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Preface

Electronic systems have made deep inroads into every aspect of daily life. One need
only look around homes, offices and industrial plants to see that they feature almost
everywhere. Indeed, it is practically impossible to name any appliances, tools or
instruments that do not contain electronic components. In order to compete with rival
companies or just remain a step ahead of them, the designers of technical systems
and innovative products must be fully aware of both the assets and the limitations of
electronic components and systems. Users of electronic systems also need to have a
basic knowledge of electronic principles. In order to fully exploit an instrument’s
potential, to be aware of its limitations, to correctly interpret the measurement results
and to be able to arrive at well-balanced decisions relating to the purchasing,
repairing, expansion or replacement of electronic equipment, all users of such
systems also need to have a basic knowledge of electronic principles.

This book offers such basic knowledge and provides guidance on how to obtain the
relevant skills. The kinds of topics dealt with are operating principles, the
performance of analog and digital components and circuits, and the precise
characteristics of electronic measuring systems. Throughout the book, every
endeavor is made to impart a critical attitude to the way in which such instruments
should be implemented.

The book is based on various series of courses on electronics and electronic
instrumentation that were given by the author during the many years when he
lectured at Delft University of Technology in the Netherlands. The courses were
designed for students from various departments such as: Mechanical Engineering,
Aeronautical Engineering and Mining Engineering. When numbers of non-Dutch-
speaking Master of Science students started to rise it became necessary to publish an
English version of the book.

The particular way in which the book has been organized makes it suitable for a
much wider readership. To meet the demands of divergent groups it has been
structured in a modular fashion. Each chapter discusses just one particular topic and
is divided into two parts: the first part provides the basic principles while more
specific information is given in the second part. Each chapter ends with a summary
and several exercises. Answers to all the exercises are given at the back of the book.
This approach is conducive to self-study and to the composition of tailor-made
course programs.
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The required background knowledge is a basic grounding in mathematics and
physics equivalent to any first-year academic level. No background knowledge of
electronics is needed to understand the contents of the book. For further information
on particular subjects the reader is referred to the many course books that exist on the
subjects of electronics, measurement techniques and instrumentation.

I am indebted to all the people who contributed to the realization of this book. In
particular I would like to thank Johan van Dijk who carefully refereed the original
Dutch text. I am grateful also to Reinier Bosman for working out all the exercises, to
G. van Berkel for creating the more than 600 illustrations, to Jacques Schievink for
processing the original Dutch editions and this English version of the book and to
Diane Butterman for reviewing the entire English text.

Paul Regtien
Hengelo, August 2004
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1 Measurement systems

The aim of any measuring system is to obtain information about a physical process
and to find appropriate ways of presenting that information to an observer or to other
technical systems. With electronic measuring systems the various instrument functions
are realized by means of electronic components.

Various basic system functions will be introduced in the first part of this chapter. The
extent to which an instrument meets the specified requirements is indicated by the
system specifications, all of which will be discussed in the second part of the chapter.

1.1 System functions

A measuring system may be viewed as a transport channel for the exchanging of
information between measurement objects and target objects. Three main functions
may be distinguished: data acquisition, data processing and data distribution (Figure
L.1).

data
acquisition

target
object

data
distribution

data
processing

|

|

|
measurement |

. —_—

object |
|

|

|

Figure 1.1. The three main functions of any measuring system.

e Data acquisition: this involves acquiring information about the measurement
object and converting it into electrical measurement data. What multiple input, as
illustrated in Figure 1.1, indicates is that invariably more than one phenomenon
may be measured or that different measurements may be made, at different points,
simultaneously. Where there are single data outputs this means that all data is
transferred to the next block through a single connection.

e Data processing: this involves the processing, selecting or manipulating — in some
other way — of measurement data according to a prescribed program. Often a
processor or a computer is used to perform this function.
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e Data distribution: the supplying of measurement data to the target object. If there
is multiple output then several target instruments may possibly be present, such as
a series of control valves in a process installation.

It should be pointed out that the above subdivision cannot always be made; part of the
system may sometimes be classified as both data acquisition and data processing.
Some authors call the entire system shown in Figure 1.1 a data acquisition system,
claiming that the data is not obtained until the target object is reached.

In the next section the data acquisition and data distribution parts are subdivided into
smaller functional units.

Since most physical measurement quantities are non-electric, they should first be
converted into an electrical form in order to facilitate electronic processing. Such
conversion is called transduction and it is effected by a transducer or sensor (Figure
1.2). In general, the transducer is kept separate from the main instrument and can be
connected to it by means of a special cable.

data
pro-
cessor

actu-
ator

I |
| |
' ol sc AD ' out
I sor l
| |
| I
I |
I |
T 1

in

DA SC

data acquisition data distribution

|
|
|
|
|
|
|
[
Figure 1.2. A single channel measuring system.

The sensor or input transducer connects the measuring system to the measurement
object; it is the input port of the system through which the information enters the
instrument.

Many sensors or transducers produce an analog signal; that is a signal whose value, at
any given moment, is a measure of the quantity to be measured: the signal
continuously follows the course of the input quantity. However, much of the
processing equipment can only cope with digital signals, which are binary coded
signals. A digital signal only contains a finite number of distinguishable codes, usually
a power of 2 (for instance 2'° = 1024).

The analog signal must be converted into a digital signal. This process is known as
analog-to-digital conversion or, AD-conversion. Analog-to-digital conversion com-
prises three main processes, the first of which is sampling where, at discrete time
intervals, samples are taken from the analog signal. Each sampled value is maintained
for a certain time interval, during which the next processes can take place. The second
step is quantization. This is the rounding off of the sampled value to the nearest of a
limited number of digital values. Finally, the quantized value is converted into a
binary code.

Both sampling and quantization may give rise to loss of information. Under certain
conditions, though, such loss can be limited to an acceptable minimum.

The output signal generated by a transducer is seldom suitable for conversion into a
digital signal, the converter input should first satisfy certain conditions. The signal
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processing required to fulfill such conditions is termed signal conditioning. The
various processing steps required to achieve the proper signal conditions will be
explained in different separate chapters. The main steps, however, will be briefly
explained below.

e Amplification: in order to increase the signal's magnitude or its power content.

e Filtering: to remove non-relevant signal components.

e  Modulation: modification of the signal shape in order to enable long-distance
signal transport or to reduce the sensitivity to interference during transport.

e Demodulation: the reverse process operation to modulation.

e Non-linear and arithmetical operations: such as logarithmic conversion and the
multiplication of two or more signals.

It goes without saying that none of the above operations should affect the information

content of the signal.

After having been processed by the (digital) processor, the data are subjected to a
reverse operation (Figure 1.2). The digital signal is converted into an analog signal by
a digital-to-analog or DA converter. It is then supplied to an actuator (alternative
names for this being: effector, excitator and output transducer), which transforms the
electrical signal into the desired non-electric form. If the actuator cannot be connected
directly to the DA converter, the signal will first be conditioned. This conditioning
usually involves signal amplification.

The actuator or output transducer connects the measurement system to the target
object, thus becoming the instrument’s output port through which the information
leaves the system.

Depending on what is the goal of the measurement, the actuator will perform various
functions such as, for instance: indicating by means of a digital display; registering
(storing) with such things as a printer, a plotter or a magnetic disk; or process
controlling with the aid of a valve, a heating element or an electric drive.

The diagram given in Figure 1.2 refers only to one input variable and one output
variable. For the processing of more than one variable, one could take a set of single
channel systems. Obviously this is neither efficient nor necessary. The processor
shown in Figure 1.2, in particular, is able to handle a large number of signals, thanks
to its high data processing speed. Figure 1.3 gives the layout of a multi-channel
measuring system that is able to handle multiple inputs and outputs using only one
(central) processor.

Central processing of the various digital signals can be effected by means of
multiplexing. The digital multiplexer denoted in Figure 1.3 connects the output of
each AD converter to the processor in an alternating fashion. The multiplexer may be
viewed as an electronically controlled multi-stage switch, controlled by the processor.
This type of multiplexing is called time multiplexing because the channels are scanned
and their respective signals are successively transferred — in terms of time — to the
processor. Another type of multiplexing, frequency multiplexing, will be discussed in
a later section.
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Figure 1.3. A three-channel measuring system with one central processor.
TR = transduction, SC = signal conditioning.

At first sight it would appear that the concept of time multiplexing has the
disadvantage that only the data taken from the selected channel is processed while the
information derived from the non-selected channels is blocked. It can be demonstrated
that when the time between two successive selections for a particular channel is made
sufficiently short the information loss will be negligible. An explanation of what
precisely is meant by “sufficiently short” will be given in Section 2.2.

Figure 1.3 clearly shows that a system with many sensors or actuators will also
contain large numbers of signal processing units, thus making it expensive. In such
cases the principle of multiplexing can also be applied to the AD and DA converters.
Figure 1.4 shows the layout of such a measurement system in which all the
conditioned signals are supplied to an analog multiplexer. It is even possible to have a
central signal conditioner placed behind the multiplexer so as to further reduce the
number of system components. It is possible to extend the process of centralizing
instrument functions to the data distribution part of the system. An analog multiplexer
distributes the converted analog signals over the proper output channels. It is not
common practice for output signal conditioners to be multiplexed because multi-
plexers are not usually designed to deal with large power signals.

Although the functions of analog and digital multiplexers are similar, their design is
completely different. Digital multiplexers only deal with digital signals which have
better noise and interference immunity than analog signals. Digital multiplexers are
therefore far less critical (and less expensive) than analog multiplexers. The same goes
for the AD converters. In Figure 1.3 it can be seen that each AD converter has a full
multiplexer cycle period in which to perform a conversion. In the system shown in
Figure 1.4, the conversion ought to be completed within the very short period of time
when a channel is connected to the processor. This system configuration thus requires
a high speed (and a higher priced) converter. The centralized system contains a
reduced number of more expensive components. Whether one opts for a centralized or
a distributed system will depend very much on the number of channels.

In certain situations the measurement signals and control signals have to be
transported over long distances. This instrumentation aspect is known as telemetry. A
telemetry channel consists of an electric conductor (for instance a telephone cable), an
optical link (like a glass fiber cable) or a radio link (e.g. made via a communication
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satellite). To reduce the number of lines, which are invariably expensive, the concept
of multiplexing is used (Figure 1.5). Instead of time multiplexing, telemetry systems
use frequency multiplexing. Each measurement signal is converted to a frequency
band assigned to that particular signal. If the bands do not overlap, the converted
signals can be transported simultaneously over a single transmission line. When they
arrive at the desired destination the signals are demultiplexed and distributed to the
proper actuators. More details on this type of multiplexing will be given elsewhere in
this book.

in TR sC sc Act ouit
1 1 1 1 1 1
5 g
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= = | i
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| | g —— pro- £ | |
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| | | |
in TR SC control SC Act out
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Figure 1.4. A multi-channel measuring system with a centralized processor and
AD and DA-converters. For an explanation of the abbreviations see Figure 1.3.
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Figure 1.5. A multi-channel measuring system with frequency multiplexing.

Signals can be transmitted in analog or digital form. Digital transport is preferable if
high noise immunity is required, for instance for very long transport channels or links
that pass through a noisy environment.

1.2 System specifications

A measurement system is designed to perform measurements according to the relevant
specifications. Such specifications convey to the user of the instrument to what degree
the output corresponds with the input. The specifications reflect the quality of the
system.
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The system will function correctly if it meets the specifications given by the
manufacturer. If that is not the case it will fail, even if the system is still functioning in
the technical sense. Any measuring instrument and any subsystem accessible to the
user has to be fully specified. Unfortunately, many specifications lack clarity and
completeness.

The input signal of the single channel system given in Figure 1.6 is denoted as x and
its output signal as y. The relationship between x and y is called the system transfer.

input, X ————» H = output, y

Figure 1.6. Characterization of a system with input x, output y and transfer H.

By observing the output, the user is able to draw conclusions about the input. The user
therefore has to be completely familiar with the system’s transfer. Deviations in the
transfer may cause uncertainties about the input and so result in measurement errors.
Such deviations are permitted, but only within certain limits which are the tolerances
of the system. Those tolerances also constitute part of the specifications. In the
following pages the main specifications of a measurement system will be discussed.
The user should first of all be familiar with the operating range of the system. The
operating range includes the measurement range, the required supply voltage, the
environmental conditions and possibly other parameters.

Example 1.1

A manufacturer of a digital temperature-measuring instrument gives the following

description of the operating range:

* measuring range: -50°C to 200°C;

* permitted operational temperature: —10°C to 40°C;

* storage temperature: -20°C to 85°C

* mains voltage: 220 V £15%, 50...60 Hz; can be switched to 115V, 127V, 240 V +
15%, 50...60 Hz;

* analog outputs: 0-10 'V (load > 2k€2) and 0-20 mA or 4-20 mA (load < 600£2).

All other specifications only apply under the condition that the system has never

before been taken beyond its permitted operating range.

The resolution indicates the smallest detectable change in input quantity. Many system
parts show limited resolution. A few examples of this are these: a wire-wound
potentiometer for the measurement of angles has a resolution set by the windings of
the helix — the resistance between the slider and the helix changes leap-wise as it
rotates; a display presenting a measurement value in numerals has a resolution equal
to the least significant digit.

The resolution is expressed as the smallest detectable change in the input variable:
Ax, . Sometimes this parameter is related to the maximum value x,_,, that can be
processed, the so-called full-scale value or FS of the instrument, resulting in the
resolution expressed as Ax,,/x,.. or x,. /Ax .. This mixed use of definitions seems

max max' mir
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very confusing. However, it is easy to see from the units or the value itself which
definition is used.

Example 1.2

The resolution of a four-digit decimal display with a fixed decimal point in the third
position from the left is 0.1 units. The maximum indication apparently equals 999.9
units, which is about 1000. The resolution of this display is therefore 0.1 units or 10%
or 10%.

The inaccuracy is a measure of the total uncertainty of the measurement result that
may be caused by all kinds of system errors. It comprises calibration errors, long and
short-term instability, component tolerances and other uncertainties that are not
separately specified. Two definitions may be distinguished: absolute inaccuracy and
relative inaccuracy. Absolute inaccuracy is expressed in terms of units of the
measuring quantity concerned, or as a fraction of the full-scale value. Relative
inaccuracy relates the error to the actual measuring value.

Example 1.3

The data sheet of a volt meter with a four digit indicator and a full-scale value of
1.999 V specifies the instrument inaccuracy as £0.05% FS +0.1% of the indication
1/ digit.

The absolute inaccuracy of a voltage of 1.036 V measured with this instrument
equals: £0.05 of 2 V (the approximate value of FS) plus +0.1% of 1 V (approximate
value of the indication) plus 0.5 of 1 mV (the weight of the last digit), which amounts
to £2.5 mV in total.

The relative inaccuracy is the absolute inaccuracy divided by the indication so it is
+0.25%.

Inaccuracy is often confused with accuracy, the latter being complementary to it.
When a specification list gives an accuracy of 1%, this hopefully means that there is
an inaccuracy of 1% or an accuracy of 99%.

The sensitivity of a measuring system is defined as the ratio between a change in the
output value and a change in the input value that causes that same output change. The
sensitivity of a current-to-voltage converter is expressed in V/A, that of a linear
position sensor in, for instance, mV/um and that of an oscilloscope in, for instance,
cm/V.

A measuring system is usually also sensitive to changes in quantities other than the
intended input quantity, such as the ambient temperature or the supply voltage. These
unwelcome sensitivities should be specified as well when this is necessary for a proper
interpretation of the measurement result. To gain better insight into the effect of such
false sensitivity it will be related to the sensitivity to the measurement quantity itself.
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Example 1.4

A displacement sensor with voltage output has a sensitivity of 10 mV/mm. Its
temperature sensitivity is -0.1 mV/K. Since -0.1 mV corresponds with a displacement
of -10 um, the temperature sensitivity can also be expressed as —10 um/K. A
temperature rise of 5°C will result in an apparent displacement of =50 um.

Example 1.5

The sensitivity of a temperature sensor including the signal-conditioning unit is 100
mV/K. The signal conditioning part itself is also sensitive to (ambient) temperature
and it appears to create an extra output voltage of 0.5 mV for each °C rise in ambient
temperature (not necessarily the sensor temperature). The undesired temperature
sensitivity is thus 0.5 mV/K or 0.5/100 = 5 mK/K. A change in ambient temperature of
+ 10°C gives an apparent change in sensor temperature that is equal to £50 mK.

Mathematically, the sensitivity is expressed as S = dy/dx. If output y is a linear
function of input x then the sensitivity does not depend on x. In the case of a non-
linear transfer function y = f{x), S will depend on the input or output value (Figure
1.7). Users of measuring instruments prefer a linear response, because then the
sensitivity can be expressed in terms of a single parameter and the output will not
show harmonic distortion. The transfer of a system with slight non-linearity may be
approximated by a straight line. The user should still know the deviation from the
actual transfer as specified by the non-linearity.

Figure 1.7. Example of a non-linear transfer characteristic,
(a) real transfer, (b) linear approximation.

The non-linearity of a system is the maximum deviation in the actual transfer
characteristic from a pre-described straight line. Manufacturers specify non-linearity
in various ways, for instance, as the deviation in input or output units: Ax,,_orAy,
or as a fraction of FS: Ax,_ /x .. They may use different settings for the straight line:
by passing through the end points of the characteristic, by taking the tangent through
the point x = 0, or by using the best-fit (least-squares) line, to mention but a few
possibilities.

Figure 1.8 depicts some particular types of non-linearity found in measuring systems:
saturation, clipping and dead zone (sometimes also called cross-over distortion).



1. Measurement systems 9

These are examples of static non-linearity, appearing even when inputs change slowly.
Figure 1.9 shows another type of non-linearity, known as slew rate limitation, which
only occurs when the input values change relatively fast. The output which is unable
to keep up with the quickly changing input thus results in distortion at the output
point. Slew rate is specified as the maximum rate of change in the output of the
system.

y
b
a
X,y
C
- /
X
/ T
. y t
Figure 1.8. Some types of static Figure 1.9. The effect of slew
non-linearity: (a) saturation, rate limitation on the output
(b) clipping. (c) dead zone. signal y at a sinusoidal input x.

Most measurement systems are designed in such a way that output is zero when input
is zero. If the transfer characteristic does not intersect the origin (x =0,y = 0) the
system is said to have offset. Offset is expressed in terms of the input or the output
quantity. It is preferable to specify the input offset so that comparisons with the real
input quantity can be made. Non-zero offset arises mainly from component tolerances.
Most electronic systems make it possible to compensate for the offset, either through
manual adjustment or by means of manually or automatically controlled zero-setting
facilities. Once adjusted to zero, the offset may still change due to temperature
variations, changes in the supply voltage or the effects of ageing. This relatively slow
change in the offset is what we call zero drift. It is the temperature-induced drift (the

temperature coefficient or t.c of the offset) that is a particularly important item in the
specification list.

Example 1.6

A data book on instrumentation amplifiers contains the following specifications for a
particular type of amplifier:

input offset voltage: max. £0.4 mV, adjustable to 0
t.c. of the input offset: max.+6 uV/K
supply voltage coeff.: 40 uvyv

long-term stability: 3 uV/month
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There are two ways to determine the offset of any system. The first method is based
on setting the output signal at zero by adjusting the input value. The input value for
which the output is zero is the negative value of the input offset. The second method
involves measuring the output at zero input value. When the output is still within the
allowed range, the input offset simply becomes the measured output divided by the
sensitivity.

Sometimes a system is deliberately designed with offset. Many industrial transducers
have a current output that ranges from 4 to 20 mA (see Example 1.1). This facilitates
the detection of cable fractures or a short-circuit so that such a defect is clearly
distinguishable from a zero input.

The sensitivity of an electronic system may be increased to almost unlimited levels.
There is, however, a limit to the usefulness of doing this. If one increases the
sensitivity of the system its output offset will grow as well, to the limits of the output
range. Even at zero input voltage, an ever-increasing sensitivity will be of no use, due
to system noise interference. Electrical noise amounts to a collection of spontaneous
fluctuations in the currents and voltages present in any electronic system, all of which
arises from the thermal motion of the electrons and from the quantized nature of
electric charge. Electrical noise is also specified in terms of input quantity so that its
effect can be seen relative to that of the actual input signal.

The sensitivity of a system depends on the frequency of the signal to be processed. A
measure of the useful frequency range is the frequency band. The upper and lower
limits of the frequency band are defined as those frequencies where the power transfer
has dropped to half its nominal value. For voltage or current transfer the criterion is
72 of the respective nominal voltage and current transfer (Figure 1.10). The lower
limit of the frequency band may be zero; the upper limit always has a finite value. The
extent of the frequency band is called the bandwidth of the system expressed in Hz.

Vo

Vi

l
|
B _.I f

[-F=

Figure 1.10. A voltage transfer characteristic showing the boundaries of the
frequency band. The nominal transfer is 1, its bandwidth is B.

A frequent problem in instrumentation is the problem of how to determine the
difference between two almost equal measurement values. Such situations occur
when, for instance, big noise or interference signals are superimposed on relatively
weak measurement signals. A special amplifier has been developed for these kinds of
measurement problems, it is known as the differential amplifier (Figure 1.11). Such an
amplifier, which is usually a voltage amplifier, has two inputs and one output. Ideally
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the amplifier is not sensitive to equal signals on both inputs (common mode signal),
only to a difference between the two input signals (differential mode signals). In
practice any differential amplifier will exhibit a non-zero transfer for common mode
signals. A quality measure that relates to this property is the common mode rejection
ratio or CMRR, which is defined as the ratio between the transfer for differential mode
signals, v /v, and common mode signals v /v.. In other words, the CMRR is the ratio of
a common mode input signal and a differential mode input signal, both of which give
equal output. An ideal differential amplifier has a CMRR, which is infinite.

+ A
I- :
Ve — 1§Vd A+

- Y- —

Figure 1.11. An ideal differential amplifier is insensitive to common mode signals
(v,) and amplifies only the differential signal v.

Example 1.7

A system with a CMRR of 10° is used to determine the difference between two
voltages, both about 10V high. The difference appears to be 5 mV. The inaccuracy of
this result, due to the finite CMRR, is £2% because the common mode voltage
produces an output voltage that is equivalent to that of a differential input voltage of
10/10° = 0.1 mV.

The final system property to be discussed in this chapter has to do with reliability.
There is always a chance that a system will fail after a certain period of time. Such
properties should be described according to probability parameters, one of these
parameters being the reliability R(f) of the system. This is defined as the probability
that the system will function correctly (in accordance with its specifications) up to the
time ¢ (provided that the system has operated within the permitted range). It should be
clear that R diminishes as time elapses so that the system becomes increasingly less
reliable.

The system parameter R has the disadvantage that it changes over the course of time.
Better parameters are the mean-time-to-failure (MTTF) and the failure rate A(¢). The
MTTEF is the mean time that passes up until the moment when the system fails; it is its
mean lifetime.

Example 1.8

An incandescent lamp is guaranteed for 1000 burning hours. This means that lamps
from the series to which this lamp belongs will burn, on average, for 1000 hours.
Some lamps may fail earlier or even much earlier while others may burn longer.

The failure rate A(z) is defined as the fraction of failing systems per unit of time
relative to the total number of systems functioning properly at time ¢. The failure rate
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appears to be constant during a large part of the system's lifetime. If the failure rate is
constant in terms of time, it is equal to the inverse of the MTTF.

Example 1.9

Suppose an electronic component has an MTTF equal to 1 0° hours. Its failure rate is
the inverse, 10~ per hour or 0.024% per day or 0.7% per month. Thus, if one takes a
certain collection of correctly functioning components 0.024% will fail daily.

The failure rate of electronic components is extremely low when used under normal
conditions. For example, the failure rate of metal film resistors with respect to an open
connection is approximately 5 X 10” per hour. The reliability of many electronic
components is well known. However, it is very difficult to determine the reliability of
a complete electronic measurement system from the failure rates of the individual
components. This is a reason why the reliability of complex systems is seldom
specified.

SUMMARY

System functions

The three main functions of an electronic measurement system are

e data acquisition

e data processing

e data distribution

The conversion of information of a physical quantity into an electrical signal is
known as transduction. Transduction is carried out with an input transducer or
sensor. The inverse process is carried out with an output transducer or actuator

The main operations completed with analog measurement signals are: ampli-
fication, filtering, modulation, demodulation and analog-to-digital conversion.

AD conversion comprises three elements: sampling, quantization and coding.
Multiplexing is a technique that facilitates the simultaneous transport of various
signals through a single channel. There are two different possible ways of doing
this: by time multiplexing and by frequency multiplexing. The inverse process is
called demultiplexing.

System specifications

The main specifications of any measurement system are: operating range
(including measuring range), resolution, accuracy, inaccuracy, sensitivity, non-
linearity, offset, drift and reliability.

Some possible types of non-linearity are: saturation, clipping, dead zone,
hysteresis and slew rate limitation.

The bandwidth of a system is the frequency span between frequencies where the
power transfer has dropped to half the nominal value or where the voltage or
current transfer has dropped to 5~/2 of the nominal value.
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The common-mode rejection ratio is the ratio between the transfer of differential
mode signals and common mode signals, or: the ratio between a common mode
input and a differential mode input, both producing equal outputs.

Noise is the phenomenon of spontaneous voltage or current fluctuations occurring
in any electronic system. It fundamentally limits the accuracy of a measurement
system.

The reliability of a system can be specified in terms of the reliability R(z), the
failure rate A(¢) and the mean-time-to-failure MTTF. For systems with constant
failure rate, A = 1/MTTF.

EXERCISES

System functions

1.1
1.2

1.3

What is meant by multiplexing? Describe the process of time multiplexing.
Discuss the difference between the requirements for a multiplexer used for
digital signals and one used for analog signals.

Compare an AD converter in a centralized system with that of a distributed
system from the point of view of the conversion time.

System specifications

1.4

1.5

1.6

1.7

1.8

1.9

What would be the reason for putting a factor 1/ N2 in the definition of the
bandwidth for voltage transfer, instead of a factor y2 ?

What is a differential voltage amplifier? What is meant by the CMRR of such an
amplifier?

The CMRR of a differential voltage amplifier is specified as CMRR > 103, its
voltage gain is G = 50. The two input voltages have values V, =103 V, V, =
10.1 V. What is the possible output voltage range?

The slew rate of a voltage amplifier is 10 V/us, its gain is 100. The input is a
sinusoidal voltage with amplitude A and frequency f.

a. Suppose A = 100 mV, what would be the upper limit of the frequency where
the output would show no distortion?

b. Suppose f = 1 MHz; up to what amplitude can the input signal be amplified
without introducing distortion?

A voltage amplifier is specified as follows: input offset voltage at 20°C is
< 0.5 mV, the temperature coefficient of the offset is <5 uV/K. Calculate the
maximum input offset that might occur within a temperature range of 0 to 80 °C.
The relation between the input quantity x and the output quantity y of a system is
given as: y = ax + Bx*, with a= 10 and 8 = 0.2. Find the non-linearity relative to
the line y = o, for the input range —10 < x < 10.
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2 Signals

Physical quantities that contain detectable messages are known as signals. The
information carrier in any electrical signal is a voltage, a current, a charge or some
other kind of electric parameter.

The message contained in such a signal may constitute the result of a measurement but
it can also be an instruction or a location code (like, for instance, the address of a
memory location). The nature of the message cannot be deduced from its appearance.
The processing techniques for electronic signals are as they are, regardless of the
contents or nature of the message.

The first part of this chapter will concentrate on the characterization of signals and the
various values of signals in terms of time functions. Signals may alternatively be
characterized according to their frequency spectrum. In the case of periodic signals,
the frequency spectrum is determined by means of Fourier expansion.

The second part of this chapter deals with aperiodic signals, in particular: noise,
stochastic and sampled signals.

2.1 Periodic signals

2.1.1 A classification of signals

There are many ways to classify signals but one way is on the basis of their dynamic

properties.

e Static or DC signals (DC = direct current, a term that is also applied to voltages):
the signal value remains constant during the measuring time interval.

e Quasi-static signals: the signal value varies just a little, according to a given
physical quantity. An example of a quasi-static signal is drift.

e Dynamic signals: the signal value varies significantly during the observation
period. Such signals are also termed AC signals (AC = alternating current or
alternating voltages).

Another way to distinguish signals is on the basis of the difference between
deterministic and stochastic signals. What characterizes a stochastic signal is the fact
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that its exact value is impossible to predict. Most measurement signals and

interference signals, such as noise, belong to this category. Examples of deterministic

signals are:

e Periodic signals, characterized as x(¢) = x(t + nT), in which T is the time of a
signal period and »n the integer.

e Transients, like the response of a system to a pulse-shaped input: the signal can be
repeated (in other words predicted) by repeating the experiment under the same
conditions.

A third possibility is to consider continuous and discrete signals. The continuity may
refer both to the time scale and to the amplitude scale (the signal value). Figure 2.1
shows the four possible combinations. Figure 2.1b represents a sampled signal and
Figure 2.1c illustrates a quantized signal, as mentioned in Chapter 1. A quantized
signal that only has two levels is called a binary signal.

Finally, we shall contemplate the distinction between analog and digital signals. As
with many technical terms (especially electronic terms) the meaning here becomes
rather fuzzy. In ordinary terms, digital signals are sampled, time-discrete and binary-
coded, as in digital processors. Analog signals refer to time-continuous signals that
have a continuous or quantized amplitude.
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Figure 2.1. Continuous and discrete signals: (a) continuous in time and in
amplitude, (b) time discrete, continuous amplitude (sampled signal), (c) discrete
amplitude, continuous in time (quantized signal), (d) discrete both in time and
amplitude.

2.1.2 Signal values

Amplitude-time diagrams of the type given in Figure 2.1, which represent the signal
value for each moment within the observation interval, are the most complete kinds of
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signal descriptions. Invariably it is not necessary to give that much information about
the signal; a mere indication of a particular signal property would suffice. Some such
simple characteristic signal parameters are listed below. The parameters are valid for
an observation interval 0 < < 7.

peak value: X, = max{‘x(t)‘}
peak-to-peak value: x ,p = max{x(¢)} — min{x(r)}
1 T
mean value: X, = f.[ x(1)dt
To
1 T
mean absolute value: x|, = ;ﬂx(t)‘dt
0
T
root-mean-square value: Xefp = fJ. x*(1)dt
. )
1 T
mean signal power: P, = ;J‘ x2(f)dt
0

The peak and peak-to-peak values are important in relation to the limits of the signal
range of an instrument. The mean value is used when it is only the DC or quasi-DC
component of a signal that counts. The rms value is a parameter related to the signal
power content. An arbitrarily shaped AC current with an rms value of 7 (A) which
flows through a resistor will produce just as much heat as a DC current with a (DC)
value of 7 (A). Note that the rms value is the square root of the mean power.

Example 2.1
The mathematical description of a sinusoidal signal is:

. .2
x(r)= Asinar = A sm7t
where A is the amplitude, f = /27 the frequency and T = 1/f the period time. Figure
2.2 shows one period of this signal while illustrating the characteristic parameters
defined above. If these definitions are applied to the sine wave this will result in the
following values:

xp:A
xpp=2A
x, =0
2A
o, = —
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As the shapes of all periods are equal these values also apply to a full periodical sine
wave.

x(t)T

Al - - —
i
oy s W ——— ”
/ [ x| Xrms
0 r Xpp
1T T —
Al NS )

Figure 2.2. Signal values for a sine wave signal.

Many rms voltmeters do not actually measure the rms value of the input signal but
rather the mean of the absolute value, x| , which can be realized with the aid of a very
simple electronic circuit. The two values are not, however, the same. To obtain an rms
indication such instruments have to be calibrated in terms of rms. Since both signal
parameters depend on the signal shape the calibration will only be valid for the
particular signal used while calibrating. Generally, rms meters are calibrated for
sinusoidal inputs. Example 2.1 shows that the mean absolute value should be
multiplied (internally) by %n\/Z, about 1.11, to obtain the rms value. Such
instruments only indicate the proper rms value for sine shaped signals.

Some voltmeters indicate the "true rms" value of the input voltage. A true rms meter
functions differently from those described above. Some of them use a thermal
converter to directly obtain the rms value of the input signal. The indication is true for
almost all types of input voltages.

2.1.3 Signal spectra

Any periodic signal can be divided into a series of sinusoidal sub-signals. If the time
of one period is 7, then the frequencies of all the sub-signals will be multiples of 1/7.
There are no components with other frequencies. The lowest frequency which is equal
to 1/T is known as the fundamental frequency of the signal.

The subdividing of a periodic signal into its sinusoidal components is known as
“Fourier expansion of the signal”. The resultant series of sinusoids is thus a Fourier
series. Fourier expansion can be described mathematically as follows:
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x() = ay + a; cos®yt + ay cos2wyt + az cos 3wyt + -+
+ bl Sina)ot + b2 Sin2a)0t + b3 sin 36001‘ +--

=ay+ 2 (an cosnwyt +b, sinna)ot) 2.1

n=1

=ay+ Y, c,cos(nwyt +@,)

n=1

These three representations are identical; the second is an abbreviated form of the
first. In the third representation the corresponding sine and cosine terms are combined
in a single cosine with the new amplitude ¢ and the phase angle ¢, which satisfies the
relations:

¢, =+a:+b> ¢, =arctan(b, /a, ) (2.2)

The coefficients a,, b, and c, are the Fourier coefficients of the signal. Each periodic
signal can be written as a collection of sinusoidal signals with amplitudes given by the
Fourier coefficients and frequencies that are multiples of the fundamental signal
frequency.

The term a, in Equation (2.1) is nothing other than the mean value of the signal x(?):
the mean value must be equal to that of the complete series, and the mean of each sine
signal is zero. All sine and cosine terms of the Fourier series have a frequency that is a
multiple of the fundamental, f; they are termed the harmonic components or the signal
(i.e. if the signal were made audible by a loudspeaker a perfect "harmonic" sound
would be heard). The component with a frequency of 2f; is the second harmonic, 3f; is
the third harmonic, and so on.

The shape of a periodic signal is reflected in its Fourier coefficients. We can illustrate
the Fourier coefficients as a function of the corresponding frequency. Such a diagram
is called the frequency spectrum of the signal (Figure 2.3). Usually the amplitude of
the combined sine and cosine terms is plotted so that the coefficient is ¢, as in
Equation (2.1).

The Fourier coefficients are related to the signal shape. They can be calculated using
the transformation formulas given in Equations (2.3):

| to+T
d =7 J x(t)dt
fo
to+T
2
ay =" [ x(r)cosnayudr (2.3)
fo
5 04T
b,=— | x(t)sinnwytdt
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Figure 2.3. An example of a frequency spectrum of a periodic signal.

These equations present the discrete Fourier transform for real coefficients. In general,
the Fourier series has an infinite length. The full description of a signal, according to
its spectrum, requires an infinite number of parameters. Fortunately, the coefficients
tend to diminish when frequencies increase. One remarkable property of the
coefficients is that the first N elements of the series constitute the best approximation
of the signal in N parameters.

Example 2.2
The Fourier coefficients of the square-shaped signal given in Figure 2.4a, calculated

with Equations (2.2), are:
a,=0
a,=0
2A
b, = ~—(1-cosnrm)
nw

Apparently, its Fourier series is described as:

4A( . 1. 1.
xl(t)=7 s1nwot+gsm3w0t+gsm5wot+---

The signal appears to be composed only of sinusoids with frequencies that are odd
multiples of the fundamental frequency.
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Figure 2.4. Examples of two periodical signals: (a) a square wave signal,
(b) a triangular signal.

-

Example 2.3
Using the same transformation formulas, the frequency spectrum of the triangular
signal in Figure 2.4b is calculated as:

(1) 84 ( w,t L 3w t+f1 inSw,t + )
X = S — —SIn sin
2 n’ " 9 s 0

and consists of components that have exactly the same frequencies, but different
amplitudes.

According to the theory of Fourier, any periodic signal can be split up into sinusoidal
components with discrete frequencies. The signal in question has a discrete frequency
spectrum or a line spectrum. Obviously, one can also create an arbitrary periodic
signal by adding the required sinusoidal signals with the proper frequencies and
amplitudes. This particular composition of periodic signals is used in synthesizers.

The Fourier transform is also applicable to aperiodic signals. It appears that such
signals have a continuous frequency spectrum. A continuous spectrum does not have
any individual components, but the signal is expressed in terms of amplitude density
rather than amplitude. A more usual way of presenting a signal is according to its
power spectrum, that is, its spectral power (W/Hz) as a function of frequency.

Figure 2.5 shows the power spectra of two different signals. One signal varies
gradually over the course of time while the other is much faster. One can imagine the
first signal being composed of sinusoidal signals with relatively low frequencies.
Signal (b) contains components with frequencies that are higher. This is clearly
illustrated in the corresponding frequency spectra of the signals: the spectrum of
signal (a) covers a small range of frequency and its bandwidth is low. Signal (b) has a
much wider bandwidth.

The relationship between the signal shape (time domain) and its spectrum (frequency
domain) is also illustrated in Figure 2.6 which shows the spectrum of two periodic
signals, one with very sharp edges (the rectangular signal) and another that does not
vary so quickly (a rectified sine wave). Clearly the high frequency components of the
rectangular wave are much larger than those of the clipped sine wave.
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Figure 2.5. The amplitude-time diagram of two signals a and b, and the
corresponding power spectra. Signal a varies slowly, and has a narrow
bandwidth. Signal b moves quickly; it has a larger bandwidth.
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Figure 2.6. The amplitude-time diagram and the frequency spectrum of
(a) a rectangular signal, (b) the positive half of a sine wave.

The bandwidth of a signal is defined in a similar way to that for systems. The
bandwidth is the part of the signal spectrum found between the frequencies where the
power spectrum has dropped to half of its nominal or maximal value. In the case of an
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amplitude spectrum the boundaries are defined at 1/Y2 of the nominal amplitude
density.

A measurement system can only cope with signals that have a bandwidth up to that of
the system itself. Signals with high frequency components require a wideband
processing system. The bandwidth of the measuring instrument should correspond to
that of the signals being processed.

Randomly varying signals or noise also have continuous frequency spectra. Some
types of noise (in particular thermal induced electrical noise) have constant spectral
power P, (W/Hz) where, up to a certain maximum frequency, the power spectrum is
flat. Like white light, such signals are called white noise and contain equal wavelength
components (colors) within the visible range. Noise can also be specified as spectral
voltage or spectral current, expressed respectively in VAHz and ANHz.

Example 2.4

Let the respective spectral power, spectral voltage and spectral current density of
white noise be P, W/Hz, V, VAVHz and I,,A/W/Hz. The noise power, noise voltage and
noise current of this signal, measured within a frequency band of 200 to 300 Hz
amount to: 100-P, W, 10-V, V and 101, A.

2.2 Aperiodic signals

In this section we shall extend the Fourier expansion definition to include aperiodic
signals and use the result to deduce the spectrum of sampled signals. Stochastic
signals (whether they be continuous or discrete) can be described in three ways:
according to their time domain properties (e.g. time average, rms value), their
frequency domain properties (amplitude spectrum, power spectrum) or their amplitude
properties (expressing the signal value with probability parameters).

2.2.1 Complex Fourier series

In the first part of this chapter we showed how the Fourier expansion of a periodic
signal can lead to a series of (real) sine and cosine functions. The complex Fourier
expansion was established using Euler's relation

e*7 =cosz + jsinz (2.4)

Solving sin z and cos z, and replacing the real goniometric functions in (2.1) with their
complex counterparts we obtain:

x(t)=ay + rg{g’(ej"w’ + e_j"wt) + ;)’;(ej"w’ - e_jnw[)} (2.5)

Using the substitutions C, = a,, C, = % (a, — jb,) and C_, = ¥, (a, + jb,) this can be
simplified to
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() =Cy+ T (e +Ce )= Y C el 2.6)
n=1

Nn=—oco

What this results in is the complex Fourier series. Similarly, the complex form of
Equations (2.3) becomes:

to+T

1 .
C=o [ x(e™™ar n=0,1,2,.. 2.7)
Iy

the discrete complex Fourier transform. The complex Fourier coefficients C, can
easily be derived from the real coefficients using the relations

‘Cn‘zéwlaﬁ +b3 n#0

—%n

(2.8)

argC, = arctan
n

As C, is complex, the complex signal spectrum consists of two parts: the amplitude
spectrum — a plot of IC,| versus frequency and the phase spectrum, a plot of arg C,
versus frequency.

Example 2.5

The complex Fourier series of the rectangular signal in Figure 2.4a is calculated as
follows: C, =0, so |Cyl =0 and arg C,=0. As C, = yz(an —jb,), its modulus and
argument are:

‘Cn‘:§\/a§+bf=i(1—cosnﬂ) n=1.2,..
nmw

and

-b, 7
argC, = arctan =—— n=12,.
a 2

n

The amplitude and phase spectra are depicted in Figure 2.7.
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Figure 2.7. (a) amplitude spectrum and (b) phase spectrum of the rectangular
signal from Figure 2.4a.

2.2.2 The Fourier integral and the Fourier transform

To obtain the Fourier expansion of a non-periodic signal we start with the discrete
complex Fourier series for periodic signals as given in Equations (2.6) and (2.7).
Consider one period of this signal. Replace #, with — %, T and let T approach infinity.
Then:

ir
oo oo 2
()= lim Y C,e™ = lim Y, e 1 [ x(d)em i ar (2.9)
T—e 7, T—e Z7 T—lT
2

When taking the limit for T—eo, the summation becomes an integration, n® changes
to wand T = (1/2m)w becomes (1/2m)dw:

x(t)= ]o ejwt[]‘o x(t)e_jwtdt]g: (2.10)

—oo —oo

With
X(@)= [ x(n)e™™ar (2.10a)
this results in:

x()= i | X(@)e’™de (2.10b)
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X(w) is the complex Fourier transform of x(¢). Both x(f) and X(w) give a full
description of the signal, the first in the time domain, the other in the frequency
domain. Equations (2.10) transform the signal from the time domain to the frequency
domain and vice versa. The modulus and argument provided by X(®) describe the
frequency spectrum of x(7). In general, this is a continuous spectrum, extending from
—oo t0 +oo also containing (in a mathematical sense) negative frequencies.

To find the Fourier transform of the product of two signals x,(¢) and x,(t), we first
define a particular function, the convolution integral:

g(1)= T x,(t)xy (7= t)dt .11)

This is the product of x,(#) and the shifted and back-folded function x,(¢) (Figure 2.8)
integrated over an infinite time interval. The convolution function g(7) is also denoted
as:

8(7) = x; (1) * x, () 2.12)

t (&) T ] T
x(t) x(t—1) x(T—1)

0| T —t— 0| T —t> 0 T _t>

Figure 2.8. (a) original function, (b) shifted over t = 7, (c) shifted and back-folded.

The Fourier transform of g(7) is:

=

Fg(o)}= [ g(r)e ™" dr

—oo

= ]i’ [ T x,(t)x,(7— t)dt}e‘j“"dr

(2.13)

Splitting up the term e into e e and changing the order of integration
results in:

F{g(r)}= T xl(t)e"“”[T xy(t—1)e” “’(T_t)‘”]‘” (2.14)
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The Fourier transform of two convoluted functions x,(f) and x,(¢) therefore equals the
product of the individual Fourier transforms. Similarly, the Fourier transform of the
convolution X,(®)*X,(w) equals x,(£).x,(?).

The Fourier transform is used to calculate the frequency spectrum of both
deterministic and stochastic signals. The Fourier transform is only applicable to
functions that satisfy the following inequality:

[ [x(0)de < (2.15)

—oo

In order to calculate the frequency characteristics of functions that do not satisfy
(2.17), another kind of transformation should be used.

2.2.3 A description of sampled signals

In this section we will calculate the spectrum of a sampled signal. We will consider
sampling over equidistant time intervals. The sampling of a signal x(f) can be seen as
the multiplication of x(7) by a periodic, pulse-shaped signal s(7), as indicated in the left
section of Figure 2.9. The sampling width is assumed to be zero.

As y(t) is the product of x(r) and s(¢), the spectrum of y(¢t) is described by the
convolution of the Fourier transforms which are X(f) and S(f) respectively. S(f) is a
line spectrum because s(¢) is periodical. The height of the spectral lines are all equal
when the pulse width of s(f) approaches zero (their heights decrease with frequency at
finite pulse width). X(f) has a limited bandwidth, its highest frequency being B.

The first step towards establishing Y(f) = X(H)*S(f) is to back-fold S(f) along a line f= &
in order to find the function S(§ — f) using &, a new frequency variable. As S(f) is a
symmetric function, S(€ — f) is found by simply moving S(f) over a distance, &, along
the f-axis. For each &, the product of the shifted version of S(f) and X(f) is then
integrated over the full frequency range. This product only consists of a single line at f
= &, as long as one pulse component of S(& — f) falls within the band X(f). It is only
that line which contributes to the integral because for all the other values the product
is zero. The convolution process results in periodically repeated frequency bands
known as the alias of the original band (Figure 2.9c, right).

In the section above it is assumed that the bandwidth, B, of x(¢) is smaller than half the
sampling frequency. In such cases the multiple bands do not overlap and the original
signal can be completely reconstructed without any information loss. With a larger
bandwidth of x(f) or when the sampling frequency is below 2/B, the multiple bands in
the spectrum of the sampled signal will overlap, thus preventing signal reconstruction
and loss of information (or signal distortion). The error derived from such overlapping
is called aliasing error and it occurs when the sample frequency is too low. The
criterion required to avoid such aliasing errors is a sampling frequency of at least
twice the highest frequency component of the analog signal. This result is known as
the Shannon sampling theorem and it gives the theoretical lower limit of the sampling
rate. In practice, one would always choose a much higher sampling frequency so as to
facilitate the reconstruction of the original signal.
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Figure 2.9. The amplitude-time diagram and the frequency spectrum of (a) an

analogue signal x(1), (b) a pulse shaped signal s(t) and (c) the product
vt = x(1)-s(1).

2.2.4 A description of stochastic signals

In this section we will describe stochastic signals in the amplitude domain in terms of
statistical parameters. At the end of the description, certain parameters will be related
to the signal parameters in the time domain.

We may distinguish between continuous and discrete stochastic signals or variables
which are denoted as x and x, respectively. A discrete stochastic signal can result from
converting a continuous stochastic signal into a digital signal using an AD converter.
Again, a full description of a stochastic signal in the time domain requires a great deal
of information. For most applications a rough description giving the statistical
parameters will suffice.

Let us just consider a signal source with known statistical properties that generates a
continuous, stochastic signal x(¢). Although it is impossible to precisely predict the
signal we can estimate its value which will depend on the nature of the source or the
process that generates the signal. For instance, we know the probability P that the
signal value x(#) at any given moment will not exceed a certain value x. This
probability, which depends on the value x, is called the distribution function of x()
and is denoted as F(x) = P{x(t) < x}. Figure 2.10a gives an example of such a
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distribution function. From the definition it automatically follows that F(x) is a
monotonically non-decreasing function of x, that F(x—ec) = 1 and that F(x——o0) = 0.
Another important statistic parameter is the derivative of F(x); the probability density
(function): p(x) = dF(x)/dx. This function describes the probability of x(f) having a
value between x and x + dx (Figure 2.10b). As the sum of the probability of all
possible values is exactly 1, p(x) satisfies:

J. p(x)dx=1 (2.16)

Figure 2.10. An example of (a) a distribution function and
(b) the corresponding probability function.

If p(x) is known, F(x) can be found through:
| p(x)dx = F(x) = F(~e0) = F(x) (2.17)

Many physical processes are governed by a normal or Gaussian distribution function.
The probability density of the produced signals is given as:

p(x) = o)’ /207 (2.18)

The meaning of the parameters y and o will be explained later in this section. The
corresponding distribution function is:

2

T I f —(+u) 20
F(x):__[op(x)dxzm/gie( Hy /2 dx (2.19)

For the normalized form, which is ¢ =0 and o = 1, the numerical values of this
integral function can be found in mathematical tables.
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The distribution function F(x) of a discrete stochastic variable x is the probability that
x does not exceed value x, so F(x) = P{x< x}.

Example 2.6

Suppose that an electrical voltage can only have two values: 0 V and 2 'V, with a
probability of 2/3 for the value of 0 V. Figure 2.11 gives the distribution function and
the corresponding probability density function for this binary signal.

F(x) P(X)T

=)
=)

-'101'5521—)(—!1012551—)(»

Figure 2.11. (a) The distribution function and (b) the probability density function
of a binary signal of which Px=0) = 2/3.

Other statistical parameters used to characterize a continuous or discrete stochastic
variable are the mean or average value, the expectancy or first order moment, the
second order moment and the standard deviation. We will first discuss these
parameters in connection with discrete variables.

The mean value of a discrete stochastic variable x is defined as:

X

1
=Y x 2.20
m N ‘x ( )

1l Mz

where N is the number of all x; values considered in a certain experiment. The
expectancy or the first moment for x is defined as:

1 N
N; (2.21)

which can be seen as the weighted average of the all x, values. Only with an infinite
number of values (N—e0), will the (algebraic) mean x,, approach the expected value of
E(x). This can be explained as follows. The probability p(x,) of a certain output x, is
equal to N,/N, where N, is the number of x, outputs. Suppose there are m different
outputs. Then:
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1 N
lim %, = lim —Zx = lim —Zkak

N—oo N—>ooN. N— oo
(2.22)
m
2 xk Xk = 21’ E(X)
k=1
Example 2.7

The mean of the number of dots per throw after 100 throws have been made with a
die is simply the sum of all the dots thrown divided by 100. The result is, for instance,
358/100 = 3.58.

As the probability for any result i = 1 to 6 is just 1/6, the expectancy is:

6
1 21
E(x)=Y —i=—=35

It is important to not only know the mean or expected value of a stochastic variable
but also the (expected) deviation from the mean value. As this deviation may be
positive or negative, it is usually the square of the deviation that is taken, so
{x— E()}*. The expectancy of this parameter is called the variance or the second
moment:

var(® E[{x E(x)} ] E[x? - 23E(%) + E*(3)]
= E(¥%)-2E(7)E(7) + E*() (2.23)
= E(7%)+ E(%)
where E is supposed to be a linear operator. The square root of the variance is the

standard deviation. This parameter has the same dimension as x itself, but it is not a
stochastic variable.

Now we shall return to continuous variables. The first and second moments of a
continuous stochastic variable are defined as:

E(x)= ]f xp(x)dx (2.24)

—oo

oo

var(x) = J.{x E( )}zp(x)dx (2.25)

—oco

which are similar expressions to discrete variables. The expected value, in particular
for the normal distribution function x(¢), is:
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oo

1 _(x-u)?/ 262
E(x)= Jx e (x=)"/ 20 dx
o~2rw

) (2.26)
1 ) 2
=ﬁf(yw)e 1297 gy~

The parameter u in the Gauss distribution function is exactly the same as the expected
value and it corresponds to the top of the probability density function (Figure 2.12).
The variance is:

var(x) = E(x2)— E(x)?

1

GmixQe

_(x—y)2/20'2dx_‘u2
(2.27)

oo

1 _2/5 2
- [+u)le 2 ay-p?

The parameter ¢ in the normal distribution function appears to be precisely the
standard deviation. It corresponds with the point of inflection in the probability
density function (Figure 2.12).
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Figure 2.12. The probability density function of a normal or Gaussian distribution.

Next we shall relate the parameters y and o to some of the signal parameters
introduced in 2.1.2. The mean or time average of a continuous signal was expressed
as:

[ x(e)r (2.28)
0
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The time average of a stochastic continuous signal (such as a thermal noise voltage) is
the same as its statistical mean value E(x) provided that the statistical properties
remain constant over the considered time interval. For signals with a normal
distribution, this value equals 4, so x,, = E(x) = u. If, during the sampling or quantizing
of the signal the statistic parameters do not change, the same will hold for discrete
stochastic signals.

The power time average for a continuous signal x(¢) equals

P, =

Q=

T
[x*(t)ar (2.29)
0

(see Section 2.1.2). If the time average of the signal is zero, the mean power equals the
square of the rms value. We then considered the time signal as a continuous stochastic
variable. The variance appeared to be

=

var(x) = J {x- E(x)}zp(x)dx (2.30)
If E(x) = 0,
var(x)= [ x?p(x)dx 2.31)

—oo

which is o for a normally distributed variable. For such signals, P, = var(x) = @, if
the statistical properties do not change during the time of observation. The rms value
is therefore identical to the standard deviation o (if the mean is zero).

Finally, there are some remarks to be made with respect to the relationship with the
description in the frequency domain. The Fourier transform F(w) of a time function
x(t) gives a complete description of a particular signal during its time of observation.
Although it might well have identical statistical properties, another signal would result
in another Fourier function. The conclusion is that the Fourier transform of x(¢) does
not account for the statistical properties of the signal. The power density spectrum
describes how the signal power is distributed over the frequency range. It can be
proven that the power spectrum S(f) is independent of a particular signal shape and is,
therefore, a measure of the statistical properties of the signal.

SUMMARY

Signal description

e  One possible categorizing of signals is:
- static, quasi-static and dynamic,
- deterministic and stochastic,
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- continuous and discrete,
- analog and digital.

e Important signal characteristics are: peak value, peak-to-peak value, mean or time
average value, root-mean-square (rms) value and mean power.

e Any periodic signal with period time T can be split up (expanded) into a series of
sinusoids in which the frequencies are multiples of the fundamental frequency
fo = UUT (Fourier series).

e The amplitudes of the sinusoidal components (Fourier coefficients) can be
deduced from the signal time function using the Fourier transformation formulas
(2.2). A periodic signal has a discrete spectrum or line spectrum while a non-
periodic signal has a continuous spectrum.

e White noise is a noise signal that has a flat frequency spectrum over a wide
frequency range.

Aperiodic signals

e The complex discrete Fourier series is given as x(t)= 2 Cnej"w'. A plot of C,

Nn=—oo
(the complex Fourier coefficients) versus frequency is the (complex) frequency
spectrum.

e The Fourier transform X(w) of x(t) is: X(w)= jx(t)e_jw’dt, the inverse

1 7 .
transformation is x(f) = E_J. X(w)e’!”dw.

e The convolution of two signals x,(#) and x,(¢) is defined as:

oo

g(@0)= [ xi()xy(x=1)dr = x,(1)* xy(1)

—oo

e The Fourier transform of x,(#)*x,(¢) is X,(w)X,(®), the Fourier transform of
x,(0Ox,(1) 18 X (@)*X, ().

e The frequency spectrum of a sampled signal with bandwidth B consists of
multiple frequency bands positioned around multiples of the sampling frequency
/.. Each band is identical to the spectrum of x(¢), and is called an alias. If f, > 2/B,
the bands do not overlap.

e Shannon's sampling theorem, a highest frequency B signal, can be fully
reconstructed after sampling if f, > 2/B.

e The statistical properties of a stochastic signal are described by its distribution
function F(x) = P{x(f) < x} and its probability density p(x) = dF(x)/dx.

e The expected value or first moment of a discrete stochastic variable is

oo

1 N
E(x)= NZ p(x;)x; , that of a continuous stochastic variable E(x)= .[ xp(x)dx.
i=1

—oco

e The variance or second moment of a discrete stochastic variable is
Var(f)zE[{E—E(Tc)}z]zE(f2)+E2(E); that of a continuous variable
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var(x) = _[ {x-E (x)}2 p(x)dx. The standard deviation is the square root of the

variance.
In the definition of the probability density of a normal or Gaussian distribution

2 2
~(xb) f20 , W is the mean value and o the standard

function =
u p(x) "y

deviation.
The mean power of a signal with Gaussian amplitude distribution equals P, =
Var(x) = o> while the rms value equals the standard deviation o.

EXERCISES

Periodic signals

2.1

x(t)

2.2

2.3

24

The figure below shows one period with three different periodic signals in
period time 7 = 6 s. Find the peak-to-peak value, the time average and the rms
value of all of these signals.

X(t)T X(t)r

The crest factor of a signal is defined as the ratio between its peak value and its
rms value. Calculate the crest factor of the signal below.

x(t)

WL

The signal given in Exercise 2.2 is connected to an rms voltmeter that can
handle signals with a crest factor of up to 10. What is the minimum value of the
signal parameter 7?

A voltmeter measures |vl but is calibrated for the rms value of sinusoidal
voltages. Predict the indication of this meter for each of the following signals:

a. a DC voltage of —1.5 'V,

b. a sine voltage with an amplitude of 1.5V,

c. rectangular voltage (Figure 2.4a) withA =15V,
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2.5

2.6

2.7

d. triangular voltage (Figure 2.4b) with A =1.5 V.

An rms meter is connected to a signal source that produces a signal and noise.
The indication appears to be 6.51 V. When the signal is turned off only the noise
remains. The indication of the same meter then becomes 0.75 V. Calculate the
rms value of the measurement signal without noise.

Find the Fourier coefficients of the following periodical signals, using Equations
(2.3).

0 T 2T 3T 4T -

An electric resistor produces thermal noise with a spectral power density that is
equal to 4kT (Johnson noise), k is Boltzmann's constant (1.38x10* J/K), T is the
absolute temperature (K). Calculate the rms value of the noise voltage across the
terminals of the resistor at room temperature (290 K) in a frequency range of 0
to 10 kHz.

Aperiodic signals

2.8

29

2.10

2.11

Find the frequency spectrum (amplitude and phase diagrams) of the signal given
below (single-sided rectified sine)

x(t)t

6 %T T %'T 2T ——
A signal x(¢) is characterized as:
x(t)=e*fort>0
x(t)=0fort>0
a. Prove that the Fourier transform of x(¢) exists,
b. Determine the Fourier transform,
c. Draw the amplitude and phase spectrum.
Draw the distribution function F(v) and the probability density function p(v) of a
stochastic signal with the following properties:
v=-5V, probability 0.2,
v= 0V, probability 0.5,
v=+5V, probability 0.3.
A signal x(r) with Gaussian amplitude distribution has zero mean value.
Calculate an expression for the expected value E(y) of a signal y(¢) that satisfies:
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y(t) = x(7) for x > 0,
y@#)=0forx<0
(single-sided rectified signal).
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3 Networks

This chapter provides a brief introduction to the theory of networks. The first part will
focus on electrical networks which are composed of electric network elements. The
theory in question can also be applied to networks that consist of non-electrical
components, as will be demonstrated in the second part of the chapter.

3.1 Electric networks

The main information carriers in an electronic measurement system are voltages and
currents. These signals are processed by electronic components which are arranged
and connected in such a way that the system is able to carry out the desired
processing.

We may distinguish between passive and active components. It is the active
components that make signal power amplification possible. The energy required is
drawn from an auxiliary source such as a battery or mains supplies. It is impossible to
gain power from components that are merely passive. Such components may store
signal energy but they can never supply more energy than they have stored. Examples
of passive components are resistors, capacitors, inductors and transformers. An
example of an active component is the transistor. With semiconductor technology it is
possible to integrate many transistors and other components so that the electronic
building blocks (IC's or integrated circuits) become very compact. Such an IC may be
seen as a single yet sometimes very complex electronic component, such as an
operational amplifier or a microprocessor.

Electronic systems, circuits and components are modeled by networks consisting of
the necessary network elements. Figure 3.1 summarizes all the existing electronic
elements and indicates the corresponding relationships between the currents and
voltages.

In the section above we have explicitly distinguished between components and
elements. Network elements are models for particular properties of physical
components. A capacitor, for instance, has capacitance C, but also dielectric losses
modeled on the basis of a parallel resistance R. Similarly, an inductor not only has
self-inductance L, but also resistance (i.e. wire resistance) and capacitance (between
the wires). The properties of transistors can be described simply on the basis of current
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sources or voltage sources. A proper characterization would, however, require a more
extended model including resistances and capacitances.

" 12

C . .

R i L i i
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Vo =V, irrespective of i ip =1, irrespective of v vy = —=Rip, v, = Riy

Figure 3.1. All electric network elements.

When modeling an electronic system composed of several components the
corresponding network elements are connected to each other to form a complete
network model of the system. A network contains nodes, branches and loops (Figure
3.2). A branch contains the network element, a node is the end of a branch and a loop
is a closed path following arbitrary branches.

Figure 3.2. Nodes (kj), loops (m) and branches (t) in a network.

Within networks it is Kirchhoff's rules that apply:
e the rule for currents: the sum of all currents flowing towards a node is zero:

Zik:()
k
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the rule for voltages: the sum of all voltages along a loop is zero: va =0

m

All the voltages and currents in a network can be calculated using the voltage-current
relations of the individual network elements and Kirchhoff's rules.

Example 3.1

The node voltage v, in the network given in Figure 3.3 can be presented as a function
of the voltages v,, v, and v, at the end points of the elements R, L and C (all voltages
relate to a common reference voltage). We can thus define the three currents: i,, i, and
i5 (all of which are positive in the direction of the arrows). According to Kirchhoff's
rule for currents i, + i, + iy = 0. Furthermore, we can apply the voltage-current
relations of the three elements:

o1
L= E(Vl - Vk)
d(v,—v
dt
iy = : I(v3 - vk)dt
L
If the three currents are eliminated from these four equations this will result in:
L dv, dzvk L dv, d2v2
Wt ——+LC—F =v3+——+LC—
R dt dt R dt dt

The current direction can be randomly chosen. If, for instance, i, in Figure 3.3 were
selected as positive in the opposite direction, the result would remain the same: the
two equations with i, change into i, —i, + iy = 0 and i, = C.d(v, —v,)/dt.

Vi

V3 i
3 T reference voltage

Figure 3.3. An example of the application of Kirchhoff's rule for currents.

In a network the relationships between voltages and currents are apparently expressed
as differential equations. Differential equations have the following properties:

they are linear: the highest power of the signal quantities and their time
derivatives is 1. This is a result of the linear voltage-current network element
relations. Linearity involves using superposition to facilitate calculations. In a
network with several sources a current or voltage is found by separately
calculating the contribution derived from each such source.

they have constant coefficients which do not change over the course of time
because it is assumed that the parameters of the network elements are constant
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(like the resistance value). Linearity and coefficient constancy lead to the
preservation of frequency: sinusoidal signals retain their shape and frequency.

e they are ordinary differential equations (not partial ones), time is the only
independent variable.

These properties facilitate the solving of the differential equations by means of special
calculation methods. Two of these methods are described in this book (see Chapter 4):
they are based on complex variables and on the Laplace transform.

What determines the order of the system is the order of the differential equation. The
differential equation given in the preceding example is a second order equation and so
the network models a second order system.

The user of an electronic system is probably not interested in knowing all the system’s
voltages and currents. Only the signals on the terminals (the accessible points) will be
of interest, for example the voltage between the output terminals of a transducer, or
the input and output currents of a current amplifier. We think of the system as a closed
box with a number of terminals. Its model (an electric network) should thus be
conceived as a box as well: the only important nodes are those through which
information exchange with the system's environment takes place. Depending on the
number of external nodes, such a model will be called a two-terminal, three-terminal
et cetera network (Figure 3.4). The terminals can be grouped in twos with each pair
forming a port. A two-terminal network is therefore alternatively known as a one-port
network and a four-terminal network as a two-port network, et cetera. Many electronic
instruments and circuits have two ports with a common terminal that is usually
grounded (zero potential) (Figure 3.5). The port to which the signal source is
connected is the input port (or, in short: the input). The port from which the signal is
taken is called the output port (or simply: the output). The corresponding voltages and
currents constitute the input and output voltages (v, and v ) and the input and output
currents (i; and i ) respectively. If we look at Figure 3.5 the following input and output
relations can be distinguished: the voltage transfer (or voltage gain) v /v, current
transfer —i /i, the voltage-to-current transfer i /v, the current-to-voltage transfer (or
transconductance) v, /i, and the power transfer p /p,=—v,i /vi.

o1 10—‘

—o 2 2 o—

a) D ol

4

Figure 3.4. (a) a two-terminal network or one-port; (b) a three-terminal network;
(c) a four-terminal network or two-port.

A network with n terminals can be fully characterized by a set of equations linking
together all the external currents and voltages. Such an n-terminal network may be
built up in many different ways but still characterized by the same set of equations.
This property is used to break down electric networks into easily calculable structures.
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_.C; l —

o}

Figure 3.5. A three-terminal network connected as a two-port.

Example 3.2
Consider the network of parallel resistances in Figure 3.6a. For each branch k, v =
iR, According to Kirchoff's rule: i = i, + i, + iy + ... + i,. Hence:

i1 1
L=*Zik :27
vy, k R,

i i1 1S

) R .

in '_‘2 in C,
i | S | i ”

_E_L—_R}n_ _ﬁ_.”_c"_

- -
+ v - + v -

Figure 3.6. (a) network consisting of parallel resistances; (b) network composed
of parallel capacitances.

A network consisting of parallel resistances is thus equivalent to single resistance in
which the reciprocal value is 1/R, =Zl/Rk. This value is always less than the
k

smallest resistance.

In the case of the network given in Figure 3.6b the equations i =i, + i, + i; + ... + i
and i, = C,.dv/dt apply, so

_ av
l—%Ck 0

The network with parallel capacitances is equivalent to a single value C = 2 C,
k

n

a value that is always larger than the largest capacitance.

Example 3.3

Figure 3.7 displays two versions of a three-terminal network, both consisting of three
resistances. The networks are equivalent for particular values of the resistances. To
find the necessary conditions we must first calculate the resistance that can be
measured between terminals 1 and 2 while leaving terminal three free (floating).
When done for both networks the results must be equal, so:

R12(R13 + R23)

R+R =
P R, + R+ Ry
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1 Rio 2

Figure 3.7. A triangular network can be converted into a star-shaped network and
vice versa.

Similarly, two other relationships can be found for the resistances between terminals
2 and 3 and terminals 1 and 3. The conditions for equivalence can then be established
on the basis of these three equations. The result will be:

R;Ry

=—3 = k=12 3 cycli.
’Rij+Rik+Rjk / Y

The formula for the inverse network transformation is:

_RR, +RR +RR,

R

i X, i,j, k=12, 3, cyclic.

Example 3.4
Figure 3.8 shows a network with an input port and an output port.
To find the output voltage as a function of the input voltage, we assume that current i
is flowing through the loop. The elimination of i from the equations v; = iR, + iR, and
v, = iR, would result in:

R,
o= Vi

R +R,

1%

It would appear that the output voltage is a fraction of the input voltage. This network
is known as a voltage divider.

Figure 3.8. A voltage divider network.

3.2 Generalized network elements

In the first part of this chapter we revealed that the relations between electrical
quantities in a network are expressed as differential equations. This is also true of
many other physical systems. If we look at the system equations in various other
disciplines, remarkable similarities can be seen. One might, for example, compare
Ohm’s law, v = R-i, with the equation used to relate the heat current ¢ through a
thermal conductor to see the resulting temperature difference AT in that conductor:
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AT = R,-q, or one might take the equation that relates the force F on a mechanical
damper to the speed v of the damper: v = (1/b)F. Similarly, analog forms of the
equations i = C(dv/dt) and v = I(di/dt) can be found by describing the properties of
mechanical, hydraulic, pneumatic and thermodynamic systems.

The quantities that describe technical systems appear to belong to one of two classes:
through-variables and across variables. To explain this classification, we first need to
introduce the term “lumped element”. A lumped element symbolizes a particular
property of a physical component. It is imagined that in that element that property is
concentrated between its two end points or nodes. Energy or information can only be
exchanged through these terminals.

A through-variable is a physical quantity which is the same for both terminals in the
lumped element. An across-variable describes the difference with respect to equal
physical quantities at the terminals. In an electronic system, the current is a through-
variable, while the voltage (or potential difference) is an across-variable. Just to
simplify this concept we shall call a through-variable an /-variable and an across-
variable a V-variable.

To indicate that a V-variable always relates to two points (nodes), we will give the
subscripts a and b, hence V.

A lumped element is described as a relation between one I-variable and one V-
variable. There are three basic relations:

dv,,

I1=C 3.1
ot (3.1a)
dl
V,=L— 3.1b
ab dt ( )
V. =RI (3.1¢)

In these equations, the parameters C, L and R stand for generalized capacitance, self-
inductance and resistance. We will discuss each of these generalized network
parameters separately.

e Generalized capacitance

The relationship between the /-variable and the V-variable for generalized capacitance
is given in (3.1a). In the electrical domain, the relationship between the current and the
voltage of a capacitance is described using the equation:

dvab
dt

i=C (3.2)

In the thermal domain the g heat flows towards a body and its temperature is given as:

Ty,

=C
q th™ g

(3.3)
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Often, the reference temperature is 0 K, so g = C,(dT/dt). C,, is the heat capacitance of
the body and it indicates the rate of temperature change at a particular heat flow speed.
Newton's law of inertia, F' = m-a, can be rewritten as:

dv
F= Cmech djb (3 4)

Apparently, mass can be thought of as a “mechanical capacitance”.

o Generalized self-inductance
The ideal, generalized self-inductance is described in equation (3.1b). In the electric
domain:

di

A mechanical spring is described in an analog way:

_lar

= 3.6
Vab k dt ( )

with F being the force on the spring, v,, the difference in speed between the two end
points, and k the stiffness. Likewise, the equation for a torsion spring is:

_Ldr

= 3.7
ab K dt ( )

Here Q,, is the angular velocity, T the moment of torsion and K the stiffness of
rotation.
The thermal domain lacks an element that behaves analogously to self-inductance.

e Generalized resistance
The relationship between the I and V-variables of a generalized resistance is given in
3.1c. In the electrical domain this is equivalent to Ohm's law:

v, = Ri (3.8)

A mechanical damper is described analogously:

1
Vb ZZF (39)

as mentioned before. The thermal resistance R,, is defined as the ratio between
temperature difference and heat flow. The hydraulic resistance is described as the ratio
between pressure difference and mass flow, et cetera.
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There are even more similarities within the various groups of network elements. These
are connected with the stored energy and the dissipated energy. In a generalized
capacitance, the V-variable is responsible for the energy storage:

E = [Pdr=[Vvidt=1cV}, (3.10)

Replacing C with, for instance, mass m of a moving body will result in the equation £
= Y/ mv?, the kinetic energy. There is, however, one exception: thermal capacitance. In
the thermal domain, the /-variable is a power quantity: g (W, J/s). The thermal energy
is:

5]
fth= CnT (3.11)

h
In generalized self-inductance the I-variable accounts for the energy storage:
E = [Pdi=[Vidi=1LI* (3.12)

It then immediately follows that the energy stored in a torsion spring is: % (1/K)T".
The energy stored in pure C and L-elements can be totally retrieved. This is not the
case with R-elements which convert the electrical energy into thermal energy (heat).
That is why they are called dissipating elements. The energy uptake amounts to:

VZ
P=V.-I=—=1I’R
R

The energy uptake of other R-elements follows in the same way. Again, thermal
resistance is an exception: the energy uptake is the I-variable ¢ itself: P =g = T/R,,.
Any network that models a physical system in a particular domain can be transformed
into a network for another domain, using the already presented analogies. The
equations are the same so the calculation methods (to be discussed in ensuing
chapters) will be applicable not only to electrical signals but also to other domains.

Example 3.5

The mercury reservoir of a thermometer has a (concentrated) heat capacitance C,; the
heat resistance of the glass wall is R,. Furthermore, the temperature of the
measurement object is T, (relative to 0 K) and the temperature of the mercury is T,.
The (electric) model of this thermometer measuring the temperature of a gas, is
depicted in Figure 3.9a.

The model can be extended to account for the heat capacity of the glass reservoir and
the heat transfer coefficient between the glass and the measurement object (the
surrounding gas): k (W/m’K), see Figure 3.9b. The thermal resistance between the
glass and the gas equals k-A, A being the contact area between the glass and the gas.
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Figure 3.9. (a) A simplified electric analog model of a mercury-in-glass
thermometer; (b) the model of the same thermometer, extended with the
thermal capacity of the glass.

SUMMARY

Electric networks

The most important network elements are: resistance, capacitance, self-
inductance, current source and voltage source. The respective voltage-to-current
relations for resistance, capacitance and self-inductance are v = Ri, i = Cdv/dt and
v = Ldildt.

An electric network contains nodes, branches and loops. According to Kirchoff's
rules, the sum of all currents leading to a node is zero, and the sum of all voltages
around a loop is also zero.

In an electric network currents and voltages are linked through ordinary, linear
differential equations. The order of the system will correspond to the order of the
differential equation.

A number of resistances connected in series is equivalent to a single resistance,
the value of which is the sum of the individual resistance values. This summing
rule also applies to self-inductances in series and to capacitances in parallel, as
well as to voltage sources in series and current sources in parallel.

A number of resistances connected in parallel is equivalent to a single resistance,
the reciprocal value of which is the sum of the reciprocal values of the individual
resistances. This reciprocal summing rule also applies to self-inductances in
parallel and to capacitances in series.

Generalized network elements

Variables are divided into through-variables or I-variables and across-variables or
V-variables.

A lumped element is a model of a physical property which is thought to be
concentrated between two terminals.

A lumped element is characterized by a connection between an /-variable and a V-
variable. There are three basic equations, corresponding to the three basic
generalized elements of capacitance, self-inductance and resistance:

I=Cd—v; VzLﬂ;VzRI.
dt dt
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The energy stored in generalized capacitance is % CV”and in generalized self-
inductance it is ¥ LI’. The energy dissipated in a resistive or dissipative element

is VI.
e  There is no thermal self-inductance.

EXERCISES

Electric networks

3.1 Replace each of the a-f two-terminal networks given below with a single

element and calculate their equivalent values.

. O
5V
Ry| [1200 ——= 470uF V,
C, *
R, L]ssooﬂ ——1uF C) 0,1V
C, -V
Ry| {68052 —— 470uF
Cy
O O -0
(&) B 9]
Ra Ry Re
o —} 2 I {1 o
100 1002 100 Q
125 —500
124 | o) A R, R, Rg
t ; @ T @ Umo Q [] 2009 D 2000
|1 |2 l]
| . .

3.2 The resistance of one edge of a cube made up of 12 wires (forming the edges) is
just 1 Q. Calculate the resistance between the two end points of the cube's

diagonal.
3.3 Calculate the a-c network transfer given below.

R i R R

fog 1 ¥ ! O og d (e 1 J ! 1 I 3 O
+ 100 k$2 Ry + Ry Ry + 18kQ R, 270kS2 R4 +
v, 1k | Yo 1kQ L%J v; 39k§2 220 k2| Vo
B o o o— s o -0

a ]

3.4 Calculate the network transfer shown below using the transformation formulas

for triangular and star-shaped networks.
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02
——J
R, 2kQ R,
[og ]I ll ll Il O
+ 2kQ R, 2 kQ +
v 2kQ Vo
- (o —0

3.5 Work out the differential equations that describe the voltage transfer of the a-f
networks depicted below.

1 | | ]1
o { ] o o { ] o o 1 o
+ R + o+ R + o+ +
C Vo Y

i ‘—]_ o i
[og -0 o O o O

3.6 An ideal capacitor with capacitance C is charged from a constant current of 1
UA, starting from O volt. After 100 s the voltage is 20 V. Find the capacitance C.

Generalized network elements

3.7 Which of the following elements or system properties can be described
according to generalized capacitance, self-inductance and resistance:

thermal capacitance, mass, mechanical damping, moment of inertia, stiffness, thermal
resistance?

3.8 In addition to V and [-variables there are also time-integrated variables, for
instance x = Jvdr. Assign one of them: V-variable, I-variable, integrated V-
variable and integrated /-variable to each of the quantities below:

force, angular velocity, electric charge, heat flow, angular displacement, mass flow,
heat, temperature.

3.9 Work out the electric analog model for the mass-spring system given in the
figure below. What is the connection between F and x?

7

RS

mass, m —— force, F

11
4]

damper, b

distance, x

3.10 Deduce what is the mechanical analog of the following electrical network.
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4 Mathematical tools

In order to compute the voltages and currents of an electric network one first has to
solve a set of differential equations, an activity which — even with relatively simple
networks — can be rather time-consuming. In this chapter two ways of facilitating the
computations will be discussed. In the first part, we shall introduce the complex
variables which can be used as a mathematical tool to calculate currents and voltages
in a network without having to determine and solve the differential equations. The
method is simple, but only valid for sinusoidal signals. In the second part, the Laplace
transform, which can be used as a mathematical tool when computing arbitrary
signals, will be introduced.

4.1 Complex variables

4.1.1 The properties of complex variables

This chapter commences with a brief overview of the main properties of complex
variables. A complex variable is defined as the sum of a real variable and an
imaginary variable. The latter is the product of a real variable and the imaginary unit
I=—-1. To avoid confusion with the symbol i which stands for electric current,
electrical engineers quickly adopted the symbol j instead: j = \-1. A complex variable
is given as z = a + jb, in which a and b are real. The variables a and b are termed the
real and imaginary components of the complex variable z. They are alternatively
denoted as Re z and Im z, respectively. A complex variable can therefore be presented
asz=Rez+jImz

Real variables are presented as points on a straight line. Complex variables are
presented as points in a complex plane, their coordinates being positioned on the real
and imaginary axes (Figure 4.1).

This same figure provides another representation of z, using a length and an angle as
the two coordinates (polar coordinates). The distance between z and the origin (0,0) is
the modulus or absolute value of z which is denoted as IzI. The angle between the
“vector” and the positive real axis is the argument z, denoted as arg z, or simply given
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as a symbol for an angle, such as ¢. The relationship between these two
representations emanates directly from Figure 4.1:

l2|= y/(Re2)* + (Imz)? 4.1)

Imz
@ =argz=arctan—
Rez

imaginary axis

3j4
jlmz4 — — — — — — — z
2j4

1
N

T v T T T v + real axis

—2j

Figure 4.1. A complex variable is represented as a point in the complex plane.

Using the equations Re z = |zcos@and Imz = [z|sing, the complex variable can also be
given as:

z= \z\(cosq) + jsin (p) 4.2)
A third way to represent a complex variable is as
z=ze’® 4.3)

From the definitions of complex variables the following rules for the product and the
ratio of two complex variables can be derived:

‘lez‘ = ‘ZIHZZ; 2 @

\Zz ’

(4.4)

Z
argz,z, = argzy +argzy; arg;‘ = argz) —argz,
2

Furthermore, in the case of complex variables it is the common rules for integration
and differentiation that hold. These rules will be frequently referred to in the coming
chapters.
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4.1.2 The complex notation of signals and transfer functions

What really characterizes a sinusoidal signal is its amplitude, frequency and phase.
When such a sine wave signal passes through an electronic network its amplitude and
phase may change but its frequency will remain unchanged.

There are marked similarities between the amplitude X and phase ¢ of sinusoidal
signals x(f) = Xcos(wt + @) and the modulus and argument of complex variables. The
complex variable X = IXle!™ * ? is represented in the complex plane as a rotating vector
with length |X| and angular speed  (compare Figure 4.1). For t =% nT the argument
of X equals @. Thus the modulus IXI is equivalent to the amplitude X and the argument
argX is equivalent to the phase ¢. In addition, the real part of X is just equal to the time
function x(r).

To distinguish between complex variables and real or time variables, the former are
written in capitals (X, V, I), while the time variables are given in lower-case letters (x,
v, 0).

In Chapter 3 we defined several transfer functions as the ratio between output quantity
and input quantity. Complex transfer functions can be similarly defined. For example,
the complex voltage transfer function of a two-port network is denoted as A, =V /V.
The amplitude transfer follows directly from |A | and the argument of A represents the
phase difference between the input and output: IA | =V /IVI = ¥, /V; and arg A, = arg
V,—argV,=(at+¢,) - (0t +¢)=0,—¢.

4.1.3 Impedances

The ratio of complex voltages and complex currents is generally a complex quantity.
The ratio V/Iis called impedance Z. The inverse ratio is the admittance: Y = 1/Z = I/V.
Impedance can be viewed as complex resistance and admittance as complex
conductance. We will now deduce the impedance of a capacitance and a self-
inductance.

The voltage-current relationship for a self-inductance is v = Ldi/dt. A sinusoidal
current can be represented as a complex current I = Ille"” * ?. The complex voltage of
the self-inductance is:

V = Ldlldt = Illjwe!™* ¥ = jwLl. This is the complex relation between the voltage and
the self-inductance current. The impedance of the self-inductance becomes: Z = V/I =
JjoL.

The impedance of capacitance is found in a similar way. In the time domain, the
current through the capacitance is i = Cdv/dt, so in complex notation: I = CdV/dt =
JjCV. Hence, the impedance of capacitance is Z= V/I = 1/joC.

From what has been stated above it follows that the impedances of self-inductance and
capacitance have imaginary values. The impedance of a resistor is real. The
impedance of a composition of network elements is, in general, a complex quantity.
The same rules as those applied to series and parallel combinations, and to networks
that only have resistances can be used to compute these impedances.

Example 4.1
The ratio of V and I in the network of Figure 4.2 is equal to:
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P (R +1/ joC)R, g 1+ joRC
Z,+Z, R+1joC+R, 1+ jo(R+R,)C

G

C

b T

Figure 4.2. An example of a complex impedance.

The modulus of Z represents the ratio of the voltage amplitude and current amplitude:
IZl = IVl = ¥ /i. The argument equals the phase difference between the sine-shaped
voltage and the current.

The modulus of the impedance of self-inductance is |ZI = wL, which means that it is
directly proportional to the frequency. The argument amounts to /2. As arg V = arg
+ arg Z = arg I + n/2, the current through self-inductance lags the voltage across it by
7/2 radians.

The modulus of the impedance of a capacitance is IZl = 1/@C and so it is inversely
proportional to the frequency. The argument is —n/2, so the current through the
capacitance leads the voltage across it by 7/2 radians. In composite networks, the
phase difference is generally a function of frequency.

Example 4.2
The modulus |Z| of the network given in Figure 4.2 is:

| 22, |_ [Ri+VjoclR, _ 1+ w’R}C?
2+ 2| IRy +1/joC+ Ry 2\ 14 0(R, + Ry)*C2

12|=

For ®—0, |ZI| approaches R,. This can also be instantly concluded from Figure 4.2,
since at DC the capacitance behaves like an infinitely large resistance. In the case
W—eo, the capacitance behaves like a short circuit for the signals, thus:

_ 1+0R2C? , 1/w®+ RAC? RR,
‘Z((D 4 00)‘ = lim R2 2 = lim R2 5 —
o= \1+0*(R+R)°C? o-= \1/o’+(R+R)C? R+R

which is nothing other than the two parallel resistances R, and R,. The phase
difference between the current through the network and the voltage across it emerges
from:

arg Z = arctan @R, C — arctan a)(R1 + Rz)C

Using complex expressions for the impedances of a self-inductance and a capacitance
the transfer of two-port networks can be quite quickly achieved. The amplitude
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transfer and the phase difference can be immediately derived from the complex
transfer.

Example 4.3
The complex transfer of the network given in Figure 4.3 is directly established from
the formula for the voltage divider network

(see Exercise 3.3):
& B R, JOR,C

V.  Ry+R+1/joC 1+ jo(R +R,)C

1

The modulus and the argument are:

v, wR,C
H|=-2= 2
Vi \/1+w2(Rl+R2) c?

T
argH = 2 arctana)(R] + RZ)C

+ c R1 +
A7 R2 Vu
o——o -0

Figure 4.3. An example of a complex voltage transfer.

Both the amplitude transfer and the phase transfer are functions of frequency. In
Chapter 6 we will introduce a simple method for plotting |Hl and arg H versus
frequency in order to gain quick insight into the frequency dependence of the transfer.

4.2 Laplace variables

The Laplace transform is a well-known way of solving linear differential equations.
Using the Laplace transform, a linear differential equation of order n is converted into
an algebraic equation of order n. As electronic networks are characterized by linear
differential equations, the Laplace transform may be a useful tool when it comes to
describing the properties of such networks. The method is not restricted to sinusoidal
signals, as is the case with complex variables. Laplace variables are valid for arbitrary
signal shapes.

The Laplace transform can be seen as an extension of the Fourier transform (2.2.2).
The conditions required for a Laplace transform are somewhat easier to fulfill (see
Equation (2.7)). This aspect will be briefly discussed in Section 4.2.4.

4.2.1 The Laplace transform

The definition for the single-sided Laplace x(¢) function transform is:
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X(p)=L{x()} = | x(t)e”""at 4.5)

S =3

By means of this transformation a function x(¢) can be changed into a function X(p) in
the Laplace domain. The Laplace operator p is sometimes also represented by the
letter s. In the double-sided Laplace transform the integration range goes from —oo to
+oo. Table 4.1 gives some of the time functions together with the corresponding
Laplace functions. The time functions are presumed to be zero for 7 < 0.

Table 4.1. Some time functions with their corresponding Laplace transforms.

x(D) X(p) x(D) X(p)
| 2 _ 2
1 > t cos wrt %
(p"+o7)
n! . 2pw
" (n=0) £ sin @t —
n+l (]72 +w2)2
1 p+a
e e cos wt T —
p—a (pta)y +o
p —at 3 w
cos wt 5 5 e sin wt -
p +o (p+a)y +o
) w
sin @t > > &) 1
p to

When it comes to the transformation of other functions the following rules can be
used. Let L{x(¢)} = X(p), then:

L{ax(t)} = aX(p) (4.6)
L{x (1) + x5(0)} = X, (p) + X5 (p) 4.7
L{e™x(1)}= X(p+a) (4.8)
L{x(t—-7)}=e""X(p) (4.9)
L{d); (tt)}z pX(p)- x(0) (4.10)
L{[ x(r)dr} = ;X( p) @.11)
L{x;(1) = x,(1)} = X,(p) X2 (p) (4.12)

Successive repetition of the differentiation rule (4.5) results in:
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L{ d;:z(t)} = p°X(p) - px(0)- x(0) (4.13)

with x'(0) the first derivative of x(¢) for r = 0.
In the next section we will see how the Laplace transform is used to solve network
equations.

4.2.2 Solving differential equations with the Laplace transform

Chapter 3 showed that the relations between currents and voltages in an electric
network are based on linear differential equations. To explain how the Laplace
transform is used to solve such equations we shall now consider the network given in
Figure 4.4a.

a g
“iC =—c v

0 —_—
Figure 4.4. (a) An RC-network with (b) a step input voltage.

The relation between the output voltage v, and the input voltage v, is given as:

dv
o :v.

v, +RC Ut ;

(4.14)

To solve this equation, we convert the time functions v(#) into Laplace functions V(p).
By using the rules given above and rearranging terms we can find that:

Vo(p) + PRCV,(p) = RCv,(0) = Vi(p) (4.15)
This is a linear algebraic equation from which V (p) can easily be solved:

Vi(p) + RCv,(0)

(4.16)
1+ pRC

V,(p)=

If v(¢) is a known time function with an existing Laplace transform, V (p) can be
solved and by inverse transformation the output voltage v (¢) can finally be found.
This procedure is illustrated using the input voltage shown in Figure 4.4b, a step
function with height E. The output voltage is called the network step response.

The Laplace transform of the input appears to be E/p (see Table 4.1). Suppose all
voltages are zero for 7 < 0, then:
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1
V,(p)= Em 4.17)

If we are to find the inverse transform of this function it must be split up into the terms
listed in Table 4.1. This can be achieved by dividing the right-hand side of the last
equation into terms with the respective denominators p and 1 + pRC. This results in:

1 1

from which the output time function is found:
vo(0)=E(1-¢7"%¢) 1>0 (4.19)

Figure 4.5 shows this time function. It appears that the tangent at the point ¢ = 0
intersects the horizontal line v, = E (the end value or steady-state value) for t = 7= RC.
With this property we can easily deduce the step response, provided that the value of
RC is known. The product RC is called the time constant of the network, a term
applicable to each first order system.

(]
| J

E(1-et)

E — (E - vglelt=tyir
= |
Vo (0) — l

! |
T T
0 1 ty+7 ™

Figure 4.5. (a) Step response of the network from Figure 4.4a; (b) the step
response of the same network, now with initial conditions and time delay.

If the capacitor was charged at ¢ = 0, then V (p) contains an additional term v (0)/(p +
1/RC) which is why the expression for the output voltage given above must be
extended with the term v (f)e .

If the input step starts at # = ¢, > 0 instead of at# = 0 the output voltage will be shifted
over a time period of ¢, as well: in the expression for v (f), t must be replaced by ¢— t,.
These two extra conditions, the initial charge and the time delay, are shown in Figure
4.5b. Notice that the tangent (now through the point 7 = ¢,) still intersects the end value
at time period 7 after the input step.

4.2.3 Transfer functions and impedances in the p-domain

Generally the relationship between two signal quantities in a network is described
using an n-th order differential equation:
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n n—1 m dm—lx

d’y y d"x
a,——+a, t”_l +'”+a0y=bmdt7m+bm,1W'i‘”'+box (420)

"ar

If one applies the Laplace transform and supposes that the initial conditions are zero
this changes into:

a,p"Y +a, \p" Y+ +ayY =b, p"X +b, p" ' X+--+b,X (4.21)

The ratio between X and Y then becomes:

Y b, p"+b, p" e 4b
X _owpP m—1P o (4.22)

n

X ap"+a, p" "+ +a,
Equation (4.22) describes either a transfer function H(p) or an impedance Z(p),
depending on the dimensions of X and Y. The Fourier transform H(w) in Section 4.1
provides a description of the system in the frequency domain (for sinusoidal signals).
Likewise, the transfer function H(p) describes the properties of the system in the p-
domain for arbitrary signals. This parallel with the Fourier transform also holds for
impedances. In the p-domain, the impedance of a capacitance is 1/pC while that of a
self-inductance is pL. The Fourier transform may be seen as a special case of the
Laplace transform, namely p =j®, which means that only sinusoidal functions are
considered.

Example 4.4
The transfer of the network depicted in Figure 4.4a can be written directly (without
working out the differential equation) as:

H( ):VO(P): L pC _ 1
V(p) R+1/pC 1+ pRC

1

The impedance of a resistor, a capacitance and a self-inductance, all in series,
amounts — in the p-domain — to R + 1/pC + pL. The impedance of a network
composed of a self-inductance that is in parallel to a capacitance is
(1/pC)pL  pL

1/pC+pL 1+ p*LC’

In Equation (4.22) the values of p for which the numerator is zero are called the zeroes
of the system. The values of p for which the denominator is zero are termed the poles
of the system. The transfer function of the network in Figure 4.4 has only one pole, p
= —1/RC. The impedance of the network which consists of a parallel capacitance and
self-inductance (see Example 4.4) has one zero for p = 0 and two imaginary poles p =
+iNLC.

The dynamic behavior of the system is fully characterized by its poles and zeroes. In
some technical disciplines, in particular control theory, the description of systems is
based on poles and zeroes.
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4.2.4 The relation to the Fourier integral

The Fourier series involves expanding a periodic signal into discrete, sinusoidal
components. The resultant Fourier integral may be viewed as an expansion into a
continuous package of sinusoidal components. The Laplace operator p is a complex
variable, p = o + jo. The transform can therefore also be written as:

L{x(t)} = ].Ox(t)e_we_jwtdt
0

This shows that the Laplace transform is equivalent to the Fourier transform (2.6),
except that it is not the function x(f) but rather the function x(f)e’* that is transformed.
A proper choice of a allows functions that do not converge for r—e to be
transformed, assuming that the function x(¢)e’* satisfies the condition (2.7). In this
respect, the Laplace transform can be interpreted as an expansion into a continuous
package of signals of the type e *sinar, which are, in fact, exponentially decaying sine
waves.

SUMMARY

Complex variables
e A complex variable z can be written as z = Re z +j Im z = Izl(cos@ + jsing) = Izle”,

with Izl the modulus and ¢ the argument of z.

e The modulus of z is |g=+(Rez)”+(Imz)?, the argument of z is

argz = arctanImz/Rez.

e The complex notation for a sinusoidal voltage or current xcos(@t + @) is
X = X1,

e The impedance Z of a two-terminal element is defined as the ratio between the
complex voltage V and the complex current /. The impedance of a capacitance is
1/joC, that of a self-inductance jwL.

e The complex transfer H of a two-port network represents the ratio between the
complex output signal and the complex input signal. The modulus |H| represents
the amplitude transfer while the argument arg H represents the phase transfer.

e Complex notation is only valid for sinusoidal signals.

Laplace variables
e  The Laplace transform is defined as X(p)= L{x(1)} = J.x(t)e_ptdt.
0

e The Laplace transform of the derivative of a function x(z) is
L{dx()/dt} = pX(p)— x(0). From this property it follows that a linear differential
equation can be converted into a linear algebraic equation using the Laplace
operator p as the variable.
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The Laplace transform makes it possible to compute the properties of an electric
network for arbitrary signals. The relevant complex notation is only applicable to
sine waves.

Transfer functions and impedances can be described within the p or Laplace
domain. The impedance of a capacitance C and a self-inductance L is 1/pC and
pL, respectively. The rules for the composition of networks in the @-domain also

apply to the p-domain.

The zeroes of a system described using a Laplace polynome 7(p)/N(p) are those
values of p for which T(p) = 0; the poles of this system are those values of p for
which N(p) = 0.

The Fourier integral can be described as the expansion of a function into a
continuous series of sinusoidal components. Likewise, the Laplace integral can be
seen as the expansion of a function into a continuous series of exponentially
decaying sinusoids.

EXERCISES

Complex variables

4.1

i

o—— p——0o0

Find the impedance of each of networks a-f given below.

R

L R

4, i 8 oo
L_“_' I

I
Calculate the impedance of network d for @= 1/NLC and R = 0.
Calculate the impedance of network e for @= 1/NLC and R = oo.
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4.2 Find the complex transfer functions of networks a-f depicted below.

|1
O O— O O O
; ‘ 1 ;
! R + R * 4 4 t
vll ‘Lc Tvo V,T L Vo vr ¢ L Tv(,
- 1 oo 1
O e, O O O

4.3 Find the complex transfer function of the network given below. Under which
condition with respect to R,, R,, C, and C, is the transfer independent of the

frequency?
O O
' I +
c
Vx L 1 R2 C2 ' Vo
. -

4.4 Find the transfer function of the bridge network given below. Under which
condition is V, = 0, irrespective of V,?

O

+

Laplace variables

4.5 Give the impedances in the p-domain of all the networks present in Exercise 4.1.
All currents and voltages are zero for # < 0.

4.6 Transform the complex transfer functions of Exercise 4.2 into the p-domain.
Find the zeroes and poles of these functions.

4.7 Using the Laplace transform calculate the output signal of the network given in
Exercise 4.2d for each of the following situations:
a.v,=0fort<0,v,=FEfort=0, Cuncharged at =0,
b.v,=0fort<0,v,;=EforO<t<t,v,=0for¢>¢, Cuncharged at = 0.
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4.8

Make a plot of the output voltage versus time for both situations.

In the network shown below, the input voltage v(#) is a sine wave. At t = O the
input is connected to the ground. At that moment, the voltage across capacitance
C is just zero while the current through itis i,

R L
L__‘—‘J 1mH —L {; +
vi(t) CD 0,1uF c lvo(t)
T
Calculate the output voltage v (¢) for three values of R:
a. R =400 Q;
b. R =120 Q;

c. R =200 Q.
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5 Models

Any model of an electronic measuring system should include properties that are of
specific interest to the user. A more elaborate model is unnecessary and might even
prove confusing, while a more restricted model would not provide sufficient
information on system behavior and might even precipitate an incorrect interpretation
of the measurement results.

The electronic properties of any measurement system can be modeled using a limited
number of network elements (sources, impedances). The first part of this chapter will
deal with the ways of obtaining such models and how to use them. The second part of
the chapter will go on to illustrate how noise and interference signals are modeled.

5.1 System models

An electronic circuit is modeled according to a network of electronic elements. The
model of a system with n external connections has (at least) n external terminals. In
this chapter we will consider networks with only two, three or four terminals that are
arranged either in one or two signal ports. What we shall particularly look at is the
influence that this has on signal transfer when one system is being connected to
another.

5.1.1 Two-terminal networks

In Chapters 3 and 4 we discussed two-terminal systems with passive elements. Such
networks are equivalent if their impedances (as measured between the two terminals)
are the same.

Such equivalence also exists for systems containing active elements, like voltage
sources and current sources. Two (or more) active two-terminal networks are
equivalent if the short-circuit current /, and the open voltage V, are equal (Figure 5.1).
The ratio between the open voltage and the short-circuit current is the internal
impedance or source impedance of the network: Z, = V /I

According to the theorem of Thévenin any active, linear two-terminal system can be
fully characterized as having one voltage source V, and one impedance, Z,, connected
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in series (Figure 5.2a). An equivalent model consists of one current source /, and one
impedance Z, (Figure 5.2b). This is known as Norton'sheorem.

——-
1V0 I
L o—

Figure 5.1. The determination of the open voltage and the short-circuit current of
an active two-terminal network.

The equivalence between both models can easily be verified. With open terminals, the
current through Z, as depicted in Figure 5.2a is zero which means that the voltage
across the terminals is just V,. In Figure 5.2b all the current flows through Z, when the
terminals are open, so the output voltage equals /,-Z, = V,, which is the Thévenin

voltage. Similarly, it can be shown that in both cases a current, I, flows through an
external short-circuit.

2 — - <
+ 2
Vo C) Ik? Zg
N —0 o

Figure 5.2. (a) Thévenin's equivalent of a two-terminal system;
(b) Norton's equivalent.

Both models are completely equivalent but one may be preferred to the other
depending on the properties of the system that needs to be modeled. Systems with a
low source impedance value are preferably modeled according to the voltage source
model while systems that behave more like a current source (with a high value of Z,)
are better if modeled according to the current source model. In such cases, the source
impedance characterizes the deviation from an ideal voltage source (Z, = 0) or, as the
case might be, the current source (Z, = o).

There are other possible reasons for making particular choices. For instance, a
transducer with an output voltage that is proportional to the measurement quantity
should preferably be modeled using a voltage source. A transducer that reflects the
measurement quantity as a current is modeled using a current source model.

5.1.2 Two-port networks

Networks with three or four terminals generally have one port that is assigned to being
the input port while the other becomes the output port (see also 3.1). In accordance
with these functions we may define the input quantities V, and I, and the output
quantities V, and I . The polarity of these quantities is as is indicated in Figure 5.3.
The ratio between input voltage and input current is called the system’s input
impedance Z; = V/I. The output impedance is the ratio between the output voltage and
the output current: Z, =V /I .
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input port \ \) output port

Figure 5.3. A two-port network with in- and output quantities.

There are many ways of modeling a two-port network. One obvious way is by
expressing the output quantities in terms of the input quantities because generally the
output is affected by the input. If the network contains no independent internal sources
the system can be described in terms of the following two equations:

V,=AV, +BI;
(5.1
1,=CV; + DI,
where A, B, C and D are system parameters.
Although this is a rather logical way of describing a system there are other ways, for
instance expressing both voltages in terms of currents, or both currents in terms of
voltages.

V,= AL + B, 52

V,=CIL+DI, ‘
or

I,=A"V,+B"V, 53

1,=C"V,+D"V,

The advantage of these latter relationships is that they can be directly transferred to an
equivalent model (Figure 5.4). The system shown in Figure 5.3 is described according
to two voltage sources, one at the input point and one at the output juncture (Figure
5.4a). In Figure 5.4a the system equations are:

Vi=Zpli + 21, (5.4)
Vo=2Znli +Zpl,
The coefficients Z,,, Z,,, Z,, and Z,, have a clear physical meaning (impedances) and
can be directly determined on the basis of measurements. The two voltage sources in
the network model are dependent sources; their value depends on other variables in
the system.



66 Electronic instrumentation

— o
+ 1 I +
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@ Vi Y11 T ? Y2 Vo
-2 Y12Vo Y21V o

Figure 5.4. Various models for a two-port system: (a) with two voltage sources;
(b) with two current sources.

In Figure 5.4b, both ports are modeled on a current source. The system equations are:

I;=Y,Vi - 1,V, (5.5)
I, ==YV + 1V,
The Y system parameters can be converted into the Z parameters of the model in
Figure 5.4a. Another possible model option is to have one voltage source and one
current source.
It should be noted that, in general, the input impedance defined above is not equal to
impedance Z, |, nor is output impedance Z, equal to impedance Z,, in the model. Both
Z, and Z, depend on the impedances that may be connected to the output or input port.
It follows from the system equations or from the system models that input impedance
Z, in Figure 5.4a is only equal to Z,, if the output current I, = 0 (open output) and that
Z,=Z,, only if the input current /, = 0 (open input).

Example 5.1
The system with the model depicted in Figure 5.5 is loaded with impedance Z, at the
output. Its input impedance, Z,, is defined as V/I,:

Vi LZutlZn
==
I; I;
with
—Z51;
Ia= 127§
Zpt+Z;

From these equations it follows that:
21972y

Z,=2, -
Zyp+Z;
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Similarly, when the output impedance of the same system has a source impedance
connected at the input it is found to be:

+ Z4 + +

222
z,—> |v, CDZ’2|° Z”“C Vo ‘L

Figure 5.5. The input impedance of a system depends on the load at its output.

From Figure 5.4a it emerges that the output voltage which is V, = Z, [, + Z,,I is
therefore a function of both the input current and the output current. Something
similar goes for the input voltage which is: V,= Z,,I, + Z,,1,. Apparently there is bi-
directional signal transfer from input to output and vice versa. In many systems, like
with amplifiers and measurement systems, only unidirectional signal transfer (from
input to output) is allowed. Most measurement systems are designed to make reverse
transfer negligible. In the model the source Z ,/, is therefore zero. One consequence of
having a unidirectional signal path is that the input impedance becomes independent
of what is connected to the output (the load) while the output impedance is
independent of the source circuit connected to the input. Let us suppose, in Figure 5.5,
that the impedance Z,, =0, then Z, = Z,, and Z, = Z,,. Such a system is fully described
by its input impedance, its output impedance and a third system parameter (which is
Z,, in the case of Figure 5.5).

Example 5.2

Figure 5.6 depicts the model of a voltage-to-current converter. The input and output
have a common ground terminal, the input impedance is Z; and the output impedance
is Z,. The reason for choosing the current output model is because the output should
have the character of a current source. The value of the output current is S times the
input voltage. S is the voltage-to-current sensitivity of the system.

There is no internal source on the input side of the model. It would seem that the input
voltage and the current are not influenced by the output signals. In other words, there
is no internal feedback.

O —O

Figure 5.6. A model of a voltage-to-current converter.
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5.1.3 Matching

In electronic systems the main carriers of information are currents and voltages. The
proper transfer of information requires proper voltage or current transfer.

If voltage is the information carrier then the voltage transfer from one system to the
other should be as accurate as possible in order to avoid information loss. If a signal
source with internal source impedance Z, is connected to a system whose input
impedance is Z, (Figure 5.7) the actual input voltage will be

- (5.6)
Z,+7,

l“t z, z, @

Figure 5.7. Matching between two systems; (a) voltage matching;
(b) current matching.

This means that the input voltage is always smaller than the source voltage. The
deviation is minimized by minimizing the ratio Z /Z. For Z, << Z, the input voltage of
the system is

1
v, :WV =(1-2,/z,)v, (5.7)
so the relative error is about —Z /Z. Only if Z, and Z,; are both known can the
measurement error for this additional signal attenuation be corrected. Otherwise the
input impedance of a voltage-measuring system should be as high as possible in order
to minimize the load error. This process is known as the voltage matching of the
systems.
If the current is the information carrier then the model given in Figure 5.7b will be
preferred. The current [, through the system's input is:
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Zg
L=——"=1, (5.8
Z,+Z

Here, too, the signal is attenuated. If Z; << Z, the input current will be

1
I = mlg =(1-2/Z,)1, (5.9)
and the relative error will be about —Z/Z,. Again, to minimize this error, the
measurement system’s input impedance must be as low as possible. This is termed
system current matching.
The results summarized:

e in order to minimize loading errors, voltage measurement systems require a high
input impedance;
e what a current measurement system requires is a low input impedance.

When voltage or current matching is perfect, the signal transfer from the source to the
input terminals of the measurement system is just 1; the power transfer, however, is
zero. This is because when Z, = 0, the input voltage is zero and with Z;, —co the input
current is zero. In both cases, the input power is therefore also zero. Since a
tremendous amount of signal power is required to activate most output transducers
this might, at first sight, seem to be an undesirable situation. Fortunately, though,
electronic components offer an almost infinite supply of signal power amplification,
so voltage or current matching does not necessarily lead to low power transfer.
Another thing that current or voltage matching is responsible for is the zero power
supplied by the signal source. This can be a great advantage, especially when the input
transducer is unable to supply enough power by itself, or when no power may be
extracted from the measurement object (for instance so as not to reduce measurement
accuracy).

Voltage or current matching is not always possible. At high frequencies it is
particularly difficult to realize high input impedance. Any system has an input
capacitance that is different from zero and originates from the input components as
well as from the connector and the connecting wires. The impedance of a capacitance
decreases as frequency increases and so does the system’s input impedance.

Another point to bear in mind is that high frequency signals may reflect at the
interfaces between system parts. Such reflecting may introduce standing waves
between two points on the signal path that will then interfere with the proper
propagation of the measurement signal.

Such effects can be avoided by introducing another type of matching known as
characteristic matching (see Figure 5.8). The systems in question have a particular
input and output impedance which is the same for all the systems involved. This so-
called characteristic impedance R, has a fixed, relatively low and real value of, for
instance, 50 or 75 Q.
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Figure 5.8. (a) characteristic matching of the signal source;
(b) the source supplies the maximum signal power to the system if R, = R,;
(c) characteristic loading of a current source.

The voltage, current and power signal transfer of a typical system differ essentially
from those of the systems described so far. The voltage transfer V/V, of the system
shown in Figure 5.8a is just %;. To calculate the power transfer from one system to
another the reader is referred to Figure 5.8b which shows a voltage source with source
impedance R, that is loaded with impedance R, The signal power supplied to the load
is:

V2R,
P= IizRi =81 (5.10)

(Rg + Ri)z

and depends on both R, and R,. To find the conditions for maximal power transfer we
must take the first derivative of P, to the variable R;:

ar. (R +R,»)2 ~2R(R,+R,)
EZV‘Q 4 (511)
' (Rg+Ri)

This is zero for R, = R,, so maximum power transfer occurs when the two systems are
characteristically coupled. Half of the available power is dissipated in the source
resistance: 1,’R, = V,’/4R,. The other half is transferred to the load: VI, = V,’/4R,. The
same conclusions can be drawn for the current source given in Figure 5.8c. This type
of matching is also called characteristic matching or power matching because the
power transfer is maximized.

Many characteristic systems only have a characteristic input impedance if the system
is loaded with R,, and characteristic output impedance if the system is connected to a
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source where the source resistance is just R, (Figure 5.9). Such systems display bi-
directional signal transport.

When using calibrated characteristic systems, care should be taken to connect
characteristic impedances on both the input and output sides, otherwise transfer will
deviate from the specified (calibrated) value.

\ V,| Ry=>| characteristic system

Figure 5.9. Some systems have only a characteristic input impedance if loaded
with a characteristic impedance, and vice versa.

5.1.4 Decibel notation

Let us now consider two systems, connected in series. Let system 1 be characterized
as x,, = H,x, and system 2 as x_, = H,x,. These systems are coupled in such a way that
X,, = x,. The output of the total system equals x,, = H H,x,. Obviously, the total
transfer of a number of systems connected in series is equal to the product of the
individual transfers (taking into account the corrections made for non-ideal matching).
In several technical disciplines (telecommunications, acoustics) it is common to
express the transfer as the logarithm of the ratio between output and input quantity.
This simplifies the way in which the transfer of cascaded systems is calculated. The
logarithmic transfer of the total system is simply the sum of the individual transfers
based on the rule log(a-b) = log(a) + log(b).

The logarithmic power transfer is defined as log(P/P), base 10, (unit bel), or as
10-log(P /P, (unit decibel or dB).

In Figure 5.10 the system’s input power is P, = v’/R, and the power supplied to the
load amounts to P, = v,’/R,. The power transfer from source to load is therefore
10-log(P,/P) = 10-log[(v/v)’R/R,] dB and it depends on the load resistance and on the
square of the voltage transfer. The power transfer of a characteristic system is always
equal to the square of the voltage transfer, because R, = R,.

50 0w @Aw |

Figure 5.10. The power transfer of this system is proportional to the square of
the voltage transfer.

The logarithmic representation of a voltage transfer is 20-log(v /v, dB. This definition
does not account for the interfacing of the system.
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Example 5.3

The resistance values of the system given in Figure 5.10 are: R, = 100 k€, R, = 0 £,
R, = 1 kQ and the amplifier gain is A = 100.

The power transfer appears to be equal to 10-log(A’R/R,) = 10-log10° = 60 dB.

The voltage transfer of the system itself is v /v, = A = 100 or: 20-logA = 40 dB. This
does not represent the voltage transfer from source to load which is v /v,.

5.2 Signal models

Any measurement system is influenced by interference signals which obscure the
measurement signals. Interference either originates from the system itself or enters
from outside. Undoubtedly the designer will make every effort to minimize noise, to
stop the cross talk of auxiliary signals to the measurement signal and to prevent the
induction of spurious signals from outside, for instance by providing proper shielding.
Ultimately it is not only the designer but also the user of the system who must be
careful to keep out unwanted signals.

It remains difficult, despite careful designing, to guarantee that operations will be
completely interference free. Internally generated interference (like noise) and the
sensitivity to external interference should be specified by the manufacturer of the
measurement system.

Interference signals introduce measurement errors. Such errors can be categorized in
three ways as: destructive errors, multiplicative errors and additive errors. Destructive
errors lead to the total malfunctioning of the system which is a situation that is, of
course, not acceptable. Multiplicative and additive errors are permissible but only up
to a specified level. Multiplicative errors result from system transfer deviations. The
output of the system can be expressed as x, = H(1 + &)x, in which H is the nominal
transfer. The output remains zero for zero input, but the transfer deviates from the
specified value. The relative measurement error is € and the absolute error, Hex,
depends on the input signal.

Multiplicative errors are caused by, for instance, component drift values (due to
temperature and aging) or non-linearity.

The remainder of this section will be devoted to additive errors, in particular noise.

5.2.1 Additive errors

Additive errors become evident when the output signal differs from zero at zero input:
x,=Hx; +x, (5.12)

where H is the transfer of the system and x, the error signal. Such an error signal
accounts for all kinds of additive interference, like (internally generated) offset, cross
talk of internal auxiliary signals or unwanted external signals entering into the system
and getting mixed up with the measurement signal.

If x, is a DC signal we say that it is offset (see Chapter 1.2):

Xo=Hx; + X, . =H(xl- +xi’oﬁc) (5.13)
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where x, . and x, . are the output and input offset. The absolute error in the output
signal does not depend on the input signal (as with multiplicative errors) and the
relative error increases as the input signal decreases. The offset errors are therefore
always expressed in absolute terms.

The influence of all additive error signals can be represented by just two additional
system input signal sources (Figure 5.11). These sources are called the equivalent
error signal sources. The system itself is supposed to be error-free with all system

errors concentrated into the two equivalent error signal sources, v, and i,

Rg system with
| — errors | o
+ + A+
a
o N
- -1 !
- o
Ry Vn
N
}-—o0
— / + ;
vy Q) i‘”T v, error free v, E]
system
- ——o

Figure 5.11. (a) A system with internal error sources; (b) modelling of the error
signals by two external sources: the system is made error free.

In Figure 5.11, the signal source is modeled on a Thévenin circuit consisting of
voltage source v, and source resistance R,. At open input terminals, the input signal of
the system is v, = i R, so the output signal is v, = Hi R, At short-circuited terminals,

the output is v, = Hv,. The total output signal is therefore:

vo=H(v, +v, +i,R,) (5.14)

o

K
R, +R,

The output signal depends on the source resistance R,. When the measurement system
is connected to a voltage source (with a low value of R,), v, is the dominant output
error. A voltage measurement system should therefore have a low value of v,. In the
case of current measurements, the system should have a low value of i, to minimize
the contribution made by iR, to the output error signal.

The error sources v, and i, can represent DC signals (for instance offset and drift) or
AC signals (for instance noise). In the first case, the signal is expressed in terms of its
momentary value while in the second case rms values are preferred. It is important to
make the following distinction: the momentary value of two (or more) voltage sources
in series or current sources in parallel equals the sum of the individual values. The rms
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value does not adhere to this linear summing rule. According to the definition (Section
2.1.2), the rms value of two voltages v,(#) and v,(?) in series is

Ve rms = \/;J‘(Vl +v2)2dt = \/;J(vlz +2v vy +v§)a’t (5.15)

If the two signals are completely independent (uncorrelated), the average of v v, is
zero, hence

2 2
vs,rms = vl,rms + v2,rms (516)

This square summing rule is applied when several stochastically independent error
signals are combined to form one set of equivalent error sources v, and i, at the system
input point.

Example 5.4

Two systems, I and II, each have the equivalent error voltage source v,; and v,, and
the equivalent error current source i,, and i,, (Figure 5.12a). We shall endeavor to
and i,, for the two systems in series (Figure

ns

find the equivalent set of error sources v
5.12b).

Both the models given in Figure 5.12 represent the same system, so they should be
completely equivalent. This equivalence allows us to calculate the error sources v,

and i,
- + - +
@ in1 t vq R; Q>A1 vy in2 T V2
O — _ O—O0— _
error free system error free
Vos | R, T
M O - + + r—L—J—-‘ + T
@ insT vy R; <>A1V1 2]
o — — o — o
error free system error free

Figure 5.12. Two models for the error sources of two systems connected in
series: (a) separate sources; (b) combined sources.

We take v, of system Il as a criterion for equivalence: this voltage must be the same in
both models for any source resistance value. Take, for example, two extreme cases: R,
= oo and R, = 0 (open input terminals and short-circuited input terminals) and
determine for both situations the output voltage v,.

At open input terminals:
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Vo =i \RA +i, R, +v,, =i, RA,

ns*N
N
Vn2 + anR()

bns = lno + AlR,'

At short-circuited input terminals:
Vo = Vn]Al + inZRo TV = VnSA]
50

Vn2 + anR()

Vs = Unt Al

This calculation only has validity for the momentary error signal values. If the
calculation pertains to stochastic, uncorrelated error sources then we must write:

2 .2 p2

2 .2 vn2+ln2Ro
252
Al Ri

2 .2 2
2 2 + Vn2+l"2R

— (2]
ns nl A 12

From this example it follows that high gain in the first system is the most favorable
situation with respect to total system error. The errors emanating from the second
system only contribute a little to the overall error effect. In other words, the additive
error of a system is almost entirely determined by just the input components if these
components produce high signal gain relative to the other system parts. In a proper
design, the system gain will come from its input components.

5.2.2 Noise

Any conductor or resistor exhibits thermal noise which comes from thermal
movements in the material’s electrons. The spectral power density (Section 2.1.3)
amounts to 4k7 (W/Hz) and is virtually independent of frequency. Thermal noise
behaves like white noise.

The noise power dissipated in a resistor with resistance R is P = V?/R = FR. Thermal
noise can therefore be represented by a voltage source in series with the (noise free)
resistance and has a value of v, = \/4kTR, or a current source that is in parallel to the
noise-free resistance and has a value of i, = \AKTIR (Figure 5.13).

o— }—o o——-:—;@:——o o —{— 1} °
a @.

Figure 5.13. (a) Any resistor generates noise; (b) the resistance noise is
represented by a voltage source or (c) a current source.
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Example 5.5

To extend the measurement range of a voltmeter to include higher voltages a voltage
divider is connected to the input terminal (see Figure 5.14a). We want to know what
are the equivalent error sources for the whole system (Figure 5.14b) so that we can
estimate how the divider contributes to system noise. Take then the amplifier’s input
voltage, v; as a criterion for equivalence. The equivalent current source is found by
calculating v, at the system’s short-circuited terminals:

2 2 2
R R R R
vl»z: —2 v12+(i2+in)2 —12 +v3= —2 sz
R +R, R +R, R +R,

from which follows:
2
R +R 2
2_ 2 TR 2
Vs =V (R) Vp T R; (l2 + ln)
2

Similarly, the equivalent current source is calculated at open inputs:

2
1%
if:i22+i,f+[”j
R
2

These two equations clearly show how the voltage divider contributes to the total
noise error in relation to the noise of the system itself.

V1 Vi
N St
o 4 N
R2 t i in t v
. _
Vs R,
° — N\t |
O/ — +
is 1 R, v @
o _
Figure 5.14. Modelling noise signals of a system with voltage divider
(a) by separate error sources and (b) by combined error sources.
SUMMARY

System models

e Any two-terminal system is characterized by voltage source V, in series with
source impedance Z, (Thévenin's theorem), or current source /, that is in parallel
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to source impedance Z, (Norton's theorem). V, and I, are the respective open
voltage and short-circuiting current. The source resistance is Z, = V,/I,.

e The input impedance of a system is the ratio between the (complex) input voltage
and input current. The output impedance is the ratio between the output voltage
and the output current. Generally, input impedance depends on load impedance
and output impedance depends on source impedance.

e Linear two-port systems can be characterized using models that have two sources
(a voltage source and/or a current source) and two impedances. Two system
equations are used to mathematically describe the model.

e A voltage measuring instrument requires high input impedance Z. If the source
impedance Z, satisfies the inequality Z, << Z,, then the relative measurement error
will equal about —Z /Z..

e A current measuring instrument requires low input impedance Z. If source
impedance Z, satisfies the inequality Z, >> Z,, then the relative measurement error
will equal about —Z/Z,.

e Characteristic matching is achieved when output source impedance equals input
load resistance. The power transfer amounts to just .

e The power transfer P /P, expressed in decibels (dB) is 10-log(P/P). The
logarithmic voltage transfer is defined as 20-log(V /V).

Signal models

e System errors fall into three categories: destructive, multiplicative and additive.

e Additive error signals originating from the system itself can be represented by two
independent sources at the system input point, an equivalent error voltage source
and an equivalent error current source.

e The rms value of the sum of two uncorrelated signals is equal to the root of the

2

n,rms

summed squares: v ¢ = \/v%,ms + v%,rms +. 4V

e The spectral power of thermal noise is 4k7 W/Hz. This noise can be represented
by a voltage source in series with noise-free resistance, \4kTR [VNHz] or by a
parallel current source with a strength of VAKT/IR [A/\/ Hz].

e The equivalent voltage error source of a system is found by having equal output at
short-circuited input terminals. The equivalent error current source is found by
having equal output at open input terminals.
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EXERCISES

System models

5.1 Find the Thévenin equivalent circuits for the source circuits a-c given below.

@ R4 R3 Ra
1 1 o {1 )
+ 50 2 10 k2 I 6882 @
V<>12V R, 50 Q2 T R;] 1082
~ 9A R3
o { } o
1282
Rs
O
22 k2
h * Rq| |18k '21 R,| |68KkQ
3mA 2mA

O

5.2 In a list of specifications, the maximum values for the rejection ratios are given
as: CMRR (at DC): 90 dB, CMRR (at 1 kHz): 80 dB and supply voltage rejection
ratio SVRR: 110 dB. Specify these quantities in uV/V.

5.3 The current from a current source with source resistance 100 kQ is measured
using a ampere meter. The maximum possible error is 0.5%. What is the
requirement for the input resistance of the ammeter?

5.4 The source resistance of an unknown voltage source is measured as follows: first
its voltage is measured with a voltmeter that has an input resistance of R, = 10
MQ, then the voltage is measured while the source is loaded with 10 kQ. The
successive measurement results are 9.6 V and 8 V.

a. Calculate the source resistance.
b. What is the relative error in the first measurement caused by the R, load?

5.5 What is characteristic matching? What is characteristic impedance? How much
is the power transfer at characteristic coupling?

5.6 The figure below contains a model of a voltage amplifier. Find the voltage
transfer A, =v /v, the current transfer i /i, and the power transfer A, = P /P,

. R .
i A4 is
© > | S— | o
t + +

v R; C) Av; v, Ry

Signal models

5.7 The figure below presents a voltage amplifier model. R, is a resistor with
thermal noise voltage v,,, all other components are error-free. Find the
equivalent error sources at the system input terminals that only derive from the
noise from R,;.
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5.8

59

5.10

0 IJ, . q@/wl VZI ",

Refer to the model given in the previous exercise. This time only R, and R, will
generate noise and the respective noise contributions will be i, andv,,. All the
other components are noise free. Determine the equivalent noise sources derived
from these two resistances.

Refer once again to the previous figure. This time the offset voltage and offset
current are represented by equivalent sources at the input points, V, and I,. At
20°C, V, =1 mV = 10 uV/K; I, = 10 nA, the value doubles each time the
temperature is raised by 10 °C. Furthermore, Rg =10 kQ, R, = oo, R, = co and
A =10.

Calculate the maximum output offset voltage:

a. for T=20°C

b. for a temperature range of 0 < 7'< 50 °C.

The input power of a system is the product of its input current and its input
voltage. The signal-to-noise ratio S/N is the ratio between the input signal power
P_and the input noise power P,. Prove that S/N is independent of input
resistance R,
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6 Frequency diagrams

The complex transfer function of an electronic system usually depends on the signal
frequency. A common way of visualizing the frequency dependence of the transfer
function is by drawing a frequency diagram. In that way, both the modulus (amplitude
transfer) and the argument (phase transfer) are plotted against the frequency. This set
of features is what we call the Bode plot of the system and that is what will be
discussed in the first part of this chapter. There are other ways of visualizing the
frequency dependence of a complex transfer function, one of which is by means of the
polar plot representing the transfer in the complex plane. This method will be
discussed in the second part of the chapter.

6.1 Bode plots

6.1.1 First order systems

A Bode plot comprises two diagrams: the amplitude characteristic and the phase
characteristic. Both plots have a logarithmic frequency scale. The modulus
(amplitude) scale is also logarithmic and the phase (argument) is plotted along a linear
scale. Modulus and argument can be rather complicated functions of frequency but
despite this the Bode plot is quite easy to draw using certain approximations. The
method will be explained on the basis of a simple network with one resistance and one
capacitance (Figure 6.1).

[og Il || -0
+ +
R
v -_—c VY
[og O

Figure 6.1. A first-order RC-network.

The complex transfer function of this network is H(w) = 1/(1 + jwt), and T =RC, is
the time constant of the network. The modulus of the transfer function equals
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1

H(w)=— 6.1)
L e

To plot this function against frequency we must consider three particular conditions:
very low frequencies (w << 1/7), very high frequencies (® >> 1/7) and o= 1/7.

In the case of low frequencies (relative to 1/7) the modulus is about 1 (or 0 dB). There
is no signal attenuation because the impedance of the capacitance at very low
frequencies is high. With high frequencies (relative to 1/7) the modulus |Hl can be
approximated by 1/wt. Here the modulus is inversely proportional to the frequency.
With logarithmic scales, the characteristic is a descending straight line. Figure 6.2a
shows these two parts, or asymptotes, of the amplitude characteristic. The asymptotes
intersect the point at @ = 1/7, the corner frequency of the characteristic. The amplitude
characteristic can be approximated surprisingly well on the basis of these two
asymptotes: |Hl =1 for ot < 1 and |Hl = 1/ @7 for ot> 1.

HI T IHI ~ 1 ) _
asymptotic approximations
E] (dB) ‘ /
0
33— ———==
-20
-50
1072 —
T w (log)
E] argH 0,21 4,81
(rad) 102 100" ] 7 1 T‘ 10 1_0_2 @
T T T
1 — 1
i -
1 w (log)
1
|
|
l

Figure 6.2. The Bode plot of the RC network of figure 6.1;
(a) amplitude transfer; (b) phase transfer.

The value of |H| for ot = 1 equals 1N2 or yz\/ 2. Using decibel notation, this is equal
to:

20log/H (0= 1/7)|=20log2""? = ~10log2 = ~10x 0.30103 = ~3 dB

This explains why the frequency where the asymptotes intersect is also sometimes
called the —3dB frequency. It then becomes easy to sketch the real characteristic along
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the asymptotes and through the —3dB point. The deviation from the asymptotic
approximation is only 1 dB for frequencies of = 1/27and w="2/7.

In the high frequency range, the modulus of the transfer is inversely proportional to
the frequency: the transfer halves when the frequency is doubled (one octave). The
slope of the falling asymptote is a factor 2 decrease per octave or, using decibel
notation, —6dB/octave. Likewise, the transfer drops by factor 10 when there is a
tenfold increase in the frequency (decade); the slope of the characteristic represents a
factor 10 decrease per decade or —20dB/decade.

The phase characteristic can be approximated in a similar way, by splitting the
frequency range into two parts. At low frequencies argH approaches 0, and for high
frequencies it approaches the value —7/2. These lines are two asymptotes of the phase
characteristic. For @7 = 1 the phase equals —n/4, which appears to be the point of
inflection for the actual characteristic. The course of the curve can then be roughly
sketched. A better approximation can be achieved when we know the direction of the
tangent in the point of inflection. Its slope is found by differentiating argH to logw
(the vertical scale is linear, the frequency scale is logarithmic). The result is — ¥ In10,
and it is used to find the intersections of that tangent with the asymptotes argH = 0 and
argH = —mn/2. Those points are @ = 0.21/7 and @ = 4.81/7 or about a factor 5 to the left
and right of the point of inflection (Figure 6.2b). The actual phase transfer for @7 =5
and w7 = 1/5 deviates only (1/15)7 rad from the approximations 0 and —7n/2 at these
points.

6.1.2 Higher order systems

We shall commence by giving transfer functions that can be written as the product of
first order functions. The Bode plot of such a function is achieved by simply adding
together the plots of the separate first order functions.

Example 6.1

0T
The transfer function H(w) = Sl

can be written as a product
1+ jo(t, +15) - 01,1,
of the functions Hl(a)) = ﬂ and Hz(a)) =

1+ jor, I+ jor,
The function H, has already been discussed. The characteristic of H, can be
approximated in a similar way: for o7, << I, |H,| can be approximated by wt, and
for @1, >> I the modulus of H, is about wr,/\/(wzrzz) = 1,/7,. Figure 6.3a shows the
two individual first order characteristics |H,| and |H,| with —3dB points at ® = 1/7,
and w=1/7,, respectively. It is assumed that T, < T, < T;. To find the characteristic of
|H|, we must remember that H is the product of both first order functions and that the
modulus scale is logarithmic. The characteristic of |H| is thus found by adding the
characteristics of the two individual first order characteristics. As can be seen from
Figure 6.3a, within the frequency range 1/t; < ® < 1/7,, |H,| decreases 6 dB/octave
and |\H,| increases by the same amount. The total transfer therefore remains constant
in this interval.
Similarly, the phase characteristic is found by adding the two individual phase
characteristics of the first order transfer functions. Notice that the phase scale is
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linear and that the phase of a series system is the sum of the phases of each single
system.

|
|
|
|
l argH, argH
|
|

Figure 6.3. Bode plot of the transfer function H = H,H,. It is composed of the
first-order Bode plots of H, and H,;
(a) amplitude characteristic; (b) phase characteristic.

This summing method offers a quick insight into the amplitude and phase
characteristics of even fairly complex systems. If factorization into first order
functions is not possible, this method cannot be implemented.

The next step is to study the Bode plot of second order systems, represented by the
expressions

(6.2)

or

) (63)

1+ 2jwz/wy— a)z/wg

We will adopt the second equation with the parameters z and @,. Only when z < 0, can
the function be factorized into two first order transfer functions. Figure 6.4 shows the
Bode plot for several values of z < 1.
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Figure 6.4. Bode plot of a second order system, for various values of the
damping ratio z; (a) amplitude characteristic; (b) phase characteristic.

The transfer shows overshoot for small values of the parameter z. By differentiating
|HI it can easily be proved that overshoot occurs at z < %\/ 2. This overshoot increases
when z decreases. The parameter z is therefore known as the system’s damping ratio.
It is related to the parameter Q, the quality or relative bandwidth of the system: Q =
1/2z (see Chapter 13).

When one further analyses the second order transfer function the following
construction rules are obtained. At frequencies much lower than @, the modulus is
approximated by the line |H| = 1, and at frequencies much higher than w, by the line
IHl = @,’/@’. The slope of the latter is —12dB/octave or —40dB/decade which means
that it is twice as steep as in a first order system. The transfer shows a maximum at
frequency @ = @,\(1 — 2z%) which amounts to 1/2zV(1 — z%) (z < ¥V2). The frequency
where the transfer has its peak value is called the resonance frequency. For very low z
values the resonance frequency is about @,; that is why @, is called the undamped
angular frequency.
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The phase characteristic has the following properties. At very low frequencies argH —
0 and at very high frequencies arg H — —7. At @ = ®,, the phase transfer is just —7/2,
irrespective of the parameter z. The slope of the tangent through that point (the point
of inflection) is found by differentiating arg H to the variable logw. The result is
—(1/z)In10. This tangent intersects the horizontal asymptotes of the phase
characteristic at frequencies that are a factor 10" = 4,81° on both sides of @,

6.2 Polar plots

The polar plot of a complex transfer function represents its modulus and argument in
the complex plane where frequency @ is a parameter. The way in which polar plots are
worked out will be illustrated by means of a series of examples.

6.2.1 First order functions

The first example is the RC network shown in Figure 6.1 where H = 1/(1 + jwrt). For
each value of w, H is represented in the complex plane. There are two ways of doing
this: either by calculating |Hl and argH (as done in the Bode plot) or by calculating Re
H and Im H. We will use the latter method.

The real and imaginary part of an arbitrary complex polynome can easily be found by
multiplying the numerator and denominator by the conjugate of the denominator (the
conjugate of a complex variable a + jb is a — jb). Hence:

1 1 1-jor 1-jot
H(Cl): . = . : . = )
1+ jor 1+jor 1-jot 1+0°1

(6.4)

The denominator of the resulting expression is always real so the real and imaginary
part of H can be directly obtained:

mH =—2% (6.5)

ReH =
1+w’t?

roid
For @ = 0 the real part is 1 and the imaginary part is 0. For — Re H and Im H are
both zero. In the special case of w = 1/7, the real and imaginary parts equal Re H =
12 and Im H = —7/4. The polar plot is depicted in Figure 6.5.

The Bode plot can be derived from the polar plot and vice versa. The polar plot in
Figure 6.5 appears to be semicircular. Let Re H = x and Im = y. If one eliminates @
from the expressions for Im A and Re H this results in:

x>+ y2 =x (6.6)

or

(x‘%)z +y?= (%)2 (6.7)
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Figure 6.5. The polar plot of the function H = 1/(1+jw1); for wt= 1, Hl = %\/E
and argH = —n/4.

This is just the equation for a circle with center ( 15,0) and radius 5. The polar plot
only amounts to half of this circle because we only consider positive frequencies. It
can be shown that the polar plot of any function (a + jbw7)/(c + jdwT) is a
(semi)circle; if ¢ or d are zero, the circle degenerates into a straight line. The
parameter @ moves along the plot in a clockwise direction.

We can sketch the polar plot of many simple networks without calculating the real and
imaginary parts. This will be illustrated in the following examples (Figure 6.6).

O ([ =

Figure 6.6. (a) A network with complex transfer function H = V,/V; (b) the polar
plot of H, (c) a network with complex impedance Z = V//; (d) the polar plot of Z.

Consider the network given in Figure 6.6a. For @ = 0 the transfer is zero (the
capacitance blocks the signal transfer). The polar plot therefore starts at the point of
origin. For @ —eo the transfer approaches the real value of R/(R, + R,) (the
capacitance acts as a short circuit for signals); this is the end point of the semicircle,
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which can then be sketched directly (continually bearing in mind the clockwise
direction).

Finally, we shall discuss the polar plot of the complex impedance of Figure 6.6¢c. The
plot starts at @ = 0, where Z has the real value R, (C has infinite impedance) and ends
at W—>eo, where Z = R //R, (// means in parallel). The polar plot is a semicircle as
depicted in Figure 6.6d.

6.2.2 Higher order functions

There is no simple way of constructing the polar plot for an arbitrary order two or
higher complex function; the summing method used for Bode plots is of little practical
use. Nevertheless, there are some rules relating to the starting and finishing points of
the plot and to the direction of the tangents at those points. Some of these rules will be
given below.

Consider the general transfer function:

at(jw)t + at+1(jw)t+l +-- “T—n(jw)T_n +ar (jw)T
by (j@)" + by (jo) ™ 4 by (jo) ' + by (jo)

F(jo)= (6.8)

where ¢ and T are the lowest and highest power of j® in the numerator and n and N the
lowest and highest power of jw in the denominator. None of the coefficients a, a,, b,
and b, are zero. Furthermore, with any physical system described by F(j®) the order
of the numerator never exceeds that of the denominator: 7< N.

The starting point of the polar plot (at w = 0) is determined from

lim F(jo)= lim (a, /b, )(jw) ™" (6.9)

w—0

which is the approximation of F(jw) to the lowest numerator and denominator powers.
Depending upon what ¢ and #n are, this approximation will be O (¢ >n), a/b, (t =n) or oo
(t < n). The phase at the starting point equals arg(jw)™ = (¢ — n)(7/2), in other words
the starting point lies either on the real axis or on the imaginary axis.

Similarly, the finishing point is found from

)T—N

lim F(jw)= a}i_r)nw(aT /by )(jo (6.10)

W00
so it either amounts to a,/b, (T = N) or to 0 (T < N). The phase at the finishing point is
arg(jw) ™ = (T — N)(7/2), in other words, it either lies on the real axis or on the
imaginary axis, as does the starting point.

The tangents at the starting point and the finishing point are derived respectively from

lim (dF / da)) and lim (dF / da)). The values of these limits depend on the coefficients
w—0 w—>o

of a and b in F(jw), but they are always a multiple of 7/2. This means that the tangents

have either horizontal or vertical directions. Table 6.1 gives some results without
providing further proof. These results are illustrated in the examples given below.
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Table 6.1. Starting and end points of a polar plot and the direction of the tangents
in these points. a) %n sign (8,1b,~ab,.1); b) %n sign (a;by.—arby)

Starting point End point
t>n t=n t<n T=N T<N
Value 0 alb, oo arby 0
Tangent (t—n)m/2 +7/2 T+ (t—n)m/2 +m/2° n+ (T - N)r/2
Example 6.2

The function F(jw) is defined as:
jot,

F(jw)= 5
1+ jor, +(jor,)

starting point: t = 1; n = 0, so 0;

finishing point: T=1; N = 2, 50 0;

direction at the starting point: (1 —0)(/2) = w/2;

direction at the finishing point: 7+ (1 —2)(w/2) = /2.

The polar plot is depicted in Figure 6.7a. The intersection with the real axis is found
from ImF = 0, which results in @ = 1/t; and ReF = 1,/7,.

3t

ReF

&

ImG
ImH

w=\/1'1/r§ w = “’=°°T
/—\0 1 1_12 0
—

—_—
/ ReG ReH
w
w=0

\wu. f“’

Figure 6.7. (a) polar plot of F=jot,(1 + jot, + 0T,
(b) polar plot of G = 1/(1 + jot, + (0r,f + (j0r,)%);
(c) polar plot of H = 1/(jet, + (0r,)).
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Example 6.3
The function G(jw) is defined as:

1

Gljw)= . N2 (.3

1+ jot, +(jor,)” +(jor,)

starting point: t = n = 0, hence a/b, = a/b, = 1;

finishing point: T = 0; N = 3, hence 0;

direction at the starting point: sign(0-0 — 1-1) (n/2) = —-/2;

direction at the finishing point: w + (0 —3) (/2) = —1/2.

Figure 6.7b shows the polar plot. The intersections with the real and imaginary axes
are found from ImG = 0 and ReG = 0, which are respectively: G(® = 1/1,) = 5/T/7,
-1, 1t,) and G(Va,v)) = /N1 —10,00,)

Example 6.4
The function H(jw) is defined as:

H(jo)= %
jot, + ( jwrz)

starting point: t = 0; n = 0, so oo;

finishing point: T=0; N = 2, so 0

direction at the starting point: ®7 + (0 — 1) (/2) = n/2;

direction at the finishing point: w+ (0 —2) (/2) = 0.

A more precise plot will follow from further analysis done numerically (for instance,
with a computer program) or analytically:

2 2
1'2/11 1l or,
ReH =———F—F— ,ImH =-——""—F—F7—
2.4/ 2 2 4/ 2
l+w't, /1 I+w 12/11

The real part is always negative, running from — 1,7/t (@ = 0) to 0 (w—eo); the
domain of the imaginary part extends over all the negative values. Under these
conditions it becomes possible to accurately draw the polar plot.

It is not easy to produce a polar plot for more complicated functions. The Bode plot is
easier to draw. A polar plot has the advantage of being able to represent the frequency
dependence of the transfer in a single diagram.

SUMMARY

Bode plots

The Bode plot represents the modulus and the argument for complex transfer
functions versus frequency. The frequency and the modulus are plotted on

logarithmic scales.
The Bode plot of a first order function can easily be drawn with the help
asymptotic approximations for ®>> 1 and w << 1.

of

Point w7 = 1 on the Bode plot of a first order system is the —3dB frequency. The

deviation from the asymptotic approximation amounts to —3 dB.
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The Bode plot of a function consisting of the product of first order functions is the
sum of the individual characteristics of such first order functions.

The denominator of a second order polynome is given as 1 + 2joz/@, — @'/@,’. In
this expression @, is the undamped frequency and z is the damping ratio. For z <
12 the amplitude characteristic displays overshoot; its peak value increases as z
decreases.

The frequency of the maximum value of the amplitude transfer is called the
system’s resonance frequency.

Polar plots

A polar plot represents a complex function in the complex plane where the
frequency is a parameter.

The polar plot of a first order system describes a circle or semicircle in the
complex plane. In certain cases the circle degenerates into a straight line.

The starting point and finishing point of a polar plot are found by taking the limit
of the transfer function for @ =0 and @—eo .

The direction of the tangent at the starting point is %kln where k, is the
difference between the lowest power of jw in the numerator and in the

denominator of the transfer function (k, > 0).
The direction of the tangent at the finishing point is 7 + Y k,r where k, is the

difference between the highest power of j@ in the numerator and the denominator
(k, <0).
When the lowest or highest powers of j in the numerator and denominator of the

transfer function are equal, the tangents at the starting point and the finishing
point are vertically oriented.
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EXERCISES

Bode plots

6.1 Make a sketch of the Bode plot (an asymptotic approximation) for networks a-c
in the figure below.

i
R, c 0,1 uF

o—oA 1] o —J o

+ + R +
5k 01uF [R, 1 20kQ R,
v, V, \2 0,1uF C, o
5k ] 1k
[os O o3 o-
L
o SV

<

—0
+ 1uH _L +
i] 1uF c LV

6.2 Find the next parameters for the network given in the figure below: undamped
frequency @, damping ratio z, frequency for maximal amplitude transfer, peak
value of the amplitude transfer and modulus of the transfer at @ = @,.

R L
o I, T uH ©
+ 109 H l *
v, 10nF c v,
-1 1

6.3 The complex transfer function of what is known as an “all pass” network is
given as:

. 1-jot
H(N’Fm

Find |Hl and argH. Draw the Bode plot for H.
6.4 Make a sketch of the Bode plot for the following function in which 7=10""s:

) 1
H(jo)= 3

(1+ jor)

6.5 Find the Bode plot of the transfer function:

1+ jor,
1+ jor,) +(1+ jors)

H(Jw):(

where 7,=0.1s, 7,=0.01 s and 7, = 0.001 s.



92 Electronic instrumentation

Polar plots

6.6 Draw the polar plots of networks a-c given in Exercise 6.1.

6.7 Draw the polar plot of the transfer function given in Exercise 6.3. Explain the
term ““all-pass network”.

6.8 Draw the polar plot for the following function:

B 1+ jor,

H(jw)=
(]w) 1+ jor,

in three cases: 7, =27,; 7,= 7, and 7, = 7,/2
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7 Passive electronic
components

Up until now we have only considered models (the network elements) of electronic
systems and components. In this chapter we shall be looking at the actual electronic
components and discussing their properties. Electronic components are the basic
constituents of electronic circuits and systems. They may be divided into passive and
active components. In order to operate, active components require external power.
They make signal power amplification possible. Passive components do not require
auxiliary energy to operate properly. They cannot generate signal power gain, in fact it
is quite the reverse: signal processing is accompanied by power loss.

In this chapter we shall be looking at passive components such as resistors, capacitors,
inductors and transformers. The first part of the chapter will describe these
components as electronic circuit elements. The second part of the chapter will then
deal with special ways of realizing their applications as sensors.

7.1 Passive circuit components

7.1.1 Resistors
The ability of material to transport charge carriers is termed the conductivity o of that
material. The reciprocal of conductivity is resistivity p. The latter is defined as the
ratio between the electric field strength £ (V/m) and the resultant current density J
(A/m?), hence:

E=p-J (7.1)

and

o=— (7.2)
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The conductivity of common materials ranges almost from zero almost up to infinity.
It is determined by the concentration of charge carriers and their specific mobility
within the material. On the basis of their conductivity, materials can be classified as
isolators, semiconductors or conductors (Figure 7.1). Conductivity is a material
property that is independent of dimensions (except in special cases as with very thin
films).

insulators semiconductors conductors

<+ amber

I silicon dioxide

<+ diamond

I teflon

+ phosphor

+ germanium
carbon

I copper

"

107" 1072 10°  107®

10° 108 109

o

7

o

S T silicon
w

-
N

Figure 7.1 The conductivity of some materials.

The resistance R (unit ohm, ) of a piece of material is defined as the ratio between
the voltage V across two points of the material and the resulting current/ (Ohm's law).
The resistance depends on the resistivity of the material as well as on its dimensions.
The reciprocal of the resistance is the conductance G (unit S'! sometimes called
siemens, S).

A huge range of resistor types is now commercially available. They are categorized as
fixed resistors, adjustable resistors and variable resistors. Important criteria to
consider when working with resistors are: the resistance value or range, the inaccuracy
(tolerance of the value), the temperature sensitivity (temperature coefficient) and the
maximum tolerated temperature, voltage, current and power. Ultimately all these
properties will be determined by the material type in use and the construction. With
respect to the materials, we may distinguish between carbon film, metal film and
metal wire resistors.

Metal film and metal wire resistors have much better stability than the carbon film
types of resistors but the latter allow for the realization of much higher resistance
values. Metal wire resistors show a self-inductance and capacitance that may not
always be ignored. Self-inductance can be minimized by adopting special winding
methods like those implemented in expensive, highly accurate types of resistors.
Usually the desired resistance value of a film resistor (made of carbon or metal) is
achieved by cutting a spiral groove into a film around the cylindrical body. Table 7.1
provides an overview of the main properties of the various resistor types in common
use.

Table 7.1. Some properties of different resistor types.

Range tolerance temperature maximum maximum
coefficient temperature power
carbon film 1...10 5...10 =500 ... +200 155 02...1
metal film 2
(NiCr) 1...10 0.1...2 50 175 02...1
wire wound

4
(NiCr) 0.1...510 5...10 -80 ... +140 350 1...20
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Except in very special cases, the resistance values are normalized and fit into various
series (International Electro-technical Commission, 1952). The basic norm is the E-12
series where each decade is subdivided logarithmically into 12 parts. The subsequent
values between 10 and 100 Q are:

10, 12, 15, 18, 22, 27, 33, 39, 47, 56, 68, 82, 100.

Resistors with narrower tolerances belong to other series, for instance the E-24 series
(increasing by a factor 2\4/10), E-48, E-96 and E-192. For further information on
commercially available resistors the reader is referred to manufacturers’ information
books.

7.1.2 Capacitors

A capacitor is a set of two conductors separated from each other by an isolating
material called the dielectric. The capacitance C (unit farad, F) of this set is defined as
the ratio between the charge Q being displaced from one conductor to the other and
the voltage V resulting between them:

c== (7.3)

When the charge varies, so too does the voltage. The charge transport to or from the
conductor per unit of time is the current I (I = dQ/dt), which is why the relation
between the current and the voltage of an ideal capacitor is

1=cY (7.4)
dt

The capacitance of a capacitor is determined by the conductor and dielectric geometry.
The dielectric permittivity or dielectric constant is the ability of a material to be
polarized. The dielectric constant of a material that cannot form electric dipoles is, by
definition, just 1. In such situations those materials behave as a vacuum.
The capacitance of a capacitor consisting of two parallel flat plates placed distance d
apart which have a surface area of A and are situated in a vacuum equals

A
C=gp (1.5)

(this is an approximation which is only valid when the surface dimensions are large
compared to d). In this expression, &, is the absolute or natural permittivity or the
permittivity of vacuum: g, = 8.85-10"* F/m. When the space between the conductors
of a capacitor is filled with a material that has the dielectric constant &, then the
capacitance increases by factor &;:
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A large capacitance requires a dielectric material with large relative permittivity.
Table 7.2 shows the relative permittivity of several materials.

Table 7.2. The dielectric constants of various materials.

material €, material €,
Vacuum 1 ceramic, Al,O, 10
air (0°C, 1 atm) 1.000576 porcelain 6-8
water, at 0°C 87.74 titanate 15 -12,000
at 20°C 80.10 plastic, PVC 3-5
glass, quartz 3.75 teflon 2.1
Pyrex 7740 5.00 nylon 3-4
Corning 8870 9.5 rubber, Hevea 2.9
mica 5-8 silicone 3.12-3.30

There is an enormous range of capacitor types. Like with resistors, capacitors are
distinguished in three ways as: fixed, adjustable (trimming capacitors) and variable.
Common dielectric materials are: air (for trimming capacitors), mica, ceramic
materials, paper, plastic and electrolytic materials.

A capacitor never behaves as a pure capacitance; it shows essential anomalies. The
leading deviations are linked to the dielectric loss, the temperature coefficient and the
breakthrough voltage. We will discuss these features separately below.

When an AC voltage is applied to the terminals of a capacitor, the dipoles in the
dielectric must continuously change their direction. The resulting dissipation (heat
loss) is known as dielectric loss. It is modeled by a resistance in parallel to the
capacitance. A quality measure for dielectric loss is the ratio between the loss
resistance current and the capacitance current. This ratio is called the loss angle 6,
defined as tan 8 = II//I[.| = 1/wRC (Figure 7.2).

R

e, W

le | I
e
Figure 7.2. A model of a capacitor with dielectric losses.

The temperature dependence of the capacitance is caused by the expansion coefficient
of the materials and the temperature sensitivity of the dielectric constant. There are
capacitors with built-in temperature compensation. The non-linearity of the
capacitance is generally negligible.

A very large capacitance value is achieved by having a very thin dielectric. However,
electrical field strength increases as thickness decreases, thus limiting the
breakthrough voltage of the capacitor.

Very high capacitance values are achieved with electrolytic capacitors. Their dielectric
consists of a very thin oxide layer, formed from the material of one of the conductors



7. Passive electronic components 97

(usually aluminum). The surface of the conductor is first stained which creates pores
in the metal surface, thus increasing the active area. Then the surface material is
anodically oxidized. The resulting aluminum oxide can withstand a high electrical
field strength (of up to 700 V/um), allowing a very thin layer to form without
breakthrough occurring. In the wet aluminum capacitor the counter electrode is
connected to the oxide by a layer of paper impregnated with boric acid and a second
layer of (non-anodized) aluminum. In the dry type, the paper is replaced by a fibrous
material (glass) impregnated with manganine. Instead of aluminum, tantalum can also
be used with anodic tantalum oxide as the dielectric. Electrolytic capacitors are
unipolar, in other words, they can only function correctly at the proper polarity of the
voltage (as indicated on the encapsulation layer).

The highest values of the capacitance that can be obtained are 1 F (electrolytic types);
the lowest values are around 0.5 pF and the inaccuracy is about 0.3 pF (ceramic
types). Accurate and stable capacitances are realized when plastic film (for instance
polystyrene) or mica are used as the dielectric. Mica capacitors have a loss angle that
corresponds to tan § = 0.0002 and are very stable: 10%°C. They can withstand high
electric field strength (60 kV/mm) and therefore also high voltage (up to 5 kV).

7.1.3 Inductors and transformers

Inductors and transformers are components based on the phenomenon of induction: a
varying magnetic field produces an electric voltage in a wire surrounding that
magnetic field (Figure 7.3a). Quantities that describe this effect are the magnetic
induction B (unit tesla, T) and the magnetic flux ® (unit weber, Wb). With a uniform
magnetic induction field (the field has the same magnitude and direction within the
space being considered), the flux equals

d=B-A (7.7)

where A is the surface area of the loop formed by the conductor (Figure 7.3a).
In vector notation, the magnetic flux is defined as

q):J‘J'é.dA (7.8)
A

This definition also holds for non-uniform fields. Both B and @ are defined in such a
way that the induced voltage satisfies the expression

)
v d

ind — dt

(7.9)

(i.e. Faraday's law of induction). The induced voltage equals the rate of change of the
magnetic flux. In a uniform magnetic field the induced voltage is v, ; = —AdB/dt.

The induced voltage is not influenced when short-circuiting the wire loop. The current
that will flow there will be equal to v, /R and R will be the resistance of the loop. The
induced voltage increases as the rate of change of the flux (i.e. frequency) increases.
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The induced voltage also increases as the loop area and number of turns increases
(Figure 7.3b). Each loop undergoes the same flux change and is connected in series, so
Vina = —nd@/dt, with n as the number of turns.

A varying magnetic field produces an induction voltage in a conductor. The reverse
effect also exists: when current / passes through a conductor this produces a magnetic
field, its strength H (unit A/m) satisfies the Biot and Savart law:

g

N

Vind —

Figure 7.3. (a) A varying magnetic field produces an induction voltage in a conductor,
(b) the induction voltage increases with the number of turns, (c) a current through a
conducting wire generates a magnetic field.

H=— (7.10)

This empiric law, which only applies to a straight wire, shows that the magnetic field
strength is inversely proportional to the distance r from the wire (Figure 7.3c).
Another form of this law is Ampere's law in which the integral of the magnetic field
strength over a closed contour equals the total current through the contour:

N
$H ds=Y i, (7.11)
C n=1

This law shows that the magnetic field produced by a group of conducting wires is the
sum of the fields from each individual wire.

When two conductors are mutually coupled, an electric current in one conductor
produces a magnetic field which, as it varies over the course of time, induces a voltage
in the other conductor. This is called mutual inductance. Inevitably, this effect also
occurs in a single conductor because when a varying current goes through the
conductor it will produce a varying magnetic field that induces a voltage in the same
conductor. This phenomenon is called self-inductance. The direction of the induced
voltage is such that it tends to reduce its origin (Lenz's law). The degree of self-
inductance depends very much on the geometry of the conductor. Self-inductance
increases when the conductor is coupled more closely to itself, such as inside a coil.
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We have introduced two magnetic quantities: magnetic induction B and magnetic field
strength H. Because of the different definitions, these two quantities do not have the
same dimensions. They are joined by the equation

B=u,H (7.12)

where u, = 47107 Vs/Am, the permeability of vacuum. Obviously, the inductive
coupling between two conductors (or within one conductor) depends on the properties
of the medium between the conductors. The property that accounts for the ability of
the material to be magnetized (which is magnetically polarized) can be described on
the basis of relative permeability, u,. For a vacuum, the relative permeability is 1. The
relation between B and H in a magnetizable medium is

B=puyu,H (7.13)

A high value of u, means a higher flux for the same magnetic field strength. For most
materials u, is about 1. Some electronic applications require materials with a high
permeability (for instance supermalloy: u, = 250,000). The relative permeability of
iron is about 7500.

Magnetic materials are much less ideal than dielectric materials because the magnetic
losses are high and the material shows magnetic saturation, thus resulting in strong
non-linearity and hysteresis.

The self-inductance L of a conductor is the ratio between magnetic flux ® and
current i through the conductor:

=2 (7.14)
l

The relation between the (AC) current through the inductor and the voltage across it is

=L— 7.15
v=_L— (7.15)

We saw that the capacitance is increased by applying a high permittivity dielectric.
Likewise, the self-inductance of an inductor is increased if materials that have high
relative permeability are used. Inductors are constructed as coils (with or without a
magnetic core) and come in various shapes (for instance solenoidal, toroidal).
Whenever possible inductors are avoided in electronic circuits as they are expensive
and bulky (especially when designed for low frequencies). They display non-linearity
and hysteresis (due to the magnetic properties of the core material), resistance in the
wires and capacitance between the turns. Inductors are introduced to filters for signals
in the medium and higher frequency ranges.
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A transformer is based on signal transfer by mutual inductance. In its most basic form
a transformer has two windings (primary and secondary windings) around a core of a
material with high permeability. The ratio between the number of turns in the primary
and secondary windings is the turns ratio n. For an ideal transformer with ratio 1:n
turns, the voltage transfer (from primary winding to secondary winding) is just n, and
the current transfer is 1/n. A proper coupling between the two windings is achieved by
overlaying them and by applying a toroidal core.

Transformers are mainly used for system power supply, for down converting mains
voltage or for up converting voltages in battery-operated instruments. They are also
found in special types of (de)modulators in the middle and high frequency ranges.

7.2 Sensor components

Most electric parameters of electronic components such as: resistance, capacitance,
mutual inductance and self-inductance, depend on both the material properties and the
dimensions of the component. This dependency allows us to construct special
components that are essentially sensitive to a particular physical quantity. Such
components are then suitable for use as sensors, if they meet the normal requirements
with respect to sensitivity and reproducibility. Some of these sensors use the
sensitivity of the material parameters to externally applied physical signals, for
instance: temperature, light intensity and mechanical pressure. Others have variable
dimensions in order to remain sensitive to quantities such as displacement and
rotation. This section describes the basic construction and properties of sensors
according to resistive, capacitive, inductive, piezoelectric and thermoelectric effects.

7.2.1 Resistive sensors

The resistance between the two terminals of a conductor equals
R=p-F (7.16)

in which p is the resistivity of the material and F is a geometric factor determined by
the shape and dimensions of the conductor. There are two groups of resistive
transducers: the first is based on variations in p and the second uses a variable
geometry.

7.2.1.1 Temperature sensitive resistors

The resistivity of a conductive material depends on the concentration of free charge
carriers and their mobility. The mobility is a parameter that accounts for the ability of
charge carriers to move more or less freely throughout the atom lattice, their
movement is constantly hampered by collisions. Both concentration and mobility vary
according to temperature and a rate largely determined by the material.

In intrinsic (or pure) semiconductors, the electrons are bound quite strongly to their
atoms, only very few have enough energy (at room temperature) to move freely. At
increasing temperature more electrons will gain sufficient energy to be freed from
their atom, so the concentration of free charge carriers increases as the temperature
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increases. Since the temperature has much less effect on the mobility of the charge
carriers, the resistivity of a semiconductor decreases as the temperature increases: its
resistance has a negative temperature coefficient.

In metals, all available charge carriers can move freely throughout the lattice, even at
room temperature. Increasing the temperature will not affect the concentration.
However, at elevated temperatures the lattice vibrations become stronger, increasing
the chance of electrons colliding and hampering free movement throughout the
material. The resistivity of a metal therefore increases at higher temperatures and has a
positive temperature coefficient.

The temperature coefficient of the resistivity is used to construct temperature sensors.
Both metals and semiconductors can be used for this, they are then called metal
resistance thermometers and thermistors.

Constructing a high quality resistance thermometer requires a material (i.e. metal)
with a resistivity temperature coefficient that is stable and reproducible over a wide
temperature spectrum. Copper, nickel and platinum are all suitable materials. Copper
is useful in the range from —140 to +120 °C and nickel from —180 to +320 °C. By far
the best material, though, is platinum which has a number of favorable properties.
Platinum has a high melting point (1769 °C), is chemically very stable, is resistant to
oxidation and is available in very pure form. The normalized temperature range of a
platinum resistance thermometer goes from -180 °C up to +540 °C. It can even reach
1000 °C but then the stability will be reduced. Platinum resistance thermometers are
used as international temperature standards for temperatures varying from the boiling
point of oxygen (-82.97 °C) to the melting point of antimony (+680.5 °C).

The temperature characteristic of a platinum thermometer is given as:

Ry =Ry(+0T +BT*+..), (7.17)

in which R, is the resistance at 0 °C. The normalized value of o is 3.90802-10° K and
that of B is 5.8020-107 K?, according to the European DIN-IEC 751 norm. The
temperature coefficient is thus almost 0.4%/K. A common value for R;, is 100 €. Such
a temperature sensor is called a Pt-100.

Resistive temperature sensors based on semi-conducting materials are called
thermistors. The material of a thermistor (a contraction of the words thermal and
resistor) should also have a stable and reproducible temperature coefficient.
Commonly used materials are sintered oxides from the iron group (chromium,
manganese, nickel, cobalt, iron). These oxides are then doped with elements of
different valences to obtain lower resistivity. Several other oxides are added to
improve the reproducibility. Other materials that are used for thermistors are the
semiconductors germanium, silicon, gallium-arsenide and silicon-carbide.

Thermistors cover a temperature range from —100 °C to +350 °C. Their sensitivity is
much larger than that of resistance thermometers. Thermistors can also be very small,
which makes them highly suitable for measuring temperatures inside or on top of
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small objects. Compared to resistance thermometers, thermistors are less time stable
and show much greater non-linearity.

As explained before, the resistance of most semiconductors has a negative temperature
coefficient. Much the same goes for thermistors. That is why a thermistor is also
called an NTC-thermistor or just an NTC. The temperature characteristic of an NTC
satisfies the next equation:

11
Ry = RyexpB| ———- 7.18
! 0eRP (T TO) ( :

with R, the resistance at 7, (0 °C) and T the (absolute) temperature (in K). The
temperature coefficient (or sensitivity) of an NTC is:

1 dR B _1

a_RdT_ ) K™) (7.19)
The parameter B ranges from 2000 to 5000 K, for instance, at B = 3600 K and room
temperature (7 = 300 K), the sensitivity amounts to —4% per K. To obtain stable
sensitivity, thermistors are aged by means of special heat treatment. A typical stability
value after ageing is +0.2% per year.
Alongside of NTC thermistors there are also PTC thermistors where the temperature
effect differs essentially from that of a thermistor. PTCs are made up of materials from
the barium-strontium-lead-titanate complex and have a positive temperature
coefficient over a rather restricted temperature range. Using various materials, a total
range is covered that goes from about —150 °C to +350 °C. Within the range of a
positive temperature coefficient the characteristic approximates

Ry =Ry, T,<T<T, (7.20)

The sensitivity in that range is B (K™') and can be as high as 60% per K. PTC
thermistors are rarely used for temperature measurements because of their lack of
reproducibility. They function mainly as safety components to prevent overheating or
overload.

7.2.1.2 Light sensitive resistors

The resistivity of some materials depends on the intensity of incident light (the photo-
resistive effect). A resistor made up of such a material is the LDR (light-dependent
resistor or photoresistor). A common material is cadmium sulfide. In the absence of
light, the concentration of free charge carriers is low which is why the resistance of
the LDR is high. When light falls on the material, free charge carriers are generated,
concentration increases and so the resistance decreases as the intensity increases. The
light sensitivity depends on the wavelength of the light and is maximal at about 680
nm (red light). Below 400 nm and above 850 nm the LDR is not usable (Figure 7.4).
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Figure 7.4. (a) The relative conductivity of an LDR versus wavelength at constant light
intensity, (b) an example of an LDR.

Even in complete darkness resistance appears to be finite, this is the dark resistance of
the LDR, which can be more than 10 MQ. The light resistance is usually defined as
resistance at an intensity of 1000 lux and it may vary from 30 to 300 Q for the
different types. Photoresistors change their resistance value fairly slowly. The
response time from dark to light is about 10 ms while from light to dark the resistance
only varies by about 200 k€)/s.

7.2.1.3 Force sensitive resistors

When an electric conductor, like for instance a metal wire, is stressed its resistance
increases because the diameter decreases and the length increases. Semiconducting
materials also change their resistivity when subjected to a mechanical force
(piezoresistive effect).

Strain gauges are sensors that are based on these effects. They are used to measure
force, pressure, torque and (small) changes in length in, for instance, mechanical
constructions. Such strain gauges consist of a meander-shaped metal wire or foil
(Figure 7.5a), fixed on an isolating flexible carrier (e.g. an epoxy).
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Figure 7.5. (a) An example of a strain gauge,
(b) an application of a strain gauge for the measurement of bending.

force
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A strain gauge undergoes the same strain as the construction onto which it is glued
(Figure 7.5b). The resistance change is proportional to the change in length. This
proportionality factor, or sensitivity, is called the strain gauge factor or simply the
gauge factor. Metal strain gauges have a gauge factor of about 2. Semiconductor strain
gauges have a much higher gauge factor (up to 200) but are less stable, less linear and
do have a higher temperature sensitivity. If measurement errors caused by temperature
changes are to be eliminated there must be temperature compensation. This is
achieved by, for instance, using a bridge circuit with two or four strain gauges.

For further information on strain gauges the reader is referred to the data sheets issued
by manufacturers.

7.2.1.4 Resistive displacement sensors

A common resistive displacement sensor is the potentiometer which is a conductive
track with a movable ruler (Figure 7.6). The conductor may consist of a spiralized
wire, a homogeneous track of carbon or a conductive polymer. Linear displacement
sensors have a straight conductive track but angular displacement sensors have a
circular (one-turn) or helix-shaped track (multi-turn potentiometer).

The salient quality parameters are non-linearity (determined by the homogeneity of
the conductive track), the resolution (infinite for film types) and the temperature
coefficient. There are linear potentiometers ranging from several mm up to 1 m, and
angular sensors having up to 10 revolutions. Non-linearity is well below 0.1%. There
are also potentiometers with a prescribed, for instance logarithmic, non-linear
relationship between displacement (rotation) and resistance change. Such potentio-
meters do directly do certain arithmetic signal processing.

j—l:—]

Figure 7.6. A linear resistive displacement sensor.

7.2.2 Inductive sensors

Inductive sensors are based on changes in self-inductance L or on the mutual
inductance M of a component which usually consists of two parts that can move
relative to each other. Figure 7.7a shows an inductor (coil) with a movable core. Its
self-inductance L varies according to the position of the core. Due to leak fields
caused by the winding and at the ends of the coil, the self-inductance varies only
linearly according to displacement Ax over a limited range (Figure 7.7b). Another
disadvantage of this type of sensor is that an impedance (self-inductance) needs to be
measured which is somewhat more difficult than simply dealing with a voltage or
current.
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In this respect the construction of Figure 7.8a is better. This sensor, which is called a
linear variable differential transformer or short LVDT consists of one primary
winding, two secondary windings connected in series but wound in opposite directions
and a movable core. When the core is just in the center of this symmetric construction
the voltages of the secondary windings are equal but opposite, so their sum is zero. A
displacement of the core from the center position results in an imbalance between the
two secondary outputs. The total output amplitude v, thus increases according to
displacement Ax. The phase of v, with respect to v, is 0 or 7, depending on the
direction of displacement.
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Figure 7.7. (a) A coil with a movable core as a displacement sensor,
(b) self-inductance as a function of core displacement.
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Figure 7.8. (a) A linear variable differential transformer,
(b) output voltage amplitude versus displacement.

LVDTs are made for displacements that go from several mm up to 1 m with a non-
linearity that is less than +£0.025% (of the nominal displacement). The sensitivity of an
LVDT is expressed as mV (output voltage) per mm (displacement) per V (input
voltage) and ranges from 10 to roughly 200 mV/mm-V, depending on the type.
Inductive sensors with a movable core can also be used for the measurement of a force
(with a spring) or acceleration (with a mass-spring system). In fact, all displacement
sensors can be used to measure velocity or acceleration by once or twice
differentiating their output: v = dx/dt; a = dv/dt.
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Figure 7.9a shows another type of inductive sensor. It consists of a coil with a fixed
core. The coil is connected to an AC voltage source so it generates a varying magnetic
field in front of the sensor head. If a conductor is close to the sensor, a voltage will be
induced in the conductor (Section 7.1.3). As there is no preferred current path in the
object, currents will flow in arbitrary directions, such currents are called eddy
currents. Due to mutual coupling, these currents in turn induce, in their turn, a voltage
in the sensor coil that opposes the original voltage and thus reduces self-inductance.
The effect depends on the distance between the coil and the object and can be used for
the construction of a contactless displacement sensor. Such an eddy-current
displacement sensor is used for measuring (short) distances and for a number of other
applications, such as measuring the number of revolutions (tachometer), Figure 7.9b.

.
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Figure 7.9. (a) Eddy-current sensor, (b) an example of an application of an eddy-current
sensor as a tachometer.

7.2.3 Capacitive sensors

The capacitance of a set of conductors is given as
C=¢pe, F (7.21)

where F is a factor determined by the geometry of the conductors. For a capacitor

consisting of two parallel flat plates, F = A/d while A is their surface area and d the

distance between the plates. Capacitive sensors are based on changes in €, or in F.

Some examples of the first possibility are:

e capacitive temperature sensors using temperature dependence €. These are used
for the measurement of temperatures close to absolute zero,

e capacitive level sensors. Usually a linear, tubular capacitor is connected vertically
in a vessel or tank. The dielectric varies according to the level, as does the
capacitance.

e capacitive concentration sensors. The dielectric constant of materials like powders
or grains depends on the concentration of a particular (dielectric) substance (for
instance water).

Capacitive displacement sensors are based on variations in the factor F. Figure 7.10
gives some examples of such sensors.

A balanced configuration (Figure 7.10d and e) is used where high sensitivity is
required, common changes (for instance due to temperature) are cancelled out. There
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are cylindrical constructions (similar to the LVDT) that have extremely low non-
linearity (0.01%) over the whole nominal range (+ 2 mm up to + 250 mm).
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Figure 7.10. Examples of capacitive displacement sensors, (a) variable distance
between the electrodes, (b) variable electrode surface area, (c) variable dielectric,
(d) & (e) balanced configurations (differential capacitor) (f) as a proximity sensor.
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7.2.4 Thermoelectric sensors

7.2.4.1 The Seebeck effect

The free charge carriers in different materials have different energy levels. When two
different materials are connected to each other, diffusion will cause the rearrangement
of the charge carriers. This will precipitate a voltage difference at that junction.
Naturally, neutrality is maintained within the construction as a whole. The value of
this junction potential will all depend on the type of materials used and the
temperature.

In a coupling consisting of two a and b material junctions in series (Figure 7.11), two
voltages are generated at both junctions but with opposite polarity. The voltage across
the end points is zero, as long as the junction temperatures are equal.

If the two junctions have a different temperature the thermal voltages do not cancel, so
there is a net voltage across the end points of the coupling that complies with the
expression:

Vo =BT = Ty) + 1By (T - Ty)* +... (7.22)

This phenomenon is called the Seebeck effect, after its discoverer, Thomas Johann
Seebeck (1770-1831). V,, is the Seebeck voltage. The coefficients 8 depend on the
materials and slightly also on the temperature. The derivative of the Seebeck voltage
to the variable T, is:
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WV,
o,

=B+ B —T))+...=0y, (7.23)

and it is called the Seebeck coefficient. The value depends on the materials and on the
temperature as well. The Seebeck coefficient can always be presented as the
difference between two other coefficients: o, = o, — o, with oy, and ¢, being the
Seebeck coefficients of the couplings for materials a and r (a is the reference material)
and b and r, respectively. Usually the reference material is lead but sometimes it is

copper or platinum.
weld \T 1
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Figure 7.11. A thermocouple generates DC voltage V,, between its end points if the
junction temperatures are not equal.

The Seebeck effect is the basis for the thermocouple, a thermoelectric temperature
sensor. One of the junctions, the reference or cold junction, is kept at a constant,
known temperature (for instance 0 °C). Meanwhile the other junction (the hot
junction) is connected to the object whose temperature has to be measured. Actually,
the thermocouple only measures the temperature difference, not an absolute
temperature. Thermocouple materials should have a Seebeck coefficient that is high
(to achieve high sensitivity), a low temperature coefficient (to obtain high linearity)
and be stable in terms of time (for good long-term stability of the sensor).
Thermocouples cover a temperature range from almost 0 K to over 2800 K, and
belong to the most reliable and accurate temperature sensors in the 630 °C to 1063 °C
range. Table 7.3 reveals the properties of various thermocouples.

The sensitivity of most couples shown in Table 7.3 depends on the temperature. For
example, the sensitivity of the couple copper/constantane reaches, at 350 °C, a value
of 60 uV/K.

All in all, metal thermocouples have a relatively low sensitivity. To obtain a sensor
with a higher sensitivity, a number of couples are connected in series. All cold
junctions are thermally connected to each other and all the hot junctions are connected
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to each other as well. The sensitivity of such a thermopile is n times that of a single
junction where 7 is the number of couples.

Table 7.3. Some properties of various thermocouples.

materials Composition sensitivity at 0°C ~ temperature range
(UV/K) (S
iron/constantane Fe / 60% Cu + 40% Ni 45 0-760
copper/constantane Cu/60% Cu + 40% Ni 35 —100 - 370
chromel/alumel 90% Ni + 10% Cr 40 0-120
94% Ni + 2% Al + rests
platinum/platinum+ rhodium Pt/ 90% Pt + 10% Rh 5 0- 1500

7.2.4.2 The Peltier effect and the Thomson effect

Experimentation has shown that when electric current 7 flows through the junction of
two materials a and b, there is heat flow ®  from the environment to the junction. The
direction of the heat flow changes when the current is reversed. The heat flow appears
to be proportional to the current I

@, =—T1,,(T)I (7.24)

with [ the Peltier coefficient, named after its discoverer, Jean Peltier (1785-1845).
The Peltier coefficient depends only on the types of materials involved and the
absolute temperature. In a series with two junctions, heat flows from one junction to
the other (Figure 7.12), raising the temperature at one end of the connection and
lowering it at the other end. The Peltier effect can thus be applied to cooling.

heat heat
T T
(it it —
material a material b material a
| ~———

Figure 7.12. Basic construction of a Peltier element: when a current flows through a
couple of junctions one of these junctions heats up and the other cools down.

A Peltier element is a cooling device based on the Peltier effect. To achieve a
reasonable cooling power, many cold junctions are connected thermally in parallel, in
a similar way to the thermopile. The hot junctions are connected to a heat sink to
reduce the heating of the hot face and to create a lower temperature at the cold face.
The Peltier effect is, after all, to generate a temperature difference. The temperature
difference across a Peltier element is limited by dissipation because of the Peltier
current itself. The maximum difference is determined by the Peltier coefficient, the
electrical resistance, and the thermal resistance between the cold and hot faces of the
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element. Theoretically, the maximum temperature difference is about 65 °C (at room
temperature). This value is obtained from selected materials like doped bismuth-
telluride (Bi,Te;). Cooling down to lower temperatures is achieved by piling up the
Peltier elements. However, the maximum temperature difference is far less than that
of the sum of the single elements.

From the theory of thermodynamics it follows that at the junction of materials a and b,
heat production is +[[,,(T)I on the one hand, and +a,,(T)IT on the other hand. So,
there is a relation between the Peltier and Seebeck coefficients:

I, (T) ==Tay,(T) (7.25)
with T being the absolute temperature at the junction.

Heat exchange with the environment also occurs when current / flows through a
homogeneous conductor that has a temperature gradient. That is known as the
Thomson effect, named after William Thomson (Lord Kelvin), (1824-1907). The heat
flow appears to be proportional to the current / and the temperature gradient in the
conductor:

D, = ,u(T)[d—T (7.26)
dx

and u(7) is the Thomson coefficient of the material. Theoretically, u is equal to
T(dov/dT). Usually, in a thermocouple, all three effects: the Seebeck effect, the Peltier
effect and the Thomson effect, occur simultaneously. To prevent the thermocouple
from self-heating or self-cooling it must be connected to a measurement circuit with
high input resistance. The current through the junctions is then kept to a minimum.

7.2.5 Piezoelectric sensors

Some materials show electrical polarization when subjected to a mechanical force, this
is called the piezoelectric effect. The polarization originates from a deformation of the
molecules and results in a measurable surface charge or, via the relation Q= CV, a
voltage across the material. The relation between force and charge is extremely linear,
up to several thousand volts.

The sensitivity of piezoelectric materials is expressed in terms of the piezoelectric
charge constant d (C/N or m/V).

A material with natural piezoelectricity is quartz (SiO,). Many ceramic materials and
some polymers can be made piezoelectric by poling at high temperatures (above the
Curie temperature). Piezoelectric materials are used for the construction of
piezoelectric force sensors and accelerometers. In the latter case, a well defined mass
(a seismic mass) is connected to the piezoelectric crystal of the sensor.

A piezoelectric accelerometer (Figure 7.13a) has a strong peak in the amplitude
characteristic (Figure 7.13b), due to the mass spring system of the construction.
Another important shortcoming of a piezoelectric sensor is its inability to measure
static forces and accelerations, the charge generated by a constant force will gradually
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leak away via the (high) resistance of the piezoelectric crystal, or along the surface of
the edges.

30

20

1 10 100 — f (kH2)

——0000[ OO

Figure 7.13. (a) An example of a piezoelectric accelerometer,
(b) the sensitivity of a piezoelectric accelerometer shows a pronounced peak in the
frequency characteristic,
(c) & (d) two application examples of piezoelectric accelerometers as vibration sensors:
on a rail and on the model of an airplane wing.

Table 7.4 shows the range and the sensitivity of piezoelectric sensors as force sensors
and as accelerometers. The various values depend very much on the size and
construction of the sensor.

Table 7.4. The range and sensitivity of piezoelectric force sensors and accelerometers.

force sensor accelerometer
range 10°-10°N 5-10% - 10° ms™
sensitivity 2-4pC/N 0.1 - 50 pC/ms™
resonance frequency 1-100 kHz

The piezoelectric effect is reversible which is what makes the material suitable for the
construction of actuators as well like, for instance, acoustic generators. Recently,
linear motors have also been designed using the piezoelectric effect.
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SUMMARY

Passive circuit components

e The resistivity or specific resistance p of a material is the ratio between the electric
field strength E and the resulting current density J: E = pJ; the reciprocal of the
resistivity is the conductivity, o= 1/p.

e Ohm's law for a resistor is: V= RI

e The capacitance of a set of two conductors is the ratio between the charge QO and
the voltage V: Q = CV. For two parallel plates that have surface area A and are
distance d away from each other the capacitance is C = §,A/d (in vacuum).

e The dielectric constant or relative permittivity €, of a material is a measure of its
electric polarizability (i.e. the formation of electrical dipoles). For vacuum, € =1,
a capacitor with a dielectric material has a capacitance that is £ as much as in
vacuum.

e One of the drawbacks of a capacitor is the loss angle 0, defined as tan & = I /I,
where I, and /. are the respective resistive and capacitive currents through the
capacitor.

e The voltage induced by a varying magnetic field is V, ; = —-d®/dt . With ® the

magnetic flux is defined in turn as the integral of magnetic induction B: HE -dA

e The magnetic field strength H provoked by a current through a straight wire at
distance ris H = 1/2nr.

e The magnetic permeability of a material is a measure of its magnetic polarizability
(i.e. formation of magnetic dipoles) and is defined through the relation B = uyu H.
For vacuum, u, = 1.

e The self-inductance of a coil (inductor) is the ratio between the flux produced ®
and the current through the inductor: ® = LI.

e The voltage transfer of an ideal transformer is equal to the ratio of the numbers of
primary and secondary turns, n; the current transfer amounts to 1/n.

Sensor components

e For the measurement of physical quantities and parameters, special resistors are
designed with resistances that vary in a reproducible way according to physical
quantities such as: temperature, light intensity, relative displacement or angular
displacement.

e Resistance thermometers are based on the positive temperature coefficient of the
resistance of a metal. A common type of sensor is the Pt-100: this sensor has a
resistance of 100.00 Q at 0°C, and a sensitivity of about 0.39 Q/K.

e Thermistors have a negative temperature coefficient: their resistance decreases
exponentially as temperature increases.

e Strain gauges are resistive sensors where resistance varies when mechanical force
is applied. Temperature compensation is invariably necessary.
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An LVDT (linear variable differential transformer) is a cylindrical transformer
with a movable core. The voltage transfer is proportional to the linear
displacement of the core.

Capacitive sensors are based on the variation of their active dimensions or on
dielectric properties. The first possibility is used for the measuring of linear and
angular displacement; the second for measuring, for instance: level, the moisture
content of a substance or thickness.

Thermocouples are temperature sensors based on the Seebeck effect. With
thermocouples, temperature differences can be measured accurately over a wide
range.

The Peltier effect is another thermoelectric effect that can be used for cooling.

The piezoelectric effect is used for the construction of force sensors and
accelerometers. Static measurements cannot be made. The frequency characteristic
of a piezoelectric accelerometer shows a pronounced peak, due to mechanical
resonance.

EXERCISES

Passive circuit components

7.1

7.2
7.3

7.4

7.5

Give the relation between the current i and the voltage v of an (ideal) capacitor
with capacitance C. The same question is put for the charge g and the voltage v.
What is the loss angle of a capacitor?

Give the relation between the current i and the voltage v of an (ideal) coil with
self-inductance L. The same question can be put for the flux @ and the current i.
What are the relations between magnetic induction B, magnetic flux @ and
magnetic field strength H? Give, too, the dimensions of these three quantities.
Show that the impedance R, between the terminals of the secondary winding of
the ideal transformer is equal to n°R, (see the figure below).

O

R, <=n,

1:n 0

Sensor components

7.6

7.7

The transfer characteristic of a platinum resistance is given as: R(T) =
Ry(1 + aT + BT*), with R,=100 Q, & =3.9-10° K" and B =-5.8-107 K.
Calculate the maximum non-linearity error relative to the line R(T) = R, (1 + oT),
in a temperature range going from —50 °C to +100 °C. Express the error in %
and in °C.

Both the connecting wires of the Pt100 sensor given in Exercise 7.6 have
resistance r. What is the maximum value of r if the measurement error due to
this resistance is to be kept below an equivalent value of 0.1 °C?
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7.8

7.9

7.10

7.11

A chromel-alumel thermocouple is used to measure the temperature of an object
with a required inaccuracy of less than 0.5 °C. Find the maximum permitted
input offset voltage for the voltage amplifier.

A strain gauge measurement circuit consists of four strain gauges connected to a
circular bar in such a manner that the resistances vary according to torsion, as
indicated in the figure below.

R + AR R — AR

R — AR L]R +AR Yo
1-

The required resolution of the system is a torsion corresponding to a relative
resistance change of AR/R = 10°. Find the minimum CMRR of the amplifier A.
Give the Thévenin equivalent circuit of a thermocouple, taking into account the
resistance of the connecting wires. Give also the Norton equivalent of a
piezoelectric force sensor, bearing in mind the capacitance and the leakage
resistance of the crystal.

A linear potentiometric displacement sensor has a range from 0-20 mm and a
total resistance of R = 800 € (see the figure below). The sensor is connected to
an ideal voltage source and loaded with a measurement instrument that has an
input resistance of R, = 100 k€.

— — — = 20mm

+
Ll
—L 49 R v

o

O O

What is the maximum non-linearity error and what is its displacement?
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8 Passive filters

In conjunction with a particular property, usually the frequency of the signal
components, an electronic filter will enable signals to separate. In this respect it can be
viewed as a system with a prescribed frequency response.

Filters have a wide area of application, some examples being:

e to improve signal-to-noise ratio. If the frequency range of a measurement signal
differs from that of the interference or noise signals then the latter can be removed
from the measurement signal by filtering.

e to improve the dynamic properties of a control system. Circuits with a particular
frequency response are connected to a control system in order to meet specific
stability requirements and other criteria.

e as signal analysis instruments. Many frequency-selective measurement instruments
contain special filters like spectrum analyzers and network analyzers.

In this chapter we will be discussing filters that are composed solely of passive
components (resistors, capacitors, inductors). Active filters will be examined in
Chapter 13.

The advantages of passive filters are:

e their high linearity (passive components are highly linear),
e their wide voltage and current range,

e the fact that no power supply is required,

The disadvantages are:

e that the required filter properties cannot always be combined with other
requirements, for instance with respect to input and output impedances,

e that the inductors used for low frequency applications are rather bulky and ideal
inductance or self-inductance is difficult to realize,

e that not all kinds of filter characteristics can be produced only with resistors and
capacitors.

There are four main filter types (Figure 8.1): low-pass, high-pass, band-pass and band-
reject or notch filters. Signal components with frequencies that lie within the pass
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band are transferred properly, other frequency components are attenuated as much as
possible.

Figure 8.1. Amplitude transfer characteristic of four main filter types: (a) lowpass;
(b) highpass; (c) bandpass and (d) notch filter.

There is no such thing as filters that have an ideal flat band pass frequency
characteristic up to the cut-off frequency and zero transfer beyond it. The selectivity
can be increased by increasing the network order (hence the number of components).
The first part of this chapter deals with simple, inductorless filters going up as far as
the second order. The second part deals with filters of a higher order.

8.1 First and second order RC-filters

8.1.1 Low-pass first-order RC-filter

Figure 8.2 shows the circuit diagram and the amplitude characteristic (frequency
response of the amplitude) of a low-pass filter consisting of just one resistance and
one capacitance. The transfer characteristic has already been discussed (Section 6.1.1).
The amplitude transfer is about 1 for frequencies up to 1/227 Hz (7 = RC). Signals
with a higher frequency are attenuated: the transfer decreases by a factor of 2 as the
frequency is doubled. The cut-off frequency of this RC-filter is equal to the —3dB
frequency.

(dB)
0
o { 'l ) -3 !
+ R +
|
Vi —_—c Vo [
|
- — |
o —_0 t
1 N -
T w

Figure 8.2. (a) A lowpass RCfilter of the first order;
(b) with corresponding amplitude transfer diagram.

The frequency characteristic represents the response to sinusoidal input voltages. Let
us now look at the response to another signal, that of the stepwise change of the input
(Figure 8.3a). When the input voltage takes a positive step upwards the capacitor will
still be uncharged, so its voltage will be zero. The current through resistance R is, at
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that moment, equal to i = E/R, where E is the height of the input step. From then on,
the capacitor is charged with this current. Gradually the voltage across the capacitor
increases while the charge current decreases until, finally, the charge current drops to
zero. In its steady-state, the output voltage equals the input voltage E.

If this filter’s step response is to be more precisely calculated the system differential
equation will have to be solved (Section 4.2). The solution appears to be

v, = E(l—e‘f/f) (8.1)

If the input voltage jumps back to zero again the discharge current will at first be
equal to E/R. This current decreases gradually until the capacitance is fully discharged
and the output voltage returns to zero (Figure 8.3b). The differential equation solution
to this situation derived in Section (4.2):

. (8.2)

an exponentially decaying voltage. The "speed" of the filter is characterized by the
parameter 7, which is called the system’s time constant. The time constant of this filter
appears to be the reciprocal of the —3dB frequency.

The step response can be drawn quite easily when we realize that the tangent at the
starting point intersects the end value at time ¢ = 7 after the input step.

Now we can compare the system behavior as described in the time domain and in the
frequency domain. For high frequencies the transfer approximates 1/j@7 (Section 6.1).
This corresponds to integration in the time domain (Section 4.2). From Figure 8.3 it
can be deduced that a periodic rectangular input voltage results in a triangular-shaped
output voltage, in particular for high input frequencies. This is why the RC-network is
called an integrating network, even though it only has integrating properties for
frequencies much higher than 1/7.

Example 8.1

A sine shaped measurement signal of 1 Hz is masked by an interference signal with
equal amplitude and a frequency of 16 Hz (Figure 8.4a). This composite signal is
applied to the lowpass filter of Figure 8.4b in order to improve the signal-to-noise
ratio. When the cut-off frequency (or —3dB frequency) is 4 Hz (T = 1/8® s), the
amplitude transfer at 1 Hz appears to be 0.97 (going on the theory expounded in
Chapters 4 and 6), whereas the amplitude transfer at 16 Hz is only 0.24 (see Figure
8.4c).

To achieve better suppression of the interference signal at 16 Hz we may shift the
—3dB frequency of the filter away from the signal frequency to, for instance, 2 Hz. If
that is done, the respective amplitude transfers for 1 Hz and 16 Hz will be 0.89 and
0.12.(Figure 8.4d). It is hardly possible to discriminate better than that between the
measurement signal and the interference signal because a further decrease in the
—3dB frequency would reduce the measurement signal itself. For a —3dB frequency of

just 1 Hz the transfers are 0.71 (or —=3dB) and 0.06. The best signal-to-noise (signal-
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to-interference) improvement ratio in this example is a factor of just 16, because the
frequency ratio is 16 and the slope of the filter characteristic is 6 dB/octave.

A .

Figure 8.3. (a) Step voltage at the input of an RC lowpass filter; (b) corresponding
step response.

o { }

b
O
1.t
v, c v,
] —0 -

Figure 8.4. (a) The input signal v;and (b) the filter from example 8.1; (c) the
output signal v, for 7=1/8x's; (d) the output for t=1/2xs.

We will now show how non-ideal matching influences the filter properties. Suppose
that the filter in Figure 8.2 is connected to a voltage source with source resistance R,
and loaded with load resistance R, (Figure 8.5).
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Figure 8.5. (a) A lowpass RC-filter connected to a source with source resistance
R, and loaded with a load resistance R;; (b) the corresponding transfer
characteristic.
The complex transfer function of the total circuit will then be:
\% R 1
2= L. (8.3)
Vg R; +Rg +R 1+]a)RpC
with
R, (R, +R)
e —— (8.4)
R + Rg +R

The transfer in the pass band is lowered and the cut-off frequency also depends on the
load resistance. Higher source resistance and higher load resistance will move the cut-
off frequency to lower frequencies. When introducing an RC-filter to a system, the
source and load resistance influences must not be overlooked.

8.1.2 Highpass first-order RC-filter

Figure 8.6 shows the circuit diagram and the corresponding amplitude transfer of a
first-order RC high-pass filter. This filter comprises a single resistance and
capacitance. Its transfer function is

&_ jort
\%

1

= ; (8.5)
1+ jort

with 7= RC. Signal components with a frequency above 1/27 are transferred
unattenuated; at lower frequencies the transfer decreases by 6 dB/octave.
This filter’s step response can be found in a similar way to that described in the
preceding section. The exact expression for the step response can be found by solving
the network’s differential equation: v, = f{v)). The solution appears to be:

v, = Ee /" (8.6)
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For low frequencies, the transfer approximates jw7, which corresponds to a
differentiation in the time domain. This network is therefore called a differentiating
network, although its differentiating properties are only exhibited at low frequencies
(w<<1/7).

H

/

[EY S T

Figure 8.6. (a) A highpass RCfilter of the first order; (b) the corresponding
amplitude transfer.
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Figure 8.7. (a) A step voltage at the input of a highpass RC filter; (b) the
corresponding step response.

Example 8.2

The Figure 8.4a signal (drawn again in Figure 8.8a) is now connected to the high-
pass filter input in Figure 8.8b. We consider the 16 Hz signal frequency to be the
measurement signal and the 1 Hz component to be the interference signal. At a cut-off
frequency of 4 Hz, the amplitude transfer at 1 Hz will be about 0.24, and for a
frequency of 16 Hz it will be about 0.97 (see Figure 8.8c).

To further suppress the 1 Hz interference signal, the cut-off frequency of the filter
must be switched to a higher value. Suppose that the —=3dB frequency is 8 Hz. In that

case the amplitude transfer at 1 Hz will only be 0.12 while at 16 Hz it is almost 0.89.
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For the same reason as that given in Example 8.1, it is not possible to reduce the
interference signal without simultaneously reducing the measurement signal. Figure
8.8d demonstrates a favorable situation: a cut-off frequency at just 16 Hz, resulting in
amplitude transfers of 0.06 at 1 Hz and 0.71 (-3dB) at 16 Hz.

o

%
k

Figure 8.8. (a) The input signal v;and (b) the filter circuit from Example 8.2;
(c) the output voltage v, at 7=1/8x's; (d) the output for 7=1/32r's.

The frequency response of a high-pass RC filter changes when it is connected to a
source impedance and a load impedance. We shall consider a source resistance
situation and a load capacitance situation (Figure 8.9).

The complex transfer of the total system is:

Vo _ JjORC 57
Vi 1+ jo(RC+R,C+RC; |- 0’R,RC,C
‘I-_—.
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Figure 8.9. (a) A highpass RC-filter with source resistance and load capacitance;
(b) due to the capacitive load, the character of the filter is changed.

The exact position of the cut-off frequencies is found by writing the denominator as
(1 + jot)(1 + jot,) and solving the equations 7,7, = R, RC,C and 7, + 7, =
RC + R,C + RC,. The cut-off frequencies are 1/7, and 1/7, (6.1.2). Their approximated
values can be found more easily by using the conditions R, << R and C; << C which



122 Electronic instrumentation

are the conditions for optimal voltage matching. The denominator can then be
factorized into (1 + jwRC)(1 + joR C)), from which will follow the cut-off frequencies
1/RC (i.e. the original high-pass filter frequency) and 1/R,C, (an additional cut-off
frequency derived from the source and load). This example illustrates again the
importance of taking into account the source and load impedances.

8.1.3 Bandpass filters

A simple way to obtain a band-pass filter is by connecting a low-pass filter and a high-
pass filter in series (Figure 8.10).

N

|
N B
+ R, , + | | |
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V| ——|— Cl RZ Vo : : |
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1 1 1
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Figure 8.10. (a) A bandpass RC filter composed of a lowpass filter and a highpass
filter in series; (b) the corresponding amplitude transfer characteristic.

Because of the mutual loading, the transfer is not equal to the product of the two
sections individually. From calculations it follows that:

H=Yo- 7 (8:8)
‘/i 1+j(,0(7:1 +T2 +61T2)_(,0 17,

with 7,= R,C,, 7, = R,C, and a = R/R,. The ratio 7,/7, determines the width of the
pass band (the bandwidth of the filter). The transfer has a maximum at @ = 1/N',T,, for
which |HI = 1/(1 + a + 7,/7,). Because the denominator contains the term (jw)Y, the
filter is said to be of the second order. The slope of the amplitude characteristic is +
and —6dB/octave: its selectivity is rather poor. This filter cannot separate two closed
frequencies very well.

There are different ways of creating similar band-pass filter amplitude transfers, using
the same number of components, for instance by changing the section order. Figure
8.11 shows some of the possibilities.

The complex transfer of the filter in Figure 8.11a is:

V T
H=-2=—— add' = (8.9)
Vi 1+ jo(t, +1, +at,) -0’17,

with 7, > 7,; the transfer of the circuit in Figure 8.11b is:

Vo _ jo(ti/a)
Vi 1+ jo(r, + 1, +1,/a)- 0’117,

(8.10)
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Figure 8.11. Some examples of a second-order RC-bandpass filter.

In both cases, 7, = R,C,, 7, = R,C, and a = R/R,. The filter of Figure 8.11b has the
advantage that both capacitive and resistive loads can easily be combined with C, and
R,, respectively. They do not introduce additional cut-off frequencies to the
characteristics. The same holds for a source resistance or capacitance in series with the
input. Obviously the position of the cut-off frequencies may be changed but the shape
of the characteristic will not change.

8.1.4 Notch filters

There are many types of notch filters composed of only resistors and capacitors. A
fairly common type is the symmetric double-T filter (or bridged-T filter) that is
depicted in Figure 8.12.
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Figure 8.12. (a) The symmetric double-T notch filter;
(b) the corresponding amplitude transfer characteristic.

When voltage matching is perfect (zero source resistance and infinite load resistance),
the complex transfer function is:

Yo_ v 8.11)
V. 4+jv

withv = w/w, - w/w and w,= 1/RC. This transfer is just zero for v =0, or @ = 1/RC.
So this filter completely suppresses a signal with the frequency @,. This only applies,
however, if the circuit component values exactly satisfy the ratios as given in the
figure. Even a small deviation results in a finite transfer at @ = 1/RC (dashed curve in
Figure 8.12).

8.2 Filters of higher order

The selectivity of first order filters is rather poor: the slope of the amplitude transfer
characteristic is no more than 6dB/octave or 20 dB/decade. The same holds for the
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second order band-pass filter from the preceding section. It is very easily possible to
realize second order band-pass filters with a much higher selectivity, using the
principle of resonance. An example is the combination of a capacitance and an
inductance. Resonance can also be achieved without inductances, using active circuits.
Such filter types, which are discussed in Chapter 13, have a high selectivity but only
for a single frequency, their bandwidth is very narrow.

Filter characteristics with extended flat pass bands and steep slopes are achieved by
increasing the order of the networks. Band-pass filters can be composed of low-pass
and high-pass filters. Low-pass and high-pass filters greatly resemble each other so
this section will be restricted to low-pass RC-filters.

8.2.1 Cascading first-order RC-filters

Consider a number of # first order RC low-pass filters with equal time constants T that
are connected in series. The transfer function of such a system can be written as H =
1/(1+jwT)'. It is presumed that the sections do not load each other (this effect will be
discussed later). For frequencies much higher than 1/t, the modulus of the transfer
approximates |Hl = 1/(@7)" ; this means that the transfer decreases by factor 2n when
the frequency is doubled. In other words, the slope is 6n dB/octave. The attenuation at
o = 1/7 amounts to —3dB for a single section, so it is —3n dB for an n order filter. The
attenuation within the pass band is considerable.

Example 8.3
Figure 8.13 illustrates a filter consisting of 3 low-pass RC-sections, each with a cut-
off frequency of ®, = I/RC. The impedance of the components in the successive

sections is increased by a factor of 10, starting from the source side. The effect of
mutual loading can therefore be neglected and the transfer will approximate
/(1+jort).

At the cut-off frequency o, of this filter, the transfer is (_V2)} = 0.35, so attenuation is

substantial. The amplitude transfer of a first order low-pass filter at a frequency of
/10 is about 0.995, so it closely approaches unity. With the third-order filter in this

example, the value is (0.995)" = 0.985, which is 1.5% lower than the ideal situation. If

the filter was designed with equally valued resistances and capacitances, then matters
would be even worse. The transfer in that case would be:

O- { } { } f | = O
—J —_J g S |
+ R 10R 100 R +
—— 1 —_——
v, ——c¢C —" ——=5C | Vo
O O

Figure 8.13. A third order lowpass filter composed of three cascaded first-order
RC sections.

1
1+6jwr- 5077 — jo’r’

(8.12)
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its modulus for @ = @, would be 0.156, and for w = @/10 it would only be 0.89 (see
Figure 8.14, curve e).
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Figure 8.14. The amplitude transfer characteristic of (a) the asymptotic
approximation of a first order lowpass filter; (b) a real first-order filter; (c) the
asymptotic approximation of a third order filter; (d) the filter from Figure 8.13;

(e) the same filter, now with equal resistances and equal capacitances.

8.2.2 Approximations of the ideal characteristics

What clearly emerges from Example 8.3 is that the coefficients of the terms j, (@)’
and (jw)’ have a great influence on the shape of the transfer characteristic. One could
try to find the right coefficients for the best approximation of the ideal characteristic
for a given filter order. In order to find those optimal values several criteria may be
used leading to different characteristics. Three such approximations will be discussed
here.

e Butterworth filter

The criterion is a maximally flat characteristic in the pass band that reaches the
desired cut-off frequency @ = w,. The shape of the characteristic beyond the cut-off
frequency will not be considered. The transfer function of order n, which satisfies this
criterion, appears to be:

H= (8.13)

In terms of poles and zeroes (Section 6.2), the poles of the complex transfer function
are positioned equidistantly on the unity circle in the complex plane.
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o  Chebyshev filter

The criterion is a maximally steep slope from the cut-off frequency. The shape in the
pass band will not be considered here. It appears that in satisfying the condition for the
slope, the pass band shows a number of oscillations. This number increases as the
order increases. To find the proper values of the filter components, the designer of a
Chebychev filter usually makes use of special tables.

e Bessel filter

The Bessel filter has an optimized step response. The criterion is a linear phase
transfer up to cut-off frequency. The step response shows no overshoot. Here, too, the
filter designer uses tables to find the proper component values.

Figure 8.15 draws a qualitative comparison between the amplitude transfer
characteristics and the step responses made by the three types.

None of the filter types discussed here can be realized just with resistances and
capacitances. One needs to use either inductors or active components.

[HI

0,711

—
t

Figure 8.15. (a) The amplitude transfer and (b) the step response of (1) a
Butterworth filter, (2) a Chebychev filter and (3) a Bessel filter, all of the 4th
order.
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So far we have only considered the filter amplitude transfer. However, phase transfer
can also be of importance, particularly for filters of a high order. The higher the order,
the larger the phase shift will be (Section 6.1.2). There is a relation between the
amplitude transfer and the phase transfer of a linear network: it is called the Bode
relation. So, having completed a filter design based on specified amplitude transfer, it
becomes necessary to check the resulting phase transfer. This may be of paramount
importance, in particular in feedback systems, where improper phase characteristics
may endanger the system's stability.

SUMMARY

First and second order RC-filters

e There are four basic filter types: lowpass, highpass, bandpass and band reject or
notch filters.

e The amplitude transfer of a first-order lowpass RC-filter (integrating network)
with time constant 7 is approximated by its asymptotes 1 (0 dB) for w7 << 1 and
1/w7 (—6dB/octave) for @t >> 1. The phase transfer runs from 0 via —7/4 at @t =1
to —7m/2.

e The amplitude transfer of a first-order highpass RC-filter (differentiating network)
with time constant 7 is approximated by its asymptotes @7 (+6dB/octave) for ot
<< 1 and 1 (0dB) for @7 >> 1. The phase runs from @2 via n/4 (at wt=1) to 0.

e When applying a low-pass or high-pass RC-filter, the influence of the source
impedance and the load impedance must be taken into account.

e A band-pass filter, composed of a low-pass and a high-pass RC-filter has an
amplitude transfer that has slopes of + and —6dB/octave. The selectivity is poor.

e A double-T or bridged-T filter is an example of an RC-notch filter. Under certain
conditions, the transfer is zero for just one frequency.

Filters of higher order

e The amplitude transfer of an n order filter, composed of n cascaded, perfectly
matched sections, has a slope of 6n dB per octave. The attenuation at the cut-off
frequency is (%«5 )" or —3n dB.

e A (lowpass or highpass) Butterworth filter has a maximally flat transfer in the pass
band.

e A Chebycheyv filter has a maximally steep slope from the cut-off frequency at a
given order. Its pass band transfer is oscillatory, the oscillations being more
pronounced at higher order.

e A Bessel filter has an optimized step response; its phase transfer is linear up to the
cut-off frequency.
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EXERCISES

First and second order RC-filters

8.1 The time constant of a passive first-order low-pass filter is 7= 1 ms. Find the
modulus and the argument of the transfer for the following frequencies:
a. 0= 10 rad/s,

b. = 10° rad/s,
c. o= 10" rad/s.

8.2 A passive first-order high-pass filter has a time constant 7 = 0.1 s. For which
frequency is the transfer equal to:
a. 1;

b.0.1;
c.0.01?

8.3 A measurement signal with a bandwidth of 0-1 Hz receives interference from a
sinusoidal signal of 2 kHz. One therefore tries to attenuate the interference
signal by a factor of 100, using a first order filter. The measurement signal itself
should not be attenuated by more than 3%. Calculate the limits of the filter's
time constant.

8.4 A periodic, triangular signal contains a third harmonic component whose
amplitude is factor 9 below that of the fundamental (even harmonics fail). This
signal is applied to a low-pass filter to reshape the signal into a sine wave. Find
the resulting sine-wave output distortion (the ratio of the amplitudes of the third
harmonic and the fundamental) for filters of orders:

a. 1;
b.2;
c. 3.

8.5 A measurement signal with frequency 10 Hz, an interference signal with the
same amplitude and frequency 50 Hz must be separated: the interference signal
must be suppressed by at least a factor of 100 compared to the measurement
signal. Find the minimum order to meet this requirement.

Filters of higher order

8.6 Find the type of filter characteristic (low-pass, high-pass, band-pass, notch) for

the filters a-c depicted below.

y @)
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Calculate the amplitude transfer of this filter for the frequency @ = 5

express this transfer in terms of dB for
a.n=2;
b.n=3.
8.8  Given a third-order LC-filter with source resistance and load resistance.
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Calculate the modulus of the complex transfer function, and show that this is a
Butterworth filter.
8.9 The inductor in the filter given below has a value L = ImH.
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Find the values of C and R such that the —3dB frequency is 10’ rad/s, and the
characteristic satisfies the Butterworth condition.
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9 PN-diodes

Semiconductors are vital to the field of electronics. All active components, with some
exceptions, are based on the particular properties of semiconducting materials. It is
notably the element silicon that is extensively used because it allows many electronic
components to be integrated into a small piece of this material. Other semiconducting
materials currently in use are germanium (the first transistor was made from this but
nowadays it is used for high frequency signal processing) and gallium arsenide (used
for optical components). The first part of this chapter deals with the basic concepts of
semiconductors, in particular silicon. Beyond that the operations and characteristics of
a particular semiconductor device, the pn-diode, is discussed. The second part
illustrates how such pn-diodes are applied to a number of signal processing circuits.

9.1 The properties of pn-diodes

9.1.1 The operation of pn-diodes

Pure silicon (also known as intrinsic silicon) has a rather low conductivity at room
temperature, the concentration of free charge carriers (Section 7.1) is small. Once
specially technologically treated, the charge carrier concentration can be increased to a
predefined level, thus resulting in accurately known conductivity. This process, which
is known as doping, involves adding impurities to the silicon crystal.

Silicon is a crystalline material consisting of a rectangular-shaped, symmetric lattice
of atoms. A silicon atom has four electrons in its valance band, each of which
contributes to the covalent bond with one of the four neighboring atoms. Only very
few electrons have enough energy to escape from this bond. When they do, they leave
an empty space known as a hole.

In a crystal doped with atoms which has five electrons in its valance band, four of
them will be used to form the covalent bonds with four neighboring silicon atoms. The
fifth will only be very weakly bound and therefore able to move freely through the
lattice. Notice that these electrons do not leave a hole. What they do in any case is
contribute to the concentration of free charge carriers in the material in question which
is why they are called free electrons. The material that is responsible for this supplying
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of free carriers is called a donor, the resultant doped silicon is said to be n-type silicon,
because the electrons have negative charge. At room temperature almost every impure
atom generates an additional free electron. The free charge carrier concentration is
therefore equivalent to the donor concentration.

When silicon is doped with atoms that have only three electrons in the valance band,
all three will contribute to the bonding with neighboring silicon atoms, there will even
be one link missing. This empty place, the hole, can easily be filled by a free electron,
if available. The material that facilitates this easy intake of free electrons is called an
acceptor. The resulting doped silicon is p-type silicon because of the shortage of
electrons (equivalent to holes). There are approximately as many holes as there are
impurity atoms.

At first sight, one may think that the conductivity of p-type silicon is even lower than
that of intrinsic material. This is not, however, the case at all. When a piece of p-type
silicon is connected to a battery, electrons at the negative pole of the battery will drop
into the surplus of holes. Due to the electric field produced by the battery they will
move from hole to hole and converge on the positive pole. Obviously, this type of
conducting differs essentially from the conducting of free electrons. Any time an
electron moves to another hole it leaves a new hole, thus resulting in a migration of
holes in the opposite direction. To distinguish between conduction in n-type and p-
type silicon let us think of holes as positive charge carriers, free to move through the
silicon. The mobility of electrons differs somewhat from that of holes. That is why the
conductivity of n-type silicon differs from that of p-type, even when equally doped
and kept at the same temperature.

What happens when a piece of p-type silicon is connected to a piece of n-type silicon?
This pn-junction, which has very particular properties, will play a key role in almost
all electronic components. In modern technology, the junction is not made by simply
putting two materials together (as was done in the early days of pn-junction formation)
but rather by merely partially doping n-type material with acceptor atoms or p-type
material with donor atoms. We will now discuss the main properties of such a pn-
junction.

Consider the junction of p and n-type silicon at the moment of connection. The p-type
contains a high concentration of holes but in the n-type there are hardly any holes.
Due to this sharp gradient, holes will diffuse from the p-type to the n-type material.
For the same reason, electrons will drift from the n-type to the p-type region.
However, when an electron meets a hole, they will recombine and nothing will be left.
The result of this recombining is a thin layer on either side of the junction that
contains neither free electrons nor free holes. It is depleted of free charge carriers
which is why that region is called the depletion region or the depletion layer (Figure
9.1).
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Figure 9.1. On either side of a pn-junction there is a region without free charge
carriers known as the depletion region.

The depletion region then ceases to be a neutral zone. When the electrons have drifted
away positive ions remain in the n-type material while negative ions remain in the p-
type. There is a positive and a negative space charge region on both sides of the
junction. Such a dipole space charge is accompanied by an electric field directed from
the positive to the negative region or, from the n-type to the p-type side. This electric
field prevents the further diffusion of electrons and holes. At a certain depletion layer
width an equilibrium will be struck between the electric field strength and the
tendency of free charge carriers to reduce any concentration gradient.

The width of the depletion layer depends on the concentration of free charge carriers
in the original area. The width can also be influenced by an external electric field.
Now suppose that we connect the n-side of the junction to the positive pole of a
battery and the p-side to the negative pole. The external field will then be running in
the same direction as the internal field across the junction. Moreover, since the
depletion region has a very low conductivity (a lack of free charge carriers), the
external field will almost completely cover the junction itself, thus reinforcing the
original field. We have seen that there is equilibrium concerning the depletion width
and the electric field. When an external field is applied (which is added to the internal
field) a new equilibrium will develop, this time at a wider depletion layer.

In the case of an external field with opposite polarity the reverse holds: the internal
field decreases in accordance with the decrease in the width of the depletion layer.

As the depletion layer is almost devoid of free charge carriers it behaves like an
isolator letting no current pass the junction. However, when the external electric field
is increased until it fully compensates the internal field, a current can then flow
through the material because the conductivity of the doped silicon is quite low.

On the basis of the considerations above it becomes possible to draw the voltage-
current characteristic of the pn-junction (Figure 9.2). If we disregard the leftmost part
of the characteristic (at V,), we see that current can only flow in one direction. This
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element is therefore called a diode, in allusion to the similar property of the vacuum
diode.

Figure 9.2. The voltage-current characteristic of a pn-diode. V, is the Zener
voltage, I, the leakage current or reverse current and V, the threshold voltage.

The theoretical relationship between the current through a diode and the voltage
across it is given as (9.1):

v
I=1y| el -1 ©.1)

with ¢ the electron charge (1.6x10™"° C), k Boltzmann's constant (1.38x10* J/K) and T
the temperature in K. At room temperature (7' = 300 K) the factor ¢/kT equals about 40
V™. For a negative voltage (reverse voltage), ¢V/kTis small compared to 1, the current
is thus about —/,, and is called the reverse current or diode leakage current. For
positive voltages (forward voltage) the current approximates I = [,¢?”*" which
increases exponentially as forward voltage increases by amount e (=2.78) per 1/40 V =
25 mV. One can roughly assert that due to this strong current rise triggered by the
voltage, the diode will conduct above a certain voltage (the threshold voltage V, in
Figure 9.2). Below that voltage the current is almost zero. V, depends on the material;
for silicon it has a value of between 0.5 and 0.8 V. In practice, a value of 0.6 V is used
as a rough indication. The reverse current /, depends on the material and very much on
the temperature. Silicon diodes intended for general use have a leakage current below
107" A which increases exponentially as the temperature increases by a factor of 2 per
6 to 7 °C. Conversely, at constant current, the voltage across the diode decreases by
about 2.5 mV as the temperature increases 1 °C.

From Figure 9.2 and expression (9.1) it appears that a pn-diode is a non-linear
element: it is not possible to describe a diode in terms of a single resistance value. To
characterize the diode in more simple terms than the exponential relation of (9.1), we
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will introduce the differential resistance, defined as r, = dV/dI. From (9.1) it follows
that V = (kT/q)In(Z/1,)), the differential resistance of the diode is therefore k7/ql,
which is inversely proportional to the current /. At room temperature k7/g = 1/40 and
so the differential resistance of the diode is about 25 Q for a current / = 1 mA. This
value is independent of the construction, and it is the same for all diodes. Using this
rule of thumb it becomes easy to find, for an arbitrary current, the differential
resistance.
The reciprocal value of the differential resistance is the (differential) conductance: g,
= 1/r,, which corresponds to the slope of the tangent at a point of the characteristic
given in Figure 9.2. The conductance at 1 mA is 40 mA/V which is directly
proportional to the current.
Other important characteristics of a diode are the maximum possible current (in a
forward direction) and voltage (in a reverse direction). The maximum current is about
10 mA for very small types and may be several kA for power diodes. The maximum
reverse voltage ranges from a few V up to several 10 kV. At maximum reverse
voltage, the reverse current increases sharply (see the left part of Figure 9.2), due to a
breakdown mechanism. One such mechanism is Zener breakdown, an effect that is
employed in special diodes, called Zener diodes that are able to withstand breakdown.
In the breakdown region these diodes have a very low differential resistance (the slope
of the I-V characteristic is very steep): the voltage hardly changes at varying current.
This property is used for voltage stabilization. For applications that require a very
stable Zener voltage, diodes are constructed with an additional diode for temperature
compensation; the net temperature coefficient of the Zener voltage can be as low as
107 per °C. Zener diodes are constructed for voltages ranging from about 6 V to
several 100 V. Figure 9.3 presents the symbols of a normal diode and a Zener diode.
a | O |

v vzi Z

Figure 9.3. Symbols for (a) a diode, (b) a Zener diode.

+

9.1.2 Photodiodes

The leakage current (reverse current) of a diode originates from the thermal generation
of free charge carriers (electron-hole pairs). Charge carriers that are produced within
the depletion layer of the diode will drift away because of the electric field: electrons
drift to the n-side and holes to the p-side of the junction. Both currents contribute to an
external leakage current, I,. The generation rate of such electron-hole pairs depends on
the energy of the charge carriers: the more energy there is, the greater the number of
electron-hole pairs produced will be. It is possible to generate extra electron-hole pairs
by adding optical energy. If light is allowed to fall on the junction, free charge carriers
will be created that will increase the leakage current of the diode. Diodes that are
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designed to employ this effect (light sensitive diodes or photodiodes), have a reverse

current that is almost proportional to the intensity of the incident light.

The main characteristics of a photodiode are:

e spectral response, expressed as ampere per watt or ampere per lumen (Figure
9.4a). Silicon photodiodes have a maximal response for light with a wavelength of
about 800 nm,
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Figure 9.4. (a) Spectral response S and (b) a polar sensitivity diagram of a
photodiode and several light-emitting diodes. The shape of the polar diagram
depends on the device's encapsulation (i.e. on whether it does or does not have
a built-in lens).

e dark current, the reverse current in the absence of light. As can be expected from
the nature of the reverse current, the dark current of a photodiode increases
markedly as temperatures rise. Usually this increase is great compared to that of
the reverse current of normal diodes and ranges from several nA to uA, depending
on the surface area of the device,
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e quantum efficiency, that is to say, the ratio between the number of optically
generated electron-hole pairs and the number of incident photons. This efficiency
is better than 90% at the peak wavelength.

Photodiodes have a much faster response to light variations than photoresistors
(Section 7.2.1.2), they can follow light signals with a bandwidth of several 100 MHz,
and are, therefore, suitable for glass fiber transmission applications (Figure 9.5a)
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Figure 9.5. (a) An LED and a photodiode applied to glass fiber communication
links, (b) common type LED.

9.1.3 Light-emitting diodes (LEDs)

Some semiconductor materials generate photons when the forward current through a
pn-junction exceeds a certain value. Such a diode is called a light-emitting diode or
LED. Silicon is not a suitable material for this effect. A semiconductor that is better in
this respect is gallium arsenide, possibly supplemented with small amounts of
phosphorus, aluminum or indium. The color of an LED is determined by the
composition of the semiconductor. The spectrum of available LEDs ranges from
infrared to blue.

The main characteristics of an LED are:

e its peak wavelength which, depending on the type of material used, is between 500
nm (blue) and 950 nm (infrared);

e the polar emissivity diagram. There are LEDs that produce very narrow beams
(usually by applying a built-in lens) or wider beams (Figure 9.4b). Narrow-beam
LEDs are suitable for coupling with glass fibers (Figure 9.5a);

e the maximum allowable current, which also determines the maximal intensity. The
peak current is around 100 mA and the corresponding forward voltage is 1 to 2 V.

LEDs are constructed in various encapsulations, with or without a lens, with only one
element or a whole array. They are widely used as alpha-numeric displays. Figure
9.5b shows a simple type. There are also LEDs that emit two colors, depending on the
direction of the current. This device consists of two independent LEDs in a single
encapsulation connected in an anti-parallel fashion.
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9.2 Circuits with pn-diodes

PN-diodes can be used in one of two ways for non-linear signal processing. The first
possibility is based on the exponential relationship between the voltage and the
current. This creates circuits for exponential and logarithmic signal converters and for
analog multipliers. Such circuits will be discussed in Chapter 13. Looking to the diode
characteristic of Figure 9.2, it appears that for voltages below V, the diode behaves
like a very large resistance. When conducting, the (differential) resistance is low (25
Q around the 1 mA point). Furthermore, the voltage across the diode remains almost
V, irrespective of the forward current. Similarly, with negative currents, the voltage
equals the Zener voltage V,. So, a diode behaves like an electronic switch: when
conducting, the switch is closed, and acts as a short with a series voltage equal to V, in
the forward mode and V, in the reverse mode (only for Zener diodes). If the voltage is
below V,, the switch will be off and the current will be zero. This rough approximation
is used in this particular section to analyze a number of commonly used pn-diode
circuits.

9.2.1 Limiters

A limiter or clipper is a circuit that has a prescribed limited output voltage. Figure 9.6a
shows a circuit for the limitation up to a maximum voltage and Figure 9.6b gives the
corresponding transfer characteristic.

As long as the input voltage v, < V,, the current through the diode will be zero so the
output voltage will be v, = v. When v, reaches V,, the diode becomes forward biased
and conducts but its voltage remains V,. The diode current equals (v, — V,)/R, so with R
the input current can be limited as well.

When the diode connections are reversed, the output voltage is limited to a minimum
value equal to —V,. By connecting two diodes in an anti-parallel fashion (Figure 9.6c¢),
v, is limited to between -V, and +V, (Figure 9.6d). For overload protection such
limiting circuits are often connected across the input of a sensitive measurement
system.

Limiting up to a voltage other than V, is achieved using Zener diodes (Figure 9.7).

The maximum output voltage is the voltage for which both diodes conduct. The
voltage across Z, is the Zener voltage V,,, and that across Z, is the normal voltage drop
V.- A minimum voltage develops when both diodes are conducting in the reverse
direction: the voltage across Z, is the forward biased voltage V, and the voltage over Z,
is its Zener voltage V,,. The output limits are not affected by load resistance (Figure
9.7b). Between the two output limits (when both diodes are reverse biased), the
transfer of the circuit is v, = vR,/(R + R;) which is the formula for the normal voltage
divider circuit.
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Figure 9.6. (a) A limiter for limitation to a maximum voltage, (b) the
corresponding transfer characteristic, (c) a limiter for both positive and negative
maximum voltages, (d) the corresponding transfer characteristic.
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Figure 9.7. (a) A limiter with Zener diodes, (b) the transfer characteristic for two
values of the load resistance R;; V<V,
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9.2.2 Peak detectors

A peak detector is a circuit that creates a DC output voltage equal to the peak value of
a periodic input voltage. Figure 9.8a shows a peak detector circuit in its most simple
form with a capacitor and a diode.
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Figure 9.8. (a) A diode peak detector for positive peak values, (b) output voltage
v, for sinusoidal input voltage v, (c) output voltage v, for triangular input voltage
v,
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To explain how this circuit operates let us start with an uncharged capacitor and
consider the rising part of the input voltage (Figure 9.8b). At ¢ = 0, the voltage across
the diode is zero: the diode is reverse biased. The output v, is also zero and keeps to
that value until the input voltage v, reaches V,. Only then does the diode reach a state
of conduction so that a current can flow and the voltage can remain V,. The output
thus keeps up with the input and there is a constant difference of V,. The capacitor is
charged by a positive current through the diode. The current cannot flow into the
inverse direction and so the capacitor cannot be discharged. When the input voltage
decreases after having reached its peak value the output voltage will therefore remain
constant. Its value equals the peak value of the input minus V,. This situation will be
maintained as long as the input voltage does not again exceed v, + V, . Only when the
value is slightly higher at the next peak will the diode conduct. The capacitor, though,
will be charged up to the new peak value in the way depicted in Figure 9.8c for
triangular input voltage.

The peak detector seen in Figure 9.8a can only detect the absolute maximum ever. If
we want the circuit to also respond to the peak value of a gradually decreasing
amplitude then the capacitor must partly discharge between two successive peaks.
This is achieved by connecting a resistor across the diode or the capacitor (Figure
9.9a). Even when the diode is reversed biased the capacitance will discharge, resulting
in a small decrease in the output voltage (Figure 9.9b). The capacitor is charged again
at each new maximum that exceeds v, + V,. In other words, also when amplitude is
gradually decreasing, the circuit can follow the peak value of a periodic signal. The
price of this simple measure is a small ripple in the output signal, even at constant
amplitude. To estimate an appropriate resistance value for a minimum output ripple,
we must assume that there is a linear discharge curve (instead of a negative
exponential curve). At r =0, T, 27, ...., v, equals v; — V, and falls with a rate v;/t
(V/s). The output ripple is:

n R -T R T
Av=(7; _Vk)_[("i _Vk)T 7 }:(Vi—vk)r 9.2

The true value is somewhat smaller than this approximation, because v, starts to rise
again from the moment slightly before t = T, 27, ... To minimize the ripple, 7 must be
large. To keep track of a decreasing amplitude, T must be small. A compromise must
therefore be made between ripple amplitude and the response time to decreasing
amplitudes.

The output voltage of a peak detector is always about V, below the actual peak value.
When changing the polarity of the diode in Figure 9.8a, the output voltage responds to
the negative of the peak value: v, = v, + V,. An AC voltage with an amplitude that is
below V, (about 0.6 V) cannot be detected with this simple circuit.

9.2.3 Clamp circuits

A clamping circuit moves the average level of an AC signal up or down so that the top
has a fixed value. Figure 9.10 shows the most simple circuit configuration and gives
an example of sinusoidal input and output voltage.
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Figure 9.9. (a) Peak detector with discharge resistance in order to allow a slowly
decreasing amplitude to be detected, (b) the determining of the ripple voltage.
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Figure 9.10. (a) A clamping circuit, (b) the response to a sinusoidal input signal.

At t = 0 it is assumed that the capacitor is uncharged. Obviously, the output voltage
can never exceed value V,. In addition, the capacitor can never be discharged at a
diode voltage that is below V,. With these conditions in mind it becomes clear
precisely how this circuit operates. At increasing input v, the diode remains reverse
biased, no current flows, so v, = v.. As soon as v, reaches V, the diode will conduct
and behave like a short-circuit: v, = V, . This situation is maintained until the input has
reached its maximum. In the meantime, the capacitor is charged up to a voltage of v_ =
v, - V., but cannot discharge. As a result, the output follows the input and there is a
constant difference of just V, , as long as the output does not exceed the value V, .
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As the capacitor can be charged but not discharged, the circuit only functions well at
constant or increasing signal amplitude. This drawback is eliminated by connecting a
resistor across the diode or capacitor to allow some discharge of the capacitor between
two successive input signal maximums (c.f. the peak detector of Section 9.2.2).
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Figure 9.11. (a) A clamp circuit with discharge resistance and an additional
voltage source, (b) an input signal showing step-wise amplitude change by a
factor of 3, (c) the resulting output voltage for R = «; (d) the output voltage for
the finite value of R.
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An arbitrary clamping level can be obtained by using a voltage source in series with
the diode. The clamping level becomes V + V, . If the polarity of the diode is changed
this will result in clamping on the negative peaks of the input. Figure 9.11 shows a
circuit that clamps the negative peaks at a level of V + V, and which also responds to
slowly decreasing amplitudes as depicted in Figure 9.11b. Clamping circuits are used
to set a proper DC level for AC signals. This can be combined with a peak detector
(Figure 9.8a) to create a peak-to-peak detector where the output equals the peak-peak
value of the input, minus 2V, .

9.2.4 DC voltages sources

Most electronic systems require a more or less stable power supply voltage and
sometimes a very stable and precisely known reference voltage. The voltage should
not be affected by the current through it and made to behave like an ideal voltage
source. Special integrated circuits are available for high stability requirements which
give a stable output voltage for various output currents over a wide power range.
Simpler methods can be adopted in situations where the requirements are less strict. In
this section we shall introduce two DC voltages sources, the first uses an unstabilized
DC voltage as a primary power source while the second uses an AC power source.

A voltage stabilizer with Zener diodes

As explained in Section 9.1, the Zener voltage is virtually independent of the reverse
current through the diode. This property is employed when realizing a simple yet
fairly stable voltage source (Figure 9.12).

v, z f RL[J Vo=V,

— O

Figure 9.12. Voltage stabilization using a Zener diode.

The input of this circuit is a voltage V, that may vary over a substantially wide range.
The diode is biased by its reverse current, the value of which is laid down by resistor
R. Obviously, under the condition V,> V,, the output voltage V, equals V,, which
makes it almost independent of the current through the diode. When the circuit is
loaded with R,, a current flows through the load equal to I, =V, /R,. As long as I, > I,
enough current will remain for the Zener diode to maintain its Zener voltage. The
output is constant, irrespective of the load resistance. For this particular application
there are Zener diodes available that have a maximum tolerated power of 0.3 up to 50
W.



144 Electronic instrumentation

Graetz bridge

Graetz’ bridge circuits (Figure 9.13) are used extensively in systems that require a DC
supply voltage but where only AC power is available.

z \Qﬁ | @A &

220V~ “ V.
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Figure 9.13. (a) A simple power supply circuit consisting of a transformer, a diode
bridge and a capacitor, (b) a rectifier bridge in a single housing, (c) the input
voltage of the bridge circuit, (d) rectified output where the ripple depends on the
load current and the capacitance C.

First of all, the primary AC voltage is reduced to a proper value of v, by the
transformer. Due to the four diodes, the current /, through R, can only flow in the
direction indicated in Figure 9.13a. The polarity of the output voltage v, is always
positive, irrespective of the polarity of v, (Figure 9.13d, thin line). In conjunction with
this property the diode bridge is also sometimes known as a double-sided rectifier (a
single-sided rectifier simply clips the negative halves of the sine wave). The capacitor
C forms a peak detector (Section 9.2.2) together with the bridge’s diodes. The ripple
in the output signal v, (Figure 9.13d, bold line) is caused by capacitor discharge
through the load resistance. A large C value is required to keep this ripple below a
specified value, even at high load currents.

Rectifying bridges are available as single components (Figure 9.13b) for a wide range
of the allowed maximum current and power.

SUMMARY

The properties of pn-diodes

e The conductivity of n-doped silicon is mainly determined by the concentration of
free electrons. In p-doped silicon the conductivity is mainly determined by the
concentration of holes.

e The relation between the current through a pn-junction and the voltage is given as
I=1,e"""" -1). For V <0, I =1, the leakage current or the reverse current of the
diode. This current is very temperature-dependent.
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A silicon diode becomes conductive at a forward voltage of about 0.6 V. At
constant current, the temperature sensitivity of the forward voltage is roughly —2.5
mV/K.

The differential resistance of a pn-diode is r, = kT/gl; r, is about 25 Q at [ = 1 mA.
Zener diodes show an abrupt increase in the reverse current at the Zener voltage.
They are used as voltage stabilizers and voltage reference sources.

The leakage current of light-sensitive diodes or photodiodes is proportional to the
intensity of the incident light. To operate properly the diode should be reverse
biased.

Light-emitting diodes or LEDs emit a light beam, the intensity of which is roughly
proportional to the forward current. The color or wavelength of the light is
determined by the composition of the semiconductor material.

Circuits with pn-diodes

A pn-diode can be used as an electronic switch: for V, < V,, its resistance is very
high. When conducting, the resistance is low, and the voltage across the diode is
about 0.6 V.

Diode limiters make use of the property that the diode voltage is limited to about
V,=0.6 V or (with Zener diodes) to the Zener voltage V,.

The peak value of a periodical signal can be measured using the diode-capacitor
circuit given in Figure 9.8. The output voltage is 0.6 V below the peak voltage.
The response to decreasing amplitudes is improved by using an additional resistor
that introduces a ripple voltage at the output.

With the diode-capacitor circuit shown in Figure 9.10, the top of a periodic signal
is shifted to a fixed value, irrespective of the signal amplitude. The response to
slowly increasing amplitude is improved by additional resistance.

With a Zener diode a reasonably stable voltage source can be realized.

The Graetz bridge is a double-sided rectifier. Using a relatively large capacitor this
rectified voltage can be converted into a DC voltage with a small ripple.

EXERCISES

The properties of pn-diodes

9.1

9.2

9.3

9.4

9.5

What is the theoretical relationship between the current through a pn-diode and
the voltage across it?

Give the approximate value of the differential resistance of a pn-diode at 1 mA,
at 0.5 mA and at 1 pHA. Give also the conductance values.

What is the change in the diode voltage at constant current when there is a
temperature increase of 10 °C?

What is the change in the diode voltage at constant temperature when the current
increases by a factor of 10?

To obtain the value of the series resistance r, of a diode the voltage is measured
in two different currents: 0.1 mA and 10 mA. The respective results are 600 mV
and 735 mV. Find r,.
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Circuits with pn-diodes

9.6 Draw the transfer function (output voltage versus input voltage) of each of the a-
d circuits depicted below. The diode has an ideal V-I characteristic; V, = 0.5 V.
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9.7 Find the output voltage of the peak detector given below for sinusoidal input
voltages with amplitude 6 V, 1.5 V and 0.4 V and zero average value. The diode
has ideal properties, V, =0.6 V.
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9.8 Refer to the circuit in the preceding exercise C =0.1 puF. The input voltage is a
sine wave with a frequency of 5 kHz. A resistor R is connected in parallel to C.
Find the minimum value of R when the ripple (peak-to-peak value) is less than
1% of the amplitude of v. The diode voltage V, can be neglected with respect to

the input amplitude.

9.9 Find the average value of v, for each of the following a-c circuits at an input
amplitude of 5 V. Assume that V, =0.6 V.

100nF 470nF

+O
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9.10 The figure given below shows a clamp circuit for clamping the negative tops of

9.11

9.12

9.13

a signal to an adjustable voltage V. What is the range of V if this circuit is to be
properly operated. Bear in mind that the input signal is, on average, a sinusoidal
voltage of zero with a peak value value v ; V,=0.6 V.

C

I
+ O —O +
I

—o— o-
Sketch the output signal of a Graetz bridge loaded with a resistor of 20 €2, and
connected to:

a. an AC voltage of 50 Hz, rms value 10 V;

b. a DC voltage of +10 V;

c. a DC voltage of —10 V.

What is the ripple voltage in all three cases? V, = 0.6 V.

Answer the same questions as those posed in 9.11 but imagine now that a
capacitance of 1500 UF is connected to the bridge.

Find the minimum value of R, in the following circuit for which the output
voltage is just 5.6 V.

180082
—
to LI +

R

18V Z-<:V2=5,6V RL[] v,
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10 Bipolar transistors

Bipolar transistors consist of three alternate layers of p-type and n-type silicon. By
making the middle layer of the three very thin it becomes possible to amplify
electronic signals with this component. In this chapter we shall start by examining the
transistor’s operating principles before going on to describe its behavior as an active
electronic component. Examples will be given of amplifier circuits with bipolar
transistors.

10.1 The properties of bipolar transistors

10.1.1 Construction and characteristics

Figure 10.1 presents the schematic structure of a bipolar transistor. In accordance with
the various materials used, two types of transistors exist: npn-transistors and pnp-
transistors. The same figure also mentions the names of the respective parts (the
corresponding terminals have identical names) and shows the circuit symbol for both
types.

We shall first consider the transistor as a series of two pn-junctions (or pn-diodes)
with one common part. One of the diodes is connected to a reverse voltage, the other
to a forward voltage. The common part is called the transistor base, the adjacent part
of the reverse biased diode is the collector and the adjacent part of the forward biased
diode is the emitter. As the base-emitter diode has forward voltage, a current will flow
through that junction. In an npn-transistor this current is composed of electrons
flowing from the emitter to the base region. Under normal conditions these electrons
leave the transistor via the base connection. No current will in fact flow through the
base-collector junction because of the reverse voltage.

The situation changes significantly when the width of the base region is made very
thin, as indicated in Figure 10.1. The vast majority of the electrons that enter the base
will survive the journey through the base and enter the collector region. Once there,
they will be drawn into the collector by the electric field across the base-collector
junction. Only a fraction of the electrons fail to reach the collector and leave the
transistor via the base terminal. In an npn-transistor where the voltages are properly
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connected, the electrons flow from the emitter to the collector, thus corresponding to a
physical current between the collector and the emitter and thereby passing the forward
biased base-emitter junction and the reverse biased base-collector junction.

E] collector c E)] collector c
pn-junction pn-junction
n \ o]
base o——— p b o—{ base o—— n b D—K
/ n / o
pn-junction pn-junction
l ! l !
emitter e emitter e

Figure 10.1. (a) Schematic structure and npn-transistor symbol (b) the same for a
pnp-transistor.

A pnp-transistor operates in exactly the same way There holes flow from the emitter
via the thin base region towards the collector. The polarity of the physical current is
positive from emitter to collector because the holes are positive charge carriers.

We have seen that only a fraction of the total current flows through the base. This
fraction is an important parameter for the transistor, it determines the transistor’s
current gain 8 which is defined as the ratio between the collector current /. and the
base current Iy, so: I. = I,. The current gain depends to a great extent on the width of
the base region and ranges from 100 to 300 for low-power transistors up to 1000 for
special types (super-3 transistors). High-power transistors have a much lower f, of 20
or even less.

The current through the base-emitter diode (the emitter current 7,) still satisfies the
diode equation 9.1. As the collector current is almost equal to the emitter current (the
difference is just the small base current) the collector current satisfies (9.1) as well:

IC z]oquBE kr

The collector current is therefore determined by the base-emitter voltage V,,, it is
independent of the base-collector voltage V,. under the condition of a reverse biased
base-collector junction. In other words, the collector behaves like a current source: the
collector current does not depend on the collector voltage. More specifically, it is a
voltage-controlled current source, because the current is directly related to the base-
emitter voltage. It is also a current amplifier with a current gain of 3, because the
collector current satisfies the relation /. = SI,,.

It is important to distinguish between the two properties of a bipolar transistor: its
output signal (the collector current) can be controlled either by an input voltage (V)
or by an input current (/).

Figure 10.2 depicts the typical characteristics of a bipolar transistor: in (a) the relation
is shown between the collector current and the base-emitter voltage (at a fixed base-



150 Electronic instrumentation

collector voltage) and in (b) the collector current versus the collector voltage (relative
to the emitter voltage) is shown with V. as a parameter.

T o | 0
1. (mA) I. (mA)
c ¢ j 640 (mV)
4- 4 -
—/630
3 34 _
V'// _/ 620
24 N - J 610
p —
— J 600
14 1 —
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— —J 560
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Figure 10.2. The typical characteristics of a bipolar transistor,
(a) Io versus Ve at constant Vg, (b) /- versus V for various values of Vg.
Collector breakdown occurs when the reverse voltage of the base-collector
junction is increased too much.

Obviously the actual characteristic differs in several respects from the behavior as
described previously. Firstly, the collector current (Figure 10.2a) increases less than
the exponential relation of the pn-diode would indicate because of the emitter’s
resistance and base materials. The collector current (Figure 10.2b) is not totally
independent of the collector voltage, due to the so-called Early-effect. What is not
apparent from Figure 10.2 is that the current gain varies somewhat depending on the
collector current: 8 decreases at very low and very high currents. Finally, a leakage
current flows through the reverse biased base-collector diode.

Other important parameters of a bipolar transistor are the maximum reverse voltage
for the collector junction, the maximum forward voltage for the emitter junction and
the maximum power /.-V,. The maximum power ranges from roughly 300 mW for
the smaller types to over 100 W for power transistors with forced cooling. Figure 10.3
shows different transistors in various encapsulations.

al ®)

Figure 10.3. Some examples of various transistors, (a) & (b) low-power
transistors (up to about 400 mW), (c) medium power (about 10 W),
(d) high power transistor (about 100 W).
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10.1.2 Signal amplification

If a bipolar transistor is to be employed for linear signal amplification it has to be
correctly biased. This means that all voltages between the terminals and consequently
all the currents through the terminals should have a proper value. This state is called
the bias point or operating point of the transistor, look for instance at point P in Figure
10.2b. Auxiliary power supply sources, for instance batteries, are needed to bias the
transistor. Proper biasing is the foremost prerequisite for optimal operation as a signal
amplifier. The currents and voltages of the transistor must satisfy the equations:

_ qVpg [kT
IE_IOe BE/

Ip=1Ic/B (10.1)
IB +IC:IE

Once biased, the signals (voltages or currents) are superimposed on the bias voltage
and current. They are considered to be imposed fluctuations around the bias point. The
signal can be applied to the transistor, for instance, by varying the base-emitter voltage
or the base current. Whatever variations are made the equations (10.1) still remain
valid. When varying one of the transistor currents or voltages, all the other quantities
will vary consequently. To avoid non-linearity, the fluctuations are kept relatively
small. The description of this small-signal behavior is usually given in terms of the
small-signal equations found by differentiating equations (10.1) in the bias point:

49VBE VBE
le = kT IEngBE=Te
iy =i./B (10.2)

I +1.=1,

To distinguish between bias quantities and small-signal quantities, the former are
written in capitals and the latter in lower-case characters: i, stands for dI, or Al,, v,,
for dV,,, etc.

The parameter g (A/V or mA/V) is the transconductance of the transistor and
represents the sensitivity of the collector current to changes in the base-emitter
voltage. Another notation is its reciprocal value, r,, and the differential emitter
resistance (comparable to the differential resistance r, of a diode).

The transistor's ability to amplify signal power follows from the next few
considerations. Assume that the input terminal is the base and the output terminal the
collector. Suppose that the input signal is the (change in) base-emitter voltage v,,. The
collector is furthermore connected to a resistor, R, so that the voltage across R equals
i R. The input signal power is p, = i,v,,, the output signal power is p, = i °R. The power



152 Electronic instrumentation

transfer thus equals p,/p, = i ’R/i,y,, = BgR, a value that can easily be much larger than
1.

Equations (10.2) describe the signal behavior, irrespective of the biasing equations
(10.1). We use a transistor model based on just the small-signal equations to analyze
transistor circuits. An example of such a model, the T-equivalent circuit, is depicted in
Figure 10.4a. By applying Kirchhoff’s rules it is easy to verify that this model
corresponds to the equations (10.2).

Biy, Biy
. ' - . ) r - )
le ,_.L_l e le % b’ le
eo— { } G) oc eo { } q} oc

g : B :

Figure 10.4. (a) A small-signal model of a bipolar transistor, (b) an extended
model accounting for the base resistance.

The model can be extended to give a more precise description of the transistor. For
example, the model depicted in Figure 10.4b accounts for the base resistance r,. It is
the resistance of the silicon between the base terminal and the internal base contact
denoted as b’. The corresponding circuit equations are: i,r, = v,, and i,r, = v,,.

It is also possible to add capacitances to the model in order to also make it valid for
high signal frequencies. The next section illustrates how transistor models can be used
in the analysis of some basic electronic circuits with bipolar transistors.

10.2 Circuits with bipolar transistors

In the preceding section we saw that a transistor can only operate properly when it is
biased correctly and that signals are merely fluctuations around the bias point. In this
section we shall examine a number of basic transistor circuits by analyzing both
biasing and small-signal behavior.

10.2.1 \oltage-to-current converter

Figure 10.5 shows how to use a bipolar transistor for a voltage-to-current converter:
the input voltage V, is converted to an output current / .

First we shall look at the circuit’s bias (when the input signal voltage is zero). Two
auxiliary voltage sources V* (positive) and V- (negative) are responsible for the
biasing. The value of V* is such that the base-collector voltage remains positive (to
maintain the reverse biased junction) for all possible values of V, The output current 7,
of this circuit is identical to the collector current /., which is almost equal to the
emitter current [ I, = (V- V)/R,. AsV,=V,=0, the emitter voltage V is about 0.6
V (a forward biased diode junction).

When the input voltage V, changes, emitter voltage V, consequently changes as well
(the difference V,, remains almost unchanged); hence I, varies and so does /,.
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Figure 10.5. A voltage-to-current converter.

Example 10.1

Suppose that V" = 10 V; V- = —10 V and R, = 4.7 kQ. At zero input voltage, V, is
about —0.6 V, so I, =(-0.6 + 10)/4700 = 2 mA. This is also the output current I,. With
an input voltage of V,= +1 'V, V. becomes 1 — 0.6 = 0.4 'V, and so I, = 10.4/4700 =
22mA. For V,=-1V, V,=-1.6 Vand I, = 84/4700 = 1.8 mA. The voltage-to-
current transfer of this circuit is apparently about I/R; = 0.21 mA/V.

Up until now we have assumed that there is a constant base-emitter voltage of 0.6 V.
However, as the current through the transistor changes, so the base-emitter voltage
also changes a little. To estimate the significance of this effect, a more precise analysis
needs to be made. To that end, the transistor given in Figure 10.5 is replaced by the
model given in Figure 10.4a, thus resulting in the circuit of Figure 10.6a.

N
Figure 10.6. (a) A model of the voltage-to-current converter given in Figure 10.5
where the transistor is replaced by the model given in Figure 10.4a, (b) the

corresponding small-signal model. As the auxiliary power supply voltages are
constant they have zero value in the small-signal model.
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The voltages V* and V™ of the power sources are constant and have a very low internal
resistance: the fluctuations of these voltages is zero and so they can be connected to
ground in the small-signal model. The signal model is redrawn in Figure 10.6b. The
transistor equations (10.2) are still valid. Using these equations, the output (signal)
current i, can be calculated as a function of the input signal voltage v, for instance:

v; = (i, + Bip,)(r, + Rg) (10.3)

(10.4)
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from which it follows that:

i, B
v B+ Rr) (102

This expression accounts for a finite current gain § and a non-zero emitter differential
resistance. For § — oo and r, — 0, the transfer is 1/R;, a value found earlier.

Example 10.2

Suppose that the transistor in Example 10.1 has a current gain of 8= 100; r, is 12.5
Q (because I, = 2 mA). The transfer is 2.10-10~ A/V, which is almost equal to the
approximated value 1/R, = 2.13-10™.

Apparently, in order to quickly analyze the circuit, we may consider V,, to be constant
(0.6 V), B infinite and r, small compared to R,.

10.2.2 The voltage amplifier stage with base-current bias

The base of the transistor in the amplifier circuit shown in Figure 10.7 serves as the
input terminal, the output signal is identical to the collector voltage.

oV*

Figure 10.7. A voltage amplifier stage with base current biasing; the bias currents
are Icand /.

The bias is created by V* and a resistor R,. The emitter is connected to ground so that
Ve, =0 and V, = 0.6 V. The base current (which flows through R,) equals
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(V* - 0.6)/R,. The collector current is 3 times the base current. The output bias voltage
Vo is V- IR,

Example 10.3

Given: V' = +15 V; B = 100. Find the value for Ry for which the bias collector
current is 1 mA and find the proper value of R..

The base current should be 1 mA/100 = 10 uA: I, = (15— 0.6)/R, = 107, or R, = 1.4
MQ. The output voltage cannot exceed V' and, to prevent the base-collector from
being forward biased, it may not drop below V.. To obtain a maximum range for
output variations, set V, halfway along the outermost values at about +7.5 V. This is
achieved for R. = (15— 7.5)/1-10° = 7.5 kQ.

The input and output terminals have the emitter in common. Such a circuit is called a
common-emitter circuit or CE-circuit.

If this amplifier’s input were connected directly to a voltage source the bias point
would change dramatically. The same happens when connecting a load to the output
(for instance a resistance to ground). To prevent this happening, capacitors are
connected in series with the input and the output terminals (coupling capacitors), see
C, and C, in Figure 10.8. The capacitance of these components is so great that they act
as a short-circuit for signals.

—o V"’

Figure 10.8. The voltage amplifier from figure 10.7, extended with capacitors to
connect source and load without affecting the bias.

To calculate the voltage transfer of this amplifier we must make a model of the circuit
(Figure 10.9a). This time we shall use the model given in Figure 10.4b to account for
the internal base resistance. To simplify the analysis we make the following
assumptions: both C, and C, may be regarded as short-circuits for the signal
frequencies, the source resistance R, = 0 (ideal voltage source) and R, >> R. (ignoring
the load). The model is reduced to resemble that shown in Figure 10.9b.

Voltage transfer A, = v, /v,is established, for instance, from the equations below:
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Figure 10.9. (a) Model of the circuit from figure 10.8; (b) simplified model: A, = 0
(hence v, = v), R>>R. (hence v,=v,) and the couple capacitors behave as short-

circuits.
v, =—Bi,Rc (10.6)
v; = iyn, + (i, + Biy )7, (10.7)
SO:
AYo___ PRc (10.8)
vi  n+(1+B)r

For most transistors, f >> 1 and r, << fBr,, hence A = -R/J/r,. The minus sign is of
significance because when input voltage increases, collector current will increase and
the collector voltage (output) will decrease (in relation to the bias point).

If we want to take into account the effect of the load resistance R, in the Figure 10.9b
model then resistance R will simply be replaced by R /R, (the two resistors being in
parallel). The voltage gain then becomes roughly -(R//R))/r,.

In most cases the approximations of the previous analysis are allowed. The discrete
resistance values (E12 series, see Section 7.1.1), their tolerances and the tolerances of
the transistor parameters make it pointless to carry out analyses that are any more
precise.

The biasing of the transistor depends entirely on parameter 3. Unfortunately, 3 varies
from transistor to transistor (even if the type is the same) and is temperature-
dependent. The biasing (and via r, also the voltage gain) is therefore not stable or
reproducible. To obtain more accurate voltage transfer, irrespective of the transistor
parameters, other biasing methods have to be used, as illustrated in the examples given
in the following sections.
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10.2.3 The voltage amplifier stage with a base-voltage bias

At the amplifier stage shown in Figure 10.10, the base voltage is fixed using voltage
divider circuit R,-R, across the supply voltage V*. A resistor R, is inserted between the
emitter terminal and ground.

The voltage across R, is V, — 0.6 V, thus resulting in a collector current /. = [, =
(Vg —0.6)/R,. The input and output voltages are coupled by coupling capacitors to
prevent the bias from being affected by source and load circuits.

Further analysis of the amplifier comprises the steps: biasing, signal voltage transfer,
input resistance and output resistance.

Figure 10.10. A voltage amplifier circuit with base-voltage biasing. The collector
bias current is almost independent of the transistor parameters.

Biasing

The resistance values R, and R, dictate the base voltage: V, = V'R,/(R, + R,), where
the bias current is ignored. (This is only permitted when the resistance values of the
voltage divider are not too high, the current through R, must be large compared to I;.)
As V,. =06V, V.=V, -0.6 V. The current through R, is V,/R, and equals the
collector current. The (bias) output voltage is fixed at V*- I.R., which should always
be larger than V.

Small-signal voltage gain

The voltage gain is calculated using a small-signal model of the circuit (Figure 10.11).
The coupling capacitors are viewed as short-circuits.
The voltage gain is found using, for instance, the equations:

v, =—Bi,Re (10.10)



158 Electronic instrumentation

Biy,
i | rb i
to i b b — {D c o o+
r
e
Re
—o —0 -

Figure 10.11. A model of the voltage amplifier circuit from figure 10.10.

(without load, i, = 0),
so that

y ~BR, “R.  —Rg
v h +(l+ﬂ)(re+RE) r,+Rr Rgp ( )

1

Input resistance

First, for simplicity’s sake, we take R //R, = R,. The elimination of i, from the next
equations:

v =(i;—iy)R, (10.13)
results in:
Vi _ n+(1+B)(r+Rg)
= R, R4 (B Ry R, /Hn,+(1+B)(r,+Rg)}  (10.14)

The input resistance of the circuit is equal to a resistance value of r, + (1 + B)(r, + R,)
~ BR, in parallel to both biasing resistors which means that: r, = BR,//R //R,.

Output resistance

The output resistance (at short-circuited input terminals) is found from the equations:
v; =iyt + (i, + Bip )(r, + Rg) =0 (10.15)

From the last equation it follows that i, = 0, so r, = v /i, = R, which is simply the
collector resistance value.
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Resistor R, has a favorable effect on the biasing which, by then, is almost independent
of the transistor parameters. However, the gain factor is reduced to —R /(R +r,)
compared to —R/r, when R, is zero. To combine stable bias point with high voltage
gain, R, is decoupled by a capacitor C, which is in parallel to R, (Figure 10.12a). This
capacitor does not affect the (DC) bias of the circuit. With AC signals it behaves like a
short-circuit. The voltage transfer and the input and output impedances of this new
circuit can easily be calculated by supplanting R, in the foregoing expressions with Z,
=R.J/(1 + joR,C,). The (complex) transfer function then becomes:

H= Yo _ —Re
Vi, +Rg/(1+ joRgCr)
_ —R¢ 1+ joR;Cy

B re +RE ' 1+ ijECEre/(re +RE)
_—Re 1+ joRyCp
Ry 1+ jorCy
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Figure 10.12. (a) A voltage amplifier stage with decoupled emitter resistance;
(b) corresponding amplitude transfer characteristic.

For signals with a high frequency (@ >> 1/r,C,) the voltage transfer is about V /V, = -
R/r, which is the desired high value. Figure 10.12b shows the amplitude transfer as a
function of the frequency.

Example 104

The given power supply is +15 V. Find proper values for the components in Figure
10.12a so that the voltage gain is A = —100, for signal frequencies from 60 Hz.

Step 1: the bias. Let I, be, for instance, 0.5 mA; this means that r, = 1/40I; = 50 2
and R. = A-r, = 100x50 = 5 k€. The voltage drop across R is I[R. =I.R. = 2.5V so
the collector voltage is 15 — 2.5 = 12.5 V. The voltage may fluctuate around this
value but it will never drop below the base voltage so make V equal to, for instance,
7.5V, sothat V, = 6.9 Vand R, = (6.9/0.5)x107 = 13.8 kQ. The resistances R, and
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R, must be equal in order to get Vg = 7.5 V. Take 100 k€2 which is high enough for a
reasonable input resistance and should, in fact, be as high as possible but low enough
to ignore the influence of the base current at the bias point.

Step 2: the choice of Cy. The lowest frequency f, must satisfy the inequality 2nf,r,Cy
>> 1, 50 Cy >> 1/21x60x50 =53 UF.

10.2.4 The emitter follower

We noticed that the voltage between the base and the emitter is almost constant. When
the base voltage varies, the emitter voltage varies by the same amount. This property
is used in a circuit that is denoted as an emitter follower (Figure 10.13). The base is
the circuit’s input while the emitter acts as output. Although the voltage transfer of an
emitter follower is only 1 it does have other useful properties. What exactly these
properties are becomes clear when we calculate the input and output resistance of an
emitter follower.

6] | ) iy A .
‘o i | —+
V\T Glbt RE Yo
-0 O

c

Figure 10.13. (a) An emitter follower; the voltage gain is almost 1;
(b) a model of the emitter follower.

In the model (Figure 10.13b) the bias resistors R, and R, are omitted to simplify the
calculations. Since they are in parallel to the input, they do not affect voltage transfer
and output impedance.

Voltage transfer (without load resistor, i, = 0)
The elimination of i, from the two equations:
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v =iyn, + (i, + Biy )1, + Rg) (10.17)

v, = (i + Bi )R (10.18)
results in:

vo__ (4PRp  _ Rg (10.19)

vi n+(+B)(rn+Rg) 1 +Rg

For R, which is large compared to r,, the transfer is almost 1.

Input resistance (when unloaded, i, = 0)
The elimination of i, from the next equations:

v = iyn, + (i, + Biy )1, + R (10.20)

i=i, (10.21)
results in:

5 =£= T +(1+ﬁ)(re+RE)zﬁ(re+RE) (10.22)

i

The resistances R, and R, are input in parallel so the total input resistance is r;, =
B@r, + R)IR,/IR,.

Output resistance (at short-circuited input, v, = 0)
The elimination of i, from the equations:

0=iyn, +(ip + Biy )1, +v, (10.23)
vy = (ip + i, +1i,)Rp (10.24)

finally results in:

Ty
Rp|r, +—b—
Vo E(re l+ﬂj U3
r,=—t=—————""">=Re /1, +——|=r (10.25)
[ j 7, E e 1+ﬁ e
o RE+Ve+m

From this analysis it emerges that an emitter follower has a high input resistance
(roughly S times R,) and a low output resistance (about r,). The emitter follower is
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therefore suitable as a buffer amplifier stage between two voltage transfer circuits and
for minimizing load effects.

Example 10.5

Let the bias current of an emitter follower be 1 mA. Other transistor parameters are:
B = 200 and r, = 100 Q. R, is 10 kQ. In this situation the voltage transfer is
approximately 104/(25 + 10°) = 0.9975, the input resistance is 200x(10° + 25) = 2
MQ and the output resistance is 25 2. The factor r,/(1 + B) can be ignored compared
for,.

10.2.5 The differential amplifier stage

A major disadvantage of all the coupling capacitor circuits discussed so far is that they
cannot cope with DC signals. The coupling capacitors separate the bias quantities
(DC) from the signal quantities (AC). In order to prevent the input voltage source and
the load becoming part of the bias, coupling capacitors should be applied. Even if we
succeed in solving this problem there is still the other problem of temperature. We
know that at constant (bias) current the base-emitter voltage varies according to
temperature (—2.5 mV/K). Such slow changes are not distinguished from gradually
changing input signals.

Most of these problems are solved using the circuit type shown in Figure 10.14. The
basic idea is to compensate the temperature sensitivity of the transistor by one second
in an identical transistor. First we shall discuss the biasing of this amplifier stage
before going on to study its signal behavior.

+
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Figure 10.14. A differential amplifier stage: only the difference between v;, and
V;, is amplified.

Bias
The base terminals of the transistors T, and T, act as input terminals for the amplifier.
With respect to biasing, both base contacts are at ground potential. The bias current is
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supplied by a current source with a current of 27 like, for instance, the circuit given in
Figure 10.5 with a fixed input voltage. The base-emitter voltages of both transistors
are equal so their currents: I, = I, are the same. The collector voltage is set by V* and
R V.= V' — IR Naturally this voltage must be higher than the highest occurring
base voltage.

Signal properties

As long as v;, =v,,, the base-emitter voltages of both transistors remain equal, their
collector currents therefore remain / each. The amplifier is not sensitive to equal input
signals or common mode signals. However, for v, = —v,, the collector currents of T,
and T, will change but their sum remains 2/. For positive v, the collector current
through 7, increases by v, /r,, whereas the collector current of 7, decreases with the
same amount: —v,/r,. The output voltages (i.e. the collector voltages) of T, and T, are
thus v, =—v,RJ/r, and v, = +v,RJr,, respectively. Having a differential voltage v, =
v, — v, between both inputs gives rise to a differential output v, =v_, - v ,=—Rv/r,.
The transfer for differential voltages is —R/r,, just as at the normal CE-amplifier
stage. The transfer for common input signals appears to be zero. Due to the
asymmetry of the circuit, that is to say, the unequal transistor parameters, the common
mode transfer may differ slightly from zero. The ratio between the differential
transfer and the common mode transfer is the common mode rejection ratio or CMRR
of the differential amplifier (Section 1.2).

This circuit, also known as the long-tailed pair, forms the basic circuit for almost all
types of operational amplifiers (see further Chapter 12).

SUMMARY

The properties of bipolar transistors

e There are two types of bipolar transistors: pnp- and npn-transistors.

e The three parts of a bipolar transistor are: the emitter, the base and the collector.
The currents through the corresponding terminals are denoted as: I, I, and I...

e An essential prerequisite for the proper operation of a bipolar transistor is the very
narrow width of its base region.

e The current gain of a bipolar transistor is 8 = I/I,. The typical values of 3 are
between 100 and 300. So, I, = ...

e The collector current satisfies the equation I = I,e?"#/*"" (and is like that of the
pn-diode). If the base-collector junction is reverse biased, /. will be virtually
independent of the collector voltage.

e The bipolar transistor functions as a voltage controlled-current source (from V. to
1) or a current amplifier with a current gain of f.

e A bipolar transistor is biased and has fixed DC voltages and currents. Signals are
treated like fluctuations around the bias point.

e The change in the collector current, i_, will only depend on the change in base-
emitter voltage: i, = g-v,,, where g = 1/r, is the transconductance of the transistor
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and r, the emitter differential resistance: r, = kT/ql.. Hence r, = 25 Q at [. = 1 mA
(compare with the r, of a pn-diode).

Circuits with bipolar transistors

e When used as a signal amplifier the base-emitter junction of a bipolar transistor is
forward biased and the base-collector junction is reverse biased.

e The analyzing of an electronic circuit with bipolar transistors can be divided into
two parts: biasing and small-signal behavior.

e When analyzing the small-signal behavior of a transistor circuit a transistor model
is used in which all the fixed voltages, emanating for instance from the power
source, are Zero.

e To prevent the source and load affecting the bias point they are coupled to the
circuit via couple capacitors. This will consequently set a lower limit for the signal
frequency.

e The voltage transfer of a CE-stage with emitter resistance R, and collector
resistance R, is roughly —R /R,. With decoupled emitter resistance the transfer
becomes approximately —R/r,. The low frequency cut-off point is about @ =
1/Cyr,.

e An emitter follower has a voltage transfer of 1, a high input resistance (of about
BR;) and a low output resistance (of about r,). The circuit is used as a voltage
buffer.

e The first part of a differential amplifier is designed for low offset and drift and for
a high common mode rejection ratio. The latter is limited by the asymmetry of the
components.

EXERCISES

The properties of bipolar transistors

10.1 Give the relationship between the collector current /. and the base-emitter
voltage V,, of a bipolar transistor used in a linear amplifier circuit. Mention the
conditions for V. and V. for proper operation.

10.2  The current gain of a bipolar transistor is 8 = 200. Find the base current and the
collector current for an emitter current, /., of 0.8 mA.

10.3 What phenomenon is described by the Early effect?

10.4 In the circuit below, V., = 0.6 V. Find the output voltage V, . The base current
can be ignored.
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o V'=25V
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10.5 In the following figure, V,, = 0.6 V for the npn transistor, and V,, = -V, =
0.6 V for the pnp transistor. Find the output voltage V. Clue: first calculate I,

then /; and finally 7,,.
[
T +
—oV" = 10V
R1[] 18809
', T.
2 oV
o
T1
Ry| |47000 R3[] 2kQ
Ie,
oV~ = -10V

Circuits with bipolar transistors

10.6 Take the next three voltage amplifier stages a-c (figure on next page). For all
transistors is f=co, r, =0 Q and V,, = 0.6 V (for the pnp: —0.6 V). Calculate
the differential emitter resistance of each of the transistors.

10.7 Refer to the previous exercise. Find the voltage transfer of each of those
circuits. The coupling capacitors may be seen as short-circuits for signals,
furthermore r, << R;,.
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10.8

10.9

10.10

10.11

10.12

oV*' =20V —o V* =15V

TOOkSl[JR1

oV~ = 20V

oV*'=75V

47| |R, 18k R, ——C

Il

The voltage transfer v /v, in exercise 10.6b is not exactly equal to 1, due to r, #
0. What is the deviation from 1?

Due to a finite value of f and the fact that r, # 0, the voltage transfer v /v, of
circuit 10.6b deviates somewhat from 1. Find that deviation for = 100 and r,
=100 Q.

Calculate the input resistance and the output resistance of circuit 10.6b, taking
into account the components R,, R, and the transistor parameters 8 and r,: =
100 and r, = 100 Q. Approximations up to £5 % are allowed.

In the circuit given in Exercise 10.6c the output of the first stage (i.e. the
collector of the npn-transistor) is loaded with the input of the second stage (the
base of the pnp-transistor). Calculate the voltage transfer reduction due to this
load for the whole circuit and compare it to the value found in exercise 10.7.
Take 8 = 100.

Calculate the emitter differential resistance r, of the transistor in Exercise
10.6b, assuming that 8= 100.
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11 Field-effect transistors

A field-effect transistor or FET is an active electronic component suited to signal
amplification similar to that seen in bipolar transistors. Other possible uses for the
field-effect transistor are as a voltage-controlled type of resistance and as an electronic
switch. Although the physical mechanisms of an FET essentially differ from those of a
bipolar transistor, it is remarkably similar when used as a signal amplifying
component: the FET is also biased with DC voltages and the signals are treated like
fluctuations around the bias point.

There are two main kinds of FETSs: the junction field-effect transistor or JFET and the
metal-oxide semiconductor field-effect transistor or MOSFET. We will first explain
the operating principles and list the main properties of FETs. In the second part of the
chapter certain linear amplifier circuits will be described in which FETs serve as
active components.

11.1 The properties of field-effect transistors

The word field-effect alludes to the possibility of being able to affect the conductivity
of a semiconductor material by means of an electric field. A JFET utilizes the
particular properties of a pn-junction to create voltage-dependent conductivity. In a
MOSFET the conductivity is affected by capacitive induction. In both cases, the
concentration of free charge carriers (electrons or holes) is controlled by a voltage.

11.1.17 Junction field-effect transistors

In Chapter 9 we saw that the initial width of the depletion layer depends on the doping
concentration of the materials. The width can furthermore be modulated by the voltage
across the junction. The JFET is based on this latter property. Figure 11.1 provides a
schematic representation of the structure of a JFET. It consists of a p-doped or n-
doped silicon substrate with a thin layer of the complementary type of silicon. The
layer is provided with two contacts called source and drain. The path between these
contacts is the channel. If the channel is n-type then the FET will be an n-channel
FET, otherwise it is a p-channel FET. In normal operation, the substrate and the
channel are electrically separated from each other by a reverse voltage across the
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junction. The conductance of the channel between source and drain (lateral
conductance) depends on the channel dimensions, in particular the effective thickness,
that is to say, the part of the layer that contains free charge carriers. The depleted part
of the channel does not contribute to conductance. When the reverse voltage across
the pn-junction is increased the depletion layer width will increase as well, thus
reducing the effective thickness of the channel and its conductance. When a voltage is
introduced between the drain and the source, a current will flow along the channel
between these contacts. That current can be controlled by the substrate voltage. The
connection to the substrate is called the gate electrode or simply the gate.

source drain

depletion layer

p-substrate

-

gate

Figure 11.1. Schematic structure of an n-channel JFET.

To obtain high sensitivity or, a substantial change in channel conductance while
varying the gate voltage, the channel must be very thin, preferably the same width as a
depletion layer (<1 um). Modern technology makes it possible for such thin channel
layers that can be completely depleted to be created. At zero channel conductance, the
FET is said to be pinched-off. The gate voltage at which this occurs is termed the
pinch-off voltage V, and that is an important JFET parameter.

Figure 11.2a shows the voltage-current characteristic of the channel for low currents
and for various values of the gate-source voltage. Apparently in this region the JFET —
the channel resistance — behaves like a voltage-controlled resistance. At pinch-off the
resistance is infinite and at V; = O the channel resistance has a relatively low value of
generally around several 100 Q.
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Figure 11.2. (a) The drain current versus the drain-source voltage of a JFET for
low current values and for various values of the gate-source voltage, (b) drain
current versus gate-source voltage for two values of Vs (c) drain current versus
drain-source voltage for various values of V. When drain-source voltage
becomes too high breakdown occurs (region 4). Note that the voltages of an FET
are usually relative to the source voltage of Vggand Vpg.

The depletion layer is determined by the voltage across the junction, in other words,
by the voltage between the source and the gate, V,, and between the drain and the
gate, V.. To explain the other curves given in Figure 11.2 we shall start with V=0
and look to see what happens when only the drain voltage is increased. A slight
increase in V¢ will not affect the depletion layer width, its resistance will remain
constant. The channel current from source to drain therefore increases linearly as the
drain voltage increases, just as with a normal resistor. This is the curve in Figure 11.2a
at V. =0 and in region 1 of Figure 11.2c. When further increasing the drain voltage
the voltage across the junction that is near to the drain contact will gradually increase,



170 Electronic instrumentation

as does the width of the depletion layer. The conductance of the channel thus
decreases. As the source-gate voltage is still zero, the width of the depletion layer in
the vicinity of the source contact does not change. This explains the triangular shape
of the depletion region in Figure 11.3a.

@ source drain E]

Q-Iayer channel _ _ _ — — — ——-——

00O

depletion layer

p-substrate o

-

gate

Figure 11.3. (a) The shape of the depletion region for zero gate-source voltage
and positive drain-source voltage, (b) the circuit symbol for a JFET.

Due to decreasing conductance, the drain current will increase at a rate that is less than
proportional to the drain voltage (region 2 in Figure 11.2c). Finally, when the drain
voltage and thus the decreasing channel conductance is further increased, the current
will reach saturation level (region 3 in Figure 11.2c, upper curve). By this stage the
channel is almost pinched off, the current will flow through a narrow path near the
drain and will be prevented from further growing, even at higher drain voltages.

If the process above is started with a negative gate-source voltage, the initial channel
width will be smaller in accordance with the higher value of the resistance. The
current-voltage curves in Figures 11.2a and c will become less steep when the gate-
source voltage is more negative and the drain current will be saturated at a much lower
value (region 3, other curves).

In region 3 the drain current is independent of the drain voltage and is determined only
by the gate-source voltage. In this region, the JFET behaves like a voltage-controlled
current source similar to that of the bipolar transistor. This similarity is reflected in the
circuit symbol of the JFET (Figure 11.3b).

Because of the different physical mechanisms when compared to the bipolar transistor
the JFET also needs to be differently biased. In the bipolar transistor one junction is
forward biased while the other is reverse biased. In the JFET, the channel must always
be reverse biased to prevent conduction to the substrate. Both source-gate and drain-
gate junctions must therefore be reverse biased. This means that with an n-channel
JFET both the source and the drain should be positive with respect to the gate (or for a
p-channel just negative). An important spin-off is the very low gate current consisting
of only the reverse biased pn-junction’s leakage current.

In the saturation region or pinch-off region the theoretical relationship between the
gate-source voltage and the drain current is:
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2
1D=1DSS(1—VGSJ (11.1)
VI’

in which I is the current for V, = O (see also Figure 11.2b). Just as in the bipolar
transistor, the transconductance g of a JFET is defined as the ratio between changes in
I,and Vg

_dlp iy 2 (11.2)

g= =
dVGS ng VpﬂIDSID

So g is proportional to \/ID. A typical value for the pinch-off voltage is a few volts, I,
ranges from several mA up to 100 mA. The transconductance of a JFET is, therefore,
around 1 mA/V at I, = 1 mA. This is much less than the transconductance of the
bipolar transistor at the same bias current. On the other hand, the gate current of the
JFET is much lower than the base current, so the current gain with a JFET, I,/I, is
very high.

In most cases, the gate current of the JFET can be ignored There is just one equation
to describe the small-signal behavior of the JFET:

I = 8V gy (11.3)

The model of a JFET is very simple too, see Figure 11.4a. This model can be extended
to account for all kinds of deviations from the ideal behavior. For example, the model
given in Figure 11.4b accounts for the influence that the drain voltage has on the drain
current (compare the Early effect in a bipolar transistor).

8 o

g d g d
to———m— ——————o+ + o0— —0 +
v
Vs gvgsl ( ) Vs vgs gvgsl ( ) Td 1 ds
—o o— -0 —o0—

s N

Figure 11.4. (a) A model of a JFET, (b) an extended model taking into account the
drain differential resistance.

11.1.2 MOS field-effect transistors

The operation mechanism of a MOSFET differs in at least two ways from that of the
JFET. Firstly, this is because the channel conductivity is not controlled by the
substrate voltage but rather by the voltage of an isolated electrode connected to the top
of the channel. The isolation consists of a very thin layer of silicon dioxide (Figure
11.5a).
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Figure 11.5. (a) the Schematic structure of a MOSFET, (b) the realization of an n-
channel MOSFET. The source and drain consist of highly doped n-type silicon
with a very low resistance, (c) & (d) circuit symbols for an n-channel and a p-
channel MOSFET.

Secondly, the conducting channel is not a deposited layer but an induced layer. On the
surface of the silicon crystal the regular structure is broken. The atoms on the surface
do not find neighboring atoms to share their valence electrons. A large concentration
of holes exists on the surface which is then still electrically neutral and the absent
material acts as a donor. Electrons from the adjacent oxide easily recombine with
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those holes. When that happens, though, the top layer of the silicon becomes
negatively charged producing a more or less conductive channel near the surface. The
concentration of electrons trapped on the surface of the p-silicon may become so high
that the channel starts to behave like an n-type silicon. This is what is called an
inversion layer.

This phenomenon is employed when creating a MOSFET. Two contacts, the drain and
the source, form the end points of a channel that then consists of such an inversion
layer. The structure is completed by a metal gate contact on top of the isolating oxide
layer. The concentration of electrons in the channel can be decreased simply by
introducing a negative gate voltage. The negative voltage then pulls holes from the p-
region towards the surface where they recombine with the electrons thus reducing the
channel conductivity. When the gate voltage is sufficiently high, the channel
conductance becomes zero and the MOSFET is pinched off, as in a JFET.

Apparently this type of MOSFET conducts at zero gate voltage. It is a normally-on
type transistor, like a JFET (a bipolar transistor, by contrast, is normally-off). It is
possible to construct MOSFETSs with initially low charge carrier concentrations in the
induced channel. Only when the gate voltage is sufficiently positive will enough
electrons be driven into the channel to make it conductive. This type of transistor is
called a normally-off MOSFET. Clearly there are four types of MOSFETSs: p and n-
channel, both of which are either normally-on or normally-off.

As the gate electrode is fully isolated from the drain and source electrodes by an oxide
layer the gate current is extremely small, somewhere in the region of 10 fA.
Consequently the current gain of the MOSFET is almost infinite. One disadvantage of
the MOSFET is the relatively low breakthrough voltage of the thin oxide layer (10 to
100 V). The gate contact may not be touched because then it will become
electrostatically charged.

Another disadvantage is the poor noise behavior. The MOSFET mechanism relies
entirely on the surface properties of the crystal, the slightest impurity will affect its
operation. Nevertheless, MOSFETs are used extensively in digital integrated circuits,
where noise is less of a problem and where most interconnections are made internally,
within the package. Furthermore, because of their simple lay-out, MOSFETSs can be
made very small thus producing high component chip density.

Figure 11.5b provides the schematic structure of a MOSFET. The source and drain
contacts are formed on small areas of highly doped n-silicon in a lightly doped p-
substrate. This results in a low contact resistance between the external electrodes and
the channel material. However, two new pn-junctions are then introduced which go
from both contacts to the substrate. To make sure that these junctions do not have any
influence they must be kept reverse biased. For that purpose MOSFETSs have a special
connection, a substrate connection that is different from the gate. By connecting the
substrate to the most negative voltage in a circuit, preferably the negative power
voltage source, the junctions always stay reverse biased.
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11.2 Circuits with field-effect transistors

We are confining all the discussion in this chapter to the area of junction field-effect
transistors. All the bipolar circuits introduced in Section 10.2 can be operated with
JFETs as well. It is only the biasing that differs, both the gate-source and the gate-
drain junctions must be reverse biased. The gate of an n-channel FET should always
be negative with respect to the source and the drain. To numerically determine the
bias, the characteristics of the JFET need to be known, for instance those given in
Figures 11.2b and c.

11.2.1 \Voltage-to-current converter

In the voltage-to-current converter of Figure 11.4 the bipolar transistor is replaced by
a JFET (Figure 11.6). Let us just suppose that the characteristics of Figure 11.2 apply
to this type of JFET. A bias current of, for instance, 2 mA will occur for V;o=-2V
(the JFET operates in region 3). At V, = 0 (bias condition), the source voltage is +2 V
(Vs 1s negative). The value of Ry must be such that I,R; = Vi, — V', or Ry = (2 -
V)/2x107°. It is possible to choose V- = 0 (no negative power source required) so that
R, =1kQ. Evidently V* has to be sufficiently positive.

o
I

— o

V-

vt
o

Figure 11.6. A voltage-to-current converter with a JFET.

The transfer of the converter is found in a similar way to the circuit of the bipolar
transistor. Using the model given in Figure 11.4a what we find for the transfer is:

1
b 1 (11.4)
Vi Rg+—

8

The rather low value of g (compared to that of the bipolar transistor) does not allow it
to be ignored.

11.2.2 The voltage amplifier stage

Both JFET junctions must be reverse biased and the biasing is quite easy (Figure
11.7). The couple capacitors make the bias independent of the source and load
circuits. Resistor R;; is inserted to assure that the very low gate current amount flows
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to ground. If this resistor were left out, the gate current would not be able to flow
anywhere and would hamper the proper bias. R, can be very large, for instance 10
MQ. The gate voltage, IR, almost stays at zero.

vt

vV.O

—_— N

Figure 11.7. A voltage amplifier stage with JFET.

Example 11.1

Suppose we want a bias current of 4 mA. From the I,-Vs characteristic (Figure
11.2b) it follows that there is a gate-source bias voltage of —1 V so Ry = 250 €. The
drain-source voltage should be biased in the region of constant drain current, so it
should be at least 5 'V (Figure 11.2c). The bias point is fixed half way through the
available range, between 6 V and V*. For a power supply voltage of V' =20V a
proper bias value of V,, is +13 V, which is achieved by having a drain resistance of
(20 - 13)/4x107 = 1.75 kQ. At a specified maximum gate current of, for instance, 200
DA the gate resistance can be as high as 10 MS2: the gate voltage is only I,R; = 1 mV,
a value that barely influences the bias point.

The voltage transfer, the input resistance and the output resistance can be calculated
with the model given in Figure 11.8, which uses the transistor model of Figure 11.4.

Vs

—o 0 —

Figure 11.8. A model of the amplifier circuit from Figure 11.7, the couple
capacitors are viewed as short-circuits.
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voltage transfer (for i, = 0):

Yo_ Z8Rp (11.5)
v, 1+gRg
input resistance:
n=Rg (11.6)
output resistance:
r,=Rp 117

Example 11.2

From the characteristic in Figure 11.2b it follows that there is a transconductance of
about 2 mA/V. Using the bias conditions given in Example 11.1, we find that there is
a value of v/v; = =3.5/1.5 = 2.3, for the voltage transfer there is an input resistance
of r, = 10 MQ and the output resistance is r, = 1.75 k€. The voltage gain can be
somewhat increased by decoupling resistor R, thus resulting in a voltage transfer of
—gR, = —3.5. The rather high output resistance requires a sufficiently high input
resistance at the next stage.

11.2.3 The source follower

The circuit seen in Figure 11.6 acts as a source follower when it is not the drain
current but rather the source voltage that is taken as the output (Figure 11.9a). The
source follower has the same function as the emitter follower. It has a voltage transfer
of 1 and high input resistance and low output resistance.

O o e Db

-4 S

Figure 11.9. (a) A source follower with a voltage gain of 1,
(b) a model of the source follower.

The properties of the source follower are analyzed on the basis of a model of Figure
11.9b. This model also accounts for the effect of a finite value of r,.

voltage transfer (for i, = 0):
The elimination of v, and v, from the equations
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v, = 8ve(Rs /11y) (11.8)

Vo=, (11.9)

V=V, (11.10)
results in:

v, =g(v; —v,)(Rg /11y (11.11)
and so:

vo __&(Rs /1) (11.12)

V; 1+ g(RS //rd)

input resistance:
infinite, because i, = 0.

output resistance (at v, = 0):
the output resistance follows from the equation

Vo =iy + 8ves)(Rs / 174) = (i, — v, )(Rs / 17) (11.13)
hence
p=YeoRslha (11.14)

i, 1+g(Rg/lry)

Example 11.3

Suppose that the transconductance of the JFET applied to the circuit is 2 mA/V and r,
= 100 kL. To obtain a voltage transfer of 1, the term g(Ry//r,) must be as high as
possible. Take, for instance, Ry = 10 k€. This results in g(R//r,)= 18.2, so v /v, =
0.95 and r,= 474 Q.

SUMMARY

The properties of field-effect transistors

e A junction field-effect transistor (JFET) consists of an n or p-channel the thickness
of which, and thus the conductance of which, depends on the width of the
depletion layer which, in turn, is affected by the reverse voltage.

e The three terminals of a JFET are drain, source and gate. The channel is located
between the source and drain.
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The gate-source voltage for which channel conductance is just zero is the pinch-off
voltage V.

The JFET behaves like a voltage-controlled current source. The relation between
changes in the drain current and the gate voltage is: i, = gv,, where g is the
transconductance of the FET.

To operate in analog signal processing circuits the FET is biased with DC voltages
and currents. The signals are fluctuations around the bias point.

The gate current of a JFET is the very small leakage current of the reverse biased
channel-substrate junction. This gate current is much smaller than the base current
of a bipolar transistor.

The gate of a MOSFET is isolated from the channel by a thin oxide layer. The gate
current of a MOSFET is extremely small.

A MOSFET has a separate substrate terminal which (for n-channel types) must be
biased on the most negative voltage in the circuit.

8s?

Circuits with field-effect transistors

A junction field-effect transistor (JFET) is biased so that the source-gate and the

drain-gate junctions are reverse biased.

The analysis of an electronic circuit with JFETs can be split up into two parts:

comprising biasing and small-signal behavior.

To analyze the small-signal behavior of a transistor circuit a transistor model is

used in which all fixed voltages, for instance from the power source, are zero.

To prevent the source and load affecting the bias, parts of the circuit can be

coupled by coupling capacitors. This will, as a result, set a lower limit for the

signal frequency.

With JFETs, similar circuits can be created to those made with bipolar transistors.

The main differences are:

e the very small gate current so that a very high input resistance can be achieved,

e smaller transconductance which means that the voltage gain is reduced,

e that the influence of the drain voltage on the drain current is not negligible, it is
represented by the internal drain resistance r,.

EXERCISES

The properties of field-effect transistors

11.1  What is the pinch-off voltage of a JFET?

11.2  The region around a pn-junction is called the depletion layer, why?

11.3  Compare the JFET and the MOSFET with respect to their gate currents.

11.4 Find the drain voltage V,, and the drain current /, in the circuit given below, for

Vy=—4V.
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V' =20V

Ry | 33009

o

3

D
1
—J

11.5 The channel resistance of a certain JFET type varies from 800 Q (at V;;=0) to
oo (V45 < V,). With the network shown below we want to design a voltage-
controlled resistance that varies from 1 k€ to 10 k€2 for the same range of V.
Find the values for R, and R,.

11.6  Explain the need for a substrate MOSFET terminal.

11.7 Field-effect transistors are also called unipolar transistors as opposed to the
bipolar transistors described in Chapter 10. Explain these terminology
discrepancies.

Circuits with field-effect transistors

11.8  The I,-V, characteristic of a JFET is illustrated in the next figure. Find the
expression for I, = f{V ).

Iy (mA)

Vgs (V)
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11.9 Calculate the drain current of the circuit given in the next figure. The
characteristics in the preceding exercise also apply to this JFET.

oV' =5V

b

[
1L

11.10 Calculate V,, in the circuit given below. The FET has the characteristics
described in Exercise 11.8.

11.11 Make a model of the source follower given below and find the voltage transfer,
the input resistance and the output resistance under the conditions: g = 2 mA/V
and i, =0.

8

oVv*' =38V
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11.12 We are given an AC voltage with a DC component of 7 V (see Figure below).
We want to transfer this signal to an average level of 4 V without affecting the
AC part. This is achieved by introducing the next circuit (a level shifter).
a. Explain how the circuit operates.
b. For both JFETS: I, (at V., = 0) =2 mA. Calculate R.
c. What is the maximum allowed peak value of v,?

J J

JANVANIVA VAN
vV VvV V V

~

JANRVANVAWVAN
vV V V V L

S

———oV* =10V




182

12 Operational amplifiers

There are a number of drawbacks attached to amplifiers with only one transistor,
particularly where the matters of: gain, input impedance, output impedance and offset
are concerned. The way to obtain better amplifiers is by establishing appropriate
combinations of various circuits. Such configurations can soon become highly
complex, indeed their design has become something of a specialist field. Fortunately,
since the technology of integrated circuits has become so advanced, the users of
electronic systems no longer need to do all their own designing. The operational
amplifier makes it possible for a whole range of high quality processing circuits to be
quite simply configured. The basic concepts underlying such designs are given in the
first part of this chapter. Ultimately, even operational amplifiers have their
shortcomings as is evidenced by the circuits designed. The second part of this chapter
addresses the issue of design analysis and puts forward various solutions to reduce
amplifier errors..

12.1 Amplifier circuits with ideal operational amplifiers

An operational amplifier is essentially a differential amplifier (Section 1.2) that has
very high voltage gain A (10* to 10°), a high CMRR (>10*) and a very low input
current. These kinds of amplifiers have a large number of circuit components like
transistors, resistors and, quite often, several capacitors. They do not have inductors.
All the components are integrated into a single silicon crystal or chip that is mounted
on a metal or plastic encapsulation. Figure 12.1a portrays the circuit symbol, and
Figures 12.1b and c depict two common types in various encapsulations, together with
the pin layout and pin functions. The two inputs are known as the inverting input
(indicated by the minus sign) and the non-inverting input (denoted by the plus sign).
The most important imperfections of an operational amplifier are the offset voltage
(Section 1.2) and the input bias currents (i.e. small but noticeable DC currents flowing
through the input terminals and caused by the base or gate currents in the input
transistors, Sections 10.1 and 11.1).

The offset voltage V, . can be accounted for by placing a voltage source in series with
one of the two input terminals. The two bias currents /,,, , and I, , can be modeled on

ias, ias,
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the basis of two current sources but an easier way to account for them would be by
placing arrows next to the input leads (Figure 12.1d).

E] @ Voffse(

+ — bias
vV, o—+ V.o 4\ LI

("
o bias , °

inverting input A .’v V‘. inverting input B

non-inverting input A . non inverting input B
inverting input A E ~ E offset adjustment A
non-inverting input A E:% E V' A
offset adjustment A [3: 1_-—2] output A
A [Z E not connected
offset adjustment B E E output B
non-inverting input B E NGB E] V*'B
inverting input B E > :B:I offset adjustment B

Figure 12.1. (a) The circuit symbol of an operational amplifier, V, = A(V, = V,),
(b) & (c) two types of dual operational amplifiers with corresponding pin layout
and pin function indication, (d) the modeling of the input offset voltage and the

two bias currents.

The most important imperfections of an operational amplifier are the offset voltage
(Section 1.2) and the input bias currents (i.e. small but noticeable DC currents flowing
through the input terminals and caused by the base or gate currents in the input
transistors, Sections 10.1 and 11.1).

The offset voltage V, .. can be accounted for by placing a voltage source in series with
one of the two input terminals. The two bias currents [, , and /,,, , can be modeled on
the basis of two current sources but an easier way to account for them would be by
placing arrows next to the input leads (Figure 12.1d).

The operational amplifier is nearly always used in combination with a feedback
network. An open amplifier will become saturated because of the high voltage gain
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and the non-zero input offset voltage. Its output, which is either maximally positive or
maximally negative, is limited by the power supply voltage.

In this section we assume that the behavior of the operational amplifier is ideal. This
means that there will be: infinite gain, bandwidth, CMRR and input impedance as well
as zero input offset voltage, bias currents and output impedance. Manufacturers will
specify these and a lot of other parameters. Appendix B.2.1 gives an example of the
complete specifications for a widely-used type of operational amplifier.

Just how circuits with ideal operational amplifiers are designed will be illustrated
using a number of frequently implemented circuits.

@ ST -

Ve Lo %%% o

Figure 12.2. (a) A converter for the conversion of a current /;into a voltage V,,
(b) an extended circuit for the summation of currents: V, = =R(/; + , + k).

12.1.1 Current-to-voltage converters

In Figure 12.2a we see a current-to-voltage converter circuit diagram with an
operational amplifier. Let us imagine that V is the voltage across the operational
amplifier’s input terminals (here that is also the negative input voltage because the
positive input is grounded). The output voltage is V, = A-V. The input current for an
ideal amplifier is zero, so in line with Kirchhoff's currents’ rule, input current /, must
flow through feedback resistance R. Kirchhoff's rule for voltages states that =V + IR +
V, =0, therefore V =IR — V/A or: V=I,R/(1 + A). The gain A is very high (e in ideal
cases), so Vis almost zero. A key property of an ideal operational amplifier is that the
voltage difference between the two input terminals is zero. The output voltage of the
converter is simply V, = —IR.
At first sight, the combination of infinite gain and finite output voltage seems strange
but this is all down to the feedback because the output is partly fed back into the input.
If V, were for some reason to grow, then the input voltage V would increase as well,
however, the current through R remains constant and thus also the voltage across it
which tends to reduce the output change. The result is an equilibrium in which V is
exactly zero. In practice, A is finite but very large so the voltage between the two input
terminals is not zero but very small or negligible compared to other voltages in the
circuit.

In the circuit given in Figure 12.2 the non-inverting input is ground connected which
means that the voltage of the inverting input also has zero potential: it is said to be
virtually grounded. The voltage is zero but it is not a real ground, there is in fact no
ground connection.
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The two properties of the operational amplifier, the zero input voltage and the zero
input currents, very much simplify the analysis of such circuits. They make it possible
to directly calculate the transfer of the circuit shown in Figure 12.2a. The procedure is
as follows: I, must flow entirely through R and, as V = 0, the output voltage is
determined via0 =R+ V.

When a second current source is connected to the converter input that current will
flow entirely through R. The same holds for a third source, and so on (see Figure
12.2b). This circuit acts as an adder for currents. The output voltage satisfies V, =
-RU, + 1, + ).

12.1.2 Inverting voltage amplifiers

The inverting voltage amplifier that can be seen in Figure 12.3a may be viewed as a
combination of a voltage-to-current converter and a current-to-voltage converter.

The input voltage V,is converted into a current with resistor R,. The inverting input of
the operational amplifier is virtually grounded, its potential is zero, so I = V/R,. This
current flows entirely through R,, so V, = —R,I = —(R,/R,)V.. The amplifier circuit gain
—R,/R,, is determined by the ratio of two external resistances and is independent of the
operational amplifier parameters. The accuracy and stability are only determined by
the quality of the resistors used, not by that of the amplifier. In the special case of two
equal resistances: R, = R,, the output is V, = —V;; the gain is —1 and the voltage is
inverted.

This circuit can be extended to include the summation of voltages (Figure 12.3b). The
output voltage of this circuit is V, = —(V,/R, + V,/R, + V,/R;)R, which is a weighted
summation of the three input voltages.

The input resistance of the inverting amplifier to be seen in Figure 12.2a is just equal
to R,. The resistance values are determined by, on the one hand, the specified transfer
and on the other by the lowest input resistance. Ideally the output resistance is zero.

@ R2 @ R, Ra
Vie—
| RQ
Vyo—{ F—
Ry
\2 - Vyo—{ -
R4 A A
- +

Figure 12.3. An inverting voltage amplifier (a) with single input, (b) as an adder,
with multiple input.

Example 12.1
Let the required gain of an amplifier be =50 and the input resistance at least 13 k€Q. If
R, =15 k&, then R, = 750 kS2
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12.1.3 Non-inverting voltage amplifiers

The operational amplifier’s output terminal given in Figure 12.4a is directly connected
to the negative input terminal (this is called unity feedback). The input voltage is
connected to the positive input terminal.

The voltage transfer of this circuit can be found in the following way: the voltages at
the positive and negative input terminals are equal, their difference is zero, so V, =V,
the output follows the input voltage which means that the gain is +1. The circuit has a
very high input impedance equivalent to the operational amplifier and a very low
output impedance which is the same as that of the operational amplifier. The circuit
acts as a buffer amplifier.

gl

V.o——+

i

Figure 12.4. Non-inverting amplifiers, (a) with voltage transfer 1 (buffer amplifier),
(b) with arbitrary voltage transfer >1, set at R, and R,.

In the circuit given in Figure 12.4b only part of the output is fed into the input. Again,
the voltages of both operational amplifier input terminals are equal, so the voltage of
the negative input terminal is V.. This voltage is also equal to the output of the voltage
divider, it is R,/(R, + R,) of the output. This means that:

Vo _Ri+Ry

12.1
v, R, (12.1)

Again, the gain is set by the ratio of just two resistances.

12.1.4 Differential amplifiers

If an inverting and a non-inverting amplifier are combined it then becomes possible to
subtract voltages. Figure 12.5 shows the most simple configuration.

e
R1
Vio— -
Ry ——oV
Vyo— ¢

Ig

Figure 12.5. A differential amplifier circuit.
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We use the principle of superposition (the circuit is linear) to determine the transfer.
First we simply determine the output voltage due to V, the other input voltage is zero
(grounded). The plus-terminal must therefore also be zero (no current flows through
R, and R,). This situation is identical to the configuration seen in Figure 12.3a where
V, = —(R,/R,)V. After that we have to establish the output voltage due only to V,
where V, is taken to be zero. The voltage at the plus-terminal of the operational
amplifier becomes the output of the voltage divider with R, and R,, hence
V,-R/(Ry + R,). When V| is grounded the circuit is identical to the configuration of
Figure 12.4b where the transfer is (R, + R,)/R, and the input voltage is the same as that
mentioned above. Hence:

R +R, R
y =1t 4y (12.2)
R, R;+R,

The total output voltage is found by adding the contributions made by V, and V,:

R Ri+R, R
V,=—2y +-1-2 "4y, (12.3)

R, R, R3+Ry
Let us now consider a special case: R, = R, and R, = R,. When the four resistors are in
this state the output is

V,=—2(V,-V)) (12.4)

which is the amplified difference of both input voltages. The transfer of this
differential amplifier is determined by the four resistances R, to R, regardless of the
properties of the operational amplifier.

When we compare the properties of this new differential amplifier with the
operational amplifier itself we see that the input resistance is much lower (input
resistances are now R, and R, + R,, for the two inputs), that its gain is much lower
(though more stable) and that the CMRR is much lower (due to the tolerances of the
resistors).

The CMRR is defined as the ratio of the differential mode gain and the common-mode
gain (Section 1.2). We will calculate the CMRR for the new configuration.

Suppose that the resistances have relative inaccuracy (i =1 to 4), so R,= R*(1 + ¢),
where R* is the nominal value of R, Suppose also that €, <<1, and R * = R;* and R,*
= R,* (the condition for a differential amplifier). A pure differential mode voltage can
be givenas V, = V,— V,orV, = ¥V, and V, = - 4V, The transfer for this input
voltageis A, =V /V,= -R,/R,.

A pure common mode voltage is written as V_or V, =V, = V; the transfer for such
signals is
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A = V, RR,—RRy R

‘v, Ri(Ry+Ry) R +R}

(e1+e,—€ &) (12.5)

As the sign of the relative errors € is not known, we take the modulus lgl to find the
worst case CMRR:

CMRR = Ag_ 1+ Ry R, (12.6)
A. i+l +les| +ea]
Example 12.2

A differential amplifier is built in the way illustrated in Figure 12.5 and the resistors
have a specified inaccuracy of 20.5%. The gain of such an amplifier is —100. To find
the CMRR, we conclude that A, = Ry/R, = 100, so the guaranteed rejection ratio is
101/(4x0.005) = 5050.

12.1.5 Instrumentation amplifiers

A major disadvantage of the differential amplifier type shown in Figure 12.5 is its
rather low input resistance. This can be rectified by connecting buffer amplifiers
(Figure 12.4a) to inputs. In that way the transfer will not change but the input
resistance will be the same as the buffers and therefore very high. Another drawback
of the differential amplifier is its low CMRR as determined by the tolerances of the
resistors. When two buffers are inserted the CMRR will be even lower. If the buffers
have slightly different gains the common mode signal at their inputs will result in a
small differential signal where the two buffers have their output. In turn, that will be
amplified and made into a differential mode signal by the differential amplifier. To
circumvent this difficulty we use the arrangement given in Figure 12.6.

1
\/10..___._.___\ v R, R,
1 — —

V2 —J —J
V,o—+ 2

Figure 12.6. An instrumentation amplifier with high input resistance and high
CMRR.



12. Operational amplifiers 189

The transfer and the CMRR are determined as follows. First we consider a pure
common mode input signal: V, =V, = V_that is connected to the non-inverting inputs
of operational amplifiers 1 and 2. The inverting input voltages of these amplifiers are
also V_ (assuming that the amplifiers are ideal). So the voltage across resistor R, will
be zero, which means that there will be a zero current through R, and therefore no
current through resistors R,. This means that V" = V, and V,” = V,: the configuration
behaves exactly like that of the original differential amplifier seen in Figure 12.5 as far
as common mode signals are concerned.

Let us now consider a pure differential mode signal: V, = -V, = %V, or V,-V,=V,.
The voltage across resistor R, is also equal to V,, which means that a current through
R, will be equal to V/R,. This current will flow through the resistors R, producing a
voltage across them that is equal to V(R,/R ). The respective inputs of the original
differential amplifier will then be V" = V, + (R,/R )V, and V) =V, — (R,/R)V,, so its
differential input will be

V{-V;=V,(1+2R,/R,) (12.7)

In conclusion, the differential gain of the configuration is increased by a factor of 1 +
2R,/R,, while the common mode gain remains unaltered. The CMRR of the total
configuration is thus increased by factor 1 + 2R,/R, as far as the original differential
amplifier goes.

The differential mode gain can be adjusted by just a single resistor, R,, which can be
distinguished from the circuit shown in Figure 12.5 where two resistors have to be
equally varied to change the gain and to maintain a reasonable CMRR.

12.2 Non-ideal operational amplifiers

An actual operational amplifier deviates from the ideal behavior in a number of ways.
Such deviations limit applicability and require careful evaluation of the specifications
before a proper choice can be made. It is important to know precisely what are the
limitations of operational amplifiers and to know how their influence on the designed
configuration can be gauged. First we shall discuss the main specifications of
operational amplifiers. We shall then go on to study the effect they have on the
properties of the circuits discussed in the preceding section while providing, where
possible, solutions to the undesired effects.

12.2.1 The specifications of operational amplifiers

The specifications of the various types of operational amplifiers that are available are
very divergent. Table 12.1 gives an overview of the main properties of three different
types.

The specifications represent typical average values and are valid for temperatures of
25 °C. Minimum and maximum values are also often specified (see Appendix B.2.1).
What characterizes type I, given in Table 12.1, is its low price. Type II is noted for its
excellent input characteristics (low offset voltage and low bias current) while type III
is designed for high frequency applications.
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The input components of type I are bipolar transistors while those of types II and III
are JFETs. This is something that can also be deduced from the values of the input
bias currents which correspond to the base current and gate currents of the transistors
that are used. The favorable high frequency characteristics of type III are reflected in
the high value of f, and the slew rate.

Table 12.1. A selection of typical specifications for three types of operational

amplifiers.
parameter type I type I type 111 Unit
Vo 1 0.5 0.5 mV
tc. Ve 20 2-17 10 uV/K
Lyas 80 0.01 0.2 nA
Ly 20 0.002 0.02 nA
te. Ly 0.5 doubles per 10K nA/K
input noise 4 25 20 nVAHz
0.01 pAANHz

A,y 2-10° 2:10° 1500 -
R 2-10° 10" 10" Q
CMRR 90 80— 100 100 dB
SVRR 96 80 -100 70 dB
f 1 1-4 300 MHz
slew-rate 0.5 3-15 400 V/us

Explanation of the terms

Vst input offset voltage

Lias bias current

L g current offset, the difference between

both bias currents

t.c. temperature coefficient

A, DC gain

R, resistance between input terminals

i

SVRR Supply Voltage Rejection Ratio
fi unity gain bandwidth
slew-rate max. value of dV, /dt

Table 12.2 provides an example of the maximum environmental conditions permitted

with type L.

Table 12.2. The absolute maximal ratings for some of the parameters of type |
given in Table 12.1.

power supply
power dissipation
input differential voltage

output short-circuit duration
operating temperature range

storage temperature range

soldering temperature (60 s)

+18V
500 mW
+30V
Indefinite
0...75°C
-65 ... 150 °C
300 °C

12.2.2 Input offset voltage

One of the biggest possible limitations that can be placed upon an operational
amplifier is the offset voltage, in particular when processing small DC signals. Both
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the input offset voltage V,; and the input bias currents /,,,; contribute to the total offset
of the circuit. This will be illustrated in Figure 12.7.

We model the input offset voltage and the bias currents as external sources, V, in
series with one of the input terminals (it does not matter which of the two) and I,
parallel to the input terminals. These sources account for all the errors taken into
consideration which is why the operational amplifier itself is made error-free, the
input currents are zero and the input voltage is zero. The input is usually connected to
a low impedance voltage source. To calculate the errors the input terminal is therefore
grounded.

R,
|
- J
™~
I RN
| T~
| o
S
| <
~
R l ~
— | ~
v,0 | I - ~ o
| ~
~
| ~
oV
| -
| ~
~ -
I -~
~
| -
|
|
: ideal operational amplifier
I/ ~

operational amplifier with offset and bias currents

Figure 12.7. The inverting amplifier of Figure 12.4b, including an offset voltage
source and two bias current sources.

The calculation is made in two stages. First just the offset voltage contribution is
calculated then just the bias current contribution is worked out. The resulting outputs
are added up in accordance with the principle of superposition for linear systems and
the output voltage is then divided by the voltage gain in order to find the equivalent
total input error voltage.

First /,,,, = 0, the output voltage due to V,,is V . (1 + R/R)). Next V. = 0 and the
voltage on the inverting input is also zero. This means that there is no current through
resistor R, (both terminals are at zero potential). The bias current 7, , must go
somewhere and the only path is through R,. This leads to an output voltage that is
equal to I, ,R,. The other bias current, /,, ,, flows directly to ground and does not
contribute to the output voltage. The total output error voltage is:

Voo =

Voﬁ" (1+R2/Rl)+‘1hiasl‘R2 (12.8)
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and [,

bias

We do not know what the sign for V. is so we take the modulus to find the
maximum worst case error signal. After dividing this by the voltage gain —R,/R,, we

find that the maximum equivalent input error voltage is:

Vigri = (14 R/ RV |+ Ry L1 (12.9)
Likewise, the error voltage of other arbitrary circuits can also be calculated.

The bias current of the operational amplifiers given in Figure 12.4 will flow entirely
through the input voltage source connected to the circuit. That will create an extra
error voltage of /,,..R,, where R, is the source impedance. An amplifier with very low
bias current is needed to measure the voltage from a source with a relatively high
resistance so that the error voltage introduced is not too large.

The effect of both the offset and the bias current can be significantly reduced. The
offset voltage can be reduced or compensated by means of an additional voltage added
to the input. This compensation voltage can be taken from the power supply voltage
(Figure 12.8a) by using a proper voltage divider circuit.

lblas«, L oV
(]

Ibiasz

Figure 12.8. Various compensation methods: (a) with additional, adjustable
voltage derived from the power supply, (b) with special operational amplifier
connections, (c) bias current compensation.

Some operational amplifiers have special connections which may be used to realize
compensation circuits more readily (Figure 12.8b). Bias current compensation is based
on the principle that both bias currents are almost equal and have the same sign (they
either flow to or from the amplifier). A resistor R, is connected in series with the non-
inverting input (see Figure 12.8c). This creates extra offset voltage, —I,, ,R, at the
non-inverting input point resulting in an extra output error voltage of —/,, R, (1 +
R,/R)). The contribution of —I,, , to the output is, as we have seen before, /,,,R,. If
both bias currents are equal, the total output error voltage will be zero if R, satisfies

ias1
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the condition R, = R,(1 + R,/R)) or R, = R,//R,. Evidently the bias currents are not
exactly equal, their difference is the bias offset current ;. Under the same conditions
for R,, the output error voltage is equal to (1, — I,,,,)R, = I;R,, and the equivalent
input error voltage is [ ;R,. As the offset current is usually small compared to the bias
currents, the effect of the bias currents can largely be eliminated by simply adding
resistor R,.

These compensation methods are also applicable to most other operational amplifier
circuits. After carefully compensating or adjusting the errors, the effect of the
temperature coefficients for V. and I, will remain, which is why these parameters are
specified as well.

Example 12.3

An inverting voltage amplifier in the configuration given in Figure 12.8c uses a 741
type operational amplifier (type I in Table 12.1). R, = 10 k2, R, = 1 MQ and R, =
R//R,. At 20 °C the output voltage is adjusted to zero (at zero input voltage) using the
compensation circuit seen in Figure 12.8b. We derive the maximum possible input
error voltage in a temperature bracket ranging from 0 to 70 °C.

The error input voltage is 'V z, = 1.011V 4]+ I(TIIWI. At 20 °C these contributions
cancel (due to adjustment). The maximum offset occurs at 70 °C: |V 4l = ATxt.c.(V,z)
=50x20 uV; |, = ATxt.c.(1,;) = 50x0.5 nA, which is why at that temperature V,;,
can be as high as 1.26 mV.

12.2.3 Finite voltage gain

Up until now we have assumed that the operational amplifier has an infinite voltage
gain. At low frequencies this assumption is acceptable but not in the case of higher
frequencies. Figure 12.9 shows the amplitude transfer characteristic of a typical low-
cost operational amplifier (type 741).

= 9.105
Ao =210
10%4 |
| open loop gain
10%4 |
A |
[¢]
T+AB | feedback |
| gain
102 l(figure 12.4p) |
l
10{ | l
| |
unity feedback 1 | |
£ 4 T r r T v r
(figure 12.4.2) 1110 102 10% 10* 10° 105\ o
A\

w
1+A B

o

T
v

Figure 12.9. The amplitude transfer characteristic of an operational amplifier with
and without feedback.
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The characteristic has a remarkably low value of —3dB frequency. Is it still justifiable
to assume that the gain is infinite? We will investigate this in the case of the non-
inverting voltage amplifier shown in Figure 12.4b. The next equations apply to this
configuration: V,= V* (the voltage at non-inverting input); V"= V(R/(R, + R)) = BV,
(where B is the fraction of the output that is fed back to the input); V, = A(V*— V").
The elimination of V*and V- will ultimately result in:

V A
2o _ (12.10)
V. 1+AB
Only where A is large compared to 1, may we approximate the transfer
1 R
Vo _1_1, R (12.11)
i ﬁ Rl

as found earlier. A less rough approximation would be:

Voo A _1 1 _1f 1
ViTieap B, L ﬁ(l Aﬁ) (212
AB

The relative deviation from the ideal value is about 1/AS. The term A is often
encountered in control system calculations. It is called the open loop system gain and
it is the amplifier transfer and the feedback network put together. The higher the loop
gain, the less the transfer will be affected by the amplifier itself. This is the main
reason for striving for the highest possible operational amplifier voltage gain. With the
buffer amplifier given in Figure 12.4a, B = 1 the actual transfer deviates only a
fraction 1/A from 1.

As can be seen in Figure 12.9, A decreases at increasing frequency. Apparently the
amplifier behaves like a first order low-pass filter with a complex transfer function

Alw)=—20__ (12.13)
1+ jor,

Substituting this expression for the transfer function of the non-inverting amplifier
configuration will lead to:

Vo__ Alw) _ Ao - Ao ! (12.14)
Vi 1+A@)B 1+ jot, +AB 1+A)B, JOT, '
1+ A8

This transfer has a first-order low-pass characteristic as well: the -3dB frequency
occurs at = (1 + A f)/t,. The bandwidth is factor 1 + A8 larger than that of the open
amplifier. The low-frequency transfer is A /(1 + A f) and it is factor 1 + A, less than
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that of the open amplifier. Obviously the bandwidth and gain product remains the
same, irrespective of the feedback. This can also be seen in Figure 12.9. At unity
feedback, B=1,s0 V/V,=A/(1 + A)) = 1. The bandwidth is (1 + A )/t, = A/7,. This is
the unity gain bandwidth which is denoted as f, (in Hz). From the unity gain
bandwidth it is immediately clear what is the bandwidth of a circuit with arbitrary
gain.

Example 12 .4

An operational amplifier has a unity gain bandwidth of f, = 2 MHz. The bandwidth of
an amplifier with a gain of 100 is 20 kHz. At a gain of 1000 the bandwidth is only 2
kHz.

Only amplifiers that behave like first-order low-pass filters have a constant gain-
bandwidth product (GB-product). Many amplifiers, in particular those used for high
frequency applications, have a second-order or even higher-order transfer function.
Such amplifiers are not always stable at arbitrary feedback. However, they do have
some extra connections so that compensating networks, like for instance a small
capacitor, can be added to guarantee stability at the chosen gain factor. This is called
external frequency compensation. The manufacturer provides the necessary instruc-
tions in the relevant specification sheets.

As a point of interest, first-order amplifiers were also originally of a higher order. The
first-order low —3dB frequency characteristic derives from internal frequency
stabilization provided to guarantee arbitrary gain stability.

SUMMARY

Amplifier circuits with ideal operational amplifiers

e An ideal operational amplifier has an infinite voltage gain, CMRR and input
impedance. The voltage offset, bias currents and output impedance are zero.

e At proper feedback, the voltage between the two input terminals of an operational
amplifier is zero.

e Operational amplifiers are used to realize various signal operations. Those
operations are fixed by external components and the properties are virtually
independent of the properties of the operational amplifier itself.

e The voltage transfer of the inverting voltage amplifier seen in Figure 12.3a is
—R,/R, while that of the non-inverting amplifier given in Figure 12.4bis 1 + R,/R,.

e The inverting voltage amplifier has fairly low input resistance, R,, the input
resistance of the non-inverting amplifier is very high.

e The differential gain of the differential amplifier in Figure 12.5 is —R,/R,, under
the condition R, = R, and R, = R,.

e The CMRR and the input resistance of the differential amplifier in Figure 12.5 can
be substantially increased by adding two operational amplifiers arranged in the
way shown in Figure 12.6.
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Non-ideal operational amplifiers

The output offset voltage of the inverting or non-inverting voltage amplifier
comprises the terms (I + R,/R))V,; and [, R,. The contribution of V. can be
reduced by employing the compensation methods shown in Figures 12.8a and b.
The contribution of 1, is reduced to I,,R, by adding the compensation resistor R,
in accordance with Figure 12.8c. These compensation methods are also applicable
to other amplifier configurations.

The equivalent input offset voltage or error voltage is the output error voltage
divided by the voltage transfer.

An operational amplifier with a first-order amplitude transfer characteristic has a

constant gain-bandwidth product which is specified as the unity gain bandwidth f,.

EXERCISES

Amplifier circuits with ideal operational amplifiers

12.1 What is meant by a virtual ground? The minus-terminal of an inverting

amplifier is virtually grounded, why? The minus-terminal of a non-inverted
amplifier is not virtually grounded. Explain this.

12.2  All operational amplifiers in Figures a-f (next page) can be viewed as ideal.

Find the output voltage V..

12.3  Design an amplifier in accordance with Figure 12.3a which has a voltage gain

of =50 and a minimum input resistance of 5 k€. Only take resistance values
from the E12 series.

12.4  Design a circuit that has just one operational amplifier and which is able to add

three voltages so that V, = -10V, - 5V, + 2V,

12.5 Deduce the transfer for the common mode and differential mode signals for the

circuit given in Figure 12.6 where the two resistors R, are not equal. For a high
CMRR is it necessary for them to be equal?

Non-ideal operational amplifiers

12.6  The specifications for the operational amplifier given in the circuit below are:

12.7  Calculate the V, in the circuit used in exercise 12.6 which is due only to I,

Vy=04mV;1, =10nA;1,,=1nA; f, =5 MHz Calculate V, due to V,,
only.
l;12
R, 0k
v, -
22000 L ov

ias*

Find the proper value of R, for optimal compensation.

12.8 Find the input resistance in the circuit shown in exercise 12.6. Try also to

determine the output resistance.
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12.9  Find the bandwidth of the same circuit.

12.10 Design a circuit in accordance with the details given in Figure 12.8a so that the
voltage gain is —30 and the input resistance is at least 10 k€. The output offset
voltage should be adjustable in the range of —1.2 to +1.2 V. The power supply
voltages are +15 and —15 V.

B L) =

R, 220082 Ry R,
1 | — | —
2ve : J
ET 10V | - v
V. V. 3 (3
2 O i r +
avo— L1 1}
R, 27000 Y

+ R = 10k + 0,3%

R
vV, = 06Vo———|~ E] ——
v —_J
° 33KQ

+
180kS2
120kQ2 330092| |R,

R T5kS2
1
1 =
—J
15k L oy
.
v, I )
600mV \s 40uA

18k§2
R1 -
| S— V. - R2 \/5 _'OVO
60052 2 { } +

+ V. ]
v, + 3 22k2
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13 Frequency selective transfer
functions with operational
amplifiers

In Chapter 8 several circuits for frequency selective signal processing with passive
components were discussed. Certain of the disadvantages of such circuits, like the
unfavorable input and output impedances or the obligatory use of inductors, can be
overcome by using operational amplifiers.

The first part of this chapter describes circuits for signal processing functions in the
time domain, such as the integrator and the differentiator. The second part deals with
filter circuits that have a high selectivity.

13.1 Circuits for time domain operations

In this section the basic configurations for circuits are the inverting and the non-
inverting amplifiers discussed in the previous chapter (Figure 13.1). The complex
transfer functions of these circuits are expressed as H = ~Z,/Z, and H = (Z, + Z,)/Z,,
respectively.

. = s =

i

z
1
Vo—13 > 3
_.___ovo l oV
V, o——

Figure 13.1. The basic configurations of the circuits in this chapter, (a) with
inverting transfer and (b) with non-inverting transfer.
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13.1.1 The integrator

The circuit in Figure 13.1a acts as an electronic integrator when Z, is a resistance and
Z, a capacitance (Figure 13.2).

+ ———— —

Figure 13.2. Basic electronic integrator.

The transfer function of this circuit is H = —1/jwRC = —1/jot. Its modulus equals 1/wrt,
which is inversely proportional to the frequency: the modulus thus decreases by 6
dB/octave over the full frequency range. If one disregards the minus sign in the
transfer, its argument has a constant value of —7z/2. A sinusoidal input signal v, =
v sinot gives an output signal equal to v, = —(1/@7)V sin(wr — /2) = —(1/wT)V cosx,
which is the integrated value of v,

This circuit acts as an integrator for other signals as well and can be shown in the way
described below. Because of the virtual ground of the inverting input terminal, the
input signal v, is converted into a current v/R, which flows through the capacitance C.
The output of the amplifier is v, = —v_. The current through a capacitor is i = C(dv /dt).
Since i = v/R, it follows that C(dv /dt) = v/R, so the output voltage satisfies the
equation

= J.—dt_—TJ-v dt (13.1)

This only holds for an ideal operational amplifier. Imperfections in the amplifier cause
deviations from the ideal integrator behavior. The influences of the bias current /,,,
and the offset voltage V. can be deduced from Figure 13.3. First one must suppose
that 1,,,, = 0. The current through R equals V /R as the non-inverting input is virtually
grounded. This current flows through the capacitance C. After that in order to find the
effect of 1., the offset V. is presumed to be zero. If that is indeed the case I,,,, will
flow directly into C because the voltage across R is zero. At zero input the total
current through C is therefore ,,,, + V,,/R, which will result in an output voltage equal

bias
to

1 V
Voffo = _Cj[Ibias + ;f}h +Vosr (13.2)
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Ib' 4+ _off C
ias R “
I
Voff Vg
-t} o
v.=0 | | N\ —
i —J U |
v R bias L ov
—off bias °
R +

Figure 13.3. To determine the effect of the offset voltage V,; and the bias
current ks the input signal is set at zero.

Most of the polarities of 1,,,, and V,, are unknown so the worst case output offset is

Voﬁ,o :_éj Ibias+v;det+

Example 13.1

An integrator is designed in the way given in Figure 13.2, with R = 10 k2 and C =
0.01 UF. The operational amplifier that is used in this circuit has an offset voltage
that is less than 1 mV and a bias current that is less than 100 nA. On the basis of the
last equation the output will increase by 20 volts each second so within 1 second after
switching on, the amplifier will be in saturation.

v(,ﬁ\ (13.3)

To prevent the circuit from becoming saturated as a result of offset voltage and bias
current one must select an amplifier with low values of V. and 1,,,.. Besides that the
following measures can be taken (see Figure 13.4):

8 i O

~{ without Ry
~

R1 ~
R 1
v,o { } - R

—6dB/octave

|
|
[
|
|
|
|
1

R.C g

!
|
| integration region
1
I

Figure 13.4. (a) The resistor R, in this circuit reduces the effect of the offset
voltage and R, compensates for the bias current, (b) the transfer characteristic
shows that the circuit only acts as an integrator for frequencies much higher
than 1/(2zR,) Hz.
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e An additional resistor R, in series with the non-inverting input of the operational
amplifier can be implemented. This reduces the effect of the bias current (Section
12.2.2).

e Offset compensation, similar to that of the inverting amplifier (see, for instance,
Figures 12.8a and b), can be introduced.

e An additional resistor R, in parallel to C can be used. The transfer will then
become —(R,/R)/(1 + jwR C). Figure 13.4b shows the transfer characteristic. At
low frequencies, the transfer is limited to R /R; the integrator is then said to be
tamed. A disadvantage of this method is its limited integrating range. Only signals
with frequencies much higher than 1/(27R,C) Hz are integrated.

[HI

o]

1]

R

—6dB/octave

integration regionI

Figure 13.5. The frequency characteristic of the integrator in Figure 13.4a in the
case of a band-limited operational amplifier. The working range of the integrator
lies within the two —3dB frequencies.

The finite gain of the operational amplifier limits the usable range of the integrator at
low frequencies and the finite bandwidth sets an upper limit for the integration range.
The integration range is found as follows. The frequency-dependent gain of the
amplifier is (see Section 12.2.3):

2

=— (13.4)
1+ jor,

A(jo)

with A, as the DC gain or open loop gain and 7, as the first-order time constant of the
amplifier. The transfer function of the integrator in Figure 13.4a can be deduced from
the following equations:

A

vozfo(vtr) (13.5)
1+ jor,

=V _V =V, (13.6)
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where Z, = R /(1 + joR,C), and V" and V* the respective voltages at the inverting and
non-inverting inputs of the amplifier. V" is zero because the current through R, is very
small. If one eliminates V™ from these two equations under the conditions A, >> 1,
AR >> R, R, >> R and R,C >> 1/A, the transfer of the integrator circuit may
approximate:

_ R 1 1
f R 1+ joRC 1+ jot,/A

(13.7)

The frequency characteristic is depicted in Figure 13.5. Apparently the circuit
integrates signals for which 1/R,C << w << A//T,.

Example 13.2

For the circuit given in Figure 13.4, the components have the following values: R, =
1 MQ C=01uF, R=1k2 A, = 10’ and 7, = 0.1 s. In this design, the cut-off
frequencies are 10 and 10° rad/s. This means that there is an integration range from
roughly 15 Hz to 150 kHz.

13.1.2 Differentiator

By interchanging the positions of the resistance and the capacitance in Figure 13.2, the
circuit turns into the differentiator shown in Figure 13.6.

g S -

(@]

V. O

| S |
Voff
— -+
C voff |
I 7 S
I

Figure 13.6. (a) Basic electronic differentiator, (b) to determine the effect of the
offset voltage V., and the bias current I, the input signal is set at zero.
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The input voltage v, is converted into a current i = C(dv/dt) flowing through capacitor
C. This current flows into the feedback resistor R and results in an output voltage
equal to v, = —iR = —RC(dv/dt).

The transfer in the frequency domain is H = —-Z,/Z, = —jwt. The modulus of the
transfer is directly proportional to the frequency (a rise of 6 dB per octave) and the
argument (disregarding the minus sign) is /2 over the whole frequency range.

Just as in the case of the integrator, the differentiator also suffers from the non-ideal
characteristics of the operational amplifier, thus limiting its useful range of operation.
The bias current causes a constant output voltage equal to —[,,, R. The offset voltage
appears unchanged at the output, because there is no current through R (at zero bias
current), see Figure 13.6b. If the polarity of V,; and the direction of /,,,,, are not known
the output offset voltage will be less than IV, | + Il IR, which is a small and constant
value.

A serious disadvantage of this circuit, however, is the high gain for signals with high
frequency components. Wide band thermal noise and rapidly changing interference
signals are highly amplified by the differentiator. Furthermore, steep input signals
(like those from square or pulse-shaped voltages) can saturate the differentiator.
Finally, the frequency-dependent transfer of the operational amplifier may give rise to
a pronounced peak in the frequency characteristic of the circuit or even to instability.
For all these reasons, a differentiator of the type given in Figure 13.6 is not recom-
mended. The circuit shown in Figure 13.7 behaves better. There the range of the
differentiator is restricted to low frequencies only. By adding R,, the high-frequency
gain is limited to a certain maximum. If the frequency dependence of the operational
amplifier is not taken into account, the transfer function of the circuit given in Figure
13.7 will satisfy:

ias

H(jw):—é:— R ___JoRC _  jor (13.8)
Z, R +ljoC 1+joRC 1+ jor ‘

with 7, = R,C. The frequency characteristic of this transfer is shown in Figure 13.7b.

Example 13.3

The aim is to design a differentiator for frequencies up to 100 Hz (about 600 rad/s);
the gain may not be more than 10. These requirements will be met if, for instance, T,
= R,C = 107 s. The R/R, ratio should be 10. For a stable transfer it is favorable to
have a low gain at high frequencies. A suitable design is R, = 10 k€, R = 100 k€2 and
C=0.1uF.

13.1.3 Circuits with PD, Pl and PID characteristics

Control systems often require a specific transfer characteristic. Such a characteristic
may contain a proportional region (P, a frequency-independent transfer), a differenti-
ating region (D) and an integrating region (I), or a combination of the three (denoted
as PI, PD and PID). These names reflect the type of transfer in the time domain of the
controller that generates the control signals. All these characteristics may be realized
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with the configuration given in Figure 13.1a and they are briefly discussed below
(Figure 13.8).

&l |H|T g

without Ry ~

differentiation region

Figure 13.7. (a) To reduce noise and high-frequency interference, resistor R, is
added to the circuit shown in Figure 13.6, (b) the frequency characteristic of the
differentiator shows that its range is restricted to frequencies below 1/(2nR,C).

The PI-characteristic (Figure 13.8a)

Z, =R, and Z, = R, + 1/jwC,. The transfer becomes H = —(R,/R, + 1/jwR,C,). If the
integrator is to be prevented from saturating, the gain for AC signals must be restricted
(see the upper dotted line in Figure 13.8a).

The PD-characteristic (Figure 13.8b)

Z, consists of a resistor R, in parallel to capacitor C|; Z, = R,. The transfer equals H =
—(R,/R, + joR,C,). As discussed in the paragraph on the differentiator, measures have
to be taken to guarantee the stability of the system (see dotted line).

The PID-characteristic (Figure 13.8c)

Z, =R /(1 + joR,C)); Z, = R, + 1/jwC,. The transfer function satisfies H = —(C,/C, +
R,/R, + 1/joR,C, + joR,C)).

To restrict the working range of the integrator to high frequencies only, a resistor R, is
adjusted in parallel to Z, The working range of the differentiator is restricted to low
frequencies by a resistor R, in series with C,. The circuit is depicted in Figure 13.8d.



13. Frequency selective transfer functions with operational amplifiers 205
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Figure 13.8. Transfer characteristics of (a) a Pl-circuit, (b) a PD-circuit, (c) a PID
circuit, (d) a circuit for a PID-characteristic.

The low output impedance of the circuits discussed above allows several circuits to
cascade without there being significant loading effects . The (complex) transfer
function

of such a serial system is simply the product of the individual transfer functions. For
other filter characteristics, special filter characteristics and the respective pulse and
step responses, the reader is referred to general text books on this subject.

13.2 Circuits with high frequency selectivity

This section shows how to effect a high selectivity transfer function without using
inductors and by applying active components (operational amplifiers). We shall
discuss second-order band-pass filters with a very small bandwidth and low-pass
filters of a higher order.

13.2.1 Resonance filters

Passive filters consisting of inductors and capacitors can have a high selectivity (or a
very small bandwidth) in conjunction with the effects of resonance. To realize
resonance effects inductorless band-pass filters that have a high selectivity require the
use of active components, such as operational amplifiers.

The general transfer function of a second order network can be presented as:

ap +a;(jo) + az(jw)2

by + by (jo) +b2(jw)2

H(jw)= (13.9)
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The coefficients a,, a, and a, in this expression are not all equal to zero. If the numera-
tor contains only the factor a,jw the filter will be of the band-pass type, because the
modulus of the transfer approaches zero for @ — 0 as well as for @ = e. If @, =0
(and possibly also a, = 0), |HI = a,/b, for @ =0, whereas for @ — oo the transfer will be
near to zero. Such a filter can therefore be said to have a low-pass character. Similarly,
it can be proven that the transfer has a high-pass character if a, = 0.

Band-pass type filters will be discussed, so a, = a, = 0. The denominator of H(jw) can
be rewritten as 1 + 2jw7/@, — &’/®," (see Section 6.1.2) or as 1 + jow/Qw, —&/®,” In
this section the latter expression will be used. If the numerator is written as H ja/Qw,
then the transfer function of the second-order band-pass filter becomes

Jjo/Qay
"1+ jo/ 0wy - 0?/ w}

H(jw)=H, (13.10)

The transfer is fixed with three parameters: H, w, and Q. H,, is the transfer at w = @,.
This is equal to the maximum transfer. That is why @, is called the resonance
frequency. (In Section 6.1.2 this maximum transfer has been calculated for a second-
order function with a, = 1 and a, = a, = 0. In such cases the maximum transfer occurs
at slightly lower frequencies). The bandwidth of the filter (the frequency span
between the two —3 dB points) can be worked out by calculating the frequencies w =+
Ao for which |HI = ¥, H\2. This bandwidth appears to be equal to B = 2Am = ©/Q,
assuming that Aw << w, (see Figure 13.9). The parameter Q increases as the
bandwidth decreases which is why Q is called the filter’s quality factor (see also
Section 6.1.2). With only passive components (resistors and capacitors), the maximum
obtainable value for Q is 0.5.

The number of inductorless band-pass filters one can possibly have is considerable.
We will restrict ourselves to just two classes, viz. filters created with one operational
amplifier that have positive and negative feedback.

o
(dB)
04

—34

1072¢, / 1071w,

19 Naw"—w’

Figure 13.9. The frequency characteristic of a second-order band-pass filter with
transfer Hijo) = javo, QA1 + jajo, Q - (w/w,)?), for different values of Q.
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13.2.1.1 Band-pass filters with frequency-selective positive feedback

Figure 13.10 shows the control diagram of an amplifier that has positive feedback.
The feedback network consists of passive components and has a transfer equal to
B(®). The voltage transfer V /V, can be calculated using the equations V, = K(V,+ V)
and V,= B(w)V,, to yield

Vo K (13.11)

v, " 1-KB@)

Blw)

Figure 13.10. Basic operating of a system with positive feedback. The transfer
function has a band-pass characteristic because the feedback network is a band-
pass type filter.

If the feedback network has a band-pass characteristic (e.g. one of the networks from
Section 8.1.3), then H(w) also has a band-pass characteristic. The properties of such a
band-pass filter are clarified in the next example given in Figure 13.11.

The K gain, the summation of the input signal and the feedback signal are realized in a
single operational amplifier. The passive band-pass filter consists of the components
R, R,, C, and C,. Assuming that the properties of the operational amplifier are ideal,
the following equations will hold:

V,-v' vi-v,

: 13.12
z Z ( )
_ R
=—3 v (13.13)
Ry +R,
v =v* (13.14)

with Z, =R //jwC, and Z, = R, + 1/jwC,; V" and V" being the respective voltages at the
inverting and non-inverting operational amplifier inputs. When V- and V* are
eliminated from these equations, the transfer function is found to be equal to

. 2
H(jw):£:R4+R3 (1+ jor)

v, Ry 1+ jwt(2—R,/Rs)- @t

(13.15)
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where it is assumed that R, = R, = R and C, = C, = C. From the denominator it appears
that w, = 1/7 and Q = R,/(2R, — R,). The transfer at resonance is H, = 2(R, + R;)
/(2R, - R,). The sensitivity in Q to varying resistance values is high, in particular when
the difference between 2R, and R, is small. The same holds for H,, the transfer at
resonance point. The system is unstable for R, = 2R,.

The resonance frequency and the quality factor of the filter can be varied
independently: Q only depends on R, and R,, whereas with R and C the resonance
frequency can be tuned. A precondition for this independence is the equality of both R
resistors and both C capacitances.

The filter in Figure 13.11 is called a Wien filter, because it is derived from a particular
type of measuring bridge, the Wien bridge. Many other types of filters can be
designed along the lines of the general principle demonstrated in Figure 13.10. A
common property of these filters is the high sensitivity for varying parameters at high
Q. That is why it is difficult to realize stable filters with a high quality factor. An
advantage of these types of filters is the relatively low value of K: for the Wien filter
the value is 3 at the very most. K = 3 corresponds to an infinite Q-factor. This low
value allows such filters to be designed for relatively high frequencies (the gain-
bandwidth product of an operational amplifier is constant and so a low gain
corresponds to a high bandwidth).

c, c

2 2
[ — f
I I

R
1
i |
V,o— 1 \
oV

Figure 13.11. An example of a band-pass filter, made up of an operational
amplifier with positive feedback.

13.2.1.2 Band-pass filters with frequency-selective negative feedback

A high quality factor can also be achieved with negative feedback. If that is to happen,
the passive feedback network should have a notch characteristic. Figure. 13.12 shows
the control diagram of such a system. Again, the operation will be explained by means
of exemplification, see therefore Figure 13.13.
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Blw)

Figure 13.12. The basic principle of a filter configuration with negative feedback.
The transfer function has a band-pass characteristic because the feedback
network has a notch characteristic.
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Figure 13.13. An example of a band-pass filter with an operational amplifier and
frequency-selective negative feedback.

The notch filter in this circuit is hardly recognizable as such because the amplifier and
filter functions are combined with a small number of passive components. The
negative feedback is easily recognized: there is just one feedback path from the output
to the inverting input of the operational amplifier. The transfer function of this filter
appears to be

1 R +Ry+jo(R +Rs)R,C
Ry 1+ jo(R, +Ry)C, — 0*RR,C,C,

H(jw):%: (13.16)

The resonance frequency is @, = 1/N(R,R,C,C,), the quality factor is Q =
V(R,R,C,/C)I(R, + R,). The maximum value of Q is _V(C,/C,), for R, = R,. The
quality factor is determined by the ratio of two capacitance values and is, therefore,
very stable. A disadvantage of this filter is that the parameters @, and Q cannot be
varied independently, as can be seen from the expressions for @, and Q .

An important property of the band-pass filter with negative feedback is its
unconditional stability, also at high Q. On the other hand, a high Q requires a high K
gain. When an operational amplifier is used, this means that the value will be
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restricted to @, because the bandwidth of the amplifier with feedback decreases as the
gain increases.

13.2.2 Active Butterworth filters

In Section 8.2, filter types with different approximations to the ideal behavior were
examined. When using operational amplifiers these filters can be designed without
inductors. The discussion in this section will be restricted to Butterworth filters of the
second and third order.

A second-order low-pass filter is depicted in Figure 13.14. This is the so-called Sallen-
and-Key filter. The conditions for a Butterworth characteristic can be derived from the
transfer function. The transfer is described as:

14 1
H(jw)=-2= 13.17
(7o) Vi 1+ ja(R, + R,)Cy — @*R\R,C,Cs (1317

c1
|l
I
R, R, —oV,
Vo I 1} +

Figure 13.14. An example of an active second-order low-pass Butterworth filter.

The modulus of H(jw) is

1

|H (jo)|= (13.18)

\/(1 - szleclcz)2 +0*(R, +R,)’C3

It is a Butterworth characteristic (see Section 8.2.2) if the factor with @’ equals zero:
(R, + R,)’C,> =2R\R,C,C,, or C,/C, = (R, + R,)’/2R,R,. To simplify the design, R, = R,
=R,s0 C, =2C,.

The circuit can be extended to a third-order filter by adding a first-order low-pass
section (Figure 13.15). At the output, an additional amplifier stage is connected, to
achieve low output impedance and to make it possible to choose an arbitrary gain. The
transfer function is calculated to determine the Butterworth condition of this filter. To
simplify the calculation we directly propose R, = R, = R, = R. The modulus of the
transfer function then becomes:



13. Frequency selective transfer functions with operational amplifiers 211

H(jo)= 1+ Rl By (13.19)
\/{(1 ~0’RC\Gy) + 4a)2R2C22}{1 +0’R*C3}
it il i
1
1l I: {1
— R3 -
R, Rz _D_ —oY,
vio—t:l——-——:!——l— . - :

Figure 13.15. An example of an active, third-order low-pass filter with
Butterworth characteristics that consists of second-order and first-order filters in
cascade.

This expression has a Butterworth characteristic if the factors with @ as well as with
o' are zero. This results in:

—2C,C, +4C5 +C3=0 (13.20)
and
CiC3 -2C,C,C3 +4C3C3 =0 (13.21)

Both equations are satisfied for C, =4C, and C, = 2C,.

It will be clear from the forgoing that the deriving of Butterworth conditions for
filters of an even higher order becomes very time-consuming. Furthermore, the
equations can no longer be solved analytically so numerical methods are required. In
publications on this subject much information can be found on the design of higher
order filters and other types of filters, such as those of Bessel, Butterworth and
Chebychev.

SUMMARY

Circuits for time-domain operations

e With the basic inverting configurations of Figure 13.1 simple frequency-selective
transfer functions can be realized, such as integrators, differentiators, band-pass
filters and circuits with PD, PI and PID-characteristics.

e The complex transfer function of the integrator given in Figure 13.2a is H =
~1/jwRC; in the time domain: v, = —(1/RC)Jvdr.

e The effects of bias currents and offset voltage in the integrator circuit can be
reduced by:
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e - having compensation techniques similar to those implemented with voltage
amplifiers;

e - restricting the integrating range by adding a resistor in parallel to the capacitor.

e The complex transfer function of the differentiator in Figure 13.5 is given as H =
—j®RC; in the time domain: v, = —RC(dv/dt).

e If the differentiator is to function properly its range must be limited, for instance
by adding a resistor in series with the capacitor.

Circuits with high frequency selectivity

e Second-order resonance filters are described using three parameters: the resonance
frequency @,, the quality factor Q and the transfer at resonance H,. The quality
factor is the ratio between @, and the bandwidth B; Q = @,/B.

e Inductorless filters can be created by applying active elements (amplifiers). Two
basic configurations are: positive feedback through a passive band-pass network
and negative feedback through a notch network. In the first type, the filter
parameters are sensitive to variations in component values and the filter may even
become unstable. The latter type has guaranteed stability and is less sensitive to
component variations.

e Inductorless filters with Bessel, Butterworth and Chebychev characteristics can be
realized using operational amplifiers. Such filters are designed with the aid of
tables and plots that give the ratio of the component values at the given orders and
configurations.

EXERCISES

Circuits for time-domain operations

13.1 In the integrator circuit given below the component values are C = 1 uF and
R =10 kQ. The specifications of the operational amplifier are: IV,| <0.1 mV
and II,,, | < 10 nA. The input is supposed to be zero. At t = 0 the output voltage

v, = 0. What is the value of v, after 10 seconds?

C

—

13.2 In the circuit above, resistor R is connected between the ground and the non-
inverting input of the operational amplifier. What is v, at # = 10 seconds, under
the same conditions as those presented in the preceding question?

13.3  The same circuit is now extended using a resistor R, = 1 M€ in parallel with C.
What is v, under the same conditions as before?
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13.4 a. Give the Bode plot (amplitude characteristic only) of the circuit below
(asymptotic approximation).
b. The circuit is used as a differentiator, so the phase shift should be 90°. Find
the frequency for which the phase shift error is more than 10 degrees (that is:
the frequency for which the phase shift is 80°).

1600pF
|l
I
s
100k$2
—1
L}
Ra
160nF 1KQ
Vo—ll—1m h
i | —
. 1 L ov
+
-4

13.5 In the next PI-circuit, the component values of R, R, and C have to be chosen
in such a way that the following requirements are satisfied:
- input resistance R, > 10 kQ
- proportional gain 2
- integration range that goes at least up to 100 Hz.
The operational amplifier may be considered ideal.

Circuits with high frequency selectivity

13.6  The transfer function of a certain second-order band-pass filter is given as

SRV
Hjo)= v, (+jor)
Vi 3+ jot/4-3w’t’

with 7 =107 s.
Find the resonance frequency @,, the transfer at very low and very high
frequencies and the quality factor Q.
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13.7 Find the transfer function of the circuit below, and estimate the resonance
frequency and the quality factor Q. T=RC=10ms, R, =R,=Rand C,=C, =
C.

O+

v, [:IR2 -_c, |V,

-0 o

13.8 Convert the circuit in Figure 13.14 into a second-order high-pass filter with
Butterworth characteristics.

13.9 The following circuit is a filter consisting of two integrators and a differential
amplifier. This filter is called a dual-integrator loop or a state-variable filter.
Find the transfer function. Which components should be made adjustable to
vary Q independently of w,, and which components should be used to tune ),

—_—t—

independently of Q?
CZ
I
I
R 2
Z |
—J
R, +
1
L
c
R, 1
R1
1
| S| \
Rg —oV,
Vlc 1' '| + /
RG
1
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14 Nonlinear signal processing
with operational amplifiers

This chapter explains how to design circuits for nonlinear analog transfer functions.
First we shall discuss the circuits that are used for specific nonlinear operations, such
as: the comparator, the Schmitt-trigger and special nonlinear circuits where pn-diodes
function as electronic switches. Some specific functions, like logarithmic and
exponential functions, and multiplication and division, employ the exponential
relationship between the current and the voltage of a pn-diode or bipolar transistor
(see Chapters 9 and 10). These electronic systems, which are available as complete
integrated circuits, will be discussed in the second part of this chapter, as will various
circuits used for arbitrary nonlinear functions.

14.1 Nonlinear transfer functions

This section deals with the circuits that are implemented to realize certain common
nonlinear functions. One after another we shall discuss the comparator, the Schmitt-
trigger, active voltage limiters and rectifiers.

14.1.1 \Woltage comparators

A voltage comparator (or short comparator) is an electronic circuit that responds to a
change in the polarity of an applied voltage. The circuit has two inputs and one output
(Figure 14.1a). The output has just two levels: high or low, all depending on the
polarity of the voltage between the input terminals (Figure 14.1b). The comparator is
frequently used to determine the polarity in relation to a reference voltage (Figure
14.1c).

It is possible to use an operational amplifier without feedback as a comparator. The
high gain makes the output either maximally positive or maximally negative,
depending on the input signal. However, an operational amplifier is rather slow, in
particular when it has to return from the saturation state.
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Figure 14.1. (a) The circuit symbol for a comparator, (b) comparator output
voltage v, as a function of two sinusoidal input voltages v; and v, (c) the output
for an input voltage v; which is compared to a reference voltage V.
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Table 14.1. Specifications for two types of comparators: fast (type I) and
accurate (type Il).

Type 1 Type 11
Voltage gain A — 2:10°
Voltage input offset Vo +2mV * 8uV/K +] mV, max. +4 mV
Input bias current Lyius SuA 25 nA, max. 300 nA
Input offset current Ly 0.5 pA =7 nA/K 3 nA, max. 100 nA
Input resistance R, 17 Q -
Output resistance R, 100 Q 80 Q
Response time t, 2 ns 1.3 ps
Output voltage, high Vo 3V -
Output voltage, low Vou 0,25V -

The purpose-designed comparators have a much faster recovery time with response
times as low as 10 ns. They have an output level that is compatible with the levels
used in digital electronics (0 V and +5 V). Their other properties correspond to a
normal operational amplifier and the circuit symbol resembles that of the operational
amplifier. Table 14.1 gives the specifications for two different types of comparators, a
fast type and an accurate type.

Integrated circuits with two to four comparators on one chip are currently available.
Since the power supply pins are combined, the total number of pin connections
required for a multi-comparator chip can be kept reasonably low. There are also
comparators that have two complementary outputs so that when one output is high, the
other is low and vice versa. Other types have an additional control input terminal
(strobe) that can switch off the entire circuit. At high strobe input (or low, depending
on the type), the comparator output will be high as well, irrespective of the input
polarity. At low (or high) strobe input, the circuit operates as a normal comparator.
The comparator not only gives information about the input voltage polarity but also
about the moment of polarity change. It is this property that makes the comparator a
useful device in various kinds of counter circuits. Imperfections in the comparator
(offset, time delay) will cause output uncertainty and much the same goes for input
signal noise (Figure 14.2).

The time error increases as the slope of the input signal decreases and noise level
increases.

14.1.2 Schmitt-trigger

Noise in the input signal causes fast, irregular comparator output changes (Figure
14.3a). Hysteresis is intentionally introduced to the comparator function (Figure
14.3b) in order to reduce or eliminate output jitter. The output switches from low to
high as soon as v, exceeds the upper reference level V, ,, and from high to low as soon
as v, drops below the lower level V, ,. For proper operation, the hysteresis interval V,
- V,.» must exceed the noise amplitude. However, great hysteresis will lead to huge

timing errors in the output signal.
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Figure 14.2. Comparator timing uncertainty caused by noise in the input signal.
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Figure 14.3. (a) Comparator output jitter caused by input noise
(b) reducing jitter by introducing hysteresis.

The right amount of hysteresis is achieved by having an operational amplifier with
positive feedback (Figure 14.4). The circuit, which is known as a Schmitt-trigger,
operates in the way described below. A fraction § of the output voltage is fed back
into the non-inverting input: 8 = R/(R, + R,). Suppose that the most positive output
voltage is E* (usually around the positive power supply voltage) and the most negative
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output is E~. The voltage at the non-inverting input will be either BE* or BE". When v,
is below the voltage on the non-inverting input, then v, equals E* (because of the high
gain). This remains a stable situation as long as v, < BE". If v, reaches the value BE",
the output will decrease sharply and so will the non-inverting input voltage. The
voltage difference between both input terminals decreases much faster than v,
increases so, within a very short period of time, the output becomes maximally
negative (E"). As long as v, > SE-, the output remains v, = E~, a new stable state.

R1 R2
| — |
—J J

v. 00— —
i

Figure 14.4. A Schmitt-trigger, realized with an operational amplifier and positive
feedback (comparator with hysteresis).

The comparator levels of the Schmitt-trigger are apparently BE* and BE". In
conjunction with the positive feedback, even a rather slow operational amplifier can
have a fast response time. Evidently, a special comparator circuit is even better.

The switching levels can be varied by connecting R, to a reference voltage source V.
Both levels shift by factor V, R/(R, + R,). In most cases the hysteresis is small
compared to the input or output signal, so R, will be small compared to R,. V,, +

(R/R)v, ., and V, + (R,/R,)v, ., approximate the respective switching levels.

o,max o,min

14.1.3 \Woltage limiters

In Section 9.2.1 we discussed voltage limiters that consist of resistors and diodes. The
limit level of such circuits is determined by the diode threshold voltage, which is not
well fixed and temperature dependent (about —2.5 mV/K). Those kinds of
disadvantages can be overcome by using operational amplifiers. Figure 14.5 shows the
basic arrangement of an active limiter with adjustable limit levels and linear range
transfer.

This is how it operates: the diodes D, and D, are either reverse biased (infinite
resistance) or conducting (zero resistance with forward voltage V). The circuit itself
has two stable states. When the input voltage is positive, current will flow through R,
and D, to the amplifier output. Since the amplifier is properly fed back via the
conducting diode D, the inverting input of the operational amplifier is at ground
potential and the output voltage equals —V/, that is: the threshold voltage of D,. This
voltage is sufficiently negative to keep D, reverse biased. As there is no current
flowing through R, the circuit output voltage is zero.

A negative input voltage causes a current to flow from the amplifier output via D,, R,
and R, to the input. The operational amplifier is then fed back via the conducting
diode D, but D1 is reverse biased (because v, is positive). In this state the output
voltage equals v, = —(R,/R,)v,. Figure 14.5b shows the resulting transfer characteristic.
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Figure 14.5. (a) An active voltage limiter, (b) the corresponding transfer
characteristic.

The circuit in Figure 14.5a limits the output voltage to a minimum value which, in this
case, is zero. Conversely, restricting to a maximum value (zero) is achieved by
reversing both diodes, thus resulting in the transfer function depicted in Figure 14.6b,
curve 1.

Figure 14.6a shows a configuration that allows the characteristic to shift in horizontal
and vertical directions. The voltage V,,,, moves the curve in a horizontal direction. As
already explained, the current either flows through D, or through D, and R,. In
accordance with Kirchhoff's rule, this current must be equal to the sum of the currents
through R, and R;, hence V, /R, + v/R,. The breaking point in the characteristic
occurs at zero current which means that v, ==V, ., R//R; (see Figure 14.6b, curve 2). A
vertical shift is obtained using a voltage V, ., that is connected to the non-inverting
input of the operational amplifier (Figure 14.6b, curve 3).
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Figure 14.6. (a) A voltage limiter with adjustable limiting levels for the input and
output voltage, (b) the corresponding transfer characteristics. Curve 3 applies to
non-connected input voltage V., (the floating terminal).

It would appear that the transfer characteristic does not depend on the diode threshold
voltages that derive from the high gain of the amplifier. A slight change in the input
voltage is enough to switch the diodes from forward to reverse and vice versa. The
inaccuracy of the transfer characteristic is only determined by the offset generated by
the operational amplifier.
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14.1.4 Rectifiers

The aim of a double-sided rectifier is to generate a transfer function that satisfies y =
lxl. With a single-sided rectifier y = x (x > 0) and y = 0 (x < 0): x and y are voltages or
currents.

With passive components the most common double-sided rectifier is the Graetz diode
bridge discussed in Section 9.2. It only responds to signals that exceed the threshold
voltage of the diodes. Figure 14.7 depicts a simple rectifier circuit without that
disadvantage. When the input currents are negative, D, is forward biased and D, is
reverse biased. The non-inverting input voltage of the operational amplifier is zero and
so the circuit behaves like the current-to-voltage converter seen in Figure 12.2: v =
—i,R. When the input currents are positive D, is forward biased and D, is reverse
biased. In that situation the circuit behaves like the buffer amplifier given in Figure
12.4 where the input signal is iR and the output signal is the same.

R
I
_—%
L oy
N +
L1
D

Figure 14.7. A current-voltage converter that operates as a double-sided rectifier.

The circuit depicted in Figure 14.5 can serve as an (inverting) single-sided rectifier.
When inversion is not required an additional inverter may be connected to its output.
The inverting rectifier can be extended to become a double-sided voltage rectifier by
adding twice the input signal to the inverted single-sided rectified signal. This is
illustrated in Figure 14.8 where the input voltage is triangular.
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Figure 14.8. A double-sided voltage rectifier, consisting of a single-sided rectifier
and a summing circuit.
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When working with the circuits described above, the imperfections of the operational
amplifier should be borne in mind. It is particularly the limited bandwidth and the
slew-rate that could cause problems when signals with relatively high frequencies are
being processed.

Alongside of the circuits described in this section, there are a number of other
configurations for rectifiers and limiters described in various textbooks on electronics.
Some of these circuits have major disadvantages. For instance, since the operational
amplifier has no feedback in one of its stable states that substantially slows down its
speed. Yet others work only at particular load resistances. So, despite the beautiful
simplicity of such circuits they need to be implemented with caution.

14.2 Nonlinear arithmetic operations

14.2.1 Logarithmic converters

Figure 14.9 shows the basic principle of a logarithmic voltage converter. Since the
non-inverting input of the ideal operational amplifier is connected to ground, the
voltage on the inverted input is zero. The current through R is therefore just v/R and it
flows entirely through the diode. With this diode, the relation between the voltage and
the current is I, = Iye?"?’*" or V, = (kT/q)In(I,/1,). This results in an output voltage
equal to:

o=y KT ipIp _ KT, i KT los(vi/Rly)

14.1
q Iy q9 RIy ¢ loge ( )

0 . ® o

R R f
+

4 _
Figure 14.9. The basic circuit for a logarithmic converter, (a) with a pn-diode,

(b) with a bipolar transistor.

At room temperature k7/q = 25 mV and 1/loge = 2.3 so

Vi

=-0.0610
Vo e RI

(14.2)

The output voltage decreases by about 60 mV each time the input voltage is increased
tenfold. The validity of this exponential relation covers a current range of about 10 nA
to several mA. When currents are greater, the series resistance of the diode disturbs
the exponential relation. At very low currents the relation is not valid either.



14. Non-linear signal processing with operational amplifiers 223

The relation between the collector current /. and the base-emitter current V,,. of a
bipolar transistor is also exponential and valid for a much wider range, going from
several pA to several mA. Figure 14.9b shows how this bipolar transistor property is
exploited in a logarithmic converter. The collector voltage is virtually grounded so the
base-collector junction is not forward biased which is one condition for transistor
operation in the normal range. Just like the circuit with the diode, the output for this
circuit is:

KT v

v, =———In—=—0.06log—

(14.3)

Both circuits can only be used with positive input voltages. To allow in negative input
voltages, the polarity of the diode in Figure 14.9a must be reversed and in Figure
14.9b the npn-transistor must be replaced by a pnp-type transistor, however, the
circuits will remain unipolar.

The main drawback of the logarithmic converters seen in Figure 14.9 is their
tremendous temperature sensitivity. There are two terms that are responsible for this:
the term k7/g and the leakage current /,. The latter can easily be compensated for by a
second converter with an identical structure which operates at the same temperature
as, for instance, that revealed in Figure 14.10.
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Figure 14.10. The basic layout of an integrated logarithmic converter internally
adjusted to base 10.

Subtracting one output from the other will result in a voltage that is proportional to the
ratio of the two input signals and that ratio will be independent of /, provided that both
transistors have the same leakage current. Because of the factor k7/¢g the remaining
temperature coefficient is only 1/300 or 0.33% per K (at room temperature, 300 K).
Other shortcomings are caused by imperfections in the operational amplifier, such as
with the bias currents and the offset voltage, both of which contribute to an additional
current through the diode or transistor. If one takes into account the bias current and
the offset, the total current will amount to:
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Vosr
R

v.
I,=—++
b™ R

+|Tpias] (14.4)

and the modulus of 7,

bias

quantities. The output of the diode circuit becomes v, = V

and V. is taken because we do not know the polarity of these
o = Vp (V) includes the
additional current derived from V ,and ). The output of the transistor circuit
amounts to v, = =V, Although the collector voltage is IV, it does not affect the
base-emitter voltage. The influence of V. and /,,, can be compensated in a similar
way to that done in linear amplifier circuits (Section 12.2.2).
Figure 14.10 gives the internal structure of a commercial type logarithmic converter.
As indicated in Figure 14.10b, the squares with "log" printed inside them represent
circuits but they do not have resistor R. That has to be connected externally by the
user. These converters come in two types: "P" and "N", for positive and negative input
voltages. Table 14.2 lists the main specifications for such a converter. It is composed
of two logarithmic converters, a subtractor (differential amplifier) and an output
amplifier. The output voltage is proportional to the logarithm of the ratio between the
two input currents /; and 1,, which is why it is called a log-ratio converter. Between
specific boundaries the transfer (or scaling factor) can be determined by the system
user simply by placing an external resistor between pins 3 and 4. The low input
impedance of the integrated circuit also allows input voltage conversion to take place
if external resistors R, and R, are connected in series with the inputs.

Table 14.2. The specifications of a log-ratio converter.

Transfer function V,=-Klog I,/1,

Input current range I, L;(+/-)1nA ... 1mA

Scaling factor 1 V decade £1% + 0.04%/K

Bias current: Ljas1s Iyias2: 10 pA (doubles per 10 K)

Input offset voltage Vi =+ 1mV (max.) £ 25 uV/K

Output offset voltage Vo =% 15 mV (max., adjustable to zero) = 0.3 mV/K
Example 14.1

Voltage v; should be converted into voltage v, = —2log(v/V,) using the converter
shown in Figure 14.10 and the corresponding specifications in Table 14.2. Voltage v,
ranges from 10 mV to 10 V and a reference voltage of 10 V is available.

To minimize errors emanating from bias currents and offset voltages the currents are
made as large as possible so that for instance I, = I, = 1 mA. This is achieved with R,
= R, = 10k&Q. The scaling factor is set at 2 (i.e. twice the nominal value) by
connecting a resistor of 15 k€2 between terminals 3 and 4. At the lowest input voltage,
the output is —2log10” = 6 V. The output error at that input voltage point consists of
two parts (Table 14.2), one arising from V,z,: 2 x (£15) mV (the gain is twice the
nominal value) and the other arising from V,;.: v, = =2log{(10 mV £1 mV)/10 V}, a
value which lies between +5.98 and +6.09 V. There is therefore a maximum error of
about 90 mV. Compared to these offset errors other errors are negligible.
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14.2.2 Exponential converters

The pn-diode and the bipolar transistor can also be used to create an exponential
converter (sometimes also known as an anti-log converter) as shown in Figure 14.11.

i R

—‘—(:]——j

Figure 14.11. The basic circuit of an exponential voltage converter.

Assuming that the operational amplifier is ideal, the output voltage will equal v, = IR
= I,Re” """ The minus sign derives from the fact that v, = V,, = —V,,. The circuit

only operates with negative input voltages. A circuit that has a pnp-transistor rather
than an npn-transistor will only operate with positive input voltages.

The great temperature sensitivity of [, can be compensated by using the same method
as that used in the logarithmic converter, in other words, by adding a second, identical
circuit. The remaining temperature coefficient deriving from the factor k7/q is
sometimes reduced by a built-in temperature compensation circuit. The transfer of
such an exponential converter can be given as v, = —Vrefe_v"/ K where V. is an
internal or external reference voltage and K a scaling factor.

Depending on the external connections, some of the types available can also be used
as logarithmic converters. Figure 14.12 demonstrates that possibility. The system
consists of an exponential converter (having the transfer mentioned above), a
reference voltage V, and an operational amplifier. In Figure 14.12a, the device is
connected as an exponential converter and in Figure 14.12b as a logarithmic
converter. The transfer in the exp-mode is v, =—-v =V, . 'K and in the log-mode it is
v,=v,andv,=-v, so v, =—KIn(v/V, ). The operational amplifiers are presumed to be
ideal.

e

14.2.3 Multipliers

Most commercial analog multipliers are based on a combination of logarithmic and
exponential transfer functions. Figure 14.13 provides the functional diagram of a
multiplier composed of the exponential and logarithmic converters seen in Figures
14.9 and 14.11. The transfer for logarithmic converters is v, = —(kT/q)In(v,/I,R), j =

oj P
1,2,3, whereas for the exponential converter itis v, , = IR, e” 7" #/KT The voltage after

summation equals —(kKT/g)In(v,,v,,R,/v,3I R\R;), so the output voltage is

_Vivip RsRy

Vo4 = 14.5
o viz RiR, (14>
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Figure 14.12. An integrated exponential converter, (a) connected as an
exponential converter, (b) connected as a logarithmic converter.

v, o0——— ®iog

v. o——— Clog

exp ———o© Voq

v. o————— °®log

Figure 14.13. A functional diagram of an analog multiplier based on exponential
and logarithmic converters and a summing circuit.
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Despite the heavy temperature dependence of the individual converters, the output
does not depend on the leakage current /, and the temperature 7 (which provides
identical converters and the same temperature). Another advantage is that the circuit
can act as a divider. The main disadvantage is the unipolarity: multiplication is only
performed in one quadrant.

To dispel this shortcoming, multipliers are constructed that are capable of handling
both polarities. Such multipliers are also based on the logarithmic and exponential
relations of a bipolar transistor and are available as integrated circuits.

Table 14.3 is part of the specification list for a low-cost analog multiplier integrated
circuit. This integrated device has three inputs: X, Y and Z. The function of the Z input
will be discussed in Section 14.2.4. The offset voltages of the three inputs can be
individually adjusted to zero by connecting compensation voltages to three extra
terminals. In the data sheet the manufacturer specifies how this can be done. The
crosstalk in the specification list is the output voltage derived from just one input
voltage while all the other input voltages are zero. The non-linearity of the device is
specified for the individual X and Y channels at maximum input voltage in both
channels.

Table 14.3. The specifications for an analog multiplier.

Transfer function V,=Kvy;K=0.1V"
Scale error +2% + 0.04%/K
Max. input voltages +10V
Non-linearity v,=v,=20V (peak-peak); + 0.8%
v,=v, =20V (peak-peak); + 0.3%
Crosstalk (peak-peak value 50Hz) v,=20V,v,=0;v,< 150 mV
v,=20V,v,=0;v,<200 mV
Input resistance X-input 10 MQ
Y-input 6 MQ
Z-input 36 kQ
Output resistance 100 Q
Output offset voltage adjustable to zero
t.c. of the offset voltage +0.7 mV/K
Bias current X, Y-input RRTV.
Z-input +25 pA
Bandwidth 750 kHz

14.2.4 Other arithmetic operations

The multiplier discussed in the preceding section can also be applied to division and
used to realize square power and square root transfer functions. A quadratic transfer
function is achieved by simply connecting the input signal to both multiplier inputs: v,
= Kv’. The division and extraction of the square root is obtained by introducing a
feedback configuration and using an operational amplifier. Most commercial devices
have a built-in amplifier for that particular purpose.
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Figure 14.14. An example of a divider circuit: v, = =(R,/KR,)-(v/v,). The multiplier
is in the feedback loop of the operational amplifier. The IC can also be connected
as a multiplier and as a square rooter.

Figure 14.14 shows the functional structure of a divider circuit, it also shows the Z-
input from the foregoing section. With proper feedback, the inverting input voltage of
the operational amplifier is zero so v R,/(R, + R,) + Kv v R/(R, + R,) = 0. Furthermore
v, =V, sov,=-vR,/KvR, and the output is proportional to the ratio of v, and v.. The
proportionality factor can freely be chosen with R, and R,. The divider only operates
for positive v values. In the case of negative values the negative feedback changes
into positive feedback thus destabilizing the system. The division operation error
margin depends on the errors made by the multiplier and the operational amplifier. If
one assumes that the multiplier output offset voltage is V,,, and that the input offset

voltage of the operational amplifier is V,;, then:

Kv.v, +V R R
( x})e 0 ,a) 1+ VY :Vaff,b (14.6)
|+ Ry R +Ry

and thus, with v =v;

R \% R, +R \%
bR b (RiTRy) Vg (14.7)
KVle KVXR] KVX

This shows that the relative error in v, can be very large at low v_values.

The circuit given in Figure 14.14 can be used to realize a square root transfer function.
The X and Y inputs are connected to each other. Since v, =v = v,, the output voltage is
v,=—=Ryv/Kv R, or:v, = V (=R,v/KR)) Evidently, v, can only be negative.

Transfer functions with powers other than 2 or % can be realized with combinations
of logarithmic and exponential converters. The general principle is given in Figure
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14.15. There m is an amplifier (m > 1) or an attenuator (m < 1). With m =2 and m =
14, the transfer corresponds respectively to a square power and a square root. These
circuits are more accurate than those with analog multipliers. A disadvantage is the
higher complexity and the unipolarity.

vo—— In D exp ————0 v

m

Figure 14.15. An arbitrary power function is realized using a logarithmic
converter, an amplifier/attenuator and an exponential converter: v, = Kv/".

Example 14.2

The mass flow ®,, of a gas satisfies the equation @, = F\/(P47/T), if P is the total
pressure, Ap the pressure difference across the flow meter and T the absolute
temperature. F is a system constant. The quantities P, Ap and T can be measured
using electronic sensors. Let us assume that the output signals for those sensors are
Xp, Xy, and x;, respectively. An electronic circuit used to determine @, is shown in
Figure 14.16. The operation follows the steps given in this figure. The output signal is
X, = X0 /X1,

X1
X O———— Kp 2R R
In |‘ ', j. l.
X, o—f
Ap
X
h 1inXp%ap
xTxref
/ P %
+
Xp
XpOo— In 2R R
P *ref 1 —
In { | { I
Xref

Figure 14.16. An analog electronic circuit used to determine ¢,, = FA/PAp /T ; the
logarithmic converters are the same type as those given in Figure 14.10.

14.2.5 A piecewise linear approximation of arbitrary transfer functions

An arbitrary transfer function y = f(x) can be approximated using segments of straight
lines (Figure 14.17). The smaller the segments, or the more segments there are within
the interval [x,,,.x,,.], the better the approximation will be.

The approximation is obtained from a combination of similarly shaped elementary
functions (Figure 14.17b), in which the transfer function of the limiter from Section
4.2.3 can be recognized. To simplify the explanation we shall take that circuit as the
basis for the segmented approximation.

From Figure 14.17b it is clear that it is the weighted addition of the elementary
functions that results in the segmented function. For each of these sub-functions we
need to take the circuit as depicted Figure 14.14a with the fixed values of R, R, and
R,, and the adjustable reference voltages. The addition is done by means of an
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operational amplifier along the lines of the method shown in Figure 12.3b. If
necessary a normal linear transfer can be added as well. Figure 14.18 provides an
example of such a configuration with a corresponding transfer characteristic that
contains two break points (or three segments).

€ )

. /
in
0 X
max X——>
|

— 3

Figure 14.17. (a) Piecewise linear approximation at a number of segments,
(b) an example of function 1, composed of the elementary functions 2, 3 and 4.

The reference voltages V, . determine the position of the break points. With
resistances R;; the slope of the characteristic can be adjusted from the j-th break point.
The slope —R/R;; of the linear function is reduced at each following break point by a
quantity —R/R,; times the (negative) slope of the j-th limiter. The whole characteristic
can be rotated around the origin by varying R,
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Figure 14.18. (a) A circuit configuration for the weighted summation of the
elementary transfer functions seen in Figure 14.6b, using the circuits that feature
in Figure 14.5a. (b) the piecewise linear approximation of a non-linear transfer
function.
SUMMARY

Nonlinear transfer functions

e A comparator is a differential amplifier with a very high gain and a fast response.
Its output is either high or low, depending on the polarity of the input voltage.

e A Schmitt-trigger is a comparator with predetermined hysteresis. Like the
comparator, it is used to determine the sign (polarity) of a voltage.
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e The Schmitt-trigger has better noise immunity due to its hysteresis but this also
introduces an additional time or amplitude error when two signals are compared.

e A Schmitt-trigger can be realized by using an operational amplifier that provides
positive feedback.

e In active limiters and rectifiers consisting of diodes and operational amplifiers, the
switching levels are independent of the diode forward voltage.

Nonlinear arithmetic operations

e Logarithmic and exponential signal converters are based on the exponential
relationship between the current and the voltage of a pn-diode or on the even more
accurate exponential relationship between the collector current and the base-
emitter voltage of a bipolar transistor.

e The inherent great temperature sensitivity of a logarithmic and exponential
converter (which is due to the leakage current) is eliminated by compensating with
a second, identical diode or transistor.

e Most analog signal multipliers are based on a combination of logarithmic and
exponential converters. They are available as single-quadrant or four-quadrant
multipliers.

e Analog multipliers can also be used for division and square rooting. It is for that
very purpose that many integrated multipliers have built-in circuits and can be
employed by the user if the appropriate external connections are made.

e When using analog multipliers, special attention should be given to the
imperfections of the integrated circuits, such as voltage offset and nonlinearity.

e Arbitrary nonlinear transfer functions can be realized through piecewise linear
approximation, built up from a combination of limiters and a summing circuit.

EXERCISES

Nonlinear transfer functions

14.1 A voltage v, from a source with source resistance R, = 1 k€ is compared with a
reference voltage V,, that has an inaccuracy of £2 mV. A comparator with
specifications as listed in Table 14.1, type I is used. Calculate the total
inaccuracy of this comparison in mV, over a temperature range that goes from
0 to 70 °C.

14.2  Find the switching levels and the hysteresis of the Schmitt-trigger in the figure
below. The operational amplifier has limited output voltages of —15 and +15V.

10kQ

1

R,
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14.3

14.4

14.5

14.6

Draw, in one figure, the output voltage, the non-inverting input voltage and the
input voltage of the circuit seen in exercise 14.2. Assume that the input voltage
is triangular, the amplitude 5 V and the mean value zero.

The component values of the circuits seen in Figure 14.6 are R, = R, = /R, =
10k V., =-3V,V ,=2V.Make a sketch of the transfer v /v,

Draw the voltages at the points indicated by the arrows in Figure 14.8 showing
what it would be like if all the diodes were reverse connected while the input
signal remained the same.

Find the transfer function of the circuit given below. Make a sketch of the
transfer function v /v, The forward voltage of the diodes is 0.5 V.

V. O

R, Ry Ry
231082 231082 231002

770Rs:f[] D1§Z 330%[] Y 154%[] D3§Z 23109
—

Ry

Nonlinear arithmetic operations

14.7

14.8

Logarithmic converters with transfer v, = K;In(v/V,) and exponential
converters with transfer v, = K ,i/Ve are termed complementary if the total
transfer of the converters in series equals 1. Find the conditions for this with
respectto K, K, V, and V.

Find the transfer functions v /v, for the two circuits given below. The scaling
factor is K = 1 and the operational amplifier has ideal properties.

E] @ R2 Kv v Vx
{ } Y X
| S— )
Yy
R3
—
v.o——{+ —
1
oV, R,
P — _
VIG 1 ¥
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14.9

14.10

14.11

Find the transfer function for the following system. The transfer for the log-
converter is v, = —log(v/10) while the transfer for the exponential converter is

v, = —107v"/10; A=5.

\
v, o0——— logV; £ [> . 10V ——o v,

A

Design a circuit with logarithmic and exponential converters that only has one
operational amplifier and which realizes the function

_ V3
0o~ "13 273
Vl 'V2

1%

The bias currents of a log-ratio converter with transfer Klog(/,/1,) are 1 nA at
their maximum. K = 1 V. Calculate the output voltage for I, = I, = 1 pA. What
is the error in the output for /, = 10 LA and I, = 100 pA?
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15 Electronic switching circuits

The subject of this chapter is electronic switches and circuits composed of electronic
switches. In the first part we shall be discussing the general properties of electronic
switches and introducing various components that can function as electronically
controllable switches. In the latter part of the chapter, time multiplexers and sample-
hold circuits — the two types of circuits that make use of electronic switches — will be
described. Both kinds of circuits are widely used in instrumentation.

15.1 Electronic switches

There are many components that can serve as switches, some of which — such as
diodes and transistors — have already been discussed in preceding chapters. In this
section we shall be looking particularly at their properties as electronic switches. The
components we shall consider are these: reed switches, photo-resistors, pn-diodes,
bipolar transistors, junction field-effect transistors, MOSFETSs and thyristors. First,
though, something must be said about the general properties of electronic switches.

15.1.1 The properties of electronic switches

When on, the ideal switch forms a perfect short-circuit between two terminals (see 1
and 2 in Figure 15.1a) and when off a perfect means of isolation. The ideal switch has
zero response time (it switches on directly as required). Finally, the control terminal
(3) is isolated from the circuit terminals which are, in turn, isolated from ground (to
form a so-called floating switch). Obviously, an actual switch only partially meets this
ideal behavior. The main imperfections are depicted in Figure 15.1b. but even a model
as complicated as this does not take into account all the properties of a switch. Usually
the dynamic properties of a switch are specified in a time diagram. Figure 15.2
clarifies the commonly used specifications with respect to dynamic behavior. The
quantity x, is connected to one terminal (input), x, is the quantity at the other terminal
(output). The quantity to be switched on and off may be a voltage or a current. In
practice, two types of switches are distinguished: voltage switches and current
switches. This distinction is based on how the switch is configured in an electronic
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circuit, rather than on its construction. For instance, it is more appropriate to use a
switch with a large offset voltage V. as a current switch than as a voltage switch.
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01 e 2 1 _[2\ + r_gn_‘ /c g

o —
1
3 Zc‘l ¢Iofﬂ '11 lloﬂ'z Zc2
—J

3

Figure 15.1. (a) A circuit symbol of an electronically controllable switch,
(b) a model showing some of the imperfections of an actual switch.
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Figure 15.2. The dynamic properties of a switch, in terms of time delays. t,(on) =
turn-on delay time, t, = rise time, t, = settling time (the space of time between
the on-command and the output within a specified error band around the steady-
state), t,(off) = turn-off delay time, t;= fall time.
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Figure 15.3. Voltage switching with (a) a series switch, (b) a shunt switch, (c) a
series-shunt switch.

The salient imperfections of an electronic switch are its on-resistance and its off-
resistance. Together with the connected circuits these imperfections may well lead to
serious transfer errors. The three different configurations shown in Figure 15.3 reveal
how a voltage from a signal source with source resistance R, is switched to a load R,
(i.e the input resistance of the connected system).

For each of these configurations the transfer in both the on-state and the off-state can
be calculated using the formula for the voltage divider.

* series switch (Figure 15.3a).

R
On: Yoo L (15.1)
vy Re+r1,+Rp
R
off: Ye— L (15.2)
Vg Rg"l'raﬁc"l'RL

In the perfect switch the transfer in the on-state should be equal to R,/(R, + R)) (thus
corresponding to a voltage divider configuration). For optimal transfer in the on-state
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the on-resistance of the switch must satisfy r,, << R, + R,. Usually, R, << R, so the
condition reduces to r,, << R,. The ideal transfer in the off-state is zero which means

that the condition for the switch is r,.>> R, .

* shunt switch (Figure 15.3b).

R, //r, R
On: ~o—_L "ol _ L (15.3)
Ve Ry+R Iy  RyRp [Ty + R+ R,
off. Yoo R/l _ on (15.4)

To estimate the ideal transfer the on-resistance must satisfy R R,/r,, << R, + R or, as
it is usually so that R, << R, the requirement will become r,, >> R,. For zero transfer

in the off-state: r,, (1 + R/R) << R, or, since R, << R;: r, <<R,.

* series-shunt switch (Figure 15.3c).

R, //r R
On: 2o - L™ off - : L (15.5)
Vg Rg ++r, +R; //rqﬁ RgRL Tofp + ronRL/rqﬁ +7,, + Rg +R;
off: Yo Ry 1ry, - lon (15.6)

Ve - Rg + 1y + R; I, (1 +7, RL)(r(,ﬁ' + Rg) + o

For the same reasons as before, the requirements for the on and off-resistances are: r
>> R, r,,>>r,, and r, << R,. Under the conditions r

state transfer is approximately equal to r,/r,; .
These requirements are summarized in Table 15.1. In most cases, R, is large and Rg is
small. This interferes with the requirement r ;. >> R, for the series switch and r,, << R,
for the shunt switch. This problem does not apply to the series-shunt switch, there the
only requirement is r,, >> r,,, regardless of the source and load which can easily be
met by most switch types. A disadvantage of the series-shunt switch is that there is a
need for two complementary switches or two equal switches with complementary
control signals. In particular applications, however, this can even be an advantage, as
will be explained in Section 15.2.

off
<< R, and r,;>> R, the off-

on

on’

Table 15.1. The requirements for the on and off resistances for the three
configurations of Figure 15.3.

Fon Toir

Series <R, >R,

Shunt <R, >R,
<R, >R,

Series-shunt {
KTy > T
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15.1.2 Components as electronic switches

The reed switch

The reed switch is a mechanical switch made up of two tongues (or reeds) of nickel-
iron encapsulated in a glass tube that is filled with nitrogen or some other inert gas
(Figure 15.4). The tongues are normally spaced out but when magnetized by an
external magnetic field they will attract each other and make contact. It is usually a
current flowing through a small coil surrounding the glass tube that produces the
magnetic field.

The main properties of a reed switch are:

e its very low on-resistance (0.1 Q)

e its very high off-resistance (>10° Q)

e the very low offset voltage (<1 LV, mainly due to thermoelectric voltages)

e its high reliability (over 10 switching operations).

-
e

Figure 15.4. The reeds or tongues of a reed switch touch when a magnetic field
is introduced.

One disadvantage of this otherwise ideal switch is its low switching speed. A
switching frequency of 100 Hz can be achieved but not much more than that. The reed
switch is not suitable for high speed switching operations but it is an excellent device
for switching functions in, for instance, automatic measurement systems (periodic self
calibration, automatic range switching) and telephone switchboards. The reed switch
is an inexpensive component, available in a range of encapsulations. There are types
that have several switches in a single, IC-like encapsulation incorporating the driving
coils.

The photo resistor

The photo resistor (first introduced in Section 7.2) can be used as a switch when
combined with a light source — such as an LED - that can be switched. The leading
properties of this component as a switch are:

e that it has a rather high on-resistance (up to 10* Q)

e that there is a moderate off-resistance (roughly 10° Q)

e its very low offset voltage (<1 uV).

Due to the inherent slowness of the photoresistive effect (especially when going from
light to dark) the switching rate is limited to about 100 Hz.

The PN-diode

It is the high resistance of a pn-diode when reverse biased and its rather low

differential resistance when forward biased that makes it suitable for switching

operations (see also Section 9.2). Its main properties as a switch are:

e its on resistance which is equal to the differential resistance r, and inversely
proportional to the forward current and 25 Q at 1 mA
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e the high off-resistance of around 10° Q

e that the offset voltage is large, notably equal to the threshold voltage V, of the
forward biased junction which is about 0.6 V.

Another disadvantage is the absence of a separate control terminal. The diode is self-

switching, that is to say, it is the voltage across it that makes it switch.

Figure 15.5 shows a switch circuit consisting of four diodes facilitating independent

switching (with control currents i, and i,) where the offset voltage V, is compensated.

The main typical properties of this switching bridge are:

e the on-resistance: 2r,//2r,, which equals r,

e the offset voltage: where the difference between the value V, is usually 1 mV

e the offset current: i;; —i,.

Since diodes have brief delay times, high switching rates are possible (of up to several

GHz).

Oy
R
1

\V4

Figure 15.5. The diode bridge is switched off when i, and iy, are zero. When
there is a rather arbitrary positive current the switch will remain on. Its on-
resistance is r.

The bipolar transistor

To understand how a bipolar transistor can act as a switch we must consider the .-V,
characteristic (Figure 15.6a). There are three states: the saturation region, the pinch-
off region and the active (or linear) region. When used as a switch, the transistor is
either saturated (on) or pinched (off).

Here we shall just consider its use as a shunt switch (Figure 15.6b). In such a case the
collector-emitter voltage is V.. = v, — I.R.. This is the equation of the so-called load
line in Figure 15.6a. It is the base current that controls the switch. The transistor is off
for I, = 0, the collector current is also zero (except for the small leakage current) and
the transistor is biased at point A. When changing v, point A shifts along the pinch-off
line. The current does not change and so the device behaves like a high resistance
device. For a shunt switch this means v, = v,



15. Electronic switching circuits 241
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Figure 15.6. The bipolar transistor as a switch, (a) the current-voltage
characteristic,
(b) as a shunt switch.

If there is a considerable amount of base current then the collector current will be even
greater. The transistor is biased at point B on the saturation line. The slope of the load
line is fixed at R, and that is why point B moves along the saturation line when
varying v;: the resistance is low. V. hardly changes when the v, changes and as V. is
almost zero v, will also be zero.

The bipolar transistor has a high switching speed. Special types have switching rates
of several GHz. The leakage currents and the offset voltage make this switch less
attractive for high precision applications.

The junction FET

Chapter 11 described junction FET as voltage-controlled resistance, in other words,
the channel resistance between the drain and the source depends on the gate voltage
(Figure 11.2a). For Vg, = 0, this resistance is fairly low (50 to 500 ). When V; is
below the pinch-off voltage the channel resistance will be almost infinite (>10° Q).
The ratio between the off and on resistance is therefore high. The advantage that the
JFET has over the bipolar transistor is to be found in its very low control current (i.e.
in the gate current) and the low offset voltage (generally 1 puV).

Figure 15.7 illustrates how the JFET can be used as a shunt switch and as a series
switch. In Figure 15.7a the source voltage is zero, so the gate can simply be controlled
by a voltage relative to ground. In Figure 15.7b, the source voltage varies according to
the input voltage v, To keep the JFET on, V,;, must remain zero irrespective of v, This
can be accomplished by having a resistor between the gate and the source. The switch
is on when V=0, so for i, = 0. The switch turns off as soon as iR exceeds the pinch-
off voltage. In this configuration not only the control source but also the signal source
must be able to supply the required control current i. Here the advantage of powerless
control is undermined.
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Figure 15.7. A JFET as (a) a shunt switch, (b) a series switch.

The MOSFET

The MOSFET can be employed as a switch in much the same way that the JFET can.
With the MOSFET, the control voltage required to switch the device is fairly high and
additional substrate voltage (Section 11.1.2) is required. The on-resistance is usually
high compared to that of the JFET. The advantages of the MOSFET are, its smaller
dimensions and the fact that fewer manufacturing stages are required. This therefore
makes it easy to integrate with other components. Finally, its energy consumption is
minimal.

MOSEFET switches can be found in integrated multiplexers (Section 15.2) and digital
integrated circuits (see Chapters 19 and 20). As their on-resistance is considerable,
additional buffer stages are required in analog applications so that transfer errors
arising during loading can be minimized.

The thyristor

A thyristor can be thought of as a diode which, when forward biased, only conducts
after a voltage pulse has been generated at a third terminal (the control gate or the
control input). After this pulse has been put out the thyristor will continue to conduct.
If the forward current falls below a certain threshold value then the thyristor will
switch off and this state will be maintained until there is another control pulse.

A thyristor consists of a four-layer structure made up of alternating layers of p and n-
type silicon. The explanation for the physical operation of this device is not given.
Figure 15.8a depicts the circuit symbol for a thyristor (it is like a diode but then with
an additional connection). Figure 15.8b illustrates how rectified sine wave switching
works.

The thyristor is used particularly in power control for low power systems (like
incandescent lamps) and for very high power systems (like electric locomotive
engines). The average output power depends on the surface area below the sine waves
seen in Figure 15.8b which can be controlled by the phase between the control pulses
and the sine wave.

There are similar devices that conduct in two directions (triac) and operate as two
thyristors connected in an anti-parallel way.



15. Electronic switching circuits 243

o
y ; N ~\
, / /
7 V t

Figure 15.8. (a) The circuit symbol for the thyristor, (b) power control: in this
example the mean power is reduced by gradually changing the phase of the
control pulse relative to the sine wave.

15.2 Circuits with electronic switches

This section examines two special kinds of circuits in which electronic switches
feature as essential components. The first are time-multiplexers (introduced in Section
1.1) and the second are sample-hold circuits. At the end of this section we shall
analyze an important phenomenon occurring in most switching circuits, that of the
transients derived from capacitive crosstalk.

15.2.1 Time multiplexers

Time multiplexers are used to scan a number of measurement signals and to connect
them consecutively to a common information channel so that the expensive parts of an
electronic measurement system can be shared (see Section 1.1). The multiplexing
(from now on the prefix “time” will be omitted) of digital signals is done with the aid
of logic circuits (Chapter 19). Analog multiplexers, available as integrated circuits,
require accurate signal transfer for the selected channel.

An analog multiplexer consists of a set of electronic switches that are switched on one
at a time and in succession. Figure 15.9a shows a configuration for the multiplexing of
measurement signals that constitute the output of a differential amplifier. Figure 15.9b
is suitable for the immediate multiplexing of differential voltages (for double-poled
switches). It is sometimes also called a differential multiplexer. The switching pairs of
a differential multiplexer must have equal on and off-resistances so that they do not
degenerate the CMRR of the circuit. Some types of multiplexers allow the user to
choose between single or double mode multiplexing.

An integrated multiplexer contains various additional circuits such as, a decoder to
select the correct switch and switch drivers to supply the voltages required to the
electronic switches (Figure 15.10). Usually the channel selection is controlled by a
computer that sends a binary coded signal to the decoder input. With p binary lines 2”
different codes can be transmitted. A multiplexer with »n individual channels only
needs 2logn control inputs to select 1 channel out of n. The decoder thus substantially
reduces the number of multiplexer IC connection pins.

Many multiplexers have additional control input known as the "enable input". With
the binary control signal all channels can be switched off simultaneously, irrespective
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of channel selection. This feature facilitates the multiplexing of a number of
multiplexer ICs and thus also, an extension of the number of channels.
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Figure 15.9. A multiplexer for n channels (a) with differential input amplifiers and
single-poled switches, (b) with double-poled switches and a single differential
amplifier.

Table 15.2 displays the properties of a multiplexer circuit where each switch is
composed of an n-channel and a p-channel MOSFET in parallel. Most analog

multiplexers can be used as demultiplexers as well (see, for instance, the circuit in
Figure 15.10).
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Figure 15.10. The simplified internal structure of an integrated multiplexer.

Table 15.2. The specifications for an integrated 16-channel multiplexer.

number of channels 16
Contacts break before making
voltage range —15 to + 15 volts
Ton 700 Q + 4%/K
Ar,, <10Q
I (input and output) 0.5 nA
CMRR (DC) 125 dB

(60Hz) 75 dB
C(ofH 2.5pF
C (off) 18 pF
Ctran:fer(off) 0.02 pF
Setting time (0.01%) 800 ns

(0.1%) 250 ns

power dissipation 525 mW

15.2.2 Sample-hold circuits

A sample-hold circuit is a signal processing device with two different transfer modes
(i.e. with two states). In the sample/track mode, the output follows the input and
usually the transfer is 1. In the hold mode the output retains the value at the moment
of hold command. Figure 15.11 illustrates how a sample-hold circuit operates.

When looking for the possible errors in such a circuit, four phases can be
distinguished: the track phase, track-hold transition, the hold-phase and hold-track
transition (Figure 15.12).



246 Electronic instrumentation

(1) the track phase: in this state similar errors occur to those seen with an operational
amplifier, errors like offset voltage, drift, bias currents, noise, gain errors and
limited bandwidth;

(2) track-hold transition: the main errors are the delay time ¢, (also aperture delay
time) and the uncertainty attached to that delay time, the aperture jitter t,;

(3) the hold phase: during this phase the hold voltage can drift away as denoted by the
term droop;

(4) hold-track transition: the specified times for this are given in Figure 15.12.

8

v.C sample/
i hold o

control

control
sample I—-‘ " ’»

hold
Figure 15.11. (a) The circuit symbol for a sample-hold circuit, (b) an example of

the output voltage v, where there is a corresponding input voltage v;and a
control signal.

——
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Figure 15.12. The various transition times and delay times of a sample-hold
circuit: t; = turn-off delay time or aperture delay time, t, = aperture uncertainty or
aperture jitter, t; = settling time, t, = turn-on delay time, t; = settling time, t; =
acquisition time.

H
control

Figure 15.13. A simple sample-hold circuit with a capacitor as a memory device.

In Figure 15.13 we see a simple version of a sample-hold circuit that is composed of a
switch, a hold capacitor C,, and a buffer amplifier. The capacitor acts as the analog
memory for the voltage to be retained. It is charged by the input source via the switch.
The time constant of the charging (Section 4.2) is (R, + r,,)Cy; the smaller the C}, is,
the faster the capacitor will be charged to the input voltage.

When the switch is off the capacitor will remain charged because both the switch and
the amplifier have high resistances. However, the bias current of the buffer amplifier
tends to discharge the capacitor (or charge it, depending on the direction of the bias
current). During the hold period T, the voltage of the capacitor changes by an amount
which is Av, =TI, /C,. Therefore, if there is to be a small droop at given /,,,, the
capacitance has to be as large as possible.

ias’

Table 15.3 gives an overview of some of the specifications belonging to a particular
type of sample-hold device with a structure such as that given in Figure 15.14.
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Table 15.3. Some integrated sample-hold circuit specifications based on the
structure given in Figure 15.14.

Analog input

Vi 6 mV
Ibias 3 “A
R, 30 MQ
hold — sample
1,eq (0.01%) 25 us
(0.1 %) 6 us
sample — hold
aperture delay 150 ps
aperture jitter 15 ps
settling time (0.01%) 0.5 us
hold mode:
I (droop) 100 pA
track-mode
CMRR 60 dB
Bandwidth 1.5 MHz
Slew rate 3V/us
R, 12Q
r """ -"">"">”""”">"”"">""~">">"=">"~""”"—"”""”=— 1
| [ [] R,
LR ~ |
] /c |
"i°—:"— — T / :
input | l |
| |
| A |
[ |
S B _
C
offset compensation control T |
|

Figure 15.14. An integrated sample-hold circuit. All components are integrated
except for the hold capacitor and some resistors that have to be connected

externally.

Switching to the hold mode requires a control input voltage of more than 2 V. To
change to the track mode the circuit requires a control voltage of below 0.8 V. The
input is provided with a integrated input amplifier. The user can set the transfer in the
track mode to an arbitrary value by connecting the proper values of resistors R, and R,.

The capacitor C,, should also be externally connected.

15.2.3 Transient errors

Due to the capacitive crosstalk emanating from the rectangular-shaped control signals
of switches, electronic switches often produce unwanted pulse-shaped voltages that
are superimposed on the measurement signal. Such crosstalk in a series switch,

controlled by a voltage v, is illustrated in Figure 15.15.



15. Electronic switching circuits 249

+V ——

N :/ o
&/ \z . switching on
—is
= C —
Vs switching off

+

+

+

off | on
° !
ai l — — L —
Toff
! [
| |
0 T 4
11 —_—
——}f—— t
Ton
—af 4 — — — — — — — — — - —

Figure 15.15. Transients derived from switching, (a) to account for the crosstalk
of v, to the output where the input is short-circuited, (b) a circuit model directly
after having been switched off, (c) a circuit model directly after having been
switched on, (d) an output voltage derived from capacitive crosstalk.

We shall calculate the output signal derived just from the control signal. The input
voltage is set at zero — or the equivalent — and the input terminal is ground connected.
Figures 15.15b and c show the situations directly after the respective off and on-
commands have been given. It is presumed that the switch itself responds instantly. R,
and C, represent the switch load (or, the input impedance of the connected circuit). In
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both situations, the circuit corresponds to a differentiating network as given in Figure
8.7. The output voltage due to a step in the control voltage is:

v, =owe " (15.7)

with o= C/(C + C)).

After switching off, 7= 7, = R,(C + C)); after switching on, 7= 7, =1, (C + C,). The
step responses are depicted in Figure 15.15d.

For C, = 0 (no capacitive load), the level of the output pulse is equal to the level of the
control voltage (which can be several volts). A capacitive load somewhat reduces the
crosstalk pulses. The resulting sharp pulses can be capacitively coupled to other parts
of the circuit, so it is important to keep them as low as possible.

+

+

off | on on : off

Figure 15.16. A series-shunt switch with compensation transients, (a) a switch
with short-circuited input, (b) a model for both the on and off states, (c) an output
signal derived from control voltages v,.
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In the series-shunt switch to be seen in Figure 15.16 both switches produce crosstalk
pulses but they do compensate each other.

The circuit model in Figure 15.16a only contains the relevant components and Figure
15.16b shows the model used for the analysis. This model is valid for both the on and
off-states. In either state, one switch is off while the other remains on and the switch
resistances are in parallel. The output voltage is obtained by adding the contributions
made by the two signal voltages:

vy=awe IT—a've T (15.8)

witho=C/(C+C'+C), a=C/(C+C' +C)andt=7=7r,(C+C +C,). Hereitis
assumed that r,, << R,. The compensation is perfect if C and C' are equal, in that case
a = o, hence Ax in Figure 15.16 is zero. This may only be said to apply if both

switches respond exactly simultaneously and have equal on-resistances.
SUMMARY

Electronic switches

e The important parameters of electronically controlled switches are the on and off-
resistances, the offset voltage and the leakage current. In the case of dynamic
behavior, the delay times and the acquisition time constitute important characteris-
tics.

e When combined with a source resistance and a load resistance the on and off-
resistances create transfer errors.

e The following components can be employed as electronic switches: the reed
switch, the photo-resistor, the pn-diode, the bipolar transistor, the JFET and
MOSFET, and the thyristor.

e The reed switch and the photo-resistor are slow switches, transistors are faster and
diodes have the highest speeds of all.

e When used as a switch, the gate-source voltage of the JFET acts as the control
quantity: the JFET in fact switches between low channel resistance (50 to 500 Q)
and very high values.

e The MOSFET is widely used as an electronic switch, notably in integrated circuits
where there are many active components, like in microprocessors.

e The thyristor can be thought of as a diode that only conducts after a pulse has been
sent to the control gate. It switches itself off when the voltage or current falls
below a certain value. Thyristors are used for power control where they control the
moment of ignition with respect to the power signal phase.

Circuits with electronic switches

e A time multiplexer is a multiple switch with multiple inputs and a single output.
Channel selection is performed using a decoder.

e A sample-hold circuit has two states (or modes) known as track and hold mode.
The output tracks the input during the track mode; this value is retained at output



252

Electronic instrumentation

when the hold mode is switched to.

e Sample-hold circuits are available as complete integrated circuits. The important
parameters are their properties as followers (or voltage amplifiers), the delay and
acquisition times and droop (i.e. the drift during the hold mode).

EXERCISES

Electronic switches

15.1

15.2
15.3

15.4

15.5

15.6

You are given a voltage source with source resistance 10 Q. This voltage must
be connected to a circuit with an input resistance of 50 k2 that uses an
electronic switch in series with the source and load. Determine the conditions
that must exist for the on and off-resistance of the switch if the following
requirements are to be met. The maximum transfer error in the on-state is 0.1%
and there is a maximum transfer of 0.1% in the off-state.

Answer the same question but this time for a shunt switch.

Answer the same question but this time for a series-shunt switch consisting of
two identical switches (Figure 15.3c).

Create a table that is similar to Table 15.1 but this time for a current switch.
The current source (parallel) resistance is R, and the load resistance is R;; R,
<<R).

What is the on-resistance of the diode bridge when there is a control current of
5 mA?

The following figures give two possible combinations for an electronic switch
and an operational amplifier. Discuss the effect that the on-resistance and the
offset voltage of the switch have on the accuracy of the transfer in the on-state.
Which configuration is preferable, and why?

+

/
v' [ |

fo— 14 S

+
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15.7 The pinch-off voltage of the JFET used in the circuit below has a specific range
of between -2 and —6 V. The control current of this switch is i, = 2 mA. Find
the proper value of R to guarantee correct switching.

" i

Sk

15.8 The control quantity for the JFET switch referred to in Exercise 15.7 is a
voltage connected in the way shown in the figure below. The input voltage
varies between —3 and +3 V. Find the conditions for the upper and lower levels
of the control voltage if the switch is to operate properly.

V. O

i _LJ_ OV,

Circuits with electronic switches

159 The output voltage of a double-poled multiplexer is connected to the
differential amplifier in the way given in the figure below. The on-resistance of
the multiplexer is specified as r,, = 500 Q £ 5 Q. The operational amplifier is
ideal. Calculate the CMRR for the whole circuit.

R, = 25kQ
|
| S
R1 = 25k
| —
Via o —J
L —ov
i2 *
R, = 25kQ

15.10 The specifications given in the following sample-hold circuit are: V, . = 100
uv; 1, = 1 LA (positive in the direction of the arrow); C,, =1 pF and r,, =



254 Electronic instrumentation

100 Q. The circuit is connected to a voltage source with a source resistance of
50 Q. Calculate the absolute error in the output voltage when the circuit is in

the track mode.

|

-o

o —

15.11 Imagine that the circuit referred to in Exercise 15.10 is now connected to a
voltage source with a sinusoidal output where the amplitude is 8 V and the
frequency is 100 Hz. The offset voltage is adjusted to zero. Just at the moment
when v, reaches its peak value, a hold command is given. Find v, after 1 and
after 100 input signal periods.
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16 Signal generation

Measurement signals are almost invariably aperiodic but pure periodic signals are also
important in instrumentation. More often than not, they serve as auxiliary signals like,
for instance, when functioning as modulated signal carriers (see in this connection
Chapter 17) or when used as test signals, for example to analyze a system’s frequency
transfer function (see for further details Chapter 21). It is therefore worth knowing
how periodic signals are generated. An instrument that produces a periodic signal is
called a signal generator. If the signals produced are just sinusoidal then such an
instrument is known as an oscillator. Indeed, the principle of precisely how oscillators
work will be explained in the first part of this chapter. Finally, there are instruments
that are able to generate other periodic signals. Function generators, to name but one
sort, produce divergent periodic signals such as: square wave, triangular, ramp and
sine-shaped signals. All these kinds of instruments will be described in the second part
of this chapter.

16.1 Sine wave oscillators

There are various ways to generate a sinusoidal signal, one way is by solving a second
order differential equation using analog electronic circuits, a principle that is outlined
in this section. A second way involves starting with a symmetric, rectangular or
triangular signal. The sine shape is obtained either by filtering out the superharmonics
and keeping the fundamental, or by reshaping the signal using resistance-diode
networks of the type described in Chapter 14. Obviously, the accuracy of this last
method will depend very much on the quality of such non-linear converters. A third
way is by synthesizing arbitrary periodic signals with the aid of a computer. There the
processor generates a series of successive codes that are converted into an analog
signal by a DA converter (Chapter 18).

16.1.1 Harmonic oscillators

The general solution to the linear differential equation
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d*x dx
a0?+a15+a2x=0 (16.1)
is
x(f) = ke~ sin(awr + @) (16.2)

in which o = a,/2a,, ® = \(a,/a, — a,*/4a,*) and % and @ are arbitrary constants. In
accordance with the sign ¢, x(f) remains a sinusoidal signal with an exponentially
decreasing amplitude (& > 0) or an exponentially increasing amplitude (¢ < 0). Only
when o = 0, x(¢) is a pure sine wave with constant amplitude. Consequently, the
coefficient « is termed the damping factor. It is fairly easy to design an electronic
circuit with voltages and currents to satisfy equation (16.1). In order to generate pure
sine waves at a constant amplitude the coefficient a, should be kept at zero which does
require extra effort.

The signal derivatives and integrals are obtained from inductances and capacitances.
Active elements are required to keep the damping factor at zero. In addition to this,
some kind of feedback appears to be necessary. An example will be given to illustrate
the basic principle (in practical terms the example is of little significance but it is
useful for explanatory purposes). Figure 16.1 provides a block diagram of an
electronic system with two differentiators and one amplifier in series.

The output is connected straight to the input which means that:

2
2dVo

=K1
dr*

v (16.3)

o

The solution to this linear, homogeneous differential equation is v, = vsin(®@t + @),
with @’ = —1/K7. Evidently K must be negative (it is an inverting amplifier). For K =
—1 the frequency of the signal produced is f = 1/277. Instead of using differentiators
one can alternatively take integrators. As was seen in Chapter 13, an integrator is more
stable and produces less noise than a differentiator. The differential equation,
however, remains the same.

The amplitude can have any value between the system’s signal limits, it is not fixed by
circuit parameters. As long as a, in Equation (16.1) is zero the amplitude, once
present, will remain constant. In an actual circuit, though, the component values will
vary perpetually, for instance because of temperature fluctuations, so the condition a,
= 0 will not be met for a long time. This means that somehow the system has to be
controlled if the amplitude is to be fixed at a prescribed value. There is also another
reason why such a control circuit is needed. When the system is switched on the
amplitude is zero. As long as the damping factor « is zero, or positive, the amplitude
will remain at zero. Therefore « must be negative for a short period so that the
amplitude can be allowed to rise to the desired value. When that value has been
reached o must revert again to zero.
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In the circuit given in Figure 16.1 the term a, is obtained by simply adding a fraction 3
of v, to the voltage v,. The output voltage thus becomes:

d%v dv
vuzK[Tzdtzo+ﬁT d:] (16.4)
4 -l D —ov
v, dt vy dt vy < [

Figure 16.1. An oscillator with two differentiators and an amplifier.

oscillator oV,

y amplitude detector

control voltage

<>

Figure 16.2. The principle of an oscillator with amplitude control.

Whether the output amplitude increases or decreases depends on the fraction . With

B =0 a sine wave with steady output is generated.

Figure 16.2 shows how an oscillator with electronic amplitude control is set up. The

control system consists of the following components:

e the amplitude detector. Its output v, is a measure of the amplitude of the generated
sine wave (like, for instance, the peak detector shown in Section 9.2.2 or a rectifier
with low-pass filter);

e areference voltage Vm/;

* acontrol amplifier to amplify the difference between the reference voltage V,  and
the peak value 7 ,;

e a control element in the oscillator, this can be an electronically controllable
resistance (JFET, thermistor; photoresistor) or an analogue multiplier. This control
element affects the factor a, in Equation (16.1) or 8 in Equation (16.4) and
therefore also the damping factor c.
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As the signal power is determined by the square of the signal voltage amplitude or the
current amplitude a control element based on heat dissipation may be utilized. An
element that is widely used for this purpose is the thermistor which is part of the
oscillator network that operates in such a way that at increasing amplitude (i.e. at
decreasing resistance) further increase is halted. This method, requiring merely a
single component, is extremely simple but control is slow due to the thermal nature of
the network. What should also be pointed out is that in a steady state the amplitude
depends on the thermistor parameters as well as on the heat resistance to the
environment (i.e. the environmental temperature). This method is not suited to high
amplitude stability.

16.1.2 Harmonic oscillator circuits

The relationships between the voltages and the currents in an electronic network are
given as linear differential equations. We have introduced complex variables (see
Chapter 4), mainly because the solving of these equations inevitably becomes rather
time-consuming. In its steady state, a harmonic oscillator generates a pure sine wave
which means that oscillators of this kind can be analyzed with the help of complex
variables. Equation (16.3), for example, which belongs to the circuit given in Figure
16.1, can be written as V, = KT(jw)’V, which therefore means that @’ = —1/K7T.

Any harmonic oscillator is composed of at least one amplifier and one passive
network with a frequency-selective transfer. In most cases, an oscillator can be
modeled in the way shown in Figure 16.3. When mutual loading can be ignored or
when this effect can be discounted by A or  then V, = AV, and V, = B(@w)V, so that
AB(w) = 1. This complex equation is termed the oscillation condition. The conditions
for oscillation and oscillation frequency are provided when this equation is solved.
Several examples will now be given to illustrate this point.

>

A

Blw)

Figure 16.3. A basic harmonic oscillator diagram showing how the amplifier
output is fed back to the input via a network by means of frequency selective
transfer.

The Wien oscillator

With a Wien oscillator, the feedback comes from two resistors and two capacitors
arranged as voltage dividers with band-pass characteristics (Figure 16.4). Under the
conditions R, =R, =R and C, = C, = C, the transfer function of this Wien network is
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Vi _ 1
V, 3+jot+l/jot

o

Blw) = (16.5)

The oscillation condition is AB(w) = 1, hence:

3+jot+1/jor=A

The real parts on the left and right-hand sides of this equation must be equal, just like
the imaginary parts. This will result in two equations:

oV

Figure 16.4. (a) An oscillator created according to the principle given in Figure
16.3 with a Wien network, (b) a Wien oscillator that has one operational

amplifier.
A=3 (16.6)
1
w=— (16.7)
T

Equation (16.6) describes the condition for constant amplitude. If A > 3 the amplitude
will increase while with A < 3 it will decrease. Equation (16.7) gives the frequency of
the signal generated. Figure 16.4b shows a possible Wien oscillator configuration
without amplitude control. The calculation of the oscillation conditions arising directly
from this circuit results in the equations @ = 1/7 and R, = 2R,. This is not a surprising
result, without the Wien network the amplifier acts as a non-inverting amplifier with a
gain of 1 + R,/R, = 3 for the condition previously found.

The phase-shift oscillator

The basic idea underlying the phase-shift oscillator is depicted in Figure 16.5. Here
the feedback network consists of three cascaded low-pass RC filters. If the values of
the resistors and capacitors are such that the time constants are equal but the sections
do not load each other (cf. Figure 8.13) then the transfer will be () = 1/(1 + jot).
The oscillation condition is simply K = (1 + jwt)’. If this equation is divided into real
and imaginary parts then this will result in K = —8 and &’7" = 3.
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Figure 16.5. A phase-shift oscillator with three low-pass RC-sections.

The two-integrator oscillator

The last example of a harmonic oscillator to be given is the two-integrator oscillator or
the dual integrator loop (Figure 16.6). The oscillator condition can easily be
established: (—1/jwt’(—1) = 1, hence @ = 1/7. The oscillation frequency can be varied
by simultaneous changing the resistors R, and R, or the capacitors C, and C,. The
same effect can be achieved by having two adjustable voltage dividers (potentio-
meters) situated at the integrator inputs (Figure 16.7). If k is the attenuation of the
voltage dividers then the oscillation condition will be (1/jwt)’k*(=1) = 1 so that @ =
k/T. The oscillation frequency is proportional to the attenuation of the potentiometers.

Rg ?1 Cz
—
)4 _ __/”l

R3 31; Rzi
Q) V
o

Figure 16.6. A two-integrator oscillator consisting of an amplifier and two
integrators. The frequency is adjustable with both the capacitors C and the
resistors A. Usually C, and C, are switched in stages by a factor of 10 (rough
frequency adjustment), whereas R, and R, remain the potentiometers for the
fine tuning of the frequency.

In Figure 16.7 an amplitude stabilization circuit is also given. A fraction 8 of v, is
added via R, to the leftmost inversion (cf. Equation 16.4). The value of 3 is multiplied
by the output of the control amplifier where the inputs are the rectified oscillator
output voltage and a reference voltage. With the control circuit the difference between

V,-and v, tends to be zero.
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amplitude
detector v

ref

Figure 16.7. A possible configuration for the two-integrator oscillator with an
amplitude stabilization circuit.

16.2 Voltage generators

Periodic non-sinusoidal signals are frequently used in instrumentation systems. In
combination with an oscilloscope (see Chapter 21) it is possible to visualize a
system’s step and pulse responses or to measure its rise and delay time. This is done
by connecting a periodic square wave or pulse signal to the test system input and
observing its output on an oscilloscope or a computer monitor. Triangular or ramp
signals make it possible to determine a system's non-linearity. They can also function
as control signals in various actuators and be used for the testing of systems or
products. Pulse and square wave signals are widely used in digital systems, for
instance for synchronization.

In this section we shall discuss a number of the generators used with non-sinusoidal
periodic voltages. Most of these instruments are based on the periodic charging and
discharging of a capacitor.

16.2.1 Trangle voltage generators

A triangle generator periodically charges and discharges a capacitor with a constant
current (Figure 16.8). At constant current, the voltage across a capacitance constitutes
a linear time function. This voltage is connected to a Schmitt-trigger (14.2.2) with
output levels V* and V- (Figure 16.9). The control circuit controls the switches in such
a way that for v, = V" the capacitor is charged with current /, and for v, = V" it is
discharged with current /,. This results in a triangular voltage across C. Any time v,
passes the Schmitt-trigger switching levels the two states will be automatically
interchanged. The peak values of the triangle are equal to the switching levels of the
Schmitt-trigger. The slope of the triangle can be adjusted by varying the values of
currents /, and I,.

Figure 16.10 shows a simple configuration with one integrator, a Schmitt-trigger and
an inverting amplifier. At equal charging and discharging currents and V" = V-, a
symmetrical triangle voltage is obtained. The circuit simultaneously generates a
square wave voltage.
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Figure 16.8. A functional diagram of a triangle generator. The triangular voltage is
produced by periodically charging and discharging a capacitor with a constant

current.
)
N
v —
t
0 —
V4o -
LT PR
R

Figure 16.9. The voltages seen in Figure 16.8. V* and V are the positive and
negative power supply voltages, 8V* and BV are the Schmitt-trigger switching
levels. The rise and fall time of v, is determined by /, I, and C.
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The ratio between the time 7, and the total period time T = T, + T, of such periodic
signals is the signal’s duty cycle. A symmetric signal has a duty cycle equivalent to
50%. The duty cycle can be changed by varying one of the currents in Figure 16.8.

A C
| 11
v R3 RS
L] $ 1 - — N
| S —J
R‘l L—ov
o
+ + +
RZ
— A
J

Figure 16.10. A simple configuration for a triangle generator using a Schmitt-
trigger, an inverting amplifier and an integrator.

16.2.2 The ramp generator

A ramp voltage can be viewed as a triangular voltage with one vertical slope. Such a
short fall time is obtained by discharging a charged capacitor over a switch. The
switch is controlled by a Schmitt-trigger (Figure 16.11). For v, = V' the switch is on
and for v, = Vit is off. The capacitor is part of an integrator that has an input
connected to a fixed reference voltage V, ,. The output of the integrator rises linearly
over the course of time until the switch goes on and the capacitor discharges. In that
way, the output reverts to zero. The process will start all over again when the switch is
released.

R,
1
I
R,
- —
7

control

circuit A \ N
Vv

ref2
C
|1
1T
R
1 —
—J

Figure 16.11. A functional diagram for a saw-tooth generator. The output voltage
is produced by charging a capacitor with a constant current and discharging it
through a switch.
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Figure 16.12 shows the various output voltages in the case of a negative reference
voltage. The switch goes on as soon as v, reaches the Schmitt-trigger’s upper
switching level. The capacitor discharges very rapidly, the output voltage then drops
to zero and remains at zero as long as the switch is on. This means that the lower
switching level of the Schmitt-trigger (which is V" for V, , = 0, see Section 14.2.2)
must be higher than zero otherwise the Schmitt-trigger will remain in the v, = V" state,
the switch will never go off again and the output will stay at zero. This explains the
need for the second reference voltage V, . The switching levels of the Schmitt-trigger
are determined by R, R, and V..

J

0 | i | | | —.
| | | | |
| | | | |
| | | | |
v | | | | |
" | | | | |
0
t-_->
V_J...__ — —u_

Figure 16.12. The output voltage v, of the integrator and the output voltage v, of
the Schmitt-trigger in the circuit seen in Figure 16.11. The dotted lines in v,
represent the switching levels of the Schmitt-trigger. For v, = V* the switch is
on, for vy = Vit is off.

Example 16.1
The power supply voltages of the operational amplifiers in Figure 16.11 are V" = 15
Vand V- = —15V. The output levels of the Schmitt-trigger are assumed to be equal to
the supply voltages or, in other words, +15 and —15 V. The switching levels are
calculated as follows. Both levels are described as:

R, v, R,
R+R, "R+R

Vref 2

The upper level is for v, = +15 V, so it amounts to:
R R
2 15—
R +R, R +R,

Vref 2

which is also the upper ramp peak v,. The lower switching level is for vi = =15V,
which means that it is:

R2 Rl
~15
R+R  R+R,

Vref 2
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The minimum value of v, is zero (the discharged capacitor). To allow the ramp to run
from +1 Vto +10V, the upper level must satisfy:

R, R

+15 =
R+R, R+R

Vref 2 10

and the lower level must be:
R R
2 15— =1
R +R, R +R,

Vref 2

These equations establish the ratio between R, and R, as well as V. ,: 3/7 and +7.9'V,
respectively.

The width of the pulse-shaped voltage v, is determined by the discharge time of the
capacitor and the delay times of the switch and the Schmitt-trigger. This pulse is, in
any case, very narrow thus creating the extremely steep rising edge of v,. The Schmitt-
trigger could be replaced by a comparator (a Schmitt-trigger without hysteresis).
However, due to the on-resistance of the switch (Section 15.1), the discharge period is
not zero (it is actually an exponentially decaying curve). Due to the Schmitt-trigger
hysteresis, the switch will only go off again if v, is sufficiently close to zero,
irrespective of the discharge time.

The frequency of the generated ramp voltage is determined by the time constant RC,
by V,,, and by the hysteresis of the Schmitt-trigger. The control circuit adjusts the
output of the Schmitt-trigger to the levels appropriate for activating the switches.

16.2.3 Square wave and pulse generators

Most circuits used for the generation of square wave and pulse-shaped signals are
composed of resistors, capacitors and a number of digital circuits, they can also be
created with an operational amplifier. The principle of operation is essentially the
same. Figure 16.13a shows a square wave generator with a Schmitt-trigger. The
Schmitt-trigger output (the operational amplifier together with R, and R,) is connected
to the input via an integrating RC-network. Again, the capacitor is periodically
charged and discharged but this time that is not done with a constant current but via
the resistor R instead. The voltage v, across the capacitor therefore approaches the
respective levels V* and V™ exponentially. The switching levels are BV* and BV". The
frequency of the generated signal can be derived from Figure 16.13b. It appears that
the period time is

T=rm(v__ﬁv-v _ﬁv_] (16.8)
VT -BVT VT-pv*

with 7=RC.
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Figure 16.13. (a) The circuit and (b) the corresponding voltages of a square-wave
generator constructed with a Schmitt-trigger.

16.2.4 \Woltage-controlled oscillators

Many applications require a generator with a frequency that can be controlled by a
voltage. Such generators are called voltage-controlled oscillators (VCO) or sweep
generators. The latter name is an allusion to the chance to linearly or logarithmically
change the frequency of the VCO. The control voltage is a triangular or ramp voltage
that sweeps the frequency of the VCO between two adjustable values.

The oscillators of Section 16.1 are not suitable for a VCO because their frequency is
determined by resistances and capacitances which can barely be electronically
controlled, at least not over a very wide range. The generators with periodically
charging and discharging capacitors are better suited to VCOs. The charging time and
therefore also the frequency is mainly determined by the charge current. For instance,
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the frequency of the ramp generator seen in Figure 16.11 is directly proportional to the
reference voltage V.

The principle of the VCO is the same as that of the triangle generator seen in Figure
16.8. The frequency of the triangular voltage is proportional to the charge current /,
and the discharge current /,. A VCO may be obtained by employing a voltage-to-
current converter to produce these currents.

VCOs are available as integrated circuits. Figure 16.14 shows a block diagram with
the connections for such circuits. The circuit in question contains two buffered
outputs: one for a triangular voltage, the other for a square wave signal. The frequency
is controlled by the input voltage v,. Depending on the type, the sweep range will be a
factor of 3 to 10. The sweep range can be changed by external resistances or
capacitances within a 1 Hz to 1 MHz range.

current

c N source
T R
out 1o

Schmitt-
trigger

|
|
|
|
|
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|
q [> t oout?2 l l
|
|
I
|
I
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Figure 16.14. An integrated voltage-controlled oscillator (VCO) with triangular and
square wave outputs.

There are also VCO types with a much wider sweep range, their output is usually just
a pulse or a square wave. The frequency sweep of such kinds of VCOs may be more
than a factor of 1000 while the frequency range rises to over 10 MHz.

Such circuits are usually called voltage-to-frequency converters, in particular when
there is an accurate relationship between the control (or input) voltage and the output
frequency. They are used to convert sensor signals into frequency-analog signals in
order to improve noise immunity when transmitting sensor signals over large
distances.

SUMMARY

Sine wave oscillators

e One way of generating a sine wave is by using the electronic solution to a second
order differential equation which is a sine wave. Other methods involve: filtering
the harmonics from a triangular or rectangular signal wave, sine-shaping by means
of non-linear transfer circuits and synthesizing with a computer.
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¢ A harmonic oscillator consists of an amplifier, a frequency-selective network and
an amplitude control circuit. The parameter that has to be controlled is the
damping factor of the second order system.

e The oscillation condition is AB(w) = 1, in which A and Sare the amplifier transfers
and the feedback network. The solving of this equation creates the conditions for
the gain and oscillation frequency.

e The most frequently used types of oscillators are: the Wien oscillator (an amplifier
with a Wien network), the phase-shift oscillator (an amplifier with a cascaded
series of RC networks) and the two-integrator oscillator or dual integrator loop
(comprising a loop of two integrators and an inverting amplifier).

Voltage generators

e A triangular or ramp voltage can be produced by alternatingly charging and
discharging a capacitor with a constant current. The switching moments are
determined by the Schmitt-trigger switching levels and the peak-to-peak value by
its hysteresis interval.

e The duty cycle of a pulse-shaped signal is the ratio between the "on" time and the
period time.

e A voltage-controlled oscillator (VCO) is a generator with a frequency that can be
varied according to the voltage. The sensitivity of a VCO is given in Hz/V or
kHz/V.

EXERCISES

Sine wave oscillators

16.1 Why does a harmonic oscillator need an amplitude control circuit?

16.2 In a < O the solution to Equation (16.2) is a sine wave with exponentially
increasing amplitude. However, when the system is switched on, the initial
amplitude will be zero. Explain why the circuit will start to oscillate?

16.3 Find the oscillation conditions for circuits a-c given below. Determine the
oscillation frequency and the conditions for the component values. The
operational amplifiers may be considered to be ideal. To simplify the
calculations, take R, =R, =R;and C, = C, = C.
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16.4 Look at the sine-wave oscillator given in Figure 16.4b. The amplitude control
is realized by replacing R, with a thermistor. The following applied component
properties are given: R, = 500 Q; R, = R,, = 10*72000T=1T0) " The heat
resistance between the thermistor and the ambient is 100 K/W. T, = 273 K, the
ambient temperature is 300 K. Find the amplitude of the output signal.

Voltage generators

16.5 Imagine that in the case of the triangle generator given below the following
conditions hold: R, = 5R,, R/(R, + R,) = B and R,C = 7. Discuss the changes in
v, when the value of R, increases.
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16.6

16.7

16.8

R

2 L‘_"_3J ~ v, 5 Q{\/

2
1
L

Calculate the duty cycle of the voltages v, and v, in the Figure accompanying
Exercise 16.5, in the case of V* =15V and for V" =-5 V.

Calculate the frequency, average value and amplitude of the triangular voltage
v, in the circuit given in Exercise 16.5 when V'=15V, V"' =-5V, R, = 10 kQ,
C=100nF and 8=0.5.

Examine the ramp generator depicted below. The output frequency of v, is 1
kHz. Establish the value of R. All components may be considered ideal and the
output levels of the Schmitt-trigger are v. = V' =18 Vorv, =V =—12 V.

R

1
/ { }
control 390002

circuit +
Vg _ v
ref2
A%

16.9

16.10

16.11
16.12

£

Study the generator in the preceding exercise. By adding only one voltage
source the average output voltage can be adjusted to zero. How can it be
adjusted and what is the value?

Look again at the ramp generator in Exercise 16.8. Find the amplitude and the
frequency of the output signal v, for R = 100 k€, the switch’s delay time is 2
ms but apart from that the switch is ideal.

Modify the circuit in Exercise 16.8 so that the output has a negative slope.
Determine the duty cycle of the output signal in Figure 16.13 as a function of
V*, V-, Band 7= RC. Find the condition for a 50% duty cycle.
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17 Modulation and
demodulation

Modulation is a special kind of signal conversion that makes use of an auxiliary signal
known as the carrier. One of the parameters of this particular carrier is varied in
proportion to the input or measurement signal, all of which results in a shift in the
complete signal frequency band over a distance related to the carrier frequency. It is
because of this property that modulation is sometimes also termed frequency
conversion.

The modulated waveform has a number of advantages over the original waveform and
that is why it is widely used in various electrical systems. One modulation application
is frequency multiplexing which is one way of transmitting signals more efficiently
(see Chapter 1.1). Telecommunication would be inconceivable without modulation.
One major advantage of modulated signals is that they provide better noise and
interference immunity. It is particularly in instrumentation systems that modulation
makes it possible to bypass offset and drift. Indeed, that is the main reason why we
want to discuss modulation in this book.

The carrier is a simple waveform signal like, for instance: a sine wave, a square wave,
or a pulse-shaped signal. Several carrier parameters can be modulated using the input
signal, examples being: the amplitude, the phase, the frequency, the pulse height or the
pulse width. These types of modulation are known as amplitude modulation (AM),
phase modulation, frequency modulation (FM), pulse height and pulse width
modulation. Figure 17.1 shows some examples of this, in the figure x; is the
modulator input signal, x, the carrier signal and x, the output or modulated signal.
With FM signals (Figure 17.1d) the original information is embedded in the zero
crossings of the modulated signal whereas in an amplitude modulated signal the
information tends to be included in the peak values. These kinds of peak values are
easily affected by additive interference, the zero position crossings are much less
sensitive to interference which is why FM signals have better noise immunity than
AM signals. Nevertheless, even AM is a powerful tool in instrumentation for
suppressing interference. This chapter will therefore focus exclusively on amplitude
modulation. The first part will deal with the basic concepts of amplitude modulation,
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modulation methods and the reverse operation which is demodulation. In the second
part of the chapter some of the applications of modulation and demodulation in

particular measurement instruments will be described.

Figure 17.1. (a) The circuit symbol for a modulator, (b) an example of an input
signal, (c) amplitude modulation, (d) frequency modulation, (e) pulse height
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modulation, (f) pulse width modulation.
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17.1 Amplitude modulation and demodulation

17.1.1 Theoretical background

The properties of modulated signals will be analyzed by describing time domain
signals. We shall start with a sinusoidal carrier x(f) = X cos@,z. The amplitude of the
carrier will vary according to the input signal x(f) and will result in the time-varying
carrier amplitude x,(r) = x,;(1+kx,(#)). The modulated output signal may therefore be
given as:

x,(1) = 24 (1) coswyt = % 4(1+ kx; (1)) cosw,t (17.1)

in which k is a coefficient determined by the modulator. With x(¢) = 0, the output is
merely x(#), which is the original carrier signal with constant amplitude. Let us
suppose that the input signal is a pure sine wave with only one frequency @; x(t) =
X;coswg. If that is so then the modulated signal will be:

x,(1) = 24(1+ kx; cos ;1) cos wyt (17.2)

If this expression is expanded into sine-wave components it will result in:

x, () = 2 4(coswyt + mcosw;tcoswyt) =
. 1 1 (17.3)
= xd(coswdt+ I mcos(w, +; )t + 5 mcos(w, - wl-)t)

where m = kX; is the modulation depth, a term that is apparent from Figure 17.2. This
figure represents the output waveform for two different values of m. The input signal
can still be recognized in the envelope of the modulated signal.

Figure 17.2. A sinusoidal carrier modulated by a sinusoidal input signal with
modulation depths of (a) m = 0.25 and (b) m = 0.75.
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Evidently the modulated signal has three frequency components: one with the carrier
frequency (w,), one with a frequency that is equal to the sum of the carrier frequency
and the input frequency (@, + ®,;), and one that encompasses the difference between
these two frequencies (@, — @, (Figure 17.3a).
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Figure 17.3. The frequency spectra of (a) a sine wave carrier (w,) modulated with
a sine wave (), (b) a low frequency input signal with bandwidth B, (c) the
corresponding AM signal, (d) a frequency-multiplexed signal.

The modulator produces two new frequency components for each input component
that are positioned on either side of the carrier frequency. An arbitrary, aperiodic low-
frequency input signal has a continuous spectrum as depicted in Figure 17.3b. When
the amplitude of a carrier is modulated using this signal the whole frequency band will
be shifted to a region around the carrier frequency (Figure 17.3c). Both bands on
either side of the carrier are called the modulated signal’s side bands. The total
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bandwidth of an AM signal thus becomes twice that of the original signal. Each side
band carries all the information contained in the input signal.

From the foregoing discussion it is clear that — if the carrier frequency is high enough
— an AM signal will not contain a DC component or low frequency components, even
when the original input signal does indeed comprise such components. Modulated
signals can therefore be amplified without being disturbed by offset and drift: such
error signals can easily be removed from the amplified output with the help of a high-
pass filter.

The new position of the frequency band lies just around the carrier frequency. The
frequency band of another measurement signal can be moved to a different position by
using an alternative frequency to modulate the carrier (Figure 17.3d). If these bands,
and possibly other bands as well, do not overlap they can all be transported over a
single transmission channel (a cable, a satellite link) without disturbing each other.
Once they have been received, the signals are separated by demodulation and returned
to their original position in the frequency band.

Example 17.1

The acoustic signal bandwidth in a telephone system is limited to a range of 300 to
3400 Hz. By contrast, the transmission channels have a much wider bandwidth. To
make signal transport effective the various acoustic signals have to be converted to
different carrier frequencies so that many signals can be simultaneously transported
over one conductor pair. As both side bands contain the same information a special
modulation technique known as single sideband modulation is introduced thus
making it possible to double the channel capacity. To further improve transmitter
efficiency the carrier frequency is not transported by the signals.

The first signal is converted to a band between 12 and 16 kHz, the second to a band
between 16 and 20 kHz, and so on. In this way one cable consisting of 24 conductor
pairs can carry 2880 telephone signals.

17.1.2 Amplitude modulation methods.

There are many ways to modulate the amplitude of a carrier signal. One way is by
employing an analog multiplier (Chapter 14). When a carrier signal x,(f) = X cos®,f is
multiplied by an input signal x(#) this will result in an output signal x, () = x(£)-x,(¢) =
x(t)- x cosw,t. For simplicity’s sake, the scale factor of the multiplier is set at 1. With
a sine-shaped input signal x() = x;cos@/ the output of the multiplier is

A

x,(1) = ;% coswtcoswyt = %,% {cos(a)d +,)t+cos(w, - w,-)t} (17.4)

This signal just contains the two side band components but not the carrier (see Figure
17.4a). Figure 17.4b shows this signal in the time domain. Because there is no carrier
it is called an AM signal with a suppressed carrier. In the case of arbitrary input
signals the spectrum of the AM signal consists of two (identical) side bands without a
carrier.
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Figure 17.4. (a) The frequency spectrum and (b) an AM signal amplitude-time
diagram with a suppressed carrier.
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Figure 17.5. (a) An electronic switch that can act as a modulator, (b) the
switching signal s(1) that serves as a carrier.

A second type of modulator is the switch modulator in which the input signal is
periodically switched on and off, a process that can be described by multiplying the
input signal by a switch signal s(¢) that is 1 when the switch is on and 0 when the
switch is off (Figure 17.5). This results in a modulated signal x (f) = x(#)s(¢). To show
that this product is indeed a modulated signal we can expand s(¢) to its Fourier series:

s(1) =4+ 2{sinwr + Lsin3er + Lsinsor + .} (17.5)

(see example 17.5)
with w= 27T, and T as the switching signal period. With a sine wave input signal x(?)
= X;coswy, the output signal x (7) is:

SO
=1

%fcicosw,-t % [% sin w+w)t+sm(w co)t} %%{sm 3a)+a))t+s1n(3a) ; t}]

(17.6)
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mna)t}cosa) =
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with n even. The spectrum of this signal is depicted in Figure 17.6a while Figure
17.6b shows the spectrum for an arbitrary input signal.

This modulation method produces a large number of side band pairs positioned around
the fundamental and odd multiples (w, 3, S, ...). The low-frequency component
derives from multiplying the mean of s(t) (here it is !%). This low-frequency
component and all components with frequencies 3@ and higher can be removed with
the help of a band-pass filter. The resulting signal will be just an AM signal with a
suppressed carrier (Figure 17.6c).

The advantages of the switch modulator are its simplicity and its accuracy. The side
band amplitude is only determined by the quality of the switch. A similar modulator
can be created by periodically changing the polarity of the input signal. This will be
equivalent to multiplying it by a switch signal that has zero as the mean value. In such
cases there is no low-frequency component as in Figure 17.6.
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Figure 17.6. Signal spectra for a switch modulator, (a) the output spectrum for a
sinusoidal input signal, (b) the output spectrum for an arbitrary input signal with a
limited bandwidth, (c) as in (b) after low-pass filtering.
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Figure 17.7. (a) A resistance measurement bridge for the measurement of
resistance R,,(b) an example of varying resistance value, (c) v,, is an AM signal
with the carrier /2 v,(d) v, has a constant value of YZ v,,(e)the bridge output

voltage v, — v,,: an AM signal without a carrier (scaled to a factor of 2 in the
figure).
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We have seen that the absence of DC and low-frequency components considerably
encourages the amplification of modulated signals so that offset, drift and low
frequency noise can be kept far from the signal frequency band. When very low
voltages need to be measured, and thus amplified, it is wise to modulate them before
continuing with other types of analog signal processing that might introduce DC
errors. One application of this concept is encountered in the measurement bridge
which may be viewed as a third modulation method. The principle is well illustrated
by the resistance measurement bridge or the Wheatstone bridge given in Figure 17.7a.
Such bridge circuits are widely used in the readout of resistive sensors where
resistance values change according to the physical quantity applied (Section 7.2). The
bridge is connected to an AC signal source and the AC signal (usually a sine or square
wave) acts as the carrier. In the example given here there is just one varying resistance
R, in the bridge (Figure 17.7b). If the bridge is conceived as a double voltage divider
then the output voltage of the left-hand branch will be found to be v,, = v,R/(R + R,)
while the right-hand branch output is v, = % v,. The latter voltage has a constant
amplitude (see Figure 17.7d) while the amplitude of v,, varies with R, . It is an AM
signal modulated by R, (Figure 17.7c) and it may also be written as v,, = Y% v, (1 +
£(1)), in which f(¢) varies in proportion to R,,. The bridge output signal isv, =v , — v,
= Vvl + £.() — Yv, = Yf(tyv, which is an AM signal without a carrier
(suppressed by subtracting v ,), as shown in Figure 17.7e. This output can be
amplified by introducing a differential amplifier with a high gain, its low frequency
properties are irrelevant. The only requirements are a sufficiently high bandwidth and
a high CMRR for the carrier frequency so that the v, — v , difference can be
accurately amplified.

17.1.3 Demodulation methods

The opposite process to modulation, sometimes misnominously termed detection, is
demodulation. If we consider the AM signal and its carrier (as seen, for instance, in
Figure 17.2a) we may observe the similarity between the amplitude envelope and the
original signal shape. One obvious demodulation method is peak detection (see
Section 9.2.2). Although this method is common in AM signal radio receivers, it is not
recommended for instrumentation purposes because of its inherent inaccuracy and
noise sensitivity: each transient is taken as a new peak belonging to the signal. A
better demodulation method would be double-sided rectifying and low-pass filtering
(see Figure 17.8).

The low-pass filter responds to the rectified signal average. When properly designed,
the output follows the input amplitude.

Obviously the peak detector and the rectifier detector only operate with AM signals
that have carriers. In the case of AM signals without carriers the envelope is no longer
a copy of the input, there the positive and negative input signals produce equal
amplitudes (Figure 17.4b). Clearly full recovery of the original waveform requires
additional information with respect to the input phase.

An excellent way of solving this problem, and it is a way that has a number of
additional advantages, is by introducing synchronous detection. This method involves
multiplying the AM signal by another signal that has the same frequency as the
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original carrier. If the carrier signal is available (as is the case in most measurement
systems) this signal can be the carrier itself.
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Figure 17.8. (a) A single-sided rectified AM signal v; followed by a low-pass filter
that responds to the average value v,, (b) like (a) but with a double-sided rectified
signal to produce an average that is twice as high.

Let us suppose that we have an AM signal with a suppressed carrier: x, =
X,cos@,tcoswy. This is then multiplied by the synchronous signal x, = X cos(w,t + @),
where @ takes into account a possible phase shift relative to the original carrier. The
product of these signals is x,,, = X, X,-cos@,f-cosms-cos(m,t + ). If the frequency
components are separated this will result in:
Xgem (1) = 3 %,%, cosw;tcos @ + %fcois[cos{(m}d +@; )t + @} + cos{ (2w, — ;)1 + (p}]
(17.7)

With a low-pass filter the components around 2@, will be removed, thus leaving us
with the original component that has a frequency of @, In case x, is in phase with the
carrier (¢ = 0), this component has a maximum value. The component is zero when
the phase difference amounts ¢ = 71/2; the component gets the negative value for a
phase difference equal to ¢ = m. This phase sensitivity is an essential property of
synchronous detection. Figure 17.9 reviews the whole detection process.

Figure 17.9b depicts the spectrum of an AM signal without a carrier, together with
certain error signal components. If it is multiplied by the synchronous signal a new
band will be created that coincides with the original band (Figure 17.9¢c). The low-pass
filter removes all components with frequencies that are higher than those of the
original band (Figure 17.9d).

One important advantage of this detection method is that it helps to eliminate all error
components not present in the AM signal’s small band. If the measurement signal has
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a narrow band (with slowly fluctuating measurement quantities), then a low filter
frequency cut-off can be chosen. Most of the error signals can therefore be removed,
even with a simple first order low-pass filter. Synchronous detection facilitates AC-
signal measurement with very low signal-to-noise ratios.
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Figure 17.9. (a) A synchronous detector composed of a multiplier and a low-pass
filter, (b) the frequency spectrum of an AM signal without a carrier but with
some error signals, (c) the spectrum after synchronous signal multiplication, (d)
output after low-pass filtering: the original signal component.

17.2 Systems based on synchronous detection

The preceding section showed that synchronous detection is a powerful
instrumentation mechanism for the measuring of small AC signals with low signal-to-
noise ratio. The measurement bridge discussed in Section 17.1.2 is supplied by an AC
source and, in order to bypass the offset and drift problems of high-gain amplifiers,
the low frequency sensor signal is converted into an AM signal. Synchronous
detection of amplified bridge output makes the measurement extremely tolerant to
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noise and other interference components (provided that they remain outside the signal
band). The bandwidth of the detection system is set by a simple first order low-pass
filter.

Many measurement instruments make use of synchronous detection, examples being:
network analyzers and impedance analyzers. In such instruments the measurement
signals are all sinusoidal, in other words, the analysis takes place in the frequency
domain. Where there is no synchronous signal it first has to be generated. This is done
by making use of a special system called the phase-locked-loop that will be described
in the next section. Synchronous detection is also used in special types of amplifiers,
like with the lock-in amplifier and the chopper amplifier. Their principles will be
explained in later sections.

17.2.1 The phase-locked loop

A phase-locked loop or a PLL is a special electronic system that is capable of tracing
the frequency of a sinusoidal measurement signal despite noise and other spurious
signals. The PLL consists of a voltage-controlled oscillator (i.e. a VCO, see Section
16.2.4), a synchronous detector and a control amplifier (Figure 17.10). The output
frequency of the VCO is controlled so that it remains equal to that of a particular input
signal frequency component. Because of the high operational amplifier gain, the
feedback loop forces the amplifier input down to zero. The synchronous detector
responds to the frequency difference between the input signal v, and the VCO output
signal v, as these signals are multiplied. When the frequencies are equal the
synchronous detector responds to the phase difference. If the difference is not zero
then the control amplifier will control the VCO via v, in such a way that it will be
reduced. In the steady state the amplifier input will be zero and so the synchronous
detector output will also be zero. This situation corresponds to equal frequencies and
to the phase difference 7/2 between v, and v,.

Figure 17.10. A functional diagram of a phase-locked loop (PLL) consisting of a
synchronous detector, an amplifier and a voltage-controlled oscillator (VCO).

The synchronous detector is only sensitive to signal frequencies between f, £ B (f, is
the fundamental frequency of v, and B is the low-pass filter bandwidth). Frequencies
outside this band are ignored. The PLL is therefore able to generate a periodic signal
with a frequency that is exactly equal to that of one particular input signal component.
This property also makes the PLL suitable as an FM-demodulator: the VCO frequency
is related to the control voltage v. At varying input frequencies v, varies
proportionally: v, is the demodulated FM signal.
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If the circuit given in Figure 17.10 is slightly extended then it becomes possible to
generate a periodical signal with a frequency that is equal to the sum of two
frequencies (Figure 17.11). Let us now assume that the respective frequencies of the
input signals v, and v, are f; and f,. Synchronous detector 1 will measure the difference
between f; and f, which is the frequency of the VCO. The bandwidth of this
synchronous detector is chosen in such a way that f, — f, can pass the detector but not
the sum of f, + f,. The second detector will measure the difference between the
frequencies (f, — f,) and f,. The feedback converts this signal to zero so that f, = f, — f|
orf, =f + /.

Likewise, the PLL can be used to generate signals with frequencies that are multiples
of the frequency of the input signal. This is achieved by inserting a frequency divider
between the VCO output and the synchronous detector input as illustrated in Figure
17.10. If n is the dividend, the synchronous detector measures the difference between
f;and f,/n, this difference is then converted to zero by the feedback so that f, = nf.

The important PLL parameters are the lock-in range and the hold range. The lock-in
range represents the range of input frequencies for which the controller automatically
locks to that specific frequency. The hold range is the range over which the input
frequency may vary after having been locked. Usually the hold range is greater than
the lock-in range. The hold range depends on the amplitude of the input signal
component: the lower the signal, the more difficult it will be for the PLL to control it.
The lock-in range of a PLL can be shifted by changing the free running frequency f;
(at v, = 0) of the VCO.

synchronous detector 1

Y

synchronous detector 2

Figure 17.11. An extended PLL to produce a signal with a frequency equal to the
sum of the frequencies of v; and v,.

Like many other electronic processing circuits, the PLL is also available as an
integrated circuit. This IC contains the analog multiplier, the control amplifier and the
VCO. The low-pass filter of the synchronous detector and the components that fix the
free-running frequency of the VCO have to be connected externally because such
components are difficult to integrate. A degree of design freedom is also reserved for
the user. In the next two sections the PLL will be considered as a complete system (the
black box approach).
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17.2.2 Lock-in amplifiers

A lock-in amplifier is an AC amplifier that is based on synchronous detection and is
intended for the measuring of the amplitude and phase of small, noisy, narrow-band
measurement signals. A simplified block diagram of a lock-in amplifier is depicted in
Figure 17.12. The amplifier has two input channels: the signal channel and the
reference channel. The signal channel consists of AC amplifiers and a band-pass filter.
This filter, known as the predetection filter, is used to remove some of the input noise
prior to detection. The filter used will be manually adjustable or automatic, all
depending on the type of lock-in amplifier that is being used. The reference channel
will be composed of an amplifier, an adjustable phase shifter and a comparator. An
adjustable low-drift DC amplifier will raise the demodulated signal to the proper
output level. The output signal is a DC or a slowly varying signal proportional to the
amplitude of the input signal. The adjustable phase shifter allows the amplifier's
sensitivity to be maximized: the sensitivity is maximal for cos¢ = 0 or ¢ = 7/2. The
original phase difference between v, and v, . can be determined with the calibrated
phase shifter.

signal channel

ree s 'l
! |
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oV
____________ _——— | X ~ I D o
| | | - |
I | Lo ]
Vref © t D L e R | synchronous detector
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| adjustable - [
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reference channel

Figure 17.12. A simplified block diagram of a lock-in amplifier used to measure
the amplitude and phase of small AC signals.

To properly control the switches in the synchronous switching detector the reference
channel comparator converts the reference signal into a square wave. A lock-in
amplifier of the type described here is suitable for the measurement of AC signals
where synchronous signals are available (just as with bridge measuring circuits or
transfer measuring). If there is no such synchronous signal it must be produced. The
diagram given in Figure 17.13, where a PLL is used to generate the synchronous
signal, explains this process.

17.2.3 Chopper amplifiers

A chopper amplifier, or chopper stabilized amplifier, is a special type of amplifier
used for very small DC voltages or low frequency signals. To get rid of the offset and
drift encountered in common DC amplifiers, the measurement signal is first
modulated using a switch modulator. After that it is amplified and it is finally
demodulated by synchronous detection (Figure 17.14).
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Figure 17.13. A simplified block diagram of a lock-in amplifier with a self-
generating reference signal.
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detector
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Figure 17.14. A block diagram of a chopper amplifier used for the measurement
of very small DC signals.

Chopper amplifiers (also, for obvious reasons, sometimes called indirect DC
amplifiers) are available as complete modules. Table 17.1 provides a comparison
between the properties of an operational amplifier with JFETs (column I) and two
types of chopper amplifiers.

With the column II type the input voltage is chopped using JFETs as switches. With
the varactor amplifier shown in column III modulation is performed by varactors,
which means to say that reverse biased diodes are used as voltage controllable
capacitances. The main advantage of the chopper amplifier is that it combines low
input offset voltage with low bias current and the non-zero values are due to
imperfections in the switches. The varactor amplifier (sometimes also called an
electrometer amplifier after its electrometer tube forerunner) combines very high input
impedance with extremely low bias current.

Table 17.1 Selected JFET operational amplifier specifications compared with two
types of chopper amplifiers

Parameter I: JFET II: JEET chopper III: varactor
A, 2:10° 107 10°
Vit <0.5 mV <0.02 mV -
adjustable adjustable adjustable
t.c. Vg 2-7uV/K 0.003 uV/K 10 uV/K
Vi supply voltage coefficient - +0.1 uvV/v 500 uwv/v
Vo long-term stability - +1 wV/month 100 pV/month
Lias 10-50 pA 2 pA 0.01 pA
t.C. Lyjgs 2 pA/K 0.5 pA/K x2 per 10 K
Bandwidth 1 -4 MHz 2 MHz 2 kHz
R; 102 Q 10°Q 10 Q

i
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SUMMARY

Amplitude modulation and demodulation

Amplitude modulation (AM) is a type of signal conversion in which the amplitude

of a carrier signal (which is usually sinusoidal) varies in proportion to the input

signal. The carrier frequency is high compared to the input frequency. Modulation

leads to changes in the input frequency band.

The opposite process to modulation is demodulation or detection which results in

the original waveform.

The spectrum of an AM signal consists of two side bands symmetrically

positioned around the carrier frequency. The information content in each of these

side bands is identical to that of the original band.

Frequency multiplexing involves multiplexing in such a way that the various

signals are converted into different frequency bands by means of modulation. If

the bands do not overlap they can be simultaneously transported over a single

transmission line.

Some amplitude modulation methods are:

- analog multiplying of the input signal and the carrier;

- periodic switching (on/off or +/-) of the signal, the switching signal acts as the
carrier;

- using a Wheatstone measurement bridge with an AC signal as its carrier.

Multiplying two signals having frequencies f, and f, will result in these two new

frequencies: the sum of the frequencies f, + f, and the difference between them f; —

b

Modulated signals are not sensitive to low-frequency interference in conjunction

with the position of the frequency band. Small low-frequent measurement signals

should, if possible, be modulated prior to any other signal processing. An example

of this is the measurement bridge with AC supply voltage.

Synchronous detection demodulation makes very low signal-to-noise ratio signal

measurement possible. A synchronous detector has a phase-sensitive response.

Diode peak detector demodulation is simple but inaccurate and not applicable to

AM signals without carriers.

Systems based on synchronous detection

Synchronous detection is a type of phase-sensitive amplitude detection suited to
the processing of signals with very low signal-to-noise ratios.

A phase-locked loop (PLL) is an electronic system that generates a periodical
signal with a frequency that is equal to a particular input signal frequency
component.

With a PLL, signals with frequencies equal to the sum or a multiple of two other
frequencies can be generated.

The important PLL parameters, defined as the allowable frequency range of the
input signal before and after lock-in, are the hold range and the lock-in range.



17. Modulation and demodulation 287

e A lock-in amplifier is an AC amplifier based on synchronous detection. It makes it
possible to measure the amplitude and phase of very small, noisy AC signals.

e A chopper amplifier is a DC amplifier in which the input signal is first modulated,
than amplified as an AC signal and finally demodulated by synchronous detection.
Such amplifiers have extremely low offset voltage and bias currents.

EXERCISES

Amplitude modulation and demodulation

17.1 What is an amplitude modulated signal with a suppressed carrier? What is
pulse width modulation?

17.2  If the amplitude of a 5 kHz frequency sine-wave carrier is modulated by a
symmetric triangular signal where the fundamental frequency is 100 Hz what
are all the frequencies in the modulated signal?

17.3 A frequency-multiplex system based on AM should transmit 12 measurement
signals, each of which has a frequency band of 100-500 Hz. What, then, is the
minimum bandwidth for this system?

17.4. 1In the Wheatstone bridge below all the resistors are sensors. The bridge is
supplied with an AC voltage that has an amplitude of 10 V. The output v, is
amplified by a factor of 10* and multiplied by a synchronous signal with an
amplitude of 4 V. Calculate the DC output voltage for a relative resistance
change AR/R of 107° and —107°.

[]R ~an L]R « o

+ O

}

!

b [}

17.5 The question is the same as that posed in 17.4 with the difference that time it is
a switched multiplier that demodulates the amplified bridge output signal in
accordance with the following Fourier series s(7)= %{cosa)t+ %cos 3ot +

+%c055wt+ ...}and the switching signal is synchronous with the bridge power
signal.

Systems based on synchronous detection

17.6 Imagine a synchronous detector composed of an ideal analog multiplier and a
low-pass filter with a cut-off frequency of 100 Hz. The frequency of the
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reference signal is 15 kHz. What, then, are the input frequencies to which this
detector is sensitive? Plot the sensitivity frequency characteristic.

17.7  The synchronous detector given in Exercise 17.6 actually acts as a band-pass
filter. What is the detector’s equivalent Q-factor?

17.8 You are given a synchronous detector composed of a switched modulator in
line with the principle depicted below and a low-pass filter with a cut-off
frequency of 200 Hz. The switching period is 0.2 ms. What are the frequencies
detected by this system?

s(t)
> !

—o0

A=-1

17.9  The figure below shows a block diagram of a system used to test a linear signal
processing circuit. What is the characteristic that is displayed?

synchronous
detector
Y
v
11 H
f X
- oscilloscope
ramp wave VCO -
generator
in
2 -
synchronous

i d
phase shifter etector

17.10 The Figure 17.12 comparator output is either high or low in accordance with
the polarity of the phase shifter output. The output levels have accurate values.
What are the requirements for the amplitude of the reference voltage v,,, and
how do they change when the comparator is omitted?

17.11 Sketch the frequency spectra of all the signals in the lock-in amplifier shown in
Figure 17.12. Assume that the AC input signal is narrow-band.

17.12 Plot the frequency spectra of all the signals in the chopper amplifier given in
Figure 17.14. Assume that the quasi DC input signal is narrow-band.
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18 Digital-to-analogue and
analogue-to-digital
conversion

An analog signal is not suitable for digital processor or for computer processing. Only
after having been converted into a digital signal can it be computer processed.
Conversely, many actuators and other output devices require analog signals, so
computer digital signals have to be converted into analog signals. Analog-to-digital
converters (AD-converters or ADCs) and digital-to-analog converters (DA-converters
or DACs) are available as modules, as integrated circuits and on data-acquisition cards
for PCs. In the first part of this chapter a brief description will be given of digital
signals and binary codes before going on to describe the main types of AD and DA-
converters. The second part of the chapter will be devoted to certain particular types of
converters.

18.1 Parallel converters

18.1.1 Binary signals and codes

A digital signal has just two levels, denoted as "0" and "1". The relationship with
voltage values or current values will depend on the components implemented and, in
particular, on the technology (such as: bipolar transistors, MOSFETs and possibly
other kinds of transistors). With digital circuits that have, for instance, bipolar
transistors a "0" corresponds to a voltage below 0.8 V while a "1" is represented by a
voltage above 2 V. It is because of these wide tolerances that digital signals have
much lower interference sensitivity than analog signals. This interference and noise
tolerance leads, in turn, to a high reduction in information content. The minimum
amount of information (yes or no, high or low, "0" or "1", on or off) is called a bit
which is an acronym for “binary digit”.

Usually a measurement signal contains much more information than just 1 bit. If such
information is to be adequately represented in binary si