/f ‘ =n 277: makes it possible
to bring the extremity of the vector k (defined by k =k'+A4) into the interval
[—g, +§} To justify such a geometrical transformation, show — in particular — that if
in k' the Bloch function is given by y; «(x) = ey % '(x), and in k if the new wave

function yy (x) = ey « (x) isstill a Bloch function that describes the new state.

NOTE.— In Chapter 5 the chosen vector A is in fact a base vector of the reciprocal lattice.
2) Trace the relative positions of the reduced zones for free and semi-free

electrons with respect to an initial trace of k in the domain [—3 T3 E].
a a

Answers o

1) We first introduce the vector k =k '+ A4 in a simplified form for one
dimension, £ =k '+ A4, into the expression for y, (x ) where u, (x) is a function
that has the period denoted a of the lattice and that satisfies the equation
up(x) =uy (x +a) as Y, (x) is hypothetically a Bloch function.

With k'=k—A, we have lukv(x)zeik"xukv(x)zeik'x [e_iA'xuk(x)J:

eikxuk (x), if we make u; (x) =e 4 u, (x).
in 2nx in 2n(x +a)
) » —in" —in" .
As A=n"", wehave e ™¥ =¢ @ =¢ a =e IA(XM), so that
a
uy (x)=e_iA'xukv(x)=uk (x +a). The result is that the function w,; (x)=
ik.

e" u; (x) is a Bloch function, as we have shown that u;, (x) has the periodicity of

the lattice.
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Chapter 4

Properties of Semi-Free Electrons, Insulators,
Semiconductors, Metals and Superlattices

4.1. Effective mass (m*)
4.1.1. Equation for electron movement in a band: crystal momentum

4.1.1.1. Preliminary comments: free electrons

As the internal potential energy of free electrons is zero, the Schrodinger

L . dry | 2
equation is written as ~ © + "
dx* o h

2

Ewy =0. We have seen in Chapter 2 that it is

possible to write energy (purely kinetic origin with V'=0) as E =E, =

2 2 2
PRk (where p =mv’) when making k2 =
2m 2m
(where N is an integer), and the quantification of k results form the application of the

limiting conditions to the function y. From the relationship we can deduce that:

2mE
%. In fact, we have k=ky

p=mv =hk. [4.1]

Vector 7k, called the crystal momentum, is equal to the quantity of electron
movement when, as here, we are studying electrons. If a free electron is under an
external electric field denoted E, then it is subject to a force given by F;m = —gE

that results in a variation, given by dp, in its quantity of movement, itself given by

the dynamic fundamental equation. As the total force (FT) experienced by free
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electrons is only the external force, with no contribution from the internal force, (it
is assumed that Viyerior =0) then:

h— = —qE. [4.3]

4.1.1.2. Semi-free electrons

When these electrons are subject to an external force, we again find F,,, = —gE.
The electrons are assumed to move within a permitted band and have a velocity

given by v, = ‘;—kw. The Bloch functions being extended over all space means that at

a given instant an electron is localized in a wave vector that is not much different
from the average wave vector denoted k. The permitted energy is given by E = h,
so that:

1 dE

v e p—
& hdk

where E is tied to k by the so-called dispersion relation £ = E(k).

We thus have:
—on one side, dE = hv g4k (deduced from the expression for v,);

— and on the other, dE = —qEv ,dt (obtained after stating that the variation in
the energy dF is equal to the work produced by an external force given by —¢E).

From this we have:

dk = ——dt,
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so that in terms of vectors:

dk L
h—=—qE =F
dt ¢

[4.4]

Xt -

Nevertheless, unlike free electrons, the crystal moment for semi-free electrons
hk differs from the quantity of movement given by p = mv,. Semi-free electrons

are simultaneously subject to both external (ﬁext = —¢E) and internal (ﬁim) forces,

the latter being due to the interaction of electrons with internal potential F(x)
produced by lattice ions. In place of equation [4.2] for free electrons, the
fundamental dynamic equation means that for semi-free electrons we now have:

v, L@ g
g
£ F. =h—0:. [4.5]
di <

F,

ext VFne =Fp =m

The upshot is that p = mv,

free electron is different from its crystal moment.

# hk and the quantity of movement of the semi-

4.1.2. Expression for effective mass

With the internal potential and, more importantly, the instantaneous force
working on a semi-free electron being unknown for an external observer, we can
write an equation that replaces the dynamic fundamental equation. This new

equation ties the excitation (the electric field E that generates the external force
given by Fext =—gE) to the response of the electron in terms of its displacement

(characterized by the velocity ‘7g ):

_ vy
dt

[4.6]
The coefficient denoted m* thus introduced has the dimension of mass and is
called the effective mass (or effective masses).

We thus have:

4 6 >
(_) ﬁ(:)m*dvg

dt dt

ext — 5
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from which we derive:

1 dE 1 d°E
where v, = ——, so that —S = ,
& ndk dk hodk?

and finally we obtain:

m* = —. [4.7]
dk>

hk > d*E  ®?

NOTE 1.—For a free electron where FE = , we have =—, and
2m dk ? m

equation [4.7] gives m = m* in a result that would seem physically correct, given

that for a free electron we have Fi, =0, or rather Fey = Frrop =m Yy =m™*y.

NOTE 2.— For a 3D problem, if the function E(k) is anisotropic in space, then the

n
effective mass is a tensor with the components m; i where i and j are
iy

Cartesian coordinates (i, j=x, y, z).
4.1.3. Sign and variation in the effective mass as a function of k

4.1.3.1. Preliminary comment. the curve of E = f (k) for the dispersion relation

presents a horizontal tangent at the zone limit (in k =n E)
a

In effect, at the zone limit, the solutions for the wave function are in stationary
form (see W' and W~ in Chapter 3) and have no propagation. As a consequence,
the velocity of the group at the zone limit is zero:

v g ]zone limit = 0

ae E=ho 4
and sowith — = h— = hv_, we have:
dk dk g
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dE
{_} - h[vg ]zone limit =0. [4.8]
dk zone limit

A longer, more mathematical demonstration is detailed in problem 1 at the end
of this chapter.

4.1.3.2. Sign of the effective mass at the zone limit

E A

tangents to J.' |

|

.‘I
horizontal ingents at
\ the qurve | |

the zongrlimit

Figure 4.1. Dispersion curve and sign of the effective mass

At the zone limit (k = iﬁ), the dispersion curves £ =f (k) present a horizontal
a

tangent following equation [4.8].
TC+

For values of k slightly above ™ (in ™ where we are at the bottom of the
a a

band), the curve E=f (k) is above its tangent as at this point the second derivative is

2
positive, i.e. % >0, and according to equation [4.7] the effective mass of the

electron at the bottom of the band is therefore positive.

For values of k slightly above ™ (in *— where we are at the top of the band), the

a a
curve E=f(k) is below its tangent as at this point the second derivative is negative,
ie. “:TEZ < 0, and according to equation [4.7] the effective mass of the electron at

the top of the band is therefore negative (Figure 4.1).
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4.1.3.3. Variation in the effective mass as a function of k

In general, we can state that when the curve £=f(k) gives an inflection point,
we have d?E/dk?=0, and for the corresponding values (for example in
k =+m/2a in Figure 4.1), the effective mass tends towards infinity in agreement
with equation [4.7]. Equation [4.6] indicates that at this point the electron does not

accelerate when acted upon by only the external force ﬁext'

In 3D crystals, m* only takes on an infinite value in a given direction; in the
other directions, its value is finite.

When k=0, the dispersion curves of free and semi-free electrons are the same
and m =m* (Figure 4.2).

Ea

.;7/

T B e

Gt At g
| >
3 om m O g m ok
I 2a4 2& |
a a 4 ﬂk f
| I |
| |
| |
| |
I m

P E

Figure 4.2. Plot of m* = f{k)
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4.1.4. Magnitude of effective mass close to a discontinuity

This subject is also covered in problem 2 later on in this chapter. When effective
masses close to a discontinuity are experimentally determined using cyclotron
resonance where we can apply:

qB

m*

(DC
in which B is the magnetic field.

4.2. The concept of holes
4.2.1. Filling bands and electronic conduction

The energy levels at absolute zero are progressively filled, bottom up, to the
highest permitted energy level, by electrons that are distinguished by their electronic

state, that is, by their electronic wave function |w N i) determined by their quantum

number (N) and spin. If the number of electrons generated by the medium is just
sufficient to entirely populate the permitted energy levels of a given band, then this
band is described as being full. With all the electrons having been used up, the next
band is empty.

In the full band a slight external perturbation, such as an electric field or
a thermal excitation that does not carry enough energy to move electrons from the
full to the empty band, cannot change the total spread of electrons. This is because
there are no energy levels free within the full band to accept electrons. The resultant
current density is thus zero. Electrons can swap places but cannot give rise to
a resultant electronic transport.

A more mathematical demonstration of this property is shown below. In effect,
given the definition of the current density vector we can write that:

j=— 2 Vi(k)
ke full
band

Then by using the fact that in 1D we have (see section 4.1.1.2) v, = T and

vectorially v, = % grad, E (k), the current density becomes:
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- e _— -
J=—— 2 grad; E(k).
N ke full
band

With the functions £ (k) paired in respect of k (see Figure 4.1), we have

> gr?ik E (k) =0, so that the current density produced by a full band is zero,

ke full
band

as in [j ]ﬁﬁid =0.

4.2.2. Definition of a hole
We will now look at a band that is missing just one electron, that is, a material
with a band that when full has # electrons and where the electron is lost from the top

of the band, given the filling rules. From the conduction point of view, the state has
(n — 1) electrons of the material, i.e.:

[material with (n — 1) electrons] = [material with n electrons] — [one electron].

The electron removed is from the band summit, and is a particle with charge —e
and negative effective mass, as in ( —e, —|m*|) particle. We can thus write:

[material with (n— 1) electrons]=[material with n electrons] — [(—e, —|m*|)
particle].

With the conduction of a material with n electrons being zero (full band), the
preceding expression can be rewritten simply in terms of conduction:

[material with (n — 1) electrons] =— [ (—e, —|m*]) particle].

Taking part of this expression and combining it with the contribution due to the
conduction of a particle of charge +e and with effective mass +m*|, i.e. (+e, +|m*|)
particle we can then write that in terms of conduction:

[material with (n — 1) electrons] = —[(—e, —|m*|) particle] — [(+e, +|m™|)
particle] + [( +e, +|m*|) particle].
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The first two terms of the second member can in effect be stated as:

(e, —|m*)) particle] — [(+e, +im*|) particle] = —[(~e +e, —|m*| +m*)
particle] = 0, as this particle has zero charge and zero effective mass.

The definitive conduction term can thus be written:
[material with (n — 1) electrons] = [(+e, +|m*|) particle].

It is this particle with a charge denoted +e and an effective mass +|m*| that is
called a hole. The generalization of the preceding reasoning makes it possible to
state that if p electrons are removed from the energy states at the top of the band in a
material, then we have, in terms of conduction, a material with p holes.

Figure 4.3 shows, for a given electric field going from left to right, the direction
of the vectors ﬁext,?, v, f associated with the transport of electrons and holes (at

different energy levels in the permitted bands). We can see straight away that
electron current density vectors at the base of the permitted bands and of holes at the
top of the band (of course) are going in the same direction.

Foi =qE | Yy=—Fy | v I - -
| * I Y I J < qv
= } } }
T T T
g
5o | | |
z 5 | | |
< 8
g © | ‘ . | |
S | ] ]
........................ Vo forbiddesv baundy
1) " AL Y //////r///W////
S ’ Ry /ﬁ:’ et /////I: R AEETREE )
(=] =} LA il dddd (FEP PP PP PP PP rrry & LA
2 < ///////////////////////:jf'///////////////////////////r/////////////////////////// LA A7
< O CrP PP PP P r PPy ///////////////////////////I://///////////////////////// A7
> B s R RN i rp FYVEY 0 i Vi T TTTTT T T TS

Figure 4.3. An electric field applied from the left towards the right (E — ). The direction
of the vectors Fext , YV, f is shown by:

— the arrowe————— for electrons with charge q = — e and effective mass m* < () at the
band summit and m* > 0 at the bottom of the permitted band, and

—the arrow @————— for holes of charge q = +e situated by definition at the summit
of the permitted band (effective mass +|m¥*|)
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4.3. Expression for energy states close to the band extremum as a function of
the effective mass

4.3.1. Energy at a band limit via the Maclaurin development (in k =k,=n r )
a

Around k = k, the Maclaurin development for the energy (£) can be written as:

OE (k —k,)? [ 9°E
Egy=Eq,) +(k = ky) (gjk AR [_akz : [4.9]
n kn

[4.8]
As in k = k) we have a horizontal tangent (as [j—f] = 0) while the
k=k,

h2

ﬁ [4.7], we obtain using equation
(0°E [0k *)

effective mass is defined by m*= m*=

[4.9] when k = k,:

2

E(k) =E(kn)+ (k —kn)z. [410]

2m*

Note that this is the expression that replaces the expression E = z—k obtained
m

for free electrons.

NOTE 1.— In the neighborhood of the zone center, where n = 0 and k, = 0, we thus
find:

2

E(k) = E(ko) + k2. [411]

2m*

NOTE 2.— Equation [4.10] for the energy of an electron can be given as a function of
|m*|. In this case we can write that:

hZ
Egy = Eqy t —(k —k,) [4.12]
(k) k,) 2l n

where the + sign is for m* > 0, that is, an electron at the bottom of the band, while
the — sign is for m* < 0, meaning an electron high up the band.
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4.4. Distinguishing insulators, semiconductors, metals and semi-metals
4.4.1. Required functions

Insulators, semiconductors and metals are discerned by the way in which the
energy levels are filled by their electrons, the latter being characterized with respect to
their electronic state (orbital wave function and spin, or so called “spin-orbit” as in

|l|! N i)). For a rigorous treatment, we should determine the (available) energy state

density function for semi-free electrons, denoted Z(E) and the occupation probability
function, similarly, denoted F(E) for these energy states in the different bands. The
function produced, n(E) = Z(E)F(E), thus represents the density function of occupied
(full) electronic states for each energy level (E). Also, n(e)dE represents the number of
electrons per unit volume for which the energy is between £ and E + dE.

In an original and simplifying step, we can state that for n(E) possible filling
configurations, each results in a particular electronic behavior and these behaviors
can be classed with respect to four types of material, i.e. insulators, semiconductors,
metals and semi-metals.

4.4.2. Dealing with overlapping energy bands

Generally, in a representation of £ = f'(k), shown in the upper part of Figure 4.2,
the last band to be totally occupied by electrons is called the valence band. Its
highest energy level is denoted E. The first empty or only partially occupied band is
called the conduction band. Its lowest energy level is signified by Ec. However,
when looking at 2D or 3D materials, it is no longer possible to see £ simply as a
function of K=k, as in Figure 4.2 (that is, traced for a 1D system). In effect, the
propagation wave vector k for each electron can be specified for each direction of
propagation which might be listed as 1, 2, 3 and so on. This means that for the
directions x, y and z of a material with optical/electronic axes Ox, Oy and Oz, there
are different k values, i.e. ky, &y, k3, etc. The upshot is that different representations
of E=f(k) must be made for each direction. For example, say that direction (1)
corresponds to the direction x used exclusively until this point. Along with this we
have another direction (i) that has no specific alignment. In Figure 4.4 we can see
how the representation of £=f(k) can give rise to two different positions for the
band limit energy levels denoted E); and E¢; for direction (1) with respect to the
energy levels £y, and E¢; for direction (1). Specifically, in case o (Figure 4.4b) we
have Ey, < Ey; < Ecy. Thus there is a resultant forbidden band in the crystal, of a size
given by AE = E-| —Ey; =Eg. In case P (as in Figure 4.4b), we have Ej; >
E¢ and the forbidden band disappears because the energy levels of the conduction
band of direction (1) start filling prior to the valence band of direction (i) being
totally filled.
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Figure 4.4. Plots of E = f(k;) for: (a) values of Ey; and E¢; fixed by a given direction kl;
(b) the resulting cases o and [with different positions of Ey; and Ec;

Generally, when the forbidden band appears, it has a size given by the minimum
value of AE obtained from the difference between the minimum value of all the
energies at the bottom of the conduction band (£¢;) (for all directions j = 1, 1, etc.
under consideration) and the maximum value reached by the highest energy of the
valence band (£};) (again for all directions j = 1, /, etc.).

4.4.3. Permitted band populations

4.4.3.1. State density function Z(E)

As we saw for free electrons in Chapter 2, the state density function can be
defined either in wavenumber (k) space (reciprocal space) or in the energy space
given by E. For the latter and in 3D space, the relevant expression is given by (see
also equation [2.31] in Chapter 2):

Z(E) =:—’;(2m)3/2\/f. [4.13]

For these free electrons, where there is no interaction potential with the lattice,
the function Z(FE) is thus parabolic.
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For semi-free electrons or holes, the interaction of carriers with the lattice means
replacing the mass (m) of free electrons with the effective mass of the carrier under
consideration. Semi-free electrons, which have an effective mass denoted by m,*, are
distributed in the conduction band from the bottom up, the bottom being level E¢
rather than zero energy, as would be the case for free electrons. The state density
function can be calculated just as for free electrons, with the exceptions that m and
(E — 0)=E are respectively replaced by m.* and (E — E¢). Equation [4.13] now takes
on a form shown below as equation [4.14]. This equation also shows a parabolic
evolution for energies such that £ > E¢ (see Figure 4.5).

Ze(E) = :—’;Qme*)”\/w “Eo). [4.14]

Similarly, semi-free electrons are distributed in the valence band from the
summit of the band, i.e. £, downwards so that the state density function is parabolic
towards energies, such that £ < Ej. With function Z(E) still being positive, it is the
absolute value of the effective mass that must be brought into play, so that we now
obtain:

z, (E)=2—’3‘(2 m, 2 & —E). [4.15]

To take these differences into account, if we denote the band limit by E, (so that
E, is equal to either E¢ or Ey), and make m* the general term for the effective mass
of the carrier (be it electron or hole), then the general expression for the state density
function for all types of carriers is:

Z(E) =:—’§(2|m*|)3/2\/|E “E,| [4.16]

We can now represent the overall evolution of the state density function Z(E) for
electrons in Figure 4.5, where just as in section 4.4.2 we can distinguish two specific
situations:

— case o0 where there is no band overlapping and there is an energy gap such that
AE = EG;

— case P where there is an overlap of valence and conduction bands and as
a consequence a suppression of the forbidden energy zone.
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Figure 4.5. State density function for semi-free carriers
where there: (@) is no band overlap; and (f)) is band overlap

4.4.3.2. Occupation probability function F(E)

Fermi-Dirac distribution is necessary when describing the distribution of
electrons (or holes), as it governs the quantum behavior of a range of specific
particles:

—under thermodynamic equilibrium;

— without mutual interactions; and

— likely subjection to an external field.

This is in effect a Boltzmann distribution modified by a condition due to the
Pauli principle. Using Fermi statistics (details of which can be found in most

courses on thermodynamic statistics) the occupation probability of a given energy
level E by electrons is described by the Fermi-Dirac function (where Er is Fermi

energy):

F,(E)= [4.17]

1+ exp(E;fF)

This function is such that F,(Er) =1/2. When T=0K we have F, (E < Er) =1 and
F, (E > Ep) = 0 (see Figure 4.6b). When T# 0K, we obtain the result plotted in
a continuous line in Figure 4.7b.
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Figure 4.6. At absolute zero, a qualitative evaluation of the function n(E) from functions Z(E)
and F(E) when Er is localized mainly in the middle of the forbidden band in a system of:
(@) non-overlapping bands, and (f) overlapping bands

To obtain the distribution law for holes denoted F,(E), we first note that a given
energy level E is either occupied by an electron or occupied by a hole (electron
vacancy). This trivial condition is transcribed as F,(E) + F,(E) = 100% = 1, so that
we can state that:

-1
FyE) = 1 -F,(E) = 1- {l+exp[%ﬂ . [4.18]

This function is such that F,,(Er) = 1/2, and when T =0K we have F, (E < Ep) = 0
and F, (E > Ep) = 1 (see Figure 4.6b). When 7 # 0K, we find the representation
given as a broken line in Figure 4.7b.
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Figure 4.7. For T # 0K, qualitative evaluations of the function n(E) from functions Z(E)
and F(E) when Er is well localized in the middle of the forbidden band for a system
of bands that: (¢) do not overlap; () overlap

4.4.3.3. Electronic densities in the permitted bands: distinction between insulators,
semi-conductors, metals and semi-metals

If n(E)dE represents the number of electrons per unit volume having energy
between E and E + dE, the electronic density n(E) is equal to the product of the
number of available states between E and E + dE (or rather Z(E)dE) and the
occupation probability F,(E) of these states. This can be stated as n(E) = Z(E)F,(E).

Similarly, for holes we will have a density p(E) given by p(E)=Z(E)F,(E). The
equations for these densities will be developed in the second volume entitled
Electronics and Optoelectronics of Materials and Devices. For now, we will limit
ourselves to qualitatively studying the filling of permitted bands.
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4.4.3.3.1. When at absolute zero

In Figure 4.6 the Fermi level is placed broadly in the middle of the gap —
a position that will be justified later on for semiconductors — however, it can be
found in the permitted band as in the case of certain metals.

Qualitatively, at absolute zero, when there is no band overlap, as in case o on the
left, the last occupied band is totally filled (valence band) while the following band
is totally empty (conduction band) as in Figure 4.6¢. The electronic gap Es (width of
the forbidden band) is thus determined by the difference in energy between the base
of the conduction band (E£¢) and highest point of the valence band (£)). When this
gap Eg = Ec—Eyis:

— sufficiently large (typically > 5 eV) to stop significant passing of electrons
between bands by thermal agitation k7 (Figure 4.7), the material is considered to be
an insulator;

— sufficiently narrow (typically <3 eV) to allow significant passing of electrons
from the valence to the conduction band by thermal agitation k7" (Figure 4.7), the
material is considered an intrinsic semiconductor.

Qualitatively, at absolute zero, when there is a band overlap, as in case 5 on the
right-hand side of the figure, all the levels below Ej are filled while those above
remain empty. This partially filled band is in reality a conduction band. The position
of the Fermi level at absolute zero £(0) is thus defined by the equality:

E:(0)
j' Z(E)dE = Z density of electrons in the conduction band
E

pot

where E, is the potential energy at the base of the conduction band. In fact two
situations can be distinguished in this latter situation:

— either the overlap of the bands is weak and few states are involved so as to give
a semi-metal; or

— the overlap of bands is strong with many states involved and we have a metal.

Outside the case presented in Figure 4.6 where the Fermi level is in the center of
the forbidden band, we should also consider the case where Er is found within a
permitted band. In this situation, the states of the permitted band are filled up to the
level Er and then bands above E are empty. With the occupied states not separated
from the empty states by a forbidden band, we have a metal.
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4433.2. When T # 0K

Here the function Z(E) is not modified, while the Fermi function does not
suddenly pass from a value equal to one to being equal to zero (and vice versa) in
E = Ep. The change occurs progressively, more so as 7 increases.

In case o on the left-hand side of Figure 4.7, there is no overlapping of the
bands. We can now see that there are states at the top of the valence band (VB) that
are unoccupied (partially filled band) while there are some states at the bottom of the
conduction band (CB) that are becoming filled. The movement of electrons from the
valence to the conduction band is even greater when Eg is small (as in
semiconductors) and when the temperature is high. With the total number of
electrons remaining constant in a given volume, the number of empty levels in the
VB must be equal to the number of filled levels in the CB. Because function Z(E)
varies as a parabola in both the heights of the VB as well as in the depths of the CB
and function F(F) is symmetric around the Fermi level (at point Ef, '2), the Fermi
level must be placed well near the middle of the forbidden band so that the empty
and hatched surfaces shown in Figure 4.7c of the VB and the CB, respectively, are
equal, so that:

1
EF :E(EV +Ec).

In case P on the right-hand side of Figure 4.7, where there are overlapping bands,
the abrupt transition at 7 =0K between the full and empty level is considerably
smoothed at 7 # OK. The permitted band levels remain partially empty and the
metallic or semi-metallic behavior is retained when 7 # 0K, regardless of temperature.

4.4.3.3.3. Conclusion

A normal representation of the band scheme is given in Figure 4.8, where we are
now dealing with an intrinsic semiconductor. The electronic and hole state density
functions, n(£) and p(E) respectively, are detailed.

Other band representation schemes are used, in particular that of reduced zones
(see also section 3.6.2). Instead of representing the dispersion curve £ =f'(k) over all

variations in k£ (which would bring in various values of k as in & = r 23,32, etc.,
a a a
for which we would see the discontinuities shown in Figure 4.2 for insulators and

semiconductors), the £ = f'(k) is represented simply for values of & between -" and
a

+". However, this is also for the whole energy range brought into the zone given
a



Properties of Semi-Free Electrons 105

by [—E,-kﬁ]. The curves represent energy with the help of an appropriate
a a

translational modulation of the form + 1 2™ (translation modulation equal to that of
a

an appropriate vector of the reciprocal lattice so that the translation conserves its
Bloch function properties in each zone. This is further described in Figure 4.9 where
the number of each zone is also shown.

A

(a) (b) (c) concentration

(d)

Figure 4.8. (a) Band filling for a intrinsic semiconductor, (b) state density
functions, (c) occupation probability functions, and (d) concentration functions

The representation shown in Figure 4.9 is that of a 1D medium (see
section 3.6.2) when the extremities of the curves are at k£ = 0. In a 2D or 3D media,
where the overlapping zone is not necessarily in the same direction, we can end up
with the schemes shown in Figure 4.10. In the direction &, where the lattice repeat
unit is denoted by a, the various zones are brought back into the zone defined by the

interval [0,+E] Similarly, in the k, direction where the lattice repeat unit is
P )

denoted by b, the various zones are brought back into interval [0, + g] Figure 4.10a

thus represents an insulator/semiconductor (lower band full and upper band empty at
T'=0K), Figure 4.10b for a metal with the last occupied band being partially full
(leaving free the upper part of the band where electrons can move when influenced
for example by an electric field), and Figure 4.10c for a semi-metal due to the weak
overlap of bands.
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Figure 4.10. Band structure for: (a) an insulator with a fully occupied
last band; (b) a metal where the last occupied band is only partially filled;
and (c) a semi-metal with band overlap



Properties of Semi-Free Electrons 107

4.5. Semi-free electrons in the particular case of super lattices
A practical example can be given using the problem below.

A heterostructure is based on three pieces of semiconductor (SC) as shown in the
figure just below. A thin SC; slice of thickness denoted d along 7z and in the order of
10 nm is sandwiched between two layers of the same SC,. In directions 7x and 7y the
L dimensions of SC; and SC, are considerably greater than d. Finally, the “gaps” of
SC, and SC,, respectively denoted as Eg, and Eg,, are such that Eg, < Eg,.

Figure 4.11. Heterostructure based on three pieces of semiconductor

The heterostructure can be represented by a theoretical model in which
movement is separated into a particular plane of the structure (plane ¢7y) and in the
perpendicular direction (7%). The function is thus given as:

v(x, y,2) = &(2) Plx, »),

and it is assumed that the electronic states at the SC, level of the SC are those of an
electronic gas (at zero potential) in 3D, with an effective mass m* (which thus takes
interactions between electrons and the lattice into account as m* # m where m is the
mass of a free electron).

It is also assumed that these electrons:

— move freely in planes parallel to x7y; and

— exhibit limited displacements within zone 0 < z < d due to the existence of
potential barriers (that are assumed to be infinite within z = 0 and z = 4 in this
theoretical study).



108  Solid-State Physics for Electronics

Before approaching the example problems, we should note that if the wave
function is the product of two functions, as in y(x, y, z) = &(z) ®(x, y), then the
energy solution from the Schrodinger equation is given by £ = E. + E,, and the
behavior in this system is the same as that in a classical potential box.

)

a) Write the Schrodinger equation for the displacement of electrons (in SC)) in
the perpendicular direction (7%).

b) Give the form of the wave function [£(z)] using fixed boundary conditions
(FBC) that gives a stationary solution and for which the wave function takes nodes
as extremities. Justify this choice.

¢) Deduce the conditions for quantification (with the help of a quantum
number denoted n, for which the values will be given) of the wave vector
(component k) and corresponding energy E..

d) With m* (AsGa) = 0.066 m (where m is the ususal mass of the electron) and
d=10 nm, give the numerical value of the first three permitted energies
E,,E, ,E, ineV.

2)

a) Write the Schrodinger equation for the displacement of electrons (in SC)) in
the plane x7y.

b) Give the form of the wave function ®(x, y). Justify the use of progressive
boundary conditions (PBC, otherwise called Born Von Karman boundary
conditions) to determine the quantification conditions (with the numbers n, and #, to
be determined) of the wave vector (components k, and k,). As indicated in the figure,
extensions of the semiconductor in directions 7x and 7y are equal to L, where L is
considerably greater than d by several orders of size.

¢) Deduce the energy values £ .

3) Give the final expression for the quantified energy of the electrons of SC; and
determine the minimum value (£1) of this energy.

4)Making kyy = [k > +k % and k,=k.:

y

a) give on the same plot the dispersion curve for E,, = f(k//) and E. = f(k,),
and then £ = f(k/)) and E = f(k));

b) detail the progressive filling of the permitted level. Determine, in particular,
the conditions on n, and n,, when going fromn. = 1 ton. = 2;
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5) For direction 7z, we suppose that the touching semiconductors have the same
reference potential (vacuum level) and it is with respect to this that we place the
bottom of the conduction bands (due to electronic affinities X; for SC; and X, for
SC,). The structure used in this example is: AlAs/GaAs/AlAs where in eV we have:

Egi (GaAs) = 1.43,
Eg (AlAs) = 2.16,
%1 (GaAs) = 4.07,
% (AlAs) = 3.5.

a) Describe the positions of the conduction band minimums and valence band
maximums for structure SC,/SC,/SC, with respect to 7z. It should be noted that, if
required, the electronic affinity is the difference in energy between the vacuum level
and base of the conduction band.

b) Indicate the height of the potential barrier at the interface SC,/SC;. Give an
approximate position of the above evaluated energy levels E 2 E;,, E; on the
diagram. Detail the nature of approximations made on this result in order to give the
approximate energy levels.

c) Also give the position E;(¢) of the holes in GaAs by taking for their
effective mass the value [m*(¢)| = 0.68 m.

d) From this deduce the radiation energy that might be emitted from GaAs.

Answers

In order to study the electronic states in a superlattice structure, where there are
two semiconductors that are such that Eg < Eg, we can denote two types of
movement:

— one along Oz where SC; presents a small dimension d, for which we will
privilege the stationary solutions for the wave function through the use of FBC; and

— one along directions Ox and Oy where SC; has a large dimension with respect
to d (plan0065 xTy). Progressive solutions are favored for the wave function through
the use of PBC.

We make y(x,y,z) = &(z)P(x,y) (separation of variable), and the energy will
beinthe form £ =E. +E .
1)
a) With respect to 7z the Schrodinger equation is written as:
22
0z?

+ B E=0.
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2m*

h2

b) By making k.2 = E_, the stationary solutions for the wave function

can be written as: £(z ) = Ae’” + Be™**.

The use of FBC for the direction Oz where SC; has a small dimension makes it
possible to state that the wave function presents a node at the origin: £(0) = 0, from

which 4 + B =0, orrather 4 = —B and from which it can be deduced that

ikz | —ikz
z)=24 i, which can also be written in the form:
2
ikz | —ikz
&(z)=2A%=2iAsinkzz.

Assuming that the wave function has a node at each extremity is the same as
assuming that at these extremities the barrier between adjacent semiconductors is
practically infinite, which will require verification a posteriori.

¢) The alternate limiting conditions thus give &(d) = 0, which results in sin
k.d =0, from which k,d =n,m, sothatalsok, =n, dz, where n, =2 1 and

an integer and not equal to zero. The latter is because otherwise the solution would
give &(z) = 0 which would correspond to the absence of particles with a presence
probability equal to zero.

d) We find:
E_.; =0.057 eV,
E,., =023¢V,
E.3 =052¢V.
2)

a) Schrdodinger’s equation for the plane x7y is written as:

2D(x,y) N ?D(x,y) N 2m”
ox? dy? h?

E,,®x,y)=0

b) The separation of variable is obtained by making:

Dx,y)=X )Y (»),
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from which we find energy in the form E, , =E, +E . Placing this in to the
Schrodinger equation we obtain the sum for the two equations independently in x
and y directions:

BZX(x)+2m *

e e 70
o 2m *
- (x) | 2m EY (y)=0.
y2 h2
. 2 _ 2m* 2 2m* .
By making £k, _hTEx and £, —h—zE y» the search for progressive

solutions with respect to these large dimensions x and y leads us to (with respect to x):
X (x) = Cer+,

The use of the corresponding PBC for progressive solutions makes it possible to
. CLP .
write that: Ce™* = X (x) = X (x + L) = Ce™ > * 1) from which is deduced that

eika =1

The upshot of this is that we should have k,L =2nn, with n, € Z. n, is

an integer that can be positive, negative or zero. The last value will simply yield
a constant probability presence.

Similarly, for Oy we obtain: kL = 2mn, withn, € Z*.

c¢) From the preceding values of k, and k, we can deduce the value of the
energy for movement in the plane x7:

E. =E.+E =EZZ*(k§+ky2)

2
e
hZ
- 2m *LZ(

nx2+ny2)
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3) The final expression for the quantified energy E of electrons in SC; can thus
be written as:

E=E, +E,,

The minimum value in E, denoted E,, for the lowest values in 7., n, and n,, i.c.

n, =land n, =n, =0 gives:

h2?
E{=(E)n = = .
1 ( )Zi =n,=0  8m * 2

4)

a) By making k,, = kx2 + ky2 and k| =k, , we can trace the dispersion

curves for £. = f(k,) and E,, = f(k//), from which we can deduce the curves
E=E + E.,, = f(k) and E = f(k;). See the following figure obtained by
observing the comments below.

In particular, we can note that:

2 2 2 2
h h h
R g2 n o2

ke kL =71*d—2nz , where nz=1, 2,

—on the other hand: £, =

3,...and g is large as d is small (with respect to L), so that E_ is large (compared
to £ ), and that (E), | = Ey;

2

2m*

2 2 2
h 2 _h 2n 2 2
"k (7) (n? +n2)

2 2N _ _
(kx +ky)_ 2 | 2m*\ L

— on the other hand: £, , =

where n, and n y €L and 2L—n is small, as L is large (with respect to d).

The result is that E, , is small (with respect to E.), and that k|| can be

. 2n 2m 2n
written as k” = 0,7,— 2

4n
2=
L "L L’



Properties of Semi-Free Electrons 113

H =l
A
/
Y I
V,./ ,/
A e
_.— P e TYy T
- e n,=0
L &
LT E
X,y
...... 4 x e

T L L
AN
n, = ), =0

Figure 4.12. Dispersion curves of E. = f(k,) and E., = f (ky)) from which
we can obtain the curves of E = E. + E, = f (k) and E = f{k_)

b) The progressive occupation of levels is in the order E), E », E 3, E 4 and so
on, as shown in Figure 4.11. As long as E_, 2 E_; +[E, , ], , , the obtained

energy E remains that obtained with n, =1, so that:

2
h2 2 hZ 2 hZ 2

r 222 r 12+ [_ch (n3+n}%),
2m *d? 2m *d? 2m *\ L

from which we can deduce:

. . 3L2
thus giving the condition: n f +n § < TR
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. 3 L2
Thus, to go from n, =1 to n, =2, it is necessary that nf + n)% > TR

5)

a) Taking the potential energy origin to be the vacuum level, the energies in
the direction 7z are spread as indicated in Figure 4.12.

In direction Oz, the energy levels are quantified and the discrete levels
correspond to those of a potential well, as shown in the figure above for levels E,,
E,, and E_;. Due to the energy difference between conduction bands, the electrons in
the conduction band of SC, accumulate in the potential wells formed in the
conduction band of SC,. If SC, is doped, this number of electrons is high while SC,
is highly degenerate without even being doped. In other words, there is a high
number of electrons in the conduction band so that the semiconductor degenerates
towards a metallic state. The spatial separation of a high number of electrons into
SC, as diffusion centers (as many as there are doping agents in SC,) favors a high
mobility of electrons in SC;.

SC, SC, SC2
______ _f_______._“__________zagulklmlexeL__
i .
| 1 g L =35eV
| o~ | A2
[ S |
' a v Ec
Y ==
> xl-xz=0.5%ev —-——£4
© \ ;V___"_Ezl
N L2t lhv=16ev
G} <t
v 0.16 eV v R
o = F[ s =
&

Figure 4.13. Energy levels in the structure AlAs/Ga As/AlAs

b) The potential height of the interface between SC, and SC, is:

Wo = x1(GaAs) — x2(AlAs) = 0.57 eV.
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In the potential wells, along Oz we can place the £, levels (relative to the base of
the conduction band):

E,; =0.057 eV,
E,, =023¢V,
E,;=052¢V.

Finally, the approximation of an infinite height for the potential wells previously
used to determine wave functions and energies is acceptable when electrons are
situated on the level denoted E.;; however, it is no longer acceptable for level E.5.

For holes, the barrier is given by:

(X2 +EGZ)_(X«1 +EG1) =5.66-550=0.16 V.

c) With respect to the summit of the GaAs valence band (with E, = 0), the
position of the hole accepting layer is given by:

h2
Ey ———

* z
m;

Ezl(t) =

d) The transition has a frequency v such that:
hv=E_|+Ez +E,|(t)=106¢V.

We should note that £, like E.,(¢), can be adjusted by a change in the value of d
(width of the GaAs slice). This makes it possible to change the frequency (and thus
the wavelength) of the emission.

We can also note that the frequency that is emitted is as high as that emitted by
GaAs alone. In addition, as the extrema of the CB and VB bands are localized on the
same SC,; (GaAs), recombinations are direct and very easy, and this it what defines a
so-called type I heterostructure. They find applications in devices such as lasers, due
to their high efficiency in photon emission. They were first described by L. Esaki, a
winner of the Nobel Prize for physics in 1973.

The deposition of such structures in multi-layer structures, with a periodic
repetition along 7z, introduces a supplementary periodicity that spreads the E. levels
into bands of electrons or holes.
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4.6. Problems

4.6.1. Problem 1: horizontal tangent at the zone limit (k = wa) of the dispersion curve

Using the relation £=f(k) obtained in Chapter 3 for & = kil (equation [3.16]),
a

show by calculation how the energy curves E=f(k) give a horizontal tangent at
the points where the energy becomes discontinuous.

Answers

The theory for semi-free electrons in a 1D medium (section 3.2.4) makes it
possible to state that for values of k close to * (coefficient 4, being large) there is
a
a double condition on the value of the energy that equation [3.16] translates as:

T

n? n?

27
where w = .
a

The left-hand side member is a function of £ and k, while g (E, k) is such that
_ g
g(E 9k) - h4

. If we differentiate this equation, we obtain g};dE + g}{dk =0,

E ' . :
or rather £ = — £k As we wish to show that [di] x = 0, it suffices from the
dk e die k="

a

preceding equation to show that [g k ]k _n = 0. So, calculating g}c gives us:

a

2
<L =8_g=_2k ﬂ_[/{ _Z_RJ _{E_kz} —Z(k _Z_nj i
ok h? a h? a

from which

which is the answer required.
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4.6.2. Problem 2: scale of m* in the neighborhood of energy discontinuities

1) The preceding sections detailed two conditions on energy for semi-free
electrons placed in a potential defined by V(x) =w, cosmx. Now show that:

1 2
E :—{E,? +E)_, i\/(E,? —E,?_m) +w§].
2

— Ak where

2) In the neighborhood of a discontinuity, we can state that & = r
a

L 2
Ak << and Ak> 0 or Ak <0. By making Eg zzh—(n) , show that:
a m \a

2 0
E-£Y =" ake| 1228 | W0

3) Give the limiting values for E for a discontinuity obtained for k = ™. From
a

this deduce the size of the forbidden band.

4) In this problem, |wo|=2 eV and ¢=0.3 nm. Calculate the ratio ™ for the

m

bottom of the second band and for the top of the first band.

Answers

1) The theory for semi-free electrons in a 1D medium makes it possible to state

that for values of k close to * there is a double condition on the energy value. The
a

compatibility of these two conditions brings us to equation [3.16]:
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By making E} K= ﬁ and E} k- » (where o = ?), this equation

2
can also be written as (£ — E} L IE — E} kem) = TO’ which is a second degree
equation:

2
w
~EE)+E)_ )+ EQEY L=

Its solution is written as:

1 2 2
E=—|E)+E ,+ (E,? +E,?_m) —4{E,?E,?_w —W—OJ ,
2 4

which is also written as:

1 2 2
E = 2 Ek +Ek (D (Ek _Ek (0) +WO .

2) The preceding equation is for energy in the neighborhood of & = *

(O]
3

)

Making k =" - Ak = % — Ak, where Ak > 0 at the top of the band, and Ak <0
a

at the bottom of the band, and in addition assuming that Ak << ™ we have for

values of £k = % Ak the equations E ,? = ;—z(%z - wAk +Ak?| and
u

E)_, = 2”7(% oMk + Akz).

Under these conditions the preceding equation for £ can be written as

1/2
2
1] 7% | w? %\ 40*Ak?
E =— {&+2Ak2}+w0 1+( j @ .
212m| 2 2m

2
)
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By making

21

h2 2 (‘027 h2 2
Ey = [Ej = (E] =f?
2m \ 2 2m \ a k=nfa

the two solutions for energy are such that:
— first solution:

n? n [ n o 44K
Eqy-E§ =—ak2+ 20014 2 o
2m 2 mlom 4wl

2 2 B
LSV +M{1+h—LE§ 44A2k J]

2m 2 2m W
n? 4E9

=L Ak 1+ 2EB M0
2m wy 2

— second solution:

h? 4E0 w

0 0

E(Z)_EB = lil——B]——.
2m WO 2

Both solutions can be brought together in the equation written:

3) At the limit, as Ak — 0:
— the second solution goes towards

Eo=EY _M
2 = =B 2

119
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With wy <0, this solution is for the bottom of the band where the value of Ak

introduced into the initial expression, k = * — Ak, must be negative.
a

— the first solution tends towards Ej) = E g + WTO.
With wy < 0, this solution is for the top of the band where the value of Ak must
be positive.

. AR
second solution

first solution ____—

v

The gap between the two solutions for the energy is equal to [wy| = Eg.

4) To calculate the effective mass at the top of the band (where it must be
negative), we will use the expression for £ corresponding to the first answer to
problem 2, that is:

2 4E)
E(l):Eng Ak2|1+ =5 +m.

L . 0’E
This gives the effective mass as i =17°0
()

(O]
= Because k& =5—Ak, we can

note that

aE(l) _ aE(l) oAk _ _aE(l) N azE(l) _ aZE(l) '
ok oAk ok oAk ok? 0Ak?
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With

oE 2 9

2o _" 1+ AEp Ak,
oAk m W

from which

02E 2 49
TR _ 1) AEs |
0Ak?  m wo

we deduce that:

L _ 1By N[, 4Ep
m:l) h? 0Ak?  m wo

Numerically, with wy = -2 eV and a=0.3 nm, we obtain E g =42¢eV, from
which:

m
ZM L 0135,
m

To calculate the effective mass at the bottom of the second band (where it must
be positive) we use the second expression for £ found in the answer to problem 2,
Le.

n? AE))
Egy = EY +——ak2{1-2E |20,

This gives the effective mass as:

moy B ok h Ak m

1 _iazE(z) _ 1 azE(z) =i 1_4E39
Wo

J, so that mgkz)/m = +0.106.
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A E

d*E /dk > smal ;i
= N 2E [dk >
arge
Eg_wo_ o Two
large: | small

>
P>

k

In the figure above, we can note that if wy is large (strong interaction with the
lattice) the permitted bands are relatively narrow (flat) and d2E /dk? is small. Close
to the discontinuity, m* e (d2E /dk 2)_1 is thus just as large (or small) as the
interaction is strong (or weak). When £ increases (on the right of the discontinuity)
d?E Jdk* decreases and m™* increase up to a infinite value in the middle of the
permitted band (m* is at a minimum at the base of the band).

4.6.3. Problem 3: study of Er(T)

We showed in Chapter 2, problem 4 that Fermi level of a 3D metal was practically
independent of temperature, assuming the conduction electrons are free electrons. Is
this property still valid if the electrons of the metal are assumed to be semi-free?

Answers

For a 3D metal that has a metallic character originating from electrons placed in
an incompletely full conduction band (typically half-full as indicated in Chapter 6),
the state density function [Z(E)] takes on the same form for semi-free electrons as

for free electrons. Only the «/|E -E n| term must be replaced by the term~/E ,

where E,=FE( is the potential energy of the bottom of the conduction band. The
other functions (Fermi-Dirac notably) remain invariable. Simplifying, so as to not
have to go through the calculations again, we can suppose that a judicious choice of
origins at the bottom of the conduction band will suffice (so that £, = E-=0), as this

choice is the same as fixing the value of ,/ |E -E, | to that of VE . Z(FE) thus takes

on exactly the same form as for the free electrons as long as the mass of the electron
is replaced by the effective mass of the semi-free electron. The property of guasi-
invariability of the Fermi level with temperature is thus retained when going from
using free to semi-free electrons to represent metal electrons.



Chapter 5

Crystalline Structure, Reciprocal Lattices
and Brillouin Zones

5.1. Periodic lattices
5.1.1. Definitions: direct lattice

A lattice is a periodic (hence regular) arrangement of points called nodes. At
each node the base of an atom is attached, the nature of which depends on the
solid.

In 3D, the lattice is defined by three fundamental vectors denoted a ,I; ,C that are
such that the atomic arrangement is identical around a point P defined with respect

to the origin O by » = OP, and around a point P’ defined by r'=OP". The vector
7' must be such that »'=7+7 where T is a translational vector defined by

T =md +nyb +nsc, and where ny, n, and n; are integers.

Furthermore, we can see that the lattice, which is characteristic of crystalline
structures, is created by the addition (superposition) of the base (ellipsoid) to each
node (point) of the crystal.

Thus, any two points of a lattice are always linked to one another by an
appropriate translational vector 7 .
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Figure 5.1. Imaginary crystal element where nodes are represented
by points encircled by an ellipsoid, representing the base of an atom

In the 2D figure above we can see that the atomic environment is identical
around points P and P’ with each being linked to one another by the vector

T =n;d + nyb which is such that n; = 2 and n, = 3. The vectors @and b shown in

the figure are fundamental vectors.

The parallelepiped defined by the fundamental vectors a@,b,¢ is called the
primitive unit cell, and is the smallest unit possible. The volume of the primitive unit
cell is equal to V., = |a (b x&)|. On average, each parallelepiped unit cell
contains one node, and each node is shared with four cells below and four cells
above the base plane of the node itself. In effect, each node is shared between eight
cells and as there are eight nodes per cell (at the eight tops of the parallelepiped)

with each being shared with eight other cells, we have an average of one node per
cell.

Figure 5.2. Parallepipedic structure with an average one node per cell

The various crystalline structures belong to different types of lattice. In all there
are fourteen Bravais lattices (or “space lattices”), with the simplest structures being
simple cubic (sc), body-centered cubic (cc), face-centered cubic (fcc), tetragonal,
orthorhombic, hexagonal, triclinic, etc. (see any good book on crystalline structures
for futher details).
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5.1.2. Wigner-Seitz cell

There is another type of primary cell with a volume equal to V.= |a - (l; xc)|.
It is the Wigner-Seitz cell that is found in the following manner. As shown in
Figure 5.3:

— the lines between a given node and its neighbors are traced;

— another line (or plane in the case of 2D lattices) is drawn normal to the first
lines at their mid-points; and

— the volume (or the smallest surface) enclosed by these lines (or plane) is the
Wigner-Seitz primary cell. This cell can cover or fill the whole space of the lattice.

@ W @

@ D
& S
ODY,

Node at (OD)) ODY)
origin f—@

Wigner-Seitz

Primary cell made using the cell

fundamental vectors @ and b

Figure 5.3. Wigner-Seitz cell

5.2. Locating reciprocal planes
5.2.1. Reciprocal planes: definitions and properties

All nodes of a lattice can be grouped into classes of parallel and equidistant
planes called reticular planes (there are in reality an infinite number of reticular
planes). The position and orientation of a reticular plane is determined by any
three points (nodes) in this plane. If the base contains only one atom, then the plane
contains three unaligned atoms. These nodes can, in certain cases, determine the
so-called cleavage plane.

5.2.2. Reciprocal planes: location using Miller indices

5.2.2.1. Definition of indices

If each of the three nodes that define the reciprocal plane are on an axis that
carries the fundamental vectors a,b,c, then the reciprocal plane can be determined
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using the abscissae of the nodes with respect to the axis. So if, for example, the three
nodes defining the reciprocal plane have the coordinates (with respect to the origin
of the fundamental vector) (m, 0, 0), (0, n, 0) and (0, 0, p), then the plane can be
found using the respective numbers indicated by m, n, and p. An example is shown
in Figure 5.5a using the nodes M, N and P.

If a reciprocal plane is parallel to one of the fundamental vectors, then the
preceding numbers are infinite (see Figures 5.5b and 5.5d). To remove this slight
inconvenience, we can use Hally indices, which are the inverse of the preceding
numbers. The result is given in simple fractions (that Haiiy termed rational indices)
that are rather difficult to manipulate. Because of this, Miller proposed the use of

whole indices obtained from the multiplication of simple fractions i,i,i by the
m n p

same number K. K should be as small as possible so that the result is a succession of
integers (hkl). These numbers are called Miller indices, and are such that:

1 1 1
h=K—,k=K—,1=K—.
m n p

For example, the coordinates of the point of intersection between a reciprocal
plane and the axis of the fundamental vectors @,b,¢ are: (4, 0, 0), (0, 1, 0) and (0,
0, 2). With K=4, we have:

l><4=1=h;1><4=4=k; l><4=2=l.
4 2

The resulting Miller indices are written in brackets, i.e. (142).

If a reciprocal plane cuts through the negative part of the axis, then the
corresponding index is negative. This is indicated by writing the negative sign above
the index concerned, as in (%k/) for an intersection between the reciprocal plane and
the axis carrying ¢ (see Figure 5.5¢).

The directions in a crystal are also defined by the three integers %, k and /, but
this time using square brackets, as in [Akl]. They are also such that they are the
smallest possible integers proportional to the directing cosines of the angles formed
between the direction considered and the cell axis. The direction given by [hk]] is
only perpendicular to the planes defined by Miller indices in very specific cases,
such as when involving the cubic structure.
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5.2.2.2. Equation for reciprocal planes located with Miller indices

Figure 5.4 shows a system of axes and a plane (). OH is the line that passes
through the origin O and is normal to the plane (w). & is the unit vector in the
direction OX that carries OH. The vector has components (cosine directors) denoted

o, B, y.

d (6.7.2)

»
>

¥

Figure 5.4. Location of the plane (r)

For a point (4) (with coordinates x, y, z) to belong to the plane (m), it suffices that
its projection on the axis OH is at H. Thus, u « 04 =OH, and by making

OH =e, we obtain:
ox +By +yz =e,

which can be rewritten as:

B v

o
—x +—y +—=1
e e e

If A — M (m, 0, 0), where M is the point of intersection between (w) and Ox, the
preceding equation for the plane where y=z=0 gives “m =1, so that & = L
e e m

Similarly, by making A4 tend towards N (0, n, 0) and P (0, 0, p) we can successively
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deduce that P = ' and ¥ =
e

== . On substituting these values into the equation for
e n

E
P
the plane (7), we now obtain:

x_+1+i=1_

m n p

The Miller indices of the plane (m) are: 7 = K i,k =K i,l =K i, and the
m n P

equation for the plane (Ak7) is thus given by: hx +ky +1z =K.

5.2.2.3. Examples using the simple cubic system

Figure 5.4 shows four examples of a simple cubic structure with its side length
equal to a and with different reciprocal planes located by Miller indices.

5.3. Conditions for maximum diffusion by a crystal (Laue conditions)
5.3.1. Problem parameters

A crystal can be seen as made up of nodes that carry charges (being attached to
atoms or ions) capable of re-emitting (more often called diffusing) an incident wave
in any direction. Here we are concerned with discovering the directions in which
diffusion is at a maximum.

If (o, E) and (o', E') are the angular frequency and wave vector of an incident
wave and a diffused wave, respectively, then for a crystal that is assumed to be

linear we can state that ® = ®” so that ‘/{ ‘ = ‘/?‘ . Here we have an elastic diffusion

for which the incident wave’s quantum energy conservation, meaning that
hw = ho' sothat = ' and k& =k '. We will thus look at the form of the diffused

wave which is located with the vector p,, , , =m a+n-b+p-c. We will then

deduce the conditions required for maximum diffusion.

NOTE.— Diffusion and diffraction

When a crystal is irradiated (with X-rays in crystallography) each charge diffuses
the rays as if it were the source diffusing in all directions. All the diffused rays
interfere with one another, resulting in a cancelling out of some rays in certain
directions (destructive interference) and reinforcement in other directions. The latter
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gives rise to diffracted rays. In other words, diffraction corresponds to the maximum
resultant diffusion.

z
(a)
(b)
y
(0, 1, 0)
X
irection [110]
m=n=p=a m=n=a,p=co
h=k=1=K/awithK=a, h=k=Kla,1=K/ o, with K = a,
h=k=1=1 h=k=1,1=0
- z
_ [¢ d
(1.1.7) © (d)
praating NG >
IIIII
x x. .

Direction [100]
m=n=a,p=-al2 m=an=p=co
h=k=Kla,l=2Kla, with K = a, h=K/a, k=1=K/ o, withK =a,
h=k=1,1=2 h=1,k=1=0

Figure 5.5. Examples of Miller indices determination in a cubic structure (cube of side a)

5.3.2. Wave diffused by a node located by p,, , , =m ca+n-b+ )2 c

5.3.2.1. Ray diffused by charged particles: a reminder
Here we consider a simple model for the elastic diffusion of a monochromatic
electromagnetic wave that has the form E = E 0 €Xpi (k- -F-wt)=E 0 €Xp(—j wt)

by a charge that is initially in a relaxed state and is denoted in ¢. Neglecting
frictional and steric effects, ¢ is accelerated by the incident wave as described by the
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equation F =m *§ =qE. At a point M, placed at a great distance » from g, the

incident wave diffused by ¢ gives rise to a single contribution Eq along €y, as in

Eg = 9Y_sin0  jkro=J®' " This can be rewritten as Eg=E e/ where
4mege? 1 =06
06 = 9Y_sin® o Jkr 1f we substitute Y= i E , into this equation, then we end
- 4mege? 1 - m*
up with:
1 2sin® £, E,
EOG — q =0 e]kr = C __Oejkr . [51]
4megc®> m* r r
E,
M
X (5] -
E() r €p

v

Figure 5.6. Incident wave diffusion by the charge denoted q

5.3.2.2. Determination of the diffraction conditions for a crystal

Diffusing center
(charge q)
=i
2~
. > \4»\
E S
~a
° Observation

° screen

Figure 5.7. Electromagnetic wave diffusion by a crystal

Here, the equation for the plane incident wave (with wave vector k)ata point
determined with respect to O by the wvector p is given as

Ep = Eo exp(—jwt) = EO exp j (kp—r). In accordance with theory, the wave is

diffused by charges in the lattice and propagates in the direction given by the wave
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vector k', where ‘lg ‘ = ‘I; ". From a given observation point, defined by vector »

with respect to the diffusion point, the complex amplitude of the diffused wave is,
from equation [5.1], given by:

E gigr :C%eXPJ(F'V) ZC%eij(/g'ﬁ)eXp(jkr),

and

. ~ _\expj(kr — ot
Egitr = Egire ™™ =CE, expj(k p)%

where Flllg' and k7 =k 'r =kr.

In addition, as we assume that the observation is made at a great distance from
crystals, with respect to the size of the crystal, we can state that:

r =R —pcos(p,R). In effect, as the angle given by (#,R) is small, we have:

proj r = rcos(F,ﬁ) =r and cos(ﬁ,ﬁ) - R —proj, _R-r
P Y

where proj W stands for the projection of 7 on R.

Equation [5.2] for the diffused wave can also be written as

E 4igg =CE, exp/(0) exp(—jwt), is thus such that exp(j@) =expj (lg P+ kr) =

r

exp(ij )expj(lg -p—kpcos[p,R]).

With kpcos(ﬁ,ﬁ) =k 'pcos(ﬁ,?’) =k P, we can now write that:

exp(/¢) = exp( kR Jexp j (K -p =k ) = exp(jkR yexp(~/p - Ak )

where Ak =k '— k.
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Figure 5.8. Brillouin zone limits

Finally, with » = R, we can rewrite the wave diffused by a center that is located

in a lattice by a positional vector p,, , , = ma + nb + pc, in the following way:

C _Eoeije—jwt
E gy =

R jexp(_jf_jm,n,p K]:)

Here the term exp(— Pmnp - KE) is the form factor.

To conclude, the total wave diffused in a direction determined by the lattice is
the sum over all diffused waves. This sum extends to all lattice nodes denoted by

vectors =md +nb + pc. The generalized form factor denoted A4 is defined

Pomn.p
by considering all lattice nodes, asin 4 =3, » eXp(—=/ P np - Ak ) which is the

form factor characterising the lattice. The amplitude of the diffusion thus goes
through a maximum when each term of the sum is equal to one, i.e.:

Omn.p ~E=(m&’+n5+p5)~§:2n(n)

where 7 is an integer.
As  exp(=j Py, Ak) = exp(=j ma - Ak)exp(=j nb - Ak)exp(~j pé - Ak),

the condition for maximum diffusion is given when ¢, r, and s are whole numbers
and the three following equations are simultaneously satisfied.

a-Ak =2ng b-Ak =2 ¢ Ak =2ms [5.3]
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These are called Laue equations and define the point of maximum diffusion.
They make it possible to determine the vector Ak, which combined with

k'=k + E, determines the directions of & ' for maximum diffusion.

5.4. Reciprocal lattice

5.4.1. Definition and properties of a reciprocal lattice
We can write the Ak vectors that verify equation [5.3] as
Ak = hd +kB +IC, [5.4]
where 4, k, and / are natural integers and A ,g ,é are the vectors that will be

determined. To ensure Ak verifies Laue conditions in equation [5.3], it suffices that

the 4,B,C vectors are such that:

A-a=2n B-da=0 C-a=0
A-b=0 B-b=2n C-b=0 [5.5]
A-¢=0 B-¢=0 C-¢=2mn

From the first column we find that 4 L 5 and 4 L ¢ so that 4 is collinear to
the vectorial product of (b x¢&). From this we can deduce that 4 = K (b x¢&), and

then by performing a scalar multiplication of both members with & the first
2n

" . From this we can deduce the vector 4
a(bxe)

condition 4 -d =2m gives K =

and then by circular permutation the vectors B and C, as in:

{ Q(b XE) cxa andC—an(d ’) [5.6]
a a

alrxe) " xe) bxe)

Because the dimensions of these vectors are inverse to length, they are reciprocal
vectors. The property that will be defined is such that these vectors will be
considered as (base) fundamental to the reciprocal lattice. It is worth remembering
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that the vectors A,B,C are only mutually orthogonal when ab,c are also
mutually orthogonal.

Just as in a direct lattice (DL), the position of the nodes are indicated by the tips
of the vectors p,, ,. p = ma +nb + pc (where [d ,b,¢] are the base vectors of the

DL). Similarly, the vectors éh,k,l =hAd +kB +IC (where [A4,B,C] should

therefore also be the same base vectors of the reciprocal lattice) describe the
reciprocal lattice nodes.

The result is that for the reciprocal lattice given by
Gy =hd+kB +IC [5.7]

the vectors verify the Laue conditions because according to equation [5.4] they are
such that:

Ghua = Ak [5.8]

where Ak follows Laue conditions set out in equation [5.9].

Conversely, and in a practical sense, we can say that if a vector Ak s equal to
a vector of the reciprocal lattice (given by G Wkl = hA + kB +1IC) then the vector

Ak verifies Laue conditions for maximum diffusion (i.e. diffraction).

5.4.2. Application: Ewald construction of a beam diffracted by a reciprocal lattice

Here we use the conditions for an elastic diffusion so that there is energy
conservation between the incident and diffused waves, i.e. im = Aim' and ® = ®’
and k = k. In equation [5.8] we saw that the condition for maximum diffusion for

the wave vector is such that Ak =G .k and in turn Ak =k —k. Here we thus

have:

F=E+éh,k,l' [59]
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From the DL we can build the reciprocal lattice [/I ,B,C ]. The vector k is then

traced parallel to the incident ray and its end point is at a node in the reciprocal
lattice. We then draw a sphere (called an Ewald sphere) of radius k& and a center of

origin k. The nodes of the reciprocal lattice that belong to this sphere thus make it
possible to determine the k" vectors for maximum diffusion. In effect, they are in
accordance with both k = k* and k'=k + G},ﬂk 1 as two nodes in the reciprocal

lattice belonging to the Ewald sphere are exactly united by the vector G nk - The

diffused ray is thus parallel to k' =k +G k-

Ewald ° °
sphere .
° °

° ° °
Reciprocal lattice

Figure 5.9. Ewald sphere in a reciprocal lattice

5.5. Brillouin zones
5.5.1. Definition

Briefly, we can define Brillouin zones as being zones delimited by Wigner-Seitz
cells in a reciprocal lattice.

5.5.2. Physical significance of Brillouin zone limits

Squaring up equation [5.9] for the maximum diffusion of a wave with wave
vector k gives us:

—2 L 2 - - S
k' =(k +Gh,k,l) =k2+Gl’%,k,l +2k'Gh,k,l’
so that with £ = &’ (linear crystal):

2/g~éh’k,l +é}%,k,l = 0 [510]
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This relation can also be written for vector — Gh,k’, because if Gh,k,l (as

defined by equation [5.7]) is a vector of the reciprocal lattice, then — G hk . is also

a vector of the reciprocal lattice (as it is also in accordance with equation [5.7]).

Equation [5.10] thus gives:
rA 52
2k -G =Gixy> [5.11]

so that:

1 1 2
k '(—Gh,k,zj = (_Gh,k,lj [5.12]

Figure 5.10. Tracing out Brillouin zone limits

Figure 5.10 shows a simplified 2D representation (only 4 and B vectors are
involved) of a reciprocal lattice obtained by taking a node at origin O and using the
fundamental vectors 4 , B and C. The éh,k,l vector of the reciprocal lattice joins

the origin node with any other of the reciprocal lattice (él,o =4 and

é—z,l =24 +B in the example given in Figure 5.10) so that the mediating plane
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(m) is the segment of modulus ‘é hkl ‘ For the system shown in Figure 5.10, m; and

T, are in fact the mediators. As shown in Figure 5.10, k] and l€2 tie O to 1l and 2,

respectively, and indeed all k wave vectors going from the origin to this type of

mediator plane (m) are in accordance with equation [5.12] which relates k to the
maximum wave diffusion.

In a regular solid, electrons associated with a wave vector that has an extremity
at the plane 7 (the Brillouin zone limit or the Wigner-Setz cell of the reciprocal
lattice) undergoes the maximum diffusion. These electrons are reflected by the DL
nodes (ions) and therefore cannot propagate. This is in effect the same property as
that found for semi-free electrons of a wave vector that is in accordance with

k =n" atthe band limits.

a

In section 5.6.3 it is thus shown that equation [5.10] from which equation [5.12]
is derived is equivalent to the Bragg condition for maximum wave diffusion
(diffraction) (presented in section 3.4.2).

5.5.3. Successive Brillouin zones

By definition, the first Brillouin zone is the smallest volume in 3D, or the
smallest surface in 2D, that is generated by mediating planes created by the
segments joining the origin of the reciprocal lattice with its first neighboring nodes.
The second zone brings in a similar volume with the exclusion of the first Brillouin
zone. This process is repeated ad infinitum.

5.6. Particular properties

5.6.1. Properties of G h.k, and relation to the direct lattice

Here we show that the reciprocal lattice vector Gh,k,l =hd +kB +IC is
2n
dpjel’

normal to the reticular plane (hkl) of the direct lattice and that ‘é h,k,l‘ =

where d), ;. ; is the inter-reticular distance between Miller index planes (hkl).

According to the definition of Miller indices, plane (4kl) goes through points M,

N and P (Figure 5.9) situated in that order on the three axes x, y and z at distances

§,§,§ from the origin (O) of the DL. K is a constant whole number. To show
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that G .k 1s normal to the plane (A, , /), we need to show that with two vectors in

the plane its scalar product is equal to zero. This can be done by using equations
[5.5] shown above. Thus we find:

G HK =Gy (@(“—517)

. (K- K
= (hA+kB+lC)(—b - —ﬁj
k  h
= 21K - 27K = 0.

Similarly, we find that éh,k,l KL =0, which indicates the perpendicular

nature of G h.k to the plane (hkl).

If we now denote the projection of O on the plane MNP (plane (hkl)) as H, i.c.

OH goes in the same direction as G .k given the aforementioned property, and
then by making ‘O—H ‘ =d};; which is the inter-reticular distance between planes
(hkl), we can calculate the scalar product G k.1 *OM by remembering that OH is

the projection of OM on Gh,k e

i =2m(K) Gy =2_“(K). [5.13]

d
=Gk OH =Gy -dpy ikt

iy -OM =(hd + kB +IC).

w|>§

Figure 5.11. Relation between G k1 and the direct lattice
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5.6.2. A crystallographic definition of reciprocal lattice

Crystallographers determining inter-reticular distance generally prefer to use
equation [5.14] in place of equation [5.13]. Equation [5.14] relates the reciprocal
lattice to the direct lattice more simply. This is because the inter-reticular distance
between (hkl) planes is simply the inverse of the reciprocal lattice vector modulus

(corresponding to G n.k Which is normal to planes (k7).

1
Gh,k,l =—(K) [514]

dpig

To obtain this equation, the base vectors of the reciprocal lattice must verify the
following equations [5.15] which take the place of equations [5.5]:

A4-a=1 B-di=0 C-a=0
A-b=0 B-b=1 C-b=0 [5.15]
A4-¢=0 B-¢=0 C-¢=1.

The base vectors defined above by equations [5.6] are now redefined by the
following equations [5.16] (which lose their physical significance at the Brillouin

zone limits, excepting that the wave vector modulus is given by £ = % in place of

the more normally used £ = Z}L—n):

[5.16]

5.6.3. Equivalence between the condition for maximum diffusion and Bragg’s law

Now let us show that we have an equivalence between the vectorial relation
given in equation [5.11], as in 2k -G hkl = G f,k 1> and the diffraction condition as

given by Bragg (detailed in section 3.4.2). The latter describes the condition for
incident rays, reflected by crystal reticular planes, to give constructive interferences.
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Incident ray~\3 Ghx Jl Reflected ray

=4= = Plan (hkl)
hkl

Figure 5.12. Establishing Bragg’s law

Consider the (hkl) planes with an inter-reticular distance denoted by d,, and
an incident ray with a wavelength (A) such that 6 is the angle between the wave
vector of the incident wave and the (%k/) planes. The difference in step between the
reflected waves 1 and 2 (shown in Figure 5.12) is such that:

8 = Zdhkl sin 6.

The constructive interferences (i.e. maximum diffusion points) occur when
d = nA (n being an integer), so that:

2dhkl sin® = n?» [517]

If we compare equations [5.17] and [5.11] we can see that the latter is of the
form:

2-k .Gh,k,l ~cos(g—9j = G}%,k,l

(remember from Figure 5.12 that the vector G n.k 1s perpendicular to the (h.k,/)
plane so that Gh,k,l and k make an angle equal to (g—e)). Using k = 2%, we can

rewrite this equation to give:
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2
Gh,k,l = 2%81119

((RV)
= —n(n), where 7 is is the integer K from equation [5.13]

Ay

2d/1kl sin@ = n?»,

so that in effect we have derived equation [5.17] from equation [5.11]!

NOTE.— In order to be true, equation [5.17] requires that the wavelength A of the rays
should be a similar order of size to that of the distance (d;;) between reticular
planes. With d,;, typically being in the order of tens of nanometers, this means that
the incoming rays should be X-rays.

5.7. Example determinations of Brillouin zones and reduced zones

5.7.1. Example 1: 3D lattice

To take the simplest example i.e. a simple cubic lattice, we have

|ﬁ| = ‘I;‘ = |5| =a where a is the lattice repeat unit. The direct lattice is shown in

Figure 5.13.

v

\ 4

Figure 5.13. Direct lattice of the simple cubic (sc) structure

As @ L b L ¢, the defining equation for the base vectors of the reciprocal lattice
clearly show that 4 L B 1 C.
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In addition, witha@ (b x¢) = a’, i.e. the volume of the primitive unit cell of side a

and ‘5 X ‘ =q’ (vector b and é being orthogonal and of modulus a), we have:

bxé

2 - -
= p{-[q

‘Zl‘=2nﬂ — =
a(bxc) a

With the base vectors of the reciprocal lattice being orthogonal and of identical

modulus (z—n) the reciprocal lattice of the simple cubic lattice also takes on a cubic
a

structure (and with repeat unit 2™ in three directions).
a

The direct application of the Brillouin zones definition shows that the first zone

(and those following) is cubic with side 2—”, and therefore of volume given by:
a

3
2
v =[]

The geometric representations for a 2D structure are given in the following
section along with a plan figure.

Finally, we can show that for such a structure, we have:

a

dygy = ——a
SN ERY SR E

[5.18]

We have Gy, ;> = (hAd +kB +1C)* = h*4* +k*B* +1°C* asa Lb Lc
and given the values for ‘J‘,‘E‘,‘é‘ we obtain GZ; ; = (21‘5)2 (£+£+£).
oV s a2

a? a?

Using equation [5.13] in the form dj, ; ; = , makes it possible to obtain

Ghk,l

equation [5.18] as planned.
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5.7.2. Example 2: 2D lattice

As a simple example of a real plane crystal we can use the square cell of side a
(as in a = b) shown in Figure 5.14. In the direct lattice, we have for equation [5.15]
applied to 2D, as in:

a
dhk D e
Vh? +k?
so that dj; = -~ In addition, we know that él,l is normal to the reticular plane

NG
(see equation [5.13]) with a modulus equal to 2m/d,; and so that ‘(ﬁ ‘ ENDY
’ a

This can be verified in the Figure shown for the reciprocal lattice (Figure 5.15a).

Gl,l
%IA
(02— X
7]
N N
o :
< ~
N/ N
N N
10 o '\
‘\-/\V\
direct lattice (ans.d,;, (an

Figure 5.14. Square direct lattice

At the level of the reciprocal lattice, the base vector A should be such that
A-a=2mand 4 -b =0, sothat4A L b and 4//a. Similarly, B L b and in terms
of modulus, we have:

‘Z‘=2—n and ‘§‘=2=2_n
a b a
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aj = ke First Brillouin zone
a Second Brillouin zone
Third Brillouin zone [
(a) (b)
Figure 5.15. (a) Reciprocal lattice of a square direct lattice;
and (b) Brillouin zones
—_— = = 2 2 2 an? | an?
We can deduce that: Gy =4 + B, sothat Gj;” =4 +B" = —+—-, and
a a
2n 2n a . a
Gy ="+2="" where d;; = ——. We also h f 1 th dy| = —
n=- a where dy; 7z e also have, for example wi 20 =3
I . o
such that ‘Gzl‘ = ‘2A + B‘ == . Given the general definition, the Brillouin
21 a

zones are represented in terms of the reciprocal lattice, as shown by the first gray zone
in Figure 5.15a and the three zones in Figure 5.15b. The first zone is a square with

sides equal to 2" The following zones have the same dimensions. We can check this
a

in Figure 5.16 where we have placed the second zone into the first to give
a representation of reduced zones as already used for dispersion curves (Figure 4.9).

In order to do this, we simply need to apply a translation of modulus ‘/I ‘ =2n

a
with a direction and sense appropriate to each of the elements that make up the second
zone (24, 25, 2., 24) in order to exactly cover the square surface of the first zone

2
(surface of value {2—”} ). A similar transformation can also be carried out taking the
a

third zone into the first, and so on. It is thus shown that in this case, the Brillouin zones
(BZ) are all exactly the same size.
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27
2
2
2, 13 BZ 2, 5 5 7
n a
_T o i =
a a a 2
2;
(a) (b)

Figure 5.16. Reduction of the second zone to the first by
translation of modulus 2rn/a for each element (2,, 25, 2., 24)

5.7.3. Example 3: 1D lattice with lattice repeat unit (a) such that the base vector in
the direct lattice is a

The direct lattice with the lattice repeat unit denoted by a can be simply
schematized as below in Figure 5.17.
| | OL_a

|
P

Figure 5.17. 1D periodic lattice

The fundamental vector 4 of the reciprocal lattice is such that 4 -@ = 2m, and

. . - 2n
its modulus verifies ‘A‘ =,
a

The reciprocal lattice along with the successive Brillouin zones are traced in
Figure 5.18. We can see without too much difficulty that the various Brillouin zones
are of the same size (length 27/a).

-A =-27/a o A=2m/a 2A4

| T | T g I

4._,-15/11 firstBZ ma —
third ZB gecond BZ second Bz  third BZ

Figure 5.18. Reciprocal lattice and the Brillouin zone (BZ) of a 1D lattice
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5.8. Importance of the reciprocal lattice and electron filling of Brillouin zones
by electrons in insulators, semiconductors and metals

5.8.1. Benefits of considering electrons in reciprocal lattices

In Chapter 4 we saw that dispersion curves can take on different forms for the
various directions of the & vector, and that a plot of E = f (k;) occurs for each of the
i directions that k takes on (see in particular Figure 4.4).

Working in the reciprocal lattice obviates the inconvenience of looking for more
or less arbitrary directional variations in some parameter (generally electron energy)

as we now have a direct expression over all k directions, once the reciprocal lattice
is plotted. This benefit becomes all the more important given that the Brillouin zones
are defined and plotted within the reciprocal lattice for which the zone limits
actually have a physical significance. We have seen, significantly, that these limits
separate two adjacent zones where electrons can propagate, and where waves

(associated with electrons) touch the zone with the extremities of their k vectors
limit and are stationary, there being two electrons’ energy values separated by a gap.

Rather than filling permitted bands with electrons in accordance with the
representations given by E = f'(k;) (sufficient for 1D media where there is only one
k, direction to consider), it is interesting to study the electronic filling of successive
Brillouin zones so as to obtain precise information on the capacity of each band to

accept electrons (capacity being directly comparable over all k directions) and on
the directions that are permitted for filling.

5.8.2. Example of electron filling of Brillouin zones in simple structures:
determination of behaviors of insulators, semiconductors and metals

5.8.2.1. Cubic structure
5.8.2.1.1. The basics: cells in reciprocal space

Firstly, we can recall that £ space can be divided into primitive cells attached to
electronic states. For free electrons associated with a progressive wave, we have
seen in section 2.6.2.2 that the sides of each primitive cell can be described by

Ak, = E, Ak, = E, Ak, = 2 5o that the volume of each cell is
L’ Y L L3
3
Ak3 = Ak, Ak, Ak, = SVL where V' = LL,L; is the volume of a crystal with

sides L, L,, L3 in direct space.
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We should also note that the size of the primitive cell is conserved for semi-free
clectrons. In effect, the wave function is like a Bloch function for which the
amplitude changes with x, as in: y; (x) = ¢y (x). The separation of variables
means writing the wave function in the form of a product of three functions, each
dependent on x, y and z. The condition due to periodic limits (that of Born
von Karman) can thus be written with respect to x as:

Wy (x)=eikxxu(x)=\|1k (x +Lx)=eikx(x+1‘x)u(x +L,).

As u(x) is periodic and because L, = N a if N, is the number of atoms along

ik L

Ox, then we can deduce that e™*™ =1 and in turn that &, = Lz—nn where n, is

X

an integer. We therefore find that the partition in k£ space along Ox is with cells of

X

. . 2 o
dimension Ak, = L—n, and is identical to that for free electrons (see for example the
X

partition along & in Figure 3.2).

5.8.2.1.2. Filling the Brillouin zone of a simple cubic crystal structure

For a cubic crystal at the direct lattice level, and whatever the cell repeat unit in
the three directions x, y, and z, the volume of the elementary cell is equal to a’. The
number of primitive cells in the direct lattice of volume denoted V is therefore

14 . .
N = . As cach cell contains on average one node, and each node is attached to

a
the base of each atom, the total number of atom bases is also N. The reciprocal
lattice, as we have seen in section 5.7.1, is also a simple cubic structure, while the
3
first Brillouin zone is a cube of side 2* and therefore of volume 8%. We can

a a
therefore place into this Brillouin zone a number of primitive cells equal to:

871:3 3
R A4

a

Ak3_ a@ 8n3_a '

where V—3 = N is precisely equal to the number of atom bases in the direct lattice.
a

Given that there is spin, we can place up to two electrons into each primitive cell.
This means in turn that we can put two N electrons into each Brillouin zone.
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So, if in the direct lattice, an atom base liberates two electrons, the first Brillouin
zone is just filled by those free electrons leaving the following zone completely
empty. The two zones are separated by a “gap” characteristic of the material under
consideration. If the gap is in the order of 5 eV or more, then the material is
an insulator, but if the value is in the order of 0.5 to 3 eV then it can be thought of as
a “moderate” semiconductor.

A bivalent material (based on one atom liberating two electrons) crystallized into
a simple cubic structure is therefore an insulator or a semiconductor with a full
valence band and an empty conduction band (at absolute zero). The same result
would be obtained with a material that had an atomic base containing two
monovalent atoms. However, if the material had an atomic base consisting of
a single monovalent atom, then the first band would be half-filled so that the
electrons could find themselves in free levels and be easily moved under a weak
electric field: in other words the material would be a metal.

5.8.2.2. Filling Brillouin zones in a 2D square structure

That stated above for the 3D structure can equally be applied to a 2D structure. If
S is the surface of a 2D crystal, the number of primitive cells that can be placed in it

in a direct lattice is given by: iz = N (). This number is equal to the number of
a

atom bases in the direct lattice.

2
The surface of all the Brillouin zones is the same, and is given by [2—”) , as we
a

have seen in the scheme of reduced zones (see Figure 5.14). In the Brillouin zones
we can place a number of cells equal to:

4m?

a?

_dm s S
Ak dw @

Once again the number of cells in each Brillouin zone is equal to the number of
atom bases. Finally, if each atom base liberates an even number of electrons (,)
then the first Brillouin zones will be full and the material will be an insulator or
a semiconductor. If N, = 2, then only the first Brillouin zone will be full; if N,=4,
then the first two Brillouin zones will be full; if N, =6 then the first three Brillouin
zones will be full; etc.

When N, is odd, then we have a metal, as in for example N,=5, and the first two
Brillouin zones are full and the third is half full.
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5.9. The Fermi surface: construction of surfaces and properties
5.9.1. Definition

The Fermi surface is the name given to an equi-energy surface (a constant energy
Er) plotted in wavenumber k space (reciprocal space). Given the Fermi-Dirac
function at absolute zero, the Fermi surface separates the occupied electronic states
(full orbitals) from the empty states (unfilled orbitals) at this temperature.

5.9.2. Form of the free electron Fermi surface

5.9.2.1. Establishing the form of equi-energy surfaces
In 3D, free electron energy is given by: E = ;’—Z(kf +k 3 + kzz), where for a
m

cubic crystal of length L we have k. =k, =k

¥ . = 2L—“(n). The equi-energy surface

E = E can be obtained in & space when:

J2mE
k=kp =2 +kF +k2)p = YF

= NTTPF (= constant).
. (= constant)

This surface is thus a sphere with a radius given by R E, = kp, where kg is

defined by the preceding relation.

For a crystal shaped as a parallelepiped, and with sides given by L; # L, # Lj
the Fermi surface as given above transforms into an ellipsoid.

5.9.2.2. The form of Fermi surfaces as found in different representations

The free electron Fermi surface for a 2D crystal of a square lattice is traced in
Figure 5.19a for an arbitrary electron concentration. It can be a hindrance that parts
of the Fermi surface belong to the same zone, e.g. the second, and appear separated
from one another. This can be avoided by using the zone schemes presented earlier.
Figure 5.19b simply gives the area of the Fermi surface for the first Brillouin zone,
while Figure 5.19c shows the Fermi surface in the second zone as a diagram of
reduced zones (that is to say brought back as in the first zone). So that Figure 5.19¢
is not overloaded, only the contribution from the 2, part of the second Brillouin
zone is shown (as a dotted surface). This figure can be compared with that in
Figure 5.17.
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N

/ (a) (b) ©

Figure 5.19. (a) Circular Fermi surface for an arbitrary concentration of electrons; (b) part
of the Fermi surface situated in the first zone; and (c) part of the Fermi surface situated in the
second zone brought to the first zone with a contribution from 2a, shown as the dotted area.
The central areas are the only ones not occupied by electrons.

5.9.3. Evolution of semi-free electron Fermi surfaces

The filling-up of electronic levels is accomplished from the bottom level up (the
origin of the reciprocal lattice), and also in the corresponding equi-energy circular
levels (or spheres in 3D) of which the radius (k) increases along with the filling.

From a circle (or a sphere) of radius greater than 2~ (side of the square representing
a

the first Brillouin zone), that is to say from the limit of the Brillouin zone in the
directions k, and k, (see Figure 5.13) the second zone will start filling before the first
Brillouin zone is completely filled. There is an overlap between zones, as long as the
potential barrier between the Brillouin zone is small.

It should be said that at this level there is a distortion caused by Brillouin zones
being defined from a periodic potential. So while the sphere (or circle in 2D) is
drawn based on a hypothesis of free electrons (using the relation

n? .
E = Z—(kf +k f + kz2 ) for free electrons, the electrons are actually semi-free.
m

So as to have a reasoning closer to reality, we need to have an idea of the form of
the Fermi surfaces in an approximation of semi-free electrons. Qualitatively, we can
state that (and this applies to a base of atoms liberating two electrons so as to fill the
first zone, as is the case for bivalent atoms with one atom per base):

— if the barrier is sufficiently high, the electrons remain in the first zone (as for
example, in diamond) and as shown in Figure 5.20a. First they are placed around the
center and then fill the first zone up to the point where the circle (sphere) just
touches the boundaries. Then they fill up the areas towards the corners, as they do
not have enough energy to break the barrier to the second zone;
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— if the barrier is not too high, electrons in the second zone are less energetic
than those in the first, and now Figure 5.20b gives a better representation of the

minimum energy.

I
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(a)

(b)

Figure 5.20. Deformation of at the limit of the Fermi surface
when there is: (a) a high barrier; and (b) a small barrier

Approximate constructions of semi-free electron Fermi surfaces are based on the
following two facts:

1) The Fermi surface meets the limits of the Brillouin zone at a right angle

In effect, the velocity of the group associated with the electron wave packet is
written as:

E
0=
do " 1dE
vg = — = ——’
dk h dk
so that vectorially v, = % grad, £. The vector grad; £ being normal to equi-

energy lines traced in & space (reciprocal space) means that the equi-energy lines are

normal to v’ o

Looking at a Brillouin zone limit, and working in terms of H as shown in

Figure 5.21, the wave vector y is written as: k = [Ex ]k ot k} .

a

_The velocity (y) is given in the form: v’ =v, +v,, and is collinear with k as
hk = m *v (crystalline moment).
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9E. =0, v = 0and v =v y I qu, the velocity is directed with

As [ ]
dk )k =m/a
respect to k , and the equi-energy lines are normal to the zone limit (limit directed

with respect to k )

_A
B
E<consi. )
N L
k i

Figure 5.21. Electron velocity in the band limits

i1) The crystal potential has the effect of bending the Fermi surface close to the

energy extremes
In effect, within a vector k of the energy extreme (defined in the reciprocal

_on=l_
space by, for example, k, = k;), the energy that is developed (following

MacLaurin) can be written using:

E(k):E(kl)J_rhz(l;;il)z

The equi-energy surfaces are spheres in #D or circles in 2D with centers at k]
2Am¥(E~E
and radii defined by (k - kl) = 2 -E1) . This explains the shape of the equi-
energy spheres at the limit of the zone.

5.9.4. Relation between Fermi surfaces and dispersion curves

As already discussed, we should consider all possible directions in the reciprocal
lattice because an energy that is forbidden in one direction (k, in k, = m/a) may be
permitted in another (k,, again with k, = m/a). This configuration is described in
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Figure 5.22 for a 2D Brillouin zone of a material with a square lattice (equivalent to

a simple cubic lattice in 3D).
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Figure 5.22. Relation between the curves of E=f (k) and equi-energy

The circles shown in the zone are the geometric points for an energy Ey where
N=1,2, 3, etc. The circles are pushed one against another as N increases. When we
reach the zone limit, the circle is deformed and at the very limit a discontinuity of
the equi-energy curves occurs. While energies are forbidden in the k. and &,
directions, they are still allowed in the k,, direction, up to the point where the whole
zone is filled if the gap between the two zones is large enough.

In general terms, we cannot obtain any quantitative results without performing
some calculations but qualitatively we can see that the equi-energy surface of the
second Brillouin zone (Figure 5.19c for free electrons) will develop into a form
shown in Figure 5.23.
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]

Figure 5.23. Fermi surface (in gray)
in the second Brillouin zone (scheme freduced zones)

5.10. Conclusion. Filling Fermi surfaces and the distinctions between insulators,
semiconductors and metals

5.10.1. Distribution of semi-free electrons at absolute zero

Generally, at absolute zero, the electrons occupy the minimum energy cells close to
the origin of the reciprocal lattice. These cells are distributed inside the Fermi surface.

If the element making up the solid liberates few electrons per atom, for example
crystalline monovalent elements in a centered cubic system (alkali metals) or in
a face centered cubic lattice (e.g. Cu, Ag, Au as detailed in Chapter 6), the number of
occupied cells is much lower than the number of cells contained in the first Brillouin
zone. The equi-energy surface (Fermi-surface) is very close to that of a sphere (see
Figure 5.24 below for a square lattice) and the representation of the free electrons
scheme is very close to reality.

equifnergy
urfafe

— —>
k.

Figure 5.24. Representation of a square lattice

If the atoms of the element making up the solid liberate two electrons or more (in
general an even number), then the first (or the next) Brillouin zone can be practically
totally filled. However, there are two particular situations that can arise:

— if the gap between the first and the second Brillouin zone (or more generally
between adjacent Brillouin zones) is large, then the Brillouin zone under
consideration can end up being totally filled, as in Figure 5.25 below;
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Figure 5.25. 4 totally filled Brillouin zone

— if the gap is small, or even better the bands overlap, causing the gap to
disappear, then the second zone starts to fill up before the first zone under
consideration is completely full.

kA

Figure 5.26. A partially filled Brillouin zone

5.10.2. Consequences for metals, insulators/semiconductors and semi-metals

If the last occupied zone (band) is only partially filled (generally half-way) there
are numerous empty cells that remain available to transport electrons under the
effect of an external perturbation (for alkali metals and monovalent noble metals see
the example of copper given in Chapter 6).

If the last occupied zone (band) is completely full, and if the gap with the
following zone (band) is considerable (greater than 4 or 5 eV), the electrons cannot
leave the band under consideration and the material is an insulator. If the gap is
relatively small (typically less than 3 or 4 eV), the insulating material at absolute
zero becomes a semiconductor at ambient temperature as there are a few electrons
that can pass with thermal agitation to the following zone (band) to leave holes
behind (for example see germanium or silicon detailed in Chapter 6). The presence
of a reasonably high gap (in the order of 5 eV such as in carbon based diamond) can
nevertheless be used to furnish a material with semiconductor properties that can
resist intense “flashes”, such as nuclear explosions, and can be used in devices of
military importance.
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If the last band can be totally filled but there is an overlap of bands, we end up
with a semi-metal (for example, alkaline-earth metals have two valent electrons per
primitive cell, which would be insulators except that the energy bands overlap and
hence they have to a limited extent some metallic properties).

5.11. Problems
5.11.1. Problem 1: simple square lattice
Show that for a simple square lattice (2D) that kinetic energy of a free electron in

a corner of the first Brillouin zone is twice as high as that of an electron situated in
the middle of one side of the zone. What is the result when the lattice is cubic (3D)?

Answer
o . . k> .
For a free electron, the kinetic energy is written: £ = e and we find in
m

2D that:

2 2 2
— in the middle of one side of the zone: k2 = k)? = [E] , and Egge = h—[ﬁj ;
a

) ) )2 2 ()2
—and at a corner of the zone: k? =k; +kj = 2[—] and £y, = 2—2[% .
a m

We thus find that:
Ecomer — 2
E side

In a 3D medium, the value of Eq. is unchanged while:

2
_ h? 2 2 2\ h? TT
Ecorner‘%(kx+ky+kz)_2m3; >

E
from which in 3D; —S2€L = 3,

E side
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5.11.2. Problem 2: linear chain and a square lattice

1) This question concerns a linear chain made up of » identical atoms that are
spaced an equal distance apart from one another so that the length of the chain L is
given by L = na.

a) What is the dimension of a cell in the reciprocal space?
b) How many cells can we place in each energy band?

c¢) Show that a 1D body is an electrical insulator (or semiconductor) at 7= 0K
if it carries an even number of valence electrons per atom.

2) This question carries on from the question concerning a square lattice (of side
L = na) that contains in all N atoms (N = n”) and each primitive cell has a side of
length a.

a) Describe the direct lattice and then the reciprocal lattice.

b) Trace the first two Brillouin zones. Indicate the maximum number of
electrons that can be placed in the first and the second zone. Conclude.

3) The atoms in this question are bivalent.

a) Sketch the scheme of the energy bands for semi-free electrons: E = f (ky,0)
and E = f(k, ;) (where k; designates the wavenumber in the direction [i, /]).

b) Point X designates the middle of the side of the square that is the first zone.
Point M is at the summit of the same square. The modulus of the wave vectors have
their ends at X and at M and are denoted by ky and k). When k = ky, the
corresponding energies are denoted E(X¢) for the bottom of the conduction band and
E(Xy) for the summit of the valence band. In addition E(X¢) — E(X)) = w, o and is the
energy gap in the direction [1, 0].

Similarly, when k& = kj;, the energy is denoted E(Mc) for the bottom of
the conduction band and E(M)) for the summit of the valence band, with
E(Mc) — E(My) = wy, being the energy gap in the direction [1, 1].

What relations are there between E(My) and E(Xc) when the material that is
made up of bivalent atoms is at 7= 0K an insulator or a conductor?

¢) Within the last hypothesis, detail the appearance of the Fermi and first
Brillouin zone surfaces.

4) Numerical analysis:

Wio= 4 CV, w1 = 2 CV,
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hZ 7-[2
— =4.2 eV (when a = 0.3 nm).
2m a?

Is the material a conductor or insulator at absolute zero?

Answers

1)
a) For a direct space of dimension L, the dimension of one cell in reciprocal
space is given by Ak = %, where L = na, with n making p the number of atoms

that go into a linear chain.

b) For a periodic system of period a, an energy band is localized between

k=-" and k =". Its width is thus given by 2—”, and inside it can be placed
a a a

2n

a p— L p—

i n cells.

L

¢) With the possibility of placing two electrons per cell, we can thus place 2n

electrons per band (each band being the same size, as in 2—n) in all. If the atoms each
a

liberate an even number (NV,) of valence electrons, then the number of bands that the
nN, of electrons that will be able to fill at absolute zero (temperature at which the
Fermi function is equal to one when E < E < Ey) will be:

—1bandif N, =2,
—2band if N, =4,
—3band if N, = 6,
— etc.

with, in all cases, a last band that is completely full. The material is thus an insulator
if there is a large gap and a semiconductor if the gap is small (i.e. less than 3 eV).

2)

a) The problem is now 2D with a square direct lattice of side L = na and N = n*
atoms in all.
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Figure 5.27. Sketches for Answer 2: square direct lattice (left) and
the base vectors on the reciprocal lattice (right)

The base vectors of the reciprocal lattice are such that ‘/I ‘ = |§ | = z—n, where
a
A-b =0, sothat 4 L b andsimilarly B L a.

b) The first two zones shown above are of the same surface (as detailed in

2
many university courses on how to use reduced zones) and equal to (z—n) . The 2D

a

. . . . 4m .
cells in reciprocal space are of a size given by Ak, - Ak, = L—Z, and therefore in

each zone we can place (277:)2 / (277:]2 = 2—: =n?= N cells, which is equal to the
a
number of atoms in the system. With two electrons per cell, we can put in 2N
electrons per zone. If the N atoms have a valency of two, they will liberate 2N
electrons that can only just fully fill the first zone. This complete filling will only
occur if the barrier between the two zones is sufficiently high to push electrons to
the corners at the end, and will result in insulating (or semiconducting) behavior. If
the atoms have an odd number valency (monovalent), the last band to be occupied
will be half-full in respect of equi-energy circles with a maximum radius of

kf:Jth*EF . Ifkf-< n

, then the circles do not reach the second Brillouin zone, the
a

bands will not overlap and a metal is formed. If k,> =, there is a risk of two bands
X a

overlapping with the ensuing formation of semi-metallic behavior.
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3) The atoms are bivalent, and when the extremity of a wave vector touches the
zone limit, the energy levels of the different bands need to be compared.

A

E

Q|
=
(=3

kl,l E\/E
a

Figure 5.28. Diagram of the band scheme with respect to the directions [1,0] and [1,1]

a) Schematically, and from the perspective of the bands, the representation
above shows the two principal directions [1, 0] and [1, 1]:

—1If E(My) < E(X¢), the first band and hence the first Brillouin zone is
completely filled with up to 2N electrons. Being completely filled it is thought of as
an insulator or semiconductor with a gap given by: E(X¢) — E(My) = wg.

—If E(My) > E(Xc), the second band starts to fill before the first band is
completely full. The two bands are incompletely filled and have overlapping energy
bands — the materials is semi-metallic (no resultant gap). Within the free electron
theory, the Fermi surface takes on the shape shown below as a dashed line circle.
For these semi-free electrons, the circle becomes deformed as shown in
section 5.9.3.
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Figure 5.29. Incomplete bands with overlapping energy levels (as when E(My) > E(X¢))
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These ideas can be extended to 3D materials and can explain how Mg, Be and Pb
are metallic, while Si, Ge and Se are semiconductors.

Given the relationship that exists at the band limit, we can quantitatively write
that for the preceding two inequalities in a square lattice:

T
kX = —
a

kM :E\/E
a

. " o .
Knowing w;; and w,, and hence Eymri 4.2¢eV, we can discover whether or
m a

not the bivalent material is an insulator or a semi-metal.

With wy o =4 eV and w;; =2 eV we have:

h? h? 2m?
EMy)=—pg -t _ "0 Wi
2m 2 2m a? 2

2
=42 x2-—=74¢eV
2

h? h? m?
E(X¢)=—kpy A0 (ORGSR ()
2m 2 2m a? 2

=42 +i =6.2¢V.
2

Thus E(My) > E(X¢), which implies a semi-metallic character.

NOTE.— In the numerical calculation, there is:

2
h2 2 21 a=0,3nm(6.62x10_34)

£, = = 6.76x107"1,
A oma 8m @ 8x0.9%x10730 9x 10720
or rather:
6.76x1071°
Eqjy = —————eV = 4227 eV.

1.6x1071
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5.11.3. Problem 3: rectangular lattice

This problem concerns a 2D material in a rectangular lattice that has the
following parameters: the primitive cell is such that a = 2 4 and b = 4 4; the lengths
of the real crystal are L; = Nja and L, = N,b; and the number of nodes (where there
are placed A4-type atoms) is given by N = N|N,. We assume that the base is defined
by two atoms: atom A placed at (0, 0) and atom B placed at (1/4, 1/4). The outer
layer electrons dispersion relationship (valence electrons) follows that of the semi-
free electrons theory. That means for a given direction [m, n] the curve E = f(k)
follows that of free electrons (of energy E) except when in the vicinity of
discontinuities, where the energy for the first discontinuity can be written as:

E,..= E,,tw,,/2 (discontinuity amplitude is w,,,, where in this case w,,, > 0).

In terms of notation:
EV[ma n] = Em,n = Em,n - Wm,n/2 and EC[ma n] :E+m,)1 = Em,n + Wmn/2

And we have 72/2m =3.82 eV A%

1) Show:
a) the direct lattice with base vectors that are written as @ = aé, and b = bé v

b) the reciprocal lattice and the base vectors that we will determine the first
two Brillouin zones and their geometric forms.

2) Give the expression for the energy at zero order in k space at the first point of
discontinuity that appears with the first-order approximation (semi-free electrons) in:

a) the direction [1, 0];
b) the direction [0, 1];
¢) the direction [1, 1].

In the figure also sketch the dispersion curves [E = f'(k,,,)] for semi-free electrons
with various energy levels, namely: w;o=1.5eV; wy; =2 eV;and w;; =1 eV.

3) This question studies the filling of Brillouin zones at absolute zero. Each AB
atomic basis set liberates two electrons that are semi-free.

a) Indicate the number of electrons that the first Brillouin zone can accommodate.

b) What inequality exists between the parameters w,, , and « and b of the direct
lattice cell so that a crystal is an insulator?
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4) Applying the result from above.

a) The values that are given are: wio = 1.5 eV; wo; =2 eV; w;; = 1 eV,
h”/2m= 3.82 eV A”. Determine whether or not the crystal is an insulator or a
conductor at absolute zero.

b) Now the material is a conductor at absolute zero. Schematically show the
form of the equi-energy curve Er (corresponding to the Fermi level for which the
significance of absolute zero should be noted).

5) From now on B is placed at (1/2, 1/2) and the atoms A4 and B are chemically
identical. The direct lattice can now be thought of as part of a centered rectangle.

a) Show the geometric form of the direct lattice with its new primitive cell
(along with the two fundamental vectors and their components).

b) Give the base vectors of a traced reciprocal lattice and give its structure.
¢) Trace the first Brillouin zone and show its geometric form.

d) We will assume that the 4 atoms are monovalent. From the determination of
the Fermi circle line, show if the material is a conductor or an insulator.

e) The 4 atoms are now supposed to be bivalent. Indicate the new position of
the Fermi circle. From this can it be deduced, using the given data, whether the
material is an insulator or a conductor?

Answers

1)
)

b ¢ Atom 4 (0,0)

[ Atom B (1/4, 1/4)

O

O
(]
=

2y

=aé,, witha =2 pt

b =bé,, withb =4 4

Figure 5.30. Direct lattice with base vectors

b) The base vectors of the reciprocal lattice are such that ‘/I ‘ = 2—7[, with
a

A-b =0, so that 4 J_Z;; and similarly, |§| =2b—n, with B -@ =0, wehave B Lb.
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\ (7G11 =A4+B and

[, 2 L1 I T
SN \oau\: A2 +B? =2 —+—
S5 AR, O 1 az b2

/ ) [1.0]

iy T

8

kl‘

B e 1-c: -
\\\\\\\ oy first BZ

RRRRLE, LY

second R,
e
Bz

Figure 5.31. Reciprocal lattice with base vectors

In the figure it can be seen that the two upper and lower triangles are empty.
They do not belong to the second Brillouin zone but to those at higher numbers.

2) The answer can be given as:

a) In the [1, 0] direction (which is that of A): k= kio =". and we thus have
a=24 ¢

0 T n(n) {1
Elo[k =—=1.57j= [—J =382—=943¢eV
’ a 2m\ a 4

b) In the [0, 1] direction (which is that of B): k =k, =§; and we thus have
b=44

2

2
hZ
o (k =Z_ 0.79) = (Ej =382 =236eV
: b 2m \ b 16

¢) In the [1, 1] direction (which is that of 61 D k=kp =", and
’ a

E{y (k] = m17a+ 1767 =1.76)

2 2 2 2
_h F} J{E} :3,82[5“ j:11.78 ev.
2m || a b 16
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AE a) AE b) AE c) /
CEY _
/E[]_il,l] wii=.1eVY
- = - f
i
Ed[l, 9] y )

\
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N\
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—=2.1.3
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Figure 5.32. Band structures in the directions: a) [1,0],;6) [0,1], ¢) [1,1]

3) Filling Brillouin zones:

a) Each atomic base liberates two electrons and in the direct lattice we have on
average one base per rectangular cell (four bases are attached to each cell, and each
base is shared between four cells so there is on average one atom base per cell). If S
is defined as the surface of the direct lattice, then S = L,L, = N\N,ab. With each cell
having the surface ab, we find S/ab = NN, = N which is the number of atoms (or
nodes) in the direct lattice.

In the reciprocal lattice, the surface of the first Brillouin zone is given by

N =(2£J(2bij =4—;[2. The surface of a primitive cell is such that Ak, Ak, =
a al

4m2 . o
2 "™ | so that in the first Brillouin zone we can place
Ly )\ Ly NN pab

4n’ / i N 1V, =N cells. Being able to place two electrons per cell, the first
ab | NN ab

Brillouin zone is totally full with 2N electrons. As a consequence, the first Brillouin
zone may receive 2N electrons freed by the base of N atoms.

b) In order to determine if the material is an insulator/semiconductor or semi-
metallic, we need to know if the bands are overlapping or not. This means finding



166  Solid-State Physics for Electronics

out whether or not the band filling in the direction [0, 1] (corresponding to the
lowest energies) of the second band starts before filling of the first band in other
directions is complete.

So that there is no overlapping whatsoever, the lowest level of the conduction
band should not be filled before the highest level of the valence band is complete.
For this to happen, there should simply be no overlap between the directions [0, 1]
and [1, 1] that correspond, respectively, to the lowest and highest energy directions.

In order to have the insulating (or semiconducting) state, we therefore need to find:
E1, 1] <Ed0, 1],
so that:
E 1 =E—wi /2 <E'q; = Eo + wo/2.

This condition can also be written as:

2h? 1 1 1
woi +wi > 2(E — Eoy) = | — 4+ — | -7 — ||,
2m a? b2 b2

so that:

h*m?

2

wo,1 T wypg >
ma

4) Numeric application:

a) With wo; =2 eV and w;; =1 eV, we have: wo; + w;; =3 eV.

Witha=2 A4 and h*/2m =3.82 eV A%, we can deduce:

hZ 2 hZTEZ
™~ 18.85 eV, from which wo, +wy | =3 €V <
ma? ma?

=18.85¢eV.

The material is therefore semi-metallic.
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b) If the material is a conductor, we have: E°; + wy /2> E,; —w; /2. At 0 K,
the Fermi level (EF) penetrates the second band along the direction [0, 1] as Er must
be higher than E[0, 1]. Nevertheless, it will be at the interior of the first band in the
[1, 1] direction as it is in this direction that £ must be less than E}[1, 1]. This can
also be compared against the figure in problem 2, which describes the characteristics
for a semi-metallic state.

In the direction [1, 1] the Fermi ray k{1, 1] increases continually while in the
direction [0, 1], k[0, 1] has to go through a step before starting to increase again.
On taking into account the deformation of the Fermi circles near the angles, we find
that the Fermi surface takes on the form shown below.

Fermi “deformed circle”\ b} [1.1]

\K(.\\\ \\\\\
REXK o)
By st | P, SO\
Z( 9 [1, 0]

\\M m y
A

SRR
ELTL SLCTE

Figure 5.33. Truncated Brillouin zone

5) The B atoms are now placed at (1/2, 1/2) and are the same as the 4 atoms.
They are pictured below:

Figure 5.34. Direct latice with B atom localized in (1/2, 1/2)
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a) The direct lattice is thus a centered rectangle. The primitive cell is rhombus
shaped, and a base vector for the vectors such that:

The surface of the elementary cell is:

1 [abj a-b
s'=4.—.| —— | = s
2 (22 2

and the number of elementary cells that we can place in a sample of the surface is

given by S = L|L, = N\N, ab = Nab and is equal to i = 2N . As each rhombic
N

primitive cell contains on average one atom (four atoms shared between four
adjacent cells), a sample of the surface S contains 2N atoms in all.

NOTE.— If instead of considering the preceding primitive cell, we look at a centered
rectangular cell, the surface is now given by s = ab. In the sample given by the
surface S = L|L, = N|N, ab = Nab, we can place S/s = N rectangular cells. As this
cell contains on average two atoms per cell (one atom at the center of the cell and on
average one atom at the top of the cell, with four atoms at four summits being shared
between four adjacent cells), we can place a total of 2N atoms in the sample surface
S, i.e. a result identical to the preceding case.

b) The base vectors of the reciprocal lattice, F‘{f and B "* {;/V are such that
they should agree with:

N b . b
A% a=x%+v 2= (1) B b=ri-wZ=om (2
2 2 2 2
— a b —_— — a b
A% b=x2y2=0 @3 B .a=rZiwZ=0 @
2 2 2 2
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We thus have a system based on four equations with four unknowns (X, Y, V, W).
So:

(H+B)=>Xa=2n=X=2na

H-B)=>Yb=2n=Y=2mh e 2n/a —)2n/a
2)+t@)=Va=2n=V=2na 2n/b
2Q)-@)=-Wb=2n= W=-2n/b

As a consequence, the elementary cell of the reciprocal lattice has the same
conformation as the reciprocal lattice cell. The reciprocal lattice is also a centered

rectangle. Mathematically, we in effect need only to equate the components of A
and ZT’;‘, as in 2m/a = ¢/2 and 2n/b = d/2, to see that the fundamental vectors A%

and B have the same components as the fundamental vectors a' and b from the
direct lattice when:

——le/2 —lc/2
A and B '™ .
d/?2 -d /2

¢) The first Brillouin zone takes on a rhombic shape — shown as a gray surface

in the ﬁgure belOW.
/ »
2

s *
\ = 2m/a

\.

Figure 5.35. Rhombic-shaped first Billouin zone (gray area)

a
S
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We can state that:

1 1
OC =2mn /—+—;
a? b?

and its mediator delimits (in the direct lattice of the centered rectangle) the first
Brillouin zone, and is identical to that which delimits the second Brillouin zone of
the direct lattice of the preceding example based on a simple rectangle. The same is
true for OD = 2.21/b and its mediator.

We can immediately conclude that the surface of the first Brillouin zone is the
centered rectangular lattice is equal to the sum of the surface of the first Brillouin
zone and second Brillouin zone of the preceding simple rectangle lattice.

d) As seen in problem 5a where there were 2N electrons to place, in the direct
lattice if the 4 type atoms are monovalent, we have 2N atoms to place that take up

the reciprocal space of NV cells on a surface given by: [ZHJ [2”] =4
Ly Ly Nab

These cells should be spread throughout the Brillouin zones with the first zone
being filled first, it having dimensions given by:

m 2
oL =TT 5740
b 4 4

2 2
1 2 2 1 1
ok =L [_j (_] el 76 A7
2 a b a®> b?

The line detailed by & of the Fermi circle, at the interior of which are placed all
the 2N electrons of the N cells if the line is inside the Brillouin zone is such that

n’k,% =N -(Surface of a cell):i:. From this can be deduced that kp =
ai

The Fermi circle thus appears smaller than the smallest dimension (here along
OL) of the first Brillouin zone so that all the electrons can be placed inside the Fermi
circle while maintaining empty cells in all directions. The material is therefore
a conductor.
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e) If the 4 atoms are divalent, we have 4N electrons to place into 2N cells, and

am 8m?
Nnb] = SO that
al

the Fermi circle must therefore follow: nk% =2N (

a=2

b4
kp =2 2—: = 1.78 A’!. This time, kr > OL and even kr > OK, so the Fermi circle
al

reaches the second zone and what remains to be known is what happens at the points
L and K:

— either there is little or no potential barrier and the second zone starts to be
populated before the first is completely full. The material is thus a semi-metal;

— or there is a high barrier that displaces electrons into the corners of the first
zone and we thus need to know if we can just fill the first zone of the rectangular
center, in which case the material would be an insulator.

Taking the representation for the Brillouin zone from problem 1b, it is possible
to see that with the simple rectangular structure we can use the first zone’s scheme
of reduced zones for the second zone, which has the same surface. The figure below
shows how part (1) of the second zone can be placed into the first. The same can be
done with other parts of the second zone, as for example the surfaces of small
triangles #; and ¢, are identical. The result is that we can place, in all,
2 x 2N electrons, or rather, 4N electrons in the first two Brillouin zones of the
centered rectangular structure. This is just the number of electrons liberated by the
bivalent 4 atoms. In effect, the material is an insulator.

0, 1]
v [ 1]
t forsr i M,
> I é// 0G i
fos §\Q\\\ : X t [1. 0]

2
—
FESETOrrry CorrrrreT
\\\t\t} oY
R R

Figure 5.36. Diagram of the reduced zones showing that first
and second zones are of the same area
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Chapter 6

Electronic Properties of Copper and Silicon

6.1. Introduction

This chapter is mostly concerned with the face centered cubic (fcc) structure that
is taken up by a large number of crystalline elements, such as aluminum, nickel,
copper, silver, calcium, neon, argon and krypton. In addition, we find that the
elements in column IV of the periodic table, silicon and germanium, crystallize in
the same form as diamond carbon. In this structure, half of the atoms are in the same
environment as those in a fcc structure. The other atoms are also in a fcc lattice that
is displaced with respect to the former lattice by a quarter cell unit in the direction
[1,1,1]. The two types of atoms differ simply in their orientation with respect to their
bonds with their nearest neighbors.

Copper and silicon are both standard bearers in their respective classes of metals
and semiconductors. Given their industrial and academic importance, it is easy to
see why the study of their crystalline structures in order to understand their
electronic properties is so crucial.

6.2. Direct and reciprocal lattices of the fcc structure

6.2.1. Direct lattice

The fec structure (side ) is shown in Figure 6.1. Two forms of unit cell can be
constructed:

i) A rhombohedric cell based on the vectors a b, joining the origin O to the
center of the faces of the cube.
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The component of the @ ,l; ,¢ vectors on the x, y, z axes are:

X y z
a di2 dn 0
b di2 0 d/2
¢ 0 dr2  dnr

Figure 6.1. Fcc structure

The rhombohedron is the smallest cell possible; it is therefore called the
primitive cell and has, on average, one node per cell (a node for each of the eight
points of the rhombohedric cell, with each being shared with eight other
rhombohedric cells).

ii) A cubic cell with the base vector being vectors A,B,C (from the d
components respectively along the x, y, z axes) with the nodes at the summit of the
cell and at the center of each d face side. This fcc cell contains, on average, four
nodes per cell. There are eight nodes at the summit of each face that are each shared
with eight other cells and that contribute, on average, one node per cell. However,
there are also six nodes at the center of six faces that are each shared between six
faces and therefore bring an extra 6/2 = 3 nodes per cell.

With a total of four nodes per cell, the centered cubic cell is four times larger
than the rhombohedric primitive cell.



6.2.2. Reciprocal lattice
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6.2.2.1. Base vectors deduced directly from the direct lattice

Using the primitive cell in the direct lattice as a starting point, the base vectors

A ,§ ,E of the reciprocal lattice are such that, for example with a* = 27'5%, we

have:

Saft
X
oy

so that:

(ab.,c)

Finally, by a circular permutation, we find the components of the three base

vectors of the reciprocal lattice:

X y z
- 21 2n 21
a * - - —_

d d d
b * 2_7'E _2_11: Z_TE

d d d
- 21 21 21
c* —— — —

d d d
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and the modules of these vectors are such that (see Figure 6.2):

2 2 2
|5*|:\/(2_nj +(2_nj +(2_n] :E 3:‘5*‘:|5*|
d d d d

The vectors of the reciprocal lattice are in the form G hojg =ha* +kb *+E *

G1,0,0=a*
and the nodes closest to the origin are given by the vectors (G 0=b* . The Brillouin
Go,0,1=¢C*
zones, which are in themselves difficult to geometricly construct, can be traced from
the mediating planes of the vectors denoted a* b* ¢*. An additional

simplification is made by changing the base.
6.2.2.2. Changing base in a reciprocal lattice

A new base can be more easily constructed in a reciprocal lattice by using the
new base vectors given by:

Oal h;l

* *
Il Il
[STREY)
* *

+ + +
o Oy
* *

@)
*
1l
Sy
*

I
*

In effect, the vectors A4 *, B * C * make up a base as they correspond to the
maximum number of linear vectors (equal to three). To confirm this property, we
can create a linear combination given by ,ulf" + 1B *+ y3ﬁ, and show that if

ylﬂ+/¢2§—”" +/,¢367" =0, then u; = up = w3 = 0. Given the definition of A%

B *, F‘, the linear combination gives:
,ul(ﬁ*-i-5*)+ﬂ2(5*+5*)+y3(5*+5*)=0
so that:

a*(uy +pa)+0 * (i +p3) +¢ *(uy +u3) = 0.
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As G*, b*, ¢* are the base vectors, this equation implies that (u; + ) =

+ 1) =(ur +u2) =0, so that ”1:‘”2:‘”3}: =u, = 3 =0, which in
(a1 +u3) = (12 + 113) and py=—p3 My =My =43

turn shows that 4 *, B * C * are linearly independent.

Given the definition of the vectors (see Figure 6.2), the components of A *,

FF, C * are thus:

y z
A* an 0
d
. 4
B o I
d
. 4
I o
d
ZA )
P
C*
i
4 4n bt
| —/Y
o5
anog T
d

Figure 6.2. Centered cubic (cc) of the reciprocal lattice of the fcc structure

The new cell obtained for the reciprocal lattice is thus a cubic centered cell (ccc)

with sides equal to %, a node at each summit and a node at the center of the cube (see

also the components of the primitive vectors of the reciprocal lattice a*, b*, ¢¥).

This is a classic result that can be stated simply enough, the reciprocal lattice of a
fce lattice is a cc lattice. Reciprocally, the reciprocal lattice of a cc lattice is a fcc.
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6.3. Brillouin zone for the fcc structure
6.3.1. Geometric form
In the reciprocal lattice, the closest nodes to the origin are localized at:

— six coordinate points (i%,0,0), (o,i‘;l,o), (0, O,i‘;—n), situated in the six

directions normal to the planes [1,0,0], [1,0,0], [0,1,0], [0,1,0], [0,0,1], [0,0, 1].
The vector of the reciprocal lattice G—l,O,O normal to the planes [1,0,0] is such that

=~ — s 4
GI,O,O =4 *, with ‘Gl,O,O‘ = 771: 5
. T 2n 2n 2n . .
— eight cube centers from the combinations of {+ ==, + = + , and situated in the

eight directions [1,1,1] (normal to planes [1,1,1], [1,1,1], [1,1,1], [1,1,1], [1,1,1],

[1,1,1],[1,1,1],[1,1,1 ]). The vector of the reciprocal lattice normal to planes
[1,1,1] and with an extremity at the center of the cube (in the first octant) is the vector:

61,1,1 A* B* C*

G111

2

-l LT T -

Figure 6.3. First Brillouin zone of the fcc structure
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The first Brillouin zone described by the mediating planes of segments joining
the origin node to its closest neighbors is shown in Figure 6.3. In the [1,0,0]
directions the faces are squared and in the [1,1,1] directions they are regular
hexagons. The coordinates of the intersection of the mediating planes with vectors

GI,O,O and @17171 / 2 are indicated in the figure.

6.3.2. Calculation of the volume of the Brillouin zone

Figure 6.4 schematically illustrates the Brillouin zone (or more exactly an eighth
of the Brillouin zone) in the first octant.

Figure 6.4. Brillouin zone in the first octant

G

In the [1,1,1] direction, the node is found at the extremity of vector , and

the intersection with the mediating plane (Brillouin zone) of this segment is thus at

m T

the point denoted G’ that has the co-ordinates (dﬁ’*

,—). The equation for this
d d

mediating plane can be found by considering a vector v (with components x, y, z)
that has an extremity in the plane that is such that vV .0G' =|O—G '|2, so that

m b b3 m? b3
X—~+y—+z-—=3",andhence x +y +z =3—.
d d d d? d

The intersection of this plane with axis x is such that when y = z = 0, we have

x = Z—n (the point H in Figure 6.4).
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. . . . 3
Similarly, the intersection between axes y and z occurs, respectively, at y = 7“

and z = 377: (indicated as points L and K, respectively, in Figure 6.4). The points

situated at (2m/d ,0,0), (0,2m/d ,0), (0,0,21/d) correspond for their part to the

intersectional points at the x, y and z axes on the Brillouin surfaces, which were
obtained as mediating planes in the [100], [010] and [001] directions.

The volume V' of the first Brillouin zone of the first Brillouin zone in the first
octant thus takes on the form V' = v — 3v;, where v is the volume enclosed by three
axes denoted (Ox, Oy, Oz) and the plane defined by the intersectional points HKL,
and v, represents each of the small triads at the point H, K and L of the bases clipped
off in Figure 6.4. It is the removal of these pyramids that result in the truncated sides
of the Brillouin zone. We thus find

1 2 3
fvzlS~h,whereh=3—n andSz—(S—n) sothatv=9i;
3 d r\d 243

2 3
- vy =1S1 - hy, where By =" and S| = i(ﬁ) so that v, =" _ or rather,
3 d 2\d 6d°>
3
3\/1 =L3.
2d

3
We thus find that V'=v -3y, = 4%, and that the total volume of the sliced
d

octahedron, and therefore also of the first Brillouin zone is given by:

31

V===

6.3.3. Filling the Brillouin zone for a fcc structure

If ¥} is the volume of the starting crystal (i.e. in direct space), then the number of

(fce) cells with a volume given by d* and containing an average of four nodes is

given by V—g. In direct space we therefore have N = 4V—g nodes.
d d

3
The volume of a cell in reciprocal space is ?/L In the volume V of the Brillouin
0

zone of the fcc structure, we can therefore place:
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that is, the same number as there are nodes in the direct space.

Being able to place two electrons per cell into the reciprocal space means that the
fce Brillouin zone structure will be filled with 2N electrons. However, this will only
happen if the set of atoms (attached to each node) each liberate an even number of
electrons.

6.4. Copper and alloy formation
6.4.1. Electronic properties of copper

The atomic number (Z) of copper is 29. Its electronic configuration is [Ar]
3d" 4s'. 1t is thus a mono-valent atom and therefore its fcc lattice carries N nodes on
which are located N atoms that altogether liberate N electrons. The first Brillouin
zone is thus half-filled meaning that copper is a metal.

We can also note that silver (Z = 47) and gold give rise to the same behavior.
Their electronic configurations are, respectively, [Kr] 44" 5s' and [Xe], 4/'* 5d4'° 65
(Z=19).

The formation of alloys of copper with other more electronically rich elements is
of particular interest given that copper has a Brillouin zone that is only half-full.

6.4.2. Filling the Brillouin zone and solubility rules

6.4.2.1. Filling the Brillouin zone and the consequences

At absolute zero, electrons occupy the minimum energy cells (starting from the
origin of the reciprocal lattice) and are distributed inside the interior of the Fermi
surface.

For the mono-valent elements (notably Cu, Ag, Au) that are crystallized in fcc
structures, the number of cells occupied is considerably smaller than the number of
cells that can be placed in the first Brillouin zone. The external surface of the
distribution of full cells is very close to a sphere, and the scheme that represents the
free electrons is very close to reality.
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In contrast, if the element is richer in electrons, for example if it is divalent, then
the first zone can be filled. However, as discussed in Chapter 5 for an equi-energy
sphere that is tangential to the zone limit, there are two situations that can arise:

1) if there is a gap between the first and second zones, then the first zone fills up
and the material exhibits insulator/semiconductor properties; or

ii) if the gap is small, then the second zone can start filling up before the first is
completely filled, and this results in a semi-metallic behavior.

Thus, these two scenarios are separated by the point at which the electrons are
just able to fill the sphere within the first Brillouin zone. The position of the equi-
energy sphere, at a tangent to the zone limit, is important when evaluating the
formation of alloys.

6.4.2.2. Conditions for alloy formation: the Hume-Rothery rules
6.4.2.2.1. Conditions for alloy formation

In order for alloys to be formed, the diameters of the atoms should be very close
to one another, or otherwise a disparity in electrons can make it very difficult to
form a solid solution. An excessive number of electrons can, however, make alloy
formation quite easy. For example, mono-valent copper is only slightly soluble (1%)
in bivalent zinc (Z = 30) which has the electronic structure [Ar] 3d'® 4s”. But zinc is
highly soluble in copper (up to 1/3 zinc and 2/3 copper). Similarly, copper is
insoluble in silicon (valency of four), whereas silicon can be placed into copper (up
to 6%).

Ak

n(E) ')

v

E, £
® (b)

Figure 6.5. (a) Variation in the maximum energy of n(E) and denoted as E,,;
(b) scheme showing how the greatest number of cells filled by electrons with a given
energy E is obtained with an equi-energy sphere that is tangential to the Brillouin zone

In addition, we can note that the maximum of the curve n(E) (which describes
n(E)= Z(EYAE) for the electronic density) gives the maximum value of the attained
electronic energy (£,,) (see also Figure 4.7).
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Given the remarks above, we can easily see that this energy value relates to the
position of the equi-energy sphere tangential to the zone limit. In effect, it is at a
position where the sphere covers the greatest surface that can surround the
maximum number of cells that accommodate electrons of the same energy £ (which
is equal to the maximum value of n(E) for £ = E,,). At a smaller radius, the surface
is smaller, but at higher values the surface is broken by the limits of the zone; see
Figure 6.5b, which sketched a simplified example of a 2D square lattice that results
in a square Brillouin zone; and Chapter 5, where the radius of the circle tangential to
the zone limit is equal to:

This concentration of electrons at the maximum of n(E) is very important in
metallurgy. If we increase the electronic concentration above this limit, then the
energy of the structure increases considerably (as the gap at the zone limit must be
crossed) and becomes unstable.

6.4.2.2.2. The Hume-Rothery solid solubility rules

These rules are deduced from the preceding results and the resulting general rule:
the electronic concentration observed for a stable alloy is given by the Fermi sphere
tangential to the Brillouin zone limit.

NOTE.— As above, the value given by £ = E,, the structure becomes unstable, the
value of £ = E,, becomes the maximum energy attained and is therefore the Fermi
energy (Er) of the alloy.

RESULT.— For a fec lattice the limiting (maximum) electronic concentration is 1.36
electrons per atom (see section 6.4.3). For a cc structure, the limiting concentration
is around 1.48 electrons per atom (see problems, section 6.6).

6.4.2.2.3. Simple examples

For a square lattice (2D) of length and unit spacing denoted L and a,
respectively, the surface of the direct lattice is S = L” and the cell of the primitive
cell is given by a’. The number of cells is thus given by N = L?/a* which is also the
number of nodes (there is on average one node per cell). In the reciprocal lattice, the
surface of the primitive cell is given by (2n/L).
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The Brillouin zone is a square of side (2n/a) and the (maximum) radius of the
equi-energy circle is equal to (m/a). Within this circle that has a surface of m(n/a)®
we can place:

3/ 2
LZ
Rl ml om

(em/L)? 4@ 4

or rather gN =1.57-N electrons. If the atomic base is equal to 1, that is, one atom

at each node, then there are N atoms in all with a concentration of electrons equal to
1.57 electrons per atom.

For a cubic lattice of side L and unit spacing a, the volume of the direct lattice is
V = L’ and that of a primitive cell is equal to a’. The number of cells is thus
N = L’/a® which is also the number of nodes (an average of one node per cell). In the
reciprocal lattice, the volume of the primitive cell is (2nt/L)*, the Brillouin zone is
a cube with sides equal to (2m/a), and the (maximum) radius of the equi-energy

3
sphere is (m/a). Within the volume of the sphere “n[™) we can place
3 a

3

3 3 3
4 Tc(n) smo_nl Ty cells, so that there are TN =1.05-N electrons. If we
a L3 6 a3 6 3
again have an atomic base equal to one (that is one at each node), we find that for

the total NV atoms the electronic concentration is equal to 1.05 electrons per atom.

6.4.3. Copper alloys

This section looks at copper alloy formed with electronically richer atoms (for
example bivalent atoms) and uses the same notation as in section 6.2. A stable
structure is obtained when the equi-energy sphere is at a tangent to the limit of the
zone. This happens when this sphere centered at the origin reaches the point G'

shown in Figure 6.4, so that OG ' = gx/g . The volume of the sphere is now given

3 4
by Vy = gTE(E\B) = 4\5; and a number N '= V‘Vs = n«/?l;o of cells of volume
a a w2
Vo

871:3

3
(Vj can be placed within the sphere. It should be noted that V', = dTN (see also
0

section 6.3.3 where N is the number of nodes that is in this case the number of atoms
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in the direct space as only a single atom can occupy each node, be it copper or the
added metal). The number of electrons that fill this volume is now given by
2N '= #N =1.36- N . In other words, for the sphere to be thought of as being
just-filled, the electronic concentration should be at 1.3 electrons per atom. This is
the sort of level of electron density that can be attained in copper alloys when zinc is
added and an alpha (o) phase alloy is acquired. A higher level can be attained when
the alloy takes up a cubic centered beta () phase with around 1.48 electrons per
atom (see the problem at the end of the section 6.6, question 5).

6.5. Silicon
6.5.1. The silicon crystal

Silicon is classed as the 14th element in the periodic table and it possesses four
peripheral electrons in the M layer. In a silicon crystal, each atom is engaged in four
bonds with four neighboring atoms. The silicon crystal is thus covalent and the four
bonds take up tetrahedral positions (with an angle of 109° 28”) to give a structure not
unlike that of diamond.

4—d—>
P--------- L4
YAl 71
71 71
7 ’
- i .' / i
o - . |
7 !
A VYA
S Gt
7T v/
o | /‘// °e | )
.; _____ _-_:'
/7 [}
(b) |7

Figure 6.6. Silicon’s: (a) electronic structure; and (b) crystal cell

Silicon atoms are placed at the nodes of two cubic face centered lattices that are
shifted with respect to one another by a quarter cube diagonal. This results in the cell
shown in Figure 6.6b, which can also be used to represent diamond carbon (hence its
common name, the “diamond lattice”) or germanium crystals. In the case of silicon,
the primitive cube has a lattice constant (d) equal to 5.43 A, whereas for carbon,
d=3.56 A and for germanium d = 5.62 A. Each primitive fcc cell with a volume of
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d® contains on average eight atoms: there are four belonging to one fcc lattice and
four belonging to the other. We can assume that on average that there are four
atomic bases per fcc cell. With two atoms per base, there are in all eight atoms per
fec cell.

6.5.2. Conduction in silicon

Given its structure, and that it crystallizes in an fcc system, with two silicon
atoms per node (base = two silicon atoms so as to account for the two imbricating
lattices), the N nodes are for 2N silicon atoms. Given that their valency is equal to
four, they liberate 8N electrons which can fill several successive Brillouin zones
(each with 2N electrons). The bands do not overlap and the width of the forbidden
band has been determined as being E; = 1.12 eV, indicating that silicon is
a semiconductor. The size of forbidden band decreases slightly as temperature
increases due to the dilatation of the crystalline structure, so that at 100°C, we find
that Eg = 1.09 eV. Of note is that the forbidden band width of germanium is
0.66 eV.

6.5.3. The silicon band structure (see also section 8.4)

Determining the band structure of a material means finding the correspondence
between the wave vector and the energy at all points in different zones (in general
reduced to the first zone) or the different bands.

For a 1D material, the energy of the semi-free electrons is given by equation

[4.10] in section 4.3 that states E(zy = Eqey + o (k —k,)*, where kon is the
n m

value of k at the limit of the zone which has remained till now in the form

k

n =0 ™ For a 3D material (where the transport and therefore the effective mass
a

can differ with respect to the x, y and z directions), in the preceding expression m*
can take on various values, namely: m,*, m,* and m_* for the respective directions x,
vy and z. In addition, it is possible that the extreme values for the energy are not
obtained at the band limits (in the direction k, for k, = k,, and similarly for &, and £.)
but at other points in the k,, k, or k. directions.

6.5.3.1. Properties of the conduction band

We thus find that silicon shows a conduction band in the [100] direction with a

minimum at k,, = 0.85=", where 2™ s the limit of the Brillouin zone in these
a a
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directions (see Figure 6.3 and 6.4). As there are six [100] type directions, there are
six minimum equivalents, and in the neighborhood of £, the energy is given by:

2 2

E=E-+ *(kx—km)2+ *(ky2+k22)
m 2m;
with
* n? * n? h?
me =g = = g
ok} ok OkZ

In practical terms, the values of mz and m,* are obtained through cyclotron
resonance characterizations (performed using a magnetic field on conduction
electrons). With m, being the electron rest mass, we find that:

m, =0.90 my and m, = 0.19 m,

/

leV

P

(z L zj 00,0 [2_“ 0 0)
a,>a’a LI”

Direction [111] Direction [100]

Figure 6.7. Correspondence between wave
vector and energy in the [100] and [111]
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6.5.3.2. Properties of the valence band

The valence band shows a maximum when k£ = 0. Outside of this value of the
wave vector, the band is separated into three curves due to spin-orbital interactions
giving rise to the , ¢ and s bands. In the case of silicon, these arise from the 3p”
electronic configuration states that are in the outer 3s* 3p? layer. To the 3p” states
there are two types of electrons that are associated with two j values, namely:

.3 . . . .
—J=7 states obtained when j =/+s that give rise to four states

characterized by 2j+1 values of m;. This means that we have m; = —%,—%,%,% . The
four states denoted p;, have greater energies than the following states (denoted p,,)
and give rise to bands denoted h and ¢ (degenerated as the two bands are for four
states). With the band having an acute maximum, it is populated with light holes
(hence the name ¢ -band for light hole) as shown in Figure 6.7, while the other gives

rise to heavy holes (hence the name s-band).

- =% states obtained when j =/ —% that give rise to the s band (see

Figure 6.7) which has a parabolic character. This band is also degenerate as there are

11
two states for each m;, asm; = ——,—.
’ 272

6.5.3.3. Consequences expressed in opto-electronic-properties

When the extremes of the valence and conduction bands are obtained for the
same value of k& (see Figure 6.8b) we have a direct band structure that has a direct
(vertical) transition between the lowest point of the conduction band and the highest
of the valence band. The direct transition is thus one where there is only a variation
in the energy (between E at the base of the conduction band and E at the summit
of the valence band we have AE = E¢ — Ey), and without variation in k (E¢ and E)
are levels with the same value in & terms, i.e. k).

However, in the case of silicon, we have a material which exhibits a so-called
indirect gap (see Figure 6.8a) and the transition between the lowest point in the
conduction band the summit of the valence band entails both a variation in energy
given by AE = E¢c — Ey and a change in k. The extrema of the conduction (E£¢) and
valence (Ey) bands are obtained at different values of & so that the transition involves
a change in k given by Ak = ke — ky.

While a photon suffices to give a change in energy in a vertical transition, an
indirect transition needs the simultaneous intervention of another particle which will
give (absorption) or receive (emission) the variation in k given by Ak. These
vibration levels (represented by a guasi-particle called a phonon; see Chapter 10)
ensure this otherwise unlikely transition, unlikely as it necessitates the concomitant



intervention of three particles: electron, photon and phonon (see the second volume
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of Materials and Electronics for more information).
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Figure 6.8. Band structures: (a) with an indirect gap (as in Si);
(b) with a direct gap (as in GaAs)

6.5.4. Conclusion

k

The structure of the silicon band shows how this material is particularly
important in electronics as the size of its gap (1.1 eV) is well adapted to the
semiconductive filling of its bands (see the second volume of materials and
electronics for more information). However, the indirect structure of its gap means
that it is not so useful for opto-electronic applications, a field in which it is bettered
— by other semiconductors such as GaAs (and the materials in columns III-V of the
periodic table) that have direct gaps.
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6.6. Problems
6.6.1. Problem 1: the cubic centered (cc) structure

A cc lattice is shown in the figure below.

dr2 dr2 -dnr

Q)

b —dR diR  dR
dr —-dr  dr

oy

With respect to axes x, y and z, the fundamental vectors of the direct lattice
(d,b,c) have the following components where d is the side of a conventional cube
as shown in the figure:

1) Determine the fundamental vectors A4,B,C of the reciprocal lattice. Give the
structure of the reciprocal lattice of the cc direct lattice.

2) What are the 12 small vectors of the reciprocal lattice?
3) Deduce the form of the first Brillouin zone of the cc lattice.
4) Calculate the total volume of this first Brillouin zone.

5) Determine the number of electrons per atom that must be present in order to
just fill this Brillouin zone (assuming that the atomic base is equal to 1, i.e. there is
one atom at each node).

6) And alloy of two crystalline materials is prepared in a cubic centered system.
What is the optimum number of electrons per atom to give a stable alloy?
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Answers

e - 3
1) We can use for example 4 = anV—Xc ,where V' =da(b xc) = % is the volume

of a cubic cell. With (l; Xc ) that has components (¢%/2, d*/2, 0), we thus obtain:

21 0 21
d d
| 2m - ~10
Al — BZ_n C
d
2 2
T il
10 L d | d

These vectors exhibit the same components as the fundamental vectors of a face

cc lattice for which each side of the cube is worth A;—n (rather than just d as is the

case in the direct lattice as shown in section 6.2.1). The up-shot is that the structure
of the reciprocal lattice (of the cc direct lattice) is fcc.

2) The vectors of the reciprocal lattice are defined by:
éh,k,l = h/I + kg + lé

:%[(h +1)é, +(h+k)é, +(k +1)e, |

The smallest vectors (G ) are vectors given by the following expressions, in
which the signs vary independently from one another:

= (e, %6, ), =—(+

y —(te, te.).

d

3) The first Brillouin zone is delimited by the mediating planes of the preceding
12 G vectors. The vectors that join the origin to the centers of the faces of these
zones are one-half of the preceding vectors:

E(J_; 1 ),di(iéy J_re“z),g(f te)
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We thus find ourselves with a regular dodecahedron. In an octant there are three
faces given by AFC, BFC and AFB (see the figure). In all there are 3 x 8 =24 faces,
each sharing an adjacent octant so that there are in effect 12 faces throughout all
space.

21
0,—,0
B ~% d

2
—n,0,0j G
k \a

4) The volume in the first octant of the first Brillouin zone can be obtained as a
difference between the volume of the pyramid ABGCO and the pyramid FBGC.

Thus, with:

, 1(2n\ 2n  8n . 1{1[2n P |n 278
= —| — — =—and v = —| —| — —_ =
ABGCO 3\ ¢4 d 3d3 FBGC 32l 4 d 3d3

we find the Brillouin zone volume in the first octant to be:

s 2md 3 o

Vzgloe = =3 "-3~ "3
YRR VAR &

from which the total volume of the Brillouin zone over all space is given by:

16m°
V. =8VzBioc = il
5) In a direct lattice with an atomic base equal to one atom per node, a cell with

volume @ contains on average two atoms per cell. The eight atoms situated at the
eight corners of the cube are each shared between eight cells altogether bring one
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atom per cell, and the atom at the center of the cell that is not shared with any other
cell also brings one atom per cell, thus giving a total of two atoms per cell. If the

volume of the material is equal to V, there are V—3 cells in direct space, so that there
d

w . . .
are — = N atoms in the direct lattice.
d

3
In the reciprocal space, the volume of a cell is equal to SVL. Therefore, in the

- 16n° [smd | _ W _ .
Brillouin zone we can place { P / V} = o N cells. There are therefore in the
first Brillouin zone as many cells as atoms in the direct lattice, so all cells will be
filled (with two electrons) if each atoms liberates two electrons. The Brillouin zone
is thus totally filled if the atoms are divalent (a result identical to that found for a
simple cubic or fce lattice).

6) A stabilization of an alloy based on monovalent atoms (which by themselves
can only fill half of the Brillouin zone) using divalent atoms is obtained when the
equi-energy sphere tangential to the zone limit is filled with electrons. This means
that the radius of this sphere is equal to:

0G| _12n f m f 2
2
and that its volume is given by:

4 4 7t
Ve= —nr3 =21 22
3 34°

4
The sphere thus contains {:722\/2 / (8753 /V )} = iV =N' cells whch is
d

equal to 2N"' electrons when filled. Under these conditions and with a population of

w2 W]=

N atoms, we have 2N'/N electrons per atom so that there are {2 3V
3d

i

=1.48 electrons per atom.
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6.6.2. Problem 2: state density in the silicon conduction band

To determine the form of the state density function for the silicon conduction
band, we should note that in the neighborhood of &, (wave vector for a minimum
in the conduction band where the minimum energy E,;, = E¢), we can write that the
energy of a semi-free electron (of non-isotropic effective mass) is given by:

hZ 2
E=Ec+——r(ky —k,) + *(ky2+k22)
2my, 2m,
where:
* h? * h? h?
e A DA D
2 2 2
ok ; oky ok
1) When introducing the vectors:
' ' m *
' * = =
kx - kx m* kmx km km m*
m, ¢
— ' m * —
k'Sk, =k p and  k, 3k =0
y y m’ m Ky
[ m *
kZ = z *
", kpz =0

what is the form of E = f(Ec, k ', k,, ,m*)?

2) The reasoning used is with respect to £’ space, but what is the dimension of
a primitive cell is this space? What is the equi-energy surface in this &’ space?

3) Determine the new expression for the state density function. What happens to
this expression on taking into account the fact that the conduction band in reality
displays six minima corresponding to six [100]-type directions that are equivalent
and shown in Figure 6.3 (limited to the first octant and the equivalent directions
[100], [010] and [001])?

4) Show how we are driven to defining a new effective mass (called ;[he elect;ron
state density effective mass). How can it be expressed as a function of m, and m, ?
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Given that m, =0.90 my and m, = 0.192 mg (with mo = 0.9 x 10 kg), use
the new expression for the effective mass as a function of m.

Answers

1) We have E = Eq + hz*(kx —k, )2 + (k)% +k22),sothat

2my 2my

—either k, =k, % and k,, = k,'n %, from which (k, —k,,)* = %(k; —k,'n)z.

—or ky2 =" k2 and k2 =" 2, in which case
m* Y z m* Z

~ Lm0 o2 Lom o 1om
E—EC +—[ —(k —km) + —* ¥ + —*k

h 1 ' 2 ) )
= Ep +2m*{(kx —km) +h+k, }

ey (&,
By introducing & '\, and k,, {0, we finally reach:
! 0
kz

hr o= —\2
E:Ec‘l' (k —kmj

2m *

3
2) In reciprocal space, the dimension of a cell is Ak, - Ak y Ak, = Ak = SVL
(where V' is the volume of the direct lattice). From:




196  Solid-State Physics for Electronics

we deduce that:

Ak =
Ak = Ak
Ak, = Ak

from which the dimension of a primitive cell in k' space is:

3/2
' ' ' * * 8 3 m*
Akx Akx Akx =Akx Akx Akx m_*m_*zi%
m . my 4 ( *) ;

ny my

2 (T T 2
The relation obtained from question 1, i.e. £ = E- + %(k -k, j , makes it
m

possible to state that the equi-energy surface is a sphere centered at & m and with

J2m*E-Ec|

radius given by ‘k - k;n ‘ = .

3) In the k' space, the volume corresponding to the energies between £ and

(E + dE) is given by that between two spheres of radius (‘k - k;n‘) and

\ L2
(‘k '—km‘+dk '), in other words a volume dV . =4TE(‘k '—km‘) dk'. From

2m*dE

o

and then that:

‘k kL

, A [2m *|E —E
‘k‘—km‘zdk’=|m| mrEEcl

h3

‘2 _ 2mHE-E(|

, we deduce that 2‘/{ - k,;1 ‘dk '=
hl
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In turn from this we have:

o [om *|[E - E
de,=4n|m| mh3| cl

The number of cells that can be placed in this volume is given by:

a2
dv. . m*[2m*|E - E V(mz) ny
k - 4 £ - e dE -

Ak Ak, Ak n g (m *)"?
o 20E —Ec| | w12 . Vg
et

Finally, relative to the unit volume of the material (/' =1), we can place between
the energy surfaces E and E + dE a number denoted Z(E) dE of electrons. This is
given by (with two electrons per cell):

4 INTEI
Z(E)dE=h—?23/2(mZ) m J|E - Ec| dE

Taking the six minima into account, the state density function can be written as:

471t /2 4
Z(E)= 6h—323/2(m§j) mi J|E - Ec|

3/2 1/2

2/3
) B —Ec|”

4 If m, =(6[mj]1/2mf , we have Z(E)z%(ch)

which is an equation analogous to that obtained classically for 3D space. With

m, =0.90 my and m, =0.192 mg, we find m, = 1.05 m.
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Chapter 7

Strong Bonds in One Dimension

This chapter starts with a concise description of the origin and construction of
atomic and molecular orbitals found in a covalent solid (molecular films and
polymers included). The results are then applied to energy levels in 1D covalent
materials (notably molecular wires).

7.1. Atomic and molecular orbitals
7.1.1. s- and p-type orbitals

In the approximation for an atomic configuration (that gives the quantum
numbers #n, [, m...), we assume that each electron of an atom moves in a potential
that has a spherical symmetry. The result is that:

— the potential of the nucleus varies with respect to 1/r;

— this spherical potential gives a first approximation to the action of the other
electrons.

The electronic state is thus represented by a wave function denoted s, that is
dependent on three quantum numbers #, / and m, while the energy is only dependent
on n and / (the degree of degeneration is equal to the number of values that m can
take on). More details on this can be found in most basic courses on wave and
atomic physics that use hydrogen as an example of a system with a spherical
potential symmetry.
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When /= 0, the atomic orbitals are denoted by the letter s and the wave functions
only depend on n: \¥',,;,, = R(r) Oy Pg) =Ry Oy Py = R, 0O Py, where:

@0’0 :% and ¢0 = ;

2z

These wave functions do not depend on 0 nor @; only R takes only different
values as n, the principal quantum number, varies. The s-orbital thus has a spherical
symmetry (as shown in Figure 7.1). The general expression for the radial functions

/
L _ 2r r o) 20+ 2r
is given by R,;(r)=N, (Tm] exp[—aj L, [a] where L represents the
Laguerre polynomials and a, is the first Bohr radius (0.53 A). The fundamental state

is written using Ry = cele

S
Yo
—

Figure 7.1. Representation of s orbitals

When /=1, m=—1,0, | and the orbitals are denoted by the letter p:

m:0:®1,0:(x/g/2)c0s6 and ®y=1/+27x
m=1:0,,=(3/2)sin® and @, =(1/J7)cos

m=-1:0,.,=(/3/2)sin0 and ®@,=(1/J7)sing

If R represents the R, ; function, which does not change as m changes, the wave
functions for the three preceding p states are of the form:

¥ =%\/%R(r) cosd [7.1]
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¥ :l‘fiR(r) sin@ cos ¢ [7.2]
2\ 7
1 /3 . .
¥Y_1=—,/—R(r) sin@ sing [7.3]
2\

with R(r) = R(ry) such that 7, has a value defined by the relation:
r
[IR@YE 72 ar =05%
0

(that indicates that the probability of the presence of an electron being inside the
sphere of radius 7 is equal to 95%), functions [7.1]-[7.3] give a conventional
representation of the orbitals.

NOTE.— The position of the M points are such that ¥ = OM, as shown in Figure 7.2.

p- orbital

Figure 7.2. The shape of the p. orbital. The + and
— signs give the sign of ¥, which is that of cos 6

We can use as a simple example the case where:

vy =1 [P Rarcoso ot - om
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Here D is the point on the Oz axis where 0 = 1, and therefore we have:

13
oD —E\/;R(r)

In other words OM = OD cos 6. If 6 € [0, m/2], we have OM > 0. The position of
M points, as 0 varies, is thus that of a sphere placed above the plane (xOy). If 6 €
[1/2, 7], cos B < 0, and the M points are placed like a symmetric sphere below the
plane (xOy).

Figure 7.3. Usually chosen
spherical coordinates

In addition, the signs of the ¥, ¥y ‘P,l’ orbitals can be obtained directly as
a function of the signs taken on by the variables x, y and z. To do this, we use the
correspondence between the spherical and Cartesian coordinates given (see
Figure 7.3) by:

( .
Yo sing cos @
-

L= sing sin @
,

= cos 0

S N

\

(for example, if cos 8 <0, — z <0 and W¥y; see also Figure 7.2).
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With f(r)= %\/% A >0 (and r = 1), the functions ¥, ¥} and ‘¥, can thus

be written in the following way:

Y =X=xfr)=",x  (¥,>0or <0 depending on whether x > 0 or x <0)
Y., ,=Y=yfin=%¥, (¥, >0or<0depending on whether y >0 ory <0)

Yo=Z=zfiry)="¥,. (¥,.>0or <0 depending on whether z> 0 or z <0)

Finally, the shape of the s- and p-orbitals can be schematically illustrated as in
v,
Figure 7.4 (r is fixed to a value denoted 7, which is such that J.O/ r2|R(r)|2dr =

95%).

To conclude, we can state that the s-orbitals are non-directional, as opposed to
the p-orbitals that are.

4, z z z
%—by y Y y
x x X
x
npx npy hp.

Orbitals: ns

nodal plane: (0O2) (xOz) (xOy)
(nodal plane is where there is zero probability of presence)

Figure 7.4. Representations of ns and np atomic orbitals

NOTE.— The orbitals represented above are for one electron; these are the orbitals
that will be used when building molecular orbitals when there is one electron that
will be shared with a neighboring atom, as in a covalent bond. The atomic orbitals
for an atom with i electrons are given by ¥ = I, '¥; where the ¥; are wave functions
for each i electron. The former W are asymmetric (Pauli) and are placed under a
Slater determinate form.
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7.1.2. Molecular orbitals

7.1.2.1. Classic case of the H," molecular ion

A

—eD
@ P
B R, o R A

Figure 7.5. Layout of ions and electron in H,"

A simple example is that of the first approximation where the overlap of adjacent
orbitals is neglected (otherwise the supplementary condition 0E/0k = O should be
used where there is a minimization of the energy according to a method of
variation). With the two nuclei (protons) being situated at Rl and R2 and with the
electron common to 7 (see Figure 7.5), the Hamiltonian of the system is (assuming
that the nuclei are fixed in an adiabatic approximation):

__ﬁ B eZ 3 eZ
T (R oA

If @(r) = 4 exp(— #/ajy) is the wave function of the fundamental state of the
hydrogen atom, this function is still a solution to the problem for (H, ") if we assume
that the electron is localized preferentially on one of the two nuclei:

— if the electron is localized about (1), (r) = @ (|A—D|) =@ (|f - R1|) =0

— if the electron is localized about (2), (r) — @ (@) =@ (|;7 - ]§2|) =@,

If the electron is localized between the two nuclei, the solution must correspond
to a mixture of the two preceding states. This implies a search for a wave function @
for the molecular ion H2+ with a wave function in the form @ = ¢; @; + ¢, @,. If the
electron is localized at (1) then ¢; —1 and ¢y = 0; if the electron is localized at (2),
thency=0and cp — 1.
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This function must satisfy the equation for proper values:
H|lo>=E|@> sothat H|ci9itc;>=E|ci @1+ @r>
On multiplying the left-hand side of the equation by < @, | we obtain:
a<@iH Q>+ o< H@p>=Ec<@|[@i>+tEa<Q ¢ >

With the simplifying hypothesis which makes it possible to neglect the overlap
integral S =< @, | ¢, > =0, and with making H,; =< @, |H|] ¢, > and H, = < @, |H]
@, >, we find that:

coHy+teHy=Ec

Similarly, multiplying the left-hand side with < ¢, |, and with H; = < @; |H] ¢; >,
we have:

coHyteHp=Ec

We thus obtain a system with two equations and two unknowns (c; and ¢;), that
can now be written as:

{ oy (Hy—E)+cHi,=0 [7.4]

ciHy + ey (Hp—E)=0 [7.5]

In addition,

— the wave functions @, and ¢, are real, thus making it possible to state that:
Hyy = <@ [H @2>=<@, |H ¢ >=Hy =—f (with > 0);

— also, the problem (and hence the Hamiltonian) remains invariant with respect
to any permutation of the nuclei 4 (index 1) and B (index 2), such that Hy, = Hy, = —
o (when o> 0).
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The preceding system of equations [7.4]. [7.5] with two unknowns finally yields
a non-trivial solution when its determinate is zero. Using our notation, we have the
equation (o0 + E)? — 2 = 0, which gives two solutions (o + E) = =3 for energy that
can be written as:

— E; =— o — [ (the lowest energy corresponding to the bonding level as o and 3
are positive); and

— E; = — o + P (the highest and therefore most unstable energy which
corresponds to an anti-bonding level). (It can also be noted along the way that £, —
EL = 2B)

Placing E4 into equations [7.4] and [7.5] gives us (c; + ¢)p = 0, so that
¢1 =~ ¢, = ¢4. Similarly, by moving £ into [7.4] and [7.5], we obtain (— ¢, + ¢;)B =0,
so that¢; = ¢, = ¢;.

The wave function for the H," system thus accepts two solutions and they can be
written as:

Yo =c (@1 + @)
Yy =ca(@1— )

The normalization condition for the two functions W; and Wy4:

<Y | Y, >=<Y¥Y, ¥,>=1

makes it possible to determine that ¢, = c, = (1/ V2 ) and that:

¥y =%(¢1 +¢) [7.6]
vy= %((ﬂl ) [7.7]

We can thus go onto schematically represent these wave functions. Figure 7.6
shows the bonding solution where the electron has a high probability of presence
between the two nuclei, so that the strong attraction between the electron and the
nuclei bond the system. However, for the anti-bonding solution, the electron has a
strong probability of presence on either outer side of the two nuclei such that the
strong electrostatic repulsion between nuclei (1) and (2) destabilize the system.
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NOTE.— With § =< @, | ¢, > # 0 (overlap integral), the same but longer calculation
gives:

__ Nty E __a+p
J20+8) L™ 0ss -
2B g __ab .

Y4 pics) SR

v wave functions
L -

probability of presence density

I(PH-‘P:II 2
|1 — @2

bonding and anti-bonding orbitals

equi-energy curves

Figure 7.6. Wave functions and orbitals for H,"
(bonding state on the left and anti-bonding state on the left)

7.1.2.2. The H, molecule

In this system, there are two electrons and they are assumed to be at the same
potential as the electron in the /," system. This is because to a first approximation it
is possible to assume that the interaction potential between the two electrons is
negligible.
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Each electron has orbital states ¥, and ¥, the lowest energy corresponding to
the two electrons both being in a bonding orbital. In this state the electrons are
localized between the two nuclei (where their probability of presence is highest) and
the energy of the system is minimized because the electrons benefit from the
attractive potential (negative potential energy) generated by the overlapping
Coulombic potentials of the positive nuclei. This bonding charge, localized between
the two nuclei (indicated by the maximum electronic density), is the basis for the
concept of covalence.

The final outcome is as if we had melted the states of each hydrogen into one
another so as to increase the local electronic density between the two nuclei. The
bonding state is again obtained with the help of a linear additive combination of the
two individual orbitals of the atoms. This can be schematically illustrated as in
Figure 7.7.

[¥al®

ot g
Ep i AN | ®)
ll *:

probability densities

independent hydrogen  degenerate energy bonding and

atoms denoted 1 and 2 - level for a system anti-bonding corresponding to Electronic isodensity
with 2 energy levels i ) surfaces for:
: gk i bonding and ) : : .
independent when 1 and 2 anti-banding (a) anti-bonding orbital,
atoms approach one ctates and (b) bonding orbital

another

Figure 7.7. Energy and electron states of H,

The wave function written in general terms for bonding or anti-bonding states as
Y =c; ¢ + c; @, appears as a linear combination of atomic orbitals (LCAO) and is a
well known method for finding molecular orbitals.

NOTE.— The ¥, function is symmetric while ¥, is asymmetric. Given that there are
two electrons to position for the example of molecular hydrogen, we find that:

— on the E; level, the spins of the two electrons must be anti-parallel in order to
be distinguished and thus S = 0 (singlet state);

— on the E, level, the spins of the two electrons can be parallel as they are
already differentiated by their orbital levels (W, changes sign if the electrons are
permuted). In this case, S can equal both 0 or 1 (i.e. singlet or triplet states).
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7.1.3. o= and 7-bonds

7.1.3.1. o-bonds

These are molecular orbitals which have a symmetry about an axis drawn
between the two atoms that are covalently bonded. From s-orbitals (the fundamental
state for hydrogen) we have as an example the structure shown in Figure 7.8.

=7 decreasing c'ls
il oQ s A
@ + @ o — . SR + _l_
" @D -
1s 1s La?_f‘(WA*w” o s

Figure 7.8. o Is and o* 1 s-orbitals

If the axis (Ox) is that on which the two atoms 4 and B are placed then the 2p,.
orbitals will have an appearance much like that shown in Figure 7.9.

A B
A C B A B /‘PA/' < 22"
P -DOD — A .-' j O
2py 2px T
Figure 7.9. o 2p and o* 2p orbitals
where:

! !
V=5 Fup +¥p) and ¥y=7mFupp ~¥pap ).

7.1.3.2. =-bonds

These are molecular orbitals that take on a plane of symmetry than goes through
the line Ox that joins the atoms and is perpendicular to the direction Oy for n2p,
orbitals or perpendicular to the direction Oz for 2p, orbitals.
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AB 3P @ Q n*2p
3 [ .‘i‘.‘;@; / 9 @ n*g
i [ eV i :
2y ~ [ El R “‘} T 2p,

G2 T

Plane of symmetry

O/ o

A

/

Figure 7.10. 7 2p., 7* 2p., 7 2p,, and 7* 2p, orbitals

NOTE.— The molecular orbitals are termed paired (and denoted g for “gerade” from
the German) and when following a symmetric operation around the center (C) of
symmetry of the molecule the sign of the orbital does not change. When the sign
does change, the orbitals are denoted by with the letter u to indicate “ungerade”. So,
bonding c-orbitals are paired and denoted o,, while anti-bonding orbitals c* are
unpaired and denoted c*,. Bonding m-orbitals are unpaired and denoted m,, while
anti-bonding m*-orbitals are denoted 7*,.

7.1.4. Conclusion

Following the introduction of the principal types of atomic and molecular
orbitals (bonding across two atoms) we will now look at an assembly of bonds in a
linear atomic chain (1D solid).

7.2. Form of the wave function in strong bonds: Floquet’s theorem
7.2.1. Form of the resulting potential

An infinite chain of atoms each spaced a distance a apart (thus « is the lattice
period) is shown in Figure 7.11. The distance a is such that ¢ > 2R where R is
defined in the figure. The atoms in the chain are numbered ...(0), (1), (2), ...(s—1),
(5),..., so that by placing the atom denoted (0) at the origin, any atom called s has
a distance from the origin given by r, = sa.
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628
isi || (0) (1) / — (;) [‘(s-l) /(s)
— /AN

i 1 :(S_l )a=:

Figure 7.11. Layout of atoms in an infinite 1D chain

So within this geometric system, the potential generated by an atom (s) at a point
in space located by 7, such that vy(7 ), is the same as that generated by an atom (0)

at a point 7' and similarly denoted vo(7'). By making g = sa, and on remarking

that 7 ;+ 7' = 7, we finally have vy(7 ) = vo(7') = vo(7 - F §).

Outside of the action of an atom (s), an electron placed at 7 will be subject to
the action of neighboring atoms, with the atom (s — 1) generating at 7 the potential
ve(7) =vo(¥ —7,_1 ), and so on.

The resulting potential at 7 can thus be defined for a chain of infinite length by:

§=+o0 §=4c0

V(F)= Y v(F)= Y wFE-7) [7.9]

§=—c0 §=—00

Now we can state that the resultant potential V(7 ) is periodic with a period of
d, as the symmetry of the problem of an infinite chain demands that the resultant
potential at 7 is the same as that calculated at ¥ —a, ..., ¥ —sd , and so on whether
the whole number s be negative or positive. This means that:

V(7)=V(F-d)=V(F-sa) [7.10]

Each electron is dropped into a potential V(7 ) that displays a periodic function,
and therefore the wave function is a Bloch function. This result will be used in
section 7.2.3 to establish Floquet’s theorem.
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7.2.2. Form of the wave function

(s-1) (s) (s +1)

SRS SN
o

Figure 7.12. 4 system of practically independent atoms

If the atoms are well spaced out from one another, as in Figure 7.12, the valence
electron attached to each nucleus s is not affected by the nucleus’s neighbors. And in
this case the potential discerned by an electron placed at # can be reduced to:

vi(7) =wo(F -F)

and thus we have V () = vy (7 - 7, ) -

Similarly, the wave function for the electron is that obtained for a single atom s,
that is an atomic wave function [y( 7 )].

If the atoms are brought closer to one another, then neighbors will start to
provoke effects on the electron placed at 7, and the form of the wave function will
resemble that given for a molecular orbital by the LCAO method (see section 7.1.2),
as in:

p(r) = e, () [7.11]

where y(¥) is the wave function of an electron placed at 7 and belonging to an

atom denoted s.

We can see that the form of equation [7.11] resembles that of [7.9] for the
potential followed by the electron.
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Using an argument similar to that applied to the potential makes it possible to
state that the wave function y(¥)for the electron placed at 7 belonging to the
atom s is identical to that of the same electron placed at 7' on the atom 0, so that:

w(F) = wo(7F"), and then with 7 =7, +7', y (F) = wo(F —F,)

As a definition, and by analogy to the potential described in equation [7.9], we
can write that:

+oo

w(r)= D ey (F-7) [7.12]

§=—c0

7.2.3. Effect of potential periodicity on the form of the wave function and Floquet’s
theorem

We can now state that the wave function for an electron placed at 7 and
belonging to an infinitely long chain can be written:

— ecither in the form of a lincar combination from equation [7.12]:
+oco
w(r)= Z ¢ (7 —7,) , this being a Hiickel development of the wave function;

§=—00

— or in the form of a Bloch function, with the potential to which the electron is
submitted being periodic so that (see Chapter 3):

W, (F) = ¥ u(7) , where u(F) = u(F +a) [7.13]

The Bloch form applied to a wave function calculated for 7 + 4 makes it
possible to state that:

v, (F+a) = KRG+ Du(F + @) = eiﬁaeiléfu(a _ eilaz//k 7) [7.14]

and, by developing ¥ (7) as found in equation [7.14] and according to Hiickel from
equation [7.12], we find an initial expression for y (¥ +d) :
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W, (7 +a@) = M.+ couo (F) + ey (F - @) [7.15]
+o oo (F—sa)+..]

However, the Hiickel development directly carried out on y (¥ +a) gives:

vi(Fra)=..+cuo(Fra)+aquy(F+a—a)+.. (7.16]
+eo(F+d—sd)+ oo (F+d—[s+1]a)+... '

The identification, term by term, between equation [7.15] and [7.16] gives, for
example:

M cowo (F) = ey (7) , so that ¢ = ¢, €.
M ey (7 =) = ey (F + @ - 24)], 50 that ¢, = ¢’
eMe (7 — 5a)] = o (7 +a@—[s+1]d), so that ¢y, =c,e’™

In general terms we thus have:

=,y eM=c,_5 F = = coeltSd=coel T [7.17]

With this we are brought to the final form of the wave function (Floquet’s
theorem) that can be written in two equivalent forms (using the notation

p () =y (F)):

|

(R = e, () so that with ¢, = coe* ™
s o [7.18]
W) =wp(F)=co e Ty (),
N

or rather:

+o0 oo
Vi(F)= D ey (F=T)=c ) e Py (F ) with 7, =sa [7.19]

§=—00 §=—c0
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7.3. Energy of a 1D system
7.3.1. Mathematical resolution in 1D where x =r
For an atom s in a linear chain as shown in Figure 7.13, the resultant potential

V(x) is that shown with a dotted line. If the atoms are far enough apart so that each
atom can be considered independent, then the potential follows Ug(x).

A

rs_‘ - rs-ia/Z rﬁ rs+ai/2 Fs+ ¢ /X_

potential
energy

““““

Figure 7.13. Explanation of the W(x) = V(x) — Uy(x) function

As shown in Figure 7.13, the potential Uy(x) generated along x by the single
atom s is the same as the potential Uy(x + @) generated by the atom (s + 1) along (x +
a). We thus find that Uy(x) = Uy(x + a) and the potential U, produced by the

independent atoms is periodic. We note also that for xe } =2, +21[ we have

2

V(x) = Uy(x), and this becomes all the more true the closer we are to 7, (at a mid-
point from r;— a/2 and r, + a/2). We thus make W(x) = V(x) — Uy(x) where W(x) is
small. In addition, as V(x) < Uy(x), we also have W(x) <0.

So going through the successive Schrédinger equations:

— for an electron described by the wave function y(x) and placed along x so that
the resulting potential is V(x) (and where yi(x) and V(x) take into account the
effects of neighboring atoms):
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hZ
Ey(x) = —%AI//k () + V() py (%) [7.20]

— for an electron positioned with respect to x and belonging to an isolated atom
numbered s, its wave function is Yy(x) = yo(x — sa), while the potential is
Up(x) = Ug(x — sa). Denoting its energy with E,, we have:

h2
EOI//O(x—sa)=—%AI//0(x—sa) + Uy (x) wo(x—sa) [7.21]

Multiplying the two sides of this equation by ¢ ¢/ (where r; = sa) and summing
over s:

ik, h? i
EOZCOe Wo(x_”s):_EA{ZCOekFSWO(x_Vs)]
A

N

+U, (x)z UL wo(x—ry).
s
This equation can be rewritten with equation [7.19] in mind:

Eqpi () == Ay ) + Up(x) v ) [7.22]

Taking the difference between equations [7.20] and [7.22], we have:

(E = Eo) Wi(x) = [V(x) = Us(x)] wi(x) [7.23]
With the potential V(x) being periodic, we have V(x) = V(x — ry), such that:

W(x) = [M(x) = Uo(x)] = [Mx — 1) = Up(x = r)] = Wlx = 1) [7.24]

Note that W(x — ry) is a periodic function of a, and as such is independent of s.
This parameter can therefore be included or omitted from >

K
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Finally, equation [7.23] gives, by developing y,(x) according to Floquet, as in
equation [7.19],

(E—E) w0 =co »_ " W(x=rwo(x—1,) [7.25]

N

7.3.2. Calculation by integration of energy for a chain of N atoms

Multiplying equation [7.25] by y;*(x) and integrating over all N atoms numbered
from 0 to (N — 1) directly gives:
(E=Eo ) (i 0w ()
‘ ; 7.26
=) " I W (0) W=, o (x— rs ). [7.26]
N

With the help of equation [7.19], the calculation of (y/k (x)|1//k (x)) that appears

in equation [7.26] can be performed:

s=N-1 t=N-1
Wr@lwe@)=leo[* Y D BTN ) wo (x-10))
5s=0 t=0

As <1//0(x—rs)|l//0(x—r[)>= OL (with 8¢ =1ifs=1t; 8. =0ifs # £), we have:

s=N-1 t=N-1
<l//k (X)|l//k (JC)> = |co|2 Z Z el(ks—kz)adg
s=0 =0
s=N-1
= |CO|2 Z ol (ks—ks)a =|CO|2 N
s=0

The normalization condition of the function y(x), <yi(x)| Wi(x)> =1 = |co]* N,
makes it possible to obtain:

co = [7.27]

=l-
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Equation [7.26] makes it possible to deduce (with equation [7.19]):

W) = et Y e iyt (x—1)
t

2 ] —i *
(E-Ey) = |c0| Ze’krs Ze ik, Iwo (x—=7,) Wx—r)wo(x—r,)dx
N t
so that with equation [7.27],

E-E, = %Zeik(s_t)a-[l//:; (x—ta) W(x—sa)y,(x—sa)dx

st

This expression can also be written as:

E=E, + %Ze""“")“ (o (x—ta)| W(x—sa)|wo(x—sa)) [7.28]

s,t
Using the Hiickel conditions, which only retain couplings between first neighbors:

<I//0 (x—ta) | W(x—sa) | Wo(x— sa)>
—a when s =t (with & > 0 as W< 0)
= (1//t(x)|W|l//S(x)> =<—f whens=r=*l
0 for other cases.

[7.29]

(as W<0, then f>0 if the orbitals y, and Wy, have the same sign). In this
approximation, expression [7.28] for energy following the sum over s (that varies
from sp = 0 to sy.; = N—1) gives

Bty il W)

N zeik(sl—t)a (w,| W\l/@) [7.30]
t

3 |y )
t
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Each term of the sum between the brackets that carries N terms (as s has N
values) in fact gives the same contribution, with each being of the form:

T | Wy )
t

_ ikO)a ik(-1)a ik(+t1)a — —ika _ ika
et (- te =Py te -P)=-a-Pe pe

“

v v v

8=t si=t-1 si=t+1

Finally the bracket of equation [7.30] is equal to N [- ot — B e * - B €], and
the energy (E) for the expression is now:

ika —ika
E=E,—o—Be™—pe=f, - {a+2ﬁ(—e J;e H

=Ey— [0t +2 B cos ka],
which can be rewritten:
E=Ey—a—-2pcos ka [7.31]

The graphical representation of E = f(k) (energy dispersion curve) is given in
Figure 7.14. It shows that the amplitude of the variation in £ as a function of &
amounts to 4f; the permitted bands are as wide as [ are large (strong transfer
integral between electrons on closest neighbors).

Eo=0

Fo-O-£

- T/a - I1t/2a 0 7It/2a

Figure 7.14. The dispersion curve E = f(k) from strong bond and Hiickel approximations
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7.3.3. Note 1: physical significance in terms of (Ey— @) and 8

From equation [7.21],
hZ
Eywo(x—sa)= —Eﬁl//o(x—sa) +Up(x) yo(x—sa),

and equations [7.29]:

Eqy = (W (x—sa)| _%A + Up (0)|wo(x—sa))

—-a = (1//0 (x— sa)| W(x —sa) | wol(x— sa)) (one of the Hiickel
conditions [7.29])

so that with W(x — sa) = W(x) (period of W¥: equation [7.24]):

hz
E,— o =<l//0(x—sa)|—%A+UO (xX)+ W)|wo (x - sa))

- (v, (x)|—%A+U0 () + W) ()
so that:
(Eo- 1) = <ws<x)|—%A+V<x)|ws )

as V(x) = Up(x) + W(x).

The bracketed terms indicate that:

[7.32]

[7.33]

— the E, term represents the energy of an electron situated on a given atom s
within a potential generated only by that atom (potential is Uy(x) as detailed in

equation [7.32]);

—the (—o) term represents the energy of an electron (on a given atom s)
influenced by atoms that are neighbors to the principal atom (potential is W(x) as

given in equation [7.29]);
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—the (Ey — o) = E' term represents the energy of an electron situated on a given
atom s and placed within the general resultant potential given by V(x). This comes
from equation [7.33], where the potential V(x) = Uy(x) + W(x) generated by this
atom gives potential Uy(x) and its neighboring atoms (potential W(x), can be seen in
zone | of Figure 7.15.

Drop to the right .
Ey
A\ _Eo-o=E= (y[H]y)

. E Degenerate energy level for
%D %’ electrons in the y state and
5.2 o belonging to neighboring Effect of the B coupling between electrons
283 atoms (in the absence of in the same \ electronic state and belonging
£ & | coupling between electrons of to adjacent atoms
83 the atoms’ nearest neighbors).
m > < » & »

2 w » - >

Figure 7.15. Schematic illustration of the effect of coupling between
electrons in the same electronic state (in zone I, we find that “a”
decreases and the interaction between atoms and [3,) increase)

For its part, § was defined such that (equations [7.29]):
B= (wo(x—1a)| Wx—sa)|wo(x—sa)) = (w,| W|w,)

where s = ¢ = 1. This term thus gives the coupling energy between an electron on
a given atom s with electrons in the same state but belonging to ¢ adjacent atoms (i.c.
t = s £ 1). The coupling is through the perturbation potential W(x), which is
produced by neighboring atoms. It is this that gives rise to the level of degeneration
(zone II of Figure 7.15) which corresponds to the band of permitted energies shown
in Figure 7.14. This mechanism is similar to that of two interacting wells detailed in
the supplementary study at the end of Chapter 1. The term thus corresponds to the
bonding energy of an electron of a given atom s. As the perturbation (W) caused by
adjacent atoms increases as they come closer to one another (or in other words as the
lattice period a decreases), the permitted band also increases, and § = B(«a) (zone II in
Figure 7.15). In addition, the term —f can also be seen as the energy, of the
electronic population, associated with the overlap integral, as in S, ; = <l//z |1//S> .
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7.3.4. Note 2: simplified calculation of the energy

With H = —%A +V(x), according to equation [7.32] we have:

(EO - O(') :E'OZ <l//s(x)| H|l//s(x)>

Often, the term (E;, — o) = E' is simply denoted by —o as it can be obtained
through a more direct and simple route (that has the inconvenience of hiding several
physical realities).

In effect, it is possible to state directly that:

2.2 [t )

wilHlwe) T4

Wilv) ZZeik(s_t)a<L//s|I//t> '
st

E=E(k)=

Using the fact that <‘/’s |l//t> = §,, and noting that the Hiickel approximations can
be given by:

—H = (l/fs |H | l//S> = — o= Coulomb integral = a negative constant by taking the
origin of the energies as those of an electron at infinity;

- H, = (1//S |H|l//t>: — B when s # ¢ and s and ¢ are adjacent (—p < 0, is the
resonance integral, also called the transfer integral, between electron s and

electron 7).

It is possible to directly obtain (as the number of upper and lower terms are
identical as the sum making it possible to avoid the tortuous double sum):

E=Ek)y=—0-Be*—Be™=—a—-2pcos (k- a).
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It should be noted that in this version of the Hiickel approximation:

—on one hand, the term H,, = — o is identical to that of E'( = Ey — o from section
7.2.2; and

— on the other hand, the term H,, = —p when s = ¢ + 1, can be written as:

hZ
Ho =(w | H|w,)=(w,|- oA Ve)lw,)

:<WS|_%A + Up(x) + W(x)|’//t>

=Eo(y )+ sl Wlw) = W |wi).

and the value of —f is that proposed at the start of section 7.2.2.

7.3.5. Note 3: conditions for the appearance of permitted and forbidden bands

So that a forbidden band appears (zone II in Figure 7.16), the rupture of the
bands must come from two or more distinct levels (zone I in Figure 7.16). This can
give the system summed in Figure 7.16, where there is a chain of atoms of which

each has two distinct states given by y and ¢ and such that £ "6/ = <l// | H |y/>| and

E ‘0(/’ = <(0 | H |(0>| . The gap E; can therefore appear in a crystal made up of atoms

that incorporate various different types of electrons (for example s and p), in a
crystal made up of different type of atoms (see section 7.4.1), and indeed in a crystal
with an asymmetric cell (see section 7.4.2).

In zone II of Figure 7.16, where the atoms are brought together, each degenerate
level breaks down to permitted bands, with each of these at least initially being
related to the starting state. When the rupture is sufficiently large, i.e. when a is
small enough, for the states to mix, then the two permitted bands are separated by a
forbidden band, this being at the point M in the figure. Figure 8.10, for carbon,
shows this state of affairs more closely for 3D.
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J/Atoms move closer, i.e. a /

decreases
E 'g’ = <\|J| H|\|l> (permitted bangl)
W_9 BY
Forbidden
Me I band
E'§ +2p°
E " = (¢[H|p) EW@)
Two degenerate energy levels Coupling effect between adjacentatdins

corresponding to the two states,  and| |each with two, different electronic
¢, of each atom. Adjacent atoms are | |states, y and @ (where for example,
electronically independent (no Be = <(pt | W| (Ps> ).
electronic coupling).
< @ > < an

»
»

Figure 7.16. A4 first approximation to the appearance of the forbidden band
taking into account the electrons in the two states denoted y for ¢ of each atom

7.4. 1D and distorted AB crystals
7.4.1. AB crystal
A 1D crystal made up of an alternating distribution of 4 and B type atoms

(Figure 7.17 with in all 2n = N atoms) has N/2 A—B atom pairs.

A, B, A B, A; B B. A, B,

A
A ! A
o0 oo/ e /e o e o

Figure 7.17. Alternating chain of n pairs of A
and B atoms, where n varies from 1 to N/2

It is possible to see straight away that the primitive cell (which encloses one
whole 4B unit) has a period of 2a. E, and Ej denote the energy levels of electrons
situated on atom 4 and atom B, respectively, and @, and @p are the corresponding
wave functions.
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The problem can be put into two equations similar to that of equation [7.20]. One
equation relates to each atom, 4 or B. The states in themselves can then be sought
through a linear combination of atomic orbitals for a chain of N/2 4 and B atoms,
as in:

N/2

i) = D (vl o)+ |0s)

=

with, according to Floquet’s theorem, v;; = akeilgza and 7; = bkeikaa . Once again

using assuming poor overlap between adjacent neighbors, we have:
<¢7Ai |(0Aj> =0y = <¢7Bi |¢7Bj> and (@; |(0Bj> =0

. . . . 2 2 .
and the wave function, following normalization using |ak| + |bk| =1, 1s:

N/2
=2 exp 20 g 3 o)
j=1

The equation for proper values is H | ‘/’k> =E; |1//k> , with:
H= " A v Vv
T Lt L

and the V,; and V; potentials are defined as for a single type of atom.

Successive multiplication of the equation for proper values by <(0 4 | and then by

<¢’Bj| gives rise to two types of equations with a compatibility that is given by
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a second-order equation carrying the coefficients o, and op of the form

oy =(04|Vg|py) and ap =(pp|V,|0s)-

The upshot is that there are two solutions for the energy. The separation between
them, AE = E iy — E max. 18 €qual to the forbidden band. This conclusion is shown
schematically in Figure 7.18. When k = 0, the state with the lowest energy belongs
to the curve denoted £°. It is represented by a bonding orbital, here called ¥;. Still
with k& = 0, the state with the highest energy is found in the curve E and is

represented by an anti-bonding orbital, here denoted by ‘¥',.

Reduction to the
first zone, i.e. an
interval between
[m/2a, +m/2a] for
a crystal of
period equal
to 2a.

-

Y, state

N,

CE 20N

\PL Sté

Figure 7.18. Dispersion curve, E = f(k), for the AB diatomic system of period 2a

7.4.2. Distorted chain

7.4.2.1. Representation

undistorted chain
o\

=t /
;—?u=—a1/2 .:—q'» u=a1/2//

)
A4

A

b
R

a+a

P 2a

. "1’2

v\istor‘ted chain

//
// Y

Figure 7.19. Distorted AA’ chain, where the atoms A and A’
are identical but separated by bonds of alternating lengths
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If each atom (A4) is displaced by a distance given by u ==+ %] with respect to its

initial rest position in a chain with period a, then the result is the structure shown in
Figure 7.19. The period is now equal to 2a (as in section 7.4.1), but now there is
only one type of atom, i.e. =4 '), and hence £, = E ;.

The upshot is the band scheme shown in Figure 7.20. The E(k) curve for the
undistorted chain (with a period equal to «) is traced by the dashed line, while that
for the distorted crystal (with a period of 2a) is drawn as a full line. The distortion
gives rise to a gap (E) that changes with k = + 7/2a.

‘\‘A\T ,"Red ced to the first zone [-1t/2a,
\ | [ :
. E, o, . T/2a] for a distorted crystal of

y period 2a

>f
—T/a Y. /2a ) n at_Er.elaX T/

Figure 7.20. £ = f(k) dispersion curves for distorted (continuous line) and undistorted
dashed line) crystals. Making <¢’A'j—1 H‘¢’Aj> = -f; and <¢7Aj ‘H‘(/JA'].> = -f , we have:

AE g - gy = Eg = 2 (B - Bo). In addition, supposing that B; and B> are of the form - B; = - B
+auand- B, =- - au (where o> 0), calculation gives Eg =4cul.

7.4.2.2. Conditions to generate a distorted chain

Whether or not a distorted chain will arise is governed by the energy required to
produce a chain deformation (bond alternation) and the electronic energy gained
through relaxation, respectively denoted Egeror and Eejax, following the opening of a
gap:

— Egetor 18 the energetic cost of going from a chain of period a to a structure of
period 2a, which alternates “long” and “short” bonds, as in (a + a;) — short bond

(a — ay). It can be stated as Egefor = %Nke |2u|2 = 2k.Nu? , where N is the number of

atoms of type 4 or A", |2u| is the stretching or contraction modulus of the spring that
mechanically ties two adjacent atoms. This brings in the harmonic coupling of atoms
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through an elastic force (f;) with a constant (k,) where £, = - k., 2u). If 2u >0, f, <0
and is a force of attraction.

— The electronic relaxation energy (E..y) is the drop in energy of the system in
going from the filling with electrons of the system with period « to the filling of the
system based on the period 2a. See Figure 7.20, where E\.x is only an approximate
value corresponding to the drop in energy of electrons that may participate in the
conduction of the most energetic electrons. See the notes in section 7.5.3 for a more
rigorous treatment.

If AE = Egetor - Erelax < 0, that is to say that the gain in energy during the
relaxation is greater than that of the deformation, then there is a drop in the system’s
energy. This stabilizes to a point of deformation with a value (u() such that
d(AE)
[ du

} = 0. So, the dimerization of the system, that is the generation of
U=U,

alternating short and long bonds, leads to an opening in the gap that changes with
k=1m/2a. This is the so-called Peierls transition, which corresponds to a metal—
insulator transition.

7.5. State density function and applications: the Peierls metal-insulator transition
7.5.1. Determination of the state density functions

First, a quick recall of the evaluation of the n(k) function (see also Chapters 2
and 5). In reciprocal space, the electrons are spread throughout cells of size
Ak = 27” This cell dimension is the quantification of the k space and is obtained
through the progressive boundary condition (PBC, or Born-von Karman conditions).
At the interval Ak =27”, it corresponds to an average of the electronic function
denoted y (x), which in turn can give two states if spin is taken into account. This
also makes it possible to obtain, for the same & state, the two functions w} (x) and

Wy (x). It is therefore possible to state that:

n(k). Ak = n(k). (27”) =2= n(h)=
L=1

N[~
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The energy state density function [Z(E)] is now related to n(k) by Z(E) dE = 2
n(k)dk, from which we deduce that:

21
2E)= Z—
5=~

dk

Using this with a chain of N atoms, we have equation [7.31], where E = Ey — o0 —

2P cos ka, and then as Z—f =2/ a sin ka , it is possible to state that

Z(E):L - 1
7fa sin ka
With:
E-E, + )
sin?(ka) = 1 — cos?(ka)=1—- | ——2L = =
28

we obtain:

Z(E) = L !

7Ba _(E+a-E :
2p

For a chain of length (L) given by L = Na, the number of states is:

N 1
ME) = Na Z(E) = ~~.
& 1_(E+aE0)2

24
_2N 1

T Jopr-Era-t)

The graphical representation is given in Figure 7.21b.
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Eo—O(.—zﬁ
Ak =27t/
T

—PI
T Il kr
-Tm/a -m/2a 0 n/2a Tt/a

Figure 7.21. (a) E = f{k) dispersion curve; and
(b) state density curve for a chain of N atoms

7.5.2. Zone filling and the Peierls metal-insulator transition

7.5.2.1. Filling an undistorted zone

For an undistorted chain with N atoms (length equal to Na) and N electrons (one
electron per atom in a single quantum state), the number of primitive cells of
dimensions 27/L = 21t/Na that can be placed in a Brillouin zone of size 27mt/a (placed
between k = - w/a and k = m/a) is given by:

2z
a _

2 =
Na

As spin makes it possible to place two electrons into each primitive cell, we can
place, altogether, 2N electrons into the zone. Given that the system only liberates N
electrons, this zone (also described by the dashed line in Figure 7.20) is only half
full. The electrons can therefore easily move about as there are numerous available
places, and the system is metallic.

7.5.2.2. The metal—insulator transition

When the distortion is energetically favored, as in the distorted crystal discussed
in section 7.4.2 that gave the continuous line for £ = f{(k) in Figure 7.20, the zone has
the dimension 7/a (as it is only between k = — /2a and k = n/2a), and only N/2 cells
can be placed, that is only N electrons. The zone is totally filled by the system’s N
electrons, which can no longer move (now placed on the inside of the £~ = f{(k) line
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shown in Figure 7.20). A transition from a metallic to an insulating state has
occurred; in other words the system has undergone a Peierls transition.

7.5.2.3. Wave vector at the Fermi level: the position of Er

For a linear chain of N atoms, each liberating a single electron from the state
under consideration, that has a period a and hence length L = Na, we can evaluate
the wave vector (k) at absolute zero for electrons that have the highest energy, i.e.
the Fermi energy which separates the occupied states from the empty states at
T = 0 K. At absolute zero, the temperature at which the Fermi-Dirac distribution
function F(E) = 1 when E<Er (and F(E) = 0 when E > Ej), the number of N
electrons in the chain of length L can be calculated with the help of the state density
functions Z(E) or n(k) and must be such that:

+oo EF EF
N= I F(E)N(E)dE = J' N(E)dE = J' LZ(E)dE
min Emin Emin
oo +hp
N= I N(OF(k)dk = J' N(k)dk
oo —kye
+he +ky | Y
= J' L-n(k)-dk = INa~—dk=—a~(2kF)
T T
_kF _kF
from which:
T
fp =2
F 2a

where N(E) is the state density for the chain of length L. We can thus see in Figure 7.21
that for an undistorted chain, the energy Ey that corresponds to kp = % is such that E
= Ey — o. For a distorted chain, that contains N atoms liberating N electrons, we again
have kp = % The Fermi level, at 0K situated midway between the occupied and

empty levels, is in the middle of the gap £ shown in Figure 7.20.
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7.5.3. Principle of the calculation of E, . (for a distorted chain)

Section 7.4.2.2 detailed how the relaxation energy is the difference between the
energy of electrons belonging to an undistorted chain (£,4) and those same electrons
in a distorted chain, i.e. Egj= Eng — Eq.

The estimation of E\.,x shown in Figure 7.20 uses the knowledge that:

— for the undistorted chain, (dashed line for £ = f(k)), the electrons participating
in the conduction are the most energetic and hence situated at £.. As we have just

seen, this energy varies with k = kp = % , and as shown in the figure, corresponds

to the energy Erat the intersection of the energy and 0K axes;

— for the distorted chain, the zone between —% and % is just filled, so that the

most energetic electrons, which participate in transport, are at the summit of the
band denoted £, that is at £, — 20.4.

The energy FE.x shown in Figure 7.20 thus corresponds to the difference in
energy of the transport electrons in the undistorted and distorted (or so-called
dimerized in chemistry) chains.

A more rigorous estimation of .= Eng — Eq can now be carried out knowing
that in both cases (calculating £,4 and Ey) the electrons fill cells between —ky and +kx
in the k& space.

We thus have:
+hkp +7/2a I
Ea= | EGNGdk= [ EGR)=dk, with E() = Eo— 0.~ 2 B cos ka
~kp -r/2a 7

(E(k) for the undistorted chain).

Similarly, the energy (£,) of the distorted system is given by E,; =
+7/2a
J. E™ (k)%dk, where E (k) is the energy function of the distorted system traced

7/2a
in Figure 7.20. The resulting calculations are rather long, and can be carried out as
an exercise!
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Figure 7.22. 4 cyclic “linear” chain with N = 8

7.6. Practical example of a periodic atomic chain: concrete calculations of wave
functions, energy levels, state density functions and band filling

This section looks at the electronic properties of a 1D (along x) atomic chain of
length L and made up of N atoms regularly spaced apart by a periodic distance
called a, so that L = Na. A concrete treatment will be made of a closed, cyclic chain
using N = 8.

7.6.1. Range of variation in k

The range is obtained from the progressive boundary conditions (PBC, or Born-
von Karman conditions). As we have seen, these conditions indicate that when the
chain is turned back on itself, the presence probability for an electron at a certain x
coordinate is unique and does not depend on the number of turns (of length L)
carried out by the electron on the chain and hence w(x) = w(x+L).

The PBC conditions applied to the Bloch function (section 5.8.2.1.1) yield
ikL
e =1.

As in general terms, 1 = ™ (with p being whole) and here with L = Na, we can
deduce that:
_7 _ P
k=k,=2mr—

Na
(where p is a positive or negative integer or zero, as in p =0, £1, 2, +3,...).

In addition, the energy is given by equation [7.31], so that:

E=Ey—o—2Bcoska=Ey—o—2pcoskua
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With the E(k) curve being periodic, we can limit the representation to one period
(all other periods will give the same solution for energy). This gives E(k) over a
reduced zone that extends from — 1 < ka < 7, and such that with k£ = &, we have:

ey, <X
a p a
(reduction to the first Brillouin zone). As & p = 27;%, we also have - % <
p=< % so that p takes on /N successive values.
7.6.2. Representation of energy and state density function for N =8
As we have seen, the domain in which kp = ZﬂNl varies can be reduced to:
a
Tk, <
a P a
_ /4 . N N
When N =8, and k,, =— p, the successive values of &, (where —— < p<— |
P 4q r 2 2

so thatp € [-4, —3,..0,...3, 4]) are therefore:

Equation [7.31] for energy can thus be written as:
/4
E=Ey—a-2 Bcoskpa =Ey—o-20 coszp

E = fk,) and Z(E) are represented in Figures 2.23a and b.
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k,4 k,; k,z k,l k() k] kz k3 k4
Figure 7.23. (a) E = f(k,); (b) Z(E), and (c) the number of states, all for N = §

With respect to k_4 = —% and ky :% the states are shared with adjacent zones,

such that only one of these states is compatible.

It should be mentioned that the states at the top (k3 , k3 and k4) and the bottom
(k_1, ky and ko) of the band are “squashed” and in contrast to those at the middle (& ,
and k) of the band. This arises from the cosine shape of the energy curve that is
flattened towards the top and bottom, and more vertically inclined near the middle.
This effect increases with N, but to show this in Figure 7.23 would end up with an
overload! This is because as /N increases and along with it the number of values that
k, takes on, the energy levels will become extremely close to one another at the
bottom and top of the band. Qualitatively, this explains the shape of Z(E). In
addition, this function gives the peaks at the band limits as the £ = f{(k) curve gives a
horizontal tangent to these limits. The result is that the state densities are high at the
summit and bottom of the band and low in the middle (Figure 7.23b). It can also be
said that if a higher value of N were given, the number of functions to trace would
increase along with the complexity of the representations, without necessarily
showing any more clearly what is going on.

7.6.3. The wave function for bonding and anti-bonding states

With k =k, and N = 8, equation [7.19] for the wave functions can be written as:

8
Wi, () = COZexp(ikpta) wo(x—ta)
t=0
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where ¢y =1/+/N after normalization.

The following example of this function concerns the case where yy(x — ta) = y,(x)
correspond to the s state (for which the wave functions @, correspond to the quantum
number / = 0, such that the notation for yo(x — ta) = y,(x) is written as y,(x) = Qy(x),
where g, = AR, |_o(x) = Ce *" (see section 7.1.1).

NOTE.— in equation [7.19], the letter # is used to denote the number of atoms in the
chain rather than the previously used letter s, which is now reserved for use with the
O, orbital (s state characterized by / = 0). We can also note that = 0 = 8 as these two
values “close” the circle, as shown in Figure 7.22.

7.6.3.1. Atoms without interactions (where N =8)

W

B0 (0N (Px2 D3 () Qs D6 (p7 P8 = Qg0
. DN S

: PX

v L=Na g

Figure 7.24. Wave function for a chain of atoms (N = 8)
that do not interact and show s states

Figure 7.24 gives the initial form of the wave function for each s state of each
non-interacting atom in the chain.

7.6.3.2. Representation of the Y, functions at the base (bonding state) and at the
top (anti-bonding state) of the bon[dforL =Na =8a

States at the bottom of the band where p = 0. When p = 0, k, = ky = 0 and
exp(i kyta) =1 whatever value ¢ takes on, we thus have (to within the normalization
coefficient cy):

Wko = Qs +(-ps2 +(-ps3 +(-ps4 +(p55 +(ps6 +(ps7 +(P5850

This is represented in Figure 7.25.
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L

Ds0 (psl Ds2 Ds3 Dy i Oss X Ds6 i Os7 Pss = @3'0
[ L + L ® L L

P L=Na

Figure 7.25. Representation of W/, k,

States at the top of the band, where p = 4. Here k, = ky = % The successive

values of 7, kyta = rt, and (izt) = cos(7t) are given in the table below.

T 0=8 1 2 3 4 5 6 7
ksta=mt | 0=4n T 21 3n 47 Sm 61 m
cos (Tt) 1 -1 1 -1 1 -1 1 -1

We also have 4, = i—z =2a, and y; s represented in Figure 7.26.

“wk4 }\,4 =2a
— =
?.so - P51 (sz - Qg3 (P.tfl - Pss (P.yg - Qg7 Dss = Ds0
q L4 >
' X
: ) :
I
exp(ikgta)

= cos(mt)

Nodal points
P(x) = |y(x)*

Figure 7.26. Representation of Y where the atomic wave function (¢,)
exhibits a sinusoidal modulation, in this case based on the function cos 7
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(FH="x Y., -

* times : bonding states
degenerate level : -
oo frespon ding o] Vi, Vi, —JﬁE’O - (drop in energy)
the 8 functions ofé 4| Yk
@y, where t=1, ! _ Hv\ E’ -2
2..8=0
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Figure 7.27. Energy levels and states in a chain where N = 8

Bonding and anti-bonding states. For the states at the bottom of the band, where
ko = 0, all the coefficients exp(ikyta) are equal (to one) and all the atoms are in phase
(Figure 7.25). There are no nodal points in the resulting wave function ¥y, which
explains why this is the most bonding state. The electron presence probability is
reinforced between each atom.

As k, increases, the energy increases and nodal points start appearing in the wave
function. This can be seen in the first figure of problem 1 at the end of this chapter.
There, the real component of the wave function vy, for & is shown.

In the middle of the band, when &, = % , the states are neither bonding nor anti-

bonding and this is the part shown in the second figure of problem 1, which looks at
the real part of yy,.

In contrast to the above, for the states at the top of the band (where &, = % and

kqa = m), the successive values of exp(int) = cos(mt) alternate between 1 and —1,
which results in nodes midway between the atoms (see Figure 7.26). The presence
probability for electrons is zero between atoms and they are distributed according to
an anti-bonding combination which, evidently, results in an anti-bond.

In terms of energy, and as in Figure 7.27, the bonding states (Fjo,%¥s1,¥s.1)
correspond to a drop in energy (a more stable state). In contrast, the anti-bonding
states (W4, Vi3, ¥ 3) are associated with an increase in energy and are more unstable
states.
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The energy levels for Wy, and Wy, are identical. As k, = — k,, we have
cos kya = cos[k,,a], and Ey, = Ey., according to equation [7.31]. The two functions are
simply associated in terms of the directions of waves’ propagation. As for a free
electron, the physical solutions can be retained using cos(Re{exp[ik,ta]}), which is
represented in the two figures of the aforementioned problem 1.

Most notable is that the interaction between neighboring atoms increases the
degeneration as there are eight levels obtained, each associated with a y;, function.
Here, the rise in degeneration is only partial, because as indicated above, the two
different functions, ¥, and ¥y, are at the same energy level.

When incorporating spin, each y, function gives rise to two functions, namely:
P

‘y/kp +> and ‘y/kp 7> . Considering that each atom gives one electron to the bond, and

that there are eight atoms, hence there are eight electrons to share throughout the
energy levels. Thus only the eight states in the lower half of the permitted band are
occupied (as in Figure 7.27). The permitted band is half-filled, and therefore,
a priori, the material is a conductor. There could be a Peierls metal-insulator
transition, as detailed in previous sections.

7.6.4. Generalization to any type of state in an atomic chain

Section 7.6.3 looked at a system with just s-type states. This example can be
extended to other states, most notably p-type, and the most classic of these
representations are treated in the problems at the end of the chapter.

7.7. Conclusion

The energy bands in a periodic lattice are determined by the degree of overlap of
the contributing atomic orbitals. The overlap in turn is a product of the competition
between the period of the lattice (and the evolution of the potential generated by the
atoms) and the value of the radius R of these atomic orbitals.

The semi-free electron model is particularly appropriate when the overlap is
sufficiently high for the atoms to lose their own identity (weak bond when a < 2R).
Chapter 3 is particularly relevant to this.

In the case of strong bonds, we find a more chemical-like representation of the
bond between atoms. While the space between atoms is considerable, and the local
periodic potential varies sufficiently for atomic orbitals specific to each atom to
retain their identity, the bonding orbitals are tied through their linear combination. If
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a single type of orbital exists, then the energy that is evolved is as a permitted band,
with a height equal to 4f3, where f3 is the coupling between adjacent atoms.

isolated 2 atoms 4 atoms N atoms
atom .
anti-
bonding
states
Ej 4

i ! | i ----- ? ___ i ___________ bonding
' states
T

Figure 7.28. The energy levels of a chain of atoms where each atom contributes
an s electron and results in the formations of an energy band without a gap

If the only atomic orbitals under consideration are s-type, the states at the base of
the band are bonding combinations of orbitals, whereas the states at the top of the
band are anti-bonding orbitals (see Figure 7.28, with an s-electron per atom). The
amplitude of the wave function is modulated by exp(ik,ta). When p = 0, k, = 0 and
the wavelength A, = 2n/k,, tends towards infinity. Therefore there are no nodes if the
states is bonding. When &, = 1/a, then A, = 2a and, between two adjacent atoms, the
atomic orbitals are in opposite phases with nodes between each atom, and thus
display what is an essential characteristic of anti-bonds. Problem 2 shows that this
characteristic behavior of 6—s-bonds appears in m—p-bonds.

If there are N atoms, then there are N levels in all, with N/2 bonding. As two
electrons can be placed per level (given the effect of spin), the N electrons (be they
s-electrons in G-orbitals, or p-electrons in m-orbitals) will fill N/2 of the bonding
levels. N/2 of the anti-bonding levels will remain empty. It is worth noting that the
permitted band will still be equal to 40, so the higher that N is, the closer the levels
will be.

Chapter 8 details the extension of this 1D model to the 3D model. The sizes of
the permitted bands will be tied to the coordination number (number of bonds for the
given atom) of the alternating systems.

Given that the alternation of bond lengths in a 1D chain results in a gap in the
middle of the band (as in Figure 7.20), it is also notable that when different types of
orbitals interact, then there is also a gap in the energy band. In addition, if during the
formation of a solid state, there are two types of orbitals (s and p for example) that
fuse to give hybrids, then once again there is a formation of bonding and anti-
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bonding orbitals. The difference in energy between bonding and anti-bonding
orbitals generates the energy gap. This problem, using the example of sp® orbitals,
will also be treated in Chapter 8.

7.8. Problems

7.8.1. Problem 1: complementary study of a chain of s-type atoms where N = 8

Trace the real part of the wave functions for k =k = 4£, and k=k, = 2—7; .
a

Answer

This scenario was delved into in section 7.6.3. In the chain are eight atoms, each
in an s-state. The energy levels are presented in Figure 7.27. The representative
functions of the bonding states at the base of the band (v, function) and the anti-
bonding states at the top of the band (w4 function) are shown in Figures 7.25 and
7.26, respectively. In addition, between k = ky and k = k there are the intermediate
states. These have been shown for k = k; (in Figure 7.29) and k = k, (in Figure 7.30).
w'y, And y'y , the real parts the wave functions, are such that:

8
W (=R (wy () =c ) cos (kyta) yo(x—ia)
=0

where ¢'y = J% k=272 and yiy(x — ta) = Ce ™.

—When p = 1, we have k| = % and 4 =2k—’lz=8a.

The successive values of ¢, kjta = %t , and cos%t are given in the table below.

T 0=8 1 2 4 5
4 4 4 RY/4 hY/4 3 I
kita= —t 0 — — — T — — —
4 4 2 4 4 2 4
cos %t 1 g =0.707 0 -0.707 | -1 | -0.707 0 0.707
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From this can be deduced (to within ¢') the expression for y';:

V't = Qs+ 0.707 @1 + 0 9o 0.707 oz — Qua— 0.707 @y + 0 @y + 0.707 @7

We thus find that when k& = &, the nodal points start to appear at the level of the
wave function shown in Figure 7.29.

000..9703 204 0705 006 07 @7 Os=00
: v
node P(x) = /' Re[exp(ikita)]
z —
|1|fk (x )| 2=0 :

Figure 7.29. Representation of W 'r with:
v'k = Re (k) = Po=s + 07070 + 09— 0.707 @3 — poy—= 0.707 s + 06 + 0.707 7

2ﬂ:4d

—When p =2, we have k; = i,and)»2=
2a 7/2a

The successive values of ¢, k| ta = %t , and cos %t are given in the table below.

¢ 0=8 | 1 2 3 4 5 6 7
kta=Zilo=an| Z | 2| ZE | m | Z 3 iz
2 2 2 2 2

(=]
_\_
(=
—_—
=]
I
—
(=)

V4
cos —t 1
2
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A v
P A=4a R
5Q. O-E(Dsl o (sz 0. D3 @.;4 : fPss . =P - Ds7 : (p.s_S'_.E.-(psO

;;ije_[exp(zikzta)]

Figure 7.30. Representation of Wk, with
l//’kz = Re (l//kz) = Qo= T 0@'1 - Pt 0@;3 T @yt 0¢7s5 - P T 0@;7

Finally, we can see that in the middle of the band when k = k,, the states are
neither bonding nor anti-bonding (Figure 7.30).

7.8.2. Problem 2: general representation of the states of a chain of o—s-orbitals
(s-orbitals giving o-overlap) and a chain of o—p-orbitals

1)

a) For a chain of atoms from which the s-electrons give rise to c-orbitals (see
Figure 7.4), determine the energetic level of bonding and anti-bonding states. Give
the band scheme.

b) Show, using the appropriate scheme, how a qualitative result can be found
by taking into account the phase associated with the wave function of each atom in
the chain.

2)

a) Deal with the same problem but using atoms in a p-configuration (see
Figure 7.4) that give rise to a o-type overlap. Add to the figure of question 1a) the
scheme for the corresponding band.

b) Same question as 1b) but this time for a chain of G-p-orbitals.



244 Solid-State Physics for Electronics

Answers
1)

a) For s-orbitals, which are always positive when alone as one s-state per atom,
then in the atomic chain we have from equation [7.29],

—By = (o (x—ta)] Wx=sa)|yy(x~sa)) = (w,| W) <0

as y, and y, have the same positive sign (orbital on a single atom ¢ or s) while
W <0. In terms of energy, the result is that from equation [7.31], where £ is now
denoted E|:

E,=FEy— o, —2 B cos ka.

From the lower half of Figure 7.31, the energy of the s-orbitals:

— drops at the bottom of the band as —f3, is always negative and cos ka > 0 (—
1/2 < ka < /2 at the bottom of the band) and thus is a bonding state (c—s-band); and

— increases at the summit of the band as —f; is always negative while cos ka <
0 (M2 < ka <m and -1 < ka < —1/2 at the top of the band), and thus is an anti-
bonding state (c*—s-band).

b) This result can be found by taking the phase term associated with each wave
function on each atom into account (in Floquet’s development this means the cos
k.rs term):

— for s-type bonding orbitals, the orbitals of two adjacent states are in phase
(k = Oas in Figure 7.25), and have the same sign. This situation can also be
represented using the sign and geometric shape of the orbital, as in Figure 7.32a.
The interaction, or rather, coupling, of the two states decreases the 6-s-band energy;
and

— for their part, the anti-bonding states are adjacent to orbitals that have an
opposite phase (when k = * 7/a), and hence an opposite sign, as in Figure 7.32b.
Their interaction results in an increase in the energy (disfavored state) as shown in
Figure 7.31 for the 6*-s-band.
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2

-Ta  -1/2a n/2a ma i o

Figure 7.32. Distribution of (a) bonding o—s-orbitals; and (b) anti-bonding
o*—s-orbitals; the arrows indicate the direction of the phase

2)

a) General representation of the states in a chain of c—p-orbitals (G-overlap of
p-orbitals)

Once again, we find for p = orbitals that:
Bop = <1//0(x—ta)|W(x—sa)|1//0(x—sa)> = <l//t |W|1//S> with W <0.

Now s, and , represent p-orbitals and take on the shape shown in Figure 7.33,
that is of a positive lobe adjacent to a negative lobe, so that —B, is positive (upper
half of Figure 7.31) and now:
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— when —7t/2 < ka < 1/2, cos ka > 0 and the energy is increased with respect to
E‘Op:EOp_ Ocp;

— when /2 < ka < 1 and -1t < ka < —m/2, we have cos ka < 0 and the energy is
decreased with respect to £'(, = Ey, — 0.

Figure 7.33. Distribution of (a) anti-bonding o*—p-orbitals; and (b) bonding c—p-orbitals

b) This result can be found by considering that:

— when k£ = 0, the wave functions are in phase and can be shown geometricly
as in Figure 7.33a with the example of p, orbitals. With respect to the Floquet
development, the term cos k,sa is equal to 1. A positive lobe interacts with
a negative lobe forming an anti-bonding state with an increase in energy (6*—p-band
shown in Figure 7.31). This behavior is opposite to that of the s-band in the same
k region.

— when k = * m/a, the phases alternate (cos k,sa alternately equals +1 and —1)
so that the geometry can be shown as in Figure 7.33b. The same type of lobes
interact and result in the bonding 6—p-band shown in Figure 7.31.

7.8.3. Problem 3: chains containing both o—s- and o—p-orbitals

A chain of atoms contains both 6—s- and 6—p-bonds. Taking the geometric shape
of the s- and p-orbitals, along with their distributions, show with respect to k = m/a the
formation of the forbidden band. The top and the bottom of the forbidden band are
linked to the probability of electron presence due to the overlap of s- and p-orbitals.

Answer

As Chapter 3 showed, with respect to k = m/a, a system of stationary waves can
casily arise with wave functions of solutions for the probabilities of presence given by:

— " o< cos (mx/a) and P' = cos? (mx/a). The electronic charges are essentially in
the neighborhood of the lattice nodes.

— o< sin (mx/a) and P~ = sin? (nx/a). The electronic charges are essentially
midway between the lattice nodes.
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Given the geometric shape of the s- and p-orbitals and their corresponding
electronic distributions, we can state that:

— the probability P* concentrates the electronic charges associated with s-orbitals
around the atomic nodes; and

—the probability P~ concentrates the electronic charges associated with p,-
orbitals at points midway between atoms.

In terms of energy, these two orbitals (and their associated electronic
concentrations) are separated by the gap in energy denoted E that appears at exactly
k=mn/a.

In addition, as the " waves associated with the s-states concentrate the electrons
at the centers of the atoms, the electrostatic interaction energy, at best, decreases the
energy of these electrons making them more stable.

For their part, the ¢~ waves associated with p-states concentrate their electrons
midway between atoms (i.e. at the greatest distance apart) so that the electrons are
held furthest from electrostatic interactions with the nuclei of the atoms. This
increases their energy making them less stable than the electrons associated with the
v wave due to s-states.

We have thus shown that an energy gap can appear in 1D when two (or more)
types of orbital are present. Figure 7.31 can be compared with Figure 7.16, which
gives details for 6—s- and oc—p-orbitals.

7.8.4. Problem 4: atomic chain with 7=type overlapping of p-type orbitals: 7%p-
and 7*—p-orbitals

For the p.-type orbitals tied to one another by n-bonds, as shown in Figure 7.34,
give a geometric representation of the bonding and anti-bonding orbitals in a chain.

=

ppmt
Figure 7.34. 7#—p-orbital
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Answer

The resonance integral, —fy,, essentially includes interventions from the overlap
of two positive lobes and two negative lobes, as shown in Figure 7.34. When W <0,
then —f, is negative (just as —f3;), resulting in a behavior similar to that of
o—s-bonds. So Figures 7.35a and b show the geometric representation of bonding
(low energy) and anti-bonding (high energy) orbitals.

Figure 7.35. Distribution of (a) bonding w—p-orbitals;
and (b) anti-bonding 7*—p-orbitals



Chapter 8

Strong Bonds in Three Dimensions:
Band Structure of Diamond and Silicon

This chapter is devoted to the band structure in periodic, 3D solids and contains
three studies. The first is on a periodic 3D lattice that has an atom at each node
contributing one s-electron.

The cubic lattice will be looked at in detail and there is a determination of the
height of the permitted (valence) band its effects on the charge mobilities. At this
level, the forbidden bands do not yet appear as they require a system with several
atomic levels (see Chapter 7 for a comparable study using a 1D system).

The second study focuses on strong covalent bonds in the carbon diamond
structure, where each atom is at the center of a tetrahedral and sp® hybridization, of
which the details of the associated wave functions will be given. This system will
then be used to demonstrate the structure of permitted and forbidden bands, as the
carbon atoms involve several orbitals.

The third study looks at the band structure of a 3D lattice based on carbon
diamond. We will, show in particular, the origin of the band structure with
a generation of the forbidden band that separates the bonding and anti-bonding
bands (with examples of diamond and silicon).
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8.1. Extending the permitted band from 1D to 3D for a lattice of atoms
associated with single s-orbital nodes (basic cubic system, centered cubic, etc.)

8.1.1. Permitted energy in 3D: dispersion and equi-energy curves

8.1.1.1. General expression

Equation [7.29] that describes the energy (E) of an electron in a strong bond for
a 1D system, can also be written as:

E=Ey—a-b Y e M [8.1]
t=-1,+1

This summation brings in the two nearest atoms on either side of the atom under
study. Most simply, equation [8.1] can be rewritten for more than one dimension as:

E=Ey—a-bYe * [8.2]
m

where a,, represents the vectors joining the reference atom to its nearest “m”
neighbors.

8.1.1.2. Expression for energy in the simple cubic system: equi-energy and dispersion
curves

For a simple cubic lattice, as in Figure 8.1a, the a,, vectors obtained for nearest
neighbors, have the components:

(£a, 0, 0) in x
(0,%a,0)iny

(0,0, xa) in z
The energy thus takes on the form:
E=Ey—o—2p [cos ka + cos k,a + cos k.a] [8.3]

where k, k, k. are the components for k in the three direction Ox, Oy, Oz.
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Figure 8.1. (a) Structure of the cubic direct lattice,
(b) Brillouin zone in the reciprocal lattice

8.1.1.2.1. Dispersion curves for the simple cubic system

— At the center of the zone, i.e. the point I" where k£ = 0 (and k= k, = k. = 0), the
energy is at a minimum and is given by:

E=Ey—a-6p=E) [8.4]
— With respect to direction [100], we have k, = k, k, = 0 and k. = 0, from which,

according to equation [8.3], Eyjgo; = E¢ - o —4B —2Bcosk,a, and thus in X,

_ |kx=ma
where T'X' 1k,,=0 , we have cosk,a = —land hence E (X ) = E; — o - 2.
k, =0

— With respect to [110], we have k. = k, = %, k. = 0, so according to

ky =m/a
equation [8.3], Eyjjg) = Eg — 00— 2B —4fBcosk,a, and in M where I'M (k) =n/a,
k=0

we have, with cosk . a = -1, theresult E(M ) = E, — o + 20.

— With respect to [111], we have k, = k, = k. =% (as k2= 3k$), so that

ky =T/a
Eppyy =Eg—o—6Bcoskya, and in W, where I'W (k) =n/a, with cosk,a =-1

ky =m/a

we have:

E(W)=Eg—o.+6p. 8.5]
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It should be noted thatin W, k =k, J3 =243
a

The E(k) dispersion curve with respect to the [100] and [111] directions is given
in Figure 8.2. It is notable that the size of the permitted band is given by:

AE =EW )—-E () = 12p.

AFE
Ey)— o+ 6
prat 4
EW) i [ 12
E[m] E, E(X)

| Eom 0= 2f . %

| E
P W lEO_ <0 [IOO]X n
| v TE >

ki E\B r ; kioo
a

Figure 8.2. E(k) dispersion curve for the cubic system

8.1.1.2.2. Equi-energy curves for the simple cubic system

In addition to the calculation shown below, a related and detailed calculation of
the equi-energy curves for a 2D simple square lattice can be found in problem 1 at
the end of this chapter.

— In the neighborhood of the zone center (I), k = ky = 0, so that k, =k, = k. = 0,
(kxa)?
2

and cosk,a =1~ (and likewise for cos k&, and cos k). So the energy can be

written as:

E(k = ko) = Eo— 0. — 63 + Ba? (k> + k>, + k%)
= E(D) + Bk a2, [8.6]
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E-Eg+a+6p
Pa?

From this we deduce that = kf +k )% +k Zz = k2. In the reciprocal k

space, for a constant £, we have k = \/ (E -Ey+o+ 66) / Ba2 = constant. Thus, in
the neighborhood of I', the equi-energy surfaces are spheres with radii equal to k as
given in the proceeding equation.

—In the plane of k, =0, equation [8.3] becomes E =Ej—o—20—
2B(cosk, a + cosk ya). This means that in this plane, the equi-energy curve

(E =g o —0—2P) is obtained with cos k. + cos k,a = 0. This condition results
in ky =tk ig (see problem 1 (section 8.5.1), question 3c), of which the &, =
[ (k) representation gives lines that generate a square in the plane along £, =0 and

with sides equal to E\/E. The summits are at X(E,O, 0), X; (O,E,O), X5 (—E,O, 0),
a a a a

X3(0,-Z,0).
a

By analogy and in the planes defined by k, =0 and &k, =0, we find the exact
equi-energy surface; ED = Ey —a—2f being that of a cube, the six corners of

which have the coordinates (iE,O, 0), (O,iE,O), (0, O,iﬁ).
a a a

—When E = E, — o (equi-energy lines FE @ =F o — @) we should have,
according to equation [8.3], cos k,a + cos k,a = —cos k.a.

L

In the plane with side k, = +—, where cos ka + cos k,a = 0, we should again

T a

have k, =tk  *

T
Y a

, of which the k, = f(k,) representation in the plane of side

T . . .
k, = i2— gives straight lines that generate a square (see Figure 8.3).
a
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T
5 V4
P = T QN 4 square
Y N
L _>ky
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Figure 8.3. Constant energy surface when E? = E, - o

In the planes with sides k, =+_, we should have cos ka + cos ka = .

2 )
Notably, Sommerfeld and Bethe showed (see Kittel in Figure 6, Chapter 11,
Quantum Theory of Solids, Wiley, 1963) that it is in this place that the equi-energy
surface is practically circular. This means that the radius (k) of this surface is

constant in all directions of the plane (from which k. =k,), so that
k. =k

_ g2 .2 77 J2 - ~
k =4k + ky = kyV2. As k. = k, then cos ka = cos k,a, so that cos ka +
coskaa = 1 and coska = coska = é (and ka = ka = g), so that
k =k, J2 = ™2 This is the radius of the circle associated with the equi-energy

line (£ @ =F o — @) inthe plane of side given by k, ==+

iy
a

In the intermediate planes with k. sides and such that ZL <k, <™, or
a a

-Te k, < —21, the equi-energy lines which start in the shape of a square (in
a a

k, = izi) evolve towards a pseudo-circular shape, as represented in Figure 8.3.
a

z

8.1.1.3. Expressions for energy in centered cc and fcc systems — see problem 2

These calculations, which are rather long, are detailed in problem 2 at the end of
this chapter: question la for the cubic centered lattice, and 2a for the cubic face
centered lattice.
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8.1.2. Expression for the band width

8.1.2.1. Reminder of the expression for energy in the neighborhood of kyat the
center of the zone, obtained through a Maclaurin development of E

Briefly recalled, the MacLaurin development for the E(k) energy can be written
for the neighborhood of % as

OE (k -ko)? [ 0°E

E =E +(k-k)[—} | —

(k) (k,) 0 P
ok )y, 2 (aK? ),

0

Remembering that at the center of the zone there is a horizontal tangent,

[Z—fj =0, and with the introduction of an expression for the effective mass (see
ky

Chapter 4), when k = ky we have for the energy:

2

E(k) = E(ko) + (k —ko)z. [87]

2m*

In the neighborhood of the zone center, where &, = 0, we thus have

2

Egy = Eq) + k2. [8.7]

2m*
8.1.2.2. The simple cubic lattice

The identification of the coefficients in " (n = 0 and n = 2) for equations [8.6]
and [8.7’] yields:

E(ko) = Ey, — o — 63 (which returns equation [8.4])

n? n?
, so that m* = .
2m * 2Ba?

Ba? = 8.8]

Incidentally, equation [8.8] shows that the greater the transfer integral (), that is
the easier it is for electrons to pass from one site to an adjacent site, the smaller the
effective mass.
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The size of the band can be obtained from the amplitude in the variation of the
dispersion energy curve (Figure 8.2) which is such that:

—when k, = k, = k.= 0, then:
E=E (ko =0) =E;—o—6P [8.4]

—whenk, =k, =k = T then:
a

E=E[kx T
a

ey =k =—] —Ey— o+ 6B [8.5]
a

From this it can be deduced that:

AE—E[kx =Tk, =Tk, =E] — E(ky) = 128,
a a a

so that on using the notation given as AE = B, we find:
B=12B [8.9]

8.1.2.3. Generalization

Looking back on the structures that have been studied up to now, which include
the linear chain in Chapter 7, the square place lattice in problem 1, the simple cubic
lattice in section 8.1.1.2, and the centered and centered face cubic lattices in
problem 2, the most bonding state came from the s-orbitals for £ = 0 (I" point). The
corresponding energy is given by E (I') = E — a.— Zf, where Z is the coordination
number that is equal to the number of “closest neighbor” sites. This can number 2
for a linear chain, 4 for a square plane lattice, 6 for a cubic lattice, 8 for a centered
cubic (cc) lattice, and 12 for a face centered cubic (fcc) lattice.

For alternating structures, that is all of the aforementioned except for the fcc
structure (see comment at the end of section 8.5.2), in which all closed circuits link
the close neighbor atoms to a paired number of branches, the most anti-bonding state
has an energy givenby E(X )=Ey—o+Zf.
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For numerous alternating structures, equation [8.9] can therefore be written as

B=27B [8.10]

Finally, in all cases, be they alternating structures or not, the size of the band is
proportional to . From equation [8.10], for alternating structures, the weaker the §
coupling between neighboring atoms, the narrower the permitted bands. Non-
alternating structures are dealt with in section 8.5.2.

8.1.3. Expressions for the effective mass and mobility

For the effective mass, we note that equation [8.8], m* :2[751 —, established
a

around the I" point (the origin of the reciprocal lattice) for a simple cubic lattice is
also valid for square plane lattices (problem 1, question 4), cc and fcc lattices
(problem 2, question lc and 2c, respectively).

The mobility of electrons with a charge denoted -¢, and a velocity v', subject to
an external electric field £, is defined by the relation (\7 > = —uE . The integration
of the fundamental dynamic equation, over an average time (t) =1, where T is the
relaxation time for electrons colliding with the lattice, written in the form
Fosterior = —qE =m * Z—f, gives <\7> = —%’cb: , from which by identification with

the defining (\7> = —uE wehave u = q—z.

m

For alternating structures, the introduction of B deduced from equation [8.10]
(B = B/2Z) and from equation [8.8] gives:

Z. [8.11°]

m* =
Ba?

Placing this into u, gives:

qra’ B
u= -
n zZ

[8.11]
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For non-alternating structures, there are similar laws for the variation of m* and
u as a function of B (only the coefficients are different, see the problem in

section 8.5.2), so that m* o< % and u o< B.

We can conclude that the semiconductors with narrow permitted bands i.e.
AE = B and [} are small due to poor coupling between atoms (equation [8.10]), and
are semiconductors with high effective masses and low mobilities.

8.2. Structure of diamond: covalent bonds and their hybridization

8.2.1. The structure of diamond

A study of the energy bands that can appear in materials such as carbon diamond
requires a determination of the involved orbitals and wave functions.

Figure 8.4. Positions of atoms with the first cell shown in black,
the second shown in white

Diamond has the same crystalline system as silicon (Si) or germanium (Ge). As
described in Chapter 6, this system can be reduced to a fcc system as it is based on
one fcc imbricated within another. The second cell has its edges parallel to those of
the first but is shifted along a diagonal of the cube. This shift is equal to one quarter
of a full diagonal (see Figure 6.6b).

Figure 8.4 shows the position of all the atoms in the first cell, those in the first
cell coloured black, and those in the second coloured white. This figure shows that
each atom has four immediate and symmetrically placed neighbors. It is in effect
placed in the center of a regular tetrahedral, the top of which is occupied by
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a neighboring atom. The cell has the dimensions of d = 3.56 A for diamond,
d=5.43 A for silicon, and d = 5.62 A for germanium. The distance between two

neighboring atoms is equal to d/1/3/16, i.e. 3.08 A for C, 4.7 A for Si and 4.86 A
for Ge.

As the bonds between the reference atom and its four neighbors are equally
placed in space, they are all the same and necessitate the hybridization of the
original atomic orbitals. Before going into this so-called sp® hybridization in detail
(in section 8.2.3), the next section deals with the fundamentals of hybridization.

8.2.2. Hybridization of atomic orbitals

8.2.2.1. The notation of hybridization

The carbon atom has the atomic configuration 1s* 2s* 2p” It should act as
a divalent element, such as in CO,, but this configuration does not explain the
formation of CH4 (sp’ tetragonal hybridization), of CH,=CH, (sp’ triagonal
hybridization), or of C,H, (sp' diagonal hybridization).

This behavior can be interpreted using the example of two carbon atoms
“uniting”. Each atom has valence states, 2s and 2p, that are represented by one
s-orbital and three p-orbitals. This first excited state, 1s* 2s' 2p°, is favored if the
resulting energy levels show a drop, as is the case when these orbitals “mix”, or
rather, are hybridized.

Such molecular orbitals can be denoted in the following way, where each carbon
atom 4 and B is identified using the numbers 1 and 2, respectively:

‘\P> :Al ‘2S>1 +A2 ‘pr>1 +A3 |2py>1 +A4 |2pz>1
+ B 25>+ B, 2p>: + B3 2p,>2+ By |2p>;

=[¥>+ P>

8.2.2.2. Various levels of hybridization

There are in fact different levels of coupling that can be attained, each bringing
into play stronger or weaker couplings, or in other terms, varying levels of
hybridization.
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8.2.2.2.1. The sp' diagonal hybridization

This is due to coupling between s and p,, for example:

[V'>= A2 > + A52p, >1 + By|2s >, + By[2p >,

=¥, >+ ¥, >

where |'¥'; > and [, > each correspond to two possible orbitals. In all this gives two
bonding orbitals (6,) and two anti-bonding orbitals (Oa*). Therefore, [¥; > can be

such that |W1/> =ai|2s > £ ap|2p, >, and [V, > = a’||2s > £ a’5|2p, >, with the
+ and — sign being attributed as a function of the sign of the hybridizing orbitals.

The remaining m-orbitals that have not been used during the sp' hybridization
process are thus obtained only in the directions (Oy) and (Oz), as shown in
Figure 8.5.
8.2.2.2.2. The triagonal sp® hybridization

This hybridization leaves, for example, the [2p.> state outside of a linear
combination which only involves the |25 >, |2p, > and |2p,> states. In effect,

V=425 > + Aol2py >1 + As3[2p), >+ Bi[25 > + Bol2py >3 + B3|2p), >

=¥, >+ [¥,>

12p,>
I ZPZ)Z

g n*2p,

Qe

K e
S

2 7™ anti-
a8 n2p, bonding orbitals
*"* and
X "2 2 7 bondi
; 2 bonding
the same again £ % 2ONLINS
% 2p, orbitals

but with

Figure 8.5. 7*- and r-orbitals
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The three hybrid orbitals have their axes in the same plan and are generally
denoted 2spa2, ZSpbz, 2sp62. The fourth orbital, 2p., remains as it is in a plane
perpendicular to that above, and gives rise to a -orbital.

So, for this molecule:

Figure 8.6. Ethene (C,H,) orbitals

The angle between the three hybrid c-bonds on the same carbon atom must
equal 120. A calculation that is identical to that developed in section 8.2.3 (for sp’
hybridization) makes possible a determination of the three sp” orbitals:

_ 1 172 _ P} 32
=) + 2 |px>)’h2‘317{|s> -t e )|
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8.2.2.2.3. The tetragonal sp® hybridization

This hybrid brings in all states (at least of those we have looked at) without
exclusion. As noted above it is this hybridization that is present in diamond. Given
its importance and prevalence for elements in the IV column of the periodic table, it
will be dealt with in more detail in the following section.

8.2.3. sp’ Hybridization

8.2.3.1. Orbital revolution symmetry

The normalized wave functions of the s and p states (where r = r; for the
expansion zone for the orbitals) of the valence electrons of carbon (n = 2) are the
result of preliminary calculations already performed in Chapter 7 (see section 7.1.1,
where the atomic wave functions are denoted y , while here they are denoted using

I

¢ and y is now reserved for hybrid orbitals), as in:

(s|=Rn,0(r)@0,0<1>0=h(rf)=S(n=2,1=0,m=0)

1 /3
|p2) =0 =5\/;R(rf>cose=g<r>cose=zf(r)=Z=<pzpz
n=2,1=1,m =0)

1 f 3
|px > =@ = E —R (;7- ) sinB cos@ = g () sinB cos@
v

= xf(r)zXz(psz mn=21=1,m=1)

1 /3 C A o
‘py > =@ = E\/;R (ry ) sinb sin@ = g (r) sind sing

=y f(N=Y =gy, (=21=1m=-1)

The f(r) and g(r) functions are related by the simple equation g(r) = r f(r).

The four proper functions, S, X, Y and Z, make up the orthonormalized base in
a space with four dimensions.
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For the carbon sp3 hybrid state, in which the S, X, Y, and Z orbitals play no
particular role, a new base can be obtained using the preceding base. It comprises
four functions that account for the dimensionality of the system:

1P1:(X1S+G1X+b1Y+CIZ

\P2:0C2S+(12X+b2Y+C22
lPg,:0(43;5'4‘613)("‘173Y""C‘g,Z

\I"4:O(.4S+G4X+b4Y+C4Z

| ¥, >, | ¥, >,| ¥; >,| ¥, > are the hybrid orbitals corresponding to the 1s® 2s

2 242, then 5y, o
2p™— 1s” 25" 2p° s 1s” 2" that are only possible if the energy states undergo a
gain in energy required by the initial excitation of the atomic orbitals.

Figure 8.7. Representation of ¥;

Figure 8.7 illustrates the denoted terms. The unit vector in the direction OM is
denoted m and the point M has spherical coordinates r; 6 and @. In terms of
Cartesian coordinates, where €, éy , and e, are the unit vectors for the axes Ox,

Oy and Oz, the respective components of OM are:

x=ry sin 0 cos @, y = rysin O sin ¢ and

z=1rs cos 0.
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The components of 7 (unit vector where |/ = 1) in the Ox, Oy, and Oz axes
system are thus:
sin®cos @ =me,
n sin O sin @ = me,
cosO=me,
Taking into account the form of X, Y and Z given at the beginning of this section,

it is possible to write that

X=g(r).e,.m
Y=g(r).e,.m
Z=g(r).e, m

With i =1, 2, 3, and 4, it is now possible to state that:

Vi=o;S+g(r)(@e, +hie,tce )m

where the vector f, =a; e, tb éy + ¢; e, is introduced. It has the components a;,
b;, and c¢;, for the Ox, Oy and Oz axes.

Each W, function can thus be written as: ¥; = o, S + g(r) ¢; .ni . With |ri | =1,

|7; | = \Ja? +b? +c? and by making = (7; , 7 ), we find that:

l_z cos

Y.=o,S+g(r) al-2 +bl~2 +c
This finally gives W, = o; S + &, where the ; orbital, thus introduced, is in the
form:

§,=a,X+b,Y+C,Z=g(r) t: .m
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Here the {; orbital is collinearly normalized with &, and therefore is such that
<C|C>=1and & =M, . is thus written as:

. 1
G =&_l=k_(aiX+biY+CiZ):(a’iX+b’zY"‘C’iZ)

)\’i i

a_y

A
1 t; - i | b; \
= —g(r);n =g(r) —n=g(r) t;".m,with t; '=——1—- =b,

A i Ai | A
Ci '
— =c.
Ao

Figure 8.8. Representation of {;

As<(|C>=1=a?+b2+c?=|t;' Pwecanstatethat {; =g(r) ¢;'.m =

g(r) cos (£; ',ni )= OD. i , with OD = g(r) 1; .

With o = (¢; ', m ), we have {; = OD cos o, and the M points are placed such
that {; = OM’ is a sphere with a diameter, given by \O—D | = g(r), is directed along
the unit vector 7; '. Figure 8.8 shows how, in the plane of this sheet of paper, this

system is similar to Figure 7.2 that was used to describe p.-orbitals. Similarly, the M
points are placed such that OM = &; = A, {; is a sphere of radius A; OD.
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So, using Figure 8.7, the hybrid orbital ¥, is obtained by addition of the S orbital
(that has a spherical symmetry around O, as shown in the figure) with the orbital

denoted by & = A, {;, which also revolves around #; ' or 7; (=A; ¢; ). If o, > 0, this
addition is wholly positive in magnitude with respect to & when &; > 0.

8.2.3.2. Angle between the direction of equivalent hybrid orbitals

This angle can be determined between the two directions around which revolve
&~ or {-type orbitals, with the condition for hybridization being that the ¥; and ¥,
orbitals are equivalent. If the two orbitals are denoted 1 and 2, then for example:

Y=oy S+&=ou S+MG=0 (S+w &) where A; = 0y W,
o= S+E6=0S+M0 =0, (S+ U y) where A, = 0, U,

The condition of orthogonality between ¥, and ¥, (to an orthonormalized base)
gives:

<Y | o> =000 <S+ G IS+ u >
=040 [1+ <, [5>]=0

where the S and {; functions are orthonormal to each other.

With o and o, not being equal to zero, we can deduce that we should see
1 + W, cos oy = 0, where oy, = (£;', ¢ '5) represents the angle between the two

axes of rotation of the normalized wave functions denoted {; and {,. The
equivalence imposed on the ¥, and ¥, also means that p; = W,. In the case of ¥,
and ¥, the S orbitals are similarly equivalent because when using the same
coefficient (1) in the brackets, we should find that u; = W, = u such that ¥, = ¥,).

1
Finally, the ¥ and ¥, orbitals are equivalent if cos o, = ——.

u2

8.2.3.3. Wave functions in the sp’ hybridization

In this case the carbon is at the center of a tetrahedron and its orbitals are aligned
along axes that run between that center and the extremities of the tetrahedron, as
shown in Figure 8.9. These lines form angles that can be calculated using, for

example, the components #;' and ¢ '5 .
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Figure 8.9. sp’ hybridization
As |£'1] = 1, and the carbon is at the center of a tetrahedron, we should find that

1

I:ﬁ'

Qb2+ 2= landa’ = =¢, sothata’ = by = ¢

Similarly, for ', on taking its geometric position into account, we find that

2 b l ’ — — l N
a2=b2=—ﬁ and ¢’ = Thus, cos 0, = 7 ';.7 '2=-§, and o, = 109 °© 28

% .
= _E’ and p = /3. From the equation ¥, = a; (S + w, {;), it is possible
to write that ¥, = o (S + /3 {;). The normalization condition for ¥, gives a value
for o: <¥, | ¥>=1=04"[1+ (+3)4] =4 o’ so that o = l. We find that:

— (S+ J3 Ql)— —[S+(@  X+b Y+ 1Z)\/7 where (a’y, b’1, ¢’1) are the
cosine d1rectors for the direction of the first orbital that has been chosen such that

, , , 1 ..
a,=b,=c= NER This gives:

=%[s+\f[\r<p2p +%<p2py +%cp2p: JJ
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At the end of all this, we finally obtain:

( 1 1
Y= 5 (S"‘(Psz +(p2py —’_(|")2pZ )= E(S+X+ Y+Z)

1 1
\Pzz E (S— (psz —(pzpy +([)2p: ): E (S—X— Y+Z)

1 1
¥s= 5 (S+ @ —P2p —P2p )= 5 (S+X-Y-2)

1 1
kIP4: E (S- P2p. +(p2py ~¢2p, )= E S-X+Y-2)

As observed at the end of section 8.2.3.1, the '¥; functions revolve around t: It
must be noted that these functions are directed towards the summit of the
tetrahedron as shown in a covalent bond.

8.3. Molecular model of a 3D covalent crystal (atoms in sp’-hybridization states
at lattice nodes)

8.3.1. Conditions

The carbon atoms in diamond exhibit a sp>~hybridization. The various forms that
carbon orbitals take in 3D space are detailed in the preceding section. If the atomic
orbitals are effectively equally spread in different directions, then we have a sp’-
hybridization. And in this case, using the carbon atom denoted C as reference, then
the orbitals are expressed using the four functions that have previously been
calculated, namely ¥, >, |¥>>, V5>, V4>

Figure 8.10 details the various stages during the formation of the electronic states
and energy levels in diamond.

8.3.1.1. It all starts with isolated carbon atoms

Initially, the isolated carbon atoms are characterized by two energy levels, E; and
E,, for the electronic configuration 1s* 2s* 2p*. This is shown in Figure 8.10a and in
zone (1) of Figure 8.10b. The atoms C, C’, C’’... shown in Figure 8.11 are at this
stage presumed to be separated by a great distance. As the atoms C°, C’, C”” and
C”” move nearer to the reference atom C, there are s and p bands that form, as
shown in Figure 8.10a. This is concurrent with the overlapping of the orbitals of
each atom, for example the s-orbitals give bonding combinations towards the bottom
and anti-bonding combinations towards the top (see Chapter 7).
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Figure 8.11. Layout for the different atoms along
with the possible couplings using sp’-hybridization

8.3.1.2. At the critical point M

The two bands, s and p, meet at the critical point M and the s and p states mix
(the so-called process of hybridization). With this hybridization being energetically
favorable, we obtain sp3-hybrid states denoted by the ¥y, ¥,, V3, ¥, functions for
the atom C (see section 8.2). Similarly, the hybrid states for the atom C° are
represented by the functions ¥, ¥’,, ¥’5;, ¥4, and so on in similar terms of
notation for the C**, C*>> and C>>> atoms (for example the sp’-states of the last atom
are described by the functions ¥,”*”’, W¥,’”*, ¥5>*”’, ¥,”””"). Each group of states,
shown in zone (2) of Figure 8.10b, are represented by the functions W)); - 1234,
Y’))i-1234and so on (so that there are 4N states if the system contains N atoms) with
the same energy levels, as in Egy; = Ej,.

E), can be calculated simply as, for example:

! 1
Eh=<‘P1\H|‘P1>=<5 (02, T02p T02, )|H|§

X (S+(p2px +(\02py +(92pz )

{<S[H] §> + <@, |H] x> + <@y |H| ¢,> + <@, |H] 9>

A= A=

{E;+3E,},

where also:
E/,:<\P2|H|\P2>:<IP3H|IP3>:<\P4|H|IP4>:<\P’1|H|\P’1>:E’0.

(E, and E; represent, respectively, the energy levels of the 2p and 2s states; see zone
(1) of Figure 8.10b).
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We thus find that :
1 1
E,—E,=E,- Z {E,+3E,}= Z(E,,—EX). [8.12]

8.3.1.3. Initial follow-up study of the effect of type A coupling between nearest
neighbor carbon atoms

This section is limited to dealing with coupling between the bonds denoted (1),
(2), (3), and (4), as identified in Figure 8.12. Put in other terms, it is limited to
looking at coupling effects between the bonds denoted: C—C’, C-C*’, C-C’”’, and
C-C’*’, without considering the effects of other bonds between those atoms and
their other nearest neighbors. There is a formation of bonding and anti-bonding
states, qualitatively described in zone (3) of Figure 8.10b, and more quantitatively
detailed in section 8.3.2.

C’!

\_1_12!9

@) —.B : coupling
between bonds

‘P-‘i% )

(13 c

W | ‘PI\_.__‘_:__FI
@ B<viEe,>

Cc” ‘PJ”

3)

\P4! 1
c”

Figure 8.12. Representation of A and B couplings considered
successively (obtained as a projection from Figure 8.11)

8.3.1.4. Initial study of the supplementary effect of B-type coupling (see Figure 8.12)
between molecular orbitals

The coupling between (1) and (2), and between (2) and (3), and so on, that
generates energy bands is shown in zone (4) in Figure 8.10b. Once again, a more
quantitative approach will be developed in section 8.3.3.
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8.3.2. Independent bonds: effect of single coupling between neighboring atoms
and formation of molecular orbitals

Zone (3) corresponds to the states appearing following paired coupling between
two atoms using the sp® hybridization (for example between atoms C and C’). This
atomic orbital coupling result in a formation of molecular orbitals for which there
are ® solutions that can be given in the form of a linear combination of atomic
orbitals (with the > orbital for the C atom, and the "> orbital for the C’ atom), i.e.:

D =c|¥Y>+c P>

If the direction denoted 1 represents the bond between atoms C and C’, the
resulting molecular orbital (®,) can be bonding or anti-bonding (see sections 7.1.2
and 7.1.3), as in:

1
D= —2 (¥>+ ¥ >) [8.13]

7

1
D= _2 (¥>- ¥y >)

NE

With the pairs being tied to one single carbon atom but nevertheless independent,
that is to say without affecting one another, there appear (in addition to ®,; and @)
the following molecular orbitals around the atom C:

1 1
Dy = —= (o> +[¥,7>)  and D= —=(1¥2>-[¥27>)

V2 V2

1 1
Q3= —=(¥s>+[¥577>) and  @3y= —=(¥>- ¥y’ >)

7 N

1 1
®4L = — (‘IP2> + ‘lP4””>) and @4/4 = — (|\P2> - |lP4”” >)
J2 2

NE

The energies associated with these bonding and anti-bonding states are the
respective energies E; and E,. They have the same form as those determined in
section 7.1.2, as in:

EL:E’O'B and EAZE’()J"B [814]
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where:

Eo=Hy =<V |HY> =E;, = Egy3

—B=H; =<Y¥; |HY{> (coupling parameter between paired near-neighbors)

NOTE.— With N being the number of atoms in a crystal, the number of ®,-type bonds
is equal to 2V as each carbon atom gives rise to four bonding bonds (each containing
two electrons) with each being shared between two atoms (therefore on average each
carbon atom has two bonding bonds).

With the number of valence electrons per atom being four (2s* 2p* — 2t*, with ¢
representing the hybrid states), the fundamental state corresponds to the placement
of 4xN electrons, and this can also be written as (2x 2N) as it represents the number
of electrons per bonding orbital multiplied by the number of bonding bonds.

The consequence of this is that all bonding bonds are full and the anti-bonding
bonds (d,, that are present in an equal number) are all empty.

8.3.3. Coupling of molecular orbitals: band formation

In effect, the reasoning in section 8.3.2 highlights that for a crystal of N atoms
the level denoted £, (just like E,) is degenerated 2N times (as it is for 2N bonding
orbitals). The following discussion centers on the effect of coupling between orbitals
on their degeneracy.

8.3.3.1. Effect of the bonding energy between hybrid orbitals around the same
carbon atom

This energy can be stated as <V'; | H | ¥,> =— A, so that with the forms given for
¥, and ¥, in section 8.2,

1 1
SASSSEXFYRZIH| (S X-Y+2)>

1
(Es—E,-E,tE,)= Z (Es—E,)

N =

The effect is apparently non-zero, meaning that in a 3D covalent crystal we
should expect a non-zero coupling between the molecular orbitals bonding two
adjacent atoms.
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8.3.3.2. Effect of coupling between neighboring bonding orbitals in the heart of the
crystal

This coupling, denoted by the letter B in Figure 8.12, has matrix elements in the
form:

1 1
<O [H|Oy>=<—=(Y>+ ¥/’ > [H| = (¥Y>+ ¥ >)>
NG NG

Neglecting the coupling integrals between non-adjacent neighbors (so that for
example, <W¥,’| H |¥,> = (), we obtain:

1 I 1 A
<q)1L|H|q)2L>:—<lP1|H|‘P2>=—X—(EY—E‘p):—— [815]
2 2 4 2

By modifying the energy levels (type E;), the coupling of molecular bonds
increases the degeneration by £, = £’y — P.

By analogy to the 1D model, the wave functions of the crystal need to be written,
at this level, as a linear combination of bonding (®;) or anti-bonding orbitals (®).
These functions, characteristic of a periodic lattice, should always satisfy the Bloch
and Floquet theorems, and therefore should take on the form:

ok ) = e R [0, (7 7))

ot ®) = ¢y T |0, 7 -7)

These are the additive Bloch functions for bonding and anti-bonding functions.
They delocalize the electrons throughout the 3D lattice, just as the equations
verifying Floquet’s theorem do in a 1D system (see equation [7.16]).

Just as in the 1D systems detailed in Chapter 7 and the 3D system based on
s-orbitals described in this Chapter 8 (section 8.1), these functions result in the
approximate levels £, and E4 (zone 3 of Figure 8.10) breaking down into bands
(zone 4 of Figure 8.10).
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This gives rise to 2N functions of the type ‘q)[,; @ )> (in fact 4N if you take spin

into account). The bond of bonding states is therefore full, justifying the terminology
“highest occupied molecular orbital” or HOMO for short, otherwise known to
physicists as the valence band (VB). For its part, the band of anti-bonding states,
known as the lowest unoccupied molecular orbital or LUMO, and conduction band
(CB) is empty. These two bands are separated by the so-called “gap” that has
a height denoted Eg.

In quantitative terms, we have seen in section 8.1 that for s-orbitals characterized
by the coupling parameter —f3 = <\, |H|yx>), the width of the thus formed bands 7
equal to 2Zp in the alternating systems (see equations [8.10]). For the example
treated in Figure 8.11, the coordination number of Z is 4 and the coupling parameter

is given by <@y, | H | &> = - %. An estimation of the width of the HOMO and

LUMO bands can thus be given by assuming that equation [8.10] is acceptable for
the orbitals is acceptable, so that B = 2.4.(JA|/2) =4 |A| (zone 4 in Figure 8.10b).

In addition, the height of the gap can be directly evaluated from Figure 8.10b
where E; =2 —4|A|. The values of 3 and A depend on the cell parameters and the
sizes of the atoms. For example, with the gap E; = 5.4 eV, diamond is more of
an insulator than a semiconductor.

On going to the bottom of column IV in the periodic table, that is from carbon
through silicon towards germanium, i.e. with increasing atom size, there is
an increase (= 4A) in the permitted bands, so that the gap decreases (5.4 eV for C,
1.1 eV for Si, 0.7 eV for Ge).

8.4. Complementary in-depth study: determination of the silicon band structure
using the strong bond method

This study comes from the work of G. Leman in “Annales de physique”, vol. 7,
pages 505-533 (1962). Given the complexity of the calculations, this work is
considered as a complementary study to the simplified version shown in section 8.3
that deals with diamond, that has the same structure as silicon.

8.4.1. Atomic wave functions and structures
The structure of silicon is similar to that of the carbon diamond; it is based on an

inter-penetration of two fcc lattices, one being displaced with respect to the other by
a quarter diagonal (see Figures 6.6b, and 8.4). The atoms represented by an empty
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circle, those of the second fcc, in Figures 8.4 and 8.13 are positioned by the vector

I - . d d d . ~

r shifted by a vector b with components (I’Z’I) with respect to the r; vector,
which locates the full circled atoms of the first fcc. In effect, Fj = 17] +b . The
vectors are defined as follows so that we have a systematic and coherent set of
notation:

0 d/2 d/?2 0
dgs0, ajsd /2, dyq0 , day<sd /2
0 0 d/?2 d/2
d
7
7/
/
/]
- . 7/
ka2
A
i/
"if
a. [ % 7
b V/-+a
77j=l7;-+£_l'0

Figure 8.13. Location of atoms in the silicon based structure

The first four atoms neighboring the atom located by 17J (belonging to the

second lattice) are located by the vectors 7; +d,, . Similarly, the first four atoms
neighboring the atom located by 7; (belonging to the first lattice) are located by the

vectors FJ' —a,, . Each atom located by r; (or by Flf ) is at the center of a regular

tetrahedron, while the atomic orbitals that bond them to their closest neighbors are
hybrid orbitals with a form determined in section 8.2.3.3 and denoted ¥, ¥, ¥, ¥4
(the electronic configuration of the external layer of silicon is given by 3s?3p?, so the

Y functions are obtained from the P3p orbitals instead of the P2p orbitals used in

the case of carbon). Here, the hybrid functions for the atoms located by 7; or ;7J are

denoted using ¢ ji and (p'ﬁ ,withi=0, 1, 2, 3, such that:
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1 . . .
] Qo= 5 (S§+93, T3 p, T O3p. ) goes in the direction [111]
1 . . .
0= 5 (S—93, ~P3p T3 ) goes in the direction [-1-11]
< 1
0p= E(S+(P3p ~03, —93, ) goes in the direction [1-1-1]
f 1 . .
03 = 5 (S—93, T3, —03, ) goes in the direction [-11-1]
) 1 > ' ' ' . . .
0= 5 S -0 3p, ~ O'3p — 93, ) goes in the direction [-1-1-1]
) 1 5 ' ' . . .
< 0= 5 8+ 05, +03, -0, ) goes in the direction [11-1]
1 . .
©p= 5 (5 -05, to5, +05,) goes in the direction [-111]
1 . .
| Q= 5 S+ 05, 03, +03,) goes in the direction [1-11]

These functions (atomic orbitals) make up a useful base for describing
tetrahedral bonds, but they are not the proper functions of a crystalline system
(orbitals described by following the LCAO method). So, each function points
towards a tetrahedral summit, the identity of which depends on the identity of the
covalent bond being studied. Schematically, for a bond between an atom of the first

lattice located by r; (= 7; +dg) and an atom of the second lattice located by F]'

(=ij —dy ), Figure 8.14 shows the line along which runs the direction of the bond.

/0 00
el [~
[~

Figure 8.14. Bond between atoms located by }71 and }7;
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If H represents the Hamiltonian for an atom, of form H = —2h—A+
m

V(r —r;) for the atom centered on 7;, we can use the calculations in sections
8.3.1.2 and 8.3.3.1, respectively:

— a matrix cell with a form given by:

(070 1# 10;0) = {E, +3£, )

:<(pji |H|(Pji>

— a matrix cell with a form given by:

<(pj0 | H ‘(pjl>:_A:%(Es _Ep)

= (@i 1H 19;,), with i #

Evidently this gives the same results as those with the (p'jl- functions.

8.4.2. Wave functions in crystals and equations with proper values for a strong
bond approximation

8.4.2.1. Wave functions and their properties

For a crystal and point located by 7 , the Hamiltonian is in the form:

n? L B
Horyst = —EA+Z[V (F = 7)) +V (7~ 7, )},
J

where V' (¥ —7;) and V (F - F] ) are the Coulombic potentials centered at atoms 7;

and r ] , respectively.

The wave function at a point 7 in the crystal, within a strong bond
approximation, must appear as a linear combination of atomic orbitals for which
there is a limit in the number of cells directed towards the first four neighbors.
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Similarly, this function should have in front of it a Bloch function and the final
solution should in the (Floquet) form

zkﬁ

v, (f')zCze > |:Ai(pji(’7_’7,j)+A£(p.fi(F_Z;)]
J

i=0,1,2,3

where there is a sum over all sites (j) in the lattice, the index i represents one of four
orbitals at a j site and C is the normalization factor. In the simplified model

developed here, all @ or (p'jl- pseudo-orthogonal functions are considered, while

neglecting the overlap integrals (before the unit) of the type

<(p i | Qum > = 0 which is the overlap integral for orbitals in the same fcc lattice
J

centered on different atoms (j # ¢ ); and <(p i |(p',4m > =0 which is the overlap

integral between orbitals from different lattices (for whatever 7, even / = j ).

The only overlap integrals between atomic centers taken into account are those
for immediate neighbors (that also therefore belong to two different fcc lattices) and
only their atomic orbitals that point directly towards one another (Hiickel type
approximation). The only integrals that are studied are therefore given by (wherein j
and ¢ denote the first neighbors):

<(Pji |V(7—fj)|(P}i>=<(Pji |V(;7—;7,£)\(p'h.>:_}L

Thus 17p =7r; —a, locates the first neighbor to that at 7; towards which points

the ¢ ; function. The parameter A is positive because the potentials (V) are negative
(attracting potentials). These hypotheses of course neglect completely any influence
of second neighbors. So to resume, we can use @_, and @, to denote the functions

on neighboring atoms that point towards one another so that the strong bond
approximation and the overlap integrals between immediate neighbors (Hiickel) can
be written, respectively as

(o5 1o ) =0and (o, 1V [0l )= (0, V"6 ) =2
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8.4.2.2. Equation using proper values

To simplify the problem, we can consider just the atom at the origin. If A is the
Hamiltonian of the electron placed at the central atom, the Hamiltonian for the
crystal can be:

Hoyy =H + 2V (F=F)+ 2V (F=7)
J#0 J

Using ¢(; and (p'Ol- as the hybrid functions for, respectively, the atom at the

origin and the atom situated with respect to b by components 1/4,1/4,1/4, we

can perform a scalar multiplication on the left-hand side successively with <(P0i |

and <‘PL)1‘ ‘ to give the equation with proper values:

H st | Wi (7)) = B |wy (7))
and obtain the two equations (with i =0, 1, 2, 3):

<(pOz' |Hcryst |1|Ik (77)> =E; <(pOz' | Wi (F)>

(901 [ ergse [ Wi ) = Ex (907 1w ).

At the origin, the atomic orbital () points towards a site placed along b found

(according to our simplified hypothesis) uniquely coupled with the orbital (Pbo , and
~_ a,=0

with a coupling coefficient given by ek - ¥ =1. Similarly, at the origin, the

(o orbital directed along [-1-11] is only coupled with the orbital centered on the site

with coordinates (—a/4, —a/4, a/4), vector components F] =b —d, and points

towards [11-1], so that we have the orbital given by (p'_l’l(F —[-a]) =

O (F—a). As 7, =7 +b, we here have r; =—a, and the corresponding
ik

coupling coefficient (in the form e Ty is e . By extending these results over

all @; orbitals, the two preceding equations arising from the proper values equation
then give:
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E,  +3E E, -FE s
(u_Ek jAm +{¥] > A4, —}»e_lk‘“"’Am =0
4 4 i#m
R E, +3E ' E, -F !
—Xe'k‘a"’Am +(¥_Ek jAm +(M] S 4, =0
4 4 i#m
_.4’.4~ E _E
By making x =(E; —E,), o, =e ik-d, " and as stated above A = p4 <,

the preceding system can be written as:

A A '
(x +EjAm +— Y A; Ao, A4, =0

i#m

A) . A .
—hoi A, +[x +;jAm += Y 4; =0.

i#m

This system based on 2x4 =8 linear equations (as 7 takes on the four values 0,
1, 2, 3) gives eight coefficients (4; and 4’;) from which the wave function ¥(r) can
be deduced. In order to do this, we shall write that the compatibility of the eight
equations necessitates that the determinant of the system is equal to zero, hence we
have the following secular equation:

x+A A A A oy O 0 0

A x+A A A 0 A0y 0 0

A A x+A A 0 0 Ao, O

A A A x+A 0 0 Ao
a0 0 0 x+A A A =0
0 A 0 0 A x+A

0 0 Aa, O A X +A

0 0 0 Ay A A x+A

By making ¢ = %Z » O, » @ long calculation shows that the secular equation can

be written as:

(x2=22)7 (x2+4x A= A2+ 4A0A) (x 2 + 4x A — A2 — 4A0A) = 0
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where ¢ is a Bloch function that depends on the k vector and is given by

k,a k.a k,a k,a k,a

~ k.a
O(k) = —| 1+ cos—*—cos—— + oS —*— cos —2— + cOS—2— oS =0

1
2 2 2 2 2 2 2

When & is directed along [100], such that k, =k and ky =k, =0, we

k
thus have ¢ = cosTa .

8.4.3. Band structure

X ((D) can be determined using the secular equation, and then we can find the
dispersion relation E (k). As ¢ depends on the direction of k , the energy Ej = E,
+ x(¢) also depends on the direction of & . The equi-energy surfaces in the
reciprocal space are undulated spheres, undergoing so-called “warping”. The energy
E (= E}) is in fact a function of two parameters, on the one hand A = %(E p—E $)

which depends on the nature of the free atom, but also varies little with each type of
element (between C, Si, and Ge), and on the other hand, the overlap integral (A) for
two neighbors that depends on the parameter of the crystalline lattice (d), which is in
fact a function that decreases with the distance (3) between atoms. The energy is
generally studied as a function of 2A/A and we can show that the electronic structure
changes considerably depending on whether or not A is higher or lower than 2A.

8.4.3.1. Flat bands

These relate to the solution found for the secular equation when:
(x2-22)° =0

in that:

xy; = E; —E, =+\ (twice degenerate solution)
X, =E, —E, = —A (twice degenerate solution).

These bands are flat in the sense that the values of £, and E , of the energy does
not depend on £.
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8.4.3.2. Wide bands

These are associated with solutions other than those of the secular equation, and
correspond:

—on the one hand to (x 2+ 4x A — A2 — 4A0A) = 0, with solutions:
X3 = —2A +J4A2 + 02 + 400A
x4 = —2A — \J4AT + A2 + 4h0A

—on the other hand to (x 2 + 4x A — A2 + 4A0A) = 0, with solutions:
X5 = =20+ \J4A2 + )2 — 400A

Xg = 2A —\J4A? + A2 — 4MOA

In the direction [100] where ¢ = cos%a, when k varies from 0 to 2—“, 0]
a

changes from 1 to 0 and the energies are given as solutions x; (i = 3,4,5,6) that vary

continuously from x; (0) to x; (2—”}, leading to wide bands.
a

With & =0, we have x5 = -A+ |2A - 7»| and x4 = -A— |2A - 7\.| , which shows
that when A = 2A we have a change in behavior.

8.4.3.3. Practical study of E = f(k), or more exactly x = E — E, as a function of k
when k is parallel to the direction [100] and for which ¢ = cos(ka / 4)

Over the width of the zone, k varies from 0 to 2n/a and ¢ respectively takes
on 1 and 0.

When A < 2A, the solutions for x, with respect to k values, are the following (see
also Figure 8.15a):

k=0. ¢=1 k=2nla. $=0

x; = A (twice degenerate solution) --f-=----=--- — constant (flat band)
X3y = r -—-_._______________-___-_-___-_-—
T 9 2L
______._._-—-—-—-—'—""'_'_'_"_-_-_—. 2A+ AN+ A
=—L
¥y = — 4 (twice degenerate solution) fr-s-ssneseenn — constant (flat band)

.\-_ﬁ__
fo=A=dA — |
s 5 LR
[ 5 2A+ J4AT42
.\'_|_=—;’.—4 A\ "_'_-_-_._._-_-_-_-_-_-_-_-_-
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Ax=E-FE,

Physics for Electronics

(a)
A<24

X1

empty band

A
A—4A i
6
YNNI P =====cs-ssc——co
VN === HE S
0 2n
a

A+ 4N )2

A —4A

2A-JAN A2

“L—4A FF 4

(b)

x=E-E,
A A>24

X1

A

A

empty band

0 21

Figure 8.15. Curves for x = f(k) when: (a) A < 2A which
corresponds to having a large &; and (b) A > 2A as when dis small

When A > 2A, the solutions for x, depending on k values, are (also see

Figure 8.15b):

k=2n/a, $=0

k=0, ¢=1
xy = L (twice degenerated solution)
X3 = A \
T
_-_-_-_-_-_-_________________.———'
X5 = :’. —4A
x; = — & (twice degenerated solution)| ----------
Xg = —l}. —-—-_._______________-_-_-____
-__-___-"
_-_-_-_-_-_-_-_-_-_-_______-—-—-“_-_-_-_-.
Xy =—A—4 A

F--m=—----——-——> constant (tlat band)

“2A+ 4N+ A2

---— constant (flat band)

20+ J4AT 7

In Figure 8.15, we can see that when, as in the scenario (a), A < 2A, the two
highest and lowest bands have the same width (2A) and the overlap integral (A) is
small. This is quite a complicated function of distance (8) between atoms, but in
general it just results in a steady decrease, even though we should state that in this
case, the atoms are so far apart they could almost be called independent. Indeed at the
limit of this, the energies of the atoms resemble those of isolated atoms. In the second
case denoted (b), where A > 2A, the two upper and lower bands have the same width
(4A). The overlap integral is large and the distance (8) between atoms is small.
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8.4.3.4. Study of band filling

Let us look at how levels fill up with electrons in practical terms. The
assumption is made that in directions other than the [100] shown in Figure 8.15, the
bands are similarly distributed throughout the ranges of energies. This can be
compared against other works, for example, G. Fishman where the curves are traced
in the directions [100] and [111], and for the same scenario as in (a) A = A, and then
when scenario (b) is looked at, Fishman uses A =3 A.

A priori, we should be able to place all 8V electrons into the system, as it was
assumed that there were two electrons in each N cells, and that each atom liberates
four electrons. As there are N cells, & takes on all N values with energy levels that
have two places for electrons of opposing spin. Finally, the 8N electrons should fill,
in both cases, the lowest 8N energy levels, as shown in Figure 8.15 for the four
solutions x4, x¢, and x, (twice degenerated). Each of these four solutions, in effect,
contains N levels (equal to N values of k) filled with 2N electrons, such that the
four solutions can take on all the 8N electrons spread over the whole extent of the
bands.

The result is that in for case (a), as shown in Figure 8.15a, the medium is
a conductor as the last two occupied levels, resulting from solution x,, can easily
mix their states with those of the empty levels from solution xs. Conversely, in
scenario (b), as shown in Figure 8.15b, the medium is an insulator (or
semiconductor) as the last occupied levels (x,) is far, in terms of energy, from
Eg=(2\ —4A) of the first empty level of xs. This inhibits state mixing (that can only
happen now with a high activation energy). In case (b) the two upper and lower
bands have a width equal to 4A.

8.4.3.5. Study of the wave functions: the s and p characters

From the solution for the secular (otherwise termed characteristic) equation, x;, it
is a simple matter to obtain the coefficients denoted 4; and A; which give the

linear combinations for the atomic orbitals that result in a determination of the wave
function (V) in the crystal.

The result, shown in Figure 8.16, is that the flat bands remain p-type (and are
denoted p) over the whole of the & values (but with an evolution of the orbital linear
combination @5 oo and @'; Do ). When k = 0, the functions are strictly s or p;

however, when k # 0 they are a mix of s and p, but remain mostly either s- or p-type,
and are therefore respectively denoted s or py.
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Figure 8.16. Generation of wave functions from atomic orbitals
Jor: (a) when O'is large (i.e. A< 24); and (b) dis small (i.e. A > 24)

8.4.3.6. Representation of energy as a function of distances between atoms

Figure 8.17 shows the energy diagram in direct space, i.e. in respect of the space
between atoms.

Small &
Iy A>2A —
Elx insulator/ 24 A Large 8
. ! A <2A Very large §
emiconductor 1 << A
M metal .
; independent
| atoms
E 0 SIIIIIIIE ”’0000' ______________
pHV— — — Sy, ‘6’0‘9’0‘1"?‘1"0‘0’0‘0*0"0‘0’0‘0’6‘0’"
4 L S e e
e ety L A e NN
E +E P e
S P oA E A
2 ol o
‘0 27 AT 6
,‘940’ TN N RN TN T NV T T T T T Fr T Fr s r Ao
E s 1 4A /9’0‘41‘!5‘0 L R R
= R T T T T T TR TR TR AT T AT T
pesTeist brntta So
4

Figure 8.17. Energy (E) (or the parameter x = E — E})
and the bands as a function of distance (0) between atoms
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The two places where 2A = A, on either side of 4, give us two types of behavior
(metallic on the right where § is large, and insulator on the left where § is small). On
the right there are two p, bands (definitely p when k& = 0, and mostly p when k # 0)
which are in the conduction band (CB), and two s, bands (definitely s when & = 0,
mostly s when k # 0) which are in the VB. The high band for s, is in the CB. For the
two flat bands (each doubly degenerated), the upper p band is always in the CB,
while the lower band is in the CB on the right and in the VB on the left.

8.4.4. Conclusion

The results shown above come from using several simplifications, such as ignoring
next-nearest neighbors and an imposed hybridization on the s- and p-states in the
overlap integration. More elaborate theories have made it possible to get a more
accurate vision of the system. The example opposite, drawn from Chelikowsky and
Cohen, Phys. Rev. B 14, 556 (1976), shows the minimum of the CB and the maximum
of the VB obtained or different & values, leading to an indirect gap.

Figure 8.18. Silicum band scheme in agreement with Chilikowsky and Cohen

8.5. Problems
8.5.1. Problem I: strong bonds in a square 2D lattice

For a square crystalline structure, which has a cell length denoted by a and a =
0.3 nm, there are identical atoms each tied to their neighbor by a single orbital (s in
this case so as to simplify). In the approximation for the strong bond, the energy is

always written such that £ = E, —a — B )] me_ik @, where a represents the

vectors joining the reference atom to its nearest m neighbors (here f§ > 0, as we are
dealing with s orbitals).
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In reciprocal space, I, X and M denote the points respectively situated at the
center of the zone (wave vector is zero), at the limit of the zone in the direction [10]

(such that TX = élo / 2), and at the limit of the zone in the direction [11] (such that
W = Gl 1/2)

1) Determine the value of the energy at the points I', X and M.
2)

a) Give, for directions [10] and [11], the expressions for E = f(k) resulting
from astrong bond representation, and the expressions for E° = f(k) for an
approximation for free electrons.

2 2
b) In section 5.11, problem 2, there is: ;—n—z =4.2 eV (when a = 0.3 nm).
m g

Foro=1¢eV and = 0.5 eV, give the numerical value that will be taken on by Ej in
order that the two curves E = f(k) and E°=f(k) go through the same origin with
respect to I'. Compare on the same scheme, for the directions [10] and [11], the
evolution of the curves E = /' (k) and E° = 1 (k).
3)
a) Show the form of the equi-energy curves around the points I".

b) Same as question 3a for the point M.

¢) Give the specific equi-energy curve for £ = E, — o, and state to what the
curve corresponds for a system of monovalent atoms.

4) Give the form of the effective mass around the point I'.

5) Using the general expression for the state density function in 2D (see Chapter

2, problem 6), ie. Z(E)= L

1 . T
ﬁJ‘L (E)‘i’ give a qualitative indication of the

grad, £

form of the state density function of Z(E).

Answers

1) For the square lattice, an atom situated at the origin of the lattice has four near

neighbors giving rise to four vectors denoted a with the components:

(*a,0) along x
(0, a)along y
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Figure 8.19. Reciprocal lattice of the square structure

The facing figure shows the reciprocal lattice obtained in problem 2 of Chapter 5
with the notation used therein.

By making k, and %, the components of the wave vector k, the energy can be

written as:

E=E;-a-f > e ka, =E0—oc—2B[coskxa +coskyaJ
m

For the point I', we have k = 0, such that k, = k, =0, from which E(I') = E; — o

— 4B. In terms of X, we therefore have k =k, =X = GIO/Z, so that k, ==
a

and k, =0, and hence E (X )= Eg — 0.~ 2B(cosm + cos0) = E — o
For the point, we have k =k, +l€y =TM 2611/2» such that k, =k, ==
a

The upshot is that £ (M ) = Eq — o — 2B(cosT+ cosT) = E — ot + 4P.
2)
a) In the direction [10] with respect to ['X , we have k y =0, and the energy
along y is given by:

-F [o] = Ey —o —2Bcosk, a in the strong bond approximation;



290  Solid-State Physics for Electronics

h2
-E ﬁ 0] =—1k 3 in the free electron approximation.
2m

In the direction [8.11] along M , we have k = k; + lgy such that (square

k|
lattice) k, =k, = ‘—2 and the y energy is in the form:

k
- E[1 = Ey—o—4p cosua for the strong bond approximation

2

h? n? L
—E ? n= —[k)% + k}ﬂ = k? for the free electron approximation
1] 2 2m

b) Here we have E(I') = E;, — o — 4f and with the free electrons,
EX, = {&} = 0. So as to have the same origin for the energies at I', we can
(T) 2m 1 =0
make E(I') = 0, and then Ey — o = 4f, so that with f = 0.5 eV, we find £, — o
=2¢V. When oo = 1 eV, we now have E; = 3 eV. Numerically, with

2 2
j—n—z = 4.2 eV, we have:
m g
— Ep(X)=EX)=Ey-0o=2¢Vand E I N AP IRy
[lo]** )= "o ] " 2w Tam 2
—Epg(M)=EM)=Ey—o+48= 4 eV and E’ —ﬁ[k2+k2]—
[ = o [M] ™ 2w X TRV AT
2
T = 84ev

In the graphical representation below, we can see that around the point I the two
curves are in good agreement. However, at the limits of the zone (points X and M),
the free electrons are no longer influenced by bonds with the lattice. The band width
is equal to AE = E(M) — E(T") = 8. This scheme should also be compared with that
shown in Chapter 5, problem 2 for semi-free electrons in a weak bond.
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3) The equi-energy curves are defined by the relation:
E=E0—oc—2ﬁ[coskxa+coskyaJ=constant [8.16]

a) In the neighborhood of I where k, =k, =& —0,, we can write that

2 k 2
cosk, a = 1—@ and cosk,a=1- kya) . Placing this into the preceding
equation [8.16] gives %ﬂzkﬁ +k§. In the reciprocal k space, £ =
a

constant, which implies that k2 = k)? +k yz = constant. In the neighborhood of T,
the equi-energy curves are circles centered about I'.

b) In the neighborhood of M (where TM = k}M and has the components

k., == and ky = ™) the vector & has components k, and k, which can be written
a a

m n _ _
such that £, = ;—Akx and k, = Z_Aky’ where Ak, =Ak, =& — 0. From
this, cosk,a =cos(n—alk,)=—cosalk, = (aN;x F_ 1, and  similarly,
(ahky, ¥

cosk,a = —1. Equation [8.16] thus gives:

Eg+43-a-F
Akxz+Aky2 =L:con5tant

Ba’
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when E = constant. The equi-energy lines in reciprocal space are circles centered
_T" _" SV e [ 2oa2 =
about k, = - and ky = - (components of I'M ) and have a radius /aky +akj =

JEq+4p—0—E
ap ’
k

>

Ak,
X i

N fax
\\

R\
-/

7

b=

X

X3

¢)When E = E, — o, equation [8.16] gives cosk,a =—cosk,a. As

coso. = —cosf implies that f = tm £ o, we should here have k, =tk, £—. In

2|3

X
the representation of ky = f(k,) the equation has straight slopes at +1 and

. T . . . .
an ordinate == at the origin. The equi-energy curve, circular around I, transforms
a

(while passing through the intermediate forms as shown in the preceding scheme)
with E tending to (E, — o) to finally bring the lines together. This results in the first

zone of the square having high points at X, X; (k, =0, k,= ©), X (k,=—-", k,=0),
- a a
and X5 (k, =0, k, = - E). This result is quite normal given that we have obtained
a
above E nojX)=EX)=Ey—o. The side of the square, equal to the half-length

of the diagonal of a square with side * represents the Brillouin zone and thus is
a

equal to: J2. The surface of this square is thus equal to the half-surface of the
a

Brillouin zone and can only contain N/2 cells when the Brillouin zone contains M.

This square surface of side E\/E can therefore contain N electrons, and is such that
a

the sides constitute the limit of the Fermi curve if the atoms making up the lattice are
monovalent.
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4) Around the point I' where k (and therefore k. and k,) is small, we can perform
a limited development of the cosine functions involved in the expression for the
energy:

E=Ey-o-— 2B[coskxa + coskyaJ

k242 k242
=Ey-a-2p[2-22
2 2

= Ey—a—Bl4-k%’ |;

2
and from this it can be deduced that E;TEZ = 2[3012, such that m* =

2Ba?’

5) In the neighborhood of point I" (energy E = E, — o — 4f3), the dispersion curve
is close to that of the free electrons and Z(E) should be pretty much constant in this
region (as Z(E) is a constant in 2D with respect to free electrons, as detailed in
Chapter 2, problems 3 and 6).

In the neighborhood of E = (E, - «), we can use the relationship

Z(E) = dL

# j L E)W where L(E) is the equi-energy curve.

For free electrons, the equi-energy curve is given by L’(E) = 2n I'X” (circular
equi-energy curve with radius I'X", where X” is defined in the scheme in problem 2
and is such that I'’X” < T'X). For electrons in strong bonds, the equi-energy curve has

a length L(E) = 4 T'X J2 (square of the equi-energy curve, the side of the square
being equal to I'X J2 ). As I'X > I'X’, in principle, we have L(E) > L’(E). All is at
least of the same order of size, and the exact calculation is not of interest given the
importance in the variation of |grad, £| between the two approximations, as we

shall see.

In the neighborhood of E = (E; — o), the slope of the curve E = f(k) is
considerable for free electrons, but is practically zero for (tangent horizontal in X)

for electrons in a strong bond so that in this case j L

—— 1is considerabl
L(E)‘gradkE‘ y

greater than for cases with free electrons. Z(E) for these electrons in a strong bond
increases in size (at a point of singularity).
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A Z(E)

Constant

E

>

Ej-0-48 Ey-0  Ey-o+4B

Beyond E = (E, — o), and on coming closer to the point M (energy E = Ey — o + 4p),
the equi-energy curves for electrons in strong bonds tends to that of free electrons
(circular arcs in the corners of the first Brillouin zone), and it can be expected that
the state density functions for the two representations will tend towards one another.
This ends up giving us the representation shown on the right.

8.5.2. Problem 2: strong bonds in a cubic centered or face centered lattices

This question first deals with a cubic centered (cc) crystalline structure (also
called case 1) and then a face centered cubic (fcc) structure (called case 2). The
atoms in both cases are all identical and, so as to make the problem simpler, tied to
neighboring atoms only by s-orbitals. In the strong bond approximation, the energy

is still written using £ = Eo — o= 2. e *a  where a represents the vectors

joining the reference atom (at the origin) to its nearest m neighbors (and here, > 0
as we are dealing in s-orbitals). We can then go on to use the results from Chapter 6
on the cc structure (see section 6.6.1, problem 1) and on the fcc structure
(sections 6.2 and 6.3).

la and 2a) Establish the dispersion relation for both cases.

1b and 2b) Determine, for both cases, the energy values at the center of the zone,
ie. E(I), at the point X at the intersection between direction [100] and the first
Brillouin zone, i.e. E(X), at the point M at the intersection between direction [110]
and the first Brillouin zone, i.e. E(M), and at the point W at the intersection between
direction [111] and the first Brillouin zone, i.e. E(W).

Ic and 2¢) Indicate for both cases the width of the band AE and establish the
expression for m* around the point I'.



Strong Bonds in Three Dimensions 295

Answers

)]

a) For the cc structure, the reference atom (at the origin) at the highest point of
the cube has eight near neighbors situated at the center of the eight adjacent cells.
The components of the vectors a,, joining the origin-based atom with its closest

neighbors is thus of the form (associating two by two and including components
with opposing signs):

dl/2-d/2 -d/2 d/2 d/2 -d/2 d/2 —-d/2
d,3d /2 -d/2 d/2 -d/2 -d/2 d/2 d/2 -d/2
dl/2-d/2 d/2 -d/2 d/2 —-d/2 -d/2 d/2

Under these conditions the energy is written (with eight terms) as:

—E.—q B{e—i[d/z(kx +h, k. )} ei[d/Z(kX +k, +k, )}
E=Ej—o-

N —i[d/z(—kx +k, +k. )} i[d/Z(—kx+ky+k: )}
¢ ' +e

o [ar2(k, —k, +k. )] s ei[d 12k, =k, +k, )]

e [a/2(k, +k, k.)] . ei[d 12(k, +k, ~k, )}}

from which it is deduced that:

+C0Sd(kx —k, +kz)+cosd(kx +ky —k. )
2 2




296  Solid-State Physics for Electronics

b) At the point I', we have k, =k, =k, =0, and E(I') = E; — o — 8. The

point X (= B on the figure shown in problem 4 of section 6.6.1) is such that rx

(EO—B in the figure of problem 4, section 6.6.1) has the components given by:
2n

k, = R ky, =0, k, =0. The result is that E(X) = E; — o0 + 3p.
The point M is such that TM (=0G / 2 in the figure of section 6.6.1) has the

T ' . . .

components k, = e ky = T k., = 0. The upshot from all this is that:

EM)=Ey— o —-2B[cos T+ cos 0 + cos 0 + cos ] = E; — O

The point W is such that TW (= OF from the same figure) has the components

T T T . _
k, = - ky = - k, = e The result is that E(W) = E, — a.

¢) Here we have AE = E(X) — E(T') = E(M) — E(I') =16 . Around I" where £ is
small, we can use the limited development of cos0 =1-— % which makes it possible

to write the energy in the neighborhood of I" as:

1d?
E "—"EO—OL—ZB|:4—ET4]€2:|:EO_(X_gﬁ'i'ﬁdzkz.

h2

Thus, near I, the effective mass, which is such that m* = > E and here
ok ?
IE 2Bd?, is therefore give by m* = —
ok? ’ 2Bd?

NOTE ON THE SUBJECT OF QUESTION 1A.— The sought-after energy of problem la can
be written with the following notation:

E=Ey-o-f Y ol d/2e K, ve ke k)
=Lo—-a- : .

g =t =tg =%
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And, in general terms, it is possible to state that:

eld 4 p7ia elb +e—lb el€ 4 o7ic

2 2 2
— (eia +e—ia)(eib +e—ib )(eiC +e—iC)

8cosa - cosh - cosc =8

_ Z ei(Eaa+8bb+Scc)’

g,=t,g =t =t
The energy for question la can also be written in the form:

k kyd k,d
E =E — 0o — 88cos ——cos —— cos —=—.
2 2 2

The results from problems 1b and 1¢ remain unchanged.
2)

a) For the fcc structure, the reference atom (origin) at the summit of a cube has
closest neighbors at the centers of the three faces of eight adjacent cells. The three

faces are along the planes Oxy, Oxz and Oyz. Each node at the center of the faces is

3 ; 8 _ 12 nodes that are immediate

shared with two cells and this gives in all

neighbors. We can equally state that in each plane, there are four nodal “centers” so
that in all there are 4 x 3 = 12 nodes that are immediate neighbors. The components
of the a,, vectors that join the origin-based node to the 12 neighbors are given by

(again, grouped two by two):

d/2-d/2\d/2 —d/2d/2-d/2|d/2 -d /2] 0 0 0 0
yd/2-d/2|-d /2 d/2| 0 0 0 0 |d/2-d/2(d/2 —d/2
0 0 0 0 d/2-d/2-d/2d/2|d/2-d/2|-d/2d/2
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The energy written under these conditions (with 12 terms) is:

E=Ey-o- B{ei[d/z(kx +k, )] +e—i[d/2(kx +k, )}
i[dra(k, -k, )] v [dr2(k, -k,)]

+e
ei[d/2(kx +k, )] —i[d/Z(kX +k.)]
+ei[d/2(kx k. )] o [d/2(k, ~k.)]

+ei[d/2(ky +k, )] o ~ild 12k, +k. )]

Gtk k)] <ifan(k, }}

E=-E, _a_zs{co{%(kx vk, )j|+005|:%(kx +k, )}
+cosE(ky +k, )}Co{dg("x —ky )}
sen 20 k) oo U, -5.)]

b) At the point I', we again have k, = ky =k, =0 and E(I') = Ey — o — 12.
The point X (= A’ in Figure 6.4) is such that rx (=OH " in Figure 6.4) has the

components k, = %, k, =0, k. =0. The result is that:

EX)=FEy—o.—2P (cosT + coST + oS 2T + COST + COST + cos 21) = Ey— o+ 4P.

The point M is such that ™M (EW Figure 6.4) and has the components

= ;—Z, k, =0. The result is that:

3n 3n
EM)=Ey—o— 2B(cos;+cos27‘c+4cos?j Eo—oc+2[3(2\/_—1)
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The point W is such that w (= oG, Figure 6.4) and has the components

k., =", k, ="k, =". The result is that

d
E(W)=Ey—0.-2p [3cosT+ 3cos2mt] = Ey— o

¢) For the fce system, we have AE = E(X) — E(I') = 16 (which does not accord
with AE = 2Z3 because in this case where Z = 12 we now have AE = 24p).

The use of the limited cosine development in the neighborhood of " gives:

E = E, -0(-2[3{6—%%[(1% +k, )2 +(ky, +k. )2(ky +k, )2}

_ulff{(kx-—ky)2-+(kx-—kz)2(ky'_k2)2J}'

2 4

From this we deduce that

l 2
ET)= Ej—a—128 —ZB{—E%“ICZ} =Eo—o— 128 + PR

h2
2Bd> "

Once again, we obtain the effective mass: m* =

NOTE ON THE SUBJECT OF PROBLEM 2A.— In a manner similar to that of problem 1a,
we can note that for problem 2a, the following relation can be used:

eia _I_e—ia eib _I_e—l'b
2 2
— (eia +e—ia)(eib +e—lb)

_ 3 ei(s[,a+shb)

4cosa-cosh =4
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This makes it possible to state £ for the fcc system:

k

d kyd  k,d kyd  k,d

Y 4+ cos—=~ 2 +cos

k.d
E=E0—0L—4B[cos ); cos

CcoS CoS

The results for questions 2b and 2c¢ are identical.

Comment on alternating and non-alternating structures

Alternate structure

All closed pathways (loops)
joining nearest neighbors contain
an even number of atoms (square
lattice, simple or cc for
example). If the signs of the
wave functions between 4 and B
are reversed, and the between B
and C, then C and D, the sign
between the nearest neighbors D
and A remains alternate. In such
a structure, the most anti-
bonding bond is that which has
an energy equal to Ey— o + Z3,
where Z is the number of nearest
neighbors.

Non-alternate structure

There are pathways which are based on an odd
number of atoms, for example the triangular
pathway in the [111] plane of a fcc lattice. In
this system the alternation of the wave function
signs on a route from between A4 and B, then B
and C, means that the sign between C and 4 is
non-alternate. In such a structure, the most anti-
bonding state thus has an energy which is below
Ey— o+ Z (and we find E(X) = Ey— o. + 4B in
place of E(X) = E, — o, + 123). The width of the
band B nevertheless remains proportional to 3.
In the fcc structure, AE = B = 16 . As

*= h— the result is that m* o< - and
2Bd> 5
the mobility g o< B (with the same law of

variation for m* and p as a function of B as
those established in section 8.1.3 for alternate
systems; only the coefficients are different).

NOTE.— The structure of carbon diamond (based on two fcc imbricated lattices),
along with its tetrahedral bonds and coordination number equal to 4, behaves
different to the fcc structure.



Chapter 9

Limits to Classical Band Theory:
Amorphous Media

This chapter will evaluate the limits of classical band theory, for which we have,
up until now:

—assumed that there were no electronic defaults such as dangling bonds which
normally arise in column IV semiconductors at the edges of finite volumes, where
the covalent bond arising from one atom (C, Si) dangles away from the bulk of the
material;

—neglected electron—electron (Fermi gas, or free electron gas) interactions; and
— only looked at perfect, crystalline solids.

9.1. Evolution of the band scheme due to structural defects (vacancies, dangling
bonds and chain ends) and localized bands

Figure 9.1 takes up where the band scheme for tetrahedral carbon shown in
Figure 8.10b left off and gives a summary of the formation of valence and
conduction bands in a perfectly ordered medium. As detailed in Chapter 8, the initial
s°p® configuration gives rise to the formation of four molecular sp® orbitals, each one
yielding bonding (o) and anti-bonding (6*) orbitals. On moving to the solid state,
there is a breakdown in the ¢ and 6* levels into bands, with the former generating
the valence band, and the latter the conduction band.

Nevertheless, in a real crystal, its finite dimensions result in bond defaults. At the
end of a chain at the edge of the crystal, a carbon atom is only tied to three other
carbons, and this leaves an unsatisfied sp® bond. This is called a dangling bond, and
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intrinsically contains one electron, but is electrically neutral. The electron is
therefore on the E; level, and the dangling bond has a localized (EL..) level
associated with it that is situated in the middle of the gap, taking into account the
construction of the permitted bands (Figure 9.1).

There are other structural faults that can also give rise to similar levels in a real
crystal. These include site vacancies (generated during the preparation of the
crystal), dangling bonds introduced through a physical treatment (irradiation; ionic
implantation which results in bond rupture as the ions pass through the material).

4

2p? 2 ,
S];S\: ann TE;pS('_ L dangling bond Evodf
1
2 S? l’
VB
R

N(E)
Figure 9.1. The formation of localized levels associated
with dangling bonds in tetrahedral carbon

The presence of more than one structural default from dangling bonds results in
an opening (for example due to the disorder created by fluctuations in bond angles)
in levels in the middle of the gap as a default band. The precise position of these
bands is in effect tied to the relaxation phenomena produced on formation of the
defaults. It is also related to the exact origin (valence of conduction band) of the
states giving rise to the defaults (dangling bond).

The lower band at the middle of the gap in Figure 9.1 thus corresponds to
a neutral dangling bond that contains a single electron. It is a donor-type band and is
thus neutral in the occupied state. The upper band at the middle of the gap
corresponds to the same default but exhibits a different charge state (that is that it
has received an extra electron). This is an acceptor-type band that is neutral when
empty. The energy difference between the two types of default is equal to the
Hubbard correlation energy (U) which takes on a value given by U = <g*/4meoe,r 5>
12 Denotes the distance between two electrons on the same site. An average is made
over all possible configurations. We shall now try to determine the general effect of
such electronic repulsion.
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9.2. Hubbard bands and electronic repulsions. Mott metal-insulator transition
9.2.1. Introduction

In the discussion up to now on band theory in this book, it has always been
assumed that each electron moved in an average potential resulting from atomic
nuclei and other electrons considered together, rather than including individual
electron—electron interactions. This assumption can seem erroneous, especially when
realizing that the electrostatic repulsive energy (Coulomb) is of the same order as
the kinetic energy of electrons in the Fermi gas. It is thus surprising that band
theories that just account for global interactions of electrons with the lattice can have
the success that they have had. There are possible reasons for this, for example the
assumption that the electrostatic interactions between two electrons can be screened
by a conjugation of moving electrons that form a potential sphere. Other examples
include the Pauli exclusion principle that largely decreases the probability of
proximity between electrons. It can equally be thought that independent particles are
not electrons but quasi-particles that are tied to their complementary particles
(holes).

Nevertheless, there are cases where the default method is to take the independent
interactions between electrons into account. Using this method it is possible to see
the transition between insulating and metallic states simply by modifying the
“electronic concentration”. It is also possible to see a state predicted by band theory
to be metallic to in fact be an insulator. This effect can be seen as a result of the
effect of competition between kinetic and potential electron energies. For example,
the metallic state is favored if the gain in kinetic energy is equal to moving electrons
from the electronic state to the available empty atomic Bloch states in the
conduction band (and as a consequence close to the Fermi level Ey). Indeed,
Heisenberg’s principle also explains this behavior because if x increases with
delocalization, the V" decreases; the cost in potential energy is equal to that given to
the electrons so that they can overcome the electrostatic potential energy which
concentrates them in the lattice. It should be noted also that this occurs with an
electrostatic potential energy that is all the greater as the permittivity of the medium
decreases (hence leading to an insulating material). Conversely, if the material tends
towards the metallic state (¢ — o), then the potential energy goes towards zero. This
condition will be used in section 9.2.3 to derive the criteria for the Mott transition.

NOTE.— The term Fermi gas is reserved for media in which we neglect electron—
electron interactions, while the term Landau liquid is used in situations where these
interactions are accounted for.
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9.2.2. Model

Using the Hubbard model and hypotheses, we assume that the only electron—
electron interactions that are of interest are those due to two electrons on the same
site (the same atom when looking at the example of a chain of atoms). This repulsive
energy (Hubbard energy) can be evaluated. It can then be shown that it is
considerable in certain situations, and makes possible an interpretation of the origin
of some metal—insulator transitions. In order to carry out this evaluation, we shall
use the example of a line of alkaline metals.

In band theory, until now, we have considered that each electron existed in an
average potential resulting from a collection of atoms and other electrons. In the
case of alkali metals (Li, Na, K,...), which have one free electron per atom, the
transfer of an electron from one atom to its neighbor through a conduction band
occurs via electronic levels situated just above the Fermi level (Ef) and the energy
utilized is extremely small, of the order of a fraction of a meV.

BN NP
N

bbbsbde

Figure 9.2. Highlighting electronic repulsions in a chain of atoms with s-orbitals

~
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The alkali metals shown in Figure 9.2a can be used to evaluate the problem. We
will assume that overlapping between atoms is poor and the transport of electrons
from one atom to the next requires a great deal of energy. Movement of an electron
thus generates a supplementary repulsive energy which can be estimated by:

— calculating the ionization energy required (/,) to separate an electron from the
atom A;’ to which it is attached which subsequently becomes A, (this change is
shown in going from Figure 9.2a to Figure 9.2b);

— and calculating the energy recovered, or the electron affinity () when the free
electron is placed on the independent, adjacent atom A,', which subsequently
becomes A,.



Amorphous Media 305

The total energy thus required, equivalent to the repulsive energy, is Uy = I, - .
For hydrogen 7, = 13.6 eV and x = 0.8 €V, and thus Uy = 12.8 eV, showing how Uy
can attain a relatively high value of several eV.

Mott showed how the repulsive energy can be calculated using rj,, which
represents the distance between two electrons on the same site or atom, and y(r)
which is the wave function corresponding to the value proposed at the end of
section 9.1:

e2
Uy = ———wp
H 1
47[80/"12

2

W(Vz 2 d}”ldrz

Practically speaking, this energy is particularly important with respect to
transition metal oxides, such as NiO, for which electron transport occurs via
d-orbitals and can be written as:

NiZP+NiZ 5 Ni* +Ni*

For a chain of alkali metals, however, the same electron transfer, via s-orbitals, is
written:

Cs+Cs — Cs" +Cs

In Figure 9.2, A;’ = A,’ = Cs while A; = Cs” and A, = Cs. When the arrows are
removed from Figure 9.2 that represent the division of electrons throughout a chain
of atoms, we can consider that for NiO,

A’ =A=Ni"", Aj=Ni’" and A,=Ni"

Placing an electron on a Ni**, to form a Ni" ion, would require the energy given
by Uy = I — y if the Ni " and Ni ** ions, at positions A, and A, in Figure 9.2b,
respectively, are sufficiently far apart, so that it can be assumed that the transported
electron passes through a free state, and so that its energy £, at the level n — oo
tends towards 0, as do the successive energies /, and - , as described above.
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Energy levels of isolated ions can be represented in terms of —/, (the energy of an
orbital which loses an electron, i.e. Ni*" or A, in Figure 9.2) and -y (the energy of a
supplementary electron situated on Ni" or A, in Figure 9.2). When the ions are well
separated, as shown in the far left part of Figure 9.3, each energy level is separated
by Uy = 1, — x, which appears as a band gap between the upper and lower levels, the
former having received an electron, the latter having lost one.

On bringing the ions closer to one another, as described in going from the left to
right side of Figure 9.3, transport by charge carriers becomes possible via the
permitted bands which start to form. These newly formed discrete bands give rise to
permitted bands (the Hubbard bands), upper level bands of electrons (in which Ni"
or A, can be found) and lower level bands containing holes (where Ni*~ or A, of
Figure 9.2b can be found).

As the size (B) of the bands grows with increasing proximity of atoms, the
difference Uy — B decreases and eventually disappears when B reaches Uy
(Figure 9.3). Beyond this value — obtained when the atoms are close enough to each
other — the upper and lower Hubbard bands overlap and the band gap is removed;
this point is also known as the Mott—Hubbard transition from an insulator to metallic
state.

electrons in the upper Hubbard
band

-

-
|
P

<L
~

o]

holes En the Iowe; Hubbard band

v

insulator | metal B

— .
increasing  distance !
between atoms

Figure 9.3. Evolution of the Hubbard bands as a function of band size (B):
B = 0 for atoms far apart; B = Uy, where the band gap Uy — B
disappears to give a metal—insulator transition



Amorphous Media 307

9.2.3. The Mott metal-insulator transition: estimation of transition criteria

Different theories have been elaborated to establish, in a quantitative manner, the
parameters surrounding transitions from insulator to metallic states (see
problem 9.5.1). As we have seen in section 9.2.1, this transition can result from
competition between localization effects, themselves resulting from electron Fermi
kinetic energies (£r) and the electrostatic energies to which the electrons are subject.

To take into account the effect of the medium in which the electrons reside, we
introduce into the expression for electrostatic potential a distance of action written as
Kia*. K, is a constant that takes into account the imprecision that reigns over much
of the knowledge concerning interaction distances (and can be thought of as a rule of
thumb), and is dependent on the hypotheses made on the various phenomena that
can act, such as polarization (where K; = €,) or screening as detailed in section 9.5.1.
a* is the distance that should have a form similar to a;, in that a; = [€yh*]/[mme?]),
and is the radius of the first Bohr orbital (with the condition of taking into account
the interaction with the lattice which transforms the mass of an electron to an
effective mass, i.e. m*. This transforms the equation to a* = [g¢h?]/[tm*e?], so that
a* = a;(m/m*).

The electrostatic potential energy (which tends to localize the electrons) must

. e?
therefore be written as W ,; = o
T[EO 14

For its part, the kinetic energy of metallic electrons placed on the Fermi level

2
(Ep) is written as E g = %k% (where kg is the wave number for the Fermi level
m

and where interactions between the electrons and the lattice are simply taken to
account through m*). The number of electrons (V) contained in the Fermi sphere is
equal to the number of elementary cells that are present multiplied by two so as to
account for spin. This gives us:

(n/L) 3w

(4/3)mki L3 i3

By introducing the electronic concentration, N, =N / L3, we have
kg = (3N e)l/ 3 and then substituting into £,

2

Ej = (Bm2N ).

2m *
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nen
CAmem*
K, is therefore a constant. The metallic state for an electronic concentration (7,.)
when (E.)y =, >W,, so that:

The gain in kinetic energy by the electron gas is thus E g = K, , where

el »

c

2/3
h*(n=7)y =n S e’

2 =
4dnm * 471:80K1a *

can also be written as:

1 mm*e?
KIKZ Sohz

2/3
%k
a*n;’ " 2

As a* = [goh*]/[mm*e?], this condition can be written more simply as:

2 1
T
2

By making C =[1/K K 2]1/2 we finally obtain the condition for the transition
to the metallic state:

a”‘ncl/3 =2C

Experimentally, the constant C is about eight orders greater than 7. For example,
an evaluation gave C = 0.26, and the transition is with a* = a;(m/m*) for the
effective Bohr radius:

a*nl 2026
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Physically speaking, this criterion means that all materials can become metallic
if they are sufficiently compressed so that the electron density reaches the value 7.
The corresponding metal-insulator transition (M-I transition, which also occurs at
n=n.) is called the Mott transition and originates from localization of electrons
through electrostatic interactions, not from any material disorder. We shall see in
section 9.3 how disorder alone can result in the so-called Anderson transition.

9.2.4. Additional material: examples of the existence and inexistence of Mott—
Hubbard transitions

9.2.4.1. Charge transfer complexes

Charge transfer complexes (CTCs) are materials in which the effective
correlation energy is high. In this case, the effective energy (U.g) is defined as the
difference between the electronic repulsion energy for a site occupied by two
electrons (U,) and the electronic repulsion energy between two electrons on adjacent
sites (U)), i.e. Uep= Uy — Uj.

For a system with N sites:

— If we can assume that U, is negligible, each site can be occupied by two
electrons (spin up, T, and spin down, {). In addition, as in Figure 9.4a, if the system
is half filled by N electrons then the material is metallic.

— If the system is one in which U is high, we can place only one electron per
site. Again, if the system carries N electrons (i.e. p = 1, in which p designates the
number of electrons per site) then all energy levels are occupied and the band is full
as shown in Figure 9.4b. Only B inter-band transitions are allowed, demanding a
high energy of activation, E,; the system, in other words, is an insulator (Mott
insulator) or semiconductor. For example, the complex HMTTF-TCNQF,, in
regular columns, has p = 1, E, = 0.21 eV with a room temperature conductivity
orr=10" Q" em™.

— Once again, if the system is one in which Uy is high and we can only place
one electron per site but p < 1 because bonds at the interior of each column are not
fully occupied, both A intra- and B inter-band transitions are possible with the
former requiring little activation energy and the latter a high activation energy. This
is shown in Figure 9.4c. As an example, TTF**-TCNQ "> displays a metallic
character with p = 0.59 and orr = 10° Q' em™.
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Figure 9.4. Electron transport with respect to electronic structure. Upper
parts of the figures represent band schemes and lower parts represent
electron positions (e = occupied state, o = empty state)

9.2.4.2. -conjugated polymers

Polymers conjugated by m-orbitals are, in principle, not subject to Mott
transitions as transfers from one site to another in the same chain have f§ integral
values which are too high (typically of the order of 4B =10 eV for polyacetylene),
well above electron—electron interaction energies (U, below 1 eV for
polyacetylene). Figure 9.4a therefore sufficiently describes these materials,
although they do display insulating characteristics, which in the case of
polyacetylene results from a Peierls distortion due to electron—phonon interactions
which open the band gap (Figure 9.5).
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(a) U << 4 f: scenario from Figure 9.4a Band gap opens
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Figure 9.5. (a) Characteristics of 7-conjugated polymers, with the example
of polyacetylene under a Peierls transition, verifying that U<<4f, in contrast
to (b) Mott insulators for which U>>43 (and possible for CTCs)

9.3. Effect of geometric disorder and the Anderson localization
9.3.1. Introduction

The effect of geometric disorder has for the most part been studied within
theories on amorphous semiconductors developed by Mott and Davies (Mott and
Davis, Electronic Processes in Non-crystalline Materials, Clarendon, 1979).

The theory is based on two fundamental ideas:

— The first idea was taken from the work of Ioffe and Regel who observed that
there was no great discontinuity in the electronic properties of semi-metallic or
vitreous materials when going from solid to liquid states. It was concluded that the
electronic properties of a material cannot be only due to long-range order, as was
proposed by Bloch for properties of crystals, but are also determined by atomic and
short-range properties in which the average free path of an electron is inter-atomic.
It is worth noting also that, even though a material may be amorphous, this does not
exclude it from having bands. For example, glass, which is a non-crystalline
material, is transparent in the visible region of light (=1.5-3 eV), that is to say that
while absorption of photons with energy below 3 eV does not occur, glass does
actually have a band gap of greater than 3 eV.
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— The second idea is based on the evidence given by Anderson for a material
without long range order that nevertheless have localized states with permitted
energy bands for electrons. This theoretical model comes from observations made
on certain amorphous semiconductors in which charge carriers cannot move.

9.3.2. Limits of band theory application and the loffe—Regel conditions

Bloch functions, i.e. Yy, (¥), can be used to describe electron wave functions in
perfectly crystalline materials. The electronic states are delocalized and spread out
over space, as denoted by |y (7 )\2 . Because of perfect delocalization, the mean

free path of an electron can be considered equal to infinity.

It is only when studying a real crystal though that the mean free path of an
electron takes on significance because of effects due to quasi-imperfections caused
by vibrations, called phonons (see Chapter 10), and imperfections caused for
example by doping agents and impurities which perturb the regularity of potential
throughout the network. It is only when these electron scattering effects, which limit
the free path of electrons, are considered that the statistical average term ¢ of the
free path length of an electron between two successive collisions can be introduced.
In addition, there are two terms to note: “lattice scattering” which indicates
collisions due to the material network; and for a similar effect caused by ionized
impurities, the term “impurity scattering” is used.

On disordering a lattice by introducing vibrations and/or impurities, / appears
and takes on a decreasing value as disorder increases. If there is a low amount of
impurities, then local levels appear, most notably in the forbidden band (FB), but if
the number of impurities increases, the localized levels grow to form impurity bands
which can reach a size DE,, close to that of the valence band (VB), the conduction
band (CB) and the FB introduced in Bloch’s model. Bloch's model however loses all
semblance of reality when values of DE, reach the same values of the bands.

Put another way, we can go from the crystalline state to the amorphous state with
¢ decreasing until Bloch’s theory is no longer acceptable. The limit for ¢ was fixed
to k¢ ~ 1 (for a perfect crystal, k¢ >> 1) by loffe and Regel after following the
reasoning of the uncertainty principle, i.e.:

AEAt> h and Ax. Ak > 1 [9.1]
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To arrive at the result shown above, we can consider that the trajectory of an
electron after a collision is random, and at the very best can only be defined between
two collisions, i.€.:

(AD)pax =T [9.2]
in which 7 is the relaxation time — the average time between two collisions — and:
(AX)max = £ [9.3]

From equation [9.1] we can thus directly derive the best precision in AE, (AE) i,
and in Ak, (Ak)min, (1) when the equivalence of [9.1] is verified, as in AE At = fi and
Ax. Ak = 1;, and (2) when Az and Ax are at their highest value in equations just above
and equal to (Af)max =T and at (Ax)pax = £ .

We then arrive at:

(AE)mirpT =h [94]

and:
(Ak)miw l =1 [95]

The question that we are therefore brought to ask is, with increasing disorder,
what are the lowest values that T (and thus the mobility p = ¢t/m) and ¢ can go to
while (AE), and (Ak)mi, retain acceptable values, i.e. values which are compatible
with classic band theory for real crystals.

The response can be given using simple calculations which show that:

—When p —1 ecm® V' s (and T = 6 x 107'° 5), from equation [9.4] (AE) i, = |
eV. Thus, (AE)u, = Eg (band gap size) or (AE)y, is the same order of size as the
permitted bands. When p < 1 em® V' s, the uncertainty in the energy of the carriers
tends to the same order of size as the permitted and forbidden bands, to such an
extent that the band scheme loses its relevance to real systems. It will be shown
though that the Anderson model band scheme has to take into account localized
bands with a gap which eventually becomes the mobility gap, E,..
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— When/— a few angstrom, that is to say ¢ = a, in which a is the lattice
constant and is typically of the order of 3 x 10™ cm, equation [9.5] results in (Ak)min
=1/l=1/a=3%x10" ecm' =k In effect, with A = 2/mv in which v = vipermar= 100 km
s'and A =7 x 107 cm, we have k =2m/A = 10" cm™. We can directly infer that in
the band scheme, conduction electrons will be such that k£ = 1/a. At these values,
where ¢ = a, we thus have (Ak)mi, = &, and k can no longer be considered a good
physical parameter to which we can apply quantification. In addition, when Ak ~ £,
Fermi's sphere is badly defined (to the point of being totally deformed) and the
concept of carrier speed looses significance as 7k = m*v, just like the mean free
path which is expressed as a function of v, i.e. /=vT.

Finally, as soon as / = a, and more strictly speaking as soon as ¢/ < a that
occurs when the interaction between an electron and the material network becomes
increasingly strong, an electron no longer goes any further than the limits of the
atom to which is tied. The electronic wave function localizes over a small region in
space and is generally supposed to diminish exponentially with respect to R (as
eXp(~CiR)).

The work of Mott and Anderson has introduced a new concept of localized
states. The permitted density of states, N(E), always results in an energy band
beneath a single £ for a conduction band and above a single £ for a valence band,
and, in other words, an activation energy is necessary for carriers to pass from one
state to another with an emission or absorption of a phonon.

9.3.3. Anderson localization

9.3.3.1. The model

Systems in which disorder is due to a random variation in the energetic depth of
regularly spaced sites (with interstitial distances always equal to a) are considered in
Anderson’s model, and can relate, for example, to a random distribution of
impurities. Different authors, including Mott, have tried to take into account lateral,
spatial disorder and the results have been close to those of the Anderson model, to
which we will limit our discussion.

In Chapters 1 and 3, we saw that if we take into account effects resulting from
anetwork of atoms at nodes by constructing a regular distribution of identical
potential wells, then a permitted energy band of height B appears, as shown in
Figure 9.6.
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N(E)

Figure 9.6. Regular distribution of identical potential wells and permitted band

Section 8.1 showed that in the strong bond approximation:

—B=2Zp, where Z = the number of adjacent neighbors, and f is the resonance
integral between two adjacent sites; and

h? n?

2Ba®>  a’B

¥ =

Z [9.6]

ta* B . . o
so that p = %?, and semiconductors possessing a narrow B band exhibit low

mobilities.

For Anderson’s model we can replace the preceding distribution (Figure 9.6) by
one of randomly deep potential wells which represent disorder, as shown in Figure 9.7.

A
V

\E

Vo

N(E)

Figure 9.7. Periodic distribution of wells with random depths

9.3.3.2. Variation in wave functions with respect to Vy/B (Anderson) and ( (loffe and
Regel)

We will show here how permitted energy bands change into localized states if
Vo/B goes beyond its critical value. In order to do this, we need to look at the
following scenarios:
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— Real crystal: Viy/B is very low and ! is high. In this case, the wave function is
given using Floquet’s theorem (equation [7.19]) which can be written with the
normalization constant:

v (r) = Y "y (r-r,) [9.7]

The mean free path can be estimated from the Born approximation, by realizing
that the wave vector of an electron (k,) changes to k, once the electron has

undergone a collision of probability P, and that P,,, = 1- %, and in addition P,,, is
. ¢

2
ave

1
4 h
where here|Q|ave =(V¢/2) and the relation is given for a unit volume. For

given by Fermi’s “golden rule”: P,, = |Q| N(E,) (see Mott and Davis),

conduction electrons, for which £,, = Er, spread throughout a volume V = a® with
a distribution of wells with random depths but averaging around V/2, we here have:

[9.8]

1
¢ v 4nl\2 v

Py 127:(1/0)2 s N(Ep)
=_ |10 B =R
where N(Ef)is the density of states at the Fermi level and vthe velocity of

an electron at the Fermi level. As/ is large, the system is almost a perfect crystal,
and therefore it is possible to state that:

An(2m*/2 g2 2 g )2
ME) = An@m*y""E " and v=
h? m*
2
Using equation [9.6] for the effective mass, equation [9.8] gives % G ;)2/ B) ,
¥
and with B = 2Zp:

a (22zv,/B)

e ———— [9.9]

1 327

— When (Vy/B) = 1 (lowest disorder) corresponding to (= a, i.e. threshold
disorder. When ( = a, equation [9.9] written for a cubic system in which Z = 6
results in (Vo/B) = 0.83 = 1. At this point when ¢ = a (and V;, = B), the disorder is
such that Ak = k (following loffe and Regel), and under such conditions, at each
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collision, £ randomly varies by Ak, the closest neighbor to k. In going from one
potential well to the next, the wave function in equation [9.7] randomly changes and,
according to Mott, loses its phase memory. It should thus be written in the
approximate form:

W (r) = DA, w0 -r)

with 4, = ¢, exp(i@,), where A4, is a function with a random phase and practically
constant amplitude.

Moreover, this amplitude is more constant than the variation between depths of
neighboring potential wells, i.e. 7} is low in Figure 9.7. In a model using two wells
with potential depths V/; and ¥, (as in Miller and Abrahams, 1960) the resulting
wave function can take on either a symmetric or antisymmetric form, respectively,
Ys = A\ + By, or Y, = A1y, - By,. We can therefore show that when | V-V, | <<
IB| (i.e. Vo is low), so A; = A,, the difference in energy (E, — E,) between the two

possible states is such that |E1 - E2| =~ 2|B|. A representation of this function is

shown in Figure 9.8a for a network of several potential wells.

— When (Vy/B) > 1 (Vy/B) (just above threshold value): initial delocalization and
medium disorder. In a system which corresponds to a great increase in disorder, and
for the model of just two wells corresponding to an increase in the depth between

the wells as in [V| —V,| =V, the difference in energy, |[E, — E,|, increases to

a corresponding level and A, differs from A,. The amplitudes of the functions are no
longer constant and the wave function displays increasing disorder both in amplitude
and in phase (Figure 9.8b).

— System in which (Vi/B) >> 1 ((Vy/B) well above threshold value): considerable
delocalization and disorder. In this system a highly localized state is formed, as
shown in Figure 9.8c, and as V} increases the localization is accentuated. In addition,
there is no longer propagation along a line of potential wells and states are thus
localized. An exponential decrease in the wave function starts to appear and is
increasingly noticeable with increasing values of V. The wave function takes the
form:

y(r) = {ZAnwO(r - m)}e—‘”
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from which it is possible to write:

r

y(r) = {ZAnWO(V - rn)}e s [9.10]

where & is the localization length.

v
(@)

Vo/B =1 and / = a, orbitals just delocalized

initial localization E<E.

A
v
~ —
- - 7 N k\
v »
Vo>> B strong localization \/ r

E<<E,

Figure 9.8. Variations in wave functions with delocalization: (a) delocalization—
localization only; (b) weak delocalization, and (c) strong delocalization

To conclude, the factor Vy/B is a crucial term in deciding whether only localized

states form (Vy/B > 1) or whether both localized and delocalized states can co-exist
(VyB<1).
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9.3.3.3. Band scheme and form of the state density function N(E)

From a realistic scheme of the distribution of potential wells, we can see that
states should be localized within one energy domain and delocalized in another.
Accordingly, Figure 9.9 describes a system with non-negligible disorder:

— all states at the tail end of the function N(£) which correspond to a high enough
value of V; and from energies £ < E. and E > E’. appear localized as before in the
scheme of potential wells; and

— however, the middle of the band corresponds to shallow states with small V%,
such as Vy/B, and is a zone of delocalized states which have £’ < E < E..

A
V

band tail

(localized states)

zone of delocalized state

Figure 9.9. Representation of localized and delocalized states in co-existence

9.3.4. Localized states and conductivity. The Anderson metal-insulator transition

9.3.4.1. Mott’s definition

Mott’s definition is based on continuous conductivity relative to electrons with
a given energy (0x(0)) and delocalized states are on average, at 7 = 0 K, those for
which 6;(0) is zero, i.e. <GE (0)> = 0. To arrive at an average though, all possible
configurations which have the energy E need to be considered, and while some
electrons may have a non-zero energy, the average over all possible states with the
corresponding energy E gives zero as a result. These states and the mobility they
represent are in effect thermally activated.

However, at 7= 0 K, delocalized states average to give 6(0) # 0, that is to say
metallic behavior occurs.
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9.3.4.2. State properties

In Figure 9.9, two types of states — localized and delocalized — are separated by
energies E. and E’. which together are called the mobility edge. In the two zones
Einstein’s relation holds true if Ey is outside the bands of non-degenerate states. We
thus have p = ¢gD/kT, but the diffusion coefficients (D) have different forms. Here,
D = Pa? in which P represents the probability of movement to neighboring sites.
This brings us to the origin of the expressions used in courses on electronics and
materials:

— When E > E’c and E < Ec, D = (1/6) v, a® exp(-wi/kT) (with v, being the
phonon frequency and w, the energy of activation) and <6z(0)>7—ox = 0. Here as T
— 0, we can verify that D and p tend towards zero, as does the conductivity.

— When Ec < E < E’c, D= (1/6) v, a* and 6x(0) # 0 where v, is the frequency of

electronic vibrations.

9.3.4.3. Distinction between insulator (or semiconductor (SC)) and a metal in a
slightly disorder material (poor localization and small ()

position where Ey gives
position of Ey a “metallic” character
determines the
insulating or SC

character

Figure 9.10. Metallic character resulting from the position of Er

As for classic (crystalline) materials, the properties are tied to the position of
Ey (as shown in Figure 9.10):

— when Ef is situated in the domain of delocalized states, (E. < Er < E’.), we
have a degeneration corresponding to a metallic character; and

— however, when Ey is situated in the zone of localized states, where typically
E < E_, charge carriers can only be thermally excited and conductivity can occur
only by jumps or by excitation to E., and indeed at 0 K conductivity tends towards 0
which is typical of an insulator. Materials for which the Fermi level is situated in an
energy zone in which states are localized are called Fermi glasses.
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9.3.4.4. Transition from metal to insulator or semiconductor

For a given material which has a Fermi level fixed by its charge density,
displacement of E¢, for example by increasing the disorder as shown in Figure 9.11,
moves the Fermi level from an initial state in a domain of delocalized states
(metallic) to a zone of localized states. The result is a metal to insulator or
semiconductor transition.

range of E,
N(E) due to disorder

)
&3]

E m

initial =

Figure 9.11. Using disorder to displace Ec
and effect the metal-insulator transition

9.3.4.5. Anderson transition from order to disorder and the change in conductivity

Even though we do not detail transport properties in this book, we should
nevertheless introduce an expression for metallic conductivity written in the
relatively simple form of 6 = gnpu = ng*t /m*, in which n is electron concentration
and 7 is the relaxation time relative to the Fermi level.

With ¢ = vt we have 6 = ng* (/m*v, and on introducing the crystalline
momentum, %k = m*v, we reach 6 = ng?( /#h kg in which k; is the wave vector at
the Fermi surface.

We can also note that the number 7 of electrons within a unit volume V' (V=1)
can be obtained by use of the reciprocal space, that is to say the number of cells
within the Fermi volume is ([4/3]n k_,»3)/ 8n’, each with volume 8m*/V=8n’ for V =1.

On taking into account electron spins (i.e. doubly occupied cells), we have
n=2([4/3]n kf3 )/ 8m* and metallic conductivity can therefore be written as:

_dmk} g%t

oy = [9.11]
121 &
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Figure 9.12. Anderson’s transition from metal to insulator at absolute zero following
1/(Vy/B) = B/V,y. The same behavior occurs when Er is displaced with respect to E¢

When considering a metallic state, the Fermi level can be considered more or
less in the middle of the band (so that in 1D, kr o< m/a) as shown in Figure 9.10.
With increasing disorder, E. and £’ tend towards each other at the band center E,,
(=Ef) in which case all states are localized. This change is called Anderson’s
transition, as shown in Figure 9.12.

At the same time, we have V/B > 1 with / tending towards a. For its part, with
{ = a, conductivity ¢ thus tends towards G, = Or = (Op) e ¢*/3ah. In mono-
dimensional media this abrupt transition is a point of controversy as it is known to
occur progressively in 3D. When a is of the order of 3 A, o = 700 S ecm™, it is
often a value of saturation for conductivity in rising temperatures.

9.4. Conclusion

This chapter has shown how supplementary effects, defaults in the periodicity,
caused by such as dangling bonds, chain-ends and holes within the structure
introduced into the band gap localized levels can open to form a band when their
fluctuation is brought into account. This band can split as a function of electron
filling, in a manner analogous to the perturbations caused by electron repulsions,
which were not taken into account in the band theory. These electronic repulsions
were looked at in detail and we have shown how they can help to explain metallic or
insulating behaviors that the classic band theory cannot deal with.

By introducing modifications of crystal regularity by considering network
thermal vibrations (phonons) and defects, both chemical (impurities) and physical
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(dislocations), the notion of a real crystal was studied. This resulted in determining
the mean free pathway of electrons, which can no longer be considered as
completely delocalized within the network — as in the case of a perfect crystal. It was
shown that an increase in disorder reduced the mean free path length up to the point
of localizing electrons in neighborhoods of deep defaults, resulting in energy levels
localized at extremities, or “tails”, of permitted bands.

w(E)
T>0
(c)
» E
wWE) - .
(b) T=0K
mobility gap
» F
N( E) A
conduction band
(a) (CB) of
delocalized states
FE
NME) a
tails of delocalized|
) states /

Figure 9.13. Band models for amorphous semiconductors: (a) following CFO; (b) following
MWE) at T =0K; (c) following u(E) at T > 0 K; (d) following Mott and Davis

Finally, it can be noted that all models postulate for amorphous media, such as
crystalline semiconductors, that there are conduction and valence bands which are or
are not separated by a band gap, depending on the all-important band tails. And that:
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— Bands result in part from short-range order (from approximations of strong
bonds giving rise to bonding and anti-bonding states, i.e. valence and conduction
bands separated by a band gap) and from disorder created by phonons or impurities
shown by tails of delocalized states. Tail states are neutral when occupied in the case
of the valence band and when empty in the conduction band. The Fermi level is thus
placed in the middle of the band gap, as shown in Figure 9.13a and following the
model proposed by Cohen, Fritzsche and Ovshinsky (Frizsche, 1970).

— The form of the bands depends on the type of the implicated orbitals. For p or
d orbitals, which are less stretched overall into space than s-orbitals, the form of
N(E) is different and the bands are smaller.

— In a perfect crystal, the band gap is an forbidden energy in which N(E) = 0,
while in an amorphous material it is a mobility gap and N(E) is not necessarily zero
but the mobility pu(E) however does becomes zero at 7= 0 K (localized states), as
shown in Figures 9.13b and c).

By taking into account the disorder caused by not only phonons and impurities
but also by structural defects such as dangling bonds and chain ends, additional
offsetting defaults localized in the middle of the band can generate two bands at
compensating levels (Hubbard’s bands) following the model of Mott and Davis as
shown in Figure 9.13d.

9.5. Problems

9.5.1. Additional information and problem 1 on the Mott transition: insulator—
metal transition in phosphorus doped silicon

9.5.1.1. Additional information: evidence for the Mott transition in phosphorus
doped silicon

The Mott transition can be illustrated by way of the conductivity of silicon at low
temperatures as a function of the concentration of phosphorus atoms (see Figure 9.14).

Substituting silicon atoms, four or five electrons in the external phosphorus layer
are engaged in covalent bonds with neighboring silicon atoms; the fifth electron
dopes the silicon. When 7= 300 K, we have k7=0.024 V so that the bonding energy
of this fifth electron is of the order of 0.045 ¢V and the P atoms are easily ionized to
P" at ambient temperatures. The phosphorus plays the role of a donor for n-type
doping of silicon.

At very low temperatures though, &7 is very small as the phosphorus electrons
are tied to the P'. The fifth electron therefore tends to follow a Bohr radius
calculated in section 9.2, as in a* ~ € a(m/m*), which in silicon is given by
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a* =25 A. The material is therefore an insulator in the domain of very low
temperatures, at least when concentrations of phosphorus are below a critical point
(found experimentally to be around 3.8 x 10" P atom c¢m™). An abrupt insulator—
metal transition is found around this concentration.

A
{ =
10 — ‘E
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concenttlation in donor phosphorus
1072 altoms (unlits = IO'I8 em™) |

0o 2 4 6 8

Figure 9.14. Conductivity of silicon doped with phosphorus near absolute zero

It is possible to consider that at high concentrations of phosphorus atoms, their
orbitals overlap so that electrons can pass by tunneling from one P* ion to another.
The resulting electronic cloud can play a role as electrostatic screen between the P+
and the fifth electron so that the latter end up being delocalized in the cloud. Once
this process of liberation (with respect to the atom of origin) has occurred, it gains
strength through a growing screening effect.

9.5.1.2. Problem: the Mott transition as an equation and its resolution

The mechanism for the Mott transition can be characterized physically in the
following manner: if a nucleus with a positive charge (denoted here Ze) is placed in
a free electron gas, the electrons will be attracted to the positive charge and generate
in the neighborhood of the nucleus a surplus negative charge density. This negative

space charge will then screen the positive charge and the potential generated by the
Ze

nucleus (V' = Z
nEeQr

) in the vacuum will be reduced so that in the material,
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Z .. .
Vo= Z ¢ . Parameter €, is introduced to account for the nature of the material. If
TE()E,- 1

it is a dielectric, the electronic charges are tied by covalent bonds to the cores of the
ions and are, as a consequence, not very mobile. The “screening” is therefore poor
and ¢, is small (typically of the order of two or three). If the medium is metallic, the
electrons are very mobile and the screening effect can be complete some distance
from the nuclei. In such cases, /' — 0 and therefore €, — oo (total “screening”).

Nevertheless, this screen is effective right from the very shortest distance, of the
order of an angstrom. At greater distances the electrons no longer see the potential
of the nuclei and it is for this reason that electrons behave independently from the
nuclei at distance greater than the screen. It is this distance that we will try to
evaluate.

The most mathematical treatment of the screen effect can be carried out within
the Thomas—Fermi approximation. It is assumed that the local perturbation created
by the electronic cloud has a potential 8V (generated by the positive charge) and
reduced locally by the energies of the electrons by dE = |e|dV. The result is that the
electronic density function is modified by &n.

1) Express dn using the density of states function in Ey (function Z(Ey)).

2) Write the Poisson equation that ties 8z and 8V at a point far from the positive
cores.

3) Assuming that the medium is isotropic, the perturbation potential can be
thought of as being constant for a given 7, i.e. it has a spherical symmetry. Write the
Poisson equation for these conditions.

4) Give the physical solution to this differential equation by introducing the

, -1/2
parameter App = [E—Z (£ F)} which is the Thomas—Fermi screening length.
€0

5) Determine the solution using the limiting condition that 8 tends towards the
Coulombic potential as Ay — oo. Make a comparison using a graphical
representation.

6) Give the equation for the spatial variation in the dielectric permittivity.

7) Express Az as a function of the electronic concentration (N.) and the
parameter a* = a,(m/m*) (where a, = [eoh*]/[tme?]).

8) What relation should one have between a* and Az for the medium to be
considered metallic? From this deduce the relation that gives the critical electronic
concentration (7.) above which the medium is metallic.
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Answers

1) If a local perturbation 87 (by an electronic cloud) of the potential reduces the
potential energy of the electrons by dE = |e|0V, the electronic density is modified by
On = Z(Er) dE = Z(EF) |e|0V, where Z(Ey) is the density of states function (or state
density function — the term is interchanged in this book) at the Fermi level (Ef), the
level at which the conduction electrons are transported.

2) Far from the cores of the positive charges, where the volume density of the

charge is p = — e On, the Poisson equation that relates dn and OVis
A(SV ) L (with the medium of the material being represented by charge
€0

that bath in a vacuum, the permittivity being used is thus €;). With dn = Z(Ey)
le|6V we thus find:

A(3V) —EiozZ(EF)SV =0

3) Supposing that the medium is isotropic, the potential due to the perturbation
(8V) can be assumed to be constant for a given r, that is within a spherical
symmetry. In this case, the Laplacian is in the form:

Lo ,00r))_a@®r), 20(7) 102[r(37)]
— — r = =
r?or or or? r o or r or?

so that the Poisson equation takes the following form:

2[r(sv
1OV @ sv o
ror? €0

which can then be written in the form of a classic differential equation:

@ - SiOZZ(EF)[r(SV)J =0
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4) The solution for this differential equation is:

—{LZZ(EF)} r +{£Z(EF)} r
[F(8V )] = de L0 +BAe L0

so that:

, -1/2
By making the hypothesis, App =[§—Z(E F )} for the Thomas—Fermi
0

r

e MF

screening length we thus find 8V = 4

r

5) In the exponential, if r — 0, or what comes to the same thing, if App — +eo,

for an infinitely long screen, the potential must tend towards that produced by one
single atomic core, that is its normal Coulombic potential, such that:

o Z
Ae %iz ze , from which 4 = ¢

r r 4meyr 4me
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Finally, we have:

T

)\'TF
SV = Zes

4megr

The electrostatic potential therefore decreases much more rapidly with distance
than if it were simply the Coulombic potential.

Arr zone of poor

> “screening” External zone

where the
generated potential
is screened by the
electronic cloud

Ve (hrr)
e

./. VCoulombic

EEEE R

Ve(har) {-

| Coulombic potential zone
| with a long radius of action
— -

6) In a representation of the medium with the help of the dielectric permittivity,
€€, where €, is the relative dielectric permittivity, and takes into account the
polarization of the medium, the potential generated by the charge Ze is given by

”

Z . . . . . A
. Identification with the preceding form of the equation, 8V = Ze ¢ "
4mege,r 4megr

b

I

gives €, =e M Ttis possible to see that when r >> Az, €, — oo,

This result is normal as in this region the electrons are not subject to any
influence from the charge Ze, which would tend to localize them. When r >> Az the
electrons are free as in a metal, for which the permittivity also tends towards
infinity.
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#3/2 w32
7)In addition, Z (Ep) = """ [E, = A, \JEp , where 4, 4n<2m P2 _
h

3/2
41{2”;*) , and where Er can be expressed as a function of the electronic density
h

by writing, for example, that at absolute zero (see problem 4 in Chapter 2):

E, E, 5 3w, 2/3
= [ Z(EME =4, | EV?dE == 4,E}'? sothat E = :
0 0 3 24,

from which
3 1/3
Z(EF):AEB[ENEJ :

The result is that:

1/2 1/3 1/6
(80) 1 21 1 Sohz -1/6
7\’TF = - DU == T(:;Ne) >
e A, 3N, 2\ ' em *

so that with a, = [e¢h?])/[tme?] and a* = a,(m/m*):

1/6 1/6
a *1/2 s a *3
}\.TF = —_— =0.5 .
2 |3N, N

8) The condition for electronic behavior is that ¢* (which gives the position of
the electron in its orbit) is greater than the screening length. This is because above
this distance, the electron is no longer held by its starting atom. The result is the
condition a* > App.
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This condition is fulfilled when N, attains a critical concentration (n.)a* =

—~— so that:
2 ng/3 ’

nt3a* > 025

in a condition practically identical to that found in section 9.2.3.

9.5.2. Problem 2: transport via states outside of permitted bands in low
mobility media

1) What is the condition that the width of the B band of a material must verify for
the effective mass approximation to be valid when used in an expression for
mobility?

2) Considering a system where the permitted bands are wide (such as in
n-conjugated polymers), of the order of 1 eV, and where the mobility is of the order
of 107 em? V™', Can electronic transport occur in the permitted bands?

3) We now consider solids as molecular solids where intermolecular bonds are
through weak van der Waals bonds. Can it be said that this system has a narrow
band? In this example where the mobility can be taken as being in a general form

(for a 1D system), u = %(v . >, and where it may reach 1 cm? V' s™', does the

transport occur through these narrow permitted bands? Using the example of
anthracene, the intermolecular distance is given by a = 6 x 10™® cm. For cases where
we know the resonance integral (B = 0.01 eV for anthracene), give an alternative
rationale.

Answers

1) To define the effective mass, as in section 8.1, the width (B) of the permitted
bands must be such that B >> kT, or otherwise the band width will approach kT
(0.0026 eV at ambient temperature), and it will not be just the lowest levels of the
band that are occupied but all possible levels that can be taken up through thermal
agitation. The form of the mobility for a strong bond is no longer acceptable.
qta* B

—, obtained with the help of the classic

Expression [8.11] from Chapter 8, p = P

expression for mobility u = q—r*, in which is introduced the effective mass
m
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m* = %Z (see equation [8.11°] where Z is the coordination number). In effect, to
a

obtain this expression for m*, we use an approximation that excludes the states at
the base of the band (k = 0, and situated at the center of the zone for which F is
oE

a minimum, so that [ak

} =0 also allows the limited development over cosines
k =0

which is involved in the expression for a strong bond).

2) From the preceding section the approximation of the effective mass is valid
when considering wide bands, for example HOMO and LUMO bands in
n-conjugated polymers. Inside these bands, the carrier mobility can be evaluated
qta* B

n oz

with the help of the equation p =

In addition, and as has been detailed in this chapter (see section 9.3.2), for bands

to retain a physical significance B > AE, where AE = u (equation [9.4]). Under these
T

conditions for there to be conduction in these large bands of delocalized states, we
should also verify that:

_qta’ B - qta® AE.  ga® 1
wzZ mzZ hZ

U

This equation, p > %2%’ is the condition for conduction in the B bands of
delocalized states. With a = several A (length of strong bonds in m-conjugated
polymers) and Z = 2, we find the condition: p > 10" cm? V-1 s~'. As the mobilities
in m-conjugated polymers are of the order of 10~ cm? V™' 57!, we can conclude that it
is not reasonable to expect the transport observed in these materials to be in the
bands of delocalized states. As a consequence, we can think that in such polymers,
the mobility associated with delocalized states is greatly reduced by charge transport
through more localized states.

3) Molecular solids give rise to narrow permitted bands, as the intermolecular
bonds are through weak bonds, for example van der Waals bonds. The poor overlap
of intermolecular orbitals results in low values for the overlap integrals (f). The
width (B) of the permitted bands being of the order of several B (B = 2Zp, see
equation [8.10]), means that the system is based on narrow permitted bands. In this
case, and taking the argument developed in answer 1 into account, the
approximation for the effective mass used to evaluate the mobility is no longer
acceptable.
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We can therefore use the following expression for mobility: u = %(v . > As

the speed can be given (in a dualistic theory) by v =v, = g—;j, so that with £ = fiw

1 AE

and in 1D we have v = . . With AE = B while Ak = 1/a (order of size of the

X
Brillouin zone in the reciprocal space and corresponding to the height of the
permitted band (B) (see the representation of £ = f'(k) in Chapter 4) we thus have:

At this level we can reason in one of two ways (which lead, of course, to similar
conclusions). Either:

— we consider that to have conduction in the localized states, we should have
0> a (loffe and Regel’s second condition — see section 9.3.2), which means that:

qa* B

> ; must be true.

In these small molecules, with the band width B = kT, we find the same condition
as in polymers:

qa’
—

u>

Taking a = 5 x 10°* cm, we should have p > 1 to 10 cm? V™' s7'. It should be
noted that here a represents the intermolecular distances that are slightly longer than
the covalent bonds , so that we can reasonably state that a* for small molecules is at
least an order greater than for polymers. With p =1 cm? V™' s and a = 6x10°* cm for

anthracene, we do not find that the inequality is verified, which shows p > 5 cm?
y'stor

— we consider that we know the mobility (u =1 cm? ' s™ for anthracene) and
given that B = [ (where the resonance integral B = 0.01 eV for anthracene), and

with @ = 6x10™ cm, we can therefore estimate ¢ with the help of u = %%, which
gives us ¢ = 3x10® cm. The mean free pathway appears to be less than

the intermolecular distance a, which again is not compatible with conduction in
delocalized states (Ioffe and Regel).
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Chapter 10

The Principal Quasi-Particles
in Material Physics

10.1. Introduction

In a physical system there are a variety of particles that exist under constant
perturbation, even excitation, due to external forces that are mostly interacting with
the lattice. A slightly perturbed or excited state can dissipate into elementary
perturbations (excitations) that propagate through the lattice just like a particle with
a degree of energy, movement, and even a spin moment. A change in the perturbed
(excited) state of a material can be described using variations in these parameters of
energy, movement and so on. And these variations can be due to collisions between
quasi-particles that can also be described using the same parameters. These quasi-
particles are the result of interactions (perturbations and excitations) between real
particles or the same particles with the lattice.

Depending on the nature of the interactions, the quasi-particles can be, for
example:

— phonons: these describe the state of a lattice in which the atoms are excited by
thermal vibrations. The main applications are in the domains of materials and
thermal properties;

— polarons: these appear when accounting for coupling between electronic
charges and the resulting lattice deformations. They are well evident in descriptions
of transport phenomena in materials with low mobilities;
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— excitons: these are coupled electron-hole pairs with energy levels in the
neighborhood (but outside) of the permitted bands. They are essential to descriptions
of the optical properties of materials;

— plasmons: these detail the collective oscillations occurring in an electron gas.

There are other quasi-particles that can be present. These include polaritons, that
describe the transverse optical coupled modes of photons and phonons, magnons,
that describe systems based on coupled spin moments, and solitons that correspond
to a default in the conformation of a chain of atoms that may or may not be coupled
to a charge. However, this text will detail only the main types of quasi-particles.

10.2. Lattice vibrations: phonons
10.2.1. Introduction

With the bonding forces between atoms being finite, an external perturbation
such as thermal energy can result in atoms being distanced from the equilibrium
position.

In this example the forces and atomic displacements are directed along ». With
F(r) denoting the bonding force on an atom at » with the corresponding potential
energy W(r), then:

F(r)y=—gradW(r)= _a;_W
r

If ry represents the equilibrium position of an atom (located with respect to the
origin of the displacements), and if Ar denotes the displacement that is such that
r =1y +Ar , we can write that:

1(d*w
W(}") = W(r0)+5(?jro (Ar)z

(as the first derivative is zero with respect to 7y where W(r) is a minimum and an
equilibrium position). The result is:

2 2
F(r)=—m=—(d—Wj Ar = —kAr, when k=[d WJ
dr dar* ), dr* ),
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and we have Hooke’s law. With dr =d (Ar) , the fundamental dynamic equation is
written as:

for which the physical solution is of the form:

Ar = Acos \/Zt = Acos2nvt
m

where V:%\/Z This represents the sinusoidal oscillatory movement with
m

frequency v.

In a crystalline system it is no longer a single atom that vibrates but rather a set
of atoms and a coupling between the vibrations. This is because the vibrations of
atoms will affect those of neighboring atoms.

If we have a system with N atoms, and each atom has three degrees of freedom,
then the vibrational system will have 3N waves with different frequencies (normal
vibrations). The movement of each atom is determined by the superposition of the
3N waves (or 3N normal vibrations) and will be determined in this chapter.

10.2.2. Oscillations within a linear chain of atoms

10.2.2.1. Form of the solutions

Here we study the longitudinal vibrations in a chain of N identical atoms that
each have a mass M and are at equilibrium distances a apart. The length of the chain
is thus given by L = (N — 1)a = Na, as N is very high (N >> 1).This example uses a
simple cubic structure and the propagation in the directions [100], [110] and [111]
are considered. This means that the vibration goes along a chain of atoms.

The frequency of the oscillatory movement of one atom will be a function of the
wave number K (3D vector) of the supposedly elastic vibration of the lattice.
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Figure 10.1. Displacement of atoms at T # 0 K through thermal agitation

The spread of an atom denoted n from its equilibrium position by thermal
agitation is denoted by u,. Each atom is tied to its neighbors by a bond and,
following the movements of the atoms, there is at the level of each atom a set of
forces that tends to correct the movements. To simplify the problem, we can assume
that each atom can only respond to the influence of its two nearest neighbors (any
coupling beyond this is neglected), so that the atom numbered 7 is subject to only
two forces, i.e. a force due to a bond with the atom numbered n - 1 and the other
with n + 1. Assuming a linear approximation, these two forces are each proportional
to the variation in the distance separating the atoms. If § denotes the proportionality
constant (which shows the elastic properties of the lattice), the force against an atom
n is given by:

Fn = _ﬁ(”n _”n—l)_ﬁ(un _un+l)
and the fundamental dynamic equation for this atom labeled # is:

2
d?u,

dt?

= (g + g —2u,,) [10.1]

We can now look for solutions in the form of progressive plane waves of the
type:

u(r,t) = Aexp [i(Kr - a)t)]

27
A
known as pulsation).

where K = is the wave number and w=27zv is the angular frequency (also
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This means looking for the solution for the movement of the atom n located by
= na, and such that u, (na,t) = Aexp [i (Kna - a)t)] . Similarly, we also look for:

U1 = Aexp|i(K (n+1)a-or)]
and:
w,y = Aexp|i(K (n-1)a—ar)].
Substituting this into equation [10.1] we obtain:

-Mw?* = ﬂ[eiKa +eka —2} =2f(cosKa-1),

so that, using 2sin2x =1-cos2x ,we find:

a)=2\/Z
M

This is a dispersion equation based on @ = f(K), and is periodic with respect to

sin%‘ [10.2]

K with a period given by 27” as:

w(K)=2\/Z sinﬁ‘ =w(K +2—ﬂ)=2\/z Sin(ﬁ+ﬁj
M 2 a M 2

The representation is given in Figure 10.2a. However, given the periodicity it

suffices in fact to represent the function w(K) in an interval equal to 27” which is

chosen to be between —% and % (Figure 10.2b). The width of the first Brillouin

zone contains non-equivalent K values (the positive and negative values represent
the two opposite directions in which the wave can move). This can be compared
with the results in the following section.
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(a)

21 n O 1IT, 21 2n
a

Figure 10.2. (a) Dispersion curve [a(K)] for a chain of atoms,
and (b) representation for the first Brillouin zone

10.2.2.2. System properties

Up+1

— Variations in the useful K zone. We have =K% = ¢  When Ka = 0}

uy
between — m and + 7, Ka takes n all possible independent values that give the
dephasing (@) in the movement of two neighboring atoms. For example, if two

atoms are out of phase by ¢ = [72’+%ﬂ':| (with 0 < x<10) it is the same as stating that

10—x

T
10 ’

they are dephased by ¢ = [ }72 . The range of variation in X is thus —% <K<

a

— Difference with the continuous medium (where a — 0), and number of modes
for a long chain. For the difference in a continuous medium where a — 0, such that
K — £ o (as K, =*7/a), with the example of a discrete chain of atoms, the

extreme values of K are K, =+~ . For a progressive wave solution, such that in
a

terms of 7 we would have u(r,t)= Aexp [i(Kr—wt)}, the use of the condition of

periodic limits u(7) = u(r + L) results in (see also section 2.4) K =K, = nzT” , where

n =0, 1, £2.... Here the quantification is located at n as N represents the number of
atoms in the chain such that L = Na. These values are the permitted values for K in
the expression for the progressive wave u(r,f) solution for the system. The spectrum
given by ® = f(K) is therefore discrete (see Figure 10.2b) and the interval denoted

AK between two successive K values is simply AK = 27”, such that with the width

of the Brillouin zone being given by 4Kpg,; =27”, K can take on

2 L
wa _L_ N values.
2z/L  a
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— Number of modes for a system with a limited extension (length L = Na where is
small and will give preference fo stationary systems — see also section 2.3). In this
case, there is a node at both extremities of the chain and the limiting conditions (at
= 0 and r = L where we should have u(0,¢)=u(L,t)=0), results in a stationary

solution of the form (see section 2.3): u(r) = Asin Kr , where K =K, = %n and n =

1, 2, 3... and only takes on positive values (n = 0 would give u(r) = 0, so that there

would be no more vibrations). Here AK =%, and the spectrum m = f{K) is also

discrete and retains the same shape with intervals between 0 and m/a, to which the
system is limited in this configuration. For this stationary system and over the with

m/a (zone of presence as K > 0), the number of normal modes possible is therefore

given by Z—;; =§= N . This is the number of normal vibrational modes for this

stationary system (identical to the number of modes obtained in the preceding
section for a long chain).

— Mode densities. With the interval AK :% corresponding to a vibrational

1t 1 « 5o 1 L .
mode, such that over a unit interval of K space we can “place T modes. This

is the mode density in the K space. The mode density [D(w)] in the pulsation space
must therefore be such that D(w) dw = %dK , an expression that can also be written

L do
7 dw/dK

this can be obtained from the dispersion curve. If the group velocity is zero (tangent
horizontal to the dispersion curve), D(®) appears as a singularity.

as D(w)dw = . The velocity group (dw/dK) appears in the denominator and

— Crystal vibration frequency. Equation [10.2] shows that the crystal can vibrate
between w =0 and w, = 2\/5 (see Figure 10.2b).

n=N

2r 2L
, we have A, =

— The shortest and longest wavelengths. As A, = ol
n
n=1
2a while A, = 2L The shortest wavelength results directly from the
discontinuous chain of the atomic chain for which the concept of a wavelength with

A <2a, i.e. one that is associated with at least three atoms, would not make any sense.
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— Propagation velocity and wave frequency. For a small value of K (equivalent
to having large wavelengths corresponding to acoustics vibrational modes), an

approximation can be made as in sin% = % . Equation [10.2] then becomes linear,

as in w= a\/§|K| =V |K| and we have the straight line ® = v, |K| from Figure

10.2b. We thus find a remarkable property in that v, = R vy = Z—[[g =v, . Thus the
phase velocity and the group velocity have the same value, both equal to v, or rather
the velocity of sound in solids (of the order of 10° cm s). This can be compared

with the figure above and section 7.2.1 of [MOL 07b].

w
slope vg

K

Thus setting v, = a/f/M , expression [10.2] can be written as:

w= 2V—S sinﬁ
a 2

[10.3]

T
For k ==, we have:
a

COS ka
2 |ka_z

“a 272

The dispersion curve gives rise to a horizontal tangent with respect to k = i%

(see Figure 10.2b). The wave at this point is stationary with a maximum angular
frequency (pulsation) (see Figure 10.2) with a value deduced from equation [10.3]

equal to @ =@, = 2% . With v, = 10° cm s and a = 107 ¢cm, we find that v,y =

Dppay/2T= 10" Hz, which is in the infrared region.
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10.2.3. Oscillations within a diatomic and 1D chain

This section considers a chain made up of two types of atoms with masses m
and M (M > m), each regularly spaced by a distance denoted a. The atoms with
mass m are assumed to be placed at every 2ma and those of mass M are at
(2na £ a) = (2n * 1)a, as shown in Figure 10.3.

—2 ——e > 2n—1 2n 2nt+l
o Fan\ o yan\ Fay O O
m M m M m M m

Figure 10.3. Diatomic chain

Supposing that each atom interacts, once again, only with its closest two
neighbors, and that the interaction constants () are identical between paired
neighbors, the equations for movement can be written as:

dzuzn
— for atoms of mass m, then m = ﬁ(uZn-H Uy, —2u2n)
dt
2 [10.4]
for atoms of mass M, then M 2251 _ ( 2uy,,,)
— for atoms of mass M, then % = Buy,y +uy, —2u,,

Once again we are looking for solutions in the form of progressive waves, but
with amplitudes and frequencies different for each type of atom (as their mass is
different):

u,, = Aexp [j(a)lt - 2Kna)]

Uy, s, = Bexp|j (o, —[2n+1]Ka)] [10.5]

Given the form of these solution, we thus have:

Uzpyy =ty exp[-2jKa| and uy, | =1y, exp[2jKa]
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On introducing [10.5] into [10.4] we find that:
—ma)12u2n = Bl(1+exp[2jKa])u,,,, —2u,,] [10.6]
2 .
- mwyuy,., = Bl(1+exp[-2/Kal)u,, = 2u,,,,] [10.7]
From equation [10.7] we can pull out that:

ﬁ[1+ exp(—ZjKa)]
28-Mw3

s, [10.8]

Up+l =

Equation [10.8] must be true for all values of time (f). According to [10.5], u>,
varies with ®; and u,,.; as a function of ®,. We must therefore find that 0, = 0, = ®.

Inserting equation [10.8] into [10.6], we find that:
(2B8-Mw?*)(28—mw?*)—4*cos*Ka =0

From this we deduce that:

M+ma)2+4ﬂzsin2Ka _0

4
w -2
P Mm mM

[10.9]

This equation has two solutions for w* which can be denoted a)f and @’ and are
such that:

i 2
wi =ﬂm+M 1+ 4mM sin fa [10.10]
mM (m+M)

so that also:

2 .
2 1 1 I 1 ) 4sin?Ka
R =p—+— |t —+—| -4 10.11
* 'B(m Mj 'B\/(m M mM [10-11]
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/0] acoustlc
branch -

Figure 10.4. Acoustic and optical branches, with M > m

This result (equation [10.11]) shows that for a chain made up of atoms of varying
nature there can be two types of vibrations with different frequencies, namely .
and o_. In other terms, a value for K can correspond to two values for m, and
therefore two vibrational modes.

The solution w, (upper branch of Figure 10.4) shows the optical branch of the
vibrational spectrum, whereas the w_ solution (lower branch of Figure 10.4) is
associated with the acoustic domain (low frequencies).

NOTE 1.— Using 2sin?Ka =1-cos2Ka, equation [10.11] can be rewritten as:

o]

— When Ka is small we have cos2Ka =1, and wf = 2,8(i+i), so that with
m M

111
—=—+— (reduced mass) then @, = 28,
u m M yz

Still in the condition of Ka being small, we have (a)_ )K 0 =0.
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— When K = i% , such that Ka = i% which gives cos2Ka = cos(t7) =-1,

we have:

e
m M m M

NOTE 2.

— In the acoustic branch with modes for very low frequencies (K = 0 and w_ = 0),
equation [10.8] shows that w5, = u,,. This means that the atoms and the centers of
their mass vibrate together (identical direction) and there is a translation of the
complete cell, as shown in the top half of the figure above.

— For the optical branch, and when K = 0, using a)i =2 (l+$) in equation
m

[10.8] we find that:

Upn+l _ 2p __m
o 2ﬂ—M2ﬁ[i+$) M
m

and the atoms vibrate with respect to one another but with the center of their mass
fixed, as shown in the bottom part of the figure above.
NOTE 3.

— If two atoms carry opposing charges, we can imagine generate a vibration of
this type using the electric field of a light wave — hence the name optical branch.

— Vibrations in the acoustic branch are tied to thermal effects and the passing of
sound.
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10.2.4. Vibrations of a 3D crystal

— Transverse and longitudinal modes. In 3D, the wave vector becomes 3D and
the vector gives three corresponding vibrational modes. In addition to the
longitudinal mode of the preceding section, there are also two transverse modes
polarized at 90° to each other (for a definition of the various mode types see, for
example, section 6.2 of [MOL 07b]). These two new transverse modes are also
characterized by the curve w(K) carrying acoustic and optical branches and a
forbidden band.

e  O% 0o O K—:m -0,
2N

PR R N M =
Yz x &Z»

o) ) o) o A -
y A

Figure 10.5. Vibrational modes for a chain of atoms in
a 3D lattice: (a) longitudinal modes, and (b) transverse mode

— Number of modes. If the whole crystal encloses N atoms, then we have in all
3N vibrational modes with 2N of those being due to transverse vibrations and the
other N being longitudinal (see problem 10.6.1).

— If the lattice contains two types of atoms (section 10.2.3), and taking into
account note 2 of the preceding section, for the transverse modes and along the
acoustic branch the two types of atoms oscillate in phase. However, along the
optical branch, they vibrate in a mutually opposing phase.

M VAT VSN

(@ W MM

Figure 10.6. Transverse modes for a lattice made up of two types
of atoms: (a) acoustic branch; and (b) optical branch
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10.2.5. Energy of a vibrational mode

Here we use Debye’s theory where it is supposed that:

— Atomic oscillations in a lattice resemble a harmonic oscillator. The 3N
vibrational modes are assumed to correspond to the same number of harmonic
oscillators which have energy levels that are quantified by:

n

E=E :(n+%]ha)0, n=0,1,2..

(see a course on quantum mechanics). The proper frequencies of the oscillator are
equally spaced by an interval of wy. In Debye’s model, we can simplify the
relatively complicated dispersion curve (and given by equations [10.2] or [10.11] for
example) by considering the right-hand side, ® = v,|K|, no longer with the terms

Kiax =% , but rather with just K, being the total number of unnumbered modes equal

to 3N. Thus the K, values of K are regularly spaced, the dispersion curve
straightened, and the corresponding values for m, are also regularly separated by

notation — Debye
Aw = @ = @, justasinaharmonic oscillator.

— Oscillators are energetically distributed according to Boltzmann statistics. This
indicates that the probability that a particular mode will have an energy E, is

proportional to exp (—%) .

So, at thermal equilibrium, the average energy for a pulsation mode given by
Wy = O 1s written as:

E, =10 [10.12]
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By making x = —%’ , we obtain:

[10.13]

1 1 1
= ho [—x—Ln(l—ex):|=ha) ——
dx| 2 2 exp(hw/kT)-1

If T= 0K, then (E)T_OK = %ha) and this is the energy of what are generally

called the lattice zero vibrations. They are normally ignored when studying the
thermal properties of crystals. In this approximation, we can therefore write from
equation [10.13] that:

— hw

E =— —— 10.14
“ exp(hw/kT)-1 [ |

NOTE.— The vibrational modes where hw << kT, with kT = 0.026 eV at T =300 K
(i.e. acoustic modes with low energies and long wavelengths) have, according to
equation [10.14], an average energy given by:

= = haw
Eacoustic =EA =———=kT. [1015]

hw
1+2-1

When these conditions are present, the mode is termed as being completely
excited. If 7 is sufficiently high so that this can be spread to 3NV modes, the internal
vibrational energy of the crystal is equal to 3NKT.
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ro r
Figure 10.7a. Levels in a harmonic oscillator

10.2.6. Phonons

10.2.6.1. Definition

Charge carriers (electrons, holes) continuously interact with the lattice, and give
or gain energy from it. These exchanges of energy operate through transitions in
vibrational modes. As the energy of each vibrational mode is quantified, the
exchanges can only be quantified between energy levels of the form
E, =(n+1/2)hw. The transitions are in accordance with the selection rule An =
*+1, and the carrier—lattice interactions occur through absorption or emission
(generation) of 7w quanta of energy.

By analogy with photons, these quanta are termed phonons and they too can lead
a double life by exhibiting both wave and particulate natures. They are characterized
by having:

—energy £,, =hw

— quantity of movement 7K
— zero mass, like a photon

—and an absence of spin — such that the statistical form used to study them is that
of Bose-Einstein (see equation [10.14] in which there is the Bose-Einstein

occupation factor given as [exp(ha)/ kT — 1)]_1 ).

10.2.6.2. Properties of phonons and the physical role of semiconductors

Each normal pulsation (®) contains #» phonons of energy 7%w. This energy is, in
reality, a pretty small amount. As we saw above, even when fully excited (in the
acoustic mode), then hiw << kT = 0.026 eV. However, the amount of movement can

actually be quite high, as K can reach % which is of the order of the quantity of

movement of electrons in the Brillouin zone.
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The electron-lattice vibration interaction can therefore be thought of as the
interaction of two bodies, namely electrons and phonons with a conservation of
energy and a quantity of movement.

A
E

Figure 10.7b. Indirect (oblique) transition
causing introduction of a phonon

Given a phonon’s characteristics, a collision between an electron and a phonon
can little change the energy of the electron but may greatly change its quantity of
movement. This is the mechanism used in transitions between permitted bands in
indirect gap semiconductors (from the extrema of valence and conduction bands
obtained for wave vector different values, i.e. k; and k as shown in Figure 10.7b).
The variation in energy is assured by the photon that produces the vertical transition
(i.e. without change in quantity of movement) and the phonon that gives the quantity

of movement, as in h(ki—kf) which makes an oblique transition possible.

A=10°nm

Numerically, the wave vector for the photon is given by k, = 27”

a=0.3nm |

1072 nm ™! , while that of the phonon is better written as K, = = 10nm .

pn

S

10.2.7. Conclusion

To resume, it is possible to represent, indifferently, the vibratory states of a
crystal:

— either as a sum of 3N vibrational modes of which the average energy for a
pulsation mode (otherwise known as the angular frequency and denoted ) is given
by E, =

ho .
exp(hw/kT)-1"

— or as a free “phonon gas” in which the quasi-particles exhibit their double
character of wave or particle with a low energy and a high degree of movement.
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It is also possible to state that, in contrast to electrons, the number of phonons for
a given energy state is not limited. There is a constant annihilation and creation of
phonons in the lattice. The conservation of the number of phonons present is not
obligatory.

10.3. Polarons
10.3.1. Introduction: definition and origin

Simplistically put, we can think of electrons or holes moving in a crystal. Due to
the charges they carry, they displace the ions, which are of opposite charge, in the
lattice and can even create a polarization associated with the resulting deformation.
This force for such a change is occasionally called a constraining field. The charged
particle (electron or hole) and the associated deformation (by polarization) form the
so-called polaron quasi-particle. As the charged particle moves in the crystal, it
“pulls” on the deformation increases its effective mass and correlatively decrease its
mobility (see section 8.1.3).

The polaron can be thought of as an electron-lattice coupling, as it is the latter
that provokes, in some senses at least, the localization of the charge into the
deformation where it represents a reduced mobility with respect to a configuration
where the deformation of the lattice would be inexistent or negligible. The latter
case happens in covalent crystals as these are made up of neutral atoms which have
weak interactions with the charges (electrons or holes). The effects are considerably
greater in ionic crystals because of the strong Coulombic interaction between
charges and ions.

The pairing can also be thought of as an electron-phonon coupling, where it is
the longitudinal phonons that stimulate deformations and with them propagate with
the charges. This is a mechanism that would explain the transport of polarons. In the
case of non-polar solids, the dominant interaction is with acoustic longitudinal
polarons. However, in polar media, it is the optical longitudinal polarons that are
strongly coupled with electrons. This is due to great variations in the active dipolar
moments associated with atomic displacements in opposition to the phases induced
by optical phonon modes (see also note 2 in section 10.2.3).

10.3.2. The various polarons

10.3.2.1. Dielectric polarons

If we take an ionic crystal lattice, as shown in Figure 10.8a, and then place an
electron on an ion, as detailed by the black point in Figure 10.8b, then we can see
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that surrounding ions undergo a force due to the additional electron. This electron—
lattice interaction results in new positions for the ions, as shown in the same figure
by dotted lines. This displacement of ions always results in a reduction of the energy
of the electron, and also results in a potential well within which can be found the
electron. If the well is deep enough then the electron will find itself in a tied state,
incapable of moving to another site unless there is modification in the positions of
neighboring ions. We can label the electron “self-trapped” and as such, it and its
associated lattice deformation is termed a “polaron” The term originated from
phenomena observed in polar materials; however, such quasi-particles can also
occur in covalent materials.

(a) (c)
O O O O O
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Figure 10.8. (a) Lattice of ions in relaxed state; (b) repositioning of ions in directions of
arrows following placement of electron at E in the lattice; (c) and (d) polaron formation in
covalent materials going from a regular arrangement of rare gas atoms in (c) to a deformed
atomic lattice after a hole has been placed at D.

10.3.2.2. Molecular polarons

Molecular polarons form in covalent materials in which the resulting distortion is
confined to neighboring atoms, which can subsequently form a chemical bond while
the charge is trapped. A good example is of V; centers in alkali metal-halogen
crystals, in which a hole trapped on a CI” ion results in attracting a neighboring Cl”
ion to yield a “molecular ion” of form Cl,". Similar phenomena can occur in solid
rare gases in which there is a trapped hole, as detailed in Figures 10.8c and d, and
similarly in certain mineral glasses in which dangling bonds at a neutral site (D°) can
result in a more favorable local rearrangement such that 2 D° — D" + D™ where D"
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and D" are the previously neutral dangling bonds (D°) that have, respectively, lost or
gained an electronic charge.

Section 10.3.4 will detail the origin of polarons in molecular crystals (using the
Holstein model).

10.3.2.3. Small and large polarons

If the wavefunction associated with a self-trapped electron takes up a space equal
to or smaller than the lattice constant, then the polaron is called a “small polaron”
and the deformation is localized only in the neighborhood of the charge carrier. This
type of quasi-particle is formed in covalent materials as they are essentially made up
of neutral atoms which undergo only weak interactions with the charges (electrons
or holes). The dielectric polaron can itself result in a small polaron when the
distortion of the lattice is limited to the immediate neighborhood of the charge (as in
Figure 10.8b). In the opposing case, then a large polaron, otherwise termed a
“Frohlich polaron”, can be formed in polar media in which Coulombic forces are
involved that polarize the crystal over long distances (such as in metallic oxides).
Small and large dielectric polarons are distinguished by a determination of the
Frohlich polaron coupling constant.

10.3.3. Dielectric polarons

(a) introduction of an
electron on an isolated

atom
Bl _________ o U
B [ (c) polarized lattice with
i \ AE; the localization of the
(b) solid state, with v clectron (polaronic state)
delocalization in a

band of width B

Figure 10.9. Energy levels for an electron introduced in:
(a) an isolated atom, (b) a solid wherein it delocalizes;
and (c) in a polar lattice where is becomes localized

If an electron is introduced into an unfilled orbital of a given atom in a solid, this
electron can display one of two types of behavior, depending on the nature of the
solid. They are:

— cither the electron delocalizes into the bands resulting from an overlap of the
orbitals of the atoms in the solid, and the electron is stabilized in the solid due to a



The Principal of Quasi-Particles 355

decrease in its energy by an amount that is of the order of B/2, where B represents
the width of the permitted band (as in Figure 10.9a);

— or the electron will polarize the crystal, if the crystal will allow it, and there
will be a displacement of neighboring atoms resulting in a deformation by
polarization of the lattice. If it is assumed that the each electronic charge, denoted e,
is spread around a spherical orbital with a radius 7 (associated with the assumed
deformation of the lattice) then the energy of the charged sphere (assumed to be in

equilibrium) can be written as E, = et Here, C is the capacitance of the sphere

2¢C
and is given by C = 47gy€,r where €, is the relative permittivity. The change in the
energy of the polarization by the charge in going from vacuum (localized on a single
atom surrounded by a vacuum)to solid states, where the solid has a relative
permittivity €, is given by:

1 e 1 &
AE,, =Eguq —E =15 -
po solid vacuum [ 2 4”,,505rr J ( 2 47[1”801” J

lattice
2
e 1
=— 1-—
&rreyr &,

If we assume that the lattice deformation is only produced by the ionic and
electronic polarizations, then the permittivity can be limited to the ionic and
electronic components, as in €, = &gy + Eqpp, Where £, , the electronic component

[10.16]

pt>
only appears in the optical domain (see section 3.4 of [MOL 07a]). €, is the resulting
permittivity which accounts for the establishment of the various polarizations (which
a priori takes an infinite time) or zero frequency if €, is static permittivity.

The decrease in electronic polarization energy is thus given by substituting €,y
for €, in [10.16], as in:

AE,=-—< {1— 11 [10.17]



356  Solid-State Physics for Electronics

With AE,, = AE, + AE;, the decrease in energy (AE;) by the single ionic

polarization is given by:

[10.18]
S B
87regr | Eopr &y

Returning to Figure 10.8, it is possible to see that if AE; > B/2, the localized state
(polaronic) is more stable than that that the electron would use. This condition can
be seen as a proviso for the formation of a polaron. In this polaronic state, where the
electron is spread over a radius 7, its kinetic energy resembles that which it would
have were it in a potential sphere of radius » such that

o k2 ) 2 [2”]2 ) 2
kin om* Zm*[zﬁ]z 1”2 2m*l"2

(the effective mass accounts for the fact that the electron is tied to the lattice and is
therefore not free).

The total energy of an electron localized in the sphere is thus the sum of this
kinetic energy and the energy gained through lattice deformation (ionic
polarization). By deriving the energy with respect to », and by making it equal to
zero, we can work out the value of 7 that gives a stable state:

2
. 87£gh [10.19]
m”‘ez(l/é‘opt —1/8,)

A small value of r is favored by a large effective mass and a strong ionic
polarization (that makes [€, — €] large). In this case, and especially when m* is
large, with have a narrow band system with a low mobility. Finally, if » < a (the
lattice repeat unit) it can be said that we have a small polaron, however, if 7 > a, then
it is called a large polaron.
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10.3.4. Polarons in molecular crystals

10.3.4.1. Holstein’s model in equations

Molecular crystals can be used to obtain a simple, generalized model for small
polarons (as with Holstein’s model in “Studies of polaron motion: Part I. The
molecular-crystal model”, Annals of Physics, 1959, 8, 325). Just one excess
electronis placed in a regularly aligned, flexible lattice of molecules (mass M). With
each molecule denoted g we associate a coordinate x, that represents the movement
of the molecule under a harmonic vibration of pulsation w, with frequency:

1 |k
Vo =—.[—
2\ M

Starting with a single molecular site and excluding coupling effects with
surrounding molecules, {(r) represents the potential energy of an oscillator and the

vibrational force is given by F(r)=- gr_ad. {(r) . When 1, is in an equilibrium position,
such that x, = Ar = r — 1, represents the local deformation of a molecule, we have
(see section 10.2.1),

W)= W) + L kg,
2

2

d—tzgz - ]OCg. The

solution, x, = X cos o, necessitates the introduction of an actual pulsation

’ k
Wy = IvE and finally we obtain (with k = M (D% ):

where k is in accordance with the harmonic equation F(r) = M

W)= W) + £ Mo

Then ), can be estimated for an elongation (x,) around about the same size as the

lattice constant (a) because the vibrational energy given by Ly 0)%212 is of the same

2
order as that of a bond energy () in the molecule and E; = 1 eV. Witha =1 A and M

-3
= 102 (hydrogen atom mass 10~ kg), we have lL
N 276.02x10%
10" J and thus @, = 10 rad s'. Ifa= 1 nm though, we now have ), ~10" rad s and
therefore, for heavier atoms, the frequencies are even lower.

107%)? w3 = 1.6 x
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On taking into account the coupling between the vibrational movement of a
molecule and that of its neighbors, resulting in the transfer of vibrational energy
throughout the lattice, we have to bring the phenomenon of frequency dispersion
into play: @ = f{k). The Hamiltonian corresponding to the molecular crystal, without
free charges, is written:

g

2.2
2o Mwzx
c | 2Mox

+ ZMﬂ)OmngXg+h}
h
g

where / is the nearest neighbor, M is the reduced mass and 6wy, is the size of the
band of the optical phonons.

When an additional excess electron is introduced into the lattice, the electron-
lattice interactions can be accounted for by considering the excess carrier energy at a
site in the lattice. We accept that the energy is a linear function of movement within
the lattice, and the greater the induced movement then the greater the absolute value
of the electron-lattice energy and the more easily the charge is self-trapped. This
trapping is actually greater than any coupling.

For a carrier localized on a site g, we can write Eg = Eq - Zf(g‘ -2) Xy, in which

g
flg' — g) is a weighting factor which carries electron-lattice interactions. Assuming
interactions are over short distances, fig' — g) = 4 8, », and the above equation

g g
changes to Eg = Ey— A x,, where E, is the energy of a non-distorted site, Eg s Ey=
0 plus a constant and A4 represents the electron-site coupling force, as in

Eg -E, .
A=- ~ 0 =" grad E . In general, we write Eg = E(xg) =— Ax,.

g

Thus in the scenario we are considering, molecular deformations induced by the
charge carrier are mostly localized around the carrier itself, and it is the presence of
vibrational coupling between neighboring molecules that distribute distortion effects
beyond the occupied site. Figure 10.10, otherwise known as an Emin representation,
presents a scheme of the distance from equilibrium of diatomic molecules —
represented by vertical lines — in a linear molecular crystal about a site with an
electron (black dot).

The complete resolution of this problem will require the use of Hamiltonian
operators (Hp) for strongly bonded electrons in a crystal of covalently bonded
molecules, which will add a Hamiltonian for vibrational energies (Hy).
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Figure 10.10. Scheme of equilibrium separation distances for diatomic molecules
in a linear chain, in which an electron (black dot) is placed at the center of a molecule

10.3.4.2. Limiting case of a single molecular site: polarons and bipolarons
10.3.4.2.1. One electron

In this limited example, we will place one excess electron on a single site, the
molecule of which undergoes a deformation x. The potential energy of the site can
be expressed as:

2
E=M &} % +(Ey—Ax)=Bx*—Axwhere E,=0and B = %M g

H_J%_J

Energy when
Vibrational Energy of electron- there is no
energy of lattice interaction distortion
molecular (electron-vibration
site coupling)

E is optimized for a value x = x, such that:

JE A
[_j = 0,50 that Mg xo— 4 =2x B~ A =0 & xp= 2~ or
aX s, M(DO 2B

Following a deformation (x,) of the lattice through vibration and electron-lattice
interactions, the energy of electron-lattice interactions is accordingly reduced by Ax,
(—Ax, written algebraically). Nevertheless, the system undergoes a distortion
associated with a vibrational energy equal to B x,> which is such that:
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A 1
BX()ZZB o XOZ—AX().
2B 2

Thus the energy of the system is decreased by Ep, where:

2 1 A A2
E,=Bxy"—Axy=— —Axg=— —=— 5
2 4B 2Muoy

The various energies are shown in Figure 10.11.

BAA (a) vibrational
energy
energy due
to distortion | on2
X0 X
— 4A (b) energy of
electron-lattice-
interaction
~
energy Sxq
recovered from > >
system S X
relaxation > —Axg .
Bx? — Axp () resulting
energy
stabilized
system with
reduced energy X
—’Ep:onz—Axo X
= (—4%)/2Mwy”

Figure 10.11. Different energy terms with respect
to lattice deformation by an excess electron
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Just as in polarized media, the formation of a polaron is favored by the distortion
energy being less (in absolute terms exactly one half) than the energy recovered
from the reduction in the electron—lattice interaction energy.

10.3.4.2.2. Two electrons: the bipolaron

It is possible to simply adapt the single site model to a situation where there are
two electrons localized on a deformed molecule. The energy is now

XZ
E=M 0} — —24x+U=Bx>~ 24+ C)x+ U,
21
virbrational electron lattice Coulombic repulsion due to 2 electrons on
energy coupling energy the same site. We can suppose that U
varies following U = U, — Cx, in which U,
is the repulsion at zero deformation.

On replacing 4 in the preceding section with 24 + C, the minimum E is now
given by

_2A+ C

(24 + ¢)?
X=X = and Egp= — ———

+ UO
Maj 2Moj

Two electrons localized on a single deformation is called a bipolaron and it is
stable if the energy required for its formation is less than twice the energy of two
isolated polarons, i.e. when

The above relationship can be true when 4 and C are of the same sign and when
U, is not too high. The deformation x; imposed by the two particles (here two
electrons, but it could also be holes) can be advantageous in overcoming moderate
Coulombic repulsions.

10.3.5. Energy spectrum of the small polaron in molecular solids

As we have just seen, an electron that distorts the molecule onto which it is
placed reduces its energy —Ax, = 2Ep. The vibrational energy of the deformed
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molecule increases by B X2 = |Ep|, and results in an overall reduction in energy for
the system (equal to Ep) with respect to the energy of an electron in a rigid crystal of

molecules where x, = 0.

Within the limits of the preceding calculation, in which we have ignored
vibrational dispersions due to coupling with non-existing neighboring molecules, it
is possible to state that:

AZ
2
2M(DO

[Ep| =

(see Figure 10.12).

electron energy level in undeformed crystal

overlap integral for two
E, wavefunctions denoting
bonding energy due to system vibrational state for
polaron formation with a charge at one or other of
molecular deformation two neighboring sites
in presence of charge

----- | AEk=12J’exp(—S)\

polaronic band due

. . electronic resonance
to site equivalence

integral

Figure 10.12. Energy scheme for the small polaron

If a small polaron (charge carrier and associated lattice deformation combined)
can be equally situated at any other of the geometrical equivalents in a crystal, then
we find that the actual states of the system are shared in a polaronic band as shown
in Figure 10.12. Using a modified method of that used for strong bond
approximations (equation [10.2] and the following equations from Chapter 8), we
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can consider that the proper states of a small polaron in a cubic crystal display an
energy in the form:

Ep=-2Jexp(-9S) [coskxa+coskya+coskza]pr

where:

-k =, k)z( + kf, + k§ is the polaron wave vector, and a the lattice constant;

—J is the resonance integral between two “electronically coupled” neighbors and
is in the form exp(—oR) to account for the exponential form of the electron
wavefunctions; and

— exp(=S) is an overlap factor associated with chain vibrations. It represents the
superposition integral between two wavefunctions, which detail the vibrational state
of the system when the charge carrier is on one or another of two adjacent sites in a
crystal. In the limiting case of a rigid lattice, the vibrational wavefunction remains
unchanged during charge transfer from one site to its neighbor, and the overlap
factor is equal to 1. However, here where we are looking at a distortable lattice, then
exp(—S) can be considered to relate the necessary overlapping of atomic sites
between which the required tunnel effect can occur to allow a complete
displacement of atomic site and charge and is accounted for by J.

In fact, the transfer of a polaron requires two tunneling effects. One is associated
with moving a charge between two neighboring sites (electron resonance integral),
while the other is the movement of the deformation and any sites geometrically tied
to the deformation. Exp(=S) is a factor of the same order as the atomic tunnelling
effect as it assimilates atomic site transfers. As it is associated with the high mass of
atoms, relative to the charge carriers, its value is extremely low. For a cubic crystal,
the polaronic band size is AEj, = 12 J exp (=5) and is extremely narrow, of a width

typically below that of vibrational energies, which are at least k7 > 104 eV at
temperatures not too close to zero.

NOTE.— The displaced deformation is equivalent to an “exchange” in position for two
neighboring sites as demonstrated in Figure 10.13. Evidently, it is not two actual
atoms which change place but their position relative to the deformation propagated
with a charge.
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Vibration
propagation
between
instants ¢ and
=

chain at instant i

site (7+1) at instant #* plays
the same role as site 7 at
instant ¢; similarly 7 plays the
role of i+1 but atoms at site

:)nfteirzgznig*e_l are the same as those at site i’
sites. and remain as they are, as for
7+1 behaves —|— atoms at sites i+1 and i’+1.
as i while L

behaves as

i+1 Chain at moment ¢” = ¢ + At

(i becomes i’ and i+1 becomes i’+1).

Figure 10.13. “Permutation” of two neighboring sites on propagation and vibration
(and with the polaron!) where i denotes the initial state and i’ the final

10.4. Excitons
10.4.1. Physical origin

In simple terms, just as an electron and a positively charged default are tied by
an electrostatic force in a solid, an electron and a hole generated by an excitation can
be attracted to form a tied state — or quasi-particle — termed an exciton. Depending
on the nature of the solid, the excited state of electron and hole pair can be localized
on one or more molecules. The former is called a Frenkel exciton, and is detailed in
Figure 10.14a. For an electron and hole separated over several molecules, the result
is called a Wannier exciton (Figure 10.14b). The intermediate between these two is
the charge transfer exciton, where electron and hole are on adjacent molecules, as
shown in Figure 10.14c.
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Figure 10.14. Various excitons: (a) Frenkel; (b) Wannier, and (c) charge transfer exciton
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10.4.2. Wannier and charge transfer excitons

In solids such as semiconductors that have large permitted bands (B), electrons
and holes exhibit high mobilities (u) with x4 being proportional to B (as detailed in
band theory for covalent solids). Holes and electrons can easily separate, meaning
low interaction energies.

Given that an electron and hole pair, with energy levels schematically illustrated
in Figure 10.16a are:

— buried within a continuous medium with permittivity given as € = €€, where €,
is relatively high for a reasonably well conducting medium (quite high mobility);
and

—trace an orbit around one another in the material; thus this pair can be
compared to the hydrogen atom where the nucleus is represented by the hole. The
exciton is generally termed a Wannier exciton. With the energy levels quantified,
and located with respect to the width of the gap of the material (E;) (see
Figure 10.15), they are given by:

mey €
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where mzx is the reduced effective mass of the electron-hole system and defined by

%]

h . L i *.]
the expression mg, = m, my

where m: and m, are, respectively, the
effective masses of the electron and the hole.

The dissociation of the exciton can be thought of as n — <o and places the
electron and hole into free states with the electron in the conduction band. Their
interaction energy is equal to zero but they are separated by an energy given by Eg =
E¢... If the excitonic state corresponds to a given level denoted n, the electron and
the hole are thus tied by a bonding energy £}, such that

E E E m:x et 1
bn =5G “FGn T - 5 5.5 o
32m2ede’n? n’

In other words, this energy is what would be required to separate the electron and
the hole from their bands where they are free (and such that n — oo, E;,,— 0).
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With the energy of separation for an electron—hole pair in an exciton being given
as Eg,, the lowest frequency absorption corresponds to the energy transition Eg
rather than E,; (bonding energy).
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Figure 10.15. The Eg, energy level of an exciton with respect o the bonding energy level E,

The radius of the exciton (7,) can be evaluated using the electron—hole distance
for a system based on hydrogen and is therefore written as r, = n* (4neo€,#/m*e?).
The distance 7| (n = 1) is the shortest as we have the lowest energy level for a
Wannier exciton and thus the most bonded exciton state (like an 1 s-orbital). From
the expressions for £, and r,, we can see that bonding strength is essentially
dependent on two parameters:

— the dielectric permittivity of the medium: the larger it is, the weaker the
electron—hole attraction; and

— the reduced effective mass (m:x) for electron-hole pairs: the smaller it is, the

greater the electron—hole distance (and by consequence the harder it is to retain the
exciton).

Thus, for semiconductors which exhibit a large permitted band, high
permittivities and charge mobilities x (with a low effective mass m* as, classically,
u = qt/m*), only low bond energies appear (Wannier excitons). For semiconductors
with an indirect gap, excitations of the lowest energy are forbidden as they require
phonon intervention. For example, Wannier excitons have only been observed in
semiconductors such as GaAs that have a direct gap.

Wannier excitons are theoretically possible for polymers. The bonding energy of
the exciton is of the order of 0.4 ¢V and exhibits an ellipsoid geometry. These values
are representative of molecular excitons with a high degree of localization on a
chain under strong electron—lattice interactions (and electronic and vibrational state
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coupling). Polymers with a wide gap (insulators) must, nevertheless, present a
weaker intra-chain delocalization and inter-chain interactions can be greater. In
effect, charge transfer excitons (intermediate to Wannier and Frenkel excitons) are
possible. The optimization of inter-chain contacts can result in excitons termed
excimers (excitons shared over several identical molecular units) or exciplexes
(excitons shared over two or more different molecular units).
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Figure 10.16. Representations of excited states: (a) in a classic
band scheme for semiconductors with a Wannier exciton, and
(b) in a molecular state with discrete levels for a Frenkel exciton

10.4.3. Frenkel excitons

In molecular crystals, the covalent bonds between atoms that make up the
molecule are much stronger than intermolecular van der Waals bonds. Transitions
between electronic levels of a practically isolated molecule in a dilute state and one
in a condensed, solid state are only slightly changed in terms of frequency. Frenkel
excitons are generally used to explain luminescence phenomena in molecular
crystals through an excited state on a strongly bonded host molecule. The
corresponding energy scheme is shown in Figure 10.16b.

Frenkel excitons are thus in a strong bond approximation with the excitation
localized on the same molecule or on an adjacent neighbor. They have been
observed during m—7t* transitions in aromatic molecules such as anthracene. Another
example is that of excitations in ligand fields of d electrons, such as for nickel oxide.

While the particles that make up the electron-hole pair are bonded to one another
on the same lattice site, together they constitute a quasi-particle which can move
through the crystal by transferring energy to neighboring sites. This representation
of energy migration is confirmed by the fact that in crystals which contain
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impurities, the excitations are trapped. It is in this manner that anthracene (which
fluoresces on optical excitation), once doped with several parts per million of
tetracene, sees its own fluorescence decrease and that of tetracene appear. This
effect demonstrates that tetracene efficiently traps excitons, which can move across
relatively large distances without relaxing. Given the relatively low concentrations
of impurities, the distance covered can be of the order of a hundred molecules or
more.

The movement of excitons can be due to overlapping of orbitals between
adjacent sites. However, it should be noted that during the permitted m—m*
transitions, it is the electrostatic interaction tied to the dipolar momentum which
gives rise to the greatest coupling energy between fundamental and excited states.
This term is expressed in the form yijz/R3 in which y; is the dipolar momentum for
the transition between fundamental (7) and excited (j) states.

For adjacent molecules of different types, the excitation energy transfer
mechanisms with long (dipolar interactions) and short (orbital overlapping) action
radii will be detailed, along with Forster and Dexter transfers. These transfers help
explain the interest in the use of optical doping of fluorescent molecules especially
for organic LEDs and can also help get round selection rules to increase LED
yields.

10.5. Plasmons
10.5.1. Basic definition

A plasma is a medium in which the concentrations of positive and negative
charges are equal and at least one of the charges is mobile. In a solid, the negative
conduction charges (electrons) have a concentration equal to that of the positive
ions.

10.5.2. Dielectric response of an electronic gas: optical plasma

10.5.2.1. Dielectric function

To a first approximation, a solid contains a fixed number n of ions per unit
volume with n free electrons that are placed in a vacuum. A good example of such
a material could be an alkaline metal. The dielectric response of the electron gas to

an electric field that is such that E =§Oejw’éx =E, /(@R 5

X

is obtained by

working out the integration of the fundamental dynamic equation. We can assume
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that the electrons are not subject to recall or frictional forces. The equation, with
respect to Ox is written as:

d?*x
m
dr?

=—cF

From this equation, looking for forced solutions of the form x = xoej @ gives us

[
ma?

The movement over a distance x by a charge (denoted -¢) generates a moment
dipole given by p = —ex, and the polarization (the dipole moment per unit volume)

is therefore P = np. This means that

ne?

ma?

P=—"""F

The dielectric function is such that D() = £y¢, (w)E(w) = £yE(w) + P(w), so

P Cl)) —1- ne?
goE(a)) B Eoma)z

& (w)=1+

With the plasma frequency being defined by wz = ;:)i; , the dielectric function

can be written as:

10.5.2.2. Optical plasma

The equation, kc* = e, (a)), for the dispersion of electromagnetic waves
shows that there are two differing regions (see Figure 10.17). If:

- > o, &) > 0 and the wave number (k) is real, then the wave

E=E, ej(m_kz) is progressive and the dispersion is given by @ = ,lw[z,+c2k2 .
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-0 < O, &(w) < 0 and £ is imaginary, as in k = —jk" then the wave E =
Ey e’ (er—ke) _ EOe_k"z e/ is evanescent, i.e. it has no propagation term but just
terms for oscillation and attenuation at the surface.
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. (1)>0)p ::.:.'.
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Figure 10.17. High band filtering characteristics of a plasma

In effect, the plasma behaves much as a high-band filter. As ® > w, corresponds
to A < A,, waves of lengths less than A, can pass through the medium with £"=0,
that is, without attenuation (without absorption). Alkaline metals where A, = 300 nm
should therefore be transparent to wavelengths less than 300 nm, i.e. ultra-violet
light.

€.>0
propagation

evanescent wave
»
ck

Figure 10.18. Plasma dispersion curve
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For a)=1la)12j +c%k*, the transverse wave dispersion curve is shown in

dw
E B
than the slope of the curve @ = ck , and hence lower than c.

Figure 10.18. The group velocity, v, = is the dispersion curve slope and is less

10.5.2.3. Longitudinal optical modes in a plasma

The function () is equal to zero at a frequency denoted ®;, so when

w2

[sr (a))]wz% = I—F‘Z =0,
w=w,

then also @; =, . A solution can arise for a longitudinal wave moving along x

(with a wave vector k ). For more details see a course of electromagnetism, also
section 2.6.2, problem 6.

Therefore there is a mode of longitudinal oscillation for a gas of electrons in a
plasma. The angular frequency (or pulsation) m; of these oscillations is in fact equal
to the plasma pulsation ®, which in turn corresponds to the cutting frequency of the
transverse electromagnetic waves.

E = ——| |

Figure 10.19. Sections of a plasma placed in
longitudinal oscillations with elongations denoted by u

Physically speaking, we can expect that a longitudinal oscillation of a plasma
through an elongation given by u will displace, for example, the electron gas
upwards. The result of this negative charge in a section of width u is the formation
of a layer with a surface charge given by 6 = —neu (the charge found in
a parallelepiped with a unit surface and a height « tending to zero). Similarly, at the

bottom there is a surface layer with a charge 6 = +neu. A field E = % is generated

inside the layer, which tends to push the electrons back to their equilibrium position.
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The field makes a recall force which is such that the dynamic fundamental equation
relative to a unit volume of plasma can be written as:

Zu 2,2

2
we have:

. ne
so that with a)f7 =
50}’}'1

2

i + a)pu =

This is the equation for a harmonic oscillator with an angular frequency w,,
otherwise called the plasma frequency. The same value of w, is found via an
alternate route in section 10.5.2.1.

10.5.3. Plasmons

10.5.3.1. Definition and generation

From what we have just seen, a plasma oscillation is a collective longitudinal
oscillation of a conducting electron gas. By definition, the quantum energy 7@, of

1/2
this collective plasma oscillation is called a plasmon, and @), = [ ne ] .
gym

incident
T electrons +

diffused electron diffusedsectron
(1 plasmon formed) (2 plasmons formed)

Figure 10.20. Generation of plasmons by electron diffusion
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The pulsation, w,, is of the order of 10" rad s, and the energy of a plasmon in
a wide range of solids can vary from around 3 to 30 eV. Simple thermal excitation
of plasma oscillations is therefore impossible (k7 = 0.026 eV for T = 300 K). To
excite plasmons it is necessary to, for example, have a flux of electrons penetrate the
lattice. On moving to the interior of the crystal, each electron can excite several
successive plasmons. Each plasmon is symbolized by—| =

10.5.3.2. Some properties

The high energies of plasmons can be explained by their oscillations being the
result of a high number of electrons. The excitation of plasmons can be obtained
either by making electrons (or ions or photons) traverse or reflect the film under
study.

In a dielectric, it is also possible to excite collective plasma oscillations. Here it
is the valence electron cloud that as a whole oscillates with respect to the positive
ions.

In semiconductors, two plasma oscillation modes can arise. One is at high
frequencies and involves all the valence electrons in an oscillation. The other, a low
frequency oscillation, is associated with the electrons in the conduction band where

12
the plasma pulsation given by wp'=[ ne J is such that 7w, (=0.01 eV) is

£o&pm*
small.
At the interface between a metal and a dielectric (for example in the case of a
metal oxide layer on a metal) the surface plasmons can be excited and propagate
with an energy that is less than those in the bulk. The study of surface plasmons

makes it possible to gain information on the permittivity and thickness of the surface
insulating layer.

10.6. Problems
10.6.1. Problem 1: enumeration of vibration modes (phonon modes)

This problem is based on a volume V of sides L,, L, and L. belonging to a simple
cubic system. It encloses N cubic elementary cells of sides a:

1) Determine the number of the vibrational modes.

2) Calculate the density of the vibration modes for each type of polarization by
using the Debye approximation where ® = v|K].
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Answers

1) For the cubic crystal (of sides L,, L,, L.), the periodic limiting conditions

. = | K x+K, y+K
applied to the three components of the vector K gives el[ oK y+Kz] =
| K (x+L)+K (y+L)+K,(z+L
el[ S(rrL K, (LK (2 )J and hence the wvalues Kx=i—”nx, K,=2n

y

X Ly y?

K, = 2—”nz. The extremities of the K wave vectors are found at the nodes of an
'z

orthorhombic lattice based on 27/L,, 21t/L,, 21/L.. There are three nodes associated
with each node (1L + 27), and these three nodes give the elemental cell with a

3
volume given by i—”i—”i—” = 8% . The number (N;,,) of these cells (associated with
x Ly Lz

3
three nodes) that can be placed in the first Brillouin zone with a volume of (2—”) in
a
. . . . 27 3 87[3 V .
a cubic lattice is thus given by (—j =5 N, where N is the number of cells
a a

in the direct lattice, and hence also the number of atoms in the lattice (if on average
there is one atom per crystal cubic cell). Definitely, we have N;,, = N, and as N, is
the number of cell associated with three modes, then the total number of modes is
3N.

2) For a given polarization, we have a mode (with a given value of |K])

3
. . 27 2w 27w _ 871 . . .
associated with a cell of volume T with a unit of reciprocal space,
x Ly Lz

. . 1 14 o
there is therefore associated —;— = — modes/polarization.
873/V 871

In addition, the mode density D(K) (where each is associated with a K value)
must be such that D(K)dK represents the number of modes characterized by a value
of K between K and K+dK. These K values must therefore be found between the
spheres of radius K and K + dK, i.e. within a volume 4nK?dK.

= keak
8731V 27
polarization). We can set =1 so as to calculate the density. From this we find

D(K) =X

27"

4rK?>dK r

In this volume can be placed cells for each mode (for a certain
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As we should have D(w)dw = D(K)dK, we deduce that D(w) = D(K) Z—[Z), so that

dK 1

with the Debye approximation where ® = K] (and T v—) we find
S
D(w) = o 5 for the mode density for each type of polarization.
272V

10.6.2. Problem 2: polaritons

In a 3D crystal there is a chain of ions separated by a distance denoted a. There
are two types of ions; the positive and negative charges are alternatively placed. lons
with a charge +e and mass m are situated at z = 2na, while ions with the charge —e
and mass M are placed at z = (2n * 1)a. Make a diagram of this.

The system is subjected to a transverse sinusoidal electric field Ex || Ox which
propagates along Oz. The equation for its form is £, = E, exp[ j (a)t - kz)} , where
the angular frequency is in the infra-red (IR) range, i.e. o = 107 rd s™.

1) Show that the IR wavelength is very large with respect to a (= 0.3 nm), and
this makes it possible to neglect the propagation term in the expression for the IR
wave. Write the new, approximate form of the equation, which will then be used in
the following questions.

2) Taking only interactions between nearest neighboring ions, give the
expression for the spread (4—B) in the distances between the two types of ions 4 and
B. The result should be expressed as a function of the masses of the ions, their

charges and angular frequencies (®w) and wyp = Ji , where P is the coupling
u

constant between ions and p is their reduced mass.

3) Give the general equation for the dipole moment with respect to x for a system
based on two ions and their nearest neighbors. From this deduce the model for the
ionic polarization vector in a solid containing N pairs of ions (of the type studied)
per unit volume.

4)

a) Establish the expressions for the dielectric permittivity [€ (w)] as a function
of N, 1, ®, o7, and &...

b) Introduce the parameter _Q; = NTez into the equation for &(w) and from this

deduce the (Born) equation for the static permittivity [€(0)] which is such that €(0) =
€, by notation. Finally, express €(®) as a function of &, €.., W7, and .
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5) Make a)% = a)72~ j—s (in the Lyddane-Sachs-Teller equation). Express €(w) as a

function of €., w7, ®;, and ®. From it deduce the physical significance of w;, and
then the domain of the angular frequency (otherwise called pulsation) for which the
electric waves are reflected by the crystal.

6) Plot the curve €(w) = flw). Study, in particular, the pole and the zero points of
the dielectric function €(w). Show how the pulsation (®;) corresponds to a
longitudinal mode wave. Detail the consequence of this.

7) Show that in an ionic crystal where both phonons (vibrational movements)
and plane transverse electromagnetic waves in the IR region that the dispersion

equation can be written as 8,00604 ~’ (6,,560% +k2c2)+k2c2a)% =0. Note that the

IR wave is in the domain of the proper pulsation (0r = \/@ ) of transverse optical
u

phonons, and the index r of the permittivities designates that they are relative
dielectric permittivities.

8) The quantum of fields coupled with photons (transverse electromagnetic
waves, E. = Ejexp [ Jj(wt —kz)} ) and of transverse phonons is called a polariton.

Show graphically the dispersion curves for these fields that are initially uncoupled
and then coupled.

Answers

)
E
*X

bg b gbgibg b

M, n-1

We have A=== Z—ZC so with m = 10" rd s, we find that A = 200 pm. With a =

0.3 nmitis pos51ble to state that A >> a. The wave remains practically constant over
a large part of the z length of the chain — and makes it possible to neglect the term
for the propagation. The form of the wave can thus be reduced, by neglecting the
propagation term, to E, = Ejexp jot. Mathematically speaking, we can also say

that as k = 2m/A is very small especially when A is becomes very large with respect



The Principal of Quasi-Particles 377

to z, the product kz tends towards zero, and therefore the term
exp(—jkz) »> exp0=1 and E, is reduced to:

E, = Eyexp jawtexp(—jkz) — Eyexp jot

2) The movement equations are forced by the electric field to give:

— for atoms of mass m, we have

2
d“u
m 22"
dt

jt
= ﬁ(”2n+1 +up, 1 —2uy, ) + eEOe]

— and for atoms of mass M, then

2
d U,y oot
M = f(apsn +tigy =21z, ) —eEe’

dr?

The search for forced solutions written as u,, = Ae’® and uy,,; = Be/™,
substituted in to the preceding equations gives:

— mw*A=2p[B- A]+eE,
— M@*B=2p[4-B]-e¢E,

By dividing the first equation by m and the second by M, then subtracting term
by term, we find that by making % = %+ % and a)% = % (frequency of the branch

of optical phonons when K — 0) that:

[10.20]

The equation that is thus obtained shows that there is a resonance frequency
attained when ® = oy (between the excitation of the pulsation wave ® and the
optical phonons when K = 0).



378  Solid-State Physics for Electronics

3) The negative and positive charged ions are therefore displaced in the opposite
sense to the electric field and generate a dipole moment of an amplitude |m,| = e(4 —
B). By definition, the polarization is the dipole moment per unit volume. If N
represents the number of ion pairs (and hence dipoles) per unit volume, then the
modulus of the ionic polarizability (associated with the displacement of only the
ions) is Pio, = N m, (4 — B), so that:

Py, = —————E, [10.21]

4)
a) In general terms, P = (6‘ - & )E . The polarization P(w) of a given pulsation
 can be composed of two terms:

— one for the polarization which establishes itself instantaneously and is
associated with the electronic polarization (where the electrons can instantaneously
follow and applied field) and takes on a frequency v = [1/(t—=0)] = o :
P,=(e.-8))E;

— and another (P;,,) here associated with a slower ionic polarization that that
above.

We therefore have:

P(w)=[(w)-2 &

=P +P

ion

Ne?

=le. &0 E +,u[a)% —a)z]

Ey

b) With Q2= ,and @* =2 \where ®, is the plasma pulsation, we have:
L P eou

Ne? 912;
7]

[10.22]
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From equation [10.22] it is possible to deduce the Born equation, as in:

notation

e0) = ¢g=¢€,+

[10.23]

’§N | "B{QN

The result is .(21!27 =|é, —Ew]a)%. Taking the last equation and placing it into

equation [10.22], we have:

2

e(w) =€, +ZL[55 —e.] [10.24]
Catd
5) Here we make:
wz _ w%g_s [10.25]
£

oo

In passing, we can write equation [10.25] in another form, i.e.:

2
Eoo _ ﬁz [10.26]
{;‘S a)L

and it is this that makes up the so-called Lyddane-Sachs-Teller equation and in
which we can determine the physical significance of ;.

To make equation [10.25] appear in [10.24] we can write:

2 2
cw)y=¢€,]1- 2wT 57 | T Es zwf 3
[a)f—a)} wr -
0P oh o (e e)
i 2
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So that with equation [10.25]:

2 2
e(w)=e. L2 [10.27]
w5 — @

And then we see straight away that [e(a) ]w—w
YL

As g > €., then according to equation [10.25] o, > w7. The result is that when
or < o < o, we have g¢(w) < 0. In this case, the relation for the dispersion of
transverse electromagnetic waves:

:_g (@ )_a)z e(w)

2
C 50

shows that when g(w) < 0, k2 < 0, then k =—ik" must be true and contains a pure
imaginary number. The wave thus becomes:

E, = Eyexp[—k"r]exp[jor]

and is retarded (evanescent) in the material and no longer propagates. This
corresponds to a forbidden band for pulsation waves between w7 and ;.

6) Especially when using equation [10.27] we can see that the limiting values are
as follows:

—when m = 0, we have g(w) = &

—when ® — oo, (W) — €.;

—when ® — 01, (W) = + oo}

—when ® — o', &(®) = — oo;

—when ® = @, &(w) = &(w ) =0.
From this it is possible to deduce the curve shown in the figure on the next page.
The highest point for the dielectric function is at wr (resonance frequency

between the IR wave and the transverse optical phonons). The zero point for this
dielectric function is obtained when w = ;.
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In general terms, the Gauss equation, divD = £(w)divE = 0, has in fact two solutions:

— either divE =0 (and hence € (®) # 0, which happens when ® # ®;), from

which we deduce that ik.E =0. We therefore have E L k which corresponds to a
transverse wave structure;

— or €(w) = 0, which is the precise result when ® = ;. In this case, the Gauss
equation is true without the wave necessarily being transverse (as divE =0 no
longer has to be true). We can now go on to look for the form of the wave.

Here, as usual, we have:
divB=0=ik.B=0

w=w

- oE LT S
rothﬂoa(w)a—=jwu0€(a))E = 0= ikxB=0
t

The wave can therefore only be purely electrical. The Maxwell-Faraday equation

makes it possible to state that rotE +Zj =0, so that in addition, roté + jwB = 0. With
it

B=0, we have rotE =0, and jixE =0, and hence £| k. This means that £ is

directed along k and the wave has a longitudinal structure. Finally the pulsation
denoted w; appears either as the upper limit for the forbidden band, either as the
pulsation with which is associated a longitudinal phonon.
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7) Taking the equation for the wave dispersion, kzzf—:gr(a)) =%2££z))

, the

expression given in [10.27] can be written dividing through the members with €, as
C()% —a)2
w%—wz '

2

in ¢ (0)=¢,. We obtain: k2c2w? —k*cw? = €., (a)L —a)2)a)2 , such that

6,006:)4 -w? (sma)% +k2c2)+k2c2w% =0. Using the Lyddane-Sachs-Teller

equation, i.e. €rma)% = srsa)% , we find:
€0 — 0 (s,sa)% +k2c2)+k2c2m% =0 [10.28]

8) The solutions for equation [10.28] are in the form:

2! ek 2 eer) ke o 10.29
wi_zg £, 0 + k3¢ | £4]| €, 0 + k2| —4k*ce, o) [10.29]

roo

In addition, the dispersion relation k2=%8, (w) associated with equation

2 9
. . Wy —)

[10.27] written in the form &, (@) = &,., —5— , shows that:
CUT—CU

— when k = 0, there are two possible solutions:

- either ® = 0, which corresponds to the smallest obligatory solution for
equation [10.29], as can also be directly verified by placing k£ = 0 in to the equation
for w_,

- () = 0, which can be obtained when ® = w;. This is also in accordance

with the LST equation in which a)% :j—sa)% This solution corresponds to the
solution - as can be directly verified in equation [10.29] when placing £ = 0 in o;

— when k — oo, there are two further solutions:
- either %—)oo and & z?ﬂls,m and hence the solution for ;. The
introduction into equation [10.29] for k& — oo, such that k*c* >> 5,,Sa)%, where

k*c? >> €rwa)% and goes towards a solution for , as @, = Nt
Eroo
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2_ 2
W —w

2 2
05—

-or &, () =6 — oo, which is obtained when ® — o, and
corresponds for the solution for w_in equation [10.29].

The o = f(k) plot shows two sets of curves associated with the transverse waves
(set T) for two solutions ®, and w—. These are the coupled modes for photons and
transverse optical photons in an ionic crystal containing the polaritons.

WA

»
>

o k

As shown in the figure above, these two solutions are separated by a forbidden
zone (or band) with respect to the propagation of the electromagnetic waves:

— the value ® = w; corresponds to a longitudinal wave (L) and is the vibration of
longitudinal optical phonons;

— the value ® = w7 is for a transverse wave (7) and is the vibration of transverse
optical phonons.

The dotted line represents the (straight) dispersion curve for single photons in a
crystal (uncoupled with the lattice vibrations).

This coupling effect, that modifies the resonance frequencies (for photons with
angular frequencies ® with phonons with angular frequencies denoted w; and ®,),
the propagation property of the electromagnetic wave is therefore reflected when ®
is such that o< w < ;.

In this zone, the electromagnetic wave vector is purely complex. This can be
considered as a breaking of the wave in the neighborhood of the surface of the solid.
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