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Preface to the Second Edition

Since the first edition of this book was published almost 10 years ago, radio
frequency design techniques and applications have continued to rapidly
expand. Readers of this second edition will find many changes from the first
edition such as expansion of power amplifiers, oscillator phase noise, and
impedance matching and deletion of other material. Some chapters and sec-
tions have been rearranged to provide a more logical flow. In particular, the
chapter on noise now precedes the chapter on class A amplifiers. However,
when this book is used in our course on radio frequency circuits, students are
asked to do a design project using the software, Advanced Design System,
from Agilent. It has been found helpful for students to start their project after
understanding basic amplifier design and then treat the noise problem in their
design subsequently. Throughout the book, design examples are given based
on the text. Source code for the programs illustrated in the text are available
at the website given in Chapter 1. These programs should be helpful to the
working engineer in need of a quick solution and to the student wishing to
understand some of the details in a computation.

I wish to acknowledge the many contributions made by Krishna K. Agarwal
in the first edition of this book and the contributions to the class E power
amplifier section by William Cantrell in this edition. I also wish to acknowl-
edge the valuable suggestions given by the reviewers.

W. ALAN DAvIS
Arlington, Texas
May 2010
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Preface to the First Edition

The cellular telephone has become a symbol for the rapid change in the com-
munications business. Within this plastic container reside the talents of engi-
neers working in the areas of efficient power supplies, digital circuit design,
analog circuit design, semiconductor device design, antennas, linear systems,
digital signal processing, packaging, and materials science. All these talents
are carefully coordinated at a cost that allows a wide cross section of the
world’s population to have available instant communication. The particular
aspect of all these that is of primary focus in this text is in the area of analog
circuit design with primary emphasis on radio frequency electronics. Topics
normally considered in electronics courses or in microwave and antenna
courses are not covered here. For example, there is no mention of distributed
branch line couplers, since at 1 GHz their size would be prohibitive. On the
other hand, topics such as transmission line transformers are covered because
they fit so well into this frequency range.

This book is meant for those readers who have at least advanced standing
in electrical engineering. The material in this text has been taught as a senior
and graduate-level course in radio frequency circuit design at the University
of Texas at Arlington. This class has continued to be popular for at least the
last 20 years under the guidance of at least four different instructors, two of
whom are the present authors. Because of the activity in the communications
area, there has been ever greater interest in this subject. It is the intent of the
authors, therefore, to update the current text offerings while at the same time
avoiding simply reworking a microwave text.

The authors gratefully acknowledge the contribution of Michael Black,
Raytheon Systems Company, to the phase lock loop discussion in Chapter 12.

W. ALAN DAVIS
KRISHNA K. AGARWAL
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CHAPTER ONE
|

Information Transfer
Technology

1.1 INTRODUCTION

The design of radio frequency (RF) circuits borrows from methods used in
low frequency audio circuits as well as from methods used in design of micro-
wave circuits. However, there are also important departures from audio and
microwave frequency methods, so that design of radio frequency circuits
requires some specialized techniques not found in these other frequency
ranges. The radio frequency range for present purposes will be taken to be
approximately somewhere between 300MHz and 3 GHz. It is this frequency
range where much of the present day activity in wireless communication
occurs. In this range of frequencies, the engineer must be concerned with
radiation, stray coupling, and frequency response of circuit elements that, from
the point of view of lumped, low frequency analysis, might be expected to be
independent of frequency. At the same time, the use of common microwave
circuit elements such as quarter wave transformers is impractical because of
the long line lengths required. The use of monolithic circuits have enabled
many high frequency designs to be implemented with lumped elements, yet
the frequency response of these “lumped” elements still must be carefully
considered. The small size of lumped elements in integrated circuits has pro-
vided practical designs of filters, transformers, couplers, etc. in lumped element
form. Therefore discussion of designs for low noise amplifiers, power ampli-
fiers, oscillators, mixers, and phase lock loops will be addressed with both
lumped and distributed elements. Several of the numerical examples given in
the text use computer programs. Source code for these programs are available

Radio Frequency Circuit Design, Second Edition, by W. Alan Davis
Copyright © 2011 John Wiley & Sons, Inc.



2 INFORMATION TRANSFER TECHNOLOGY

on the web*. However, before getting into the details in the design of radio
frequency circuits, it is important to understand that the purpose for these
circuits is to transmit information.

1.2 INFORMATION AND CAPACITY

What exactly is information? Random House Dictionary 1966 states that
“information” is “knowledge communicated or received concerning a particu-
lar fact or circumstance. ...” A narrower technical definition more closely
aligns with the focus given here is that “information” is an “indication of the
number of possible choices of messages, expressible as the value of some
monotonic function of the number of choices, usually log to the base 2.”
Information then is a term for data that can be coded for digital processing.

Some examples of data that illustrate the meaning of information is helpful.
If a signal were sent through a communication channel that never changed,
then it would be conveying no information. There must be change to convey
a message. If the signal consisted of 10101010 ..., there would be changes
in the signal but still no information is conveyed because the next bit would
be perfectly predictable. So while change is important, it is not the sole crite-
rion for information. There is one last example. If a signal in an amplitude
modulation system consists of purely random voltage fluctuations, then again
no information is being transmitted. It is simply noise, and the receiver is no
more knowledgeable after having heard it.

A communication system consists of a transmitter, a receiver, and a channel.
The channel is capable of carrying only a certain limited amount of informa-
tion. A water pipe can be seen as a rough analogy to a communication channel.
The limitation in a communication channel is given the technical term capacity.
It refers to the amount of information that is transmitted over a time interval
of T seconds. The time interval can be broken up into short time intervals, each
of duration 7. Clearly, the more distinct time intervals 7 there are in the total
time span 7, the more information that can be transmitted. The minimum size
of 7is determined by how well one pulse in one time frame can be distin-
guished from a pulse in a neighboring time frame. The limitation on how short
a time frame can be is related to the channel bandwidth. In the water pipe
analogy, the channel bandwidth corresponds to the pipe diameter.

In addition, the signal voltage will have a maximum amplitude that is
limited by the available power in the system. This voltage range can be divided
into many levels, each level representing a bit of information that is distin-
guished from another bit. The voltage range cannot be split indefinitely because
of the noise that is always present in the system. Clearly, the more voltage
intervals in a given time frame 7, the more information capacity there is in the
system. Just as the flow of water through a pipe is limited by the amount of

*http://www-ee.uta.edu/online/adavis/rfsoftware
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pressure on the water, by the friction on the walls of the pipe, and by the
diameter of the pipe, so the capacity of a transmission system is limited by the
maximum voltage level, by the noise in the system that tends to muddle
the distinction between one voltage level and another, and by the bandwidth
of the channel, which is related to the rise time of a pulse in the system.

In one of the time intervals, 7, there are n voltage levels. The smaller that t
is and the larger n is, the more information that can be transmitted through
the channel. In each time interval, there are n possible voltage levels. In the
next time interval there are also n possible voltage levels. It is assumed that
the voltage level in each time frame is independent of what is going on in other
time frames. The amount of information transmitted in a total of 7 seconds
corresponds to the products of the possibilities in each interval:

nenonn-n=ntl (1.1)

The total information, H, transmitted intuitively is directly proportional to
the total time span 7, and is defined as the log of the above product. By con-
vention, the base 2 logarithm is used.

H=T/tlog,n (1.2)

The system capacity is simply the maximum rate of transmission (in bits/s)
through a system:

C=H/T=1/tlog, n (1.3)

System capacity is inversely proportional to the minimum time interval over
which a unit of information can be transmitted, 7. Furthermore, as the number
of voltage levels increases, so does the capacity for more information.

Information can be transmitted through a channel in a variety of different
forms, all giving the same amount of information. For example, suppose that
a signal can take on any one of eight different voltage levels, 0,1, ... , 7,in a
given time interval 7. But the eight-level signal could also equally be sent with
just two levels, 0,1. However, for every interval that has eight possible levels,
three intervals will be needed for the two-level signal. A convenient conver-
sion between the two systems is shown in Table 1.1.

Clearly, a 16-level signal could be transmitted by a sequence of 4 binary
signals, and a 32-level signal with a sequence of 5 binary signals, and so on. For
n levels, log,n bits are needed. The information content of a signal is defined
then to be the number of binary choices, or bits, that are needed for transmis-
sion. A system that is designed to transmit speech must be designed to have
the capacity to transmit the information contained in the speech. While speech
is not the total of what humans communicate, in a communication system, it
is that with which engineers have to work. A decision must be made as to what
level of fidelity the speech is to be transmitted. This translates to the bandwidth
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TABLE 1.1 Eight-Level and
Two-Level Systems

Il
e}
S

Il
[\]

000
001
010
011
100
101
110
111

QO hA WP, O| S

requirement of an analog system, or the number of voltage levels available in
a given total voltage range. Ultimately the restriction is always present even
if sophisticated coding techniques are used. The capacity of the system must
be greater than or equal to the rate of information that is to be transmitted.
Beyond this, system cost, power levels, and available transmission media must
be considered.

1.3 DEPENDENT STATES

The definitions of the preceding section imply that the voltage level in each
time interval, 7, is independent of the voltage level in other time intervals.
However, one very simple example where this is not the case is the transmis-
sion of the English language. It is known in the English language that the letter
e is much more likely to appear than the letter z. It is almost certain that the
letter g will be followed by the letter u. So in transmitting a typical message
in English, less information is being actually sent than there would be if each
letter in the alphabet were equally likely to occur. A way to express this situ-
ation is in terms of probability. The total number of signal combinations that
could occur in a message 7T seconds long if the value in each interval is inde-
pendent of the others is n”". On average, every possible message T seconds
long would have a probability of occurrence of 1/n"".
The probability takes the form

_ number of occurrences of a particular event

P (1.4)

total number of events

Information can be measured in terms of probability. The probability is P = 1/n
if there are n possible events specified as one of n voltage levels, and each of
these events is equally likely. For any one event, the information transmitted
is written H, = —Plog, P. For m intervals, each 7 seconds long, there will be m



DEPENDENT STATES 5

times more information. For m intervals, the information written in terms of
probability is

H= Zlogz n=-mlog, P bits (1.5)
T

Consider a binary system, where a number 0 occurs with a probability of p
and the number 1 occurs with a probability of g. Knowing that p + g =1,
the information content of a message consisting of 0’s and 1’s is found. The
total information is the sum of the information carried by the 0’s and that of
the 1’s:

H=—Z(plog2p+qlog2 q) bits (1.6)
T

If the probabilities of p and g were each 0.5, then the total information in T
seconds is 7/7. If, for example, p = 0.25 and g = 0.75, then

H =-L(02510g,0.25+0.7510g,0.75) _bits
T
T T .
H=>(05+03113)=0.8113= bits (1.7)
T T

Hence, when there is a greater probability that an expected event will occur,
there is less information. As p approaches 1 and g approaches 0, the near
certainty of an event with probability p will give 0 information. Maximum
information occurs when p = g =0.5.

This scenario can be generalized for n signal levels in a given signal interval
7. Assume that each of these # signal levels, s;, have a probability of occurrence
of P; where

P1+Pz+"'Pn=ZPi=1 (1.8)

Assume further that the probability of finding a given signal level is indepen-
dent of the value of the adjacent signal levels. The total information in 7/t
intervals or in 7 seconds is

H= —ZZB log, P, bits (1.9)
T
The capacity required to transmit this amount of information is then

C= —123 log, P, bits/s (1.10)
T i
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In the case where each level is equally likely, P, = P, = P; = P, = 1/n, then
for the n level signal,

H :_ZZE log, P, :Zlogzn bits (1.11)
T4 T

More details on information may be found in specialized texts; a short intro-
duction is given by Schwartz [1]. In this study of radio frequency (RF) design
the primary focus will be on the fundamental hardware design used in transmit-
ters and receivers. Other topics that are of great interest to communication
engineers such as programming digital signal processing chips, various modula-
tion schemes, or electromagnetic propagation problems are more fully explored
in specialized texts in those areas. In this book these areas will be referred to
only as needed in illustrations of how systems may be implemented.

1.4 BASIC TRANSMITTER-RECEIVER CONFIGURATION

Analog RF and digital designs are both found in typical communication
systems. There are many systems where digital signal processing is playing a
large role along with advanced RF circuit design. A typical superheterodyne
radio transmitter and receiver are shown in Fig. 1.1. An actual system would

Transmitter
Mixer
Information Audio IF
Source Transducer Amplifier Modulator Filter
Local |
Oscillator —
Receiver

Filter

IF IF
Filter Amplifier Demodulator «\
t Low Pass Audio Transd
Filter Amplifier ransducer

FIGURE 1.1 Diagram of communication transmitter and receiver.
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be optimized for cost, noise immunity, fading, available bandwidth, bandwidth
efficiency (the ratio of the throughput data rate per hertz in a given band-
width), power efficiency (which measures the ability of a system to preserve
the message under low-power conditions), intermodulation products, adjacent
channel interference, and so on. The modulator and demodulator shown in the
figure symbolize a large range of design options, often making use of digital
techniques. Clearly, the circuits in Fig. 1.1 are only an outline of actual trans-
mitters and receivers.

The transmitter in Fig 1.1 starts with some information source, which could
be sound or a visual image. This is then converted to an electrical signal in the
transducer, which may require amplification. The modulator codes the infor-
mation and must be compatible with the demodulator. The modulator can be
either analog or digital, and it comes in a wide variety of forms. It encodes the
message in a certain way so as to meet the communication channel and
receiver requirements. For example, if a video signal is being transmitted, the
signal must carry information about the sweep time, intensity, and often color
as well as the actual intelligence. The commonly used analog modulation tech-
niques of amplitude modulation (AM), frequency modulation (FM), and
phase modulation (PM) encode the carrier wave by changing its amplitude,
frequency, or phase, respectively. Multiple signals can share the same channel
if the signals are at different frequencies as in frequency division multiple
access (FDMA), or at different time slots as in time division multiple access
(TDMA), or with different digital codes as in code division multiple access
(CDMA).

The mixer circuit is the first component in this discussion that breaks into
the RF range, and it provides two necessary functions. First, it raises the carrier
frequency that in AM and FM systems is distinct from neighboring transmit-
ters. The second function of the modulator is that it translates the message
information to a much higher frequency. This allows antennas to be made a
manageable size since their mechanical size normally corresponds to the wave-
length of the signal. A great deal of effort has gone into making electrically
small antennas, but there are always design compromises. Chapter 11 is devoted
to mixers.

The mixer is accompanied by a local oscillator that in some cases is carefully
tuned to different frequencies or is fixed as in broadcast stations. The quality
of an oscillator is judged on how low its phase noise is or how much its fre-
quency will drift over time with temperature or age. Oscillators can be designed
to be manually or electrically tuned to different frequencies. Techniques that
are used to stabilize an oscillator include using high O elements such as quartz
crystals, dielectric resonators, or using a constant-temperature oven. Phase-
lock loops can be used to stabilize a high frequency with a stable low-frequency
oscillator. Design of oscillator circuits is considered in Chapter 10 and phase-
lock loops in Chapter 12.

The filter that follows the mixer is required because the nonlinear multi-
plication process of the mixer produces unwanted frequencies. In addition,
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providing appropriate impedance levels to the mixer and the following ampli-
fier often requires impedance matching. Radio-frequency filters and trans-
formers are the primary subject in Chapters 3, 5, and 6 and are used in the
design of amplifiers in Chapters 8 and 9.

The final stage of the transmitter before reaching the antenna is the power
amplifier. Since this component uses the greatest amount of power, high effi-
ciency becomes important. In FM systems, class C amplifiers are often used
since in practice they can produce efficiencies as high as 70%. For AM systems,
class A or B amplifiers are often used because of the required linearity of AM
signal transmission. However, class A amplifiers typically have efficiencies of
only 30 to 40%. In the transmission of digital modulated signals, linearity of
the power amplifier becomes very important because of the need to minimize
co-channel interference. In all these cases, it is clear that designing the ampli-
fier for maximum power transfer so that the load impedance is conjugately
matched to the amplifier output impedance would mean half the power would
be dissipated in the transistor itself. The power amplifier must be designed for
maximum efficiency where the internal output impedance is small relative to
the external load.

The receiver is usually more complicated than the transmitter, and its
purpose is to unravel the signal from the transmitter after the signal has
acquired some noise and other distractions while going through the channel.
If the received signal is strong enough, it can be put directly into the mixer.
However, as will be seen in a later chapter, the overall noise response of the
amplifier is greatly enhanced by using a low-noise amplifier for the front end.
The design of the low-noise amplifier is described in detail in Chapter 8.

1.5 ACTIVE DEVICE TECHNOLOGY

The first RF vacuum devices made their appearance in the 1930s and today
are still found to be the most reliable and efficient high-power amplifiers with
power levels reaching up to 30 MW. Their demise is not likely to occur soon
as is made evident by such things as the ubiquitous microwave oven. New
device designs and new materials continue to improve the quality of vacuum
tubes used in amplifiers and oscillators.

The solid-state entrance to the RF arena began with two-terminal diodes.
These included the Gunn diode, the impact avalanche transit time (IMPATT)
diode, the trapped plasma avalanche triggered transit (TRAPATT), the tunnel
diode, and even the prn junction (varactor diode) used in parametric amplifiers.
The three terminal GaAs metal semiconductor field-effect transistor (MESFET)
soon displaced the diodes in most applications. Even though the MESFET
did not have as low a noise figure as the parametric amplifier or the power
(at the time) of an IMPATT, its stability and efficiency was superior.
Furthermore, its noise level was low enough for many practical applications.
Subsequent arrivals were the AlGaAs/GaAs heterojunction bipolar transistor
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(HBT) and the high electron mobility transistor (HEMT) all based on GaAs
or other III-V materials. These classes of devices in some cases still provide
the best performance for a variety of high-power, high-frequency applications.
Engineers are starting to make use of GaN and SiC for high-power RF
applications. The wide band gap of GaN (3.4eV), high break down voltage,
high drift velocity, and high thermal conductivity of these materials make
them attractive for high-power heterojunction field-effect transistors (HFET)
devices. While self-heating and high flicker noise has been a problem with
the GaN devices, some resolution with the flicker noise problem has been
accomplished.

However, the world is made of silicon. Silicon has the advantage of being
cheaper to manufacture than its GaAs cousins, has good thermal characteris-
tics, and most important has an entrenched manufacturing infrastructure.
Silicon soon surpassed its predecessor, germanium. Within a few years the
complementary metal-oxide semiconductor (CMOS) technology found favor
in digital circuits because of its ability to integrate a large number of transis-
tors in a small space. The desire to integrate digital and analog applications on
the same chip as well as to provide cost reduction relative to the GaAs devices
has spawned much interest in RF CMOS designs. The progress in making small
gate-length high-speed CMOS devices has provided the ability to make RF
devices using CMOS technology. However, the mixed signal designs have
required the sacrifice in the Early voltage, which is important in many analog
circuits. Laterally diffused metal-oxide semiconductor (LDMOS) has also been
used in power amplifiers. Their high gain, linearity, and reliability have made
them the best choice in many cellular base station applications. More recently,
the SiGe heterojunction bipolar transistor (HBT) has been found to have many
advantages over straight CMOS. These include superior flicker noise, broad-
band noise, Early voltage, transconductance, and better tracking of V., relative
to the V, of the MOSFET. The SiGe HBT does well with linearity, though not
quite as well as the CMOS device.

In summary, there are a wide variety of devices available to the analog
RF designer and with them a variety of specialized processing and circuit
design techniques. It is the goal of the following chapters to provide basic
circuit design techniques that can be applied to a wide variety of active
devices.

PROBLEMS

1.1. A pulse train is being transmitted through a channel at the maximum
channel capacity of 25 x 10° bits/s. The pulse train has 16 levels.
a. What is the pulse width?

b. The pulse width is doubled and sent back on the same channel. What
number of levels is required?
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1.2. A system can send out a signal at six different levels: 0, 1, 2, 3, 4, 5, each
1ms long. The probability of each of these levels occurring is 1/8, 1/8, 1/16,
1/4,3/8,1/16, respectively. Each pulse value is independent of any previous
pulse values. What is the total amount of information conveyed in 1
second?

REFERENCE

1. M. Schwartz, Information Transmission, Modulation, and Noise, 3rd ed., New York:
McGraw-Hill, Chapter 1, 1980.



CHAPTER TWO
|

Resistors, Capacitors, and
Inductors

2.1 INTRODUCTION

At radio frequencies, passive circuit elements typically have a more compli-
cated model than those used in lower frequency designs. The simple resistor,
capacitor, or inductor cannot be counted on to provide a pure resistance,
capacitance, or inductance in high-frequency circuits. Usually the “lumped”
element is best modeled as a combination of these pure elements. In addition,
when the size of the element becomes larger than 0.1 wavelength in the circuit
medium, the equivalent circuit may also include transmission lines.

2.2 RESISTORS

Integrated circuit resistors can be classified into three groups: (1) semiconduc-
tor films, (2) deposited metal films, and (3) cermets (a mixture of metal and
dielectric materials). Of these, only the first two have found widespread use
in high-frequency circuits. Semiconductor films can be fabricated by diffusion
into a host semi-insulating substrate by depositing a polysilicon layer or by ion
implantation of impurities into a prescribed region. Polysilicon, or polycrystal-
line silicon, consists of many small submicron crystals of silicon with random
orientations.

Radio Frequency Circuit Design, Second Edition, by W. Alan Davis
Copyright © 2011 John Wiley & Sons, Inc.

11
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2.2.1 Resistor Types

The resistance value of an integrated circuit resistor depends on the conductiv-
ity of the channel through which the current is flowing. In the diffused resistors
in a semiconductor substrate, the conductivity is a function of the doping
concentration and the carrier mobility. The conductivity is

0 =q(tan+yp) (2.1)

It is usually expressed in the units of (Q-cm)™. In this expression, ¢ is the
electronic charge (1.602 x 10™"°) C, u, and p, are the electron and hole mobili-
ties (cm*/V-s), and n and p are the number of free electrons and holes, respec-
tively, available for conduction (cm™). At room temperature, it may be assumed
that all the impurity atoms in the semiconductor are ionized. This means that
for an n-type semiconductor, the number of available electrons is equal to the
donor impurity concentration:

1, = Np (2.2)

Similarly, for a p-type semiconductor, the number of holes equals the acceptor
impurity concentration:

Pp = NA (23)

In either an n-type or p-type semiconductor, the relationship between the
electron and hole concentrations is

where n; = 1.45 x 10" cm™ for silicon and 9.0 x 10° for gallium arsenide. This
is called the mass action law. Thus, for an n-type semiconductor, the conductiv-
ity is

2

GZQ(“nND+#pn_lquunND (25)
Np
Typically, in integrated circuits, n-channel MOSFETs and npn bipolar transis-
tors are preferred because of the much larger electron mobility over that of
the hole mobility. The total number of processing steps required in a circuit
design often dictates the choice of resistor channel type.

Ideally, the diffused resistor with conductivity, o, can be represented by the
rectangular block shown in Fig. 2.1. The resistance of the rectangular block is

L

o (2.6)
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L

W

FIGURE 2.1 Diffused resistor of length L, width W, and height 7.

TABLE 2.1 Resistor Materials
Temperature

Resistor Type Resistance Coefficient Voltage Coefficient
Diffused Si 10-100Q/0 1500 ppm/°C 200 ppm/V
Diffused GaAs 300-400Q/0 3000-3200 ppm/°C —
Polysilicon 30-2009Q/01 1500 ppm/°C 100 ppm/V
Ion implantation 0.5-2kQ/O 400 ppm/°C 800 ppm/V
AuGeNi (alloyed) 2Q/0 —
Thin film Cr 13 uQ-cm 3000 ppm/°C
Thin film Ti 55-135 uQ-cm 2500ppm/°C
Thin film Ta 180220 uQ-cm  —100 to +500 ppm/°C
Thin film TaN 280 uQ-cm —180 to =300 ppm/°C
Thin film Ni 7 uQ-cm —
Thin film NiCr 60-600 uQ-cm 200ppm/°C

Sources: From Pucel [1], Williams [2], and Allen and Holberg [3].

It is often convenient to separate the “processing” aspects from the “layout”
aspects of the resistor. This is done by defining the sheet resistance in (€/CJ) as

1
R =— 2.7
e (2.7)
so that the total resistance is
L
R=R,— 2.8
w 28)

The length-to-width ratio determines the resistance value once the conductiv-
ity and layer thickness is set.

Metal films are made by evaporation of the desired metal on a substrate
and the desired pattern determined by photo lithography. Metal films are
generally superior to the semiconductor films in that metal films are less sensi-
tive to changes in temperature and voltage. Table 2.1 shows some of the main
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properties of a variety of methods and materials. The temperature and voltage
coefficients are measures of the percentage change in resistance as a function
of a change in a given parameter. The definition of temperature coefficient is
(dR/dT)/R and the voltage coefficient is (dR/dV)/R.

2.2.2 Resistance Determination from Layout

The layout shape of a resistor is typically simply a straight rectangular bar as
shown in Fig. 2.1. However, it may at times be better to try to have different
shapes in order to optimize the overall layout of a circuit. A convenient
method for determining the resistance between two points on any shape is the
method of curvilinear squares. Of course, computer-based numerical methods
such as the finite-element technique can also be used. However, using paper
and pencil, in just 20 minutes an answer can be obtained to within 10 to 20%
accuracy.

A curvilinear rectangle may be defined “as any area which is bounded on
opposite sides by two flux lines, and on the other sides by two equipotential
lines” [4]. These rectangles can be divided and subdivided into squares of ever
decreasing size. Then based on Eq. (2.8) the total resistance can be found by
counting the squares.

Rather than estimating the “squareness” of a curvilinear square, circles can
be drawn between two flow lines using a compass or a template. Each curvi-
linear square has four sides tangent to the inscribed circle.

The curvilinear square method is illustrated in Fig. 2.2 and is accomplished
in the following way:

1. Draw flow lines between the two electrodes just as water would travel
between the electrodes in a laminar flow. The spacing between two flow
lines is less important than the shape of the flow lines. The flow lines
should intersect the electrodes at right angles.

2. Between two adjacent flow lines, draw a series of circles tangent to the
flow lines and to each other.

3. Draw equipotential lines between the circles orthogonal to the flow lines.

4. If there is more rectangle left over than an integral number of circles,
then draw circles in the remaining rectangle in the orthogonal direction.
This is continued until the last rectangle is sufficiently close to being a
square.

S. Starting with the smallest square, count all the squares in series. Invert
and add to the next largest row of squares going in the orthogonal direc-
tion. Continue inverting and adding to the next larger row of squares.

As Fig. 2.2 shows, the first step is to add the total number of the smallest
squares. In this case the result is 2. Step 2 consists in inverting the result of
step 1 and adding the remaining series squares, with the result $+1=1.5.In
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(d

FIGURE 2.2 (a) Resistor shape with a flow line, (b) addition of tangential circles,
(c) drawing best-fit curvilinear squares, and (d) expansion of the fractional curvilinear
square from (c).

step 3, the result of step 2 is inverted and added to the remaining series squares.
At the end of this step, the result is (1/1.5) + 2 =2.67. Finally, step 4 gives
1/2.67 + 5 = 5.375. The resistance then in the indicated section of the resistor
is 5.375Rn. These steps would be repeated for the other parallel flow lines
to obtain the total resistance as a parallel combination. The most obvious
application of this method to electrical engineers is in finding the resistance
of an arbitrarily shaped resistor. However, it can also be applied in finding the
magnetic reluctance in a magnetic circuit, capacitance, heat convection, and,
of course, laminar fluid flow.

There are a couple of other details that should be considered in predicting
resistance values. One is that the rectangular bars of resistance are not really
rectangular bars. The bottom is rounded and a better estimate can be found
by taking this into account. Another complication is that somewhere a
semiconductor-diffused resistor is going to have to come in contact with a
metal. The resulting Schottky barrier can cause an additional voltage drop.
Normally, an ohmic contact is used for this interface. An ohmic contact is
formed by heavily doping the semiconductor at the point of contact with the
metal. This essentially promotes tunneling of electrons through the barrier.
Nevertheless, there is still some residual resistance from the contact.
Consequently, the previously given expression for resistance, Eq. (2.8), should
be modified to incorporate the contact resistance, R.:

R:RD£+2Rc
w W

(2.9)
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A typical value for R, is 0.25Q-mm.

Active loads are often used in integrated circuits in place of passive loads
where the required resistance value is fairly high. The primary advantage of
the active load is its compact size relative to that of a large passive load. These
are often used in common emitter npn transistor amplifiers or FET amplifiers
as shown in Fig. 2.3. In the cases shown, the base—collector, the gate—drain of
the enhancement mode MOSFET, or the gate—source of the depletion mode
MOSFET are shorted together. An active load can also be made in GaAs with
a “saturated resistor” [5]. This structure is essentially a GaAs MESFET without
a gate, and it is simpler to construct than the usual depletion mode FET with
gate shorted to source. The saturation current in GaAs is reached at a rather
low saturation field of 3kV/cm. This means that once saturation has occurred,
there is a small increase in current with each increase in voltage. Consequently,
a large effective resistance is obtained. The saturated resistor channel depth
is effectively greater than that of the MESFET channel as shown in Fig. 2.4.
Consequently, for a given resistance value, the width of the saturated resistor
would have to be made narrower. Resistance values of 8 to 10 kQ have been
obtained [5]. However, the simpler processing of the saturated resistor has
given improved reliability and repeatability of these devices.

Vo

@ (b) (©

FIGURE 2.3 Active loads using (¢) common emitter structure, (b) p-channel enhance-
ment mode MOSFET load, and (c¢) n-channel depletion mode MOSFET load.

I e o A =

— — | —
n GaAs n GaAs
SI GaAs SI GaAs

(@ (b)

FIGURE 2.4 Charge distribution for (a) shorted gate-active load and (b) a saturated
resistor.



CAPACITORS 17
2.3 CAPACITORS

Some of the most important parameters that need consideration in choosing
a capacitance are (1) the capacitance value, (2) capacitance value tolerance,
(3) loss or Q, (4) temperature stability, (5) mechanical packaging and size, and
(6) parasitic inductance. These criteria are interdependent, so often the appro-
priate compromises depend on the constraints imposed by the particular appli-
cation. This section will consider both hybrid and monolithic capacitor designs.

2.3.1 Hybrid Capacitors

Hybrid capacitors are available in both single-layer capacitors for high-
frequency low-capacitance applications and multilayer capacitors for higher
capacitance. Even for multilayer chip capacitors, the self-resonant frequency
for a 0.1-pF capacitor is over 10 GHz and for a 1000-pF capacitor the self-
resonant frequency of 250 MHz. These capacitors can be attached to printed
circuit boards to provide high available capacitances with relatively low loss.
Unlike low-frequency circuits, certain parasitic circuit elements must be
accommodated in the overall design. The parasitic inductance is affected by
the packaging since it is usually associated with the lead attachments to the
capacitor and line length effects inside the capacitor. In low-frequency circuits,
the effect of the inductance is so small that it can safely be neglected. However,
at radio frequencies both the inductance and the metal losses often become
significant. Consequently, the equivalent circuit for a chip capacitor as devel-
oped by chip capacitor manufactures is shown in Fig. 2.5 and can sometimes
be simplified as simply a series RLC circuit. The additional parallel resistance,
R,,is added to this equivalent circuit to model resistive losses caused by dielec-
tric loss. This parameter is the main loss at low frequencies in the hertz-to-
kilohertz range, but at RF it becomes negligible when compared to R,. The
impedance of the circuit is

J (2
Z=R+-(0?LC-1 2.10
+wc(a) ) (2.10)

Consequently, the effective capacitance is frequency dependent:

H C}S—fﬁmgv\/v\f—o

FIGURE 2.5 Typical equivalent circuit for a chip capacitor.
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C

Cor=——
- (w/ay)

(2.11)

where @, = 1/ VLC is the self-resonant frequency.

While loss in capacitors is usually less than that in inductors, capacitor loss
can still be significant in circuit performance. Loss can be described in terms
of dissipation factor (DF), loss tangent (tan ), the equivalent series resistance
(R;), and Q.. Since the circuit Q is assumed to result from a series RLC
configuration,

X
R =— 212
Qcap ( )
The loss terms then are related by
1
tand = DF = (2.13)

cap

The angle 6=90° — 6 where 0 is the angle between the voltage and the
current. In a lossless capacitor, 8 = 90°.

In a capacitor, the dielectric is the primary source of loss. An RF field can
cause the dipole molecules in the dielectric to rotate at a rate proportional to
the applied frequency and with a force proportional to electric field strength.
The rotation of these molecular dipoles is converted to heat loss. When E
is the electric field and f is the frequency, the energy dissipation is given by
the following empirical expression [6]:

£=FE*f555%10%¢, tand W/cm? (2.14)

Some of the most widely used dielectric materials for capacitors are shown in
Table 2.2.

The BaTiO; & =8000 material provides the most compact capacitor.
However, it has a relatively poor temperature coefficient, tan ¢ shift with
voltage, coefficient of expansion versus temperature, piezoelectric effects, and
aging qualities because of its porosity.

TABLE 2.2 Loss Tangent (tand) of Dielectric Materials

Dielectric tandat Low Freq. tandat 100MHz tandat1GHz
BaTiO; & = 8000 — 0.1 —
BaTiO; g = 1200 0.01 0.03 0.10
Ceramic (NPO) & =30 0.0001 0.002 0.10
Alumina & = 9.8 — 0.0005 —

Porcelain (ATC 100) & =15 — 0.00007 —
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The BaTiO; & =1200 capacitance varies by +15% from —55 to 125°C.
When the BaTiO; materials are heated to about the Curie point, the value for
& jumps up about 10 to 15%. After cooling and waiting 10 hours, the dielectric
constant drops back down only 3% of its peak value, and after 10,000 hours,
it drops down only 7% of its peak value. As the voltage changes over a range
of 30V, the loss tangent increases from 0.01 to 0.1 at low frequencies. There
are four crystalline phases for BaTiO; as it is heated up. The crystal changes
from orthorhombic to tetragonal to cubic (which is near the Curie point). At
each of these changes, there is an abrupt change in the mechanical size of the
crystal [7]. This has deleterious implications on solder joints of the capacitor.

The capacitance using NPO material varies with temperature £30 ppm/°C.
It moves in the negative direction, then in the positive direction exceeding the
initial capacitance, and finally settling down near the original capacitance as
the temperature rises. Hence, the name NPO.

The porcelain materials, such as ATC 100 from American Technical
Ceramics, provide high Q, no piezoelectric effects, no aging effects (since it is
not a porous material), and temperature coefficient of £30 ppm/°C up to 125°C.
The coefficient of expansion of the porcelain capacitor is the same as alumina
(ALLO;). For this reason when mounted on an alumina substrate the two will
expand the same amount. The series resistance at 1 GHz varies with the value
of capacitance as shown in Table 2.3.

For a 30-pF BaTiO;, € = 1200 capacitor operating at 300 MHz, the resis-
tance can be as high as 1Q and result in 0.3- to 3-dB dissipation loss. In solid-
state circuits that operate in high-current and low-voltage conditions, these
losses can be quite significant. The generated heat further degrades the loss
tangent, which increases the heat dissipation. Thermal runaway can occur
causing self-destruction. Of the materials shown in Table 2.2, the porcelain
material provides the best loss tangent, especially at frequencies in the 1- to
3GHz range.

The frequency range of a chip capacitor can be extended by the simple
expedient of turning it on its side (Fig. 2.6). Resonances appear to be the result

TABLE 2.3 Resistance of
Porcelain Capacitors

C (pF) R, (Q)
5.6 0.38
10 027
20 0.19
30 0.16
40 0.13
50 0.12

100 0.088

Source: Perna [7].
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FIGURE 2.6 Metallic conductors in (a) horizontal and (b) vertical orientation.

of different path lengths of the path through the lower plates and upper plates
of a multilayer capacitor. Turning the capacitor on its side tends to equalize
the path lengths and eliminates all odd-order harmonic resonances [7].

2.3.2  Monolithic Capacitors

Capacitors in monolithic circuits are best avoided where possible because of
the amount of real estate they occupy. Nevertheless, they are sometimes
required. The capacitance tolerance is typically £10%, and capacitance values
range from 0.2 to 100pF. There are four types of monolithic capacitors that
might be used in integrated circuit designs: (1) open-circuit stub, (2) interdigi-
tal line, (3) metal-insulator-metal, and (4) varactor diode.

The open-circuit stub capacitance is simply an open-circuit transmission
line whose length is less than A/4. The capacitive susceptance is obtained from
the transmission line equation:

B=Y, tan(ﬂlj (2.15)

Ve

The value of the susceptance depends on the characteristic admittance, Y, of
the transmission line, the length, /, of the transmission line, and the substrate
material that governs the velocity of the wave, v.. This open-circuit stub pro-
vides a shunt capacitance to ground. While the susceptance is not proportional
to w as in lumped capacitors, it is a good approximation when the argument
of the tangent function is small. Line lengths can use a large amount of real
estate at low frequencies, so typically the open-stub capacitor is most useful
at frequencies greater than about 8 GHz.

The interdigital capacitor shown in Fig. 2.7, unlike the open stub, provides
series capacitance. It is most useful for capacitances less than 1pF, and at 12
to 14 GHz it typically has a Q of 35 to 50. The equivalent circuit shown in Fig.
2.7 includes series resistance and inductance, as well as some shunt capacitance
to ground. The latter is caused by the metal-insulator-ground metal of the
microstrip structure. The main series capacitance can be estimated from

C=(N;-1)Cyt (2.16)
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1 L

FIGURE 2.7 Interdigital capacitor layout and equivalent circuit.
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FIGURE 2.8 Metal-insulator-metal capacitor and equivalent circuit.

where N; is the number of fingers, € is the finger length, and C, is the static
gap capacitance per unit length between the fingers.

A third type of capacitor is the metal-insulator—metal capacitor (Fig. 2.8).
Of the four monolithic capacitors, this is the most popular and is the most
obvious. The dielectric thickness typically used is 0.1 to 0.4 um. Losses can be
reduced if the metal thickness is greater than 2 skin depths. The metal surface
roughness should be as smooth as possible to reduce losses and avoid pin holes
in the dielectric. Typically, the capacitance ranges from 50 to 300 pF/mm? [2].
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When the conductor losses prevail over the dielectric losses, the conductor
quality factor is [1]

3

O = S R (CIA)

(2.17)

In this expression, R, is the surface skin resistivity, C is the capacitance, A is
the plate area, and ¢ is length of the plate in the direction of the longitudinal
microwave current flow. If the dielectric quality factor is

1
= 2.18
Qu=— (2.18)
then the total Q is
1 1 1
—_— 2.19
QT Qd Qc ( )

The dielectric films used in monolithic capacitors tend to be much higher than
that obtained in the hybrid capacitors described above. Some typical metal—
insulator-metal dielectric materials are shown in Table 2.4. The variableness
in the dielectric constant is a result of the variation in deposition methods,
uniformity, and thickness.

The fourth way of obtaining capacitance is by means of the junction capaci-
tance of a Schottky diode. This capacitance is

— CO
C= Ve (2.20)

where y =1 [8, p. 190]. When the applied voltage, V, is zero, the capacitance

is Co. A major disadvantage of this capacitance is its voltage dependence rela-
tive to the built-in potential, ¢.

TABLE 2.4 Monolithic Capacitor Dielectric Materials

Dielectric Nominal &, Range of ¢, Temperature Coefficient (ppm/°C)
SiO, 5 4-5 50-100

SizNy 7.5 5.5-7.5 25-35

Ta,0s 21 20-25 200-400

ALO, 9 6-10 100-500

Polyimide 35 3-4.5 =500

Source: Pucel [1] and Williams [2].
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2.4 INDUCTORS

Inductors operating at radio frequencies have a variety of practical limitations
that require special attention. A tightly wound coil in addition to providing a
self-inductance also has heat loss due to the nonzero wire resistance, skin
effect losses, eddy current losses, and hysteresis losses when a magnetic mate-
rial is used. Furthermore, two conductors close together at two different volt-
ages will also exhibit an interelectrode capacitance. At radio frequencies these
effects cannot be neglected as easily as they could at lower frequencies. The
equivalent circuit is shown in Fig. 2.9. In this figure, the series resistance, R,
represents the conductor loss as well as the skin effect losses. The parallel
resistance, R,, represents the effect of eddy current losses and the hysteresis
loss in magnetic materials when present. The shunt capacitance, C,, is the
capacitance found between the coils. Straightforward circuit analysis gives the
impedance for this equivalent circuit:

4 R,R.+R,Ls
" $’LC,R, +s(RC,R, + L)+ R, +R,

(2.21)

If R, is considered so large as to have negligible effect, and if the remaining
series circuit Q =1/wR,Cis large, then the effective inductance is approximately

L
Ly =———— 222
"T1-0’LC, (222)
and the effective resistance is
R
Ry = S 2.23
" 1-e’LC (2.23)

Clearly, the presence of the capacitance dramatically increases the effective
inductance and capacitance near the self-resonant frequency of the inductor.

FIGURE 2.9 Simple equivalent circuit for an inductor.
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The self-capacitance of the inductor is a function of the coil-length-to-coil-
diameter ratio, €/D, and has an optimum value [9, 10]. The following sections
will describe in greater detail the origin of the parasitic circuit elements for a
practical RF inductor and some design methods for RF inductors.

2.4.1 Resistance Losses

The direct current (dc) flowing through a wire with a cross-sectional area, A,
will encounter half the resistance if the area is doubled. At radio frequencies,
the alternating current (ac) tends to flow near the surface of the conductor
because of the skin effect. This can be illustrated by an electric field impinging
on a conductor whose resistance is not zero. The field will penetrate into the
conductor and will exponentially decay as it penetrates deeper:

E(x)= Epe ™ (2.24)

5= /i 225
i (2.25)

In this equation fis the frequency, p is the resistivity, and u is the permeability.
Because of this skin depth, the resistance of a given wire with radius R will
have a higher resistance at high frequencies than at direct current. The ac
resistance is given by [9]

where

R - Ay R
ac Askin dc
3 TR?
TR -m(R-8)

TR?
(st (220)

Rdc

At high frequencies,

R
Re = — Ry 227
55 R (2.27)

The possibility for R,. to be infinite or even negative clearly indicates that Eq.
(2.26) has gone beyond its range of applicability. The problem is that the skin
depth has become greater than twice the wire radius. Listed in Table 2.5 are
the resistivities and skin depths of a few common metals.

Another important loss mechanism is called the proximity effect. When one
conductor supporting a changing magnetic field is brought close to another
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TABLE 2.5 Common Conductors

Metal Conductivity (Q-cm)™ Skin Depth (cm)
Brass 1.57 x 10° 12,772
Aluminum 3.54 x 10° 8.46f71>
Gold 427 x 10° 7.7F71"2
Copper 5.8x10° 6.61f7
Silver 6.14 x 10° 6.42f71"
Mu-Metal 1.58 x 108 0.4f712

conductor, currents will be induced on the second conductor in conformity
with Faraday’s law. These currents are called eddy currents, and they flow in
closed paths so as to produce a magnetic field that is in opposition to the
originally applied external field. These currents produce joule heating. This is
exactly the condition that occurs in a tightly wound inductive coil. When many
wires are close together, the loss problem is compounded and the eddy current
losses can be quite significant. As an illustration of this, consider a coil with a
length-to-diameter ratio of 0.7. If this coil is unwound and laid out as a straight
wire, the losses would drop by a factor of 6 [9, p. 47].

2.4.2 Magnetic Materials

A recurring problem is the need for a large value of inductance. An obvious
solution is to increase the flux density within an inductor coil with the addition
of a magnetic material having high relative permeability p.. Most magnetic
materials introduce losses that are unacceptable at radio frequencies. A variety
of ferrite materials, however, have been found to have low loss at radio and
microwave frequencies in comparison with most other magnetic materials.
The relative permeability for ferrites is in the range 10 < u, < 150. Above
the cutoff frequency, u, drops off quickly. The higher the permeability, the
lower the cutoff frequency. Typically, for u, = 10, fuwr = 1 GHz. For u, = 150,
feutorr = 20MHz.

2.4.3 Solenoid Design up to 2GHz [11]*

A design procedure for a single-layer solenoid is given below. The computer
program, SOLENOID, follows the procedure outlined here and is described in
Appendix A. The given parameters for the analysis of a solenoid are the form
length, number of turns (n), and the form diameter. The pitch is defined as

form length
n

Pitch = inches (2.28)

*Reprinted with permission, Microwave Journal, Vol. 39, pp. 70-76.
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FIGURE 2.10 Inductor form cross section.

For maximum Q, the wire diameter should be 0.6 to 0.7 of the value for the
pitch. The wire diameter is selected from the standard wire sizes. For a given
American wire gauge (AWG) value, the wire diameter is

0.005

Wire diameter = R inches (2.29)

Another parameter is the turn diameter. It represents the diameter where
the magnetic flux is generated. As shown in Fig. 2.10, turn diameter = form
diameter + wire diameter. With these quantities now defined, the analysis
recipe can be followed:

. turn diameter (2.30)
form length

1
" 1+0.45x —0.005x>

(2.31)

n

When the wire diameter = 0, the current sheet correction factor, s, is set to 1.
When the wire diameter > 0, the s correction factor is needed. The s factor and
finally the inductance, is found by first finding a and b as shown below:

= 2310g, 173 dameter (2.32)
pitch
b=0.336(1—2—'5+§) (2.33)
non
P 2(form l.ength)(a +b) (234)
7 (turn diameter)nk,
. 2 9
L= [nz(turn diameter)]” 2.54 x 10 (2.35)
form length
L=L,K,s henries (2.36)

The value, L, is the inductance of a closely wound coil with a flat strip
(wire diameter = 0). The value, K, is the Nagaoka correction factor and is
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used when the wire length is not much larger than the turn diameter. The
value, s, is the current sheet correction factor and is needed when there is
appreciable space between wire turns. Because L, is not dimensionless, the
lengths must be given in terms of inches. An example given in [11] illustrates
the use of these expressions:

Pitch = 0.0267 (n = 15)
Wire diameter = 0.01871n.
Turn diameter = 0.21871n.

x =0.5467
K, =0.8035
a=0.1912

b =0.2857

s =0.954
Ly=674nH
L =516.8nH

A synthesis procedure is also available [11]. The goal is to design a given
value of inductance. Only a finite number of form diameters are available, so
the form diameter will also be considered as a given quantity. From this, the
number of turns n and the form length, FLEN, is found.

The inductance is a function of » and FLEN, and L, is the desired induc-
tance. An iterative procedure is followed where

L, = L(n, FLEN) (2.37)
L, =L(n, =n, £1, FLEN) (2.38)
n—n
N3 =n,; — (L2 - Ld )ﬁ (239)
This iteration loop is repeated until
L(n,FLEN)=L, (2.40)

The equality is obtained, although with a noninteger value for n. For printed
circuit boards, n must be an integer. While the number of form diameters is
limited, the form length can be cut to any desired length. Therefore the form
length is adjusted to guarantee an integral n. The procedure is to increase n
to the next higher integer value and adjust FLEN by an iterative scheme much
like the previous one:

L, = L(n, FLEN)) (2.41)
L, = L(n,FLEN,) (2.42)
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FLEN, - FLEN,

FLEN; = FLEN, —(L, — L) (2.43)
L,-L,
This iteration loop is repeated until
L(n, FLEN) = L, (2.44)

where n is an integer value.

Once L, n,and FLEN are known, the Q factor and the parasitic capacitance
can be found using the formulas given in [11]. Using the value for x given in
Eq. (2.30), a value for the capacitance is determined:

C = (turn diameter) (0.301468x +0.493025) x +0.227858 pF (2.45)
x
The coil resonant frequency is then simply
[ (2.46)
N '

The value for Q is found from the empirical relationship for two cases where
the turn diameter is in inches and f; is in megahertz:

~ [[(58.6355x —171.154) x +200.674] x + 0.089708 02<x<1 (2.47)
{[(0.751186x — 9.49018) x + 42.506] x + 68.1191 1<x<5 )
The value for Q is then obtained from the two-step formula below:
O, = A(turn diameter)~/f (2.48)
f 2
0=0 {1 - (7) } (2.49)

The procedure described above has been put in the form of the computer
algorithm, SOLENOID. An example of the design of a 100-nH inductor is
found in Appendix A using this program.

2.4.4 Older Solenoid Formulas

Empirical formulas for solenoid designs have been proposed by many
others, one of these authors being Wheeler [12, 13]. In conformity with his
notation, 2a = turn diameter, b = FLEN the form length, and # is the number
of turns. In the 1928 study [12] where a and b are given in inches, the induc-
tance is
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TABLE 2.6 Solenoid Inductance Values

FLEN = b Diameter = 2a Ligos (uH) Ligs (UH) Lgs, (uH)
(in.) (in.) n 1] [12] [13]
1 0.2 20 0.4643 0.3670 0.3693
1 0.2 25 0.6938 0.5734 0.5770
1 0.2 30 0.9693 0.8257 0.8309
0.4 0.2 10 0.2430 0.2041 0.2053
0.4 0.2 15 0.5168 0.4592 0.4619
0.4 0.2 20 1.520 1.3559 1.3648
1 0.4 20 1.520 1.3598 1.3648
1 0.4 25 2.324 2.1186 2.1325
1 0.4 30 3.297 3.0508 3.0609
2.2
= 2" _s10° H (2.50)
9a+10b

A more accurate formula was published in 1982 [13]:

2 a 1
L= pon a[ln(1+”b)+2.3+1.6(b/a)+0.44(b/a)2} Ho @3

This latter formula was taken to have an error <0.001 relative to a theoretical
value. In this formula, 2.3 = 1/[In(8/7) — 0.5] and 0.44 = 6/(37 — 16). These last
two formulas do not account for the wire diameter nor the wire spacing.

A numerical comparison of these formulas with those given in Section 2.4.3,
which were published in 1996, are shown in Table 2.6. For these particular
designs, the values show that the 1996 inductance values range from 7.5 to
21% higher than those from the 1928 study.

2.4.5 Monolithic Spiral Inductors

Lumped monolithic inductors have been used in circuit designs as tuned loads
for amplifiers, filters to reduce out-of-band signals and noise, and as a means
of enhancing stage gain by tuning out device or parasitic capacitances at the
center frequency. Planar inductors have been implemented in practical systems
for many years using a variety of different substrates. They were examined
early in the development of silicon integrated circuits, but they were aban-
doned because of process limitations and losses in the series resistance and
substrate that effectively reduced their operating frequency. Now, however,
technological improvements have made them available for mobile communi-
cations systems.

Small inductances in the nanohenry range can be fabricated using printed
circuit techniques. These have typically been done in either a rectangular or
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circular spiral shape. Both are widely used, but the circular spiral design seems
to provide greater inductance per unit area of real estate. In determining the
inductance in either case, the self-inductance of the structure must be supple-
mented by the mutual inductance of neighboring turns as well as the mutual
inductance of its mirror image associated with the ground plane for microstrip.
There are, in addition, capacitances between turns of the spiral and capaci-
tances to the ground. These capacitances are calculated from coupled microstrip
line theory. A numerical implementation of the rectangular inductance based
on [14] is provided. This study is heavily cited and does provide a comparison
between the predicted and the measured inductance.

A comparison is made between square and circular inductors in [15] in
which it is stated that square spirals provide less inductance than circular
spirals for equivalent sized diameters, although the data seem ambiguous. This
study uses a simple lumped-element equivalent circuit consisting of a series
R-L circuit with shunt capacitances on either side to represent a single turn.
However, the entire inductor is treated as a distributed circuit.

A design of a square inductor is described in [16], which is modeled like
the one in [15] except that an additional resistance is added in series to the
shunt capacitors to ground. A comparison is made with measured data and
the design is incorporated into a low-pass filter design.

In an effort to increase the desired Q for an inductor, the ground plane
under the square spiral is removed in [17]. Excellent agreement is obtained
up to SGHz.

An extensive study of over 100 inductors was made in [18]. Comparisons
were made between square, octagonal, and circular spirals. Empirically deter-
mined equivalent circuits were obtained based on measured data. The basic
conclusions were that the resistance of circular or octagonal shaped spiral is
10% lower than that for a square spiral inductor for the same inductance.
Furthermore, it is better to maximize line spacing rather than maximizing line
width to achieve high Q.

The capacitance itself becomes a major part of the inductor model. An
effort is made in [19] to predict the distributed capacitances of circular spiral
inductors by means of a Green’s function analysis. Good agreement between
predicted and measured values are obtained.

An actual determination of an equivalent circuit model for a spiral inductor
was obtained in [20]. The computer program is posted on the Web." The
“circular” spiral is a p-sided polygon of n turns with a total of np sections. Each
section is modeled as shown in Fig. 2.11. The analysis includes the effects of
the internal impedance of each section as well as the magnetic and electric
coupling to neighboring segments and the substrate. The primary advantages
of using this analysis tool is the speed of computation (unlike a three-
dimensional field simulator), optimization, and the ability to analyze spiral
transformers as well as inductors with various metalizations and shapes. The

TASITIC is found at http://rfic.eecs.berkeley.edu/~niknejad/asitic.html.
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Cq

FIGURE 2.11 Spiral inductor modeled by a cascade of equivalent circuit sections [21].

QE©

FIGURE 2.12 Spiral inductor can be approximated by concentric circular coupled
lines.

geometrical shape of the inductor depends on the area of the spiral, metal
width, metal spacing, the number of turns, and frequency of operation. The
appropriate choice for these parameters are aided by the ASITIC program.

An alternate approach approximates an # turn circular spiral as a set of n
concentric circular microstrips (Fig. 2.12). Each of these circular microstrips
are modeled by an equivalent circuit shown in Fig. 2.11 where R, = R, = 0 [15].
The total equivalent circuit of the circular spiral is simply the cascade of each
of the circular sections. The series resistance, R, represents the resistive loss in
the conductor. The resistance is be proportional to \/? because of the skin
effect. The capacitances C, and C,, are the capacitances to the ground plane,
and Cy is the total coupling capacitance between neighboring turns. What is
lacking here, but considered in [20], is that mutual coupling occurs for line
segments that are not parallel. What is helpful though are the closed-form
equations given in [21] for various types of inductor elements.

The capacitances are determined from coupled line theory in which each
line can be excited with the same voltage (even mode) or equal but opposite
signed voltages (odd mode). The actual capacitance is a linear combination of
the even- and odd-mode capacitances. The percentage of the even-mode and
odd-mode capacitances between two adjacent turns of the spiral may be found
based on the following approximations. For a given pair of adjacent concentric
circular lines, assume there is a small break between the excitation of one loop
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and its end, 360° later (Fig. 2.12). There is a small connection from this point
to the next loop. If the wave on the inner loop is excited by a 1-V source of
1 x €, then by the time it reaches the other end of the inner loop, the voltage
is 1 x €*?, where A¢ is the electrical length (circumference) of the inner loop.
The outer loop is then excited by the voltage 1 x ¢*’. Consequently, there is a
voltage difference between the inner loop and the outer loop. The percentage
of even-mode and odd-mode voltages between the two loops is a function
of A¢.

For the purpose of estimating the value for A¢, the circumferences of the
two circles will be assumed to be the average of the two circles:

n+n

A¢ = ZﬂTﬁ = 2ﬂﬂl’;‘vg (252)

where f is the propagation factor of the line in the given media. If v, is the
voltage at a certain position of the first loop and v, is the voltage on the second
loop adjacent to vy, then the corresponding even- and odd-mode voltages are

Ve=2(vi +1,) (2.53)
Vo =(V1 =) (2.54)

No information is lost in doing this since the original voltages v, and v,
are easily recovered if v, and v, are known. The percentage of even- and
odd-mode capacitances are proportional to the even- and odd-mode
voltages:

V,
%C, = —2= 2.55
Ve +V, ( )
%C, = —° (2.56)
Ve +V,

In the equivalent circuit for a single turn of the spiral shown in Fig. 2.11, the
percentage of even-mode excitation determines the relative amount of even-
and odd-mode capacitance components. For the even mode,

C.=0 (2.57)

Cy=Cn+Ci+C{ (2.58)
and for the odd mode

C. = Cga + Cge (259)

Cyi=Cn+Cf i=1,2 (2.60)
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(b)
FIGURE 2.13 (a) Even- and (b) odd-mode excitation of microstrip lines.

In these expressions, C,, and C, represent the gap capacitances between the
lines through the air and through the dielectric, respectively. The capacitance,
C,, represents the parallel-plate capacitance between the spiral conductor and
the ground plane. This is modified by the fringing capacitance, C{, between
each of the two lines to ground (which is nonzero only for the even-mode
excitation) and the fringing capacitance, C;, on the other side of the conductors.
The even- and odd-mode capacitances are added together in proportion to
their even- and odd-mode voltages:

CL=0+%C,(Cg +Cy) (2.61)
Cyi = %C.(Cy +Co +C1)+%Co (Cry + C7) 2.62)

Detailed formulas for the circuit elements in Fig. 2.13 are found in [21], and
some of these are summarized in Appendix B.

Once the equivalent r circuit for the spiral section is known, the entire
spiral inductor is modeled by cascading each of these sections. The C;, R, and
L are combined into the single impedance Z,;:

B R+sL
P $’LCL+sC R+1

(2.63)

The ABCD parameters described in Section 4.2 are used to cascade the indi-
vidual 7 circuits. Thus,

A=1+sCy,Z, (2.64)
B=2Z, (2.65)



34 RESISTORS, CAPACITORS, AND INDUCTORS

C :SZqucqzzp +S(Cq1 +Cq2) (266)
D=1+sC,Z, (2.67)

Each section of the spiral described in terms of an ABCD matrix may be
cascaded together by simply multiplying ABCD matrices. The C in Eq. (2.66)
is a matrix element, not a capacitance. Once the total cascaded ABCD matrix
is found, the input impedance may be determined:

_AZ, +B

=— (2.68)
CZ,.+D

in

The Z; is the load impedance on the output side of the spiral. If Z; is a short
to ground, then the effective inductance of the spiral might be estimated by

C\\Y{Zin}

Loy = (2.69)

In the cascade analysis, the capacitance, Cy,, from one section is the same as
the C,; of the subsequent section, and hence ought not to be counted twice in
evaluating the cascaded equivalent circuit. One approach is to simply choose
Cqp — Cp/2 and Cy — Cyi/2 except, of course, for the innermost and outer-
most coupled line section.

2.5 CONCLUSIONS

The basic components used in an RF transceiver are the same old resistors,
inductors,and capacitors. However, at these high frequencies, these components
may look and act a lot differently than their low-frequency counterparts. These
differences arise from such things as the increasing importance of stray parasitic
reactances, skin effect losses, and frequency dependence of materials.

PROBLEMS

2.1. Calculate the resistance of a 1-m long copper wire over a frequency range
of 100MHz to 1 GHz when (a) the diameter of the wire is 31.2 mils (AWG
#20) and (b) when it is 10.0 mils (AWG #30). Plot your results of ac resis-
tance versus frequency.

2.2. The diagram in Fig. 2.14 shows a piece of material with two terminals.
The material is 1cm thick.

a. Determine the resistance between the two terminals if Ry =2Q/].

b. Determine the capacitance between the two terminalsif e = 10 x 107 F/
cm.
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FIGURE 2.14 Cross-section geometry for Problem 2.2.

FIGURE 2.15 Cross-section geometry for Problem 2.3.

2.3. A cross section of a conductor is shaped in an irregular shape shown in
Fig. 2.15 where the inner circle is one electrode and the outer ellipse is
the other electrode. If the conducting material between these two elec-
trodes is made of a material in which Ry is 4 Q/[], what is the resistance
between the left and right side of the conductors? If the space between
the two ends is filled with a dielectric where g = 2, what is the capacitance
between the two terminals? To do this derive an expression for Cp similar
to Rp. You may wish to enlarge the drawing to achieve better accuracy.

2.4. A capacitance is modeled as a series RLC circuit. If C =20pF and R = 5Q,
what is the Q for this capacitor at 20 Mrad/s?
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2.5. You are asked to determine the inductance of a solenoid when the form

length is 1.5 in., the form diameter is 0.3 in., and there are 12 turns.
a. What wire diameter would you choose?

b. What is the inductance?

c. What is the self-resonant frequency of the inductor?
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CHAPTER THREE
|

Impedance Matching

3.1 INTRODUCTION

A major part of RF design is matching one part of a circuit to another to
provide maximum power transfer between the two parts. Even antenna design
can be thought of as matching impedance of free space to a transmitter or
receiver. This chapter describes a few techniques that can be used to match
between two real impedance levels. While some comments will be made rela-
tive to matching to a complex load, the emphasis will be on real impedance
matching. The first part of this chapter will discuss the circuit quality factor,
Q. The Q factor is useful in certain matching circuit designs.

3.2 THE Q FACTOR

The circuit Q factor is defined as the ratio of stored to dissipated power in the
following form:

27 (max instantaneous energy stored

energy dissipative per cycle

For a typical parallel RLC circuit, the Q becomes

_9C

- (32)

Q

where G is 1/R. For a series RLC circuit,

Radio Frequency Circuit Design, Second Edition, by W. Alan Davis
Copyright © 2011 John Wiley & Sons, Inc.

39



40 IMPEDANCE MATCHING

X
High O

Low QO

FIGURE 3.1 Reactance slope related to Q.

0= (33)

It should be emphasized that Q is defined at circuit resonance. If the circuit
reactance is plotted as a function of frequency, the slope of the reactance at
resonance is a measure of Q (Fig. 3.1). This is explicitly given as

y dB‘
=—=— 4
o 2G dwl,, 34
where B is the susceptance and G the conductance. Alternately,
w, dX
=" 35
0 2R dw|,, (3:5)

where R and X are the resistance and reactance of the circuit. For a series
RLC circuit this latter formula will result in the solution given by Eq. (3.3).
On the other hand, the O of a complicated circuit can be readily obtained from
Eq. (3.4) or (3.5), numerically if necessary.

3.3 RESONANCE AND BANDWIDTH

The minimum insertion loss or maximum transmission of a parallel RLC
circuit occurs at the resonant frequency of the circuit. When this circuit is
excited by a current source, and the output is terminated with an open circuit,
the transfer function is

Vout _ 1
1o~ (UR)+ joC —(jjL) 3.6)
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FIGURE 3.2 Simple parallel resonant circuit.

This is shown in Fig. 3.2. The bandwidth is often defined when the output
voltage, V,,,, drops from the resonant value by 2 (or —3dB). This occurs
when the denominator of the transfer function increases from 1/R at
resonance to

‘l +joC— L‘ _2 (3.7)
R ol| R
Equation (3.7) is a quadratic equation in @’

®'C*I’R* -~ > (2CLR* + I*)+ R* =0 (3.8)

Since the resonant frequency is @, = 1/v/LC, and the parallel Q from Eq. (3.2)
is aC/G = R/ayL, then Eq. (3.8) can be written in terms of Q and ay:

272
o' - 0’0} (2+ w]oef ]+ o) =0 (3.9)
o' - 0w} (2+é)+w§ =0 (3.10)

The two solutions for «” are

o’ =w§{14{%il /1+%}}
200 0 40

wzzw3{1+ 1211 /1+%+%}

407 0 407 40

a)zzwé{ 1+ 12iLH 1+ 12ii} (3.11)
407 20 407 20

This has been written as a product of two equal terms, so that the original
quartic equation has two pairs of equal roots. Taking the square root of
Eq. (3.11) provides the two 3-dB frequencies of the resonant circuit:
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1 1
W, = wo{ 1+ 207 iE} (3.12)

The 3-dB bandwidth of the resonant circuit is the difference between the two
3-dB frequencies:

Aw=w, -0, = % rad/s (3.13)

The response is clearly not symmetrical about the resonant frequency ay. The
resonant frequency can be found by taking the geometric mean of the two
solutions of Eq. (3.12).

2|: 1 1 :||: 1 1 :|
010, =@ | |1+ —5 —— I+—+—
407 20 40° 20

W = N W0, (3.14)

However, for narrow bandwidths, the arithmetic mean of the two 3-dB fre-
quencies can be used with small error.

3.4 UNLOADED Q

In real physical reactive elements there are always some resistive losses. The
loss in a capacitor or an inductor can be described in terms of its Q. For
example, if a lossy inductor is placed in parallel with a lossless capacitor, the
QO of the resulting parallel circuit is said to be the circuit Q of the inductor.
The inductor Q;,4 then is

R

in :wCR:
Qd 0 C()OL

(3.15)

or
R= XLQind (3-16)

Similarly, for a lossy capacitor, its resistive component could be expressed in
terms of the capacitor Q.. If the inductor, capacitor, and a load resistance R,
are placed in parallel, then the total resistance is Ry

1 1 1 1

+
RT RL Qind XL Qcap XC

(3.17)
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At resonance, X; = X, so

ﬁ—ﬁ{ L, 1 } (318)

= —t
RT RL Qind Qcap

The unloaded Q, Q,, is the Q associated with the reactive elements only (i.e.,
without the load). The bracketed term is the unloaded Q:

1 1 1
= +

Qu Qind Qcap

(3.19)

3.5 L CIRCUIT IMPEDANCE MATCHING

There are four possible configurations that will provide impedance matching
with only two reactive elements. In each case, the design of the matching cir-
cuits is based on the Q factor, a concept that will become even more important
in designing broadband matching circuits [1]. Two of the circuits will be
described as the series connection since the reactive element closest to the load
resistance is a series reactance (Figs. 3.3a and 3.3b). The circuits with a shunt
reactance closest to the load resistance are called the shunt connection (Figs.
3.3c¢ and 3.3d). For the series connection in which the series reactance is an
inductance, the total input admittance is given as follows:

Yiy = joC+———
R+joL
R L
=—— = ijlec-—25 (3.20)
R*+(wL) R*+(wL)
L C

AL R

T A

Series R’ —m= C R R —w L R

(a) (b)

L HC
Shunt R” —#= TC %R R —o %L %R
(©) (d)

FIGURE 3.3 Four possible L matching circuits.
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Resonance occurs when the total shunt susceptance jB = 0. Thus,

L

el (321)

Solution of this for the resonant frequency gives the following expression for

the resonant frequency:
2
o ==K (3.22)
LC L

The effect of the load resistor is to modify the resonant frequency somewhat.
The conductive part of Y;, at this frequency (where B = 0) can be found. Its
reciprocal is the input resistance, R’, of the circuit:

R+’
R
=R(1+Q}) (3.23)

R/

The subscript 1 for Q is present to emphasize this is the first resonator closest
to the load. More complicated circuits might have several pertinent Q factors
to consider.

At center frequency, the reactance of the series part (i.e., not the capaci-
tance part) will change with changing frequency. Its value can be found from
the input admittance expression and is the amount the reactance changes
because of the series inductance. This reactance change is

R> +(aw,L)’

Y
JA=] oL

(3.24)

If X, represents the series reactance, which in this case is ey, then the reac-
tance change of the series element can be found also in terms of Q:

oy 1
1

The second element in the LC section is chosen to resonate out this X7:

. R . 1

1

or with Eq. (3.23)
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TABLE 3.1 L Matching Circuit Design Where X;, B; are Reactance or Susceptance
Closest to the Load R

Circuit R jXa o
Series R(1+07) —jX:(1+1/Q%) or —jR'/Q, Xi/R
Shunt R/(1+0?) -jX,/(1+1/Q}) or —jR'Q, B\/G
. -jR’
iX,="1 (3.27)
O

In the typical synthesis problem, R” and R are known. Equation (3.23) gives
the necessary value of Q,;, Eq. (3.3) gives the required L, and Eq. (3.26)
or (3.27) gives the required C from X,. This procedure is summarized in
Table 3.1.

A similar procedure can be applied for the shunt connection in which the
shunt capacitance is closest to the load resistance. The input impedance is
expressed as follows:

Zy,=joL+——
G+joC

= +j{a)L——wC 2} (3.28)
G? +(wC) G* +(oC)

For resonance, the series reactance X = 0. Solution for the resonant frequency

for the shunt connection is
2
o, = /L_G_Z (3.29)
LC C

Substituting this back into the input impedance expression gives the input
resistance:

,__ VG
1+(0,C/GY
R (3.30)
1+ 07
The reactance associated with the capacitance is

s —jw,C
]Xlz 2 ] 0 2
G* +(@,C)



46 IMPEDANCE MATCHING

Since jX; = 1/jwC,

Va4 ]Xl

X =—— 3.31

RNNERTIR (330
_RO (3.32)

Since jX, =—jX/, the values in Table 3.1 are obtained. The sign of jX, must
always be the opposite of jX;.

The major feature that should be recognized, whether dealing with elabo-
rate lumped circuits or microwave circuits, if the impedance level needs to be
raised, a series connection is needed. If the impedance needs to be lowered, a
shunt connection is needed. Furthermore, since the design is based on a reso-
nance condition, the two reactances in the circuit must be of the opposite type.
This means two inductors or two capacitors will not work.

3.6 7 TRANSFORMATION CIRCUIT

In the previous L matching circuit, the value for Q is completely determined
by the transformation ratio. Consequently, there is no independent control
over the value of Q that is related to the circuit bandwidth. Addition of a third
circuit element gives flexibility to design for bandwidth. If a design begins with
a shunt L matching circuit, then addition of another shunt susceptance on the
other side of the series element provides the necessary circuit flexibility to be
able to choose the circuit Q as a design parameter. The resulting 7 matching
circuit is shown in Fig. 3.4. In this circuit B, and X, both act as the impedance
transforming elements while the third, Bs, is the compensation element that
tunes out the excess reactance from the first two elements. As in the L match-
ing circuit, the first shunt element, B,, reduces the resistance level by a factor
of 1/ (1+Q12) and X, increases the resistance level by 1+ Q3 where Q, is a Q
factor related to the second element. The final transformation ratio can be
R” < Ror R” > R, depending on which Q is larger as shown in the diagram of
Fig. 3.5. To make R” < R, make Q, > Q,. The maximum Q, Q... = O, will be
the major factor that determines the bandwidth.

Now consider design of a circuit where R” < R. Then the first shunt trans-
formation gives

R" —= R
[

FIGURE 3.4 7 Impedance transformation circuit.
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Tr

2
1+0,

R

FIGURE 3.5 Diagram showing two-step transformation.

FIGURE 3.6 Equivalent series reactance after first transformation.

,_ R
o (3.33)
X' =-R'0Q, (3.34)

The incremental reactance, X, is to be added to the series arm. This results in
the circuit in Fig. 3.6, which shows that R has been transformed to R’ with a
modified series reactance. This series reactance will act to increase the resis-
tance level from R’ to R”. The second transformation Q is

0, - X2- RO _R(X:/R-Q)
g R’ R’

or

’;f ~0,+0, (3.35)

The X,, B; combination is a series L section with “load” of R’. Consequently,

R’ =R (1+03) (3.36)
Rl/
O,

X" =- (3.37)
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TABLE 3.2 7 Matching Circuit Design Formulas

Step Number R”<R R”>R
1 Ql = Qmax QZ = Qmax
2 R =R/(1+0}) R’ =R"[(1+03)
3 1+ 03 =R"/R’ 1+Q? =R/R’
4 X, =R(0:+ Q) X, =R(0:1+ Q)
5 Blel/R BLZQI/R
6 Bg = Qz/R” B; = QQ/R”
[ X | Xi
R —w— B, R

FIGURE 3.7 T transformation circuit.

R

2
140,

L

1

2
1+0,

R

FIGURE 3.8 Diagram showing impedance transformation for T circuit.

A summary for the design process is shown in Table 3.2. To make R” < R,
make Q; > O, where O, = Q.. and follow the design steps in the first column
of Table 3.2. For R” > R, use the second column.

3.7 T TRANSFORMATION CIRCUIT

The T transformation circuit is the dual to the x transformation circuit and is
shown in Fig 3.7. In this circuit, however, the series reactance X, first raises
the resistance level to R’, and the remaining shunt susceptance lowers the
resistance level as indicated in Fig. 3.8. The design formulas are derived in the
same way as the x circuit formulas and are summarized in Table 3.3.
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TABLE 3.3 T Matching Circuit Design Formulas

Step Number R’">R R’<R
1 Ql = Qmax Q2 = Qmax
2 R'=R(1+0Q7) R =R"(1+Q3)
3 1+Q?=R//R" 1+0?=R//R
4 X = QlR X = QlR
5 B, = (01 + Q))/R’ B, = (0 + QIR
6 X3 = O,R” X3=OR”
Ls
Cp L, =
Cs

FIGURE 3.9 Parallel RC to series RC conversion.

3.8 TAPPED CAPACITOR TRANSFORMER

The tapped capacitor circuit is another approximate method for obtaining
impedance-level transformation. The description of this design process will
begin with a parallel RC to series RC conversion. Then the tapped C circuit
will be converted to an L-shaped matching circuit. The Q; for an equivalent
load resistance, R.q,, Will be found. Finally, a summary of the circuit synthesis
procedure will be given.

3.8.1 Parallel-to-Series Conversion

Shown in Fig. 3.9 is a parallel RC circuit that will be forced to have the same
impedance as the series RC circuit, at least at one frequency. The conversion
is, of course, valid for only a narrow frequency range, so that this method is
fundamentally limited by this approximation.

The impedance of the parallel circuit is

R
Z,=—T"— 3.38
" 1+sC,R, (3.38)

The Q for a parallel circuit is Q, = @C,R,,. The equivalent series resistance
and reactance in terms of Q, are
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C
— - §L

G Ry

R

FIGURE 3.10 Tapped C transformation circuit.

R—= L R = Reeqy

FIGURE 3.11 Intermediate equivalent transformation circuit.

R
Rse v = - .
U (3.39)
X 2
Xseqv == sz (340)
1+0;

3.8.2 Conversion of Tapped C Circuit to an L-Shaped Circuit

The schematic of the tapped C circuit is shown in Fig. 3.10 where R’ is to be
matched to R,. The parallel R,C; section is converted to a series ReqyCeqy, as
indicated in Fig. 3.11. Making use of Egs. (3.39) and (3.40),

1+ Q?
Ceqv = Cz( ZQP J ~C, forhighQ, (3.41)
o,
R,
Rse v — R = .

where O, = ayC,R,. Considering R’ as the load, and using the L circuit trans-
formation for a shunt circuit in Table 3.1,

Rl

Rsc v T 5
1+ 07

(3.43)

This is the transformed resistance looking through C; toward the left. Looking
toward the right through C,.,, and again using the parallel-to-series conversion
Eq. (3.39),
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R Ly -—7 (), Rigy -7

FIGURE 3.12 Equate the left- and right-hand circuits.

Ry
Rse V=T o .
These two expressions for R, can be equated and solved for Q,:
R, 12
0, = [?(H 0?)- 1} (3.45)

3.8.3 Calculation of Circuit Q

An approximate value for Q can be found by equating the impedances of the
two circuits in Fig. 3.12:

7 R @*I? + jR*oL
R +(wL)

=Rl +joL.gy (3.46)

If the Q of the right-hand circuit is approximately that of the left-hand circuit
in Fig. 3.12, then

0, = Dley _ ORZL _ R
""" R, R& oL

(3.47)

The variable C represents the total capacitance of C; and C,,, in series as
implied in Fig. 3.11 and represented in Fig. 3.12. For a high-Q circuit, circuit
analysis gives the resonant frequency:

1 1
f=————~—— 3.48
N=Tc-r/R” T IC (348)
As a result, the approximate value for O, can be found:
0 =aRrC=1 (3.49)

Af

Here Afis the bandwidth in hertz and f; is the resonant frequency.
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TABLE 3.4 Tapped C Matching Circuit Design Formulas

Step Number Tapped C Formula

1 O, = flAf

2 C=0,/(0yR")=1/27 AR’)
3 L=1/w}C

4 0, =[(R,/R)(1+0})-1]""
5 CZ = Qp/a)()RZ

6 Coeav = Co(1+Q7)/ 05

7 Cl = Csequ/(Cseqv - C)

3.8.4 Tapped C Design Procedure

The above ideas are summarized in Table 3.4, which provides a design proce-
dure for the tapped C matching circuit. Similar expressions could be found for
a tapped inductor transforming circuit, but such a circuit is typically less useful
because high Q inductors are more difficult to obtain than capacitors.

3.9 PARALLEL DOUBLE-TUNED TRANSFORMER

Each of the above described 7, r, or tapped C matching circuits provide some
control over the bandwidth. Where precise control over the bandwidth is
required, a double-tuned circuit allows controlling bandwidth by specifying
two different frequencies where maximum transmission occurs. For a small
pass band, the midband dip in the transmission coefficient can be made small.
Furthermore, the double-tuned circuit is especially useful when a large differ-
ence in impedance levels is desired, although its high end frequency range is
limited. The filter transmission gain is shown in Fig. 3.13.

The double-tuned circuit consists of a coupled coil transformer with
resonating capacitances on the primary and secondary side. This circuit is
shown in Fig. 3.14. The transformer is described by its input and output
inductance as well as the coupling coefficient k. The turns ratio for the trans-

former is
/ Ly
n:l= 01 (3.50)
k*Ly,

The circuit in Fig. 3.14 can be replaced by an equivalent circuit using an ideal
transformer (Fig. 3.15a). Since an ideal transformer has no self-inductance, the
inductances and coupling factor, k, must be added to the ideal transformer.
The final circuit topology is shown in Fig. 3.15b). Looking toward the right
through the ideal transformer, the circuit values in Fig. 3.15b) are
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Gr

Jmi o fm2
FIGURE 3.13 Double-tuned transformer response.

I

Rg CIT Ly ’ Ly TCZ Ry

FIGURE 3.14 Real transformer with resonating capacitances.

1

w1 Lo2(1-1%)

o Lo H%m L. i
T T

(a)

Il
1 .

FIGURE 3.15 (a) Alternate equivalent circuit with ideal transformer and (b) final
equivalent circuit.

Rg C Ly

1
llz, = Lll (p—lj (351)
k2L22
g C 3.52
’ ( Ly, j ’ (-2
Lll
/= R 3.53
) P (3.53)

The circuit elements will be chosen to give an exact match at the two fre-
quencies, f;,; and f;,. The circuit in Fig. 3.15b can be conceptually split into
two (Fig. 3.16). The resistance R, with the parallel resonant circuit will never
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L

RG% CIJI: L11% 2 o= RLT (e Ry
s

FIGURE 3.16 Double-tuned circuit split into two.

Resistance

ﬁnl fmZ
FIGURE 3.17 Plot of left- and right-hand resistance values vs. frequency.

be larger than Rg. The right-hand side is an L matching circuit with the reac-
tance of the shunt element monotonically decreasing with frequency. Hence,
R, monotonically decreases. Consequently, if Ry is small enough, there will be
two frequencies where R, = R,. This is illustrated in Fig. 3.17.

A design procedure for the parallel double-tuned circuit has been reviewed
in [1] and is summarized below.The typical synthesis problem is to design a
circuit that will match R and Ry over a bandwidth, Af, at a center frequency,
fo, with a given pass-band ripple. The bandwidth and center frequency are
approximated by the following:

1. Determine f,,; and f,,, from Af and f:

Af =N2(frz = fim1) (3.54)
ﬁ) = melfmz (355)

The minimum pass-band gain for the filter is dependent on the difference
between the match frequencies: The larger the distance between f,; and
fmo, the larger the dip in the center of the pass-band characteristic:

Grmin = s f (3.56)

(fmZ/fml)z +2fm2/fm1 +1

Equation (3.56) provides an approximation to the minimum gain at the
center of the pass band, so that it predicts whether a chosen ripple factor
can be met.
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. Determine the actual transducer gain for the given ripple factor:
GT — 10—ripplc factor (dB)/10 (357)

. Determine the resistance ratio 7. If Gr > Grumin, then the pass-band ripple
specification can be met.

_ 1/2
r= M (3.58)
1-[1-G|
. Calculate the Q, at the two matching frequencies:
Q2 =Lt (3.59)
fm2
Q2 =rin2 g (3.60)
fml
. Solve the following simultaneous equations for L; and C;:
l R(‘
o L5+ =0y 1| ——— 3.61
TN (60
1 Rs
+w,, L, — =0y | ——2— 3.62
2[/2 C()m2C£ |Q2 2| 1+ Q22—m2 ( )
. Find the value for Rj:
1+ Q22—m1
R =———7— 3.63
" 0L CSRs (369

. Calculate the input susceptance of the right-hand side where G{ =1/R{:

Bui :Im{ S S } (3.64)
]wm1L2 + 1/(GL +]wm1C2)

Bz :Im{ N S } (3.65)
Jomy L3 +1/(G{ + j0,,C7)

. Solve the following simultaneous equations for L;; and C;:

1
Wi Ly

1

Wmo Ly

- wmlcl = |Bm1| (366)

- wm2C1 = _le2| (367)
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9. Find the transformer coupling coefficient, and hence L,, and Cy:

1
k=—— (3.68)
1+ L5/ Ly
LR,
Ly, = 3.69
22 szi ( )
Ly
C,= C; 3.70
2 k2L22 2 ( )

This procedure has been coded into the program DBLTUNE, and an
example of its use is given in Appendix B.

The parallel double-tuned transformer makes use of a coupled coil.
Sometimes coupled-coil transformers can be implemented in an integrated
circuit with coupled spiral coils. This was referenced in Section 2.4.5 relative
to using the ASITIC program.

3.10  CONCLUSIONS

This chapter has provided a variety of circuits that can be used to transform
one impedance level to another. Impedance matching is required in many
places within a transceiver, especially in the amplifiers. However, the circuit
designs described in this chapter do not provide accurate bandwidth specifica-
tions, nor do they make use of transmission lines. These topics will be consid-
ered later in Chapters 5 and 6.

PROBLEMS

3.1. The graph in Fig. 3.18 shows the susceptance of a circuit as well as the
frequency response.

a. From these graphs determine the Q of the circuit.

b. Determine the equivalent circuit that would approximate this fre-
quency response. Give numerical values for the resistive and reactive
components.

3.2. Design an impedance transforming network that matches a generator
resistance, Rg = 400Q to a load resistance R, = 20Q.The center frequency
for the circuit is f, = 6 MHz. The desired ripple (where appropriate) is to
be less than 0.25 dB. In some cases, the ripple factor will not be able to be
controlled in the design. The problem is to design four different transfor-
mation circuits with the above specifications, and for each design do an
analysis using SPICE. See Appendix G, Sections G.1 and G.2.
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FIGURE 3.18 Susceptance and frequency response for Problem 3.1.

a. Design a two-element L matching circuit and check the results with
SPICE.

b. Design a three-element tapped capacitor matching circuit with a band-
width Af = 50kHz and check the results with SPICE to determine the
actual bandwidth.

c. Design a three-element 7 matching circuit with a bandwidth of
Af =50kHz and check the results with SPICE to determine the actual
bandwidth.

d. Design a double-tuned transformer matching circuit with a bandwidth
of Af=50kHz and check the results with SPICE to determine the
actual bandwidth.

e. Repeat part (d) for a 3-dB bandwidth of 2MHz. Again check the
results using SPICE.

The n matching circuit shown in Fig. 3.4 is used to match the load,
R =1000Q to R” = 80Q. If the intermediate resistance level is R’ = 20Q,
determine the following:

a. What is Q,?

b. What is Q,?

c¢. What is By, the first susceptance nearest R?

d. What is the estimated 3-dB bandwidth for this circuit in terms of the
center frequency, f,?

The tapped capacitor transformer is to be used in a narrow band of fre-
quencies around @ = 4 x 10°rad/s. In designing the matching circuit, the
tapped C circuit is converted to an L matching circuit. If R, in Fig. 3.10 is
50Q, C, = 8pF, and C, = 5.0pF, then what is the total capacitance for the
L matching circuit?

A lossless w matching circuit has a load resistance R = 340Q. The center
frequency is @, = 20 x 10°rads/s and the bandwidth is Aw =5 x 10°rad/s.
It is also known that the series element in the 7 circuit is L, = 6 uH.
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2Q

1Q 4Q

FIGURE 3.19 Circuit for Problem 3.6.

a. Determine the matching generator resistance that is smaller than the
load.

b. Determine the susceptance at the load side.
c. Determine the susceptance at the generator side.

3.6. Determine the impedances that would match both sides of the two-port
circuit in Fig. 3.19.

3.7. Show that the part of the circuit in Fig. 3.14 consisting of L,;, L, and M
is equivalent to the part of the circuit in Fig. 3.15a consisting of Ly, Ly,
n, and k. This can be done by equating corresponding z parameters of
both circuits. Recall that k* = kiko, M = k+/L,,L,,,and n = L;/M.
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CHAPTER FOUR

Multiport Circuit Parameters
and Transmission Lines

4.1 VOLTAGE-CURRENT TWO-PORT PARAMETERS

A linear n-port network is completely characterized by n independent excita-
tion variables and n dependent response variables. These variables are the
terminal voltages and currents. There are four ways of arranging these inde-
pendent and dependent variables for a two-port circuit that are particularly
useful, especially when considering feedback circuits. They are the impedance
parameters (z matrix), admittance parameters (y matrix), hybrid parameters
(h matrix), and the inverse hybrid parameters (g matrix). These four sets of
parameters are defined as:

[V1_ _ [z 212:|_l:1} (4.1)

Vol [Qa1 Rz ]lb

|:l:1_ _ B J’12[V1_ (42)
Ll [Ya Yo ]lV2]

[V1_ _ [ Ay h12[i1 ] (4.3)
L] [l hnllvs

|:i1_:_g11 glz_[ll/l_ (4.4)
Vol 821 8 Ll ]

Two networks connected in series (Fig. 4.1) can be combined by simply adding
the z parameters of each network together. This configuration is called the

Radio Frequency Circuit Design, Second Edition, by W. Alan Davis
Copyright © 2011 John Wiley & Sons, Inc.
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7 2
[ ] a [Z]=[2)+(2)]
+
VG7 ZZ
FIGURE 4.1 Series—series connection.
Y
o Yo L J v =l
)%
FIGURE 4.2 Shunt-shunt connection.
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FIGURE 4.3 Series—shunt connection.

G

j $7. [Gd=[G]+[G)

(D)

&

G,

FIGURE 4.4 Shunt-series connection.

series—series connection. In the shunt—shunt configuration shown in Fig. 4.2, the
two circuits can be combined by adding their y matrices together. In the series—
shunt configuration (Fig. 4.3), the composite matrix for the combination is
found by adding the /# parameters of each circuit together. Finally, the circuits
connected in the shunt-series configuration (Fig. 4.4) can be combined by
adding the g parameters of the respective circuits. In each case the indepen-
dent variables for the particular configuration are the same for each of the
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FIGURE 4.5 Equivalent circuit for z parameters.

i

individual circuits; thus matrix addition is valid most of the time. The case
where the matrix addition is not valid occurs when, for example, in Fig. 4.1 a
current going in and out of port 1 of circuit 1 is not equal to the current going
in and out of port 1 of circuit 2. These pathological cases will not be of concern
here, but further information is found in [1, pp. 188-191] where a description
of the Brune test is given.

Any of the four types of circuit parameters described above can be repre-
sented by an equivalent circuit with controlled sources. As an example, the
impedance (or z) parameters can be represented as shown in Fig. 4.5. The input
port 1 side is represented by a series resistance of value z;; together with a
current-controlled voltage source with gain z;, in series. The controlling current
is the port 2 current. If the current at port 1 is i; and the current at port 2 is
i, then the voltage at port 1 is

Vi =Lz +hin

A similar representation is used for the port 2 side.

The individual impedance parameters are found for a given circuit by
setting i; or i, to 0 and solving for the appropriate z parameter. The z param-
eters are sometimes termed the open-circuit parameters for this reason. The y
parameters are sometimes called the short-circuit parameters because they are
found by shorting the appropriate port. The conversion of these parameters is
summarized in Appendix D.

4.2 ABCD PARAMETERS

Two-port networks are often cascaded together, and it would be useful to be
able to describe each network in such a way that the product of the matrices
of each individual network would describe the total composite cascaded
network. The ABCD parameters have the property of having the port 1 vari-
ables being the independent variables and the port 2 variables being the

dependent ones:
S (45)
A1 C D =l
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This allows the cascade of two networks to be represented as the matrix
product of the two circuits expressed in terms of the ABCD parameters. The
ABCD parameters can be expressed in terms of the commonly used z
parameters:

Vi 211
A=— =24 4.6
Valp—0 <21 ( )
B=-Y A (4.7)
bl,-0 22
] 1
c=4] -4 (4.8)
Valp=0 221
i 222
p=-1 =% 4.9
bln=0 <221 “9)

where
A
A, = 2120 — 201212

In addition, if the circuit is reciprocal so that z;, = z,;, then the determinate of
the ABCD matrix is unity, namely

AD-BC=1 (4.10)

4.3 IMAGE IMPEDANCE

A generator impedance is said to be matched to a load when the generator
can deliver the maximum power to the load. This occurs when the generator
impedance is the complex conjugate of the load impedance. For a two-port
circuit, the generator delivers power to the circuit, which in turn has a certain
load impedance attached to the other side (Fig. 4.6). Consequently, maximum
power transfer from the generator to the input of the two-port circuit occurs
when it has the appropriate load impedance, Z;. The optimum generator
impedance depends on both the two-port circuit itself and its load impedance.
In addition, the matched load impedance at the output side will depend on
the two-port itself as well as the generator impedance on the input side. Both
sides are matched simultaneously when the input side is terminated with an
impedance equal to its image impedance, Z;;, and the output side is terminated
with a load impedance equal to Zj,. The actual values for Z;; and Zj, are
determined completely by the two-port circuit itself and are independent of
the loading on either side of the circuit. Terminating the two-port circuit in
this way will guarantee maximum power transfer from the generator into the
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FIGURE 4.7 Excitation of a two-port circuit at port 2.

input side and maximum power transfer from a generator at the output side
(if it exists).

The volt-ampere equations for a two-port circuit are given in terms of their
ABCD parameters as

V1 ZAVZ—Biz (411)
il :CV2 —Diz (412)

If the input port is terminated by Zy, = v/i;, and the output port by Z;, =
va/(—i,), then both sides will be matched. Taking the ratio of Egs. (4.11) and
(4.12) gives

v _Aw/(-i)+B
il CVz/(_lz)"rD
_AZy+B

" CZp+D

le

(4.13)
The voltage and current for the output side in terms of these parameters of
the input side are found by inverting Egs. (4.11) and (4.12):
Vy, = DVl - B11 (414)
iz = CV1 —Ail (415)

If the output port is excited by v, as shown in Fig. 4.7, then the matched load
impedance is the same as the image impedance:
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Z _Q_Dvl/(_ll)‘i‘B_DZH'f‘B
P T Ov(-i)+ A CZy+A

(4.16)

Equations (4.13) and (4.16) can be solved to find the image impedances for
both sides of the circuit:

Zi = .| — (4.17)
"“Ncp

DB
Ty = |—— 4.18
""Nac (418)

When a two-port circuit is terminated on each side by its image impedance,
so that Z; = Zy; and Z, = Zp,, then the circuit is matched on both sides simul-
taneously. The input impedance is Zy, if the load impedance is Zp, and vice
versa.

The image impedance can be written in terms of the open-circuit z
parameters and the short-circuit y parameters by making the appropriate
substitutions for the ABCD parameters (see Appendix D):

Zy = [P (4.19)
Yu

Zy = |22 (4.20)
Y2

Therefore, an easy way to remember the values for the image impedances is

ZI] = V<oc1<scl (421)
ZIZ = VZoc2%sc2 (422)

where 7z, and z; are the input impedances of the two-port circuit when the
output port is an open circuit or a short circuit, respectively.

As an example consider the simple T circuit in Fig. 4.8. The input impedance
when the output is an open circuit is

Zocl = Za + Zb (423)

FIGURE 4.8 Example T circuit.
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FIGURE 4.9 Chain of matched two-port circuits.

and the input impedance when the output is a short circuit is
Zsc1 = Za + Zb "Zc (424)

The image impedance for the input port for this circuit is

Zy=WZ,+ Z,)(Z, + Zy| Z.) (4.25)

and similarly for the output port

le = \/(Zc + Zb)(Zc +Zb"Za) (426)

The output side of the two-port circuit can be replaced by another two-port
circuit whose input impedance is Zy,. This is possible if Z, is the image imped-
ance of the second circuit and the load of the second circuit is equal to its
output image impedance, say Zj;. A cascade of two-port circuits where each
port is terminated by its image impedance would be matched everywhere (Fig.
4.9). A wave entering from the left side could propagate through the entire
chain of two-port circuits without any internal reflections. There, of course,
could be some attenuation if the two-port circuits contain lossy elements.

The image propagation constant, ¥, for a two-port circuit is defined as

or = | W |Zn (427)
Vs (_lz) v\ Zy
If the network is symmetrical so that Z;; = Zy,, then e’ = v,/v,. For the general
unsymmetrical network, the ratio v,/v, is found from Eq. (4.11) as

Vi Av, — Bi,
Vs Va2
= A+£
ZIZ

=A+B,/£
BD

- [A(JAD +VET)
D
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Similarly,
ll_ = CZIZ + D
_l2)
= \/g (VAD +VBC)

The image propagation constant is obtained from Eq. (4.27):

o' = |- —JAD +VBC (4.28)
Vz(—lz
Also,
e?" =~AD -JBC (4.29)

When the circuit is reciprocal, AD — BC = 1. Now if Egs. (4.28) and (4.29) are
added together and then subtracted from one another, the image propagation
constant can be expressed in terms of hyperbolic functions.

coshy=vAD (4.30)
sinhy =vBC (4.31)

If n represents the square root of the image impedance ratio, the ABCD
parameters can then be written in terms of n and ¥.

a |2y
na |2
ZIZ
A
== (4.32)
D
A=ncoshy (4.33)
B=nZp,sinhy (4.34)
c = Sinhy (4.35)
nZ
p-coshy (4.36)
n

Hence, from the definition of the ABCD matrix, Eq. (4.5), the terminal volt-
ages and currents can be written in terms of n and y:

vy =voncoshy —i,nZy, sinhy (4.37)
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¥ sinhy—2coshy (4.38)
nZz, n

il =
Division of these two equations gives the input impedance of the two-port
circuit when it is terminated by Z;:

7, =2 =iz, Lt L tanhy (439)
I ZL tanh7/+le

This is simply the transmission line equation for a lumped-parameter network
when the output is terminated by Z; = v,/(—i,). A clear distinction should be
drawn between the input impedance of the network, Z;,, which depends on
the value of Z;, and the image impedance Z,, which depends only on the
two-port circuit itself. For a standard transmission line, Zy, = Zj, = Z, where
Z, is the characteristic impedance of the transmission line. Just as for the image
impedance, the characteristic impedance does not depend on the terminating
impedances, but is a function of the geometrical features of the transmission
line itself. When the lumped-parameter circuit is lossless, y= jf is pure imagi-
nary and the hyperbolic functions become trigonometric functions:

Z, +jZytan B

Zin = n2Z
" Z,+jZ tanB

(4.40)

where [ is real. For a lossless transmission line of electrical length 6 = w(/v,

Zy, +jZytanf

Zin = ZO .
Zy+jZ tanf

(4.41)

where o is the radian frequency, € is the length of the transmission line, and v
is the velocity of propagation in the transmission line medium.

4.4 TELEGRAPHER’S EQUATIONS

A transmission line consists of two conductors that are spaced considerably
less than a quarter wavelength apart. The transmission line is assumed to
support only a transverse electromagnetic (TEM) wave. The transmission line
might support higher order modes at higher frequencies, but it is assumed here
that only the TEM wave is present. This assumption applies to the vast number
of two conductor transmission lines used in practice. A transmission line may
take a wide variety of forms: Here it will be represented as a two-wire transms-
sion line (Fig. 4.10). This line is represented as having a certain series induc-
tance per unit length, L, and a certain shunt capacitance per unit length, C
(Fig. 4.11). The inductance for the differential length is thus Ldz, and the
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I I~
7 - Z [ - ZL
o — —0
z=-L z=0

FIGURE 4.10 Two-wire representation of transmission line.

Ldz Ldz Rdz

V=V Cdz V2=V+ldz Vi=V Cdz Cdz V2=V+ldz
B : oz B T B oz

() (b)

FIGURE 4.11 Circuit model of a differential length of transmission line where (a) is
the lossless line and (b) is the lossy line.

capacitance is Cdz. If the incoming voltage and current wave entering port 1
is V =v, and I = i}, respectively, then the voltage at port 2 is

V) :V+aa_‘z/dz

so that the voltage difference between ports 1 and 2 is

vV, —V; =%—‘Z/dz=—L dz% (4.42)

The negative sign for the derivative indicates the voltage is decreasing in going
from port 1 to port 2. Similarly, the difference in current from port 1 to port
2 is the current going through the shunt capacitance:

..ol 1%
L= = a_zdz =-C dZE (443)

The telegrapher’s equations are obtained from (4.42) and (4.43):

w__ o (4.44)
0z ot
ol oV

Z__cZL 4.45
0z ot ( )
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Differentiation of Eq. (4.44) with respect to z and Eq. (4.45) with respect to ¢
and then combining produces the voltage wave equation:

—_— 4.46
dz>  v* or (4.46)
In similar fashion the current wave equation can be found:
2 2
o _1&1 (4.47)
daz>  v? or
The velocity of the wave is
L (4.48)
JLC '

The solution for these two wave equations given below in terms of the arbitray
functions F, and F, can be verified by substitution back into Egs. (4.46) and
(4.47):

V(zt)=F (z —fj +F (z + f) (4.49)

1(z,0)= ZLO[F] (t—%)—Fz(t+§ﬂ (4.50)

The most useful function for F; and F, is the exponential function exp[j( ot £ z)]
where 8 = @/v. The term, Z,, is the same characteristic impedance used in Eq.
(4.41) for the transmission line. For the telegrapher’s equations it is

/L 1
7o =. = =Ly=— 4.51
0 v N ( )

The units for L and C are given in terms of henries per unit length and farads
per unit length. These are to be distinguished from L and C used in lumpded-
element circuit theory.

4.5 TRANSMISSION LINE EQUATION

The transmission line equation was determined in Section 4.3 for a cascade of
lumped-element matched circuits. It is the input impedance of a transmission
line terminated with a load, Z;, and it can also be found directly from analysis
of a transmission line itself. The transmission line is characterized by its
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mechanical length, €, and its characteristic impedance, Z,. The characteristic
impedance of a transmission line is a function only of the geometry and dielec-
tric constant of the material between the conductors and is independent of its
terminating impedances. This is similar to the image impedance for lumped-
element circuits. The input impedance of the transmission line depends on ¢,
Zy, and Z;. When terminated with a nonmatching impedance, a standing wave
is set up in the transmission line where the forward- and backward-going volt-
ages and currents are as indicated in Fig. 4.10. At the load,

Vi=Vi+V- (4.52)
I=I'-T (4.53)

Since the forward current wave is I' = V*/Z, and the reverse current wave is
1~ =V7/Z,, the current at the load is

vV v

I:
A

(4.54)

Replacing V. above with Eq. (4.52), the voltage reflection coefficient can be
determined:

r-Y_ _4-% (4.55)
VY Zi+Z,
If the transmssion line is lossy, the reflection coefficent is actually
- %
roY_za-z (4.56)

V' Z+7Z,

The phase velocity of the wave is a measure of how fast a given phase moves
down a transmission line. This is illustrated in Fig. 4.12 where ¢ time depen-
dence is assumed. If time progresses from ¢, to t,, then in order for ¢®# to
have the same phase at each of these two times, the wave must progress in the
forward direction from z, to z,. Consequently,

FIGURE 4.12 Forward directed propagating wave.
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0=B(z2—z)-o(,— 1)
giving the phase velocity

A
p=t2 0 (4.57)
At B
This is to be distinguished from the group velocity,

do
=

which is a measure of velocity of energy flow. For low loss media, v,v = ¢’/
where c is the velocity of light in a vacuum. The negative-going wave, of course,
has a phase velocity of —w/.

This traveling wave corresponds to the solution of the lossless telegrapher’s
equations. The total voltage at any position, z, along the transmission line
would be the sum of the forward- and backward-going waves:

V(z)=V*e b 4 Vetite (4.58)

The total current at any point z is by Kirchhoff’s law the difference of the two
currents:
I(z)= ZL(V*e"'ﬂZ —-V-etF) (4.59)

0

At the input to the line (or left side) where z = —¢, the ratio of Egs. (4.58) and
(4.59) gives the input impedance:

Vie b4 Voetibe

Zin=2, Ve By (4.60)
e P + Tetibe
=Ly—i—— (4.61)
e Bz _Tetibz
At the position z = —¢
Zin -7, ZL +]ZO tanﬁf (462)
Zo+ jZy tan B/
If the propagation constant is the complex quantity y= o + jf, then
Zin=2 w (4.63)

* Zy+ Z, tanhy!
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A few special cases illustrates some basic features of the transmission line
equation. If z = 0, Z;,(0) = Z; no matter what Z, is. If Z; = Z,, then Z;,(z) = Z,
no matter what z is. For a quarter wavelength line, Z,,(z=A/4)=Z¢/Z, . The
input impedance for any length of line can be readily calculated from
Eq. (4.62) or by using the Smith chart.

4.6 SMITH CHART

The Smith chart, as shown in Fig. 4.13, is merely a plot of the transmission line
equation on a set of polar coordinates. The reflection coefficient is really an

RADIALLY SCALED PARAMETERS
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FIGURE 4.13 Smith chart.
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alternate way of expressing the input impedance relative to some standard
value (Z,), which is typically 50 Q. The reflection coefficient, I', has a magnitude
between 0 and 1 and a phase angle between 0° and 360°. The equations
describing the radii and centers of the circles of the coordinates of the Smith
chart are found by solving the normalized version of Eq. (4.60):

(o Zn_ 14T
K=z, "1™

(4.64)
Solution of the real part of Eq. (4.64) gives the center of the resistance
circles as (r/(1 + r), 0) with a radius of 1/(1 + r). Solution of the imaginary part
gives the center of the reactance circles as (1, 1/x) with a radius of 1/x [2,
pp- 121-129].

The Smith chart can be used as a computational tool, and it often gives
insight where straight equation solving will not. It is also a convenient plotting
tool of measured or calculated data, since any passive impedance will fall
within its boundaries.

4.7 TRANSMISSION LINE STUB TRANSFORMER

In Chapter 3 a variety of lumped-element impedance transformers were
described. Impedance transformation can also be achieved using a simple
transmission line circuit with a shunt or series stub. The shunt stub design is
the most practical for the most common types of transmission lines. When the
transmission line and stub lengths are a small fraction of a wavelength, the
circuit can be practical for the upper RF range. Impedance matching can be
done using either short-circuit or open-circuit stubs. Impedance matching can
be done using shunt or series stubs. Finally, it can be done with one, two, or
three stubs as described by Collin [3].

4.7.1 Matching a Real Load Impedance

Consider the shunt stub circuit shown in Fig. 4.14. The load admittance, Y1, is
to be matched to the generator side whose admittance is Y = Y. A distance,
d, is determined so that the admittance looking toward the load just to the
right side of the stub is

Yi=Y,+jB (4.65)

When Y is real as is assumed here, then d, = 0 and I';, = T} | in Fig. 4.14. At the
intersection of the main line and the shunt stub, the shunt stub is designed to
produce a shunt admittance of —jB, which cancels the susceptance of Yj, in
leaving

Y, =Y;-jB=Y,+jB-jB=Y, (4.66)
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.
1 Open or

1 Short
3

)/
Yo Yo/ Yo - [:]YL

- d

dz‘“

d

FIGURE 4.14 Open- or short-circuit stub-matching circuit with Y; complex. When Y
is real, d, = 0 and Ty = [T,

Because of the periodicity of the tangent function, there are many solutions
for d and shunt stub length €. The admittance repeats for each added half
wavelength, nA/2. Usually it is wise to choose the smallest values for d and ¢
in order to minimize frequency sensitivity. The end of the stub may be either
a short or an open circuit to ground. When the stub length is shorter than a
quarter wavelength, then

_ {tan( Bo) open 01.rcu1't 4.67)

—cot(f¢) short circuit

Knowing the sign of the required susceptance determines whether to use an
open- or a short-circuited stub to achieve the minimum distance, €.

The characteristic admittance used in each of the transmission lines can be
any realizable value, but for simplicity the value is chosen to be the system
characteristic admittance, Y. Then the only two design parameters that need
to be found are d and ¢.

The load admittance is assumed to be real, so that Y, = Gy. This restriction
will be removed later. At a distance d from the load,

Yo=Y, +jB=Y, St Yoland (4.68)
YO + ]GL tan@
Yo (G +jYytan@) = (Y, + jB) (Y, + jGy tan6) (4.69)
where 6 = f3d. The real and imaginary parts of this equation are
Y()GL = Y02 - BGL tan9 (470)
jY{ tan@ = jY,(B+ G, tan#) (4.71)

which are, respectively,
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tan0 = M (4.72)
BG,
B=(Y, -G )tanf (4.73)

Substitution of Eq. (4.73) into Eq. (4.72) gives

tanf == /();—O (4.74)
L

A useful alternative form makes use of the trigonometric double-angle
formula

tan?@ = 1=60s20 (4.75)
1+cos26
so that
GL-Y,
20=—— 4.76
TG Y, (476)
l GL - YO j
d=— e 4.77
yp arccos( G 1Y, 4.77)

The ambiguity in the sign for the /G, in Eq. (4.74) is used to determine the
stub length €. The + sign is chosen when 0 < d, < /2 or when 0 < d, < A/4.
The — sign is chosen when /4 < d; < A/2. From Egs. (4.73) and (4.74)

Y, -G
B=.Y, 1=t 4.78)
0 \/G_L (

The transmission line equation gives the input admittance for a short-circuit
stub as

Ystub = —]B = _jY[) cot ﬁf £ _jY() C0t¢ (479)

so that from Eq. (4.78)

YO - GL
cotp = 4.80
V GLYV() ( )
or
(= iarctan(—“GLYo) (4.81)
2r }]0 - GL
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The design is complete since the characteristic admittance and length of

each line section have been found. The design of the open-circuit stub is similar
and will be given after considering matching to a complex load.

4.7.2 Matching a Complex Load Impedance

The voltage across the transmission line varies sinusoidally as a function of
the position along the line. At a certain point, the voltage will reach a minimum
as inferred by Eq. (4.58):

V(z)=V* (e +Te) (4.82)

Since T = IT'l exp(jy), then at a certain point, d,, I will be negative and real
(Fig. 4.14):

I'(d,)=-|T] (4.83)

Here the admittance is maximum and real:

1-T 1+|T
Y(dz) = Y() m =Ty 1_—H (484)
=Y,S (4.85)

The variable, S, is the voltage standing-wave ratio, which is a scalar ratio of
the maximum to minimum voltage on the transmission line. Moving from the
load admittance, Y}, a distance d, will give an admittance looking toward the
load a real value of Y,S for the “load” at position d,. The equations for the
real load admittance can now be used where G = Y,S. From Egs. (4.76),
(4.77), and (4.81)

20, = arccos(mj (4.86)
SY, +Y,
d, = iarccos( S- 1) (4.87)
4r S+1
+
L= iarctan £ (4.88)
2r S-1

Choose the ++/S when 0 < d, < /4 and —/S when M4 < d, < A/2. The total
distance from the complex load, Yy, to the stub is

d=d +d, (4.89)

where d, is the same solution for d in Section 4.7.1 (Eq. 4.76).
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The above designs have been based on the use of a short-circuit stub.
However, the open circuit is often easier to implement. If the susceptance from
the load at d turns out to be negative, the open-circuit stub will provide the
shortest line length to get the positive susceptance needed for cancellation.
The input admittance for an open-circuit stub is jY, tan ¢. Then by analogy
with Egs. (4.80) and (4.81),

Yv() _GL

tang=—-—————= 4.90
GL)/() ( )
A GL-Y, )
¢ =—arctan 491
2w ( NIEDE ( )
or for a complex load
A (S - 1)
{=—arctan| —— 4.92
2r Js (492)

As an example, design a matching circuit for a load impedance of
Z; =30+ j40Q with Z, = 50Q using a short-circuit stub. The reflection coef-
ficient at the load is

ZL_ZU

I, =l |e" =
v=Id 7, +7Z,

= j0.5

The magnitude of I’ is 0.5 and the angle y is n/2. Since,

V(e
F(dZ) = _(e—iﬁz j

vt
=T e 2ib (4.93)
= |]—'L|ej"’e’2jﬁ‘[2 (494)
=[]

[Ty |e*" (4.95)

The sign change in Eq. (4.93) is a result of placing the origin at the load and
moving in the —z direction toward the generator a distance of d,. The minus
sign is used to ensure positive line lengths for d,. Solving Egs. (4.94) and (4.95)
for d, gives

dy =" (y+m) (4.96)
4r

Inthe present example, y = 7/2 so that d, = 0.375A. From Eq. (4.85) the standing-
wave ratio, S = 3, from Eq. (4.87) d, = 0.0833 Aso that d = d; + d, = 0.4583 A,and
from Eq. (4.88) € =0.205 A.
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4.8 COMMONLY USED TRANSMISSION LINES

Because TEM transmission lines have neither an elecrtric nor magnetic field
component in the direction of propagation, the characteristic impedance can
be found from Eq. (4.51) and electrostatics. Since the velocity of propagation
in the given media is presumably known, all that is necessary is to calculate
the electrostatic capacitance between the conductors. When the geometry is
particularly nasty and the solution is needed quickly, the field mapping
approach described in Section 2.2.2 can be used.

4.8.1 Two-Wire Transmission Line

The two-wire transmission line commonly used, for example, between a TV
antenna and the receiver, consists of two round conductors each with a radius
of a and separated by a distance b (Fig. 4.15). The dielectric surrounding the
wires has a dielectric constant of & The field theory analysis, such as that given
in [2], shows that the characteristic impedance of the two-wire line is

Zy = Earccosh(i) (4.97)
b4 2a
where
n= % (4.98)
€

While the field analysis for a given structure may bring some challenges, the
good news is that once Z, is known, the rest of the problem can be solved by
circuit theory. Losses in the two-wire transmission line stem from the lossy
dielectric between the conductors and the resistive losses experienced by the
current as it flows along the conductor. Since a voltage wave is attenuated as it
goes down a line by exp(—oz),the power loss is proportional to exp(—2cz) where

o=0y+0, (4.99)

The dielectric and conductor losses are

FIGURE 4.15 Two-wire transmission line.
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g =241 (4.100)
2
o = |21 L (4.101)
2a\ 20, narccosh(b/2a)

where oy and o, are the conductivities of the dielectric and conductor, respec-
tively. The two-wire line is inexpensive and widely used in ultrahigh frequency
(UHF) applications.

4.8.2 Parallel Strip Transmission Line

The parallel strip transmission line consists of two separate conductors of
width b and separated by a distance a (Fig. 4.16). This is a rectangular wave-
guide without the side walls. It is fundamentally distinct from the rectangular
waveguide, which is not a TEM transmission line. The Maxwell equations
for a plane wave for this system are the exact analog to the telegrapher’s
equations:

oE, o0H,
L= 4.102
z (4.102)
oH JoE
L= g = 4.103
0z ot ( )
The voltage between the strips is the integral of the electric field:
V=—['E, dc=—dE, (4.104)

The magnetic field in the y direction will produce a current in the conductor
that will travel in the z direction according to Ampere’s law:

b
= -jo H,dy=—H,b (4.105)

a X

+ z
- L

FIGURE 4.16 Parallel strip transmission line.
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Substitution of Egs. (4.104) and (4.105) into Eq. (4.44) gives

9E. _ _LboH, (4.106)
Jz a ot
Comparison of this with Eq. (4.102) indicates that
L=H (4.107)

A similar substitution of Egs. (4.104) and (4.105) into Eq. (4.45) and compari-
son with Eq. (4.103) indicates that

c- (4.108)

a

so that the characteristic impedance for the parallel strip guide is

/L a I,u
Zo=.=== |2 4.109
’ C bVe ( )

While this solution illustrates the major feactures of the parallel strip trans-
mission line, the neglect of the fringing fields makes this expression in practice
useless. A more uselful expression was developed for the parallel strip line [4],
which was later used to determine the characteristic impedance for microstrip
by the method of images (Fig. 4.17). Conformal transformations of the struc-
ture were made that included an approximation of the fringing fields. As a

+ + + + + +
— —

¢2E

[T7777777777777777777777777

I L----1

FIGURE 4.17 Relationship between parallel strip line and microstrip by method
of images.
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result two formulas were developed, one for wide and the other for narrow
strips. The analysis formulas follow:

g aftl (4.110)
2

== (4.111)
&

2

Zy=n ! ln@‘i‘l(é) —lgr_l(ln£+llni) (4.112)

el b 8la) 2e+10 2 & x
for b/a < 0.56 and
-1
Zo=1 l{2+0441+ & +1[1n(2+0.94)+ 1.451} & ;1(0.82)} (4.113)
 la 2re, a 2

for b/a > 0.56.

Equation (4.112) is Eq. (48) in [4] and Eq. (4.113) is Eq. (31) in [4] except
that here b/a represents 2a/2b in [4]. The method of images then can be
invoked to find the characteristic impedance of the microstrip. This is described
more fully in Section 4.8.4. A comparison of Eq. (4.109) with no fringing
capacitance, and the formula that includes fringing capacitance, Egs. (4.112)
and (4.113), as well as the microstrip is shown in Fig. 4.17 (a, b, and c) for & = 1,
4, and 10, respectively. A parallel strip line with a given b/a ratio will give a
certain value for Z,. A microstrip line with w/h = b/(a/2) would give a charac-
teristic impedance of Zy/2. The equations used for the microstrip calculation
are those in Section 4.8.4, so the factor of 2 is close, but not exact.

4.8.3 Coaxial Transmission Line

A coaxial transmission line comes in the form of rigid, semirigid, and flexible
forms. The end view of a coaxial line, which is shown in Fig. 4.18, consists of
an inner conductor and the outer conductor, which is normally grounded. The
electric field points from the center to the outer conductor, and the longitudi-
nal current on the center conductor produces a magnetic field concentric to
the inner conductor. The potential between the two conductors is a solution
of the transverse form of Laplace’s equation in cylindrical coordinates where
there is no potential difference in the longitudinal z direction. The notation
for the divergence and curl operators follows that given in [5]:

0=VV,®
19 ( acp> 1 9*®

0= o Uor) " 7o

(4.114)
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FIGURE 4.18 Characteristic impedance for parallel strip line (with and without fring-
ing) and microstrip for (a) & =1, (b) & =4, and (c) & = 10. b/a corresponds to parallel

strip line and w/h corresponds to microstrip.
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FIGURE 4.18 Continued

FIGURE 4.19 Coaxial transmission line.

Because there is no potential variation in the z direction, the z derivative of
@ is zero. Because of symmetry, there is no variation of @ in the ¢ direction
either. Thus, Eq. (4.114) simplifies to an ordinary second-order differential
equation subject to the boundary conditions that @ = 0 on the outer conductor
and ® = V;, on the inner conductor:

o:li(rdi’j (4.115)
rdr\  dr
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FIGURE 4.20 Continuity of magnetic field along center conductor.

Integration of Eq. (4.115) twice gives
O=C/Inr+C, (4.116)

which upon applying the boundary conditions gives the potential anywhere
between the two conductors:

Vo r

The electric field is easily obtained by differentiation.

-iBz 7
E-Vao- e T (4.118)
In(b/a) r
The magnetic field is then
H=ZxE
_ Ve s (4.119)
rnln(b/a)

The outward normal unit vector of the center conductor, 7, is shown in
Fig. 4.20. The surface current on the center conductor is determined by the
boundary condition for the tangential magnetic field:

JSZ?X(HZ_HI):;XHZ (4120)

The later result occurs because the magnetic field is zero inside the conductor.
The total current flowing in the center conductor is

7= 2n—2V0 a
o anln(b/a)

227V,

ST (4.121)
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so that

z,=Yo_ lln(éj (4.122)
1, 2rm a

Coaxial Dielectric Loss The differential form of Ampere’s law relates the
magnetic field to both the conduction current and the displacement current.
In the absence of a conductor

oD
VH=T+ == (4.123)
=~ joeE (4.124)

By taking the curl of Eq. (4.124), the Helmholtz wave equation for H can
be found. A solution of the wave equation would give the propagation
constant, y:

y = joue £ jkye (4.125)

where ¢ is the relative dielectric constant and k, is the propagation constant
in free space. A lossy dielectric is typically represented as the sum of the loss-
less (real) and lossy (imaginary) parts:

& =¢g—je’ (4.126)
The revised propagation constant is found by substituting this into Eq. (4.125).

The result can be simplified by taking the first two terms of the Taylor series
expansion since &/'<< g/.

7/=oc+jﬁ=jkox/?:(1—j;;,] (4.127)
so that
koe!
Oy =—— 4.128
B=koJe (4.129)

The power loss is proportional to exp(-20z).

Coaxial Conductor Loss The power loss per unit length, P, is obtained by
taking the derivative of the power at a given point along a transmission line:
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P = P 2% (4.130)
P, é—d—P:ZacP (4.131)
dz

For a low loss conductor where the dielectric losses are negligible, Eq. (4.123)
becomes with the help of Ohm’s law,

VH = oF (4.132)

where o is the metal conductivity. This would be the same equation as
Eq. (4.124) if

= iw (4.133)
J

With this substitution the wave impedance becomes the metal surface

impedance:
\/E 7, = (14 )| 2 (4.134)
€ 20

At the surface there will be a longitudinal electric field of Z,J; directed in
the z direction. Thus, in a lossy line, the fields will no longer be strictly TEM.
This longitudinal electric field produces energy flow into the conductor pro-
portional to EZx H¢. This energy is dissipated in the center and outer conduc-
tors. The power loss per unit length is found in the following way:

R, .
P, :TQSJS-JS dr
:Rngﬁ(fo)(fo*) d

=R7“‘<j3H-H*dz

2
_ Rm"(>”2(l+1) (4.135)
n*(Inb/a) \a b

The power, P, transmitted down the line is found by the Poynting theorem:

1 b 27 R
P=59{{Zm}ja jo ExH*- 2r dr d¢

%

- 4.136
nin(b/a) (3136
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The attenuation constant associated with conductor loss is found from
Eq. (4.131):

P, R, a+b

 E—=— 4.137
2P 2nlin(b/a) ab ( )

while the dielectric loss found earlier is
LI (4.138)

Oy = ——
N

The total loss is found from Eq. (4.99).

4.8.4 Microstrip Transmission Line

Microstrip has been a popular form of transmission line for RF and microwave
frequencies for some time. The microstrip line shown in Fig. 4.21 consists of a
conductor strip of width w on a dielectric of thickness /& above a ground plane.
Part of the electric field between the strip and the ground plane is in the dielec-
tric and part in the air. The field is more concentrated in the dielectric than in
the air. Consequently, the effective dielectric constant, .y, is somewhere
between ¢, and 1, but closer to g than 1. A variety of methods have been used
to find ¢.. However, rather than provide a proof, a simple empirically based
procedure for synthesizing a microstrip line will be given. A microstrip line is
not strictly a TEM type of transmission line and does have some frequency
dispersion. Unless microstrip is being used in a wide bandwidth application,
the TEM approximation should be adequate. Determining the characteristic
impedance could be done by using the parallel strip line described earlier and
the method of images. The microstrip ground plane reflects the image of the
narrow strip so that it would appear to be two strips with dielectric between
the strips. This is exactly what was done in [6]. However, since the height of the
microstrip line is half the height of the parallel strips, the electric field between
the two conductors in the microstrip will be twice as strong, the capacitance
would be twice as large, so Z, is half as large as the eqivalent paralle strip line.
The synthesis problem occurs when the desired characteristic impedance, Z,,

o "
M/////@//M////////////A B

FIGURE 4.21 Microstrip transmission line.
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and the dielectric constant of the substrate, ¢, are known and the geometrical
quantity w/h is to be found. The synthesis equations, given by [6] are simple,
and give an approximate solution to the microstrip problem.

Al 4 1 1
8| —| 7+ — |[+—| 1+—
w_ \/11( +£rj+0.81( +grj (4.139)
h A
ZoE +1
A=exp— ——-1 4.140
P04 (4.140)

The analysis equations given below by [7] are more accurate than the syn-
thesis equations. The value given by Egs. (4.139) and (4.140) provides an ititial
value for w/h that can be used in an iterative procedure to successfully solve
the synthesis problem. This process depends on knowing ¢, and the conductor
thickness, . The solution results in the effective dielectric constant, ., needed
to determine electrical line lengths and Z,. The procedure for the analysis
procedure follows:

Ay =Pl 14 4exp(l) (4.141)
n (t/h)coth®\J6.517w/h
Au —1{1+;}Au (4.142)
) cosh+/g, —1 ! '

=2+ A, (4.143)

h
u =2+ Au, (4.144)

h

2
Zoa(x) = 11{@ + 1+ (3) } (4.145)
2 X X
f(x)=6+(2m—6)exp[ —(30.666/x)"* | (4.146)
_ ~a(x)bler)
ee(x,e,)zgr—ﬂ+gr—1(1+&) (4.147)
2 2 X
4 2 3
a(x)= 14| 2O 1 1+(ij (4.148)
49 | x*+0432 | 187 18.1
0.053
b(e,)= 0.564[8' - 0'9} (4.149)
&

From the given value of ¢ and trial solutions of w/h, Eqgs. (4.141) to (4.144)
give unique values for u, and u,. In Eqs. (4.145) through (4.148), x is replaced
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by u, or u, as required by the calculation for Z, and & in Eqs (4.150) and
(4.151):

w _ Zoa(uy)
& ( nh 8r) BNEXORS) (4-150)
Eeif (%,t,gr) = & (uy, & )[%:l (4.151)

Since w/h increases when Z, decreases and vice versa, one very simple and
effective method for finding the new approximation for w/h is done by using
the following ratio:

(E) _ (E) calculated Z, from Eq. (4.150) (4.152)
i+1 i

n) \n). desired Z,

For example, if w/h for trial i is too small, the resulting Z, will increase the
value for w/h in trial i + 1. This procedure has been coded in the program
MICSTP, which will converge to a value for Z, with acceptable error within
five iterations when given an initial value from Eq. (4.139).

The effect of dielectric a