SCHAUM'S.
:ﬂ outlines

Electromagnetics
Fourth Edition

351 tully solved problems
20 problem-solving videos online ﬂ

USE WITH THESE COURSES

Electromagnetics * Wave Propagation ¢ Transmission Lines

ra
el Joseph A. Edminister ¢ Mahmood Nahvi, PhD



SCHAUM'’S.

outlines

Electromagnetics

Fourth Edition

Joseph A. Edminister

Professor Emeritus of Electrical Engineering
The University of Akron

Mahmood Nahvi, PhD

Professor Emeritus of Electrical Engineering
California Polytechnic State University

Schaum’s Qutline Series

Education

New York Chicago San Francisco Athens London Madrid
Mexico City Milan New Delhi Singapore Sydney Toronto



JOSEPH A. EDMINISTER is currently Director of Corporate Relations for the College of Engineering at Cornell University. In 1984, he
held an IEEE Congressional Fellowship in the office of Congressman Dennis E. Eckart (D-OH). He received BEE, MSE, and JD degrees
from the University of Akron. He served as professor of electrical engineering, acting department head of electrical engineering, assistant
dean and acting dean of engineering, all at the University of Akron. He is an attorney in the state of Ohio and a registered patent attorney.
He taught electric circuit analysis and electromagnetic theory throughout his academic career. He is a Professor Emeritus of Electrical
Engineering from the University of Akron.

MAHMOOD NAHVI is Professor Emeritus of Electrical Engineering at California Polytechnic State University in San Luis Obispo,
California. He earned his BSc, MSc, and PhD, all in electrical engineering, and has 50 years of teaching and research in this field. Dr.
Nahvi’s areas of special interest and expertise include network theory, control theory, communications engineering, signal processing,
neural networks, adaptive control and learning in synthetic and living systems, communication and control in the central nervous system,
and engineering education. In the area of engineering education, he has developed computer modules for electric circuits, signals, and
systems which improve the teaching and learning of the fundamentals of electrical engineering.

Copyright © 2014, 2011, 1993, 1979 by McGraw-Hill Education. All rights reserved. Except as permitted under the United States
Copyright Act of 1976, no part of this publication may be reproduced or distributed in any form or by any means, or stored in a database or
retrieval system, without the prior written permission of the publisher.

ISBN: 978-0-07-183148-2
MHID: 0-07-183148-7

The material in this eBook also appears in the print version of this title: ISBN: 978-0-07-183147-5,
MHID: 0-07-183147-9.

eBook conversion by codeMantra
Version 1.0

All trademarks are trademarks of their respective owners. Rather than put a trademark symbol after every occurrence of a trademarked
name, we use names in an editorial fashion only, and to the benefit of the trademark owner, with no intention of infringement of the
trademark. Where such designations appear in this book, they have been printed with initial caps.

McGraw-Hill Education eBooks are available at special quantity discounts to use as premiums and sales promotions or for use in corporate
training programs. To contact a representative, please visit the Contact Us page at www.mhprofessional.com.

Trademarks: McGraw-Hill Education, the McGraw-Hill Education logo, Schaum’s, and related trade dress are trademarks or registered
trademarks of McGraw-Hill Education and/or its affiliates in the United States and other countries, and may not be used without written
permission. All other trademarks are the property of their respective owners. McGraw-Hill Education is not associated with any product or
vendor mentioned in this book.

TERMS OF USE

This is a copyrighted work and McGraw-Hill Education and its licensors reserve all rights in and to the work. Use of this work is subject
to these terms. Except as permitted under the Copyright Act of 1976 and the right to store and retrieve one copy of the work, you may not
decompile, disassemble, reverse engineer, reproduce, modify, create derivative works based upon, transmit, distribute, disseminate, sell,
publish or sublicense the work or any part of it without McGraw-Hill Education’s prior consent. You may use the work for your own
noncommercial and personal use; any other use of the work is strictly prohibited. Your right to use the work may be terminated if you fail
to comply with these terms.

THE WORK IS PROVIDED “AS IS.” McGRAW-HILL EDUCATION AND ITS LICENSORS MAKE NO GUARANTEES OR
WARRANTIES AS TO THE ACCURACY, ADEQUACY OR COMPLETENESS OF OR RESULTS TO BE OBTAINED FROM
USING THE WORK, INCLUDING ANY INFORMATION THAT CAN BE ACCESSED THROUGH THE WORK VIA
HYPERLINK OR OTHERWISE, AND EXPRESSLY DISCLAIM ANY WARRANTY, EXPRESS OR IMPLIED, INCLUDING BUT
NOT LIMITED TO IMPLIED WARRANTIES OF MERCHANTABILITY OR FITNESS FOR A PARTICULAR PURPOSE. McGraw-Hill
Education and its licensors do not warrant or guarantee that the functions contained in the work will meet your requirements or that its
operation will be uninterrupted or error free. Neither McGraw-Hill Education nor its licensors shall be liable to you or anyone else for any
inaccuracy, error or omission, regardless of cause, in the work or for any damages resulting therefrom. McGraw-Hill Education has no
responsibility for the content of any information accessed through the work. Under no circumstances shall McGraw-Hill Education and/or
its licensors be liable for any indirect, incidental, special, punitive, consequential or similar damages that result from the use of or inability
to use the work, even if any of them has been advised of the possibility of such damages. This limitation of liability shall apply to any claim
or cause whatsoever whether such claim or cause arises in contract, tort or otherwise.



Preface

The third edition of Schaum’s Outline of Electromagnetics offers several new features which make it a more pow-
erful tool for students and practitioners of electromagnetic field theory. The book is designed for use as a textbook
for a first course in electromagnetics or as a supplement to other standard textbooks, as well as a reference and
an aid to professionals. Chapter 1, which is a new chapter, presents an overview of the subject including funda-
mental theories, new examples and problems (from static fields through Maxwell’s equations), wave propagation,
and transmission lines. Chapters 5, 10, and 13 are changed greatly and reorganized. Mathematical tools such as
the gradient, divergence, curl, and Laplacian are presented in the modified Chapter 5. The magnetic field and
boundary conditions are now organized and presented in a single Chapter 10. Similarly, time-varying fields and
Maxwell’s equations are presented in a single Chapter 13. Transmission lines are discussed in Chapter 15. This
chapter can, however, be used independently from other chapters if the program of study would recommend it.

The basic approach of the previous editions has been retained. As in other Schaum’s Outlines, the empha-
sis is on how to solve problems and learning through examples. Each chapter includes statements of pertinent
definitions, simplified outlines of the principles, and theoretical foundations needed to understand the subject,
interleaved with illustrative examples. Each chapter then contains an ample set of problems with detailed solu-
tions and another set of problems with answers. The study of electromagnetics requires the use of rather advanced
mathematics, specifically vector analysis in Cartesian, cylindrical and spherical coordinates. Throughout the
book, the mathematical treatment has been kept as simple as possible and an abstract approach has been avoided.
Concrete examples are liberally used and numerous graphs and sketches are given. We have found in many
years of teaching that the solution of most problems begins with a carefully drawn and labeled sketch.

This book is dedicated to our students from whom we have learned to teach well. Contributions of Messrs
M. L. Kult and K. F. Lee to material on transmission lines, waveguides, and antennas are acknowledged. Finally,
we wish to thank our wives Nina Edminister and Zahra Nahvi for their continuing support.

JOSEPH A. EDMINISTER
MAHMOOD NAHVI
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The Subject of Electromagnetics

1.1 Historical Background

Electric and magnetic phenomena have been known to mankind since early times. The amber effect is an exam-
ple of an electrical phenomenon: a piece of amber rubbed against the sleeve becomes electrified, acquiring a force
field which attracts light objects such as chaff and paper. Rubbing one’s woolen jacket on the hair of one’s head
elicits sparks which can be seen in the dark. Lightning between clouds (or between clouds and the earth) is
another example of familiar electrical phenomena. The woolen jacket and the clouds are electrified, acquiring
a force field which leads to sparks. Examples of familiar magnetic phenomena are natural or magnetized min-
eral stones that attract metals such as iron. The magical magnetic force, it is said, had even kept some objects
in temples floating in the air.

The scientific and quantitative exploration of electric and magnetic phenomena started in the seventeenth
and eighteenth centuries (Gilbert, 1600, Guericke, 1660, Dufay, 1733, Franklin, 1752, Galvani, 1771,
Cavendish, 1775, Coulomb, 1785, Volta, 1800). Forces between stationary electric charges were explained by
Coulomb’s law. Electrostatics and magnetostatics (fields which do not change with time) were formulated and
modeled mathematically. The study of the interrelationship between electric and magnetic fields and their time-
varying behavior progressed in the nineteenth century (Oersted, 1820 and 1826, Ampere, 1820, Faraday, 1831,
Henry, 1831, Maxwell, 1856 and 1873, Hertz, 1893)'. Oersted observed that an electric current produces a
magnetic field. Faraday verified that a time-varying magnetic field produces an electric field (emf). Henry
constructed electromagnets and discovered self-inductance. Maxwell, by introducing the concept of the dis-
placement current, developed a mathematical foundation for electromagnetic fields and waves currently known
as Maxwell’s equations. Hertz verified, experimentally, propagation of electromagnetic waves predicted by
Maxwell’s equations. Despite their simplicity, Maxwell’s equations are comprehensive in that they account
for all classical electromagnetic phenomena, from static fields to electromagnetic induction and wave propa-
gation. Since publication of Maxwell’s historical manuscript in 1873 more advances have been made in the
field, culminating in what is presently known as classical electromagnetics (EM). Currently, the important
applications of EM are in radiation and propagation of electromagnetic waves in free space, by transmission
lines, waveguides, fiber optics, and other methods. The power of these applications far surpasses any alleged
historical magical powers of healing patients or suspending objects in the air.

In order to study the subject of electromagnetics, one may start with electrostatic and magnetostatic fields,
continue with time-varying fields and Maxwell’s equations, and move on to electromagnetic wave propagation
and radiation. Alternatively, one may start with Maxwell’s equations. This book uses the first approach, starting
with the Coulomb force law between two charges. Vector algebra and vector calculus are introduced early and
as needed throughout the book.

'For some historical timelines see the references at the end of this chapter.
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1.2 Objectives of the Chapter

This chapter is intended to provide a brief glance (and be easily understood by an undergraduate student in the
sciences and engineering) of some basic concepts and methods of the subject of electromagnetics. The objec-
tive is to familiarize the reader with the subject and let him or her know what to expect from it. The chapter can
also serve as a short summary of the main tools and techniques used throughout the book. Detailed treatments
of the concepts are provided throughout the rest of the book.

1.3 Electric Charge

The source of the force field associated with an electrified object (such as the amber rubbed against the sleeve) is
a quantity called electric charge which we will denote by Q or g. The unit of electric charge is the coulomb, shown
by the letter C (see the next section for a definition). Electric charges are of two types, labeled positive and neg-
ative. Charges of the same type repel while those of the opposite type attract each other. At the atomic level we
recognize two types of charged particles of equal numbers in the natural state: electrons and protons. An electron
has a negative charge of 1.60219 X 10~° C (sometimes shown by the letter ¢) and a proton has a positive charge
of precisely the same amount as that of an electron. The choice of negative and positive labels for electric charges
on electrons and protons is accidental and rooted in history. The electric charge on an electron is the smallest
amount one may find. This quantization of charge, however, is not of interest in classical electromagnetics and
will not be discussed. Instead we will have charges as a continuous quantity concentrated at a point or distributed
on a line, a surface, or in a volume, with the charge density normally denoted by the letter p.

It is much easier to remove electrons from their host atoms than protons. If some electrons leave a piece of
matter which is electrically neutral, then that matter becomes positively charged. To takes our first example
again, electrons are transferred from cloth to amber when they are rubbed together. The amber then accumulates
a negative charge which becomes the source of an electric field. Some numerical properties of electrons are
given in Table 1-1.

TABLE 1-1 Some Numerical Properties of Electrons

Electric charge —1.60219 X 107° C
Resting mass 9.10939 X 1073 kg
Charge to mass ratio 1.75 X 10" C/kg
Order of radius 38X 1075 m
Number of electrons per 1 C 6.24 X 10'®

1.4 Units

In electromagnetics we use the International System of Units, abbreviated SI from the French le Systeme inter-
national d’unités (also called the rationalized MKS system). The SI system has seven basic units for seven basic
quantities. Three units come from the MKS mechanical system (the meter, the kilogram, and the second ). The
fourth unit is the ampere for electric current. One ampere is the amount of constant current in each of two infi-
nitely long parallel conductors with negligible diameters separated by one meter with a resulting force between
them of 2 X 1077 newtons per meter. These basic units are summarized in Table 1-2.

TABLE 1-2 Four Basic Units in the SI System

QUANTITY SYMBOL SI UNIT ABBREVIATION
Length L,/ Meter m

Mass M, m Kilogram kg

Time T,t Second S

Current 1,i Ampere A
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The other three basic quantities and their corresponding SI units are the temperature in degrees kelvin (K),
the luminous intensity in candelas (cd), and the amount of a substance in moles (mol). These are not of interest
to us. Units for all other quantities of interest are derived from the four basic units of length, mass, time, and
current using electromechanical formulae. For example, the unit of electric charge is found from its relationship
with current and time to be g = / i dt. Thus, one coulomb is the amount of charge passed by one ampere in one
second, 1 C = 1 A X s. The derived units are shown in Table 1-3.

TABLE 1-3 Additional Units in the SI System Derived from the Basic Units

QUANTITY SYMBOL SI UNIT ABBREVIATION
Force F.f Newton N
Energy, work W, w Joule J
Power P,p Watt \\%
Electric charge 0,q Coulomb C
Electric field E,e Volt/meter V/m
Electric potential Vv Volt v
Displacement D Coulomb/meter? C/m?
Resistance R Ohm Q
Conductance G Siemens S
Capacitance c Farad F
Inductance L Henry H
Magnetic field intensity H Ampere/meter A/m
Magnetic flux (0] Weber Wb
Magnetic flux density B Tesla T
Frequency f Hertz Hz

Magnetic flux density B is sometimes measured in gauss, where 10* gauss =1 tesla. The decimal multiples and
submultiples of SI units will be used whenever possible. The symbols given in Table 1-4 are prefixed to the unit
symbols of Tables 1-2 and 1-3.

TABLE 1-4 Decimal Multiples and Submultiples of Units in the SI System

PREFIX FACTOR SYMBOL
Atto 10718 a
Femto 1071 f
Pico 10712 p
Nano 107° n
Micro 1076 u
Mili 1073 m
Centi 1072 c
Deci 107! d
Kilo 103 k
Mega 100 M
Giga 10° G
Tera 10'2 T
Peta 1013 P
Exa 10'8 E
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1.5 Vectors

In electromagnetics we use vectors to facilitate our calculations and explanations. A vector is a quantity specified
by its magnitude and direction. Forces and force fields are examples of quantities expressed by vectors. To distin-
guish vectors from scalar quantities, bold-face letters are used for the former. A vector whose magnitude is 1 is called
aunit vector.To represent vectors in the Cartesian coordinate space, we employ three basic unit vectors: a , a, and
a_in the x, y, and z directions, respectively. For example, a vector connecting the origin to pomt A at
(x=2,y=—1,z=3)isshownby A = 2a_— a + 3a,.Its magnitude is [Al=A = V22 +(=17+3* = V14,
Its direction is given by the unit vector

A
——==0.5345a, —0.2673a, +0.8018a,

N

Three basic vector operations are
addition and subtraction, A* B =(A =B )a + (A *B)a + (A =B )a,
dot product, A - B = ABcos 0, where 0 is the smaller angle between A and B,

cross product, A X B = ABsin 6a , where a,_ is the unit vector normal to the plane parallel to A and B.

The dot product results in a scalar quantity; hence it is also called the scalar product. It can easily be shown
that A-B =A B + A B + A_B_.The cross product results in a vector quantity; hence, it is also called the
vector product A X B is normal to both A and B and follows the right-hand rule: With the fingers of the
right hand rotating from A to B through angle 8, the thumb points in the direction of A X B. It can easily
be shown that

a,Xa, =a,
a,Xa =a, = AXB=(AB —AB)a, +(AB,—AB)a, +(AB, —AB,a,
a, Xa, =a,

1.6 Electrical Force, Field, Flux, and Potential

Electrical Force. There is a force between two point charges. The force is directly proportional to the charge
magnitudes and inversely proportional to the square of their separation distance. The direction of the force is
along the line joining the two charges. For point charges of like sign the force is one of repulsion, while for
unlike charges the force is attractive. The magnitude of the force is given by

_ 00
dred?

This is Coulomb’s law, which was developed from work with small charged bodies (spheres) and a delicate tor-
sion balance (Coulomb 1785). Rationalized SI units are used. The force is in newtons (N), the distance is in
meters (m), and the charge is in units called the coulomb (C). The SI system is rationalized by the factor 47, intro-
duced in Coulomb’s law in order that it not appear later in Maxwell’s equation. € is the permittivity of the medium
with the unit C*(N . m?) or, equivalently, farads per meter (F/m). For free space or vacuum,

1 1077
e=¢€, =8.854 X10 F/m=
0 36

F/m
T

For media other than free space, € = €€, where €, is the relative permittivity or dielectric constant. Free space
is to be assumed in all problems and examples as well as the approximate value for €, unless there is a statement
to the contrary.
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Q1 Q2

\ &Y
AT

Fig. 1-1 Coulomb’s law F = 40102

7 n (a) Q, and Q, are unlike charges, and in (b) they are of the same type.
e

EXAMPLE 1. Two electrons in free space are separated by 1 A° (1 Angstrom = 10~ m). We want to find and
compare Coulomb’s electrostatic force and Newton’s gravitational force between them. Since the distance
between the two electrons, 1079 m, is much more than their radii, = 3.8 X 10~'> m, they can be considered point
charges and masses. Coulomb’s electrostatic force between them is

2
00, [160219x107"] L
Rt = ~23.1%10° N
o AT X ——— X102
4r

Newton’s gravitational force between two masses M, and M, separated by a distance d is F, = GM| M,,/d*, where
F is in newtons, M, and M, are in kg, d is in meters, and G, the gravitational constant, is G = 6. 674 X 10 11 With
the resting mass of an electron being 9.10939 X 103! kg, the gravitational force between them is

[9.10939 %1073 ]°
10—20

MM2

F,=G=2=6674x107" ~554%x10"7 N

Therefore, the electrical force between two electrons is approximately 42 orders of magnitude stronger than
their gravitational force.

Superposition Property. The presence of a third charge doesn’t change the mutual force between the other
two charges, but rather adds (vectorially) its own force contribution. This is called the linear superposition prop-
erty. It helps us define a vector quantity called the field intensity and use it in order to find the force on a charge
at any point in the field.

Electric Field. The force field associated with a charge configuration is called an electric field. It is a vector
field specified by a quantity called the electric field intensity, shown by vector E. The electric field intensity at
a given point is the force on a positive unit charge, called the test charge, placed at that point. The intensity of
the electric field due to a point charge Q at a distance d is a vector directed away from the point charge (if Q is
positive) or toward it (if Q is negative). Its magnitude is

-_9
Ared®

In vector notation

__o,
dmed

where a is the unit vector directed from the point charge to the test point. The unit of the electric field inten-
sity is V/m. The superposition property of electric field is used to find the field due to any spatial charge
configuration.
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EXAMPLE 2. The electric field intensity at 10 cm away from a point charge of 0.1 ¢ C in vacuum is

1 -7
E=— 10 4 —90a, kV/m

-9
4| 10" 102
36m
where a_is the radial unit vector with the charge at the center. At the distance of 1 m its magnitude is reduced to

900 V/m. If the medium is a dielectric with relative permittivity € = 100 (such as titanium dioxide), the above
field intensities are reduced to 900 and 9 V/m, respectively.

Electric Flux. An electric field is completely specified by its intensity vector. However, to help better explain
some phenomena, we also define a scalar field called the electric flux. Electric flux is considered a quantity,
albeit an imaginary one, which originates on the positive charge, moves along a stream of directional lines
(called flux lines), and terminates on the negative charge, or at infinity if there are no other charges in the field.
Electrical forces are thus experienced when an electric charge encounters lines of electric flux. This is analogous
to the example of fluid flow where the flux originates from a source and terminates at a sink or dissipates into
the environment. In this case, a vector field such as velocity defines the flux density, from which one can deter-
mine the amount of fluid flow passing through a surface. Faraday envisioned the concept of electric flux, shown
by P, to explain how a positive charge induces an equal but negative charge on a shell which encloses it. His
experimental setup consisted of an inner shell enclosed by an outer sphere. Unlike flux, which is a scalar field,
its density is a vector field.

Electric Flux Density. Flux density D in an electric field is defined by D = €E. In the SI system, the unit of
electric flux is the coulomb (C) and that of flux density is C/m?. The flux passing through a differential surface
element ds is the dot product D - ds, which numerically is equal to the product of the differential surface ele-
ment’s area, with the magnitude of the component of the flux density perpendicular to it.

Gauss’s Law. The total flux out of a closed surface is equal to the net charge enclosed within the surface.

EXAMPLE 3. Flux density through a spherical surface with radius d enclosing a point charge Q is

D=€e¢E= Q2
4rd

a

where a is the radial unit vector from the point charge to the test point on the sphere. The total flux coming out
of the sphere is

V¥ =4rd* X D =4nd" X Q2 =0
drd

Electric Potential. The work done to move a unit charge from point B to point A in an electric field is called
the potential of point A with reference to point B and shown by V, .. It is equal to the line integral

A
Vv :—/ .
AB BEdl

The value of the integral depends only on the electric field and the two end-points. It is independent of the path
traversed by the charge as long as all attempted paths share the same initial and destination points. The value
of the integral over a closed path is, therefore, zero. This is a property of a conservative field such as E. If the
reference point B is moved to infinity, the integral defines a scalar field called the potential field. The unit of
the potential is the volt (V), the work needed to move one C of charge a distance of 1 m along a field of
E=1V/m.

The electric potential is introduced as a line integral of the electric field. It can also be found from charge
distributions. Conversely, field intensity and flux can be obtained from the potential (see Chapter 6).
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EXAMPLE 4. There exists a static electric field in the atmosphere directed downward which depends on
weather conditions and decreases with height. Assuming that its intensity near the ground is about 150 V/m
and remains the same within the tropospheric height, find the electric potential at a height of 333 m with
respect to the ground.

V =150 V/m X 333 V/m = 50kV.

1.7 Magnetic Force, Field, Flux, and Potential

Magnetic Force. Permanent magnets, be they natural, such as a lodestone (Gilbert, 1600 AD), or manufactured,
such as one bought from a store, establish a force field in their vicinity which exerts a force on some metallic
objects. The force here is called the magnetic force, and the field is called a magnetic field. The source of the mag-
netic field is the motion of electric charges within the atomic structure of such permanent magnets. Moving elec-
tric charges (such as an electric current) also produce a magnetic field which may be detected in the same way
as that of a permanent magnet. Hold a compass needle close to a wire carrying a DC current and the needle will
align itself, at a right angle with the current. Change the current direction in the wire and the needle will change
its direction. This experiment, performed by Oersted in 1820, indicates that the electric current produces a mag-
netic field in its surroundings which exerts a force on the compass needle. Replace the compass with a solenoid
carrying a DC current and the solenoid will align itself, just like the compass, in a direction perpendicular to the
current. With a DC current, such generated magnetic fields are static in nature. In a similar experiment, a wire
suspended along the direction of a magnetic field and carrying a sinusoidal current will vibrate at the frequency
of the current. (This effect was used in the early days of EKG monitoring. Passage of electrical heart pulses
through a wire which was suspended in the field of a permanent magnet causes it to deflect and vibrate, with a
pen recording the viberations and hence the electrical activity of the heart.) These observations indicate that the
magnetic field exerts a force on the compass, another magnet, or a current-carrying wire or solenoid. They specif-
ically show that a current-carrying wire generates a magnetic field in its neighborhood which exerts a force on
another current-carrying wire placed there.

Force Between Two Wires. Two infinitely long parallel wires carrying currents /, and /, and separated by dis-
tance d experience a mutual force. They are pushed apart (when currents are in the same direction) or pulled
together (when currents are in opposite directions). The magnitude of the magnetic force between the two wires
in free space is given by the following:
ot hb
2 d

where pt, = 47 X 1077 (H/m) is the permeability of free space. The force is in newtons (N), the distance is in
meters (m), and the currents are in amperes (A).

Magnetic Field Strength. The magnetic field strength is a vector quantity, specified by a magnitude and a
direction. In this book we work with magnetic fields whose sources are electric currents and moving charges.
The magnitude of the differential field strength of a small element of conducting wire d/ carrying a current / is

_ Idlsin@

dH 5
47 R
where R is the distance from the current element to the test point at which dH is being measured and s the angle
between the current element and the line connecting it to the test point. The direction of the field is normal to the
plane made of the current element and the connecting line, following the right-hand rule: With the right thumb
pointing along the direction of current, the fingers point in the direction of the field. This is called the Biot-Savart
law. In vector notation it is given by

_IdlXa,

dH
4m R?

where dl is the differential current element vector and a, is the unit vector directed from it to the test point.
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dH

dl

Fig. 1-2 Differential magnetic field dH at the distance R due to a differential current element dl

The unit of magnetic field strength is A /m. The superposition property is used to find the magnetic field due to
any current configuration.

Magnetic Field Strength of a Long Wire. By using the superposition property, we can integrate the above
differential field to find the magnetic field strength due to a given current configuration. For example, the mag-
netic field strength at a radial distance » from a straight, long wire carrying current / is

_IXap I

nr’ 2nr

H

The direction of H, shown by the unit vector a , again follows the right-hand rule: Grasp the conductor with the
right hand such that the thumb points in the direction of the current, and the fingers will point in the direction
of the field. As an example, the strength of the magnetic field at 1 meter away from a long cable carrying a cur-
rent of 10 Ais H = 10/(2m) = 1.6 A/m.

Ampere’s Law. The line integral of the tangential component of the magnetic field strength around a closed
path is equal to the current enclosed by the path.

EXAMPLE 5. Consider a circular path of radius r surrounding an infinitely long, straight, thin wire carrying
current /. The magnetic field strength surrounding the circle is a vector H tangent to the circle. Its magnitude
is H = I/(2rnr) and the line integral around the path is 2zr X H = 2xr X I/(2rr) = I, thus confirming
Ampere’s law.

Magnetic Flux and Its Density. Associated with a magnetic field H is a force field B = uH, called the mag-
netic flux density (also known as magnetic induction). Like H, B is a vector field—that is, a quantity with a mag-
nitude and a direction—but unlike H, which is independent of the medium, B depends on the medium through
a factor u called the permeability. For free space, the permeability is y, = 47 X 107 H/m.

Having defined its density, we can find the magnetic flux ® through a given surface by integrating the flux
passing through a differential surface element’s area ds: ® = / B - ds, where the dot (+) shows the product of
the differential surface element’s area and the magnitude of the component of flux density normal to it. In the
SI system, the unit of magnetic flux is the weber, shown by Wb, and that of flux density is the fesla, shown by
T (where Wb/m? = T).

EXAMPLE 6. The magnetic flux density at a distance 10 meters away from a long cable carrying a DC current
of 100 A in free space is

x1077 %
B=,uOH=‘uol=4ﬂ: 10 100

=2X10"°T=2uT
2nd 21w X 10
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The magnetic flux through a rectangular area (1 m X 10 ¢m) coplanar with the cable and placed length-wise along
it at a distance of 10 mis® = /B+ds~ B X § =2 uT X 10~' m? = 2 X 10~7 Wb. The flux is constant.

Force on a Moving Charge. Motion of a charged particle in a magnetic field generates a force on the particle.
The magnitude of the force is proportional to the charge Q, magnetic flux density B, velocity of motion v, and the
sine of the angle @ between the velocity and magnetic vectors, F = QvB sin 6. Its direction is perpendicular to the
flux density vector B and the velocity vector v. In vector notation, the force is expressed by the vector product
=Q0vXB

magnetic

If the field combines an electric field with the magnetic field, the total force on the moving particle is

F, ,=0QE+vXB)

Vector Magnetic Potential. In Section 1.6 we introduced the scalar quantity called electric potential which can
serve as an intermediate quantity for field computations. Similarly, for magnetic fields we define a vector magnetic
potential A such that

VXA=B

where V X A is a vector called the curl of A (see Section 1.9 for the definition of curl). The vector magnetic
potential can be obtained from the current distribution in the media and thus can serve as an intermediate quan-
tity for calculation of B and H (see Chapter 10). The unit of the vector magnetic potential is the weber per meter
(Wb/m).

1.8 Electromagnetic Induction

Static electric and magnetic fields are decoupled from each other. Each field works and exists by itself and can
be treated separately. Time variation couples them together. An early discovery of electromagnetic coupling was
made by Faraday, who observed that a time-varying magnetic field generates a time-varying electric field, which
produces a voltage and current in a conducting loop placed in the field. This is known as Faraday’s law of induc-
tion. The effect was verified experimentally for the first time by Faraday in 1831. (Faraday also hypothesized that
in a similar way a time-varying electric field should produce a magnetic field, but he did not predict it theoreti-
cally or demonstrated it experimentally. That was left to Maxwell’s equations in 1873 and Hertz in 1893.) It is
said that the time-varying magnetic flux induces an electric potential. The voltage is called the electromotive
force (emf). An emf can also be produced by a moving magnetic field or by a conductor moving in a magnetic
field, even when that field is constant. Using the concept of magnetic flux linkage ¢ (the total magnetic flux
linking the circuit), Faraday’s law, stated in mathematical form, is

where ¢ is the total magnetic flux linking the circuit. ¢ is called the magnetic flux linkage.

EXAMPLE 7. A very long straight wire carries a 60-Hz current with an RMS value [, in free space. To deter-
mine /,, a single-strand rectangular test loop (I m X 10 cm) is placed coplanar with the wire and length-wise in
parallel with it at a distance of 10 m. The rms of the induced emf in the loop is 95 uV. Find I,,.

i(1)=~21, sin(3771)
H=-) B=pH=4rx10" Xx———=2x10"%
2mr 27 X 10

p=BxS=2x10 %) xAx10"")=2x10"% =242 x10"° I, sin(3771)

emf = —% =—377 X 22 X107 I, cos(3771), with an rms of 0.7541, uV

From the measured emf = 95uV we find I, = 95/0.754 = 126 A.
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Increasing Flux Linkage. Flux linkage is increased by a factor r if the test loop has n turns. Let the test loop
of Example 7 have 100 turns and the induced emf will become 9.5 mV.

1.9 Mathematical Operators and ldentities

Electromagnetic fields and forces are vector quantities specified by their magnitude and direction and shown by
boldface letters, as seen in the previous sections. So far we have been content with simple cases and examples
which are handled without resorting to vector algebra and calculus. To analyze and study the subject of electro-
magnetics rigorously, however, we need vector algebra and mathematical operators such as the gradient, diver-
gence, curl, and Laplacian. These will be discussed in Chapter 5 and throughout the book as the need arises.
Some important vector operators used in electromagnetics are briefly summarized in Table 1-5. They are given
in the Cartesian coordinate system. The unit vectors in the x, y, and z directions are shown by a.a, and a,
respectively.
TABLE 1-5 Some Useful Vector Operators and Identities
(1) Cartesian vector: A=Aa + Ayav + AzaZ

9A 0A 0A, A
=—2%3 +—a +—*a
ot o0 Y o Y o *

(2) Time-derivative of a vector:

(3) Dot product of two vectors: A-B=AB + AB +AB,

(4) Cross product of two vectors: AXB= (Asz - Asz) a + (Asz - Asz)ay + (A, B), - Ay Bx)aZ

(5) Del operator: V= &ax + &a 4 &37
ox ay 7 oz °©
oF oF aF
(6) Gradient of a scalar field: VF=—a, +-—a , +—a,
ox dy = 0z
0A
(7) Divergence of a vector field: V-A= 94, +—2 4 94,
ox ay 0z
0A, 0A A dA,
(8) Curl of a vector field: VXA=|—F——2a, +(%_ Z)av + o4y _ o4, a,
dy 0z 0z ox ) - 0x dy
9) Laplacian (divergence of gradient
(9) Lap (diverg g ) i PF RF O°F
of a scalar field: VF=V'VF=—F+—"—F5+—
ox ady 0z

(10) Curl curl of a vector field:

(11) Vector identities:
(a) Divergence of the curl is zero
(b) Curl of the gradient is zero

1.10 Maxwell’s Equations

VX (VXA =VV-A) — VA

V-(VXA) =0
V X (VF)=0

James Clerk Maxwell (1831-1879) was inspired by Faraday’s discovery in 1831 that a time-varying magnetic
field generates an electric field and his hypothesis that a time-varying electric field would similarly generate
a magnetic field (an idea that Faraday had neither demonstrated experimentally nor predicted theoretically).
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In his theoretical attempt to formulate the coupling between time-varying electric and magnetic fields,
Maxwell recognized the inadequancy of Ampere’s law when applied to time-varying fields, as it contradicted
the conservation of electric charge principle (see Problem 1.17). Maxwell introduced the concept of a displace-
ment current density 9D in Ampere’s law to supplement the current density due to moving charges. The intro-
duction of the displacement current removed that contradiction and predicted that a time-varying electric
field would also produce a (time-varying) magnetic field. The collective set of the following four equations
(written in vector form) are called Maxwell’s equations.

VXE=-— Z—B (Faraday’s law)
t
oD .
VXH=]J+ m (Ampere’s law supplemented by Maxwell’s displacement current)
V:-D=p (Gauss’s law for the electric field)
V:-B=0 (Gauss’s law for the magnetic field)

Here p is the charge density and J is the current density. Maxwell’s equations form the main tenet of classical
electromagnetics. They provide a general and complete framework for time-varying electromagnetic fields from
which the special case of static fields can also be deduced. But more importantly, the equations predict electro-
magnetic waves which propagate through space at the speed of light.

In the case of sinusoidal time-variation (time dependence through ¢/, also called time harmonics), we
obtain the phasor representation (also called the time harmonic form) of Maxwell’s equations.

VXE = —joB V-D=p
VXH=]+ jowD V:-B=0

In the phasor domain, E and B are complex-valued vectors and functions of space (x, y, z) only. They share
the same time dependency through /. The phasor representation of Maxwell’s equations does not impose
any limitations and can be used without loss of generality.

Maxwell’s Equations in Source-Free Media. Maxwell’s equations in a linear medium with permeability u,
permittivity €, and containing no charges or currents (p = 0 and J = 0) become

V><E=—,u% V-E=0

VXH=E% V-H=0

These provide two first-order partial differential equations in E and H which couple derivatives with respect to
space and time. To find wave equations for E and H, we take the derivatives of the above equations and obtain
two second-order partial differential equations in E and H, resulting in a decoupling of these two fields. Some
wave equations for special and important situations are derived in the next section.

1.11 Electromagnetic Waves

Electromagnetic waves are time-varying field patterns which travel through space. An example is the sinusoidal
plane wave in free space with constitutive fields given by

E=E,sin o(t — /eyl z)a,
H=Hsin o( — /e, 2)a,
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where a_and a_ are unit vectors in the x and y directions, respectively. The electric field has a component in the
x direction onl);, and the magnetic field is at a right angle to it. They are functions of ( — Ve U, z), with a time
delay of Vg, 1, z seconds from z = 0. This indicates that the field pattern propagates in the positive z direction at
a speed of u = 1/ Ve, U,, which is the speed of light. Note that E, H, and the propagation direction z form a right-
handed coordinate system. In conformity with Maxwell’s equations, H, = E;V €,/{, (see Problem 1.18).

In this book we will also study electromagnetic waves in media other than free space; e.g., dielectrics, lossy
matter, dispersive media, transmission lines, waveguides, and antennas. Equations governing waves and their
propagations are called wave equations. They are derived from Maxwell’s equations and are in the form of par-
tial differential equations. The solution to a wave equation determines E and H as functions of space and time
(x,y,z,and ¢t). In this section we illustrate wave equations for several simple cases, starting with plane waves
in source-free media. Full derivations and solutions are left until Chapter 14.

Plane Waves in Source-Free Media. In a plane wave, the electric and magnetic field intensities depend on time
and only one spatial coordinate: z. This also happens to be the direction of propagation and transmission of energy.
The fields are also normal to each other. The electric field has only an x component E (z, r) and the magnetic field
only a y component H (z, t). Faraday’s and Ampere’s laws provide two first-order partial differential equations
coupling the derlvatlves of E_and H, with respect to z and ¢. With regard to the steps shown in Table 1-6, the equa-
tions are decoupled and the wave equatlons shown below are derived.

9’E 0*E O’H, 9H,

e e

and
ar? 0z* at?

The wave equation in the phasor domain can be derived from its time-domain counterpart. See Problem 1.19.

TABLE 1-6 Derivation of the Plane Wave Equation

Faraday's law Ampere's law

u U
V><E——uE V><H—eE
ot
u U
for plane waves for plane waves
E,=E =0 E,=E =0
H, =H =0 H,=H =0
U U
JE, __ O0H, o, __ IE,
9z ot 9z ot
U U
differentiation differentiation

with respect

with respect

toz tot
[} U
9*E O*H 0*H 9’E
X — y y — € X
07* atdz 070t or’
v
2
PE, _ &'E,
= or’
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The wave equations have the form of the following general one-dimensional scalar equation:

where F'is the magnitude of a field intensity at location z and time ¢ and u is the wave velocity. Solutions to the
above equation are the wave patterns F = f(z — ut) and F = g(z + ut). The electric and magnetic field inten-
sity vectors are perpendicular to the z direction and the waves are plane waves traveling in the +z and —z direc-
tions, respectively. For harmonic waves (having a time dependency of ¢/®"), the above equation becomes

d*F(z 2
EZ) +2 Fz)=0
u

dz

Solutions to this equation are F = Ce/ @'~ B and F = De/(®'* B2 or any real and imaginary parts of them such
as F = C sin(wt — Bz), which was introduced as the sinusoidal plane wave at the beginning of this
section. @ is the angular frequency of time variation and B = @/u. The waveform repeats itself when z changes
by A = 27/f3, called the wavelength. The frequency of the wave is f = @/(27). The wavelength and frequency
are related by f X A = u.

Wave Equation in Source-Free Media. From Maxwell’s equations one obtains the second-order partial dif-
ferential equations for E and H in source-free media. They are called the classical (Helmholtz) wave equations.
See Table 1-7.

TABLE 1-7 Classical Wave Equations in Time and Phasor Domains

2
Time domain: V2E = ,ueg
ot

Phasor domain:

where V?2 is the Laplacian operator

VE + @ueE = 0

2 2 2

I ] a ad

\% E_[6_2+_+_JE
X ay

2
V’H =ue¥
ot

VZH + o ueH = 0

812

These are waves which travel at a speed of u = 1/V e, which is the speed of light in the given medium. To derive
the wave equations, start with Maxwell’s equations in a medium with permeability 1 and permittivity €, containing
no charges or currents (p = 0 and J = 0). Then proceed as shown in Table 1-8 for the case of the E field.

TABLE 1-8 Derivation of the Wave Equation for the Electric Field in Source-Free Media

Step 1. Take the curl of both sides in Faraday’s law

Step 2. Substitute for V X H from Ampere’s law

Step 3. Note that the curl of E is
Step 4. Also note that the divergence of E is zero.

Step 5. Therefore,

Step 6. Substitute the result of Step 5 into Step 2 to find

Vx(VxE):—y%(VxH)

2
VX (VXE)=— e’ &

ot
VX(VXE) = V(V-E) - V’E
V-E=0

VX(VXE) = —V?E

2
V’E = ,ueg
ot
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The wave equation for the H field is found in a similar way. Start Step 1 by taking the curl of both sides in
Ampere’s law and proceed as in Table 1-8. See Problem 1.20.

Power Flow and Poynting Vector. Electromagnetic waves, propagated from a source such as a radio station
or radiated from the sun, carry energy. The instantaneous density of power flow at a location and time is given
by the Poynting vector S = E X H, where E and H are real functions of space and time. For plane waves, power
flow is in the direction of propagation. In the SI system, the unit of S is (V/m) X (A /m) = (W/m?).

EXAMPLE 8. Consider the plane wave propagating in the positive z direction and given by E = E sin(wt — fz) a,
and H = H sin(or — fz) a, where H | = E V¢ /1, and B = V€. The Poynting vectoris S = E X H =EH,
2
sin?(ot — fz) a, = E_O /eo /Uy [1—sin 2(wt — Bz)] a, . Average power flow is found by integrating the instant-
2 : 2
aneous power over one period and dividing the result by the period. In this example, P,,, = ETO Jeo /1ty (W/m?).

For harmonic waves the fields are given by 2E{Ee/*"} and 2E{He/*'}, where the complex-valued vectors
E and H are the electric and magnetic field phasors, respectively. We define the complex Poynting vector to be
S = E X H*/2. The average power is then

1 .
Pavg :Ezg{E xXH }
EXAMPLE 9. The electric field in an FM radio signal in free space is measured to be 5 4V/m (rms). Find the
average power of the signal impinging on an area of 1 m?.

In conformity with Faraday’s law, H, = E;V e/p = 2.6526 X 107? E; = 13.263 X 107° T (rms). The aver-
age power flowis P, = E; X H; = (5 X 1071%) X (13.263 X 107%) = 66.214 X 1075 W/m? = 66.214 fW/m?>.

1.12 Trajectory of a Sinusoidal Motion in Two Dimensions

Consider the time-varying vector E = E _cos wra + E cos(wr + 0) a , drawn from the origin to the tip at

x= EX Ccos wt
y=E cos(wt +6)

Assume E, E, and 0 are positive constants. As time goes on, the tip moves in the xy plane. The trajectory of
the tip is found by eliminating the variable ¢ from the above equations as shown in the following.

(a) Linear Trajectory. For 8 = 0 (in phase) or 7 (out of phase):
{x =E cos ot

yziEycosa)t

E,
and the tip has a linear trajectory y =+ E_y x. See Fig. 1-3(a). Rotate the x and y axes by an angle ¢ with

X

tan ¢ = Ey /E)C ,0 = ¢ = n/2, (in the clockwise direction for 8 = 0 and the counterclockwise direction for
6 = ), and the vector is then given by E = E cos ar a , where E =, lEf + EV2 and a_is the unit
vector in the new x direction.

(b) Circular Trajectory. For E = E = E'and 6 = 7/2 or —7/2

x = Ecos wt
y =% Esin ot
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The tip has a circular trajectory x> + y2 = E2. For 6 = 7/2 it moves in the clockwise direction, and
for 8 = —m/2 it moves in the counterclockwise direction. See Fig. 1-3(b).

(c) Elliptical Trajectory. For the general case (but with still constant values for £, E , and 0),

X
cos Wt = —
X

(x/E,)cosf — (y/E,)

sin@

x=E_cos wr
y=E, (cos @t cosd — sin @t sin@)

sin @t =

But cos? wt + sin? @t = 1. Therefore,

X 2 2 2x
S R ——yc059=sin29
E E E E,

x y Xy

The tip of the vector moves along an elliptical trajectory. See Fig. 1-3(c).

The cross-product term xy in the above equation may be eliminated by aligning the major and minor axes
of the ellipse in Fig. 1-3(c) with the horizontal and vertical directions. This is done by rotating the x and y
axes by an angle ¥ in the counterclockwise direction, where cot(2y) = (k> — 1) /2k cos 0,k = EX/EV,
and 0 = y= pi/2.

Ey
T E RCP Ey REP «—
£ E AN 5 LEP
LCP e
> Ex »—E »IEx
(@) Linear polarization. (b) Circular polarization: LCP is (c) Elliptical polarization: LEP is
left-circular and RCP is right-circular. left-elliptic and REP is right-elliptic.

Fig. 1-3 Three types of polarization and trajectories of the tip of the E vector in a plane wave propagating in the +z
direction (out of the page).

1.13 Wave Polarization

All plane waves share the property that the E (and H) fields are perpendicular to the direction of propagation
(e.g., the z axis). In general, the electric field (as well as the magnetic field) has two components: namely, these
in the x and y directions. In the case of sinusoidal time variation (also called time harmonics) and dielectric
media (e.g., free space), the fields are functions of e/(®' ~ 59 For any given value of z, the electric field is given
by the time-varying vector

E=2£{(E.a, +E.e"’a)e’™}

where a_and a_ are unit vectors in the x and y directions, respectively, and 8is the phase difference between the
x and y components of the field. Simply expressed, the electric field is an E vector with x and y components (each
of which vary sinusoidally with time)

x=FE, coswt
y=E cos(wt +0)
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This is the same vector we discussed in Section 1.12 with three possible tip trajectories. Each trajectory is asso-
ciated with one type of wave polarization as summarized below.

(a)

(b)

(c)

(@)

1.14

Linear Polarization. In a linearly polarized wave, the tip of the field vector moves back and forth along
a line in the xy plane as time goes by. See Fig. 1-3(a). The x and y components of the field can be
combined, representing E by a one-dimensional vector which oscillates in time, as we have generally
considered plane waves with one component only. It is seen that the sum of several linearly polarized
waves is linearly polarized as well. Linearly polarized waves are also called uniform plane waves.
Circular Polarization. In a circularly polarized wave, the tip of the field vector moves along a circle as
time goes by. With propagation in the +z direction, if the motion of the tip is in the counterclockwise
direction (direction of the right-hand fingers with the thumb pointing in the direction of propagation), the
wave has right circular (also called right-hand circular) polarization. If the motion of the tip is in the
clockwise direction (direction of the left-hand fingers with the thumb pointing in the direction of
propagation), the wave has left circular (also called left-hand circular) polarization. See Fig. 1-3(b).

Elliptical Polarization. In an elliptically polarized wave, the tip of the field vector moves on an
ellipse as time goes by. See Fig. 1-3(c). Here, as in the case of circular polarization, the rotation of
the tip can be left-handed or right-handed, resulting in left elliptical or right elliptical polarizations.

Some Practical Effects of Polarization. There are several practical correlates of, and benefits to,
recognizing the polarization of a plane wave. Some examples are the following. The polarization of an
antenna and the radiated energy from it are related. Similarly, the energy collected by an antenna from
an incident wave is related to its polarization. On the other hand, orientation in some cases such as a
dipole antenna is not a critical factor in signal reception if it is carried by circularly polarized waves.
In electromagnetics, the term “polarization” is also used in relation to a medium such as a dielectric.
Although this second usage is unrelated to wave polarization, polarization of a medium can change its
relative permittivity (see Section 8.1) and also influence polarization of the wave passing through it.

Electromagnetic Spectrum

A plane wave in free space propagating in the positive z direction is given by sin(wt — Bz), where f = w/(2x)
is the frequency of the wave and A = 27/f is its wavelength. At any time the waveform repeats itself when z
changes by A. The wavelength and frequency are related by f X A = u, where u is the speed of light. The elec-
tromagnetic spectrum ranges from extremely low frequencies (ELF, 3-30 Hz) in the radio range to gamma rays
(up to 10 Hz). It is summarized in Table 1-9a. The radio frequency bands are summarized in Table 1-9b.

TABLE 1-9a Electromagnetic Spectrum

100 Mm 1 mm 750 nm 380 nm 600 pm 3 fm
Radio and microwave Infrared Visible light Ultraviolet X rays yrays
3Hz 300 GHz 400 THz 760 THz 500 PHz 10% Hz
TABLE 1-9b Radio Frequency Bands

NAME FREQUENCY WAVELENGTH APPLICATIONS

ELF 3-30 Hz 100 Mm to 10 Mm

SLF 30-300 Hz 10 Mm to 1 Mm Power grids

ULF 300-3000 Hz 1 Mm to 100 km

VLF 3-30 kHz 100 km to 10 km

LF 30-300 kHz 10 kmto 1 km

MF 300-3000 kHz 1 km to 100 m AM broadcast

HF 3-30 MHz 100 m to 10 m Shortwave

VHF 30-300 MHz 10mto 1 m FM, TV

UHF 300-3000 MHz 1 mto 10 cm TV, cellular

SHF 3-30 GHz 10cmto 1 cm Radar, data

EHF 30-300 GHz lcmto 1 mm Radar, data

E = Extremely, S = Super, U = Ultra, V = Very, L = Low, M = Medium, H = High, F = Frequency.
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1.15 Transmission Lines

Transmission lines are structures consisting of two conductors which guide electromagnetic waves between two
devices over a distance. Examples are power lines, telephone wires, coaxial cables, and microstrips. A transmis-
sion line has resistance, capacitance, and inductance, all distributed throughout the structure. The wave equations
for and behavior of a transmission line can be derived from a model with distributed parameters.

Transmission Line Equation. Consider an incremental line segment of length Ax and model it by the lumped-
element two-terminal circuit shown in Fig. 1-4.

— x|

Fig. 1-4 Incremental lumped-element model of a segment of a transmission line.

By applying Kirchhoff’s current and voltage laws at the terminals of the incremental segment and dividing all
sides by Ax, we obtain the following equations:

Av(x,t) — Ri(x.0)+ Lal(;ct, 1)

Ax

Ai
i(x,1) — Gv(x. t)+cav(x,t)
Ax ot

where R and L are the resistance and inductance per unit length of the conductors. Similarly, G and C are the
conductance and capacitance per unit length of the dielectric per unit length. In the limit Ax — 0, the equations
become first-order partial differential equations:

ov(x,t) — Ri(e.0)+ L di(x,t)
0x at
di(x,t) — Gv(x.1) + Cﬁv(x,t)
0x ot

Sinusoidal (AC) Steady State Excitation. In the sinusoidal (AC) steady state, the voltage and current can be
expressed as phasors, resulting in the equations derived in Table 1-10.

TABLE 1-10 Derivation of Transmission Line Equations in Phasor Form

v(x, 1) =REV (x)e’™} i, )= 2E{T ()™}
V) _ s i) _ o
I =ZI(x) 0 YV (x)
N v
d*V(x) A
e Y V(x)
"
d I(Zx) i
dx

where Z=R + jLw,Y = G + jCw,and y= VZY = V(R + jLw)(G + jCw)= o + jB s called the propaga-
tion constant. The resulting equations have the same form as that of wave propagation. The solutions are

V(x) = Vie "+ Vel

I(x) =TI e ™ + I e™
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where the complex numbers V0+, Vo s If, and I; are constants of integration (and are constrained by the line’s

boundary conditions as illustrated in Example 10). These constants are also related by the line equation

dv(x)
dx

=ZI(x) (Table 1-10). Therefore,

"
[a' = VL and I, =— VL
ZO ZO

where Z, = V' Z/Y (called the line’s characteristic impedance). These phasors can readily be transformed into
their time-domain counterparts. For example, the time-domain representation of the voltage along the line is

vix,f) = 22{V(x) el = |VO+|e““ cos(awt — Bx + ¢%) + |V(;|e‘” cos(ot + Bx + ¢7)

where
Vi =1vile?™ and vy =1V le?

At any point on the line, the current and voltage are made of two sinusoidal waves with decaying amplitudes
and angular frequency ®; one wave, called the incident wave Vinc, travels to the right (in the +x direction) with
decaying amplitude VJe“"X. The other, called the reflected wave f/reﬂ, travels to the left (in the —x direction)
with decaying amplitude V e*. The following pointwise parameters are defined for a transmission line and are

used in its analysis.

A

i Vreﬂ ()C)
Reflection coefficent: (x)=—
Vine (%)
Impedance (looking back toward the receiving end): Z(x)= V(x) =7 1+T(x)

Ix) °1-T(x)

AC Steady State in a Lossless Line. If R = G = 0 (or, at high frequencies, when their contribution to ¥ can
be ignored), the propagation constant becomes purely imaginary, ¥y = jB. The solutions to the transmission line
equations then become

V(x)= V()Jrefjﬁ)r + Vofejﬁx

.
foy=Yo_mipx _ Yo ipx

0 0

where 8 = @ VLC,Z, = VLIC. V0+ and V are determined from the boundary conditions (see Example 10).

EXAMPLE 10. A lossless transmission line connects an AC generator (V, = 10V at 750 MHz with an out-
put impedance of Z,= 10 Q) to the load Z, = 150 Q. See Fig. 1-5. The line is 20 cm long and has distributed
parameters L = 0.2 yH/m and C = 80 pF/m. Find the voltage and current in the line.

Zg |
+
Vg (i > v Zg
X=—/ x=0
|« / »
Zin ' '

Fig. 1-5 A transmission line connecting a generator to a load.
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Expressions developed for V(x) and I(x) in the AC steady state will be used. From the given values for
the line, Z) = VL/C =50 Q, = @ VLC = 6r,and B¢ = 1.27. Let x = 0 at the load and x = —/ at the gen-
erator. Apply the boundary conditions at those two ends of the line to find VO+ and V.

(a) Atx = 0 (the load)
VO)=V, +Vy
4 _
oy
ZO Z0

However, the i — v characteristic of the load requires thatV(O) = ZRf(O). Therefore,

_ Z _
Vo +Vy =RV -V, ]
ZO

from which

_ Zp—Z,
Vo =TV, ,where == =0 =
Zp+7Z,

0.5.

(b) Atx = —/ (the generator end of the line)

V(=0 =V, e’ +vy e P
s i}
feny=Yo gise Yo i
ZO ZO

However, application of Kirchhoff’s voltage law at x = —/ results inV(—/¢) = Vg - Zg i—0).

Therefore,
Bt B Zg (b Bl v B
Vo e +Vye - =Vg—Z—[VO e’ =Vye 7]
0
from which
V0+ V,Z,

 Zy(@? +Te Py + 7, —Te P
By substituting for V, = 10\/5, Z, = 50, B¢ =12xT = 0.5, and Zg = 10 in the above equation, we find
VO+ =10.27£160° and V; = 5.13.£160°. The voltage and current throughout the line (—0.2 = x < 0) are

v(#) = 10.27 cos(t — Bx + 2.7925) + 5.13 cos(wt + Bx + 2.7925)
i(f) = 0.2054 cos(wt — Bx + 2.7925) — 0.1027 cos(wt + Px + 2.7925)

where the 160° phase angle is converted to 1607t/180 = 2.7925 radians. A right-shift (delay) of 2.7925/aw = 593 ps
in the time origin produces v, = 10V2 £—160° and

v(®) = 10.27 cos(mt — Bx) + 5.13 cos(wt + PBx)

i(f) = 0.2054 cos(wr — Bx) — 0.1027 cos(wt + PBx)

Input Impedance of a Lossless Line. The input impedance of a lossless line is the ratio of the voltage to cur-
rent phasors at x = —/. It may be expressed in terms of the reflection coefficient:

_ \7(—5) _ Vo+eﬂl + Vo_e_ﬁ“ 1+ e 2P
=0 Vil —vye P T 1T

Z, =Z(—0)

mn
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1%
where I' = % is the reflection coefficent at the load. The input impedance may also be expressed in terms

0

V4
of the load impedance by substituting in the above expression for I' = —£

— Z() .
——— The result is
Z,+2,

V(=D _ , Zp*jZytanpt
1=y °Zz,+jZtan Bt

in

EXAMPLE 11. Replace the circuit of Fig. 1-5 by the equivalent circuit of Fig. 1-6 and use it to obtain V.

Z9 1(=2)

Vg V(=1) Zin i

Fig. 1-6 Equivalent circuit of the transmission line of Fig. 1-5.

From Fig. 1-5, V0 =VieP +vye P =V (P +Te ), where'= Zp —Z,
Zp +7Z,
i % — Zin
From Fig. 1-6, V(=0=V, 717,
From equating the above expressions, VOJr = Vg ( Zin ] ( ! - J
Z,+Z, )\ +Te P

EXAMPLE 12. In the circuit of Example 10, (a) find the input impedance of the line (at the generator end looking
toward the load), and (b) use the equivalent circuit of Fig. 1-6 to calculate VO+ .

(a) Having Z, = 50, Z, = 150, B/ = 1.2r, and tan 3/ = 0.7265, we calculate Z, :

+j +j50 X 0.
5 _ g ZetiZetan Pl _ o 150+ 50 X 0.7265

=7, / : =64.36£—51.74° Q
Zy+ jZgtan B¢ 50+ j150 X 0.7265

(b) Having Vg = 10\/5, Zq =10,Z, = 6436£ —51.74°, B¢ =12r,and T = 0.5, we calculate VJ:

( Z, j [ 1 J 10V2 X 64.36£ —51.74°
8

V=V 7 — |= — =10.27£160° V
Z,+Z, |\ P +Te P 10 + 64362 —51.74° X (1.5cos B + jO.5 sin B¢)

Some Parameters of Lossless Transmission. The angular frequency is @ (frequency f = @/(27) Hz and period
T = 1/f seconds). The incident and reflected waves are sinusoids with constant amplitudes VO+ and V,,, respectively.
Each wave repeats itself after traveling a distance of A = 27/, which is called the wavelength. The phase veloc-
ity of the traveling wave in a lossless line is = A/T = w/B = 1/ VLC. For two-wire or coaxial transmission lines
(made of perfect conductors and dielectrics), LC = ue which results in a phase velocity M, = 1/\/,u_e, where u and
€ are the permeability and permittivity, respectively, of the insulation between the conductors. Because permeabil-
ity and permittivity are specified in terms of their relative values to those of free space, it = p, U, and € = €€, the
phase velocity becomes M, = c/\ﬁ_e where ¢ = 1/Vl €, is the speed of light in free space.

ror’
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The amplitude of the voltage wave has a maximum and a minimum value, whose ratio is called the voltage
standing wave ratio, VSWR, and is defined by

1+T Vi . . . .
—max — T where I' = = is the reflection coefficient.

0

Short-Circuited Line. If the line terminates in a short circuit (Z, = 0 in Fig. 1-5), then

N
V)=V, +V, =0,V =—V0*,1(0)=2‘;L, r=-1
0

+ +

V)=V, (e /P — ey =— jov;" sin Bx, and I(x)= ‘;i(e”ﬁx +elfry = 2‘% cos fix
0 0

7, =2(—n=YD

1(=0)

= jZ, tan B¢

The input impedance of the line is reactive (inductive when tan 3¢ > 0 and capacitive when tan §¢ < 0). Note
that B¢ = 2zl /A. For £ = kA/2, k an integer (line length being a multiple of the half-wavelength), B/ = kx/, tan
B¢ = 0, and the line appears as a short circuit.

Open-Circuited Line. If the line terminates in an open circuit (Z, = < in Fig. 1-5), then

+_ - A
i) =" o, =y o= 2y T =1
0

N . . A vi o . . *
V)=V, (e /P +eP*y=2V;" cos Bx, and 1(x) = (e I — /Py = j2‘% sin Bx
0 0

The input impedance of the line is reactive. Again, note that for ¢ = (2k + 1) A/4, k an integer, B¢ = 2k + 1) /2,
cot B¢ = 0, and the line appears as a short circuit.

Matched Line. If the line terminates in an impedance equal to its characteristic value (Z, = Z;in Fig. 1-5), then

Zp—Z . - N
=2k 20—, V(O)=V0+, I(O)ZVL
Zr =2y Zy

N : A vy .

Vx)=Vye P and I(x) =Zie*fﬁx
0

ZO

V) _ v i
Z()C):A—zv e’ szz
x Vie P 0

At any point on the line, the voltage and current are in phase with a constant ratio. The impedance is Z,,.

Power in a Lossless Line. The instantaneous power delivered to a load is p(r) = v(¢)i(f), where v () and i(¢)
are the voltage and current, respectively. Average power during the period from ¢ to t + T'is

1 t+T
pP= F/t p(t)dt

In the sinusoidal steady state,

+ 2wt + 1
cosO cozs( ot 9)’ andP:V—

v(t) =V cos(wt), i(t)=1Icos(wt +86), p(t)=VI
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In the phasor domain,
v(t)= 25{\7€j“”}, i(t)y= 25{?6”‘”}, and P = %25{‘7 Sy = %‘ v H 1 ‘ cos@
where V is the voltage phasor across the load, I* is the complex conjugate of its current phasor, and @ is the phase

angle of the current with reference to the voltage. Accordingly, in a lossless transmission line, the average powers
delivered to the load by the incident wave or reflected from it by the reflected wave are, respectively,

2 2
% v |

inc ’ and Prefl =

2|7, 2|2,

The net average power delivered to the load is
LR
- - ‘ Yo ‘ 2
P_Pt"nc +Preﬂ - 2|ZO|(1_F )

(Superposition of power applies because the incident and reflected waves have the same frequency.)

SOLVED PROBLEMS

Note: A Cartesian coordinate system (x, y, z) with unit vectors a , a, and a is assumed in the problems
below. Thus, by (a, b, ¢) is meant a point in three dimensional space with x = a,y = b, and z = c. Similarly, a
point in the xy plane is shown by (a, b).

1.1. Two identical point charges Q are separated by distance d in a homogeneous medium. Find the electric
field intensity at a point » m away from each charge. See Fig. 1-7. Find the near and far field intensities.

By the superposition principle, E = E, + E,, where E, and E,, each with magnitude Q/(4mer?), are the field intensities
due to each charge. Designate the line connecting the two charges as the x axis with the origin at its middle. The test
charge will be at y = Vr? — d?/4. The x components of E, and E, cancel each other, while their y components add.
From Coulomb’s law and the geometry of the problem we find the field intensity at a point on the y axis to be

2 2
—d° /4
_ o -d4

y
E=2E -a,
lr y 3 y

2me r

where a, is the unit vector in the y direction. At the origin, » = d/2, and the field is zero. At r >> d, the field is

E= 0
2 er

>a,, which is nearly the field intensity due to a point charge of 2Q.

1.2. Repeat Problem 1.1 for two equal charges of opposite signs.

Here the y components of E, and E, cancel each other and the x components add. See Fig. 1-8. From the geometry
of the problem,

E= El = Qd 3 %x
r 4rer
E
E2 E1
r r
Qe ® Q
t d !
Fig. 1-7 Electric field intensity along the orthogonal Fig. 1-8 Electric field intensity along the orthogonal

bisector of the line connecting two like charges +Q. bisector of the line connecting two unlike charges *Q.
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The field is inversely proportional to . At r = d/2, it becomes E =
point charge of 20.

——a,, which is the field intensity due to a
2mer

1.3. Two point charges of magnitude 0.1 u C and opposite signs are placed in vacuum on the x axis at
positions 1 m, respectively. (a) Calculate the field intensity at the point (0, 1). (b) Approximate the
value of intensity at a point 10 cm away from one charge by ignoring the effect of the other charge and
determine the percentage of error due to such an approximation.

(a) Asin Fig. 1-8, the y components of the fields produced by each point charge cancel each other and their x

components add, resulting in E = 4Qd za, . WithQ =0.1uC,d=2m,and r = V2 m, we find E = 636 4 a V/m.
er”

(b) Each point charge dominates the field in its 10-cm vicinity, resulting in E =~ =180 a_kV/m, where a_is the

radial unit vector with that charge as the center. The field is directed outward at x = —1 and inward atx = 1. The
most error occurs when the test point is at (*.9, 0), with a relative percentage error of 100 X 1/(1 + 19%) = 0.275%.

1.4. Three point charges Q, Q,, and Q, are separated by a distance d from each other in a homogeneous
medium. Find the electric force on Q.

Let the line connecting Q, and Q, be the y axis with the origin at its center. The forces exerted by Q, and Q, on Q
are given by the vectors F, and F,.

F, =kQa and F,=kQ,a,

Q1 e

Fig. 1-9 Forces on charge Q due to charges Q, and Q,.

where a, and a, are unit vectors from Q, and Q,, respectively, toward Q, and k = Q/(4med 2). See Fig. 1-9. The
total force on Q is the vectorial addition F = F, + F, found by adding the x and y components of the two forces.

Hence,
R, =/3k0,/2 R, =k, /2
Fy, =/3kQ, /2 Fy == kQ,/2
F.=F, +F, =3kQ, +0,)/2 F,=F, +F,=kQ —0,)/2
9

27T€d2 [\/E(Ql + Q2)ax + (Ql - Q2 )a),:|

1.5. Acharge Q, is placed at the point (0, —d) and another charge Q, at (0, d). Develop an equation for the
electric field intensity at a test point (x, y) as a function of &, Q,, Q,, x, and y.
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Let R, and R, represent vectors connecting Q, and Q,, respectively, to (x, y).

h R, xa,+(y+da
R =xa +(y+da,, R=["+O+d)’], ag LAt Gt da,

R R,
1 R, xa t(y+da
R,=xa, +(y—da,, R=[x*+Qy—d’]?, agp=-—2="F - "V
) R, R,
O O
E = ap = [xa, +(y+d)a,]
' areR? MR apepr A O DA,
O O
E, = ap, = xa, +(y—da,
2 GeR? M2 47reR23[ « Ty —day]
+ —
E=E, +E, = X %"'% a, + 1 Ql()’3 d)+Q2(y3 d) a,
dme | R R; dme R; R; )

1.6. Flux lines at any point in an electric field in a homogeneous medium are tangent to the field intensity at
that point. Consider the electric field in such a medium produced by two point charges *=Q placed at
*d m on the x axis, respectively. Find the direction of the flux lines at locations (£ d, 0) and (0, y).

Each point charge dominates the field in its vicinity, resulting in a radial direction for the field intensity and flux lines
(originating from x = d and sinking at x = —d). The flux lines become horizontal (going from right to left) when
they cross the y axis because the y components of the individual fields cancel each other and their x components add.

1.7. Two small spherical bodies each with mass m = 1 gram are suspended near each other by two strings of
length ¢/ = 10 cm as in Fig. 1-10(a). Assume that the spheres are placed in a vacuum and experience a
gravitational pull(g = 9.81 m/s?). When each is loaded with a charge Q, the spheres separate by a
distance of d = 1 cm as in Fig. 1-10(b). Find Q.

(@) (b)

0?
Amed?’

Fig. 1-10 Two charged bodies repel each other with a force F =

The charge may be calculated from the separation distance d. The gravitational force on each sphere is mg in the
downward vertical direction. The Coulomb force is F = Q%/(4med?) in the horizontal direction, pushing the
spheres away from each other. At equilibrium, each string aligns itself with the direction of the total force on its
bob. From the similarity of the force- and string-triangles we find

F _di2 - F= mgd/2

mg? +F2 L 2 —(drn2)y?

Substituting Q?/(4med?) for F and solving for Q we find

2 _ 2ﬁ€0d3
V0 —(d/2)?

With €, = 8.854 X 1072 F/m,d = 001 m, / = 0.1 m, and m = 10~* kg, we obtain Q = 2.3376 nC.

meg
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1.8.

1.9.

1.10.

1.11.

1.12.

1.13.

An infinitely long, straight line has a uniform charge distribution of p C/m. Use Gauss’s law to find the
electric field at a point r m away from it.

Consider a cylindrical volume of height ¢ with circular cross sectional area of radius r, which has the line as its axis.
The volume contains a total charge of Q0 = p/. By symmetry, the E field is radial in direction and has the same
magnitude on the surface of the cylinder. The total flux through the surface is ¥ = €E X ¢ X 7r2. By Gauss’ law,
Y = Q from which E = p/mer?.

An infinite plane is uniformly charged with a distribution of p C/m2. Use Gauss’s law to find the electric
field at a point r m away from it.

Consider a cylindrical volume with the cross-section area S normal to the plane and bisected by it in two equal
lengths. The volume contains a total charge of Q = pS. By symmetry, the E field is directed away from the plane
and normal to it with the same magnitude on the cylinder’s cross sections. The total flux through the surface of the
cylinderis ¥ = eE X 2 X S. By Gauss’s law, ¥ = Q from which E = p/(2¢), which is independent of the distance
from the plane.

A uniform charge distribution with density p C/m? is established on the infinite xy plane (z = 0). Find
the electric potential at points above or below the plane.

For z > 0, the electric field intensity is E = p/(2¢) a, and V = E X z = pz/(2€). Forz < 0,E = —p/(2¢)a_and
V= —pz/Q2e).

An infinite plane at z = d is uniformly charged with a density p C/m? and a second plane at z = 0 with
density —p C/m?. Find the electric field intensity E and potential V at —c < z < —co with reference to
z=0.

Let E, and E, represent the electric fields due to the first and second planes, respectively. From the result of
Problem 1.10 and using the superposition principle we obtain

p _Pr
2 7 2 270 —Pa., 0<z<da
E, = E,= and E=E +E,=1 € ~
—£a7, z<d ﬂa., z<0 0, elsewhere
2 * 2¢ *
pdle, z>d
By integrating E along the z axis with reference to the potential at z = 0 we obtain yV =< pz/e, 0=z=d
0, z<0

Two infinite parallel planes carry uniform charge distributions of = p, cos(x), respectively. Find the
electric field intensity, the electric potential, and the displacement current in the space between them if
the gap separating them is filled with (@) air, (b) a dielectric material with €. = 100.

d oD
(a) e=¢ E=&cos(wt), V=chos(a)t), — =—wp, sin(wr)
€ € ot
1 p, 1 pyd aD .
b =100 E=—>=cos(wt), V =—>"—cos(wt), — =—wp, sin(wt
() €=100& 100 ¢, <@ 100 ¢ OO, Posin(@r)

Note that the displacement current remains the same in (a) and (b). The electric field intensity and the electric
potential are reduced by a factor of 100 in ().

Find the average and rms values of the force per unit length between two infinitely long wires that are
separated by 1 m and carry 60-Hz AC currents of 100 amperes (rms) in opposing directions in air.
i(t) =100~/2 sin(3771), i2(t) = 10*[1 — cos(7541)]

Fe Mo i) _4mx10”’

X 10*[1 — cos(7541)] = 2 X 107>[1 — cos(7541)] (N)
2r d 21

. . - / 1 _
Average of Fis 2 X 1073 N. Its rms value is 2 X 10 3 1+5=2.45><10 ’N.
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Two infinitely long parallel wires separated by 1 m are at 6 m above ground. Each carries a 60-Hz AC
current of 100 amperes (rms), but in opposing directions. See Fig. 1-11. Find the magnetic flux density
B at a test location on the ground which is at an equal distance from the wires.

ry
o
y

B2 B1

<

Fig. 1-11 Magnetic flux density B =B, + B, due to a pair of overhead lines carrying currents in opposite directions.

1.15.

1.16.

The instantaneous current in the wires is i(f) = 100V/2 sin (3771). The magnetic flux density due to each wire is
i Amx107’

2R 27 X 36 +0.25

directed at a right angle to the line connecting the test point to that wire. The horizontal components of B, and B,

100+/2 sin(377¢) = 4.7 sin(377¢) (uT)

cancel each other, but the vertical components add. From the similarity between the vector- and distance triangles,
we find B = 0.78 a uT.

An AC current in an overhead wire generates an AC magnetic field with B, . = 50 sin(377¢) uT at a test
location below. The earth’s static magnetic field at that location is B, = 50 uT, directed toward the
magnetic north. Find the total field (instantaneous, average, and rms values) at that location if the
current runs in a (a) west-east, or (b) south-north direction.

Let the west-east direction be the x axis and the south-north direction be the y axis, with unit vectors a_and a,

respectively. Then, B = B, . + B, ., where B, . = San uT.

AC?
(@) 1=1,sin(377a, B,.=50sin(3770a, B =350[sin(3770) + 1]a, B, =50, B, =6123

(b) 1=1,sin(3770a, B, .= —50sin(3770a, B=50[-sin(3770a,+a]. B, =608, B, =433

av, rms

All magnetic field values are in uT.

A single-strand rectangular test loop (1 m X 10 cm) is placed length-wise in parallel with, and at a
distance of 10 m from, a very long straight wire such that they form a plane. The wire carries a 50-A
(rms) sinusoidal current at the frequency f Hz, and the medium is free space. Obtain the emf induced in
the loop as a function of f, and find its rms values at 60 Hz and 60 kHz.

i =502sin(27f1)

B Ui 4mx1077 , 6 [
B=pH="0"=22""" »50J2sin(2xft)=10"°2sin(2r ft
Mo = ™ 2rx10 @zf1) @nfo)

0=BXxXS=10""2sin(2xf1)

emf =— % =2J27f X107 cos2mf1)

The rms value of the induced emf is 0.27 f (uV). At 60 Hz it is 37.7 uV, and at 60 kHz it becomes 37.7 mV.
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1.17. Prove the necessity for the displacement current introduced by Maxwell in Ampere’s law.

First consider Ampere’s law in its original form, V X H = J, and then take the divergence of both sides of it:
V-(VXH)=V-]J.ButV: (VX H) = 0 (divergence of the curl is always zero according to line 11(a) in Table 1-5).
This would require V + J = 0, contradicting, in time-varying fields, conservation of charge which states that

VJ+ g%” = 0. Now consider Ampere’s law in the modified form with Maxwell’s displacement current

included, VX H=J + %lt), and take the divergence of both sides: V- (VXH)=V-]J+ @ .
By Gauss’s law, v-D) _9p Therefore, V- (VXH)=V-J+ Z—p =0, which is the statement of
ot ot t

conservation of charge for a time-varying field. Adding the displacement current to Ampere’s law resolves
the contradiction.

1.18. Consider the pair of vectors E = E sin o(t — \/eﬁ 7z)a and H = H, sin o(t — \/e_,u z)a , where
a_and a_ are unit vectors in the x and y directions, respectively. Show that in order to conform
with Maxwell’s equations (i.e., represent electromagnetic waves in a homogeneous medium),

H, = E,Velu.

. . oE,
Faraday’s law requires V X E =— pﬁ. In this problem we have V X E = a—"‘av =—E /€Ll cos o(t —[elz) a,
ot z -
and aa—H = WH cos o(t — \Jelz) a, . To conform with Faraday’s law, we need E,wVeu = pwH,, or Hy = E,Ve/l.
: )

In free space, H, = 2.65258 X 1073E,.

1.19. Derive the source-free wave equation for E in the phasor domain from its time-domain form.
) ) . .o o’E .
The time-domain wave equation for the E field is V°E = yie—- . For harmonic waves
ot

) 9’E ) )
E=E(x,y,2)e’”, v =—E(x,y,2)¢/”, and V’E=V’E(x,y,z)e.
t

Substitute the above in the time-domain equation and drop the common term ¢ from both sides to obtain
V?E + «” ueE = 0. This is the phasor-domain wave equation.

1.20. Derive the phasor-domain wave equation for a magnetic field in source-free media from Maxwell’s
equations.

Start with Maxwell’s equations given below and proceed through Steps 1, 2, and 3.

Faraday’s law: V X E = —jouH Gauss’s law for the electric field: V-E =10
Ampere’s law: V X H = joeE Gauss’s law for the magnetic field: V+-H = 0
Step 1. Take the curl of both sides in Ampere’s law = VX (VXH)=jouVXE)
From Faraday’s law, = VXE = —jou(joeH) = w?> ueH
As aresult, = VX (VXH)=w0*ueH
Step 2. From mathematical identities, = VX(VXH)=V(V:-H) - VH
But, divergence of H is zero. = V:H=0

Therefore, = VX (VXH)=-VH

Step 3. Equate results of Steps 1 and 2 to find that = |V’H=-0’ueH
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SUPPLEMENTARY PROBLEMS

1.21.

1.22.

1.23.

1.24.

1.25.

1.26.

1.27.

1.28.

1.29.

1.30.

1.31.

1.32.

1.33.

1.34.

1.35.

1.36.

1.37.

Two identical point charges each of the same sign and magnitude Q are placed in the xy plane at (—d/2, 0) and
(d/2,0). (a) Find the electric field on the z axis at a distance z from the origin. (b) Obtain its value for Q = 0.5
nC,d=2m,and z =1 m.

Four equal electric charges of magnitude 0.25 nC are placed in the xy plane at the four corners of a square of side
V2 m centered at the origin. Find the electric field intensity atz = 1 m.

A total charge of 1 nC is equally distributed among 2n points which are placed equidistantly on a circle witha 1 m
radius centered at the origin in the xy plane. Find the electric field intensity on the axis of the circle at z = *1 m.

A sum of 0.5 nC is distributed equally at n points and placed at random locations on a unit circle in the xy plane.
Another identical set is then placed on the circle at locations which are the mirror images of the first set with
respect to the origin. Find the electric field intensity on the axis of the circle at z = =1 m.

A charge Q is distributed uniformly on a circular ring with radius » centered at the origin in the xy plane. (@) Find the
electric field on the z axis at a distance z from the center. (b) Obtain its value forQ = 1 nCandr = z = 1 m.

(k=5)°
Nine cocentric rings carry charge densities of e 8 nC/m, wherek =1,2,...,9 mis the radius of a ring.
(a) Find the total charge Q on the ensemble. (b) Find the electric field intensity on the axis of the rings at a distance
5 m from the center. (c) Determine the radius m of an equivalent ring with a uniform density Q/(27wm) which would
generate the same electric field intensity E on its axis 5 m away from the center.

Two point charges of 0.5 nC each are placed in the xy plane at (1, 1) and (—1, 1). Two other charges of —0.5 nC
each are placed at (—1, —1) and (1, —1). Find the electric field on the z-axis at z = 1.

Two point charges of 0.5 nC each are placed in the xy plane at (1, 0) and (0, 1). Two other charges of —0.5 nC each
are placed at (—1,0) and (0, —1). Find the electric field on the z-axis at z = 1.

Twenty point charges are placed equidistantly on a unit circle starting at (1, 0) and progressing counter-clockwise.
The first 10 points (on the upper half-circle) are 50 pC each and the next 10 points (on the lower half-circle) are
—50 pC each. Find the electric field at a vertical distance of 1 m from the center of the circle.

The infinite sheet at z = 0 is uniformly charged with a density of 2 nC/m?. On the z > 0 side, the sheet is covered by
a 1-cm thick layer of dielectric material with €, = 100. Find the flux density D and electric field strength E for z > 0.

The electric potential between two infinite parallel plates which are 10 cm apart is set to 100 V. Find the electric
field in the space between them.

An electric potential v(f) = 100 cos(360007?) is established between two infinite parallel plates which are separated
from each other by 1 cm. Find the displacement current in the space between the plates if it is filled with (a) air,
(b) a dielectric material with e = 100.

An electric charge with a density of 0.25 nC/cm? is uniformly distributed throughout the spherical volume r < 1 cm.
The sphere is enclosed by a dielectric shell with €, = 10 and 1 < r <2 cm. Find D and E for 1 <r < e,

Find the magnitude of magnetic flux density 8 m away from an infinitely long, straight wire carrying a 60-Hz AC
current of 60 A (rms) in air.

Derive the wave equation for the magnetic field of a plane wave using the method of Table 1-6.

A 75-Q lossless transmission line is terminated on a 33.33-Q load. To match the load to the line, we place a
segment of 50-Q transmission line between the load and the 75-Q line. Find the length of the 50-Q2 line.

Find the characteristic impedance of a lossless line from two measurements Z3¢ and Z¢¢, the short-circuited and
open-circuited input impedances, respectively.
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1.38. A sinusoidal signal generator feeds a distant load Z, through a transmission line. Determine the length of the line if

it is desired that the input impedance of the line as seen by the generator remain at Z, regardless of the line’s

characteristic impedance.

1.39. A sinusoidal signal generator V,=10V

rms’

Zg = 25 Q) feeds a 100 Q resistor as in Fig. 1-12(a). (@) Find the average

power delivered to the resistor. (b) To maximize the power delivered to the resistor, a lossless transmission line is

placed between the generator and the load as in Fig. 1-12(b). Determine the length and characteristic impedance of the
line. Then find the power delivered to the 100 €2 resistor.

1 GHz 1000 E

110 Vrms

Fig. 1-12 By employing a quarter-wave section of a lossless transmission line with an appropriate characteristic impedance,
a load is matched to the source resulting in maximum power transfer. In (a), power delivered to the 100-Q2 load is 640 mW.
By placing a quarter-section (¢ = A/4) of a lossless line, as in (b), with characteristic impedance Z, = V25 X 100 = 50 Q,
the impedance seen by the generator becomes 25 Q and power delivered is maximized to the value 4 W.

1.40. Using the time-domain expressions given in Example 10 for a line’s voltage and current, find the instantaneous and

average powers delivered to the load.

ANSWERS TO SUPPLEMENTARY PROBLEMS

1.21. (@) E=Qza/ [27e(2 + d? ] 4],

(b) 3.18a V/m

1.22. Hint: Use superposition and the answer to problem 1.21.

E=3.182a V/m
1.23. E=+3.18a V/m
1.24. E = +3.18a, V/m

125. (@) E = Qza/[4me( + rH)*?], (b)

3.18 a V/m

1.26. (@) Q=1539nC, (b) E=8078a V/m, (c) m=8753m

1.27. Hint: Use superposition and the answer to problem 1.2.

E=-346 a V/m
1.28. E= —3.18(a + ay) V/m

1.29. E=—0318a_— 2.009a V/m

1.30. D=10"a_c/m?* E=
0 "a.c/m {llS.laZV/m,

1.131a, V/m, 0<z<lcm

z>1cm

1.31. E = 1kV from the positive to the negative plate.

1.32. (a) B_Lt)= —10 sin(3600077) mA /m?,

b) %L = —sin(3600071) A /m’
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109 3f72ra,V/m, 1<r<2cm
1.33. D=——a, C/m* E=1 " :
12r 3r

2a,V/m, r>2cm
10r

where a_ is the radial unit vector away from the center of the sphere.
1.34. B =2.12sin(377¢) (uT)
1.35. Hint: Inboth columns of Table 1-6 switch differentiations with respect to z and ¢.
1.36. (= A/4
137, 7= —jZ, cot(B0), 2%, = jZ, an(Bl), Z, =227
1.38. ¢ =nA/2
1.39. (@) 640mW, (b) Z,=50Q,0=A/4,P=4W

1.40. p(H) = v(®)i(t) = (154 cos wr) X (0.1025 cos wr) = 1.5785 cos? wt = 0.78925(1 + cos 2w1). P.= 789.25 mW
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Vector Analysis

2.1 Introduction

In electromagnetics, vectors are used extensively as the main tool of analysis. They were introduced briefly
in Section 1.5, along with some vector operations in the Cartesian coordinate system. This chapter expands
the scope of vector algebra to a level needed throughout the rest of the book. It also introduces the
cylindrical and spherical coordinate systems, as all three coordinate systems are used in electromagnetics.
As the notation, both for the vectors and the coordinate systems, differs from one text to another, a thorough
understanding of the notation employed herein is essential for setting up the problems and obtaining
solutions. In addition to this chapter, more vector operations (gradient, divergence, and curl) are introduced
in Chapter 5.

2.2 Vector Notation

In order to distinguish vectors (quantities having magnitude and direction) from scalars (quantities having mag-
nitude only), the vectors are denoted by boldface symbols. A unit vector, one of absolute value (or magnitude
or length) 1, will in this book always be indicated by a boldface, lowercase a. The unit vector in the direction
of a vector A is determined by dividing A by its absolute value:

_A A
tolal o4

By use of the unit vectors a.a.a along the x, y, and z axes, respectively, of a Cartesian coordinate system,
an arbitrary vector can be written in component form:

A = Axax + AVaV + AZaZ

In terms of components, the absolute value of a vector is defined by

|A|=A:,/Af+A§+A§

EXAMPLE 1. A vector drawn from point M (2, 2, 0) to point N (4,5, 6) is shown by A = 2a_+ 3a + 6az. Its
magnitude is |A| = V22+32+ 62 = 7. Its direction is given by the unit vector ’

6
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2.3 Vector Functions

A vector function in a three-dimensional space assigns a vector to each point in that space. It specifies the mag-
nitude and direction of the vector at that point. The spatial components of the vector are, in general, functions
of the coordinates of the location. Electric and magnetic fields are examples of vector functions.

EXAMPLE 2. The electric field intensity due to a point charge Q placed at the origin is

0
E= a
4meR? R

where a, is the radial unit vector. Express E in the Cartesian coordinate system and find its value at the points
K3,4,12),L(2,6,9),M(1,4,8),and N4, 5, 6).

QO(xa, + ya, +za,)

E(x,y,2)= 3
47re[x2 + y2 + 12]2
3a, +4a, +12a
E(3,4,12)=Q( L )
4me X 13
2a_+6a, +9a
E(2,6,9)=Q( ———— )
dme X 11
a_+4a,  +8a
B (14,8 =20 00 10
4dmwe X9
2a_+3a,  +6a
E4.5.6) = 2% - )
dme X7

These points are located on concentric spheres with radii 13, 11,9, and 7, respectively.

2.4 \Vector Algebra

1. Vectors may be added and subtracted.
AXB=@Aa + Ayay +Aa)=* (Ba + Byay + Ba)
=(@A,*Bja + (A *B)a + (A *B)a,
2. The associative, distributive, and commutative laws apply.

A+B+C)=A+B)+C
k(A + B) = kA + kB (k, + k)A = kA + kA
A+B=B+A

3. The dot product of two vectors is, by definition,
A-B = ABcos 0 (read “A dot B”)
where 0 is the smaller angle between A and B. In Example 3 it is shown that
A-B=AB +AB +AB,
which gives, in particular, lAl = VA-A.
EXAMPLE 3. The dot product obeys the distributive and scalar multiplication laws

A-B+C)=AB+A-C A-kB = k(A -B)
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This being the case,
A-B=(Aa + Avay +Aa)-(Ba +Ba +Ba)
=AB (a-a)+ Ava(av . ay) + Asz (aZ . az)
+AB(a-a)t - +AB(a-a)

However,a -a =a -a =a -a = | because the cos 61in the dot product is unity when the angle is zero. And

when 0 = 90°, cos @ is zero; hence, all other dot products of the unit vectors are zero. Thus,
A-B=AB + AB +AB,
4. The cross product of two vectors is, by definition,
A X B = (ABsin 0)a, (read “A cross B”)

where 0 is the smaller angle between A and B, and a, is a unit vector normal to the plane determined
by A and B when they are drawn from a common point. There are two normals to the plane, so further
specification is needed. The normal selected is the one in the direction of advance of a right-hand screw
when A is turned toward B (Fig. 2-1). Because of this direction requirement, the commutative law does
not apply to the cross product; instead,

AXB=-BXA

Fig. 2-1

Expanding the cross product in component form,

AXB =(Aa +Aa +Aa)X(Ba +Ba +Ba)
= (Asz —AB)a + (AB — Asz)ay + (AB,—AB)a,

which is conveniently expressed as a determinant:

a a_  a

x y z
AXB=|A A A
X y z

B B B

x y z

EXAMPLE 4. Given A = 2a_+ da — 3az andB=a — a, find A -B and A X B.
A-B=2)(1) + D=1 +(=3)0) = -2

a ay az

AXB=2 4 -3 =—3»ax—3:¢1v—6aZ
1 -1 0
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2.5 Coordinate Systems

A problem which has cylindrical or spherical symmetry could be expressed and solved in the familiar Cartesian
coordinate system. However, the solution would fail to show the symmetry and in most cases would be need-
lessly complex. Therefore, throughout this book, in addition to the Cartesian coordinate system, the circular
cylindrical and the spherical coordinate systems will be used. All three will be examined together in order to illus-
trate the similarities and the differences.

A point P is described by three coordinates, in Cartesian (x, y, z), in circular cylindrical (7, ¢, z), and in
spherical (r, 6, ¢), as shown in Fig. 2-2. The order of specifying the coordinates is important and should be
carefully followed. The angle ¢ is the same angle in both the cylindrical and spherical systems. But, in the
order of the coordinates, ¢ appears in the second position in cylindrical, (r, @, z), and the third position in
spherical, (r, 8, ¢). The same symbol, r, is used in both cylindrical and spherical for two quite different things.
In cylindrical coordinates r measures the distance from the z axis in a plane normal to the z axis, while in the
spherical system » measures the distance from the origin to the point. It should be clear from the context of
the problem which r is intended.

(@) Cartesian (b) Cylindrical (c) Spherical

Fig. 2-2

A point is also defined by the intersection of three orthogonal surfaces, as shown in Fig. 2-3. In Cartesian coor-
dinates the surfaces are the infinite planes x = const., y = const., and z = const. In cylindrical coordinates,
z = const. is the same infinite plane as in the Cartesian case; ¢ = const., is a half plane with its edge along the
z axis; r = const. is a right circular cylinder. These three surfaces are orthogonal and their intersection locates
point P. In spherical coordinates, ¢ = const. is the same half plane as in cylindrical; » = const. is a sphere with
its center at the origin; 6 = const. is a right circular cone whose axis is the z axis and whose vertex is at the ori-
gin. Note that 0 is limited to the range 0 = 6 = 7.

r= const. = const.

z= const. \< 2= const.

P
—> y
>y >
X = const.
y = const.
X ¢ = const.
x x_ r=const.
¢ = const.
(@) Cartesian (b) Cylindrical (c) Spherical

Fig. 2-3
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Fig. 2-4 shows the three unit vectors at point P. In the Cartesian system the unit vectors have fixed directions,
independent of the location of P. This is not true for the other two systems (except in the case of a_). Each unit
vector is normal to its coordinate surface and is in the direction in which the coordinate increases. Notice that
all these systems are right-handed:

a Xa =a_ a Xa =a a Xa,=a
X y z r (] Z r 0

The component forms of a vector in the three systems are

4

A=Aa + Ayav +Aa (Cartesian)
A=Aa +A E +Aa, (cylindrical)
A=Aa +Agpa,+ A¢a¢ (spherical)

It should be noted that the components A , A , A e etc., are not generally constants but more often are functions
of the coordinates in that particular system.

Z A
aZ
ap
P 7'
ar
>y
X X
(a) Cartesian (b) Cylindrical (c) Spherical
Fig. 2-4

2.6 Differential Volume, Surface, and Line Elements

There are relatively few problems in electromagnetics that can be solved without some sort of integration—
along a curve, over a surface, or throughout a volume. Hence, the corresponding differential elements must be
clearly understood.

When the coordinates of point P are expanded to (x + dx,y + dy,z + dz) or (r + dr, ¢ + d¢, z + dz), or
(r+dr, 0+ do, ¢ + dg), a differential volume dv is formed. To the first order in infinitesimal quantities, the
differential volume is, in all three coordinate systems, a rectangular box. The value of dv in each system is given
in Fig. 2-5.

Z A

Z A Z A
rsin6de¢
>y y
X
X
dv =dxdydz dv=rdrd¢ dz dv = r2sin6 drd6 d¢
(a) Cartesian (b) Cylindrical (c) Spherical

Fig. 2-5
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From Fig. 2-5 may also be read the areas of the surface elements that bound the differential volume. For
instance, in spherical coordinates, the differential surface element perpendicular to a_is

dS = (r d0)(r sin 0dg) = r? sin 0dO d¢

The differential line element, d/ is the diagonal through P. Thus,

dr? = dx® + dy* + dz? (Cartesian)
dr? =dr + r?d¢* + dz? (cylindrical)
dlt? =dr’ + r>d8? + r?sin® 0 d¢? (spherical)

SOLVED PROBLEMS

2.1.  Show that the vector directed from M(x,, y,, z,) to N(x,, y,, z,) in Fig. 2-6 is given by

(x, —x)a_+ (y, - yl)a~V +(z, — zl)az

Ny, ¥y, 2,)

Fig. 2-6

The coordinates of M and N are used to write the two position vectors A and B in Fig. 2-6.
A=xa +ya +za,

B= xa, + y,A, +z,a,

Then B—-—A=(x,—x)a +(y,— yl)ay +(z, — z))a,

2.2. Find the vector A directed from (2, —4, 1) to (0, —2, 0) in Cartesian coordinates and find the unit
vector along A.

A=(0-2a, +[-2—(—4a, +(0—Da,=—2a, +2a,—a,
AP =22+ +(1)*=9
a :A:—ga +ga —la
YAl 3T 3T 3T
2.3. Find the distance between (5,37 /2,0) and (5, 7 /2, 10) in cylindrical coordinates.

First, obtain the Cartesian position vectors A and B (see Fig. 2-7).

A= —SaV B = Sa), + lOaZ
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(5, /2, 10)

A
[ £ >y
(5, 37/2, 0)

Fig. 2-7

Then B — A = 10a, + 10a_ and the required distance between the points is
IB— Al =10V2

The cylindrical coordinates of the points cannot be used to obtain a vector between the points in the same manner
as was employed in Problem 2.1 in Cartesian coordinates.

2.4. Show thatA = 4a — 2a —a andB =a_+ 4a — 4a_are mutually perpendicular.

Since the dot product contains cos 8, a dot product of zero from any two nonzero vectors implies that 6 = 90°.
AB=@HMD) + (=2)H + (=D(=4H =0

2.5. Given A =2a + 4ay and B = 6ay — 4a,, find the smaller angle between them using (a) the cross
product, () the dot product.

a, a, a,
(a) AXB=2 4 0 |=—16a, +8a, +12a,
0 6 —4

|A =12 +(4)* +(0)° =447

|B| =0 +(6) +(-4) =721

A ><B\:\/(—16)2 +(8)* +(12)* =21.54

Then, since A xB| = |A| |B]| sin 0,

sing=—21%  _ 0668 or 0=419°
(4.47)(721)
(b) A-B = (2)0) + 4)6) + (0)(—4) =24
cosg=AB 24 0.745 or 6=419

A|[B] @an@an

2.6. GivenF = (y — Da_+ 2xay, find the vector at (2, 2, 1) and its projection on B, where B = 5a_— a + 2az.

F2,2,1) =2 — Da_+ (2)(2)ay

=a +4a_
x )
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2.8.

CHAPTER 2 Vector Analysis

As indicated in Fig. 2-8, the projection of one vector on a second vector is obtained by expressing the unit vector in
the direction of the second vector and taking the dot product.

Proj AonB=A-a, _A'B
B|
= —
B
Proj. Aon B
Fig. 2-8

Thus, at (2,2, 1),

F-B_DOGS)+@HCH+O)2)_ 1

B] J30 J30

Proj.Fon B =

Given A = a_+ a, B=a + Zaz and C = Zay +a, find (A X B) X C and compare it with
A X B XCOC).

a, a, a,
AXB=|1 1 0|=2a,—2a,—a,
1 0 2
a, ay az
Then (AXB)XC=|2 =2 -1 |=—2a,+4a,
0 2 1

A similar calculation gives A X (B X C) = 2a_— 2a + 3a_. Thus, the cross product does not obey the vector
triple associative law.

Using the vectors A, B, and C of Problem 2.7, find A - B X C and compare it with A X B - C.
From Problem 2.7, BXC= —4a — a + Zaz. Then

A*BXC=1)(—4)+ DD+ ©O)2) = -5

Also from Problem 2.7, A X B =2a_— 2a — a_Then
AXB-C=2)0) +(—2)2) + (—D()= -5

Parentheses are not needed in the scalar triple product, since it has meaning only when the cross product is taken
first. In general, it can be shown that

AX
A-BXC=|B,
c

x y z

o>
N>

)

2

a
a &

As long as the vectors appear in the same cyclic order, the result is the same. The scalar triple products not in this
cyclic order have a change in sign.
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2.9. Express the unit vector which points from z = & on the z axis toward (7, ¢, 0) in cylindrical coordinates.
See Fig. 2-9.

Fig. 2-9

The vector R is the difference of two vectors:

R=ra, —ha,

_ R _ra —ha
‘R‘ \lrz-i-hz

The angle ¢ does not appear explicitly in these expressions. Nevertheless, both R and a,, vary with ¢ through a .

ag

2.10. Express the unit vector which is directed toward the origin from an arbitrary point on the plane z = —5,
as shown in Fig. 2-10.

Fig. 2-10

Since the problem is in Cartesian coordinates, the two-point formula of Problem 2.1 applies.

R=—=xa, —ya, +5a,

—xa, —ya, +5a,

AR = 2, 2
x“+y +25

2.11. Use the spherical coordinate system to find the area of the strip & =< 6 =< B on the spherical shell of
radius a (Fig. 2-11). What results when o« = O and = 7 ?

The differential surface element is [see Fig. 2-5(c)]

dS = r?sin 6d0 d¢
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V4
B
o
Fig. 2-11
2 B
Then A=/ / a’sin6 dé do
0 o

=274’ (cos & — cos B)

When o = 0 and 8 = 7, A = 47a?, the surface area of the entire sphere.

2.12. Obtain the expression for the volume of a sphere of radius a from the differential volume.

From Fig. 2-5(c), dv = 12 sin 6 dr d6 d¢. Then

2 T a 4
v=/ / / r*sin@dr d6 dp =—ra’
0 0o /o 3

2.13. Use the cylindrical coordinate system to find the area of the curved surface of a right circular cylinder
where » = 2m, h = 5 m, and 30° = ¢ = 120° (see Fig. 2-12).

ZA

/6 21/3 y
Fig. 2-12
The differential surface element is dS = r d¢ dz. Then
5 2r/3
A= / / 2d¢dz
0 7 a6
=51 m?
2.14. Transform
A=y, +xa, +—%
=ya, T xa, ﬁ a,

from Cartesian to cylindrical coordinates.
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Referring to Fig. 2-2(b),
X =rcos ¢ y =rsin ¢ r=Vx*+y?

Hence, A = rsin ga_+ rcos ¢a tr cos? ¢a_

Now the projections of the Cartesian unit vectors on a,, a " and a_are obtained:

aa =cos¢ a a¢=—sm¢ aca =0
ay°a=sm¢ ay'a¢=cos¢ ay'az=0
a*a =20 a*a =0 aca =1
4 r k4 [ z Z
Therefore, a_= cos ¢a, — sin pa 0
a = sin pa,_+ cos ¢a¢
a7 = a7
and A = 2rsin ¢ cos ¢a,_ + (r cos® ¢ — rsin’ Pa, +r cos? ga_

2.15. A vector of magnitude 10 points from (5, 57 /4, 0) in cylindrical coordinates toward the origin (Fig. 2-13).
Express the vector in Cartesian coordinates.

-

Fig. 2-13

In cylindrical coordinates, the vector may be expressed as 10a_, where ¢ = 7 /4. Hence,

10 10
A _=10cos—=— A =10sin—=— A =0
* 4 2 Y 4 2 ¢
so that
10 10
A=—a_+-—=a,
NN

Notice that the value of the radial coordinate, 5, is immaterial.

SUPPLEMENTARY PROBLEMS

2.16. Given A = 4ay + 10a_and B = 2a_+ 3ay, find the projection of A on B.

2.17. Given A = (10/\6 )a +a)and B = 3(ay + a ), express the projection of B on A as a vector in the direction of A.
2.18. Find the angle between A = 10a + 2a, and B = —4a +0.5a, using both the dot product and the cross product.

2.19. Find the angle between A = 5.83}, + 1.55a_and B = 76.933}, + 4.0a_ using both the dot product and the cross
product.



2.20.

2.21.

2.22.

2.23.

2.24.

2.25.

2.26.

2.27.

2.28.

2.29.

2.30.

2.31.

2.32.

2.33.

2.34.

2.35.

2.36.

2.37.
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Given the plane 4x + 3y + 2z = 12, find the unit vector normal to the surface in the direction away from the origin.

Find the relationship which the Cartesian components of A and B must satisfy if the vector fields are to be
everywhere parallel.

Express the unit vector directed toward the origin from an arbitrary point on the line described by x = 0,y = 3.
Express the unit vector directed toward the point (x,, y,, z,) from an arbitrary point in the plane y = —5.
Express the unit vector directed toward the point (0, 0, #) from an arbitrary point in the plane z = —2.

Given A = 5a_and B = 4a_+ B‘,a‘,, find Bv such that the angle between A and B is 45°. If B also has a term Bzaz,
what relationship must exist between B and B_?

Show that the absolute value of A * B X C is the volume of the parallelepiped with edges A, B, and C.
Given A = 2a_— a, B =3a + a, andC = —2a_+ 6::1V — 43:,’ show that C is L to both A and B.

GivenA = a_— a, B= Zaz, andC = —a_+ 3av, find A * B X C. Examine other variations of this scalar triple
product.

Using the vectors of Problem 2.28 find (A X B) X C.
Find the unit vector directed from (2, —5, —2) toward (14, —5, 3).

Find the vector directed from (10, 37 /4,  /6) to (5, /4, m), where the endpoints are given in spherical
coordinates.

Find the distance between (2, /6, 0) and (1, 7, 2), where the points are given in cylindrical coordinates.
Find the distance between (1, /4, 0) and (1, 37 /4, 7), where the points are given in spherical coordinates.

Use spherical coordinates and integrate to find the area of the region 0 = ¢ = o on the spherical shell of radius a.
What is the result when o = 27?

Use cylindrical coordinates to find the area of the curved surface of a right circular cylinder of radius a and height &.
Use cylindrical coordinates and integrate to obtain the volume of the right circular cylinder of Problem 2.35.

Use spherical coordinates to write the differential surface areas dS, and dS, and then integrate to obtain the areas of
the surfaces marked / and 2 in Fig. 2-14.

ZA

Fig. 2-14
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2.38. Use spherical coordinates to find the volume of a hemispherical shell of inner radius 2 .00 m and outer radius 2.02m.

2.39. Using spherical coordinates to express the differential volume, integrate to obtain the volume defined by 1 = r=2m,
0=0=nrn/2,and0 = ¢p=rm/2.

ANSWERS TO SUPPLEMENTARY PROBLEMS
2.16. 12/V13

2.17. 1.50(a, + a)

2.18. 161.5°

2.19. 135°

2.20. (4a + 3ay +2a)/V29

A,
2.21. A =2= A,
B, B, B,
—3ay —za,
222, a=—F—

\l9+z2

B (x,—xa, +(, + S)ay +(z; —2)a,

2.23. a=
oo =2 + 0y +57 +(z —2)°

—xa,—ya,+ (h+2)a,
224, a= > > >
\/x +y +((h+2)

225. B,= =4, VB + B2 =4

y -

2.26. Hint: First show that the base has area |B X C|.

2.28. —4,*+4

2.29. —8a,

2.30 a—ga +ia
e 1377 13°

2.31. —9.66a —3.54a + 10.6la,
2.32. 3.53

233. 20

2.34. 2aa?, A =4na®

2.35. 2mah

2.36. 7ma’h

2.37. m/4, ©l/6

2.38. 0.1627m?

2.39. T3



Electric Field

3.1 Introduction

The concepts of electric force and field intensity were introduced in Chapter 1. This chapter elaborates further
on those concepts and formulates them using vector notations, a necessary framework in electromagnetics. In
doing so, it expands upon, and refers to, some examples and problems from Chapter 1.

3.2 Coulomb’s Law in Vector Form

The force between two charges Q, and Q, is given by Coulomb’s law. This was introduced in Section 1.6 in scalar
form. In vector form Coulomb’s law incorporates both the magnitude and direction of the force as follows:

o QO _ 00 g

21
4meR3, 47eR;,

where F, is the force on charge O, due to a second charge Q,, a,, is the unit vector directed from Q, to Q,,

R,, = R, a,,, and € s the permittivity of the medium.

EXAMPLE 1. Find the force on charge Q,, 20 uC, due to charge Q,, =300 uC, where Q, is at (0, 1, 2) m and
Q,at(2,0,0) m.
Because 1 C is a rather large unit, charges are often given in microcoulombs (1C), nanocoulombs (nC), or
picocoulombs (pC). (See Appendix for the SI prefix system.) Referring to Fig. 3-1,
R, =—2a +a +2a R, =V(=2P?+12+2*=3

21
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1
and a, = g(—2a)C + a, + Zaz)

—6y_ —6y(—2a, +a,+2a
Then = 20107300 X 10 )[ . ta, z]

4710~ /367)(3)* 3

:6(2ax —3ay —aZJN

The force magnitude is 6 N and the direction is such that Q, is attracted to Q, (unlike charges attract).

The force field in the region of an isolated charge Q is spherically symmetric. This is made evident by locat-
ing Q at the origin of a spherical coordinate system, so that the position vector R, from Q to a small test charge
Q, << Q,is simply ra . Then

g - 00

—Fa

2
dreyr

showing that on the spherical surface r = constant, |Ft| is constant, and F is radial.

3.3 Superposition

The force on a charge Q| due to n — 1 other charges Q,, ..., Q, is the vector sum of the individual forces:

- 929 ., 0% .. _ 4 iQk

2 421 2 31
4mey Ry, 4meyR3,

This superposition extends in a natural way to the case where charge is continuously distributed through some
spatial region: One simply replaces the above vector sum by a vector integral (see Section 3.5).

3.4 Electric Field Intensity

Suppose that the above-considered test charge Q, is sufficiently small so as not to disturb significantly the field
of the fixed point charge Q. Then the electric field intensity, E, due to Q is defined to be the force per unit charge
onQ;:E=F/Q.

For Q at the origin of a spherical coordinate system [see Fig. 3-2(a)], the electric field intensity at an arbitrary
point P is, from Section 3.2,

(@) Spherical (b) Cartesian

Fig. 3-2
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In an arbitrary Cartesian coordinate system [see Fig. 3-2(b)],

E_ Q

47u=0R2

The units of E are newtons per coulomb (N/C) or the equivalent, volts per meter (V/m).

EXAMPLE 2. Find E at (0, 3, 4) m in Cartesian coordinates due to a point charge Q = 0.5 uC at the origin.
In this case,

R =3a, +4a, R=5 ap, =0.6a, +0.8a,

__05x10°°
47(107°/367)(5)

5 (0.6, +0.8a,)

Thus, |[E| = 180 V/m in the direction a, = 0.6a + 0.8a_.

3.5 Charge Distributions

Volume Charge

When charge is distributed throughout a specified volume, each charge element contributes to the electric field
at an external point. A summation or integration is then required to obtain the total electric field. Even though
electric charge in its smallest division is found to be an electron or proton, it is useful to consider continuous
(in fact, differentiable) charge distributions and to define a charge density by

_do 3
p="r (C/m)

Note the units in parentheses, which is meant to signify that p will be in C/m? provided that the variables are
expressed in proper SI units (C for Q and m? for v). This convention will be used throughout this book.
With reference to volume v in Fig. 3-3, each differential charge dQ produces a differential electric field

dE = dQ 5
4reyR

Fig. 3-3

at the observation point P. Assuming that the only charge in the region is contained within the volume, the total
electric field at P is obtained by integration over the volume:

Ez/ Par__ gy
v47l'€0R
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Sheet Charge
Charge may also be distributed over a surface or a sheet. Then each differential charge dQ on the sheet results

in a differential electric field

dQ

dE = 5
4reyR

ag

at point P (see Fig. 3-4).If the surface charge density is p_(C/m?) and if no other charge is present in the region,
then the total electric field at P is

— psaR2 ds
S 4megR

p ATE
[ ]

Fig. 3-4

Line Charge
If charge is distributed over a (curved) line, each differential charge dQ along the line produces a differential
electric field
dE = d—Q2 ap
4megR

at P (see Fig. 3-5). And if the line charge density is p, (C/m), and no other charge is in the region, then the total
electric field at P is

L
Fig. 3-5

It should be emphasized that in all three of the above charge distributions and corresponding integrals for E, the
unit vector a, is variable, depending on the coordinates of the charge element dQ. Thus, a, cannot be removed
from the integrand. It should also be noticed that whenever the appropriate integral converges, it defines E at
an internal point of the charge distribution.
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3.6 Standard Charge Configurations

In three special cases the integration discussed in Section 3.5 is either unnecessary or easily carried out. In regard
to these standard configurations (and to others which will be covered in this chapter), it should be noted that the
charge is not “on a conductor.” When a problem states that charge is distributed in the form of a disk, for exam-
ple, it does not mean a disk-shaped conductor with charge on the surface. (In Chapter 7, conductors with sur-
face charge will be examined.) Although it may now require a stretch of the imagination, these charges should
be thought of as somehow suspended in space, fixed in the specified configuration.

Point Charge

As previously determined, the field of a single point charge Q is given by

E: Q

4reyr

a

>-a, (spherical coordinates)

See Fig. 3-2(a). This is a spherically symmetric field that follows an inverse-square law (like gravitation).

Infinite Line Charge

If charge is distributed with uniform density p, (C/m) along an infinite, straight line—which will be chosen as
the z axis—then the field is given by

E= Py

= a
2meyr

, (cylindrical coordinates)

See Fig. 3-6. This field has cylindrical symmetry and is inversely proportional to the first power of the distance
from the line charge. For a derivation of E, see Problem 3.9.

»

Pz
s

| ¢
g ¢

Fig. 3-6

EXAMPLE 3. A uniform line charge, infinite in extent, with p, = 20 nC/m, lies along the z axis. Find E
at (6,8,3) m.
In cylindrical coordinates r = V6% 4+ 82 = 10 m. The field is constant with z. Thus,

___20x10”°
21(10~° /367)(10)

a = 36ar V/m

r
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Infinite Plane Charge

If charge is distributed with uniform density p, (C/m?) over an infinite plane, then the field is given by

E = & a”
2¢,

See Fig. 3-7. This field is of constant magnitude and has mirror symmetry about the plane charge. For a derivation
of this expression, see Problem 3.12.

Fig. 3-7

EXAMPLE 4. Charge is distributed uniformly over the plane z = 10 cm with a density p_ = (1/37) nC/m?. Find E.

-9
E|= Lo - (UBDIOTY

- V/m
2¢,  2(10°/367)
Above the sheet (z > 10 cm), E = 6a_V/m; and for z < 10 cm, E = —6a_V/m.

SOLVED PROBLEMS

3.1. Two point charges, O, = 50 uC and Q, = 10 uC, are located at (—1,1, =3) m and (3, 1,0) m,
respectively (Fig. 3-8). Find the force on Q,.

X
Q2
(3,1,0)
R21
y Q,(-1,1, -3)
Fig. 3-8

R, =—4a  —3a,
—4a, —3a,
A = 7; .

(1%}

= a
1 2 21
4mey Ry

_ (50X10°°)(10"%) [—4% - 3az]

47(107°/367)(5) 5
=(0.18)(—0.8a, — 0.6a )N

The force has a magnitude of 0.18 N and a direction given by the unit vector —0.8a, —0.6a_. In component form,

F, =0.144a — 0.108a N
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3.2. Refer to Fig. 3-9. Find the force on a 100 uC charge at (0, 0, 3) m if four like charges of 20 uC are
located on the x and y axes at =4 m.

>y
X
Fig. 3-9
Consider the force due to the charge at y = 4,
(107*)(20 X10™°) [ —4a, +3a,
471077 /367)(5) 5
The y component will be canceled by the charge at y = — 4. Similarly, the x components due to the other two

charges will cancel. Hence,

3.3. Refer to Fig. 3-10. Point charge Q, = 300 uC, located at (1, —1, —3) m, experiences a force
F,=8a —8a +4a N
X y Z

z

(1, -1, =3
Fig. 3-10

due to point charge Q, at (3, =3, —2) m. Determine Q,.

R, = —2a +2a —a
X y 4
Note that, because
8 _8_4
-2 2 -1
the given force is along R, (see Problem 2.21), as it must be.
g 22,
4meyR

x107¢ —2a, +2a, —
S —8a +4a, — (3007910 )sz 2a, +2a, —a,
’ 47107 /367)(3) 3

Hence, O, = —40 uC.
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34.

3.5.

3.6.

Find the force on a point charge of 50 uC at (0, 0, 5) m due to a charge of 5007 uC that is uniformly
distributed over the circular disk » = 5 m, z = 0 m (see Fig. 3-11).

dQ = ps rdrdo

Fig. 3-11

The charge density is

-6
p, =2 =300mX 10 7 _ 551074 C/m?

In cylindrical coordinates,
R = —ra + 5a

Then each differential charge results in a differential force

= (50X 10°)(p,r dr d9) [—ra, +5a, J

41070 /36m) (2 +25) | [r2 + 25

Before integrating, note that the radial components will cancel and that a_is constant. Hence,

2 5 -6 —4
F:/ (50 X 107°)(02X10"*)5r dr do
o Jo  4m107°/36m) (* +25)¥*

> rd -1 P
:907r/ — < _a —907{} a,=16.56a_ N

2 32 7z
o (r-+25) 'r2+25

0
Repeat Problem 3.4 for a disk of radius 2 m.
Reducing the radius has two effects: the charge density is increased by a factor

PG o5
P @)

while the integral over r becomes

: rdr ’ rdr
0 (P +25) 0 (X +25)

The resulting force is

0.0143
0.0586

F—(6.25)( ](16.563Z N)=2527a, N

Find the expression for the electric field at P due to a point charge Q at (x,, y,, z,). Repeat with the
charge placed at the origin.

As shown in Fig. 3-12,

R=@&—x)a + (- yl)ay +(z —z)a,
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Fig. 3-12

Then E= Q 5
4rmegR

_ 0 G—xa +O—ya, +(z-za,
4mey [(x—x))" +(y—y)* +(z—z)° 1"

ag

When the charge is at the origin,

_ Q0 ~xa tya +za,
dme, (2 4y +20)°

but this expression fails to show the symmetry of the field. In spherical coordinates with Q at the origin,

E=Qa

2
4dreyr

and now the symmetry is apparent.

3.7. Find E at the origin due to a point charge of 64.4 nC located at (—4, 3, 2) m in Cartesian coordinates.

The electric field intensity due to a point charge Q at the origin in spherical coordinates is

po_ 0

4dmeyr

In this problem the distance is V' 29 m and the vector from the charge to the origin, where E is to be evaluated, is
R=4a —3a —2a.

4%x107° 4a, —3a, —2a, 4a,—3a, —2a
_ 64749 10 ( y ] - (20,0)(’Zj V/m
47(10"°/367) (29) J29 J29

3.8. Find E at (0,0, 5)m due to @, = 0.35 uC at (0,4,0) mand Q, = —0.55 uC at (3,0, 0) m (see Fig. 3-13).
R, =—4a, +5a,
R, =—3a,  +5a,
_035x10°° —4a  +5a_
4710 °/36m) (A1) V41
=—480a, +60.0a, V/m

1

(3,0,0) 0,4,0)

Fig. 3-13
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—0.55%107 (—3ax + Sazj
2

4710 °/36m)(34) | 34
=749a, —1249a_, V/m
and E=E, +E, =749a, —480a, —649a_ V/m

3.9. Charge is distributed uniformly along an infinite straight line with constant density p,. Develop the
expression for E at the general point P.

Cylindrical coordinates will be used, with the line charge as the z axis (see Fig. 3-14). At P,

JE = sz ra, —za,
4ne R | 7 + 2

Fig. 3-14

Since for every dQ at z there is another charge dQ at —z, the z components cancel. Then

h pyrdz
E= / —— A
e 477:50(r2 +7H% T

r Z “
_ P a, = Py a,
amey | 12 12 + 22 B 21eyr

3.10. On the line described by x = 2m,y = — 4 m there is a uniform charge distribution of density p, = 20 nC/m.
Determine the electric field E at (=2, —1,4) m.

With some modification for Cartesian coordinates the expression obtained in Problem 3.9 can be used with this
uniform line charge. Since the line is parallel to a , the field has no z component. Referring to Fig. 3-15,

R=-4a, +3a,
x107° [ —4a, +3a,
and g= 2010 L |=—57.6a, +432a, V/m
27e, (5) 5 ’ :
A
o P z
P(—2, —1, 4)
R

2, —4,2) /
~

Fig. 3-15




3.11.

3.12.
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As shown in Fig. 3-16, two uniform line charges of density p, = 4 nC/m lie in the x = 0 plane at
y = *4m.Find E at (4,0, 10) m.

Fig. 3-16

The line charges are both parallel to a ; their fields are radial and parallel to the xy plane. For either line charge, the
magnitude of the field at P would be

E= P -y
2meyr V2

The field due to both line charges is, by superposition,

E= 2(18 cos 45°J a,=18a,V/m

V2

Develop an expression for E due to charge uniformly distributed over an infinite plane with density p..

The cylindrical coordinate system will be used, with the charge in the z = 0 plane as shown in Fig. 3-17.

p,rdrdd —ra, +za,
dE= — '
4mey(r-+2z7) \/rZ +x2

Fig. 3-17
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Symmetry about the z axis results in cancellation of the radial components.
2
/ i / _ psrzdrdg a
0 4me,(r* +22)* ¢

— pxz|: —1 :|°°a _ P a
2€, [,:2 2 Yo2e C
0 r+z 0 0

This result is for points above the xy plane. Below the xy plane the unit vector changes to —a_. The generalized

form may be written using a , the unit normal vector:

E=2Fs 2

n
2¢,

The electric field is everywhere normal to the plane of the charge, and its magnitude is independent of the distance
from the plane.

3.13. As shown in Fig. 3-18, the plane y = 3 m contains a uniform charge distribution of density
p, = (1078/6)C/m?. Determine E at all points.

Fig. 3-18
Fory >3 m,
E= & a,
2€,
=30a,V/m
and fory <3 m,
E = —303}, V/m

3.14. Two infinite uniform sheets of charge, each with density p , are located at x = *1 (Fig. 3-19).
Determine E in all regions.

Fig. 3-19
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Only parts of the two sheets of charge are shown in Fig. 3-19. Both sheets result in E fields that are directed along x,

independent of the distance. Then

3.15.

—(p,/ey)a, x<-1
E,+E,=¢ O —1<x<l1
(p,/e)a,  x>1
Repeat Problem 3.14 with p onx = —1and —p_onx = 1.
0 x<-1
E, +E, =1p,/€)a, —1<x<1
0 x>1

. A uniform sheet charge with p_ = (1/37) nC/m? is located at z = 5 m and a uniform line charge with
p, = (=25/9)nC/matz = —3m,y = 3 m. Find E at (x, —1,0) m.

The two charge configurations are parallel to the x axis. Hence the view in Fig. 3-20 is taken looking at the yz plane

from positive x. Due to the sheet charge,

Ex:&a

n
2€,

AZ

TES /ps

l 5
Es g, Es

£
&OI L1
Plx, =1,0) Y |3
-3 )

Fig. 3-20
AtP,a = —a_and
E = —6az V/m
Due to the line charge,
E/ = & a
2meyr

and at P
E,=8a — 6a V/m
y z

The total electric field is the sum, E=E, + E = 821v — IZaZ V/m.

3.17. Determine E at (2, 0, 2) m due to three standard charge distributions as follows: a uniform sheet at

x =0 m with p_, = (1/37) nC/m?, a uniform sheet at x = 4 m with p_, = (—1/37) nC/m?, and a

uniform line at x = 6 m, y = 0 m with p, = —2 nC/m.

Since the three charge configurations are parallel with a_, there will be no z component of the field. Point (2, 0, 2)

will have the same field as any point (2,0, z). In Fig. 3-21, P is located between the two sheet charges, where the

fields add due to the difference in sign.
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E:&a" +&an +£a
2¢, 2¢, 2meyr

=6a, +6a, +9a,
=21a,V/m

Ps2
- = |
E

m
e

Fig. 3-21

3.18. As shown in Fig. 3-22, charge is distributed along the z axis between z = =5 m with a uniform density
p, = 20 nC/m. Determine E at (2,0, 0) m in Cartesian coordinates. Also express the answer in cylindrical
coordinates.

20 X107 %dz [Zax —za

= = Y
47(107°/367) (4 + %) \/4+22 J (V/m)

5:
A
W g
X

dE

-5
Fig. 3-22

Symmetry with respect to the z = 0 plane eliminates any z component in the result.

5
E:ISO/ ﬁax ~167a,V/m
=5 Z

In cylindrical coordinates, E = 167a_V/m.

3.19. Charge is distributed along the z axis from z = 5 m to % and from z = —5 m to —< (see Fig. 3-23) with
the same density as in Problem 3.18, 20 nC/m. Find E at (2,0, 0) m.

-9 _
JE = 20 X10 “dz 2a, —za,

- v/
47(107°/367) (4 + %) \/4+Z2 (V/m)




Vo
Fig. 3-23

Again the z component vanishes.

- -5
E =180 / 2dzz 32 +/ 2dzz 32 |Ax
5 (4+2°) —w (4+77) :

=13a, V/m

In cylindrical coordinates, E = 13a_V/m.
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When the charge configurations of Problems 3.18 and 3.19 are superimposed, the result is a uniform line charge.

E=_P" a —180a, V/m
2meyr

3.20. Find the electric field intensity E at (0, ¢, &) in cylindrical coordinates due to the uniformly charged

disk r = a, z = 0 (see Fig. 3-24).

If the constant charge density is p,,

_ p,rdrdg |—ra. +ha
dE = ) 2 2 -
4mey(r-+h") \/’,2 +h?

The radial components cancel. Therefore,

/ / rdrdg
47:50 0o I

_ psh — s a.
26y | \Ja* -i-h2 h

Note thatas a — 0, E — (p, /2eo)az, the field due to a uniform plane sheet.
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3.21. Charge lies on the circular disk r = a, z = 0 with density p_ = p, sin* ¢. Determine E at (0, ¢, h).

po(sm ¢)rdrd¢ —ra, +ha,
dE =
ame(? +07) | [ 02

The charge distribution, though not uniform, still is symmetrical such that all radial components cancel.

_ poh /2” ‘i’ grdrdg - _poh 1 1)
amey o Jo (PR T 4\ Ja2 42 h)T

3.22. Charge lies on the circular disk » = 4 m, z = 0 with density p. = (10~*/r) (C/m?). Determine E at
=0,z=3m.

—4
—ra, +
JE = A0 /r yrdrdo [ ra, +3a

< V/m
Arey(r® +9) P2 +9 } vim)

As in Problems 3.20 and 3.21, the radial component vanishes by symmetry.

o dr d¢
E=(2.7%10 )/ / — 7 a =151x10%,V/m or 15la, MV/m
0 (2 +9) '

3.23. Charge lies in the z = —3 m plane in the form of a square sheet definedby -2 =x=2m,-2=<=y=2m
with charge density p, = 2(x* + y* + 9)*’> nC/m?. Find E at the origin.
From Fig. 3-25,
R= —xa — ya, +3a,  (m)
dQ = p dxdy =2(x* +y>+ 9)*2 X 10%dxdy (C)

@, -2, -3) ©,2,-3)
Fig. 3-25

and so

dE=

2x* +y?* +9)2 x107° dx dy [—xax —ya, +3a,

(V/m)
477:60(x2+y2+9) \/xz +y2+9 ]

Due to symmetry, only the z component of E exists.

9
//6X10 dx dy a, =864a_V/m
4re, N

3.24. A charge of uniform density p, = 0.3 nC/m? covers the plane 2x — 3y + z = 6 m. Find E on the side of
the plane containing the origin.

Since this charge configuration is a uniform sheet, £ = p /2¢, and E = (17.0)a, V/m. The unit normal vectors for a
plane Ax + By + Cz = D are

N Aa, +Ba, +Ca,

A+ B+
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Therefore, the unit normal vectors for this plane are

N 2a, —3a, +a,
a =TT
! J14

From Fig. 3-26 it is evident that the unit vector on the side of the plane containing the origin is produced by the
negative sign. The electric field at the origin is

—2a, +3a,—a,

Fig. 3-26

SUPPLEMENTARY PROBLEMS

3.25.

3.26.

3.27.

3.28.

3.29.

3.30.

3.31.

3.32.

3.33.

3.34.

3.35.

Two point charges, O, = 250 uC and Q, = —300 uC, are located at (5,0, 0) m and (0, 0, —5) m, respectively. Find
the force on Q,.

Two point charges, O, = 30 uC and Q, = —100 uC, are located at (2,0, 5) m and (—1, 0, —2) m, respectively.
Find the force on Q,.

In Problem 3.26 find the force on Q,.

Four point charges, each 20 yC, are on the x and y axes at =4 m. Find the force on a 100-yC point charge at
(0,0,3) m.

Ten identical charges of 500 uC each are spaced equally around a circle of radius 2 m. Find the force on a charge of
—20 uC located on the axis, 2 m from the plane of the circle.

Determine the force on a point charge of 50 uC at (0, 0, 5) m due to a point charge of 5007z uC at the origin.
Compare the answer with Problems 3.4 and 3.5, where this same total charge is distributed over a circular disk.

Find the force on a point charge of 30 uC at (0,0, 5) m due to a 4 m square in the z = O plane between x = =2 m
and y = *£2 m with a total charge of 500 uC, distributed uniformly.

Two identical point charges of Q(C) each are separated by a distance d(m). Express the electric field E for points
along the line joining the two charges.

Identical charges of Q(C) are located at the eight corners of a cube with a side ¢(m). Show that the Coulombic
force on each charge has magnitude (3.29Q%4 €,¢*) N.

Show that the electric field E outside a spherical shell of uniform charge density p is the same as E due to the total
charge on the shell located at the center.

Develop the expression in Cartesian coordinates for E due to an infinitely long, straight charge configuration of
uniform density p,.
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3.36.

3.37.

3.38.

3.39.

3.40.

341.

3.42.

3.43.

3.44.

345.

3.46.

3.47.

3.48.

3.49.

3.50.

3.51.

3.52.

3.53.

3.54.

Two uniform line charges of p, = 4 nC/m each are parallel to the z axis at x = 0,y = *4 m. Determine the electric
field E at (4,0, z) m.

Two uniform line charges of p, = 5 nC/m each are parallel to the x axis, one at z = 0,y = —2 m and the other at
z=0,y=4m.FindE at (4, 1, 3) m.

Determine E at the origin due to a uniform line charge distribution with p, = 3.30 nC/m located at x = 3 m,y = 4 m.

Referring to Problem 3.38, at what other points will the value of E be the same?

Two meters from the z axis, | E| due to a uniform line charge along the z axis is known to be 1.80 X 10* V/m. Find

the uniform charge density p,.

The plane —x + 3y — 6z = 6 m contains a uniform charge distribution p, = 0.53 nC/m?. Find E on the side
containing the origin.

Two infinite sheets of uniform charge density p, = (10~%/6m) C/m?* are located at z = —5mand y = —5 m.
Determine the uniform line charge density p, necessary to produce the same value of E at (4, 2, 2) m, if the line
charge is located at z = 0,y = 0.

Two uniform charge distributions are as follows: a sheet of uniform charge density p, = —50 nC/m? at y = 2 m and
a uniform line of p, = 0.2 uC/m at z = 2 m, y = —1 m. At what points in the region will E be zero?
A uniform sheet of charge with p_ = (—1/37) nC/m? is located at z = 5 m and a uniform line of charge with

p, = (=25/9) nC/m is located at z = —3 m, y = 3 m. Find the electric field E at (0, —1,0) m.

A uniform line charge of p, = (V2 X 1078/6)C/m lies along the x axis and a uniform sheet of charge is located at
y = 5m. Along the line y = 3m, z = 3 m the electric field E has only a z component. What is p_ for the sheet?

A uniform line charge of p, = 3.30 nC/m is located at x = 3 m,y = 4 m. A point charge Q is 2 m from the origin.
Find the charge Q and its location such that the electric field is zero at the origin.

A circular ring of charge with radius 2 m lies in the z = O plane, with center at the origin. If the uniform charge density
is p, = 10 nC/m, find the point charge Q at the origin which would produce the same electric field E at (0, 0, 5) m.

The circular disk » =< 2 m in the z = 0 plane has a charge density p, = 1078/ (C/m?). Determine the electric field
E for the point (0, ¢, h).

Examine the result in Problem 3.48 as & becomes much greater than 2 m and compare it to the field at # which
results when the total charge on the disk is concentrated at the origin.

A finite sheet of charge, of density p_ = 2x(x* + y* + 4)*2 (C/m?), lies in the z = 0 plane for 0 = x = 2 m and
0 =y = 2 m. Determine E at (0, 0, 2)m.

Determine the electric field E at (8, 0, 0) m due to a charge of 10 nC distributed uniformly along the x axis between
x = —5mand x = 5 m. Repeat for the same charge distributed between x = —1 mandx = 1 m.

The circular disk =1 m, z = 0 has a charge density p, = 2(r* + 25)*2¢~'%" (C/m?). Find E at (0, 0, 5)m.
Show that the electric field is zero everywhere inside a uniformly charged spherical shell.

Charge is distributed with constant density p throughout a spherical volume of radius a. By using the results of
Problems 3.34 and 3.53, show that

r
P =g
3¢,
E=§
ap
7a, r=a
3e,r

where r is the distance from the center of the sphere.



ANSWERS TO SUPPLEMENTARY PROBLEMS

3.25.

3.26

3.27.
3.28.
3.29.
3.30.
3.31.
3.32.

335. E

3.36.
3.37.
3.38.
3.39.

3.40.

3.41.

3.42.
3.43.
3.44.
3.45.
3.46.

347.

3.48.

3.50.

3.51.

3.52.

.

a +a
F, =(13.5)| =—= |N
’ [ﬁ ]

F, = (0.465) [M] N
J58

~F,
1.73a_ N

(79.5)(—a,) N

28.3a_N

4.66a N

If the charges are at x = 0 and x = d, then, for 0 <x <d,

o1 1

4rey | x

_ p, xa,tya

- 2wey, X2 +y°

*18a_ V/m

30a, V/m

—7.13a - 9.503), V/m
0,0,2)

2.0 uC/m

a,—3a, +6a,
30 ——— | V/m
Ja6

0.667 nC/m

(x, —2.273,20) m

8a V/m

125 pC/m?
528nCat(—12,—1.6,0)m

100.5 nC

1.13x10°

h4 +1*

a_ (V/m)

16

(18 % 109)(—136ax —da, + SaZJV/m = 18[—3ax —4a, + SaZJGV/m

231a V/m 1.43a V/m

5.66a GV/m

CHAPTER 3 Electric Field
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Electric Flux

4.1 Net Charge in a Region

With charge density defined as in Section 3.5, it is possible to obtain the net charge contained in a specified volume
by integration. From

dQ = pdv (©)

it follows that

Q=/v pdv (O

In general, p will not be constant throughout the volume v.

EXAMPLE 1. Find the charge in the volume defined by 1 = r = 2 m in spherical coordinates, if

(C/m>)

_ 5 cos’ ()
o 4

By integration,

2T w2 2
Q:/ / / [Sco—i(bjrzsinedrdedq):SnC
0 0 1 r

4.2 Electric Flux and Flux Density

Electric flux W, a scalar field, and its density D, a vector field, are useful quantities in solving certain problems,
as will be seen in this and subsequent chapters. Unlike E, these fields are not directly measurable; their existence
was inferred from nineteenth-century experiments in electrostatics.

EXAMPLE 2. Referring to Fig. 4-1, a charge +Q is first fixed in place and a spherical, concentric, conduct-
ing shell is then closed around it. Initially the shell has no net charge on its surface. Now if a conducting path
to ground is momentarily completed by closing a switch, a charge —(, equal in magnitude but of opposite
sign, is discovered on the shell. This charge —Q might be accounted for by a transient flow of negative charge
from the ground, through the switch, and onto the shell. But what could provoke such a flow? The early
experimenters suggested that a flux from +Q to the conductor surface induced, or displaced, the charge —Q
onto the surface. Consequently, it has also been called displacement flux, and the use of the symbol D is a
reminder of this early concept.
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Fig. 4-1

By definition, electric flux ¥ originates on positive charge and terminates on negative charge. In the absence of
negative charge, the flux ¥ terminates at infinity. Also by definition, one coulomb of electric charge gives rise
to one coulomb of electric flux. Hence,

Y=0 (©
In Fig. 4-2(a) the flux lines leave +Q and terminate on — Q. This assumes that the two charges are of equal mag-

nitude. The case of positive charge with no negative charge in the region is illustrated in Fig. 4-2(b). Here the
flux lines are equally spaced throughout the solid angle and reach out toward infinity.

~ N/
= /\

@ (b)

Fig. 4-2

If in the neighborhood of point P the lines of flux have the direction of the unit vector a (see Fig. 4-3)
and if an amount of flux d¥ crosses the differential area dS, which is a normal to a, then the electric flux
density at P is

p-2%, (C/m?)
ds
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ﬂ\

Fig. 4-3

A volume charge distribution of density p (C/m?) is shown enclosed by surface S in Fig. 4-4. Since each coulomb
of charge Q has, by definition, one coulomb of flux ‘P, it follows that the net flux crossing the closed surface S
is an exact measure of the net charge enclosed. However, the density D may vary in magnitude and direction from
point to point of S; in general, D will not be along the normal to S. If, at the surface element dS, D makes an angle
6 with the normal, then the differential flux crossing dS is given by

d¥Y =DdScos 6 =D-dSa, =D -dS

where dS is the vector surface element, of magnitude dS and direction a . The unit vector a, is always taken to
point out of S, so that d'¥ is the amount of flux passing from the interior of S to the exterior of S through dS.

4.3 Gauss’s Law

Gauss’s law states that the fotal flux out of a closed surface is equal to the net charge within the surface. This
can be written in integral form as

fl)-ds=Qm

A great deal of valuable information can be obtained from Gauss’s law through clever choice of the surface of
integration; see Section 3.5.

4.4 Relation between Flux Density and Electric Field Intensity

Consider a point charge Q (assumed positive, for simplicity) at the origin (Fig. 4-5). If this is enclosed by a
spherical surface of radius r, then, by symmetry, D due to Q is of constant magnitude over the surface and is
everywhere normal to the surface. Gauss’s law then gives

Q=/<1[D-dS=Dj{dS=D(4nr2)
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from which D = Q/4nr?. Therefore,

Q Q

D= >a, = >a
drr drr

r

But, from Section 3.4, the electric field intensity due to Q is

g @

471'450r2

a

It follows that D = €/E.
More generally, for any electric field in an isotropic medium of permittivity €,

D =€eE
Thus, D and E fields will have exactly the same form, since they differ only by a factor which is a constant of
the medium. While the electric field E due to a charge configuration is a function of the permittivity e, the elec-

tric flux density D is not. In problems involving multiple dielectrics, a distinct advantage will be found in first
obtaining D, then converting to E within each dielectric.

4.5 Special Gaussian Surfaces

The surface over which Gauss’s law is applied must be closed, but it can be made up of several surface elements.
If these surface elements can be selected so that D is either normal or tangential, and if ID| is constant over any
element to which D is normal, then the integration becomes very simple. Thus, the defining conditions of a spe-
cial Gaussian surface are

1. The surface is closed.
2. Ateach point of the surface D is either normal or tangential to the surface.
3. D is sectionally constant over that part of the surface where D is normal.

EXAMPLE 3. Use a special Gaussian surface to find D due to a uniform line change with density p, (C/m).
Take the line charge as the z axis of the cylindrical coordinate system (Fig. 4-6). By cylindrical symmetry, D can
only have an r component, and this component can only depend on r. Thus, the special Gaussian surface for this
problem is a closed right circular cylinder whose axis is the z axis (Fig. 4-7). Applying Gauss’s law,

QI/] D-dS+/2D-dS+/3D-dS
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Te— " (cm)
dQ=

v ads
Fig. 4-7

Over surfaces / and 3, D and dS are orthogonal, and so the integrals vanish. Over 2, D and dS are parallel
(or antiparallel, if p, is negative), and D is constant because r is constant. Thus,

0= D/2 ds=DQnrL)

where L is the length of the cylinder. But the enclosed charge is Q = p,L. Hence,

_ P -
2rr 2rr

Observe the simplicity of the above derivation as compared to Problem 3.9.

The one serious limitation of the method of special Gaussian surfaces is that it can be utilized only for
highly symmetrical charge configurations. However, for other configurations, the method can still provide quick
approximations to the field at locations very close to or very far from the charges. See Problem 4.36.
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SOLVED PROBLEMS

4.1.

4.2

4.3.

44.

4.5.

Find the charge in the volume definedby0 = x = 1m,0 <y=<1m,and0 <z = 1mif p = 30x%
(uC/m?3). What change occurs for the limits —1 <y < 0 m?

1 1 1
Q:/ / / 30x%y dx dy dz =5 uC
0 0 0

Since dQ = p dv,

For the change in limits on y,

1 0 1
Q=/ / / 30x%y dx dy dz=—5 uC
0 =1 0

Three point charges, O, = 30 nC, 0, = 150 nC, and Q, = =70 nC, are enclosed by surface S. What net
flux crosses S?

Since electric flux was defined as originating on positive charge and terminating on negative charge, part of the
flux from the positive charges terminates on the negative charge.

¥ . =0, =30+150—70 =110 nC

net

What net flux crosses the closed surface S shown in Fig. 4-8, which contains a charge distribution in the
form of a plane disk of radius 4 m with a density p, = (sin? ¢)/2r (C/m?)?

2r 47 .2
‘I’=Q:/ / (M)rdrdq):Zﬂ'C
0 0 2r

A circular disk of radius 4 m with a charge density p, = 12 sin ¢ uC/m? is enclosed by surface S. What
net flux crosses S?

21 4
‘I‘=Q=/ /(12sin¢)rdrd¢=0/,tC
0 0

Since the disk contains equal amounts of positive and negative charge [sin (¢ + 7) = —sin @], no net flux
crosses S.

Charge in the form of a plane sheet with density p. = 40 uC/m? is located at z = —0.5m. A uniform line
charge of p, = —6 uC/m lies along the y axis. What net flux crosses the surface of a cube 2 m on an
edge, centered at the origin, as shown in Fig. 4-9?

\P = Qenc
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Fig. 4-9

The charge enclosed from the plane is

0 = (4 m?)(40 uC/m?) = 160 uC

and from the line

0 = (2m)(—6 uC/m) = —12 uC

Thus,Q_ =W = 160 — 12 = 148 uC.

enc

4.6. A point charge Q is at the origin of a spherical coordinate system. Find the flux which crosses the portion
of a spherical shell described by o =< 6 =< 3 (Fig. 4-10). What is the result if & = 0 and 8 = 7/2?

W%

AN
//N‘

Fig. 4-10

The total flux ¥ = Q crosses a complete spherical shell of area 47772, The area of the strip is given by

2 B
A:/ / r*sin 0 d6 do
0 o

=27r*(cos o — cos fB)

Then the flux through the strip is

P = anr’ Q

A =%(cosa—cos B

For o = 0, B = /2 (a hemisphere), this becomes Y. = 0/2
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4.7. A uniform line charge with p, = 50 uC/m lies along the x axis. What flux per unit length, ¥/L, crosses
the portion of the z = —3 m plane bounded by y = £2 m?

The flux is uniformly distributed around the line charge. Thus the amount crossing the strip is obtained from the
angle subtended compared to 27. In Fig. 4-11,

o =2 arctan (i] =1.176 rad

b4

Then =50( 1.176
L

2

j =936 uC/m

Fig. 4-11

4.8. A point charge, Q = 30 nC, is located at the origin in Cartesian coordinates. Find the electric flux
density D at (1,3, —4) m.

Referring to Fig. 4-12,

9]
=——a
4AxR* K
_30x1077[a, +3a, —4a,
47(26) V26
a_t3a, —4a
=918 x107")| X—2L 2| C/m?
J26
or, more conveniently, D = 91.8 pC/m?.
z
Q y
R
X
(1,3, -4)

\o

Fig. 4-12
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4.9. Two identical uniform line charges lie along the x and y axes with charge densities p, = 20 uC/m.
Obtain D at (3, 3,3) m.

The distance from the observation point to either line charge is 3V2m. Considering first the line charge on the x axis,

D= P, 20 uC/m | a, ta,
Yonn T 2nVzmy | V2
and now the y axis line charge,
D= P4 - 20 uC/m | a, +a,
P omn 7 2232m) | N2

The total flux density is the vector sum,

D 20 a,+a, +2a, 2.25) a, ta,+2a, C/m?
= y =(2. —_— m
27(3V2) V2 NG H

4.10. Given that D = 10xa, (C/m?), determine the flux crossing a 1-m? area that is normal to the x axis at
x=3m.

Since D is constant over the area and perpendicular to it,

Y = DA = (30 C/m?)(1 m?>) =30 C

4.11. Determine the flux crossing a 1 mm by 1 mm area on the surface of a cylindrical shell at » = 10 m,
z=2m,¢=>532°if

D =2xa +2(1 — y)ay + 4za, (C/m?)
At point P (see Fig. 4-13),

x=10cos532° =6
y =10sin 53.2° = 8

z

n

AWAS

—~P(10, 53.2°, 2)
T s

53.2°

Fig. 4-13

Then, at P,

D = 12a — l4a + 8a, C/m?
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4.13.
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Now, on a cylinder of radius 10 m, a 1-mm? patch is essentially planar, with directed area
dS =10"%0.6a +08a) m?

Then d¥ =D-dS = (12a_— 14ay +8a): 107%(0.6a,+ 0.8ay) =—40uC

The negative sign indicates that flux crosses this differential surface in a direction toward the z axis rather than
outward in the direction of dS.

A uniform line charge of p, = 3 uC/m lies along the z axis, and a concentric circular cylinder of radius
2mhas p = (—1.5/47) 1C/m?. Both distributions are infinite in extent with z. Use Gauss’s law to find
D in all regions.

Using the special Gaussian surface A in Fig. 4-14 and processing as in Example 3,

D:ﬂa
2rtr

0o<r<?2

r

Fig. 4-14

Using the special Gaussian surface B,

Qenc = fD -dS

(p, +4nmp)L = DQ2nrL)

from which
D=7p/+4ﬂp‘?ar r>2
2rtr
For the numerical data,
0477 a, (UC/m?) 0<r<2m

0.239 a, (uC/m?)  r>2m

Use Gauss’s law to show that D and E are zero at all points in the plane of a uniformly charged circular
ring that are inside the ring.

Consider, instead of one ring, the charge configuration shown in Fig. 4-15, where the uniformly charged cylinder is
infinite in extent, made up of many rings. For Gaussian surface /,

Qm=0=Djl(dS
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4.14.

4.15.

Fig. 4-15

Hence, D = 0 for r < R. Since ¥ is completely in the radial direction, a slice dz can be taken from the cylinder of
charge and the result found above will still apply to this ring. For all points within the ring, in the plane of the ring,
D and E are zero.

A charge configuration in cylindrical coordinates is given by p = 5re~2" (C/m?). Use Gauss’s law to find D.

Since p is not a function of ¢ or z, the flux ¥ is completely radial. It is also true that, for r constant, the flux density
D must be of constant magnitude. Then a proper special Gaussian surface is a closed right circular cylinder. The
integrals over the plane ends vanish, so that Gauss’s law becomes

lateral
surface

L 2r r
/ / / 5re”*"r dr d¢ dz = D(2mrL)
0 0 0
SnL[ezf (rz —r— 1) + 1] =DQ27nrL)
2) 2

2511 - 1
Hence, D=l:—e 2r [}"2 +r+2j:|ar (C/mz)

Oene =/ D-dS

r|2

The volume in cylindrical coordinates between » = 2 m and r = 4 m contains a uniform charge density
p (C/m?). Use Gauss’s law to find D in all regions.
From Fig. 4-16,for 0 <r <2m,
Q... = DQrrL)
D=0

|

Fig. 4-16
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For2 =r=4m,
npL(r* —4)=DQ2nrL)

D=L(2—1a (©/m?
2r

For r > 4 m,

12mnpL = D(2nrL)

D= 6—pa, (C/m?)
r
The volume in spherical coordinates described by r = a contains a uniform charge density p. Use
Gauss’s law to determine D and compare your results with those for the corresponding E field, found in
Problem 3.54. What point charge at the origin will result in the same D field for » > a?

For a Gaussian surface such as X in Fig. 4-17,

Qenc = %D : dS

%ﬂ'r3p =D(4mr?)

D—ﬂa

and

X r=a

Fig. 4-17

For points outside the charge distribution,
43 _ 2
3 ma’p = D(4xr”) whence

If a point charge Q = %ﬂa3p is placed at the origin, the D field for » > a will be the same. This point charge is the
same as the total charge contained in the volume.

A parallel-plate capacitor has a surface charge on the lower side of the upper plate of +p (C/m?). The
upper surface of the lower plate contains —p, (C/m?). Neglect fringing and use Gauss’s law to find D
and E in the region between the plates.

All flux leaving the positive charge on the upper plate terminates on the equal negative charge on the lower plate.
The statement neglect fringing insures that all flux is normal to the plates. For the special Gaussian surface shown

in Fig. 4-18,
Qm:/ D-dS+/ D-dS+/ D-dS
top bottom side
=O+/ D-dS+0
bottom

or pSA:D/dS:DA
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where A is the area. Consequently,

D=pa,(C/m*>) and E=2a (v/m)
€

Both are directed from the positive to the negative plate.

Fig. 4-18

SUPPLEMENTARY PROBLEMS

4.18.

4.19.

4.20.

4.21.

4.22.

4.23.

4.24.

4.25.

Find the net charge enclosed in a cube 2 m on an edge, parallel to the axes and centered at the origin, if the charge
density is

p =507 cos [’2[ y) (uC/m®)

Find the charge enclosed in the volume 1 =7 =3 m,0 = ¢ = /3,0 = z = 2 m given the charge density
p = 2z sin? ¢ (C/m?).

Given a charge density in spherical coordinates

_ Po iy 2
= e COS
P (rin)? ¢

find the amounts of charge in the spherical volumes enclosed by r = r,

07 = Sry,and r = o,

A closed surface S contains a finite line charge distribution, 0 =¢ = 7 m, with charge density
.
Pr=—P smg (C/m)
What net flux crosses the surface S?

Charge is distributed in the spherical region » = 2 m with density

—200
p=—3 (uC/m?)
‘What net flux crosses the surfaces »r = Im, r = 4 m, and r = 500 m?

A point charge Q is at the origin of a spherical coordinate system and a spherical shell charge distribution at » = a
has a total charge of Q" — Q, uniformly distributed. What flux crosses the surfaces r = k for k < a and k > a?

A uniform line charge with p, = 3 yC/m lies along the x axis. What flux crosses a spherical surface centered at the
origin with r = 3 m?

If a point charge Q is at the origin, find an expression for the flux which crosses the portion of a sphere, centered at
the origin, described by ot =< ¢ = f3.
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CHAPTER 4 Electric Flux

A point charge of Q (C) is at the center of a spherical coordinate system. Find the flux ¥ which crosses an area of
47 m? on a concentric spherical shell of radius 3 m.

An area of 40.2 m? on the surface of a spherical shell of radius 4 m is crossed by 10 uC of flux in an inward
direction. What is the point charge at the origin?

A uniform line charge p, lies along the x axis. What percent of the flux from the line crosses the strip of the y = 6
plane having —1 =z = 1?

A point charge, Q = 3 nC, is located at the origin of a Cartesian coordinate system. What flux ¥ crosses the portion
of the z = 2 m plane for which —4 =x=4mand -4 =y=4m?

A uniform line charge with p, = 5 yC/m lies along the x axis. Find D at (3,2, 1) m.

A point charge of +( is at the origin of a spherical coordinate system, surrounded by a concentric uniform
distribution of charge on a spherical shell at » = a for which the total charge is —Q. Find the flux ‘¥’ crossing
spherical surfaces at » < a and r > a. Obtain D in all regions.

Given that D = SOOe‘O“ax (uC/m?), find the flux ¥ crossing surfaces of area 1 m? normal to the x axis and located
atx = 1m,x =5m,and x = 10 m.

Given that D = 5x%a_+ 10za_(C/m?), find the net outward flux crossing the surface of a cube 2 m on an edge
centered at the origin. The edges of the cube are parallel to the axes.

Given that
D=30¢"a, — 2§az (C/m?)

in cylindrical coordinates, find the outward flux crossing the right circular cylinder described by r = 2b,z = 0, and
z = 5b (m).

Given that

sin @

r Z

D =2rcos ga, —

in cylindrical coordinates, find the flux crossing the portion of the z = O plane defined by r = a,0 = ¢ = 7/2.
Repeat for 37/2 = ¢ = 27. Assume flux is positive in the a_direction.

In cylindrical coordinates, the disk » =< a, z = O carries charge with nonuniform density p (r, ¢). Use appropriate
special Gaussian surfaces to find approximate values of D on the z axis (a) very close to the disk (0 < z < a),
(b) very far from the disk (z > a).

A point charge, Q = 2000 pC, is at the origin of spherical coordinates. A concentric spherical distribution of charge
at r = 1 m has a charge density p, = 407 pC/m?. What surface charge density on a concentric shell at 7 = 2 m
would result in D = 0 for r > 2 m?

Given a charge distribution with density p = 5r (C/m?) in spherical coordinates, use Gauss’s law to find D.

A uniform charge density of 2 C/m? exists in the volume 2 = x =< 4 m (Cartesian coordinates). Use Gauss’s law to
find D in all regions.

Use Gauss’s law to find D and E in the region between the concentric conductors of a cylindrical capacitor. The
inner cylinder is of radius a. Neglect fringing.

A conductor of substantial thickness has a surface charge of density p . Assuming that ¥ = 0 within the conductor,
show that D = *p_just outside the conductor, by constructing a small special Gaussian surface.
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84.9 uC

491C

3.97p, r3, 6.24p, r3,6.28p, r}

—2p, (©)

—800x uC, —1600x uC, —16007 uC
0.0

18 uC

B—o

2w

0
/9 (C)
~50 uC
5.26%

0.5nC

Zay +a.

(0.356)[ NG J uC/m?

+0 r<a

‘I’=47rr2D={
0 r>a

452 uC, 303 u C, 184 uC

80 C
1290% (C)
_a a

3’3

p,0, 9) Y

a ——; (b where
(@) > ) o
—71.2 pC/m?
(5r2/4)ar (C/m?)

—2a_C/m?,2(x — 3)a (C/m?), 2a_ C/m>

p(alr), p (ale;r)

27 ra
0 :/ / p(r,®)rdrdg
0 0



Gradient, Divergence, Curl,
and Laplacian

5.1 Introduction

In electromagnetics we need indicators for how a field, whether a scalar or a vector, changes within a segment
of space or integrates over that segment. In this chapter we present three operators for such purposes: gradient,
divergence, and curl. The gradient provides a measure of how a scalar field changes. For vector fields we use
the divergence and the curl. For convenience, we may start with the Cartesian coordinate system. (However, note
that the above operators are definable and usable in all three coordinate systems.)

5.2 Gradient

The gradient is a vector defined for each point in a scalar field (e.g., potential in an electric field or the height
of points in a terrain). It is shown by the symbol V applied to the scalar field (e.g., VV is the gradient of V). The
gradient will be defined such that the change in the scalar function, dV, when traversed over a path dr is the dot
product of VV and dr.

dV=VV-dr

In the Cartesian coordinate system, this leads to the following expression for the gradient VV.

VV=a—Va —I—a—va , +a—Va
ox Y dy Y7 dz *
To verify this, refer to Fig. 5-1(a). It shows two neighboring points, M and N, of the region in which a scalar func-
tion V is defined.
M, v, 2)

z dr PeN(x +dx, y + dy, z + dz) Z

r + ar

<v

Fig. 5-1
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The vector separation of the two points is
dr = dxa_+ dyay + dza,
Construction of the dot product of VV and dr results in

aV oV oV
VV-dr=[—a +——a, +¥azJ-(dxax +dya, +dza,)

A% oV oV
VWedr=2"ax+ gy + 2
r awx ay Y 0z ¢

But, from the calculus, the change in V from M to N is

oV oV oV
V= + Sy + L a
ax dy Y 0z ¢

and it follows that

dvVv=VV-dr

The vector field VV (also written grad V) is called the gradient of the scalar function V. It is seen that, for fixed
ldr|, the change in V in a given direction dr is proportional to the projection of VV in that direction. Thus, VV
lies in the direction of maximum increase of the function V.

Another view of the gradient is obtained by allowing the points M and N to lie on the same equipotential
(if Vis a potential) surface, V(x,y, z) = c, [see Fig. 5-1(b)]. Then dV = 0, which implies that VV is perpendi-
cular to dr. But dr is tangent to the equipotential surface; indeed, for a suitable location of N, it represents any
tangent through M. Therefore, VV must be along the surface normal at M. Since VV is in the direction of increas-
ing V, it points from V(x, y, z) = ¢, to V(x, y, z) = c,, where ¢, > c,. The gradient of a potential function is a
vector field that is everywhere normal to the equipotential surfaces.

The gradient in the cylindrical and spherical coordinate systems follows directly from that in the Cartesian
system. It is noted that each term contains the partial derivative of V with respect to distance in the direction of
that particular unit vector.

oV av ov

vV = =~ a, + a_y a, + % a, (Cartesian)
VvV = %—‘: a, + :)a—‘;) a, + aa—‘z/ a, (cylindrical)
vV = WV a + v a, + v a, (spherical)

o rae"’ rsin6ap "’

While VV is written for grad V in any coordinate system, it must be remembered that the del operator is defined
only in Cartesian coordinates.

5.3 The Del Operator

Vector analysis has its own shorthand notation which the reader must note with care. The V vector operator in
Cartesian coordinates is defined by

a() () ()
v=C"a + 80,5 + 2/
o dy BT %
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In the calculus, the differential operator D is sometimes used to represent d/dx. The symbols V' and / are
also operators; standing alone, they give no indication of what they are to operate on. They look strange.
And so V, standing alone, simply suggests the taking of certain partial derivatives, each followed by appli-
cation of a unit vector in each of the three coordinates system directions. The del operator is defined only in
Cartesian coordinates.

5.4 The Del Operator and Gradient

When V operates on the scalar function V, the result is the gradient vector

oV oV oV
VV=—a +—a +—a
ox Y dy ¥ o9z ¢
Warning: V is defined only in Cartesian coordinates. While VV is written for grad V in any coordinate
system, it does not lead to the notion that a del operator can be defined for all these systems. For example, the
gradient in cylindrical coordinates is written as

VV=a—Va +la—va +a—va
o " rop ¢ o0z °
This does not imply that
d 10 d
V=—a +-—a, +—a
or " rogp ? oz °

in cylindrical coordinates. In fact, such a V operator expression would give false results when determining V- A
(the divergence, Section 5.5) or V X A (the curl, Section 5.10) in the same cylindrical coordinate system.

5.5 Divergence

There are two main indicators of the manner in which a vector field changes from point to point throughout
space. The first of these is divergence, which will be examined here. It is scalar and bears a similarity to the
derivative of a function. The second is curl, a vector which will be examined when magnetic fields are discussed
in Chapter 10.

When the divergence of a vector field is nonzero, that region is said to contain sources or sinks—sources
when the divergence is positive and sinks when negative. In static electric fields there is a correspondence
between positive divergence, sources, and positive electric charge Q. Electric flux ¥ by definition originates on
positive charges. Thus, a region which contains positive charges contains the sources of . The divergence of
the electric flux density D will be positive in this region. A similar correspondence exists between negative
divergence, sinks, and negative electric charge.

Divergence of the vector field A at the point P is defined by

Here the integration is over the surface of an infinitesimal volume Av that shrinks to point P.

5.6 Expressions for Divergence in Coordinate Systems

The divergence can be expressed for any vector field in any coordinate system. For the development in Cartesian
coordinates, a cube is selected with edges Ax, Ay, and Az parallel to the x, y, and z axes, respectively, as shown in
Fig. 5-2. Then the vector field A is defined at P, the corner of the cube with the lowest values of the coordinates
x,y,and z.

A=Aa +Aa +Aa
xx Yy 2z
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Az
plL 1
/IAX
A Ay
>y
X
Fig. 52

In order to express A - dS for the cube, all six faces must be covered. On each face, the direction of dS is out-
ward. Since the faces are normal to the three axes, only one component of A will cross any two parallel faces.

In Fig. 5-3 the cube is turned such that face / is in full view; the x components of A over the faces to the
left and right of 7 are indicated. Since the faces are small,

/ A-dS=—A,(x)Ay Az
left face

/ A-dS=A (x+Ax)Ay Az
right face

oA, Ax} Ay Az
ox

= [Ax(x) +

A (X) A (X +Ax)
— ;
s | M

Ax

Fig. 5-3

so that the total for these two faces is

oA, Ax Ay Az
ox

The same procedure is applied to the remaining two pairs of faces and the results combined.

J0A, O0A, 0A
A-dS~| —=+—2+—% |AxAyA
e

Dividing by Ax Ay Az = Av and letting Av — 0, one obtains
0A

0A, 0A
divA=—"2+—_—24+ "2 (Cartesian
ox dy oz ( )

The same approach may be used in cylindrical (Problem 5.1) and spherical coordinates.

0A,
19 4y L%, 04,
ror rdp oz

(cylindrical)

i(A sin ) + ) (spherical)
20 " ? rsin@ d¢ P

rsin 0
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.
EXAMPLE 1. Given the vector field A = 5x” (sm ij a,, finddivAatx=1.

divA=i 5)czsinﬁ =5x2 (:osﬂ z+10xsinﬂ=§7rx2cosﬂ+10xsinﬂ
ox 2 2 )2 2 2 2 2

and div A|,_, = 10.

EXAMPLE 2. In cylindrical coordinates a vector field is given by A = rsin ¢a_+ r? cos ¢a ot 2re’SZaZ. Find
div A at (%, 7/2,0).

divA = 19 (r* sin ¢) + 19 (r* cos ¢) + 9 (2re >)=2sin ¢ — rsin ¢ —10re >*
ror r o¢ 0z

. P 2 N 1Yo 7
and d1VA|(1/2!m2!O)—2sm5—5sm5—10(5je __E

EXAMPLE 3. In spherical coordinates a vector field is given by A = (5/r%) sin 6a_+ rcot 6a, + rsin Ocos ¢pa o
Find div A.

1 0
divA=——(5sin0) +
iv 2 8r( sin 0)

rsin

% (r sin 0 cot @) + i

0 . I
ﬁ(rsmecos@— 1—sin ¢

5.7 The Del Operator and Divergence

The del operator was defined in Cartesian coordinates by

() a() ()
v=" a +8 0y + &/
o dy A 0z A

When V is dotted with a vector A, the result is the divergence of A.
0 .
V:A=|—a, +—a, +—a, |-(Aa, +Aa, +Aa)=divA

Hereafter, the divergence of a vector field will be written V- A.

Warning: The del operator is defined only in Cartesian coordinates. When VA is written for the divergence
of A in other coordinates systems, it does not mean that a del operator can be defined for these systems. For
example, the divergence in cylindrical coordinates will be written as

VA=
r

0A
9 (A )+ 1200 4 oA,
or rop 0z

This does not imply that

0 19 0
or (na, r o¢ R 0z Az

in cylindrical coordinates. In fact, the expression would give false results when used in determining VV
(the gradient, Section 5.2) or V X A (the curl, Section 5.10).
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5.8 Divergence of D

From Gauss’s law (Section 4.3),

j{ D-dS — Qenc
Av Av

 fos
=divD = lim =<
Av%O Av—=0 Av

In the limit,

This important result is one of Maxwell’s equations for static fields:

divD=p and divE=2

€

if € is constant throughout the region under examination (if not, div eE = p). Thus, both E and D fields will have
a divergence of zero in any isotropic charge-free region.

EXAMPLE 4. In spherical coordinates the region r = a contains a uniform charge density p, while for » > a

the charge density is zero. From Problem 3.54, E = E a_, where E, = (pr/3€,) for r = a and E_ = (pa’/3€,r?)
for r > a. Then, for r = a,

divE—izi 2P :iz 2 P |_P
a 360 r 360 EO

and, for r > a,

5.9 The Divergence Theorem

Gauss’s law states that the closed surface integral of D - dS is equal to the charge enclosed. If the charge den-
sity function p is known throughout the volume, then the charge enclosed may be obtained from an integration

of p throughout the volume. Thus,
j(D-dS=/pdv=Qenc

j{D-dS:/(V-D)dv

This is the divergence theorem, also known as Gauss’s divergence theorem. It is a three-dimensional analog of
Green’s theorem for the plane. While it was arrived at from known relationships among D, O, and p, the theo-
rem is applicable to any sufficiently regular vector field.

But p = V- D, and so

divergence theorem j(s A-dS= /v (V- A)dv
Of course, the volume v is that which is enclosed by the surface S.

EXAMPLE 5. The region r = a in spherical coordinates has an electric field intensity
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Examine both sides of the divergence theorem for this vector field. For S, choose the spherical surface r = b < a.

%E-dS /(V-E)dv
g=LOfpr_p
//[ ] s1n0d0d¢a) V-E 3 Br(r 3Ej .
2r
/ / —sin0d0 d¢ then/ //—r sin 8 dr d6 d¢
0

_ 4npb’ _ 4npb®
3e 3e
The divergence theorem applies to time-varying as well as static fields in any coordinate system. The theorem
is used most often in derivations where it becomes necessary to change from a closed surface integration to a
volume integration. But it may also be used to convert the volume integral of a function that can be expressed
as the divergence of a vector field into a closed surface integral.

5.10 Curl

The curl of a vector field A is another vector field. Point P in Fig. 5-4 lies in a plane area VS bounded by a closed
curve C. In the integration that defines the curl, C is traversed such that the enclosed area is on the left. The unit
normal a,, determined by the right-hand rule, is as shown in the figure. Then the component of the curl of A in
the direction a_ is defined as

Fig. 5-4
In the various coordinate systems, curl A is completely specified by its components along the three unit vectors.

For example, the x component in Cartesian coordinates is defined by taking as the contour C a square in the
x = const. plane through P, as shown in Fig. 5-5.
j[ A-dl
(curlA)-a, = lim

AyAz—0 Ay Az
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IfA=Aa + Ayay + A a_at the corner of AS closest to the origin (point 1), then

SRR

0A 0A
=A Ay+| A + 5 Ay [Az+| A, +_8y Az |(—Ay)+ A, (—Az)
’ Y Z

0A, O0A,
= -2 Ay
[ay az] o

— Z aAy
and (curlA)-a, =—2——2

dy oz

The y and z components can be determined in a similar fashion. Combining the three components,

0A, OA 0A, OA, JA, 0A, .
curl A Z[a—y_szj a, +[a—z_§j ay +[a—xy_a—yJ a, (Carteswm)

A third-order determinant can be written, the expansion of which gives the Cartesian curl of A.

a, a, a,

o d 0
a=l2 2 2
e ox dy 0z
A, A A

The elements of the second row are the components of the del operator. This suggests (see Section 2.4) that
V X A can be written for curl A. As with other expressions from vector analysis, this convenient notation is
used for curl A in other coordinate systems, even though V is defined only in Cartesian coordinates.

Expressions for curl A in cylindrical and spherical coordinates can be derived in the same manner as above,
though with more difficulty.

104, 0A, (BA 0A ) 1[a0A,) a4 o
A= % % )% T e lindrical
cur] (r 29 oz )a, % o a, A o 29 a, (cylindrical)

1 [ 0Aysin€) oA | 1 1%_8(7A¢)a+l[a(rA9)_%
20 29 | " sin@ 99 or | ° o 96

curl A =

00 - r }aq, (spherical)
Frequently useful are two properties of the curl operator:
(1) The divergence of a curl is the zero scalar; that is,
V- (VXA)=0

for any vector field A.
(2) The curl of a gradient is the zero vector; that is,

VXVH=0
for any scalar function of position f (see Problem 5.24).

Under static conditions, E = —VV, and so, from (2),

VXE=0
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5.11 Laplacian

The divergence of the gradient of a scalar is called the Laplacian, V?. In the Cartesian coordinate system,

2 2 2y
+8V +8V a, 8V+8V+8

dy 7 oz o 9yt 9

Explicit forms of the Laplacian in cylindrical and spherical coordinates are given in the next section (see also
Section 9.3).

V2V = V- (VV) = v-[ v
8x

EXAMPLE 6. In a charge-free region with uniform permittivity, V2V = 0.
The Laplacian of a vector can be defined using the Laplacian of its coordinates components. For example,
the Laplacian of a vector specified by its Cartesian coordinate, A = Aa + A a + Aa,is as follows

2 9’ 9’ 82 2 2 2

VA=| —+— A=V°Aa, +V°Aa +V°Aa,
ox* 9y’ az

EXAMPLE 7. The following identity can be verified by direct substitution

VZA=VV-A) - VX (VXA

5.12 Summary of Vector Operations

The vector operations introduced in this chapter are summarized below for three coordinate systems. Note that
the del operator V is defined for the Cartesian coordinate system only.

TABLE 5-1 Summary of Vector Operations

COORDINATE SYSTEM OPERATOR MATHEMATICAL FORMULA
Cartesian Del operator V= & a, 8( ) a( )
ox ay Yoz
Gradient Vv = (—;‘; +?T‘; ) +%—‘Z/a”
0A,
Divergence V-A= 85)\; + -2 % aBAz
0A, OJA JA.  JA
Curl VXA=|—2 -2 | +| 222 (g +
" (ay oz jax [az ox Jay [
2 2 2
Laplacian Viy = 87‘2/ + 87‘2/ 87‘2/
ox dy 0z
Cylindrical Gradient Vv = %‘r/ + raa—‘; ot aa‘z/
1 94
Divergence VA:EE(A)_,_f ¢+8A
ror 00 0z
04,
Curl VXA = 104, 94, a, + 04, _ 94 a, +1 _94A, a,
r d¢ oz oz or EY
2 2
Laplacian Vi = 19 8V +— 87‘; + 87‘2/
r or ar r° 0¢ 0z
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. _ av_ 1oV 1 oV
Spherical Gradient Vv = 5 & +;£ae rsineﬁ%
) 10 -, 1 9 . L 04,
D V- A=—Z—(r"A)+ —(A 0)+ -
ivergence 73 (r°A,) sin0 89( o sin0) rsin@ 9¢
(A, sin 6 A
Curl ViA=L | Xm0 O |, 1) L 04, ),
rsin 6 20 9¢ rising d¢ or
L[ a(r4y) E)A,]
11| ohg) 04,
r|: P
, 1o, v 19 v 1o
Laplacian V== —|r— |+ g | SO = |+ 90>
apia v 2 ar(’ or j r*sin 6 00 [sme 20 j r? sin” 6 9¢°

SOLVED PROBLEMS

5.1. Develop the expression for divergence in cylindrical coordinates.

A delta-volume is shown in Fig. 5-6 with edges Ar, r A, and Az. The vector field A is defined at P, the corner with
the lowest values of the coordinates r, ¢, and z, as

A :Arar+A¢a¢+AzaZ

z
AZ
P
rae Ar
A——
y
X
Fig. 5-6
By definition,
j( A-dS
divA = lim L —— M
Av—0 Ay

To express j‘[ A - dS, all six faces of the volume must be covered. For the radial component of A refer to Fig. 5-7.

das

—

das /At (r +An

Fig. 5-7
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Over the left face,
/A *dS=—-ArApAz
and over the right face,
/A'dS%Ar(r+Ar)(r+Ar)A¢ Az

~ [A, +§)A¥ Ar] (r + Ar) Ag Az
r

=~A,rAp Az+ (A, +rzA’]ArA¢Az
r

where the term in (Ar)? has been neglected. The net contribution of this pair of faces is then

BA, J 10
{A’+rar ]ArA(pAz:ar(rA,)ArAd)Az:rar(rAr)AV 2)

since Av = r Ar Ag Az.

Similarly, the faces normal to a 0 yield
Ay Ar A d A+—BA¢A¢AA
rAz an rAz
(4 4 9¢

for a net contribution of

1 04,
- 3
ra¢Av 3)

and the faces normal to a_yield

A
ArArAg  and [AZ + aa z AZJ r Ar A9
Z

for a net contribution of

0A
A 4
0z ’ @

When (2), (3), and (4) are combined to give j{ A - dS, (1) yields

_1904,) 194, 04,

divA
v roor r ¢ oz

Show that V - E is zero for the field of a uniform line charge.
For a line charge, in cylindrical coordinates,

E=_Pr 4
2 eyr

Then V.E:li N C7A S
ror\ 2mweyr

The divergence of E for this charge configuration is zero everywhere except at r = 0, where the expression is
indeterminate.
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5.3.

54.

5.5.

5.6.

5.7.

5.8.

5.9.

5.10.

5.11.

Show that the D field due to a point charge has a divergence of zero.

For a point charge, in spherical coordinates,

Then, for r > 0,

VD= a(rz o ]—0

v or\ 4nr?

Given A = e¢™¥(cos xa_— sin xay), find V- A.

V-A= 9 (e Y cosx) + ai (e Vsinx) =e ” (—sinx) +e Y (sinx) =0
y

ox
Given A = x’a_+ yza + xya_, find V - A.

9 , . d P)
V-A=— +—(y2)+—@Gy) =2x+7z
. x%) PR (yz) aZ(xy) xX+z

Given A = (x> + y?)~"2a ,find V- A at (2,2,0).

V-A= —%(ﬁ + )220 and V-Alpao = —8.84 X 1072
Given A = rsin ¢a_+ 2rcos ¢a, + 2z, find V- A.

v-a=12(2in ¢)+§%<2r cos ¢)+%(2z2>

=2sing —2sing +4z=4z
Given A = 10 sin* ga_ + ra,+ [(z%/r) cos® ¢l a, find V + A at (2,0, 5).

_ 10sin* ¢ + 2z cos’ ¢
r

V-A and  V+Alg 05 =5

Given A = (5/r%)a, + (10/sin6)a, — r*¢ sin fa,, find V- A.

L 954! i(10)+ ! i(—r2¢sine)=—r

V-A=—
P or rsin @ 90 rsin 0 0¢

Given A = 5in fa, + 5 sin ¢a¢, findV-Aat(05,n/4, /4).

1
r sin

and V- Al0.5014,m0) = 24.14

.1 ai(S sin ¢) =10

rsinf d¢

cosO+ cos ¢

5

i(5 sin’ @) + &
0 00 7 sin@

Given that D = p,za_in the region —1 = z = 1 in Cartesian coordinates and D = (p, z/ |zl )a
elsewhere, find the charge density.

V:-D=p
For—-1=z=1,

d
P:a*(POZ):Po
4
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andforz< —lorz>1,
J _
P:a*(ﬂ?o):o
Z

The charge distribution is shown in Fig. 5-8.

Fig. 5-8

5.12. Given that D = (10;3/4)ar (C/m?) in the region 0 < r =< 3 m in cylindrical coordinates and
D = (810/4r)a, (C/m?) elsewhere, find the charge density.

ForO0 <r=3m,

4
p= 13[ “Z j: 1072 (C/m?)

and for r > 3 m,

p=li(810/4) =0
ror

5.13. Given that

Q

=— (I1—cos3ra,
nr

in spherical coordinates, find the charge density.
p= 19 [rzg(l—cos 3r)}=3—Q2sin 3r

i nr

5.14. In the region 0 < r = 1 m,D = (=2 X 10~/r)a_(C/m?) and for r > 1 m, D = (—4 X 107*/r?)a,
(C/m?), in spherical coordinates. Find the charge density in both regions.

ForO<r=<1m,

_ —2x107*
p:izi(—ZXlO 4r):2+ (C/m3)
= or r
and for r > 1 m,
1 0 4
=— —(—4X107)=0
p=—3 )
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5.15. In the region r = 2,D = (5r%/4)a_and for r > 2, D = (20/r%)a, in spherical coordinates. Find the
charge density.

Forr =2,

1 0 4
=——(5r"/4)=5
p=—zo (rt14)=5r

and for r > 2,

1 0
=——(20)=0
p=35,020

5.16. Given that D = (10x3/3)ax (C/m?), evaluate both sides of the divergence theorem for the volume of a
cube, 2 m on an edge, centered at the origin and with edges parallel to the axes.

%D-dS:/ (V-D)dv
vol

Since D has only an x component, D - dS is zero on all but the faces at x = 1 m and x = —1 m (see Fig. 5-9).
AR A V() ARG
D-dS= a,dydza, + ——=a_ -dydz(—a,)
a3 /a3 !
404080,
3 3 3

-
s ds /

X

Fig. 5-9

Now for the right side of the divergence theorem. Since V + D = 10x?,

1 1,1 1,1 3 80
/ (V-D)dvz/ / / (10x2)dxdydz=/ / [mi} dydz=—C
vol -1/ 1) 4 -1/ 1 3 3

5.17. Given that A = 30e”"a, — 2za_in cylindrical coordinates, evaluate both sides of the divergence
theorem for the volume enclosed by »r = 2,z = 0, and z = 5 (Fig. 5-10).

%A-dS=/(V-A)dV

2
-1

Fig. 5-10
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It is noted that A_ = O for z = 0 and hence A - dS is zero over that part of the surface.

5 2 2 2
f{A-dS=/ / 30e‘2a,-2d¢dza,+/ / —2(5)a, *rdrdga,
0 0 0 0

=60e 2(2m)(5) — 10Q2m)(2) =129.4
For the right side of the divergence theorem:

0¢ " 30¢7-2

voa=L19 Gorery+ L (c2z)=
r or 0z

5 2 2
and /(V “A)dv= / / / [
0 0 0

5.18. Given that D = (10r3/4)ar (C/m?) in cylindrical coordinates, evaluate both sides of the divergence
theorem for the volume enclosed by r = 1 m,r = 2 m, z = 0 and z = 10 m (see Fig. 5-11).

%D-dsz/(v-n)dv

30¢ 3007 - 2] rdrdg dz =129.4
.

ZA
D
2;53 as
ds
X
Fig. 511

Since D has no z component, D - dS is zero for the top and bottom. On the inner cylindrical surface dS is in the

10 2 10
%D°ds=/ / —(’a, (1) dp dz(—a,)
o Jo 4

10 2r 10
+ / / —()a,-(2)d¢ dza,
0 o 4

= 22007 162007 _ 950, C
4 4

direction —a

r

From the right side of the divergence theorem:

4
V-Dzla(lor ]=10r2
ror{ 4

10 2r 2
and /(V ‘D)dv= / / / (10r)r dr d¢ dz = 7507 C
0 0 1

5.19. Given that D = (5r2/4)ar (C/m?) in spherical coordinates, evaluate both sides of the divergence theorem
for the volume enclosed by » = 4 m and 6 = /4 (see Fig. 5-12).

%D'dS=/(V-D)dv
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Since D has only a radial component, D + dS has a nonzero value only on the surface r = 4 m.

2r /4 5(4)2
j(D-dS:/ / o -(4)* sin 0 d6 dpa, =589.1C
0 0

For the right side of the divergence theorem:

1 9 (5r*
V-D=— 212" |=5
r? Br( 4} "

2 /4 4
and /(V-D) dv=/ / / (5r)r* sin @ dr dBdy=589.1C
0 0 0

5.20. Given A = (ycosax)a_+ (y + e*)a_, find V X A at the origin.

a, a, a,
0 0 0

VXA=| — — — |=a_—e'a,—cosaxa,
ox dy oz * Y ‘

X

ycosax 0 y+e
At (0,0,0),V XA=a —a —a.

5.21. Given the general vector field A = 5r sin <{)aZ in cylindrical coordinates, find curl A at (2, 7, 0).

Since A has only a z component, only two partials in the curl expression are nonzero.

VXA =%% (5rsin ¢g)a, — % (5rsinsin ¢)a, =5 cos ¢a, — 5sin ga,

r

Then VXA 0 =52

5.22. Given the general vector field A = 5¢™" cos ¢a, —5 cos ¢a_in cylindrical coordinates, find curl
Aat(2,3m/2,0).

19

1 2 (5e cos py— (- -
VXA= o SCos¢)a,+[az(5e cos )~ =~ 5°°S¢)}a¢ r 00

= [5 sin d)) a, + [5 e "sin ¢)]aZ
r r

Then VXA 3000, =~ 2.50a, —034a,

(5¢ " cos p)a,
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5.23. Given the general vector field A = 10 sin 0a0 in spherical coordinates, find V X A at (2, /2, 0).

1
rsin 6

VXA=

Then VXA ‘(2,;:/2,0) =5a,

5.24. Show that the curl of a gradient is zero.

J ) 10 .
— J,-f
[ 30 (10 sin 9)] a, W (10rsin0) a,

_10sin @

= a
r ¢

From the definition of curl A given in Section 5.10, it is seen that curl A is zero in a region if

j{A°dl=0

for every closed path in the region. But if A = Vf, where f is a single-valued function,

%A-dl=j(Vf-dl:j(df=0

(see Section 5.2).

SUPPLEMENTARY PROBLEMS

5.25. Develop the divergence in spherical coordinates. Use the delta-volume with edges Ar, r A8, and r sin 0 A¢.

5.26.

5.27.

5.28.

5.29.

5.30.

5.31.

5.32.

5.33.

5.34.

5.35.

5.36.

5.37.

5.38.

5.39.

5.40.

Show that V - E is zero for the field of a uniform sheet charge.

The field of an electric dipole with the charges at =d/2 on the z axis is

E= od
4dreyr

3 (2 cos Ba, +sinOay)

Show that the divergence of this field is zero.

Given A = ¢*a_+ 2 cos ya, +2 sin za,, find V - A at the origin.
Given A = (3x + y»a_+ (x — yz)ay, find V-A.

Given A = 2xya +za +yz’a_ findV-Aat(2,-1,3).

Given A = 4xya — xyzay + 5sinza,find V- Aat(2,2,0).
Given A = 2r cos® ¢pa_+ 3r%sin za, + 47 sin? ¢a, find V- A.
Given A = (10/r%)a, + 5S¢ *a ,find V- A at (2, ¢, 1).

Given A = 5cosra, + (3ze’2’/r)az, find V- A at (7, 9, 2).

Given A = 10a_ + 5 sin fa,, find V - A.

Given A = ra, — r?cot fa,, find V - A.

Given A = [(10 sin? 0)/rla, (N/m), find V - A at (2 m, 7/4 rad, 7/2 rad).

Given A = r?sin 6a,_+ 13¢a, + 2ra,, find V- A.
Show that the divergence of E is zero if E = (100/r)a 0 + 40a_.

In the region a = r = b (cylindrical coordinates),
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541.

5.42.

5.43.

5.44.

545.

5.46.

547.

5.48.

5.49.

5.50.

5.51.

5.52.

5.53.

5.54.

5.55.

5.56.

5.57.

and for r > b,

For r < a,D = 0. Find p in all three regions.

In the region 0 < r = 2 (cylindrical coordinates), D = (4r~' + 2¢70% + 4r~'e %5")a , and for r > 2,
D = (2.057/r)a,. Find p in both regions.

In the region r = 2 (cylindrical coordinates), D = [10r + (r2/3)]ar, and for r > 2, D = [3/(128r)]a,. Find p in both
regions.

Given D = 10 sin 6a_+ 2 cos 8 a, find the charge density.
Given

- .

s
in spherical coordinates, find the charge density.
Given
10 -
D :r—z[l —e (1 +2r+2r7)]a,

in spherical coordinates, find the charge density.

In the region r = 1 (spherical coordinates),

and for r > 1,D = [5/(63r%))a,. Find the charge density in both regions.

The region r = 2 m (spherical coordinates) has a field E = (5r X 10*5/60)ar (V/m). Find the net charge enclosed
by the shell r = 2 m.

Given that D = (5r%/4)a_in spherical coordinates, evaluate both sides of the divergence theorem for the volume
enclosed between r = 1 and r = 2.

Given that D = (10r/4)a, in cylindrical coordinates, evaluate both sides of the divergence theorem for the volume
enclosed by r = 2,z =0, and z = 10.

Given that D = 10 sin 6a, + 2 cos 6a,, evaluate both sides of the divergence theorem for the volume enclosed by
the shell r = 2.

Show that the curl of (xa, + ya + za)/(x* + y* + 72)2 is zero.

Given the general vector A = (—cos x)(cos y)a_, find the curl of A at the origin.

Given the general vector A = (cos x)(sin y)a_+ (sin x)(cos y)ay, find the curl of A everywhere.
Given the general vector A = (sin 2¢)a - in cylindrical coordinates, find the curl of A at (2, /4, 0).

Given the general vector A = ¢~ % (sin ]E d)a 0 in cylindrical coordinates, find the curl of A at
(0.800, 7/ 3,0.500).

Given the general vector A = (sin ¢)a_+ (sin 6)a " in spherical coordinates, find the curl of A at the point
2,7/2,0).

Given the general vector A = 2.50a, + 5.00a 0 in spherical coordinates, find the curl of A at (2.0, /6, 0).
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5.58. Given the general vector

_ 2cosO sin@

A 34, e ay

r

show that the curl of A is everywhere zero.

ANSWERS TO SUPPLEMENTARY PROBLEMS

5.28. 70 5.44. 3(r2 + 3)/(r? + 1)
529. 3 -2y 5.45. 40e7r

5.30. —8.0 5.46. 4 —r2,0

531. 50 5.47. 503 X 1073C
5.32. 40 5.48. 751

533. —2.60 5.49. 8007

534. —1.59 5.50. 407

5.35. (2 + cos 6)(10/r) 551. Hint: VXE=0.
536. 3—r 552. 0

5.37. 125 N/m? 553. 0

5.38. 4rsin6 +[ 13¢ Jcot 0 5.54. 0.5a

r

5.55. 0.368a_ + 0.230a,

5.40. 0,p.,0
Po 5.56. 0
541. —e 0570
5.57. 433a — 250a, + 125a,
542. 20 + 1,0
543, 319 18 42 cot?0)

5



CHAPTER 6

Electrostatics: Work, Energy,
and Potential

6.1 Work Done in Moving a Point Charge

A charge Q experiences a force F in an electric field E. In order to maintain the charge in equilibrium, a force
F, must be applied in opposition (Fig. 6-1):

v

v
m

F, <—Qo—> F

v

v

Fig. 6-1

Work is defined as a force acting over a distance. Therefore, a differential amount of work dW is done when the
applied force F, produces a differential displacement d1 of the charge—that is, moves the charge through
the distance d/ = |d1]. Quantitatively,

dW=F -dl = —-QE-dl

Note that when Q is positive and dl is in the direction of E, dW = —QF d¢ < 0, indicating that work was done
by the electric field. [Analogously, the gravitational field of the earth performs work on a (positive) mass M as
it is moved from a higher elevation to a lower one.] On the other hand, a positive dW indicates work done against
the electric field (cf. lifting the mass M).

Component forms of the differential displacement vector are as follows:

dl = dxa_+ dyay + dza, (Cartesian)
dl =dra + rd¢ a + dza, (cylindrical)
dl = dra_+ rdBa,+ rsin 6d¢ a, (spherical)

The corresponding expressions for d/ were displayed in Section 2.6.
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EXAMPLE 1. An electrostatic field is given by E = (x/2 + 2y)a_+ 2xa (V/m). Find the work done in
moving a point charge Q = —20uC (a) from the origin to (4, 0, 0) m, and (b) from (4,0, 0) m to (4,2,0) m.

(@) The first path is along the x axis, so that dl = dxa..
dW =—QE-dl = (20 X 106)(§+ ZyJ dx
x
W =(20 X 10“’)/ (? + Zyj dx=80u]
0
(b) The second path is in the a direction, so that dl1 = d ya,.
2
W = (20 X 10*6)/0 2x dy=320u)

6.2 Conservative Property of the Electrostatic Field

The work done in moving a point charge from one location, B, to another, A, in a static electric field is independ-
ent of the path taken. Thus, in terms of Fig. 6-2,

/E-dlz—/ E-dl or j! E-dl=0
o ) 0-@

where the last integral is over the closed contour formed by @ described positively and @ described negatively.
Conversely, if a vector field F has the property that j( F - dl = 0 over every closed contour, then the value of any
line integral of F is determined solely by the endpoints of the path. Such a field F is called conservative; it can be
shown that a criterion for the conservative property is that the curl of F vanishes identically (see Section 5.10).

A

®
©

Fig. 6-2

EXAMPLE 2. For the E field of Example 1, find the work done in moving the same charge from (4, 2, 0) back
to (0, 0, 0) along a straight-line path.

(0,0,0)
w=0x10% [, |:(%+ 2yjax + Zxay:l'(dx a, +dya,)

(0,0,0) .
_ -6
=(20X10"") “.2.0) [7+2yjdx+2xdy
The equation of the path is y = x/2; therefore, dy = 1jdx and

0
W:(20><10‘6)/ %xdx=—400‘u1
4

From Example 1, 80 + 320 = 400 uJ of work was spent against the field along the outgoing, right-angled path.
Exactly this much work was returned by the field along the incoming, straight-line path, for a round-trip total
of zero (conservative field).
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6.3 Electric Potential between two Points

The potential of point A with respect to point B is defined as the work done in moving a unit positive charge,
0, from Bto A.

w A
VAB:Q—:—/B E-dl (J/CorV)

It should be observed that the initial, or reference, point is the lower limit of the line integral. Then, too, the minus
sign must not be omitted. This sign came into the expression by way of the force F, = —QE, which had to be
applied to put the charge in equilibrium.
Because E is a conservative field,
V

=V,

AC

-V

BC

whence V, , may be considered as the potential difference between points A and B. When V, , is positive, work
must be done to move the unit positive charge from B to A, and point A is said to be at a higher potential than

point B.

6.4 Potential of a Point Charge

Since the electric field due to a point charge Q is completely in the radial direction,

A A 7\
d 1 1
VAB:—/B E-dlz—/ E, dr=—-2 a_ 9 [———)
"B 4rmey /B 1 4reg\ 1y 13

For a positive charge Q, point A is at a higher potential than point B when r, is smaller than r,.
If the reference point B is now allowed to move out to infinity,

v,.=2 (L_L]
4reg\ry oo

or V= Q0
4meyr

Considerable use will be made of this equation in the materials that follow. The greatest danger lies in forgetting
where the reference is and attempting to apply the equation to charge distributions which themselves extend to
infinity.

6.5 Potential of a Charge Distribution

If charge is distributed throughout some finite volume with a known charge density p (C/m?), then the potential
at some external point can be determined. To do so, a differential charge at a general point within the volume is
identified, as shown in Fig. 6-3. Then at P,

do
4reyR

dv =

Integration over the volume gives the total potential at P:

pdv
vol 47w€yR

where dQ is replaced by p dv. Now R must not be confused with r of the spherical coordinate system. And R is
not a vector but the distance from dQ to the fixed point P. Finally, R almost always varies from place to place
throughout the volume and so cannot be removed from the integrand.
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dv
I
1 R

Fig. 6-3

If charge is distributed over a surface or a line, the above expression for V holds, provided that the integration
is over the surface or the line and that p_or p, is used in place of p. It must be emphasized that all these expres-

sions for the potential at an external point are based upon a zero reference at infinity.

EXAMPLE 3. A total charge of 43—0nC is uniformly distributed in the form of a circular disk of radius 2 m. Find
the potential due to this charge at a point on the axis, 2 m from the disk. Compare this potential with that which

results if all of the charge is at the center of the disk.
Using Fig. 6-4,

Q_107° >
=<=—__C/m R=+l4+ m
P = AT 3 re (m
30 /27 2 rdrdg
and y=2= /—=49.7V
T /o 0 \/4+r2

With the total charge at the center of the disk, the expression for the potential of a point charge applies:

0 40 00
V= =—3 — 60V
dmepz  4m(107°/36m)2

Z 4

Fig. 6-4

6.6 Relationship between E and V

From the integral expression for the potential of A with respect to B, the differential of V may be written as

dv=—-E-dl

On the other hand, from the definition of the gradient of V (see Section 5.2) we have
dV =VV-dr

Since d1 = dr is an arbitrary small displacement, it follows that

E=-VV
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The electric field intensity E may be obtained when the potential function V is known by simply taking the
negative of the gradient of V. The gradient was found to be a vector normal to the equipotential surfaces, directed
to a positive change in V. With the negative sign here, the E field is found to be directed from higher to lower
levels of potential V.

EXAMPLE 4. In spherical coordinates and relative to infinity, the potential in the region r > 0 surrounding a
point charge Q is V = Q/4me r. Hence,

E=—VV=—i( Q ja -9 a,

or\ 4reyr d 4717607'2

in agreement with Coulomb’s law. (V is obtained in principle by integrating E; so it is not surprising that differ-
entiation of V gives back E.)

6.7 Energy in Static Electric Fields

Consider the work required to assemble, charge by charge, a distribution of n = 3 point charges. The region is
assumed initially to be charge-free and with E = 0 throughout.

Referring to Fig. 6-5, the work required to place the first charge, Q,, into position 1 is zero. Then, when Q,
is moved toward the region, work equal to the product of this charge and the potential due to Q, is required. The
total work to position the three charges is

W.=W, +W,+ W,
=0+ (Q2V2,l) + (Q3V3’1 + Q3V3,2)

The potential V, | must be read “the potential at point 2 due to charge Q, at position 1.” (This rather unusual
notation will not appear again in this book.) The work W, is the energy stored in the electric field of the charge
distribution. (See Problem 6.16 for a comment on this identification.)

Now if the three charges were brought into place in reverse order, the total work would be

W,=W,+ W, + W,
=0+ (V) +(@QV 5+ 0V, )
When the two expressions above are added, the result is twice the stored energy:
W=V, Vi) + OV, +V, )+ O(Vs V5

The term Q,(V, , + V| ;) was the work done against the fields of 0, and Q,, the only other charges in the region.
Hence, Vl’2 + V1,3 = V|, the potential at position 1. Then

W, =0V, +Q,V, + OV,

1 n
and W, = 5 Z oV,
m=1
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for a region containing n point charges. For a region with a charge density p (C/m?) the summation becomes an
integration,

1
W, =— V d
E 2/P v

Other forms (see Problem 6.11) of the expression for stored energy are

2
WEzl/D-Edv WEzl/eE%zv WE=l D4
2 2 2/ e

In an electric circuit, the energy stored in the field of a capacitor is given by
1 1 . 5
W, ==-0QV==-CV
£ =293

where C is the capacitance (in farads), V is the voltage difference between the two conductors making up the
capacitor, and Q is the magnitude of the total charge on one of the conductors.

EXAMPLE 5. A parallel-plate capacitor, for which C = €A/d, has a constant voltage V applied across the plates
(Fig. 6-6). Find the stored energy in the electric field.

Fig. 6-6

With fringing neglected, the field is E = (V/d)a, between the plates and E = 0 elsewhere.

1 2
W, =— [€E“dv
E 2/

Vv 2
== /dv
2\ d
:eAV2
2d

:lcvz
2

As an alternate approach, the total charge on one conductor may be found from D at the surface via Gauss’s law
(Section 4.3).

1 1 eAV?
Then w =§QV=—[—j=
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SOLVED PROBLEMS

6.1. Given the electric field E = 2xa  —4ya_ (V/m), find the work done in moving a point charge +2 C
(@) from (2,0,0) m to (0, 0, 0) m and then from (0, 0, 0) m to (0, 2, 0) m; (b) from (2,0,0) m to (0, 2,0) m
along the straight-line path joining the two points. (See Fig. 6-7.)

0,0,0) @ (2,0,0)

(a) Along the x axis,y = dy = dz = 0, and
dW = —2(2xa )*(dxa )= —4xdx
Along the y axis,x = dx = dz = 0, and

dW = —2(—4yay) . (dyay) = 8ydy

0 2
Thus, W=—4/2 xdx+8/ ydy=24]
0

(b) The straight-line path has the parametric equations

x=2-2t y=2 g

Il
o

where 0 = ¢ = 1. Hence,

dW = =2[2(2 - 2t)a, — 420)a | - [(~2d)a, + (2dn)a,]
= 16(1 + 1) dt

1
and W=16/0 (1+1)dt=24]

6.2. Given the field E = (k/r)a_(V/m) in cylindrical coordinates, show that the work needed to move a point
charge Q from any radial distance r to a point at twice that radial distance is independent of r.

Since the field has only a radial component,

dW =—QE-dl=—QE, dr=—2 4y

r

For the limits of integration use r, and 2r,.

2r dr
W=—kQ/ & kQIn2
)‘1

r

which is independent of 7.
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6.3. For a line charge p, = (107%/2) C/m on the z axis, find Vg Where Ais (2 m, 7/2,0) and B is
(4 m, m,5 m).

A
Vi = — / E-dl where E=—2 a
B 2meyr
Since the field due to the line charge is completely in the radial direction, the dot product with d1 results
inE dr.
R

Viy=—| ———dr=—9[Inr]?=624V
AB /B 20omegn T o

6.4. In the field of Problem 6.3, find V,
the sum of V, , and V..

c» Where r, = 4 m and r, = 10 m. Then find V, . and compare with

Vye=—9lInrls = ~9(In4 — In 10) = 825V

Vie=—9llnr]7s = —9(In2 — In 10) = 1449 V
Vip+ Ve =624V +825V=1449V =V,

6.5. Given the field E = (—16/r?) a_(V/m) in spherical coordinates, find the potential of point (2m, 7, 77/2)
with respect to (4m, 0, 7).

The equipotential surfaces are concentric spherical shells. Let r = 2 m be A and » = 4 m, B. Then

2
~1
VAB=—/ ( 26]dr=—4\/
4 r

6.6. A line charge p, = 400 pC/m lies along the x axis and the surface of zero potential passes through the
point (0, 5, 12) m in Cartesian coordinates (see Fig. 6-8). Find the potential at (2, 3, —4) m.

Fig. 6-8

With the line charge along the x axis, the x coordinates of the two points may be ignored

ry=49+16=5m rg=4/25+144 =13m

Then

TA
VAB:—/ P = P jn a6 83
g 2TEYr 2rey, 13
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6.7. Find the potential at r, = 5 m with respect to r, = 15 m due to a point charge Q = 500 pC at the origin
and zero reference at infinity.

Due to a point charge,

o (1 1
Vap = 4 .
e\ ry 1y

To find the potential difference, the zero reference is not needed.

AB =

500x107"% (11
15

| ———— =060V
4(107°/36m) \ 5 ]

The zero reference at infinity may be used to find V; and V.

1 1
Vs = ¢ [ L =090V Vis = ¢ [ L =030V
4mey\ S 4rey\ 15

V=060V

Then \%4

s =V

s

6.8. Forty nanocoulombs of charge is uniformly distributed around a circular ring of radius 2 m. Find the
potential at a point on the axis 5 m from the plane of the ring. Compare with the result where all the
charge is at the origin in the form of a point charge.

With the charge in a line,

_ / p,dl
4reyR
X -9 -8
Here y =M _10 C/m
27(2) T
and (see Fig. 6-9) R = V29 m, d! = (2 m) d¢§.
2 -8
:/ A0 Ym@)do oy
0 47(107°/367)29

dQ = p,rd¢

Fig. 6-9
If the charge is concentrated at the origin,

_40%x107°
4rey (5)

=720V

6.9. Five equal point charges, Q = 20 nC, are located at x = 2, 3,4, 5, and 6 m. Find the potential at the origin.

n X -
2 _20x10 P L L L ey
=1 4re, 2 3 4 > 6

47150



CHAPTER 6 Electrostatics: Work, Energy, and Potential

6.10. Charge is distributed uniformly along a straight line of finite length 2L (Fig. 6-10). Show that for two
external points near the midpoint, such that r, and r, are small compared to the length, the potential V ,
is the same as for an infinite line charge.

47

i

22—

o —L

Fig. 6-10

The potential at point 1 with zero reference at infinity is
oo P
1 4 2 2\172
0 4mey(z” +r7)
2p,
=P [In(z ++/z> + r21 )](I)‘
47e,
= 4”” [n @+ +r2)—Iny]
TE

0

Similarly, the potential at point 2 is

v, = —2”’5 (L +I2 +72) —In 5]

€,

Now if L > r and L > r,,

Vi~ 2L —mn)
e,
V,~LL (2L —1nn)
TUE,
Then V=V —V, =L n2
2rwey 1

which agrees with the expression found in Problem 6.6 for the infinite line.

6.11. Charge distributed throughout a volume v with density p gives rise to an electric field with energy content

WEZ%/V pV dv
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Show that an equivalent expression for the stored energy is

1/2
W,=—/€E" dv
Eo

Fig. 6-11 shows the charge-containing volume v enclosed within a large sphere of radius R. Since p vanishes
outside v,

1 1 1
WE a 5 /v pdv B 5 ,/Sphe"iCﬂl pV dv= E Aphen’cal (V D) Vdv
volume volume

The vector identity V+* VA = A+ VV 4+ V(V - A), applied to the integrand, gives

1
WE=7/ } (V-VD)dv—f/ _(V:-VD)dv
2 J spherical 2 J spherical
volume volume

This expression holds for an arbitrarily large radius R; the plan is to let R — .

The first integral on the right equals, by the divergence theorem,

1
5 j{‘pherical VD-dS

surface

Now, as the enclosing sphere becomes very large, the enclosed volume charge looks like a point charge. Thus, at
the surface, D appears as k,/R> and V appears as k,/R. So the integrand is decreasing as 1/R*. Since the surface area
increases only as R?, it follows that

lim j{phmcal VD-dS=0

R 7 gurface

The remaining integral gives, in the limit,
1 1
Wg =5/(D-VV)dv=E/(D-E)dv

And since D = €E, the stored energy is also given by

1 1 [D?
WE=*/EE2dV or WE=7/—dv
2 2 €

Fig. 6-11

6.12. Given the potential function V = 2x + 4y (V) in free space, find the stored energy in a 1-m> volume
centered at the origin. Examine other 1-m? volumes.

2% ad %
E=-VV=— —ax+—vay+—az =—2a,—4a, (V/m)
ax dy dz ~



6.13.

6.14.

6.15.
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This field is constant in magnitude (£ = V' 20 V/m) and direction over all space, and so the total stored energy is
infinite. (The field could be that within an infinite parallel-plate capacitor. It would take an infinite amount of work
to charge such a capacitor.)

Nevertheless, it is possible to speak of an energy density for this and other fields. The expression

1
Wy :5/ E*dv

suggests that each tiny volume dv be assigned the energy content w dv, where
w=1ler?
2

For the present field, the energy density is constant:

-8
Jm?

1 1
=~ €.(20)=
W=y 0=

and so every 1-m? volume contains (1078/367) J of energy.

Two thin conducting half planes, at ¢ = 0 and ¢ = 7/6, are insulated from each other along the z axis.
Given that the potential function for0 = ¢ = /6 is V = (—60¢/x) V, find the energy stored between
the half planes for 0.1 = r = 0.6 m and 0 = z = 1 m. Assume free space.

To find the energy, W/, stored in a limited region of space, one must integrate the energy density (see Problem 6.12)
through the region. Between the half planes,

E——VV——la[ —60¢ ]% :6—0% (V/m)
r

rog b3
and so
e [1 [T [06( o g 300€
W} :—0/ / / — | rdrd¢dz= O In6=151nJ
2JoJo Jo1 \ mr b4
The electric field between two concentric cylindrical conductors at ¥ = 0.01 m and » = 0.05 m is given

by E = (10°/r)a, (V/m), fringing neglected. Find the energy stored in a 0.5-m length. Assume free

space.
h+05 27 005 52
Wg:l/eoEzdv:i/ / / 070 drdgdz=02243
2 2/ n 0 001 r

Find the stored energy in a system of four identical point charges, O = 4 nC, at the corners of a square
1 m on a side. What is the stored energy in the system when only two charges at opposite corners are in
place?

W, =0V, +0Q,V, + Q,V. + Q,V, =40V,

where the last equality follows from the symmetry of the system.

(1 1,1
Vl: Q2 + Q3 Q4 :4X10 4+ =975V
dme R, 4ArmeyR;; 4TmeyR,, dme, (1 1 o
Then Wy =20,V, =2(4 X10~7)(97.5) =780 nJ
For only two charges in place,
2We =0V, =(4X1077) 4x107 =102 nJ
E 11 471:60\/5
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6.16.

6.17.

What energy is stored in the system of two point charges, O, = 3 nC and Q, = —3 nC, separated by a
distance of d = 0.2 m?

_ o[ 2 o
2Wp =0V, + 0,0, Ql(4ﬂ;€0dJ * Q2[4n’eodj

=952
00 GXIO) sy

4megd  4m(107°/36m)(0.2)

whence W

It may seem paradoxical that the stored energy turns out to be negative here, whereas IEEE 2, and hence

1
We = 7/ €E*dv
2 all space

is necessarily positive. The reason for the discrepancy is that in equating the work done in assembling a system of
point charges to the energy stored in the field, one neglects the infinite energy already in the field when the charges
were at infinity. (It took an infinite amount of work to create the separate charges at infinity.) Thus, the above result,
W, = —405 nJ, may be taken to mean that the energy is 405 nJ below the (infinite) reference level at infinity. Since
only energy differences have physical significance, the reference level may properly be disregarded.

A spherical conducting shell of radius a, centered at the origin, has a potential field
A r=a
|\ Vpalr r>a

with the zero reference at infinity. Find an expression for the stored energy that this potential represents.

0 r<a
E=-VV= )
Vpalr7)a, r>a

1 € 2r V4 oo Via 2
Wy = f/eOEzdv =0+ i/ / / 02 r*sin @ dr d6 d¢ = 27reOV%,a
2 2Jo o Jo \r

Note that the total charge on the shell is, from Gauss’s law,

Q=DA= (%Zozaj (4ra®) = dne,Vya

while the potential at the shell is V = V. Thus, W, = % QV, the familiar result for the energy stored in a capacitor
(in this case, a spherical capacitor with the other plate of infinite radius).

SUPPLEMENTARY PROBLEMS

6.18.

6.19.

6.20.

6.21.

Find the work done in moving a point charge Q = —20uC from the origin to (4, 2, 0) m in the field
E = 2(x + 4y)a_+ 8xa (V/m)

along the path x> = 8y.

Find the work done in moving a point charge Q = 3 uC from (4 m, r, 0) to (2 m, /2,2 m), cylindrical
coordinates, in the field E = (10%/r)a_ + loszaz (V/m).

Find the difference in the amounts of work required to bring a point charge Q = 2 nC from infinity to » = 2 m and
from infinity to » = 4 m, in the field E = (105/r)ar (V/m).

A uniform line charge of density p, = 1 nC/m is arranged in the form of a square 6 m on a side, as shown in
Fig. 6-12. Find the potential at (0,0, 5) m.



6.22.

6.23.

6.24.

6.25.

6.26.

6.27.

6.28.

6.29.

6.30.

6.31.

6.32.

6.33.

6.34.
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Fig. 6-12

Develop an expression for the potential at a point d meters radially outward from the midpoint of a finite line
charge L meters long and of uniform density p, (C/m). Apply this result to Problem 6.21 as a check.

Show that the potential at the origin due to a uniform surface charge density p_ over theringz =0,R=r=R + 1
is independent of R.

A total charge of 160 nC is first separated into four equal point charges spaced at 90° intervals around a circle
of 3 m radius. Find the potential at a point on the axis, 5 m from the plane of the circle. Separate the total
charge into eight equal parts and repeat with the charges at 45° intervals. What would be the answer in the limit
p, = (160/67) nC/m?

In spherical coordinates, point A is at a radius 2 m while B is at 4 m. Given the field E = (— 16/r2)ar (V/m), find the
potential of point A, zero reference at infinity. Repeat for point B. Now express the potential difference V, — V,,
and compare the result with Problem 6.5.

If the zero potential reference is at » = 10 m and a point charge Q = 0.5 nC is at the origin, find the potentials
atr = 5mand » = 15 m. At what radius is the potential the same in magnitude as that at » = 5 m but opposite

in sign?

A point charge Q = 0.4 nC is located at (2, 3, 3) m in Cartesian coordinates. Find the potential difference V,,,
where point A is (2,2,3) mand B is (—2,3,3) m.

Find the potential in spherical coordinates due to two equal but opposite point charges on the y axis aty = *d/2.
Assume r > d.

Repeat Problem 6.28 with the charges on the z axis.
Find the charge densities on the conductors in Problem 6.13.

A uniform line charge p, = 2 nC/m lies in the z = 0 plane parallel to the x axis at y = 3 m. Find the potential
difference V,, for the points A(2,0,4) m and B(0,0,0) m.

A uniform sheet of charge, p, = (1/67) nC/m?, is at x = 0 and a second sheet, p, = (=1/6m) nC/m?,is at x = 10 m.

Find V,,, V,.,and V, . for A(10 m, 0, 0), B(4 m, 0, 0), and C(0, 0, 0) m.
Given the cylindrical coordinate electric fields E = (5/r)a, (V/m) for0 = r=2mand E = 2.5a V/m for r > 2 m,

find the potential difference VAB for A(1 m,0,0) and B(4 m, 0, 0).

A parallel-plate capacitor 0.5 m by 1.0 m, has a separation distance of 2 cm and a voltage difference of 10 V. Find

the stored energy, assuming that € = €.
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6.35. The capacitor described in Problem 6.34 has an applied voltage of 200 V.
(a) Find the stored energy.

(b) Hold d, (Fig. 6-13) at 2 cm and the voltage difference at 200 V, while increasing d, to 2.2 cm. Find the final
stored energy.

2

4

e——05m—»
Fig. 6-13

6.36. Find the energy stored in a system of three equal point charges, Q = 2 nC, arranged in a line with 0.5 m separation
between them.

6.37. Repeat Problem 6.36 if the charge in the center is —2 nC.

6.38. Four equal point charges, O = 2 nC, are to be placed at the corners of a square % m on a side, one at a time. Find
the energy in the system after each charge is positioned.

6.39. Given the electric field E = —5¢™"a_in cylindrical coordinates, find the energy stored in the volume described by
r=2aand0 = z = Sa.

6.40. Given a potential V = 3x? + 4y? (V), find the energy stored in the volume described by 0 = x<1m,0 <y =<1m,
and0=z=1m.

ANSWERS TO SUPPLEMENTARY PROBLEMS
6.18. 1.60 mJ
6.19. —0392]J

6.20. 1.39 X 1074J

6.21. 356V
LI2+\d*>+ 1214
622. P 1 )
2re, d
6.24. 247V

6.25. V, =2V, = -8V
6.26. 045V, —0.15V,
6.27. 2,70V

6.28. (Qdsin 0)/(4me,r?)

6.29. (Qdcos 0)/(4me,r?)



6.30.

6.31.

6.32.

6.33.

6.34.

6.35.

6.36.

6.37.

6.38.

6.39.

6.40.

+ —
T c/m2yon ¢=0,~% (C/m*yon p==
r r

—184V
—36V,-24V,-60V
847V

11.1nJ

Hint: AW, =1(AC)V?
(@) 44uJ; (b) 42

180 nJ

—108 nJ

0, 108 nJ, 292 nJ, 585 nJ
7.89 X 107193

147 pI
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Electric Current

7.1 Introduction

Electric current is the rate of transport of electric charge past a specified point or across a specified surface. The
symbol / is generally used for constant currents and i for time-variable currents. The unit of current is the ampere
(1 A =1 C/s; in the SI system, the ampere is the basic unit and the coulomb is the derived unit).

Ohm’s law relates current to voltage and resistance. For simple dc circuits, I = V/R. However, when charges
are suspended in a liquid or a gas, or where both positive and negative charge carriers are present with differ-
ent characteristics, the simple form of Ohm’s law is insufficient. Consequently, the current density J (A /m?)
receives more attention in electromagnetics than does current /.

7.2 Charges in Motion

Consider the force on a positively charged particle in an electric field in vacuum, as shown in Fig. 7-1(a). This
force, F = + QE, is unopposed and results in constant acceleration. Thus, the charge moves in the direction
of E with a velocity U that increases as long as the particle is in the E field. When the charge is in a liquid or
gas, as shown in Fig. 7-1(b), it collides repeatedly with particles in the medium, resulting in random changes
in direction. But for constant E and a homogeneous medium, the random velocity components cancel out,
leaving a constant average velocity, known as the drift velocity U, along the direction of E. Conduction in met-
als takes place by movement of the electrons in the outermost shells of the atoms making up the crystalline
structure. According to the electron-gas theory, these electrons reach an average drift velocity in much the
same way as a charged particle moving through a liquid or gas. The drift velocity is directly proportional to
the electric field intensity,

U= uE

where U, the mobility, has the units m?/ V - s. Each cubic meter of a conductor contains on the order of 10%® atoms.
Good conductors have one or two electrons from each atom free to move upon application of the field. The
mobility u varies with temperature and the crystalline structure of the solid. The particles in the solid have a
vibratory motion which increases with temperature. This makes it more difficult for the charges to move. Thus,
at higher temperatures the mobility  is reduced, resulting in a smaller drift velocity (or current) for a given E.
In circuit analysis this phenomenon is accounted for by stating a resistivity for each material and specifying an
increase in this resistivity with increasing temperature.
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v

+Q @=——p

v
m

v

(@) Vacuum (b) Liquid or gas

Fig. 7-1

7.3 Convection Current Density J

A set of charged particles giving rise to a charge density p in a volume v is shown in Fig. 7-2 to have a velocity
U to the right. The particles are assumed to maintain their relative positions within the volume. As this charge
configuration passes a surface S, it constitutes a convection current, with density

J=pU (A/m?)

Of course, if the cross section of v varies or if the density p is not constant throughout v, then J will not be
constant with time. Further, J will be zero when the last portion of the volume crosses S. Nevertheless, the
concept of a current density caused by a cloud of charged particles in motion is at times useful in the study
of electromagnetic field theory.

7.4 Conduction Current Density J

Of more interest is the conduction current that occurs in the presence of an electric field within a conductor of
fixed cross section. The current density is again given by

J=pU (A/m?
which, in view of the relation U = yE, can be written
J=o0E

where 0 = pu is the conductivity of the material, in siemens per meter (S/m). In metallic conductors the charge
carriers are electrons, which drift in a direction opposite to that of the electric field (Fig. 7-3). Hence, for electrons,
both p and u are negative, which results in a positive conductivity o, just as in the case of positive charge carriers.
It follows that J and E have the same direction regardless of the sign of the charge carriers. It is conventional to
treat electrons moving to the left as positive charges moving to the right, and always to report p and i as positive.

The relation J = oE is often referred to as the point form of Ohm’s law. The factor ¢ takes into account the
density of the electrons free to move (p) and the relative ease with which they move through the crystalline
structure (). As might be expected, ¢ is a function of temperature.
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N
B

—p E
J=0E

S
Fig. 7-3

EXAMPLE 1. What electric field intensity and current density correspond to a drift velocity of 6.0 X 10™* m/s

in a silver conductor?
For silver 0= 61.7MS/mand £ = 5.6 X 1073 m?/V +s.

J=0E=6.61%x10° A/m?

7.5 Conductivity o

In aliquid or gas there are generally present both positive and negative ions, some singly charged and others dou-
bly charged, and possibly of different masses. A conductivity expression would include all such factors. However,
if it is assumed that all the negative ions are alike and so too the positive ions, then the conductivity contains two
terms as shown in Fig. 7-4 (a). In a metallic conductor, only the valence electrons are free to move. In Fig. 7-4 (b)
they are shown in motion to the left. The conductivity then contains only one term, the product of the charge
density of the electrons free to move, p,, and their mobility, u,.

— O~ le 2o OO ! O O

C=p_u_+pik, O =Pl O =Ppolgtpylty
(@) Liquid or gas (b) Conductor (c) Semiconductor
Fig. 7-4

A somewhat more complex conduction occurs in semiconductors such as germanium and silicon. In the
crystal structure each atom has four covalent bonds with adjacent atoms. However, at room temperature, and
upon influx of energy from some external source such as light, electrons can move out of the position called for
by the covalent bonding. This creates an electron-hole pair available for conduction. Such materials are called
intrinsic semiconductors. Electron-hole pairs have a short lifetime, disappearing by recombination. However,
others are constantly being formed and at all times some are available for conduction. As shown in Fig. 7-4(c),
the conductivity o consists of two terms, one for the electrons and another for the holes. In practice, impurities,
in the form of valence-three or valence-five elements, are added to create p-type and n-fype semiconductor mate-
rials. The intrinsic behavior just described continues but is far overshadowed by the presence of extra electrons
in n-type, or holes in p-type, materials. Then, in the conductivity o, one of the densities, p, or p,, will far exceed
the other.
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EXAMPLE 2. Determine the conductivity of intrinsic germanium at room temperature.

At 300 K there are 2.5 X 10" electron-hole pairs per cubic meter. The electron mobility is 1, = 0.38 m% V- s
and the hole mobility is 4, = 0.18 m?/V - s. Since the material is not doped, the numbers of electrons and holes are
equal.

o=Ne(u + 1) = (25X 10°)(1.6 X 10719)(0.38 + 0.18) = 2.24 S/m

7.6 Current /

Where current density J crosses a surface S, as in Fig. 7-5, the current [ is obtained by integrating the dot product
of J and dS.

dl=]J-dS I=/SJ-dS

Of course, J need not be uniform over S and S need not be a plane surface.

Fig. 7-5

EXAMPLE 3. Find the current in the circular wire shown in Fig. 7-6 if the current density is J = 15(1 — ¢~1000r)
a_(A/m?). The radius of the wire is 2 mm.

A cross section of the wire is chosen for S. Then

dl=J-dS
=15(1—¢ """)a - rdrdoa,
2r 0.002
and 1=/ / 151 —¢ 'Y r dr dg
0 0

=133%x10"*A=0.133 mA
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Any surface S which has a perimeter that meets the outer surface of the conductor all the way around will
have the same total current, / = 0.133 mA, crossing it.

7.7 Resistance R

If a conductor of uniform cross-sectional area A and length ¢, as shown in Fig. 7-7, has a voltage difference V
between its ends, then

E=K and =ﬂ
/ /

assuming that the current is uniformly distributed over the area A. The total current is then

I=JA= oAV
4
Since Ohm’s law states that V = IR, the resistance is
!
R=— (Q
cA “)
(Note that 1 S™! = 1 Q; the siemens was formerly known as the mho.) This expression for resistance is generally

applied to all conductors where the cross section remains constant over the length /. However, if the current
density is greater along the surface area of the conductor than in the center, then the expression is not valid.
For such nonuniform current distributions the resistance is given by

/J-dS oE-dS

If E is known rather than the voltage difference between the two faces, the resistance is given by

Fig. 7-7

EXAMPLE 4. Find the resistance between the inner and outer curved surfaces of the block shown in Fig. 7-8,
where the material is silver for which o = 6.17 X 107 S/m.
If the same current / crosses both the inner and outer curved surfaces,

J=Ear and E=—a

r or

r
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Then (5° = 0.0873 rad),

30
k
—a, -dra,
02 or

R =
005 00873 |
/ / —a,-rd¢gdza,
0 r

0
_ In15
0(0,05)(0.0873)

7.8 Current Sheet Density K

=1.01X107°Q=10.1 uQ

At times current is confined to the surface of a conductor, such as the inside walls of a waveguide. For such a
current sheet it is helpful to define the density vector K (in A /m), which gives the rate of charge transport per
unit transverse length. (Some books use the notation J .) Fig. 7-9 shows a total current of I, in the form of a
cylindrical sheet of radius r, flowing in the positive z direction. In this case,

Fig. 7-9

In general, the current flowing through a contour C within a current sheet is obtained by integrating the normal
component of K along the contour.
1= A K, dt

EXAMPLE 5. A thin conducting sheet lies in the z = 0 plane for 0 < x < 0.05 m. An a, directed current of 25 A
is sinusoidally distributed across the sheet, with linear density zero for x = 0 and x = 0.05 m and maximum at
x = 0.025 m (see Fig. 7-10). Obtain an expression for K.

The data give K = (k sin 207cx)ay (A/m), for an unknown constant k. Then

0.05
1=25=/Kydx=k/ sin207x dx
0

or 25=k/10r or k=250 A/m.
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Fig. 7-10

7.9 Continuity of Current

Current / crossing a general surface S has been examined where J at the surface was known. Now, if the surface
is closed, in order for net current to come out, there must be a decrease of positive charge within:

do a/
vdS=1=—"2=—-_[pd
%J S dt ot pav

where the unit normal in dS is the outward-directed normal. Dividing by Av,

A ot A
As Av — 0, the left side by definition approaches V - J, the divergence of the current density, while the right side
approaches —dp/dt. Thus,

__9op

v ot
This is the equation of continuity for current. In it p stands for the net charge density, not just the density of
mobile charge. As will be shown below, dp/dt can be nonzero within a conductor only transiently. Then the
continuity equation, V - J = 0, becomes the field equivalent of Kirchhoff’s current law, which states that the

net current leaving a junction of several conductors is zero.
In the process of conduction, valence electrons are free to move upon the application of an electric field.
So, to the extent that these electrons are in motion, static conditions no longer exist. However, these electrons
should not be confused with net charge, for each conduction electron is balanced by a proton in the nucleus
such that there is zero net charge in every Av of the material. Suppose, however, that through a temporary imbal-
ance a region within a solid conductor has a net charge density p, at time ¢ = 0. Then, since J = 0 E = (o/€)D,

o ap
v.2p=-2F
€ ot

Now, the divergence operation consists of partial derivatives with respect to the spatial coordinates. If oand € are
constants, as they would be in a homogeneous sample, then they may be removed from the partial derivatives.

g(V_D):_E)_p
€ ot
o
ep ot
or 3_P+gp20

ot €
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The solution to this equation is

p= poe*(O'/s)t

Thus, p decays exponentially, with a time constant T = €/, also known as the relaxation time. At t = 7, p has
decayed to 36.8% of its initial value. For a conductor 7 is extremely small, on the order of 10~!° seconds. This con-
firms that free charge cannot remain within a conductor and instead is distributed evenly over the conductor surface.

EXAMPLE 6. Determine the relaxation time for silver, given that ¢ = 6.17 X 107 S/m. If charge of density p,
is placed within a silver block, find p after one, and also after five, time constants.

Since € = €,
-9
T=£=10—36n7=1.43><10_'9s
o 6.17X10
Therefore,
at t=71: pzpoef1 =0.368p,

at t=57: p=p0e75 =6.74><10_3p0

7.10 Conductor-Dielectric Boundary Conditions

Under static conditions all net charge will be on the outer surfaces of a conductor and both E and D are there-
fore zero within the conductor. Because the electric field is a conservative field, the line integral of E - d1is zero
for any closed path. A rectangular path with corners 7, 2, 3, 4 is shown in Fig. 7-11. For this path,

2 3 4 1
/ E-dl+/ E-dl+/ E-dl+/ E-dl1=0
1 2 3 4

1 2
| 4 » Dielectric
< Conductor
4 3
Fig. 7-11

If the path lengths 2 to 3 and 4 to / are now permitted to approach zero, keeping the interface between them,
then the second and fourth integrals are zero. The path from 3 to 4 is within the conductor where E must be zero.

This leaves
2 2
/E-dl:/E,dEZO
i 1

where E| is the tangential component of E at the surface of the dielectric. Since the interval / to 2 can be chosen
arbitrarily,

at each point of the surface.
To discover the conditions on the normal components, a small, closed, right circular cylinder is placed
across the interface as shown in Fig. 7-12. Gauss’s law applied to this surface gives

fD-ds=Qm

or /mpD-dS+Aott0mD-dS+/sideD-dS=/Apsds
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Dielectric /

bottom Conductor

Fig. 7-12

The third integral is zero since, as just determined, D, = 0 on either side of the interface. The second integral is
also zero, since the bottom of the cylinder is within the conductor, where D and E are zero. Then,

/ D-dS=/ D, ds:prsds
top top

D, =p, and E =Ps
€

n

which can hold only if

EXAMPLE 7. The electric field intensity at a point on the surface of a conductor is given by E = 0.2a,
- 0.3ay — 0.2a_(V/m). Find the surface charge density at the point.
Supposing the conductor to be surrounded by free space,

DHZEE :pS

o n

E,=*|E|=%0412V/m

-9
p, = 10 (£0.412) =*3.64 pC/m>
36rm

The ambiguity in sign arises from that in the direction of the outer normal to the surface at the given point.

In short, under static conditions the field just outside a conductor is zero (both tangential and normal
components) unless there exists a surface charge distribution. A surface charge does not imply a net charge
in the conductor, however. To illustrate this, consider a positive charge at the origin of spherical coordinates.
Now if this point charge is enclosed by an uncharged conducting spherical shell of finite thickness, as shown
in Fig. 7-13(a), then the field is still given by

-2
der

a

except within the conductor itself, where E must be zero. The coulomb forces caused by +Q attract the conduc-
tion electrons to the inner surface, where they create a p | of negative sign. Then the deficiency of electrons on
the outer surface constitutes a positive surface charge density p ,. The electric flux lines ¥, leaving the point
charge +Q, terminate at the electrons on the inner surface of the conductor, as shown in Fig. 7-13(b). Then elec-
tric flux lines ¥ originate once again on the positive charges on the outer surface of the conductor. It should be
noted that the flux does not pass through the conductor and the net charge on the conductor remains zero.

Fig. 7-13
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SOLVED PROBLEMS

7.1. An AWG #12 copper conductor has an 80.8-mil diameter. A 50-foot long conductor of this type carries
a current of 20 A. Find the electric field intensity E, drift velocity U, the voltage drop, and the resistance
for the 50-foot length.

Since a mil is 1(}% inch, the cross-sectional area is

2
. -2
A_”H 0.08081n][2.54><10 mﬂ 31X 10-Cm?

2 lin
1 2
Then J=—=70_6:6.O4><106A/m2
A 331x10
For copper, 0 = 5.8 X 107 S/m. Then
6
E:izwzl.mxw*‘ V/m
o 58XI10
V=El=(1.04X10"")(50)(12)(0.0254) =1.59 V
rR=Y =19 _795x1020
I 20

The electron mobility in copper is 4 = 0.0032 m?/V + s, and since 6 = p, the charge density is

;
p:gzmzl.glxwmc/m»‘

From J = pU the drift velocity is now found as

6
=L =005X10" _ 5t 104 mys

With this drift velocity, an electron takes approximately 30 seconds to move a distance of 1 centimeter in the
#12 copper conductor.

7.2. What current density and electric field intensity correspond to a drift velocity of 5.3 X 10™* m/s in
aluminum?

For aluminum, the conductivity is ¢ = 3.82 X 107 S/m and the mobility is 4 = 0.0014 m?*/V *s.

7
J=pu =Sy =380 53 1074 =145%10" A/m?
4 00014
E=L=Y-379%10" V/m
c u

7.3. Along copper conductor has a circular cross section of diameter 3.0 mm and carries a current of 10 A.
Each second, what percent of the conduction electrons must leave (to be replaced by others) a 100-mm
length?

Avogadro’s number is N = 6.02 X 102® atoms/kmol. The specific gravity of copper is 8.96 and the atomic weight
is 63.54. Assuming one conduction electron per atom, the number of electrons per unit volume is

N, =| 6025107 20 || _Lkmol g g6 1goXe |/ clectron
kmol 63.54kg m- atom

=8.49 %10 electrons/m?>
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74.

7.5.

7.6.

The number of electrons in a 100 mm length is

2
X -3
N=n[3210j (0.100)(8.49 X 10%) = 6.00 X 10%

A 10-A current requires that

[IOCJ [1 s ><110_19 ele(;;ron ] =6.25 X10" electrons/s
S .

pass a fixed point. Then the percent leaving the 100 mm length per second is

25%10"

What current would result if all the conduction electrons in a 1-centimeter cube of aluminum passed a
specified point in 2.0s? Assume one conduction electron per atom.

The density of aluminum is 2.70 X 103 kg/m? and the atomic weight is 26.98 kg /kmol. Then

1
26.98

7 _ AQ (6.02X10% electrons/m*) (10"*m)’(1.6 X 10" C/electron) _
At 2s

N, =(6.02X% 1026)( ] (270 x10%) = 6.02 x 10% electrons/m>

and 4.82kA

What is the density of free electrons in a metal for a mobility of 0.0046 m?/V - s and a conductivity of
29.1 MS/m?

Since o = up,
6
p:gzwzdg,;;x](f C/m°
u 0.0046
9
and N, = 6.33x10° _ 3.96x10% electrons/m?

e

16%x10°"

Find the conductivity of n-type germanium (Ge) at 300 K, assuming one donor atom in each 10® atoms.
The density of Ge is 5.32 X 103 kg/m? and the atomic weight is 72.6 kg/kmol.

The carriers in an n-type semiconductor material are electrons. Since 1 kmol of a substance contains 6.02 X 10%6
atoms, the carrier density is given by

N, =| 6.02 x10% 2oms | 1kmol 45 5y jgake [ electrons
kmol 72.6kg m3 | 10%atoms

=4.41x%10%electrons/m>

The intrinsic concentration n, for Ge at 300 K is 2.5 X 10'°m~>. The mass-action law, NN, = n?, then gives the
density of holes:

N =25 x10")?

j = =142 %10 holes/m’
441X10

Because N, > N, , conductivity will be controlled by the donated electrons, whose mobility at 300 K is

o=~ N,eu, = (441 X 10°)(1.6 X 107" (0.38) = 26.8 S/m
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7.8.

7.9.

7.10.

7.11.

7.12.
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A conductor of uniform cross section and 150 m long has a voltage drop of 1.3 V and a current density
of 4.65 X 10° A/m?. What is the conductivity of the material in the conductor?

Since E = V/{ and J = OFE,

465%10° = 0(11;)} or 0=537%X10" S/m

A table of resistivities gives 10.4 ohm - circular mils per foot for annealed copper. What is the
corresponding conductivity in siemens per meter?

A circular mil is the area of a circle with a diameter of one mil (1073 in).

2
—3.
lcirmﬂ:ﬂ{(loz m]{o.ozsﬁ“ﬂ =507%10"""m?
m

The conductivity is the reciprocal of the resistivity.

o= L N g ppse ™ || Lermil 528 5107s/m
104 Q - cir mil ft in J{507x10° "m

An AWG #20 aluminum wire has a resistance of 16.7 ohms per 1000 feet. What conductivity does this
imply for aluminum?

From wire tables, a #20 wire has a diameter of 32 mils.

X -3
A:”[32 10

2
(0.0254)] =5.19x10""m?
£= (1000 ft)(12 in/ft)(0.0254 m/in) = 3.05 X 10°m
Then from R = //0A,

3.05 %102

= =352 MS/m
(16.7)(5.19x1077)

In a cylindrical conductor of radius 2 mm, the current density varies with the distance from the axis
according to

J = 103407 (A /m?)

2 0.002
I=/J-dS=/JdS=/ / 10% %" dr dg
0 0

— 400~ 0.002
(400r1)} =751mA
o

Find the total current /.

=27(10%)| £
#(10%) [(—400)2

Find the current crossing the portion of the y = 0 plane defined by —0.1 = x = 0.1 m and

—0.002 =z =0.002 m if
J=10%|x|a, (A/m?)

0.002 0.1
= . = 2 . =
If/J ds /70002/70‘110 | x|a, -dxdza, = 4mA

Find the current crossing the portion of the x = 0 plane defined by —7/4 =y = 7/4 m and
— 001 =z=001 mif

J=100cos2ya, (A/m*)
001 [7/4
I:/J-dS=/ / 100 cos2ya,-dydza,=20A
—r/4

—0.01
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7.13.

7.14.

7.15.

7.16.

Given J = 10° sin 6a_A/m? in spherical coordinates, find the current crossing the spherical shell
r=0.02 m.

Since J and
dS =r’sin 0d6doa,

are radial,
2 1
I= / / 10%0.02)* sin*0dOdg =3.95 A
0 0

Show that the resistance of any conductor of constant cross-sectional area A and length / is given by
R = //0A, assuming uniform current distribution.

A constant cross section along the length ¢ results in constant E, and the voltage drop is
V= / E-dl=E/
If the current is uniformly distributed over the area A,
I=/J-dS:JA=0'EA
where o is the conductivity. Then, since R = V/I,
rR=_"
oA

Determine the resistance of the insulation in a length ¢ of coaxial cable, as shown in Fig. 7-14.

N
¢ g

Fig. 7-14

Assume a total current / from the inner conductor to the outer conductor. Then, at a radial distance r,

1
2nrl

j=1-
A

_ 1
2norl

and so

The voltage difference between the conductors is then

Vab=—/ ! dr=—l lné
» 2morl 2nol  a

and the resistance is

= InZ
2norl a

R=

V_ I . b
1

A current sheet of width 4 m lies in the z = 0 plane and contains a total current of 10 A in a direction
from the origin to (1, 3, 0) m. Find an expression for K.
At each point of the sheet, the direction of K is the unit vector

a, +3a,

J10
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and the magnitude of K is ]ZO A /m. Thus,

a_+3a,
K:E 2 Y| A/m
4 V10

7.17. As shown in Fig. 7-15, a current I, follows a filament down the z axis and enters a thin conducting sheet
at z = 0. Express K for this sheet.

Fig. 7-15

Consider a circle in the z = 0 plane. The current I, on the sheet spreads out uniformly over the circumference 27r.
The direction of K is a,. Then

7.18. For the current sheet of Problem 7.17 find the current in a 30° section of the plane (Fig. 7-16).

/6
I:/Knd£=/ I—Trdq):ll
0 2rr 12

30°

3

Fig. 7-16

However, integration is not necessary, since for uniformly distributed current a 30° segment will contain 30°/360°,
or 1/12 of the total.

7.19. A current I(A) enters a thin right circular cylinder at the top, as shown in Fig. 7-17. Express K if the
radius of the cylinder is 2 cm.

Fig. 7-17
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On the top, the current is uniformly distributed over any circumference 27r, so that

K=_1 a
2nr

(A/m)

r

Down the side, the current is uniformly distributed over the circumference 27 (0.02 m), so that

I

= m (_3z) (A/m)

7.20. A cylindrical conductor of radius 0.05 m with its axis along the z axis has a surface charge density
p, = p,/z (C/m?). Write an expression for E at the surface.
Since D, = p,E, = p /€,. At (0.05, ¢, 2),

E=Ea =P0a (v/m)
€p2

7.21. A conductor occupying the region x = 5 has a surface charge density

P, = Po
s

Iyz )
Write expressions for E and D just outside the conductor.

The outer normal is —a . Then, just outside the conductor,

D=D,(-a,)=p,(-a,) = 2 (-a,)
Ytz

and E=— 2 (a

7.22. Two concentric cylindrical conductors, 7, = 0.01 m and r, = 0.08 m, have charge densities p _, = 40 pC/m?

and p,,, such that D and E fields exist between the two cylinders but are zero elsewhere. See Fig. 7-18. Find

p,;, and write expressions for D and E between the cylinders.

=
]

| —

Fig. 7-18

By symmetry, the field between the cylinders must be radial and a function of  only. Then, for r, < r <r,,

V-D=li(rD,)=0 or rD,=c
rdr

To evaluate the constant c, use the fact that D, = D = p_atr=r, + 0.

¢ = (0.01)40 X 107'2) = 4 X 10~ C/m
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and so

—13 -2
_AXI0 L m?) ad B R _452X107
r €y r

D (V/m)

r

The density p, is now found from

_ __4x107”

= _ _ 2
P = D"":rb*O ==D, r=r,—0 0.08 = 3pC/m

SUPPLEMENTARY PROBLEMS

7.23.

7.24.

7.25.

7.26.

7.27.

7.28.

7.29.

7.30.

7.31.

7.32.

7.33.

7.34.

7.35.

7.36.

7.37.

7.38.

Find the mobility of the conduction electrons in aluminum, given a conductivity 38.2 MS/m and conduction
electron density 1.70 X 102 m~3.

Repeat Problem 7.23 (a) for copper, where ¢ = 58.0 MS/m and N, = 1.13 X 10¥m™%; (b) for silver, where
0=617MS/mand N, = 744 X 108 m3,

Find the concentration of holes, N,, in p-type germanium, where ¢ = 10* S/m and the hole mobility is
M, =018 m*/V *s.

Using the data of Problem 7.25, find the concentration of electrons, N, if the intrinsic concentration is
n;=25x10"m™.

Find the electron and hole concentrations in n-type silicon for which 6 = 10.0 S/m, u, = 0.13 m?/V + s, and
n,=15X10"%m>,

Determine the number of conduction electrons in a 1-meter cube of tungsten, of which the density is 18.8 X 10° kg/m’?
and the atomic weight is 184.0. Assume two conduction electrons per atom.

Find the number of conduction electrons in a 1-meter cube of copper if 0= 58 MS/mand = 3.2 X 103 m? V - s.
On the average, how many electrons is this per atom? The atomic weight is 63.54 and the density is 8.96 X 10% kg/m?.

A copper bar of rectangular cross section 0.02 m by 0.08 m and length 2.0 m has a voltage drop of 50 mV. Find the
resistance, current, current density, electric field intensity, and conduction electron drift velocity.

An aluminum bus bar 0.01 m by 0.07 m in cross section and of length 3 m carries a current of 300 A. Find the
electric field intensity, current density, and conduction electron drift velocity.

A wire table gives for AWG #20 copper wire at 20°C the resistance 33.31 /km. What conductivity (in S/m) does
this imply for copper? The diameter of AWG #20 is 32 mils.

A wire table gives for AWG #18 platinum wire the resistance 1.21 X 1073 Q/cm. What conductivity (in S/m) does
this imply for platinum? The diameter of AWG #18 is 40 mils.

What is the conductivity of AWG #32 tungsten wire with a resistance of 0.0172 /cm? The diameter of AWG #32
is 8.0 mils.

Determine the resistance per meter of a hollow cylindrical aluminum conductor with an outer diameter of 32 mm
and wall thickness of 6 mm.

Find the resistance of an aluminum foil 1.0 mil thick and 5.0 cm square (a) between opposite edges on a square
face, (b) between the two square faces.

Find the resistance of 100 ft of AWG #4/0 conductor in both copper and aluminum. An AWG #4/0 has a diameter
of 460 mils.

Determine the resistance of a copper conductor 2 m long with a circular cross section and a radius of 1 mm at one
end increasing linearly to a radius of 5 mm at the other.



CHAPTER 7 Electric Current

7.39.

7.40.

741.

7.42.

7.43.

7.44.

7.45.

7.46.

7.47.

7.48.

7.49.

7.50.

7.51.

7.52.

Determine the resistance of a copper conductor 1 m long with a square cross section and a side 1 mm at one end
increasing linearly to 3 mm at the other.

Develop an expression for the resistance of a conductor of length / if the cross section retains the same shape and
the area increases linearly from A to kA over /.

Find the current density in an AWG #12 conductor when it is carrying its rated current of 30 A. A #12 wire has a
diameter of 81 mils.

Find the total current in a circular conductor of radius 2 mm if the current density varies with r according to
J = 10%r (A/m?).

In cylindrical coordinates, J = lOe"0°’a¢ (A /m?) for the region 0.01 =< r =< 0.02m, 0 < z < 1 m. Find the total
current crossing the intersection of this region with the plane ¢ = const.

Given a current density
10°
J= [2 cose] a, (A/mz)
r

in spherical coordinates, find the current crossing the conical strip 8 = 7/4,0.001 = r = 0.080 m.

Find the total current directed outward from a 1-meter cube with one corner at the origin and edges parallel to the
coordinate axes if J = 2x%a_+ 2xy’a + 2xya_(A/m?).

As shown in Fig. 7-19, a current of 50 A passes down the z axis, enters a thin spherical shell of radius 0.03 m, and at
0 = m/2 enters a plane sheet. Write expressions for the current sheet densities K in the spherical shell and in the plane.

Fig. 7-19

A filamentary current of /(A) passes down the z axis to z = 5 X 1072 m, where it enters the portion 0 < ¢ = /4 of
a spherical shell of radius 5 X 1072 m. Find K for this current sheet.

A current sheet of density K = 20a, (A/m) lies in the plane x = 0 and a current density J = 10 a, (A/m?) also
exists throughout space. (a) Find the current crossing the area enclosed by a circle of radius 0.5 m centered at the
origin in the z = O plane. (b) Find the current crossing the square lx| =025m, |y| =0.25m,z=0.

A hollow, thin-walled, rectangular conductor 0.01 m by 0.02 m carries a current of 10 A in the positive x direction.
Express K.

A solid conductor has a surface described by x + y = 3 m and extends toward the origin. At the surface the electric
field intensity is 0.35 (V/m). Express E and D at the surface and find p,.

A conductor that extends into the region z < 0 has one face in the plane z = 0, over which there is a surface charge
density
p,=5X1071%"10sin? ¢ (C/m?)

in cylindrical coordinates. Find the electric field intensity at (0.15 m, /3, 0).

A spherical conductor centered at the origin and of radius 3 has a surface charge density p. = p, cos? 6. Find E at
the surface.
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7.53. The electric field intensity at a point on a conductor surface is given by E = 0.2a_ — 0.3ay —0.2a_(V/m). What is
the surface charge density at the point?

7.54. A spherical conductor centered at the origin has an electric field intensity at its surface E = 0.53(sin” ¢)a, (V/m) in
spherical coordinates. What is the charge density where the sphere meets the y axis?

ANSWERS TO SUPPLEMENTARY PROBLEMS

3.2\ .
7.23. 140 X 107° m?/V s 7.40. i In k
cA\ k—1
7.24. (@) 321 X 1073m?V -s;
(b) 518X 1073 m¥V-s 7.41. 9.09 X 10° A/m?
7.25. 347 X 10¥ m™3 742. 4mA
7.26. 1.80 X 10> m~3 743. 233 X 1072A
7.27. 481 X 10 m3,4.68 X 10" m~3 7.44. 138 X 10*A
7.28. 123 X 10¥ 745. 30A
29. 1.13 X 10%, 1. 265 7.96
7.29. 1.13 X107, 1.3 7.46. ——a, (A/m), —ga, (A/m)
sin O r
7.30. 21.6 uQ,2.32kA, 1.45 MA/m?,
25 mV/m, 0.08 /
fv/m, 856 mms 747. 9L o (Am)
7rsin O
7.31. 1.12 X 1072V/m, 4.28 X 10° A/m?,
1.57 X 1075 m/s 748. (a) 279A; (b)) 125A
7.32. 5.8 X 107 S/m 7.49. 167a A/m
7.33. 1.00 X 107 S/m 7.50. *£0.247(a + ay) V/m, £2.19 X 10"2(ax +a) C/m?,

+3.10 X 1072 C/m?
7.34. 179 MS/m
7.51. 9.45a_V/m
7.35. 53.4 uQ/m

7.52. Po cos? Oa,

7.36. (a) 1.03mQ; (b) 266pQ €
7.37. 491 mQ,7.46 mQ 7.53. *+3.65 pC/m?
7.38. 2.20 mQ 7.54. 4.69 pC/m?

7.39. 5.75 mQ
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Capacitance and Dielectric
Materials

8.1 Polarization P and Relative Permittivity e,

Dielectric materials become polarized in an electric field, with the result that the electric flux density D is greater
than it would be under free-space conditions with the same field intensity. A simplified but satisfactory theory
of polarization can be obtained by treating an atom of the dielectric as two superimposed positive and negative
charge regions, as shown in Fig. 8-1(a). Upon application of an E field, the positive charge region moves in the
direction of the applied field and the negative charge region moves in the opposite direction. This displacement
can be represented by an electric dipole moment, p = Qd, as shown in Fig. 8-1(c).

[ - O—— o

E

Fig. 8-1

For most materials, the charge regions will return to their original superimposed positions when the applied
field is removed. As with a spring obeying Hooke’s law, the work done in the distortion is recoverable when
the system is permitted to go back to its original state. Energy storage takes place in this distortion in the same
manner as with the spring.

A region Av of a polarized dielectric will contain N dipole moments p. Polarization P is defined as the
dipole moment per unit volume:

. N
P= lim -2 (C/m?)
Av—=0 Ay
This suggests a smooth and continuous distribution of electric dipole moments throughout the volume, which,
of course, is not the case. In the macroscopic view, however, polarization P can account for the increase in the
electric flux density, the equation being

D=¢E+P
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This equation permits E and P to have different directions, as they do in certain crystalline dielectrics. In an
isotropic, linear material, E and P are parallel at each point, which is expressed by

P = ye,E (isotropic material)
where the electric susceptibility y, is a dimensionless constant. Then,
D = ¢€,(1 + x,)E = €,¢ E  (isotropic material)

where € =1 + y, is also a pure number. Since D = €E (Section 4.4),

€
e —_ —
€

whence €, is called the relative permittivity. (Compare Section 1.6.)

EXAMPLE 1. Find the magnitudes of D and P for a dielectric material in which £ = 0.15MV/mand y, = 4.25.
Since €, = y, + 1 =525,

1070
361
107° p )
P=y,eFE= or (4.25)(0.15 X10°) =5.64 uC/m

D=¢y¢ E= (5.25)(0.15 X 10%) = 6.96 11 C/m*

8.2 Capacitance

Any two conducting bodies separated by free space or a dielectric material have a capacitance between them.
A voltage difference applied results in a charge +Q on one conductor and —Q on the other. The ratio of the
absolute value of the charge to the absolute value of the voltage difference is defined as the capacitance of
the system:

A
I
<

where 1 farad(F) = 1 C/V.

The capacitance depends only on the geometry of the system and the properties of the dielectric(s) involved.
In Fig. 8-2, charge + Q placed on conductor 1 and —Q on conductor 2 creates a flux field as shown. The D and
E fields are therefore also established. Doubling the charges would simply double D and E, and therefore dou-
ble the voltage difference. Hence, the ratio Q/V would remain fixed.
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EXAMPLE 2. Find the capacitance of the parallel plates in Fig. 8-3, neglecting fringing.

+Q

=]
m
o
)
<

Fig. 8-3

Assume a total charge +Q on the upper plate and —Q on the lower plate. This charge would normally be
distributed over the plates with a higher density at the edges. By neglecting fringing, the problem is simplified
and uniform densities p_ = =Q/A may be assumed on the plates. Between the plates D is uniform, directed from

+p, to —p..

Q

€)€,A

(—a,) and E=

(—a,)

The potential of the upper plate with respect to the lower plate is obtained as in Section 6.3.

d
V=—/ Q (—a,)-(dza,)= Qd

0 €€E.A €€ A

Then C = Q/V = €,€,A/d. Notice that the result does not depend upon the shape of the plates but rather the area,
the separation distance, and the dielectric material between the plates.

8.3 Multiple-Dielectric Capacitors

When two dielectrics are present in a capacitor with the interface parallel to E and D, as shown in Fig. 8-4(a), the
equivalent capacitance can be obtained by treating the arrangement as two capacitors in parallel [Fig. 8-4(b)].

_ €€n14 C, = €€24)

c
! d 2 d

€
Cqy=C1+ G = EO (€14 T €,24;)
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When two dielectrics are present such that the interface is normal to D and E, as shown in Fig. 8-5(a), the
equivalent capacitance can be obtained by treating the arrangement as two capacitors in series [Fig. 8-5()].
€€n14 C, = €€A
d, d,

L1 1 &d tend,
Cq G G €0€/1€,24

d, €0€r1 I
d, €0€ro Cy ,( .
(b)

Fig. 8-5

C1:

The result can be extended to any number of dielectrics such that the interfaces are all normal to D and E: The
reciprocal of the equivalent capacitance is the sum of the reciprocals of the individual capacitances.

EXAMPLE 3. A parallel-plate capacitor with area 0.30 m? and separation 5.5 mm contains three dielectrics with
interfaces normal to E and D, as follows: €, = 30,d, = 10mm; €, =40,d, =20 mm; €, = 6.0,d, = 2.5 mm.
Find the capacitance.

Each dielectric is treated as making up one capacitor in a set of three capacitors in series.

_ €614 _ €(30)(0.30)

y e =7.96nF
1

Similarly, C, = 5.31 nF and C; = 6.37 nF; whence

= ! + ! + ! or C,=2.12nF

1
Coy 796x107° 531x107°  637x107°

8.4 Energy Stored in a Capacitor

By Section 6.7, the energy stored in the electric field of a capacitor is given by

1
WE=—/D-Edv
2

where the integration may be taken over the space between the conductors with fringing neglected. If this space
is occupied by a dielectric of relative permittivity € , then D = €,€ E, giving

1
Wp = 5 /eoe,E2 dv

It is seen that, for the same E field as in free space, the presence of a dielectric results in an increase in stored
energy by the factor € > 1. In terms of the capacitance C and the voltage V, this stored energy is given by

W, =—CV?
E-

and the energy increase relative to free space is reflected in C, which is directly proportional to €, .



CHAPTER 8 Capacitance and Dielectric Materials

8.5 Fixed-Voltage D and E

A parallel-plate capacitor with free space between the plates and a constant applied voltage V, as shown in Fig. 8-6,
has a constant electric field intensity E. With fringing neglected,

1% €V
E,=—a D,=¢E,=""—a
0 d n 0 00 d

Fig. 86

Now, when a dielectric with relative permittivity e, fills the space between the plates,
E=E, D=¢D,
because the voltage remains fixed, whereas the permittivity increases by the factor €.

EXAMPLE 4. A parallel-plate capacitor with free space between the plates is connected to a constant source of
voltage. Determine how W, C, O, and p_change as a dielectric of €, = 2 is inserted between the plates.

Relationship Explanation
W, =2W,, Section 8.4
C=2C, C=2W,/V?
ps:2ps0 ps:Dn

0 =20, 0=pA

Insertion of the dielectric causes additional charge in the amount @ to be pulled from the constant-voltage
source.

8.6 Fixed-Charge D and E

The parallel-plate capacitor in Fig. 8-7 has a charge +Q on the upper plate and —Q on the lower plate. This
charge could have resulted from the connection of a voltage source V which was subsequently removed. With
free space between the plates and fringing neglected,
1
D():gan EOZ_Dozgan
A € €A

In this arrangement there is no way for the charge to increase or decrease, since there is no conducting path to
the plates. Thus, when a dielectric material is inserted between the plates,
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EXAMPLE 5. A charged parallel-plate capacitor in free space is kept electrically insulated as a dielectric of
relative permittivity 2 is inserted between the plates. Determine the changes in W, C,and V.

Relationship Explanation
1 1
Wg==W D-E==-D,-E
£ =5 "Eo 50" Fo
1
V= ) Vo V=Ed
C=2C, c=Q/v

(See Problem 8.20.)

8.7 Boundary Conditions at the Interface of Two Dielectrics

If the conductor in Figs. 7-11 and 7-12 is replaced by a second, different, dielectric, then the same argument as
was made in Section 7.10 establishes the following two boundary conditions:

(1) The tangential component of E is continuous across a dielectric interface. Symbolically,

D, D
— 1 _ 2
E,=E,, and =

€1 €2

(2) The normal component of D has a discontinuity of magnitude | ps| across a dielectric interface. If
the unit normal vector is chosen to point into dielectric 2, then this condition can be written

_Ps

Dnl - Dn2 =P and e-r]Enl - 6-VZEnZ = €
0

Generally the interface will have no free charges (p, = 0), so that

and € FE, =€ E

rl™nl r2"n2

Dnl = Dn2

EXAMPLE 6. Giventhat E, =2a_— 3a + 5a_(V/m) at the charge-free dielectric interface of Fig. 8-8, find
D, and the angles 6, and 6,. '

Fig. 8.8

The interface is a z = const. plane. The x and y components are tangential, and the z components are normal.
By continuity of the tangential component of E and the normal component of D:
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E, =2a — 3ay + SaZ
E = 2ax — 321V + Ezzaz
D, = ¢, E, = 4€,a — 6eoay + 10€a,

Da +Da + 10€a,

=
Il

The unknown components are now found from the relation D, = €y€,,E,.

D _ a +D _a + 10ea = 2€e€ .a —3€€.a + €€ E a
x2%x y2©y 0% x 0-r2%y

0 r2%x 0 r2722%7
from which
10
D,, =2¢€y€,, =106, D, =—3¢€, =—15¢¢ E,=—=
i €2

The angles made with the plane of the interface are easiest found from

E -a = |E |cos(90° —6)) E,-a, = |E,|cos (90" - 6,)
5=1/38 sin 6, 2=417sin 6,
6, =542° 6, =290°

A useful relation can be obtained from

tan 91 — Ezl — Dzl /606”
2 2 2 2

JEA+EL  JER+E

E. D_, /€€,
tan 6, = 22 _ DPol&eEn

2 2 [ 2
JEL+EL  \JEL+EY
in view of the continuity relations, division of these two equations gives

tan b, _ €,
tan6, €,

8.8 Method of Images

Consider the electric field due to a pair of =Q point charges at z = *d in the Cartesian coordinate system. Electric
potential on the plane at z = 0 is zero, and the vector E is normal to the plane. Now consider the field due to a point
charge Q above a grounded conducting infinite plane placed at z = 0. The grounded plane forms an equipotential sur-
face at V = 0, with the vector E normal to it, and the same boundary conditions as for the dipole. The two fields are
equivalent in the space above the grounded plane. The electric field of the single charge above the conducting plane
may be found by adding its mirror image and removing the conducting plane. This procedure is called the method of
images and can be used for any charge configuration above an infinite grounded plane. See Problem 8.22.

SOLVED PROBLEMS

8.1. Find the polarization P in a dielectric material with e, = 2.8 if D = 3.0 X 10~7a C/m>.

Assuming the material to be homogeneous and isotropic,
P=yekE

Since D = EOE,E and X, =€ — 1,

—1 B
P=[€” ]D=1.93><10 72 C/m>
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8.3.

8.4.

CHAPTER 8 Capacitance and Dielectric Materials

Determine the value of E in a material for which the electric susceptibility is 3.5 and
P =23 X 10"7aC/m?.

Assuming that P and E are in the same direction,

1
Xe€o

E= P=742X10%aV/m

Two point charges in a dielectric medium where €, = 5.2 interact with a force of 8.6 X 1073 N. What
force could be expected if the charges were in free space?

Coulomb’s law, F = Qle/(4”€o€rd2)’ shows that the force is inversely proportional to €,. In free space the force
will have its maximum value.

F,

ma:

= 51—2 (8.6X1073) =447 %10 2N

Region 1, defined by x < 0, is free space, while region 2, x > 0, is a dielectric material for which
€., = 2.4. See Fig. 8-9. Given

D, =3a —4a + 6a C/m?

find E, and the angles 6, and 0,.

Fig. 89

The x components are normal to the interface: D, and E, are continuous.

3 4 6
D, =3a, —4a, +6a, E,=—a,——a,+—a,
€ € €
4 6
D, =3a,  + sza), +D,a, E,=FE,a, —— a,+—a,
. € €

Then D, = €€ ,E, gives

3a +Dja +D,a = €€ ,E,a —4€,a + 6¢€,a

whence E,= =—— Dy,=—4€,=-96 D,=6¢,=144

To find the angles:

D,-a, =|D,|cos (90°—6))

3=4/61sin 6,
6, =226

Similarly, 92 = 0.83°.
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8.5.

8.6.

In the free-space region x < 0 the electric field intensity is E, = 3a_+ 5a — 3a_V/m. The region
x > 0 is a dielectric for which € , = 3.6. Find the angle 6, that the field in the dielectric makes with
the x = O plane.

The angle made by E, is found from

E -a, =|E|cos(90° -6,

3=/43sin 6,
6,=272°

Then, by the formula developed in Example 6,

tan 6, = L tan 6, =0.1428
€2

and 6, = 8.13°.

A dielectric free-space interface has the equation 3x + 2y + z = 12 m. The origin side of the interface
hase, =3.0and E, = 2a + 5a_V/m.Find E,.

The interface is indicated in Fig. 8-10 by its intersections with the axes. The unit normal vector on the free-space side is

_ 3a, -|-2ay +a,

n \/ﬁ

a

Fig. 8-10

The projection of E, on a, is the normal component of E at the interface.

11
E.a =—
1* “%n \/ﬁ
Then
E, = ﬁ a, =236a, +1.57a, +0.79a,
E,=E —E,=-036a,—157a,+42la,=E,
D, =€, E, =€,(7.08a, +4.7la, +237a,)=D,,
1
E,= gD"Z =708a, +4.71a,+2.37a,
and finally

E,=E,+E,=672a +3.14a + 6582 V/m
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8.7. Fig. 8-11 shows a planar dielectric slab with free space on either side. Assuming a constant field E,
within the slab, show that E,=E,.

z
/

Fig. 8-11

By continuity of E, across the two interfaces,

By continuity of D, across the two interfaces (no surface charges),
D.=D, and so E.=E

nl

Consequently, E, = E,.
8.8. (a) Show that the capacitor of Fig. 8-4(a) has capacitance

C = €€r14 +€06r2A2
eq d

=C +C,

(b) Show that the capacitor of Fig. 8-5(a) has reciprocal capacitance

1 1 1 1
+ =—+—
€€ Ald] €€ Aldy, Cp C,

1
Ceq
(a) Because the voltage difference V is common to the two dielectrics,

14 D D
E =E,=—a, ad —L= 2= Va

n
d €€1 €€y d

where a, is the downward normal to the upper plate. Since D, = p,, the charge densities on the two sections
of the upper plate are

p,\'l = €€ pA‘Z = €€
and the total charge is

A A
O=puAtppi, = V(GO‘ZI L+ Lﬁrdz 2]

Thus, the capacitance of the system, Ceq = Q/V, has the asserted form.

(b) Let +Q be the charge on the upper plate. Then

D=gan
A

everywhere between the plates, so that

0 0

1 n 2
€€nA €0€rA
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The voltage differences across the two dielectrics are then

Vi=Ed, = o4, V,=E,d, = oy
€)€A €)€nA
d V=vi+V,=0 ! + !
an = =
b €€ Ald)  €)€.,Ald,

From this it is seen that l/Ceq = V/Q has the asserted form.

8.9. Find the capacitance of a coaxial capacitor of length L, where the inner conductor has radius a and the
outer has radius b. See Fig. 8-12.

I

L

=Ep

Fig. 8-12

With fringing neglected, Gauss’s law requires that D « 1/r between the conductors (see Problem 7.22). At r = a,
D = p_, where p_is the (assumed positive) surface charge density on the inner conductor. Therefore,

a E= p,a

D:ps —a, a,
r €€, T

and the voltage difference between the conductors is

“ a. b
Vi = —/ psa a, |-dra, =P In—
b \ €E.T €€, a

The total charge on the inner conductor is Q = p (27aL), and so

_Q_2meeE L

V  In(bl/a)

8.10. In the capacitor shown in Fig. 8-13, the region between the plates is filled with a dielectric having
€, = 4.5. Find the capacitance.

Fig. 8-13
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8.12.

8.13.
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With fringing neglected, the D field between the plates should, in cylindrical coordinates, be of the form D = D 3>
where D P depends only or r. Then, if the voltage of the plate ¢ = o with respect to the plate ¢ = 0is V,,

“( D, Dyr _ Dyra
V():_ E-dl=- 0 :a‘b (rd¢a¢):—: d¢ e
0 0%r 0

r

Thus, D = €,€,V,/ra, and the charge density on the plate ¢ = «is

- n - _ €Y%
py=D __D¢_T

The total charge on the plate is then given by

0= /deS // dr dz

_ €& Voh n’2
a h

Hence, C=g=ﬂlnr—2
Vo o h

When the numerical values are substituted (with ¢ converted to radians), one obtains C = 7.76 pF.

Referring to Problem 8.10, find the separation d which results in the same capacitance when the plates
are brought into parallel arrangement, with the same dielectric in between.
With the plates parallel

€)€,A
d

C=
so that

€A _ €M —n)  _aln—n)
C (&M )In(n/r)]  In(n/n)

d=

Notice that the numerator on the right is the difference of the arc lengths at the two ends of the capacitor, while
the denominator is the logarithm of the ratio of these arc lengths. For the data of Problem 8.10, orr; = 0.087 mm,
or, = 2.62mm, and d = 0.74 mm.

Find the capacitance of an isolated spherical shell of radius a.

The potential of such a conductor with a zero reference at infinity is (see Problem 3.34)

__ 9

2reya
Then C= Q. 4reya
Vv
Find the capacitance due to two spherical shells of radius a separated by a distance d > a.

As an approximation, the result of Problem 8.12 for the capacitance of a single spherical shell, 4 7€ a, may be used.
From Fig. 8-14 two such identical capacitors appear to be in series.

C,C,
C,+C,

11,1
c ¢ G
c=

=2reya
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2

Fig. 8-14

8.14. Find the capacitance of a parallel-plate capacitor containing two dielectrics, €, = 1.5and € , = 3.5,
each composing one-half the volume, as shown in Fig. 8-15. Here, A = 2 m? and d = 1073 m.

_ €€A, _ (8854107 "7)

C, = =13.3nF
d 10
A d
€r €r2
Fig. 8-15

Similarly, C2 = 31.0 nF. Then
C=C +C,=443nF

8.15. Repeat Problem 8.14 if the two dielectrics each occupy one-half of the space between the plates but the
interface is parallel to the plates.

C _S0&A _ €€, A _ (8854 107%)(1.5) _ S3.0nF
g d/2 107372 '

Similarly, C, = 124 nF. Then

GG
C +G,

=372nF

8.16. In the cylindrical capacitor shown in Fig. 8-16, each dielectric occupies one-half the volume. Find the

capacitance.

€r2

~

Fig. 8-16
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The dielectric interface is parallel to D and E, so the configuration may be treated as two capacitors in parallel.
Since each capacitor carries half as much charge as a full cylinder would carry, the result of Problem 8.9 gives

—_ ﬂ-eoerll‘ + ﬂfofrzL _ 271'606”1ng

C=C+C,=
In(b/a) In(bla) In (b/a)
where €, .= %(er , T €.,). The two dielectrics act like a single dielectric having the average relative permittivity.
Find the voltage across each dielectric in the capacitor shown in Fig. 8-17 when the applied voltage
is 200 V.
571
¢, =220 5000,
10
1000€
C, = 0
3
Cc,C _
and C=—12_=3125¢,=277%x10"°F
C +C,
1m? ’ 3mm
2 $1mm
€ il
€1=5
Fig. 817
The D field within the capacitor is now found from
77%107° _
D, =p, SL_OV_@I7X10 )C0) _ 5 545107 ¢/m?
A A 1
Then,
D D
E = =125X10* V/m E,=—=625x10* V/m
€0€r1 €
from which
V,=Ed, =125V  V,=E,d,=1875V
Find the voltage drop across each dielectric in Fig. 8-18, where €., = 2.0 and €, = 5.0. The inner

conductor is at r, = 2 cm and the outer at r, = 2.5 cm, with the dielectric interface halfway between.

Fig. 8-18
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The voltage division is the same as it would be for full right circular cylinders. The segment shown, with angle ¢,
will have a capacitance o//27 times that of the complete coaxial capacitor. From Problem 8.9,

2 4L -
C = o ﬁ=aL(l.5X10 9 @
27 ) 1n(225/2.0)

C, =aL(42%x107"%) (F)
Since Q = C|V, = C,V, and V| + V, = V, it follows that

S S, (100) =74V
C,+C, 15+42

__C ,__ 15
C +C, 15+42

4

v, (100)=26V

8.19. A free-space parallel-plate capacitor is charged by momentary connection to a voltage source V, which
is then removed. Determine how W, D, E, C, and V change as the plates are moved apart to a
separation distance d, = 2d, without disturbing the charge.

Relationship Explanation

D,=D D=0Q/A

E, =E, E=Dl/g,

Wi, =2Wyg, We = % / ek ? dv,and the volume is doubled
1

C,= 3 o C=¢,/d

V, =2V, V=0/C

8.20. Explain physically the energy changes found in (a) Problem 8.19, (b) Example 5.

(a) External work (in the amount W) is done on the system in forcing apart the oppositely charged plates. This
work shows up as an increase in internal energy (stored in the E field).

(b) The charged plates draw the dielectric slab into the gap. Thus, the system performs work (in the amount
12 ro) on the surroundings —specifically, on whatever is guiding the slab into position. The internal energy
suffers a corresponding decrease.

8.21. A parallel-plate capacitor with a separation d = 1.0 cm has 29 kV applied when free space is the only
dielectric. Assume that air has a dielectric strength of 30 kV/cm. Show why the air breaks down when a
thin piece of glass (¢, = 6.5) with a dielectric strength of 290 kV/cm and thicknesses d, = 0.20 cm is
inserted as shown in Fig. 8-19.

Air, € v

1.0cm
Glass, €r Vs i
Fig. 8-19
The problem becomes one of two capacitors in series,
€A
C =—2—==125¢A
'gx107? 0
A
L =08 3250€,4

2x1073
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Then, as in Problem 8.18,

3250
| =————(29)=2793kV
125 + 3250
so that
= M =349 kV/cm
0.80 cm

which exceeds the dielectric strength of air.

8.22. Find the capacitance per unit length between a cylindrical conductor of radius ¢ = 2.5 cm and a ground

plane parallel to the conductor axis and a distance 4 = 6.0 m from it.

A useful technique in problems of this kind is the method of images. Take the mirror image of the conductor in the
ground plane, and let this image conductor carry the negative of the charge distribution on the actual conductor.
Now suppose the ground plane is removed. It is clear that the electric field of the two conductors obeys the right
boundary condition at the actual conductor, and, by symmetry, has an equipotential surface (Section 5.2) where the
ground plane was. Thus, this field is the field in the region between the actual conductor and the ground plane.

Approximating the actual and image charge distributions by line charges +p, and —p,, respectively, at the
conductor centers, one has (see Fig. 8-20):

+p,
Potential at radius a due to +p, = — Pt ha
2re

Potential at point P due to —p, = — [Z_M) In (2h —a)
€,

10

; h
AY Y ’ ’ ’
N ~ .~ ’ ’ ’
~ ~o P .

Fig. 820

The potential due to —p, is not constant over r = a, the surface of the actual conductor. But it is very nearly so if
a << h. To this approximation, then, the total potential of the actual conductor is

Vazﬂlna+7p’f ln(2h—a)~—2p[ na+-Lmon=- ln%

2re, 2re, €, 2re 2rey, a

Similarly, the potential of the image conductor is — V. Thus, the potential difference between the conductors is

2V, so that the potential difference between the actual conductor and the ground plane is 12(2Va) = V. The desired
capacitance per unit length is then

~la

_ Q/L _Pi_ 2re,
vV, 'V, InQhl/a)
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For the given values of a and h, C/L = 9.0 pF/m.

The above expression for C/L is not exact, but it provides a good approximation when a < h (the practical case).
An exact solution gives

[CJ _ 2re,

L 2 2
X h+h" —
exact ln[ a J

Z

Observe that C/L for the source—image system (more generally, for any pair of parallel cylindrical conductors
with center-to-center separation 2/) is one-half the value found above (same charge, twice the voltage). That is,
with d = 2h,

C_ € T,
L [dJr /7d2_4a2) In (d/a)
In
2a

SUPPLEMENTARY PROBLEMS

8.23.

8.24.

8.25.

8.26.

8.27.

8.28.

8.29.

8.30.

8.31.

8.32.

Find the magnitudes of D, P, and €, for a dielectric material in which £ = 0.15 MV/m and X = 4.25.
In a dielectric material with €, = 3.6, D = 285 nC/m?. Find the magnitudes of E, P, and X,
GivenE = —3a_+ 4ay — 2az V/m in the region z < 0, where €, = 2.0, find E in the region z > 0, for which €, = 6.5.

Given that D = 2a  —4a + 1.5a C/m? in the region x > 0, which is free space, find P in the region x < 0, which
is a dielectric with €, = 5.0.

Region 1,z < 0 m, is free space where D = Say + 73; C/m?. Region 2,0 < z =< 1 m, has € = 2.5.And region 3,
z>1m,has € =30.FindE,,P,, and 93.

The plane interface between two dielectrics is given by 3x + z = 5. On the side including the origin,
D, = @45a + 3.2a2)10’7 and €, = 4.3, while on the other side, €, = 1.80.Find E|, E,, D,, and 6,.

A dielectric interface is described by 4y + 3z = 12 m. The side including the origin is free space where
D =a_ +3a +2a 4C/m?. On the other side, €., = 3.6.Find D, and 6,.

Find the capacitance of a parallel-plate capacitor with a dielectric of €, = 3.0, area 0.92 m?, and separation 4.5 mm.

A parallel-plate capacitor of 8.0 nF has an area 1.51 m? and separation 10 mm. What separation would be required
to obtain the same capacitance with free space between the plates?

Find the capacitance between the inner and outer curved conductor surfaces shown in Fig. 8-21. Neglect fringing.



8.33.

8.34.

8.35.

8.36.

8.37.

8.38.

8.39.

8.40.

8.41.

8.42.

8.43.

8.44.

8.45.

8.46.

8.47.
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Find the capacitance per unit length between a cylindrical conductor 2.75 inches in diameter and a parallel plane
28 ft from the conductor axis.

Double the conductor diameter in Problem 8.33 and find the capacitance per unit length.

Find the capacitance per unit length between two parallel cylindrical conductors in air, of radius 1.5 cm and with a
center-to-center separation of 85 cm.

A parallel-plate capacitor with area 0.30 m? and separation 5.5 mm contains three dielectrics with interfaces normal
to E and D, as follows: €,, = 3.0,d, = 1.0 mm; €, = 4.0,d, = 20 mm; €, , = 6.0,d, = 2.5 mm. Find the
capacitance.

With a potential of 1000 V applied to the capacitor of Problem 8.36, find the potential difference and potential
gradient (electric field intensity) in each dielectric.

Find the capacitance per unit length of a coaxial conductor with outer radius 4 mm and inner radius 0.5 mm if the
dielectric has €, = 5.2.

Find the capacitance per unit length of a cable with an inside conductor of radius 0.75 cm and a cylindrical shield
of radius 2.25 cm if the dielectric has €, = 2.70.

The coaxial cable in Fig. 8-22 has an inner conductor radius of 0.5 mm and an outer conductor radius of 5 mm.
Find the capacitance per unit length with spacers as shown.

€=55 70

6 \ / \ Q
/ <+ /

— |<—10 mm

[e——50 mm ——»

Fig. 8-22

A parallel-plate capacitor with free space between the plates is charged by momentarily connecting it to a constant
200-V source. After removal from the source, a dielectric of €, = 2.0 is inserted, completely filling the space.
Compare the values of W, D, E, p, V, and C after insertion of the dielectric to the values before.

A parallel-plate capacitor has its dielectric changed from €., = 2.0 to €,, = 6.0. It is noted that the stored energy
remains fixed: W, = W,. Examine the changes, if any,in V, C, D, E, Q,and p,.

A parallel-plate capacitor with free space between the plates remains connected to a constant voltage source while
the plates are moved closer together, from separation d to %d‘ Examine the changes in Q, P, C,D,E,and W,.

A parallel-plate capacitor with free space between the plates remains connected to a constant voltage source while
the plates are moved farther apart, from separation d to 2d. Express the changes in D, E, Q, p,, C,and W,.

A parallel-plate capacitor has free space as the dielectric and a separation d. Without disturbing the charge Q, the
plates are moved closer together, to d/2, with a dielectric of €, = 3 completely filling the space between the plates.
Express the changes in D, E, V, C, and W

A parallel-plate capacitor has free space between the plates. Compare the voltage gradient in this free space to that
in the free space when a sheet of mica, €, = 5.4, fills 20% of the distance between the plates. Assume the same
applied voltage in each case.

A shielded power cable operates at a voltage of 12.5 kV on the inner conductor with respect to the cylindrical shield.
There are two insulations; the first has €., = 6.0 and is from the inner conductor at r = 0.8 cm to r = 1.0 cm, while
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8.48.

8.49.

8.50.

8.51.

the second has €,, = 3.0 and is from = 1.0 cm to = 3.0 cm, the inside surface of the shield. Find the maximum
voltage gradient in each insulation.

A shielded power cable has a polyethylene insulation for which €, = 2.26 and the dielectric strength is 18.1 MV/m.
What is the upper limit of voltage on the inner conductor with respect to the shield when the inner conductor has a
radius 1 cm and the inner side of the concentric shield is at a radius of 8 cm?

For the coaxial capacitor of Fig.8-16,a =3 cm,b = 12cm, €, = 2.50,€ , = 40.Find E, E,, D, and D, if the
voltage difference is 50 V.

In Fig 8-23, the center conductor, r; = 1 mm, is at 100 V with respect to the outer conductor at r; = 100 mm. The
region 1 <7 <50 mm is free space, while 50 < r < 100 mm is a dielectric with €, = 2.0. Find the voltage across
each region.

Ui

Fig. 8-23

Find the stored energy per unit length in the two regions of Problem 8.50.

ANSWERS TO SUPPLEMENTARY PROBLEMS

8.23.

8.24.

8.25.

8.26.

8.27.

8.28.

8.29.

8.30.

8.31.

8.32.

8.33.

6.97 uC/m?,5.64 uC/m?,5.25
8.94 kV/m, 206 nC/m?, 2.6

4
—3a,+4a,———a_, V/m
765
1.6a, — 16a + 6a C/m?

1
—| 5a, +La, (V/m), 7.5a, +4.2a, C/m?,25.02°
€ S25 ¢ ’ N

1.45 X 10%,3.37 X 10%,5.37 X 1077, 83.06°
5.14 uC/m?, 44 4°

543 nF

1.67 mm

6.86 pF

8.99 pF/m (note units)
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8.34. 10.1 pF/m

8.35. 6.92 pF/m

8.36. 2.12nF

8.37. 267V, 267 kV/m; 400 V, 200 kV/m; 333 V, 133 kV/m
8.38. 139 pF/m

8.39. 137 pF/m

8.40. 45.9 pF/m

8.41. Partial Ans. V,=1v
8.42. Fartial Ans. p, = V3 P,
8.43. Partial Ans. D, = 2D
8.44. Fartial Ans. D, = %D
8.45. Partial Ans. V,=1v
8.46. 0.84

8.47. 0.645MV/m, 1.03 MV/m

8.48. 0.376 MV

8.49. Fartial Ans. E,= =(36.1/r)a, (V/m)
8.50. 918V,82V

8.51. 599 nJ/m,5.30 nJ/m



CHAPTER 9

Laplace’s Equation

9.1 Introduction

Electric field intensity E was determined in Chapter 3 by summation or integration of point charges, line
charges, and other charge configurations. In Chapter 4, Gauss’s law was used to obtain D, which then gave E.
While these two approaches are of value to an understanding of electromagnetic field theory, they both tend
to be impractical because charge distributions are not usually known. The method of Chapter 6, where E was
found to be the negative of the gradient of V, requires that the potential function throughout the region be
known. But it is generally not known. Instead, conducting materials in the form of planes, curved surfaces,
or lines are usually specified and the voltage on one is known with respect to some reference, often one of the
other conductors. Laplace’s equation then provides a method whereby the potential function V can be obtained
subject to the conditions on the bounding conductors.

9.2 Poisson’s Equation and Laplace’s Equation

In Section 5.8 one of Maxwell’s equations, V + D = p, was developed. substituting eE = D and —VV = E,
V-e(—VV)=p

If throughout the region of interest the medium is homogeneous, then € may be removed from the partial deriv-
atives involved in the divergence, giving

v-vw=—L o vv=-£
€ €

which is Poisson’s equation.

When the region of interest contains charges in a known distribution p, Poisson’s equation can be used to
determine the potential function. Very often the region is charge-free (as well as being of uniform permittivity).
Poisson’s equation then becomes

Vv =0

which is Laplace’s equation.

9.3 Explicit Forms of Laplace’s Equation

Since the left side of Laplace’s equation is the divergence of the gradient of V, these two operations can be used
to arrive at the form of the equation in a particular coordinate system.
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Cartesian Coordinates.

and, for a general vector field A,

0A
V-A—an L% 0A,
ox dy 0z
Hence, Laplace’s equation is
2 2 2
vy =9V OV 9oV _,
x> 9y 97’
Cylindrical Coordinates.
oV 1oV oV
VV="-a +——a_ +—
or A r d¢ o 0z A
04, A
and voa=L9 a1 % | 9

ror " r o9 oz

so that Laplace’s equation is

2 2
vy=19[, 9V +iza—‘2/+a—‘2/=o
ror\ or re d¢° 0z

Spherical Coordinates.

aV 19V 1 oV
yy= o LV, L 9V
o T 0™ Fsine 00 %
19 , 1 o . 1 04,
VeA=— 2 (24— 2 (Ag sin0)+ k2
and r* or (A 7 sin 0 89( o sin6) rsin@ d¢

so that Laplace’s equation is

1 9 1 9 v 1 0V
viy=- 2129 | L g% |h 1 9
P or [r or ] r* sin @ 30(8m 89] r? sin® 6 09>

9.4 Uniqueness Theorem

Any solution to Laplace’s equation or Poisson’s equation which also satisfies the boundary conditions must
be the only solution that exists; it is unique. At times there is some confusion on this point due to incomplete
boundaries. As an example, consider the conducting plane at z = 0, as shown in Fig. 9-1, with a voltage of
100 V.1t is clear that both

V, =5z + 100
and V, =100

satisfy Laplace’s equations and the requirement that V = 100 when Z = 0. The answer is that a single conduct-
ing surface with a voltage specified and no reference given does not form the complete boundary of a properly
defined region. Even two finite parallel conducting planes do not form a complete boundary, since the fringing
of the field around the edges cannot be determined. However, when parallel planes are specified and it is also
stated to neglect fringing, then the region between the planes has proper boundaries.
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Fig. 9-1

9.5 Mean Value and Maximum Value Theorems

Two important properties of the potential in a charge-free region can be obtained from Laplace’s equation:

(1) At the center of an included circle or sphere, the potential V is equal to the average of the values it
assumes on the circle or sphere. (See Problems 9.1 and 9.2.)

(2) The potential V cannot have a maximum (or a minimum) within the region. (See Problem 9.3.)

It follows from (2) that any maximum of V must occur on the boundary of the region. Now, since V obeys
Laplace’s equation,

2 2 2
% \%4 %
Py v By
dx~  dy- 9z
so do dV/dx, dV/dy, and dV/dz. Thus, the Cartesian components of the electric field intensity take their
maximum values on the boundary.

9.6 Cartesian Solution in One Variable

Consider the parallel conductors of Fig. 9-2, where V= 0atz =0and V= 100V at z = d. Assuming the region
between the plates is charge-free,

9’V 9’V 9%V

2 —

\V4 ‘/__2+_2+_2_()
ox dy 0z

With fringing neglected, the potential can vary only with z. Then

d*v
_2 = 0
dz
Integrating,
V=Az+ B

Fig. 9-2
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The boundary condition V = 0 at z = 0 requires that B = 0. And V = 100 at z = d gives A = 100/d. Thus,
V=100 =| (V)
d
The electric field intensity E can now be obtained from

E=—VV:—(8—Va +a—Va +a—VaZJ=—i(IOO§]aZ=—%a (V/m)

ax oy T oz 0z ‘
Then D=— % a, (C/m?)
At the conductors,
100
p,=D, =+ 67 (C/m?)

where the plus sign applies at z = d and the minus at z = 0.

9.7 Cartesian Product Solution

When the potential in Cartesian coordinates varies in more that one direction, Laplace’s equation will contain
more than one term. Suppose that V is a function of both x and y and has the special form V = X(x)Y(y). This
will make possible the separation of the variables.

2 2
P(XY)  *(XY) _

0
ox? 9y?
becomes
2 2 2 2
X Y 1 X 1 Y
Yd—2+Xd—2:0 or —d—2 —d—2:0
dx dy X dx Y dy

Since the first term is independent of y, and the second of x, each may be set equal to a constant. However, the
constant for one must be the negative of that for the other. Let the constant be a?.

1d*’Xx  , 1d% )

_— = —_——=—q

Xal Y dy*
The general solution for X (for a given a) is
X = Ale‘” + Aze_‘”‘
or, equivalently,
X = A, coshax + A sinh ax
and the general solution for Y (for a given a) is
Y =B e/ + Be v
or, equivalently,
Y = B, cos ay + B, sin ay
Therefore, the potential function in the variables x and y can be written
V=(Ae"+A,e™) (B e + B,e ™)
or

V = (A, cosh ax + A, sinh ax) (B, cos ay + B, sin ay)
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Because Laplace’s equation is a linear, homogeneous equation, a sum of products of the above form—each
product corresponding to a different value of a—is also a solution. The most general solution can be generated
in this fashion.

Three-dimensional solutions, V = X(x)Y(y)Z(z), of similar form can be obtained, but now there are two
separation constants.

9.8 Cylindrical Product Solution

If a solution of the form V = R(r)®(¢ )Z(z) is assumed, Laplace’s equation becomes

r +—"—+RO—=0
r dr dr

®Z d( dR ), RZd® d’z
r* de? dz*

Dividing by R ®@ Z and expanding the r-derivative,

LR 1 dR 1 &0 1dZ__

R dar’ Rrdr 7P®d¢* 7 d7°
The r and ¢ terms contain no z and the z term contains neither » nor ¢. They may be set equal to a constant,
—b?, as above. Then

2

¥
N

32
5> =b
Z

N|=
Y

This equation was encountered in the Cartesian product solution. The solution is
Z = C, cosh bz + C, sinh bz

Now the equation in 7 and ¢ may be further separated as follows:

2 2 2
r_d_f+1d_R+bz 2 :_ngaz
R dr R dr D do
The resulting equation in ¢,
1do_ 2
@ d¢?

has solution

The equation in r,

is a form of Bessel’s differential equation. Its solutions are in the form of power series called Bessel functions.

R=CsJ,(br)+ CsN,(br)

(=1)" (br/2)* ™
m!T(a+m+1)

where Jr) =Y
m=0

J (bry—J_ (b
ind N, (br)= (cos ar)J,(br) 2(br)

sin ar
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The series J (br) is known as a Bessel function of the first kind, order a; if a = n, an integer, the gamma
function in the power series may be replaced by (n + m)!. N (br) is a Bessel function of the second kind, order
a; if a = n, an integer, Nn(br) is defined as the limit of the above quotient as a — n.

The function N (br) behaves like In r near r = 0 (see Fig. 9-3). Therefore, it is not involved in the solution
(C4 = 0) whenever the potential is known to be finite at » = 0.

Jo ()

Fig. 9-3

For integral order n and large argument x, the Bessel functions behave like damped sine waves:

Jn(x)%‘ficos P Nn(x)z‘/isin PR
X 4 2 X 4 2

See Fig. 9-3.

9.9 Spherical Product Solution

Of particular interest in spherical coordinates are those problems in which V may vary with » and 6 but not with
¢. For product solution V = R(r)®(8), Laplace’s equation becomes

P d’r  2r dR 1 d*0 1 doe
R dr* R dr O 46> Otand do

The separation constant is chosen as n(n + 1), where n is an integer, for reasons which will become apparent.
The two separated equations are

d’R dR

2 _
r el +2r$—n(n+l)R—O
d’e 1 de
d —+ — +nn+1)0=0
an de* tan 6 dO n(n+1)

This equation in r has the solution
R=Cyr"+ Cy nth
The equation in 0 possesses (unlike Bessel’s equation) a polynomial solution of degree n in the variable
& = cos 6, given by
1 d"
2"n!d&"

P, (&)= E-1" n=0,12,....

The polynomial P (&) is the Legendre polynomial of order n. There is a second, independent solution, Q (§),
which is logarithmically infinite at £ = = 1 (i.e., 6 = 0, 7).
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SOLVED PROBLEMS

9.1.  As shown in Fig. 9-4(a), the potential has the value V, on 1/n of the circle, and the value 0 on the rest of
the circle. Find the potential at the center of the circle. The entire region is charge-free.

Fig. 9-4

Call the potential at the center V. Laplace’s equation allows superposition of solutions. If n problems of the type of
Fig. 9-4(a) are superposed, the result is the problem shown in Fig. 9-4(b). Because of the rotational symmetry, each
subproblem in Fig. 9-4(b) gives the same potential, V_, at the center of the circle. The total potential at the center is
therefore nV . But, clearly, the unique solution for Fig. 9-4(b) is V = V| everywhere inside the circle, in particular
at the center. Hence,

Yi

V.=V, or V =-L
n

9.2. Show how the mean value theorem follows from the result of Problem 9.1.

Consider first the special case shown in Fig. 9-5, where the potential assumes n different values on n equal
segments of a circle. A superposition of the solutions found in Problem 9.1 gives for the potential at the center
.:ﬁ+ﬁ+. Vo _V+V,+---+4V,

e ln
non n n

V,

c




9.3.

9.4.

9.5.
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which is the mean value theorem in this special case. With A¢ = 27 /n,

1
Vo= (GAG+V MG+ -V, AG)
T
Now, letting n — oo,

1 2
V.=— [ V(p)d¢
2r J o

which is the general mean value theorem for a circle.

Exactly the same reasoning, but with solid angles in place of plane angles, establishes the mean value theorem
for a sphere.
Prove that within a charge-free region the potential cannot attain a maximum value

Suppose that a maximum were attained at an interior point P. Then a very small sphere could be centered on P,
such that the potential V, at P exceeded the potential at each point on the sphere. Then V, would also exceed the
average value of the potential over the sphere. But that would contradict the mean value theorem.

Find the potential function for the region between the parallel circular disks of Fig. 9-6. Neglect fringing.
Since V is not a function of r or ¢, Laplace’s equation reduces to
2
v
dz
and the solutionis V= Az + B.

The parallel circular disks have a potential function identical to that for any pair of parallel planes. For another
choice of axes, the linear potential function might be Ay + B or Ax + B.

X@*Y

Fig. 96

Two parallel conducting planes in free space are at y = 0 and y = 0.02 m, and the zero voltage
referenceisaty = 0.0l m.If D = 253aV nC/m? between the conductors, determine the conductor
voltages. )

From Problem 9.4,V = Ay + B. Then

E=2—_yy=—4a,

25310
8.854x10712

y
whence A = —2.86 X 10* V/m. Then,

0= (—2.86 X 10%)(0.01) + B or B =286 X102V
and V= —-286 X 10*y + 2.86 X 10? V)
Then, fory =0, V=286V and for y =0.02, V= —286V.
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9.6. The parallel conducting disks in Fig. 9-7 are separated by 5 mm and contain a dielectric for which
€ = 2.2. Determine the charge densities on the disks.

Since V = Az + B,

AV 250100

—T 5><10_3 =3><104V/m
Z

and E=-VvV=-3X 104aZV/m
D = ¢e,E = —584 X 107a_C/m?

Since D is constant between the disks, and D, = p_ at a conductor surface,
p, = £584 X 1077 C/m?
+ on the upper plate, and — on the lower plate.

9.7. Find the potential function and the electric field intensity for the region between two concentric right
circular cylinders, where V=0atr = 1 mm and V = 150 V at r = 20 mm. Neglect fringing. See Fig. 9-8.

Fig. 98

The potential is constant with ¢ and z. Then Laplace’s equation reduces to

ld( dV]
22 =0
rdr dr

Integrating once,



9.8.

9.9.
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and again, V = A In r + B. Applying the boundary conditions,

0=AIn0001 +B 150 =A1n 0.020 + B

gives A = 50.1, B = 345.9. Thus,

V=501Inr+ 3459 (V)

and E= 201 (—a,) (V/m)
r

In cylindrical coordinates two ¢ = const. planes are insulated along the z axis, as shown in Fig. 9-9.
Neglect fringing and find the expression for E between the planes, assuming a potential of 100 V for
¢ = ocand a zero reference at ¢ = 0.

A:TZ

Fig. 9-9

This problem has already been solved in Problem 8.10; here Laplace’s equation will be used to obtain the same
result.

Since the potential is constant with r and z, Laplace’s equation is
1d°v
-—=0
r deg
Integrating, V = A¢ + B. Applying the boundary conditions,

0=A0) + B 100 = A(a) + B

1
whence A:ﬂ B=0
o
Thus, V=1009V
o
and E=—VV=—1d(IOO¢]a¢=—IOOa¢ (V/m)
rdo o ra

In spherical coordinates, V = 0 for r = 0.10 m and V = 100 V for r = 2.0 m. Assuming free space
between these concentric spherical shells, find E and D.

Since V is not a function of 8 or ¢, Laplace’s equation reduces to

1
1dfpav)
r° dr dr
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Integrating gives rr—=A

dr
and a second integration gives

—A
V=—+8
r
The boundary conditions give
—A A
0 +B

== and  100=——+B
0.10 2.00

whence A = 10.53 V-m, B = 105.3 V. Then

y="1033 1053 %
r
E=—Vv=—d—va,.=—10'253 . (V/m)
dr r
—932x107 1
D:‘EOE:H% (C/m?)
r

9.10. In spherical coordinates, V = —25 V on a conductor at r = 2 cm and V = 150 V at r = 35 cm. The
space between the conductors is a dielectric for which £ = 3.12. Find the surface charge densities on
the conductors.

From Problem 9.9,

-A
V=—-+B
r

The constants are determined from the boundary conditions

5= A 4B 150=—2 4B
035

0.02
—3.71
giving y= +160.61 V)
r
E——VV——d[ —3.71 +160‘61J a, = _3571 a, (V/m)
dr r r
—0.103
D=¢eE=—S—a,  (nC/m’)
r
On a conductor surface, D, = p,
a r=002m  p, =18 256 nC/m?
0.02)
+0.
at r=035m: s = 0 1023 =+0.837 nC/m?
S (035)

9.11. Solve Laplace’s equation for the region between coaxial cones, as shown in Fig. 9-10. A potential V| is
assumed at 6, and V = 0 at 6,. The cone vertices are insulated at » = 0.

The potential is constant with » and ¢. Laplace’s equation reduces to

21. 4 sian—V =0
r~sin@ do@ deo

Integrating sin O [fi‘Hlj =A

and V=Aln[tan§j+B



9.12.

9.13.
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Fig. 9-10

The constants are found from

V,—Aln[tanezlJ-i-B O—Aln(tanezz]-O-B

In [tan 9] —In (tan 92]
2 2

In| tan 9—1 —In| tan &
2 2

In Problem 9.11, let 6, = 10°, 6, = 30°, and V, = 100 V. Find the voltage at & = 20°. At what angle
0 is the voltage 50 V?

Hence, V=V

Substituting the values in the general potential expression gives

0 tan g
V=-—8934|1In| tan — | —In0.268 |=—89.34 In 2
2 0268
Then, at 6 = 20°, V =—28934 ln[ tan 10 j—37.4ov
0268
For V=50V, 50=—89.34 In| 41072
0268

Solving gives 6 = 17.41°.

With reference to Problems 9.11 and 9.12 and Fig. 9-11, find the charge distribution on the conducting
plane at 8, = 90°.

g,=10°

oy

Fig. 9-11
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The potential is obtained by substituting 6, = 90°, 6, = 10°, and V| = 100 V in the expression of Problem 9.11.

Thus,
[tan 9)
V=100 —= -~
In(tan 57)
1 -1 41.
Then E:_*dlaez X ® A= .05 Ay
r d@ (rsin @) In (tan 57) rsin @
3.63%x107"°
D=¢E=""——a, (C/m?)
rsin @

On the plane 6 = 90°, sin 8 = 1, and the direction of D requires that the surface charge on the plane be negative in

sign. Hence,

3.63x1071°
P :_67 (C/mz)
.

s

9.14. Find the capacitance between the two cones of Fig. 9-12. Assume free space.

Fig. 9-12

If fringing is neglected, the potential function is given by the expression of Problem 9.11 with 6,

Thus,
0 o
In tanE —In (tan 52.5%)
~ 'In(tan 37.5°) — In (tan 52.5°)
=(—1.89V)) In (tang)-i- const.
from which

so that the total charge on the upper plate is

27 resc75°

1.

Q=/ps dS=/ / L8V | Gin 75° dr dg = 12.28¢,V;
o /o rsin 75

and the capacitance is C = Q/V, = 12.28¢,,.

=75°,6,=105°.
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9.15. The region between two concentric right circular cylinders contains a uniform charge density p.

9.16.

Use Poisson’s equation to find V.

Neglecting fringing, Poisson’s equation reduces to
taf av)__p
rdr dr €

dfp.av__pr
dr dr €

2
Integrating, r ‘jTV - sz +A
r €
av __pr A
dr 2¢ r

2
v=—l L Alnr+B
4e

Note that static problems involving charge distributions in space are theoretical exercises, since no means exist to
hold the charges in position against the coulomb forces.

The region

has a charge density p = 1078 cos (z/z,)) (C/m?®). Elsewhere, the charge density is zero. Find V and E
from Poisson’s equation, and compare with the results given by Gauss’s law.

Since V is not a function of x or y, Poisson’s equation is

d’V__p_ 107° cos(z/z)

dz* € €

107822 cos (z/
Integrating twice, V= 107 "z cos (z/z9) +Az+B V)

€

a, (V/m)

z

-8 .
and E=—VV=[1O Z $in (2/29) —AJ

€

But by the symmetry of the charge distribution, the field must vanish on the plane z = 0. Therefore, A = 0 and

1078z, sin (2/2)
_—az

E (V/m)

€

A special Gaussian surface centered about z = 0 is shown in Fig. 9-13. D cuts only the top and bottom surfaces,
each of area A. Furthermore, since the charge distribution is symmetrical about z = 0, D must be antisymmetrical
about z = 0, so that DmP = Daz,D = D(faz).

bottom

Z 4
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9.17.

9.18.

2z
D/ dS+D/ dS:/ //lofscos(z/zo)dxdydz
top bottom -2

2DA =2z,A10"% sin (z/z)

or D = 7,10 8 sin (z/z,) for 0<z<mz,/2
Then, for =7z /2 <z <mz,/2,

D = 7,107 8sin (z/zy) a, (C/m?)
and E = D/e agrees with the result from Poisson’s equation.

A potential in cylindrical coordinates is a function of r and ¢ but not z. Obtain the separated differential
equations for R and @, where V = R(r)®(¢), and solve them. The region is charge-free.

Laplace’s equation becomes

[

=0
dr* rdr 1 ad¢’

d*R ®dR R d*®
t——+=

»d°R rdR_ 1d®
or L= 2=
R dr* Rdr @ d¢?
The left side is a function of r only, while the right side is a function of ¢ only; therefore, both sides are equal to a
constant, a>.

ﬁd2R+rdR_ )
R dr* R dr

d’R 1dR d°R
s - ==0

or = +—— >
dr r dr r

with solution R = C,r® + C,r . Also,

with solution ® = C, cos a¢ + C, sin a¢.

Given the potential function V = V(sinh ax)(sin az) (see Section 9.7), determine the shape and
location of the surfaces on which V = 0 and V = V,,. Assume that a > 0.

Since the potential is not a function of y, the equipotential surfaces extend to = in the y direction. Because
sinaz = 0 forz = nmw/a, wheren = 0,1, 2, ..., the planes z = 0 and z = 7 /a are at zero potential. Because
sinh ax = 0 for x = 0, the plane x = 0 is also at zero potential. The V = 0 equipotential is shown in Fig. 9-14.

Za
Ea
a
[~
V=20 V=V,
] ] ,
> X
0 1 2 3
a a a

Fig. 9-14
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The V = V| equipotential has the equation

Vo =V, (sin ax) (sin az) or sin ax = —
sin az

When values of z between zero and 7 /a are substituted, the corresponding x coordinates are readily obtained.
For example:

1.57 1.02 0.67 0.49 0.28 0.10
1.57 2.12 247 2.65 2.86 3.04

ax 0.88 1.0 1.25 1.50 2.00 3.00

azg

The equipotential, which is symmetrical about z = 7 /2a, is shown as a heavy curve in Fig. 9-14. Because v is
periodic in z, and because V(—x, —z) = V(x, z), the whole xz plane can be filled with replicas of the strip shown
in Fig. 9-14.

Find the potential function for the region inside the rectangular trough shown in Fig. 9-15.

V=0
(o]
Fig. 9-15

The potential is a function of x and z, of the form (see Section 9.7)
V = (C, cosh az + C, sinh az)(C, cos ax + C, sin ax)

The conditions V = 0 at x = 0 and z = 0 require the constants C, and C; to be zero. Then since V =0 at x = c,
a = nrw/c, where n is an integer. Replacing C,C, by C, the expression becomes
nmwx

., MTWZ
V =C sinh — sin —
c c

or more generally, by superposition,

- . MTZ . NAX
V= ZCH sinh — sin —
n=1 ¢ ¢

The final boundary condition requires that

oo

V0=2[Cn sinh ””dJsin":’x 0<x<c)

n=1 ¢

Thus, the constants b, = C, sinh (n7d/c) are determined as the coefficients in the Fourier sine series for f(x) =V,

in the range 0 < x < c. The well-known formula for the Fourier coefficients,

n

2V, (€ nIx 0 neven
i b :70/ in ——dx =
gives " c Jo - c {4V0 /nr nodd

C
b =2 fesin™ g n=1,2,3,..
c 0 c
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The potential function is then

V= 4V, sinh (nmz/c) . nmx

oaq M sinh (nrd/c) c

forO0<x<e¢,0<z<d.

9.20. Identify the spherical product solution

C, cos 0

C
V== P (cos ) ===
r r

(Section 9.9, with C; = 0,n = 1) with a point dipole at the origin.

Fig. 9-16 shows a finite dipole along the z axis, consisting of a point charge +Q at z = +d/2 and a point charge
—Q atz = —d/2. The quantity p = Qd is the dipole moment (Section 8.1). The potential at point P is

_ 0 _ 0 _ P n—r
Amegr, Amegr, 4Amed\ rin

A point dipole at the origin is obtained in the limit as d — 0. For small d,

— ~ —1 = 2
r,—r, =~dcos 6,~dcos 0 and T, =T
Therefore, in the limit,
cos 6
v=_1L_2=22
Amey

which is the spherical product solution with C, = p/4re,.

Similarly, the higher-order Legendre polynomials correspond to point quadrupoles, octupoles, and so on.

Z A

Fig. 9-16

SUPPLEMENTARY PROBLEMS

9.21. In Cartesian coordinates, a potential is a function of x only. Atx = —2.0cm, V=250V andE = 1.5 X 103(—ax)
V/m throughout the region. Find V at x = 3.0 cm.

9.22. In Cartesian coordinates, a plane at z = 3.0 cm is the voltage reference. Find the voltage and the charge density on
the conductor z = 0 if E = 6.67 X 103 a_V/m for z > 0 and the region contains a dielectric for which €, = 4.5.

9.23. In cylindrical coordinates, V = 75.0 Vatr = 5 mm and V = 0 at r = 60 mm. Find the voltage at » = 130 mm if the
potential depends only on r.



9.24.

9.25.

9.26.

9.27.

9.28.

9.29.

9.30.

9.31.

9.32.

CHAPTER 9 Laplace’s Equation

Concentric, right circular, conducting cylinders in free space at » = 5 mm and » = 25 mm have voltages of zero and
V,» respectively. If E = —8.28 X 10%a, V/m at r = 15 mm, find V, and the charge density on the outer conductor.

For concentric conducting cylinders, V=75 Vatr = 1 mm and V = 0 at » = 20 mm. Find D in the region
between the cylinders, where €, = 3.6.

Conducting planes at ¢ = 10° and ¢ = 0° in cylindrical coordinates have voltages of 75 V and zero, respectively.
Obtain D in the region between the planes, which contains a material for which €, = 1.65.

Two square conducting planes 50 cm on a side are separated by 2.0 cm along one side and 2.5 cm along the other
(Fig. 9-17). Assume a voltage difference and compare the charge density at the center of one plane to that on an
identical pair with a uniform separation of 2.0 cm.

Fig. 9-17

The voltage reference is at » = 15 mm in spherical coordinates and the voltage is Vj at r = 200 mm. Given
E = —334.7a V/m at r = 110 mm, find V,,. The potential is a function of r only.

In spherical coordinates, V = 865 V at r = 50 cm and E = 748.2a_V/m at r = 85 cm. Determine the location of
the voltage reference if the potential depends only on r.

With a zero reference at infinity and V = 45.0 V at r = 0.22 m in spherical coordinates, a dielectric of €, = 1.72
occupies the region 0.22 < r < 1.00 m and free space occupies r > 1.00 m. Determine E at » = 1.00 = 0 m.

In Fig. 9-18 the cone at 8 = 45° has a voltage V with respect to the reference at @ = 30°. At r = 0.25 m and
6=30°,E=—-230 X 103a9 V/m. Determine the voltage difference V.

Fig. 9-18

In Problem 9.31 determine the surface charge densities on the conducting cones at 30° and 45°,if €, = 2.45
between the cones.
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9.33.

9.34.

9.35.

9.36.

9.37.

9.38.

9.39.

9.40.

9.41.

Find E in the region between the two cones shown in Fig. 9-19.

V=V,>0

= 160°

Fig. 9-19

In cylindrical coordinates, p = 111/r (pC/m?). Given that V=0atr = 1.0 mand V = 50 V at r = 3.0 m due to
this charge configuration, find the expression for E.

Determine E in spherical coordinates from Poisson’s equation, assuming a uniform charge density p.
Specialize the solution found in Problem 9.35 to the case of a uniformly charged sphere.

Assume that a potential in cylindrical coordinates is a function of r and z but not ¢, V = R(r)Z(z). Write Laplace’s
equation and obtain the separated differential equations in r and z. Show that the solutions to the equation in r are
Bessel functions and that the solutions in z are exponentials or hyperbolic functions.

Verify that the first five Legendre polynomials are
Py(cos 6) = 1
P (cos 8) = cos 6
P,(cos 0) = 12 (3cos?20—1)
P.(cos 0) = % (5¢c0s*0—3cos 0)
P,(cos ) = g (35 cos* 6 — 30 cos 0 + 3)

and graph them against { = cos 6.

Obtain E for Problem 9.18 and plot several values on Fig. 9-14. Note the orthogonality of E and the equipotential
surfaces.

Given V = V,(cosh ax)(sin ay), where a > 0, determine the shape and location of the surfaces on which V = 0 and
V = V,. Make a sketch similar to Fig. 9-14.

From the potential function of Problem 9.40, obtain E and plot several values on the sketch of the equipotential
surfaces, Fig. 9-20.
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v
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2 1 0 \
a a
V=0

Fig. 9-20

9.42. Use a superposition of the product solutions found in Problem 9.17 to obtain the potential function for the
semicircular strip shown in Fig. 9-21.

/¢:n

<
Il
o\
o

<
Il
o

Fig. 9-21

ANSWERS TO SUPPLEMENTARY PROBLEMS
9.21. 100V

9.22. 200V, 266 nC/m?

9.23. —2334V

9.24. 200V, +44 nC/m?

9.25. (798/r)a, (pC/m?)

9.26. (—6.28/r)a, (nC/m?)

9.27. 0.89

9.28. 250V

9.29. r =250 cm
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9.30.

9.31.

9.32.

9.33.

9.34.

9.35.

9.36.

9.38.

9.39.

9.40.

941.

9.42.

8.55V/m, 14.7 V/m

1255V

8.84

(nC/m?),—=
p

—125 (nC/m?)
p

0.288V,

rsin O

[12.5_68-3]a, w/m
r

pr_A
[36 rz]ar

(V/m)

See Problem 3.54.
See Fig. 9-22.
1 Py (£)
1.0 g
) E
0.8 ?\\% E
0.6 - ) :
L v 5
04 :
0 2 :
* '
0.2 R
0 L I I I I I f I [N
| 0.1 0.2 0.3 \04 05,06 07 /08 /09 1.0
-0.2
L P, (&)
~0.4 -
Fig. 9-22
E = —Vyal(cosh ax) (sinaz)a, + (sinh ax)(cos az)a_]
See Fig. 9-20.
E = —Vyal(sinh ax) (sinay)a, + (cosh ax)(cos ay)a, ]

ﬁr"*(az/r)" .

V= 1
—(d*/b)"

nno

n
nodd M b



CHAPTER 10

Magnetic Field and
Boundary Contditions

10.1 Introduction

A static magnetic field can originate from either a constant current or a permanent magnet. This chapter will
treat the magnetic fields of constant currents. (Time-varying magnetic fields, which coexist with time-varying
electric fields, will be examined in Chapter 13.) It will also treat the behavior of the magnetic field strength H
and the magnetic flux density B across the interface of two different material. The treatment uses the static mag-
netic field as the vehicle to develop boundary conditions, but the results apply to both static and time-varying
magnetic fields.

10.2 Biot-Savart Law

A differential magnetic field strength, dH, results from a differential current element 7 d1. The field varies
inversely with the distance squared, is independent of the surrounding medium, and has a direction given by the
cross product of / d1 and a. This relationship is known as the Biot-Savart law:

_ldlXay

dH 2

(A/m)
47R

The direction of R must be from the current element to the point at which dH is to be determined, as shown in
Fig. 10-1.
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Current elements have no separate existence. All elements making up the complete current filament
contribute to H and must be included. The summation leads to the integral form of the Biot-Savart law:

H= j‘/ IdlXag
47R?
A closed line integral is required to ensure that all current elements are included (the contour may close at «).

EXAMPLE 1. An infinitely long, straight, filamentary current / along the z axis in cylindrical coordinates is
shown in Fig. 10-2. A point in the z = 0 plane is selected with no loss in generality. In differential form,

_ldza X(ra, —za )
4n(? + 22)

1dz ra,

dH

471'(}"2 + Z2 )3/2

The variable of integration is z. Since a 0 does not change with z, it may be removed from the integrand before

integrating.
- Ir dz 1
H= / —————>|a,=—a
{ —w47r(r2+12)3/2} O o 9

IE

-

Fig. 10-2

This important result shows that H is inversely proportional to the radial distance. The direction is seen to be in
agreement with the “right-hand rule” whereby the fingers of the right hand point in the direction of the field when
the conductor is grasped such that the right thumb points in the direction of the current.

EXAMPLE 2. An infinite current sheet lies in the z = 0 plane with K = Ka , as shown in Fig. 10-3. Find H.

z
A
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The Biot-Savart law and considerations of symmetry show that H has only an x component and is not a function of
x ory. Applying Ampere’s law to the square contour /2341, and using the fact that H must be antisymmetric in z,

j(H-dl=(H)(2a)+0+(H)(2a)+0=(K)(2a) or H=§

Thus, for all z > 0, H = (K/2)a . More generally, for an arbitrary orientation of the current sheet,
H= l K X a,
2

Observe that H is independent of the distance from the sheet. Furthermore, the directions of H above and below
the sheet can be found by applying the right-hand rule to a few of the current elements in the sheet.

10.3 Ampeére’s Law

The line integral of the tangential component of the magnetic field strength around a closed path is equal to the
current enclosed by the path:
j{ H-dl=1
enc

At first glance one would think that the law is used to determine the current / by an integration. Instead, the
current is usually known and the law provides a method of finding H. This is quite similar to the use of Gauss’s
law to find D given the charge distribution.

In order to utilize Ampere’s law to determine H, there must be a considerable degree of symmetry in the
problem. Two conditions must be met:

1. At each point of the closed path H is either tangential or normal to the path.
2. H has the same value at all points of the path where H is tangential.

The Biot-Savart law can be used to aid in selecting a path which meets the above conditions. In most cases
a proper path will be evident.

EXAMPLE 3. Use Ampere’s law to obtain H due to an infinitely long, straight filament of current /.
The Biot-Savart law shows that at each point of the circle in Fig. 10-2 H is tangential and of the same
magnitude. Then

j[H dl=HQnrr)=1
so that

10.4 Relationship of J and H

In view of Ampere’s law, the defining equation for (curl H) (see Section 5.10) may be rewritten as

(curlH)-a, = lim Ly =J
Ay Az—0 Ay Az

X

where J = dI /dS is the area density of x-directed current. Thus, the x components of curl H and the current
density J are equal at any point. Similarly for the y and z components, so that
VXH=]

This is one of Maxwell’s equations for static fields. If H is known throughout a region, then V X H will produce
J for that region.

EXAMPLE 4. A long, straight conductor cross section with radius a has a magnetic field strength H = (Ir/27a?)a 0
within the conductor (r < a) and H = (I/2xr)a 0 for r > a. Find J in both regions.

Within the conductor,
o ( Ir 19 Ir? I
J=VXH=—— a, +—— a,=—a
0z (Znazj ror (277:(12) © ot
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which corresponds to a current of magnitude 7 in the +z direction which is distributed uniformly over the
cross-sectional area ma?.
Outside the conductor,

a( I 1d
XH=— + -
1=v az(an]a’ rar( ]az 0

10.5 Magnetic Flux Density B

Like D, the magnetic field strength H depends only on (moving) charges and is independent of the medium.
The force field associated with H is the magnetic flux density B, which is given by

B=uH
where u = pp is the permeability of the medium. The unit of B is the tesla,

szll
A-m

The free-space permeability £, has a numerical value of 47 X 1077 and has the units henries per meter, H/m; 11 ,
the relative permeability of the medium, is a pure number very near unity, except for a small group of ferromag-
netic materials, which will be treated in Chapter 12.

Magnetic flux, @, through a surface is defined as

<I)=/ B-dS
s

The sign on ® may be positive or negative depending upon the choice of the surface normal in dS. The unit of
magnetic flux is the weber, Wb. The various magnetic units are related by

1 T=1Wb/m? 1H=1Wb/A

EXAMPLE 5. Find the flux crossing the portion of the plane ¢ = 7/4 defined by 0.01 < r < 0.05 m and
0 <z <2m(see Fig. 10-4). A current filament of 2.50 A along the z axis is in the a_direction.

Fig. 10-4

B ==l

r
dS—drdza
005
b= // a -drdza
001 2ﬂr o1 @rdta,
:2,110 ln0.05
21 0.01

=161X10"°*Wb or 1.61uWb
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It should be observed that the lines of magnetic flux @ are closed curves, with no starting point or termination
point. This is in contrast with electric flux ¥, which originates on positive charge and terminates on negative charge.
In Fig. 10-5 all of the magnetic flux @ that enters the closed surface must leave the surface. Thus, B fields have no
sources or sinks, which is mathematically expressed by

V-B=0
(see Section 5.5).

Fig. 10-5

10.6 Boundary Relations for Magnetic Fields

When H and B are examined at the interface between two different materials, abrupt changes can be expected,
similar to those noted in E and D at the interface between two different dielectrics (see Section 8.7).

In Fig. 10-6 an interface is shown separating material /, with properties o, and y ,, from 2, with o, and u_,.
The behavior of B can be determined by use of a small right circular cylinder positioned across the interface as
shown. Since magnetic flux lines are continuous,

fB-ds=/ Bl-dSIJr/ B-dS+/ B, dS, =0
end / cyl end 2

Now if the two planes are allowed to approach one another, keeping the interface between them, the area of the
curved surface will approach zero, giving

/endl B, - dS, +/md2B2-dSZ=0

or _Bn1/end] dS, + B, /endz dS, =0

from which

Fig. 10-6
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In words, the normal component of B is continuous across an interface. Note that either normal to the inter-
face may be used in calculating B, and B, ,.

The variation in H across an interface is obtained by the application of Ampere’s law around a closed rec-
tangular path, as shown in Fig. 10-7. Assuming no current at the interface, and letting the rectangle shrink to zero
in the usual way,

whence H,=H,

Thus, tangential H has the same projection along the two sides of the rectangle. Since the rectangle can be
rotated 90° and the argument repeated, it follows that

Hzl = Hz2

In words, the tangential component of H is continuous across a current-free interface.
The relation

tan6, _ U,
tan6, u,

between the angles made by H, and H, with a current-free interface (see Fig. 10-7) is obtained by analogy with
Example 6, Section 8.7.

Fig. 10-7

10.7 Current Sheet at the Boundary

If one material at the interface has a nonzero conductivity, a current may be present. This could be a current
throughout the material; however, of more interest is the case of a current sheet at the interface.

Fig. 10-8 shows a uniform current sheet. In the indicated coordinate system, the current sheet has density
K = K,a and is located at the interface x = 0 between regions / and 2. The magnetic field H’ produced by
this current sheet is given by Example 2, Section 10.2,

1 1 1 1
H =—KXa, =—K,a, H,=—KXa,=—K,(—a,)
1 ) nl ) 04z 2 ) n2 ) 0 z
Thus, H” has a tangential discontinuity of magnitude |KO | at the interface. If a second magnetic field, H”,
arising from some other source, is present, its tangential component will be continuous at the interface. The
resultant magnetic field,
H=H +H”

will then have a discontinuity of magnitude | K, |in its tangential component. This is expressed by the vector formula

H, —H) Xa ,=K

12
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Fig. 10-8

where a |, is the unit normal from region / to region 2. The vector relation, which is independent of the choice
of coordinate system, also holds for a nonuniform current sheet, where K is the value of the current density at
the considered point of the interface.

10.8 Summary of Boundary Conditions

For reference purposes, the relationships for E and D across the interface of two dielectrics are shown below
along with the relationships for H and B.

Magnetic Fields Electric Fields
B —B { D, =D,, (charge-free)
T2 D, —D,)-a,,=—p, (withsurface charge)
{ H, =H,, (current-free) E -k
H,-H,)Xa,, =K (with current sheet) e
M =K (current-free) M =& (charge-free)
tan6, U, tan6, €,

These relationships were obtained assuming static conditions. However, in Chapter 14 they will be found to
apply equally well to time-variable fields.

10.9 Vector Magnetic Potential A

Electric field intensity E was first obtained from known charge configurations. Later, electric potential V was
developed and it was found that E could be obtained as the negative gradient of V,i.e., E = —VV. Laplace’s
equation provided a method of obtaining V from known potentials on the boundary conductors. Similarly, a vec-
tor magnetic potential, A, defined such that

VXA=B

serves as an intermediate quantity, from which B, and hence H, can be calculated. Note that the definition of
A is consistent with the requirement that V + B = 0. The units of A are Wb/m or T * m.
If the additional condition
V-A=0

is imposed, then vector magnetic potential A can be determined from the known currents in the region of interest.
For the three standard current configurations the expressions are as follows.
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current filament: A= pl dl
4R
sheet current: A= / uK 4§
S 4mR
volume current: A= [ My
v 47R

Here, R is the distance from the current element to the point at which the vector magnetic potential is being
calculated. Like the analogous integral for the electric potential (see Section 6.5), the above expressions for A
presuppose a zero level at infinity; they cannot be applied if the current distribution itself extends to infinity.

EXAMPLE 6. Investigate the vector magnetic potential for the infinite, straight, current filament / in free space.
In Fig. 10-9 the current filament is along the z axis and the observation point is (x, y, z). The particular
current element
Idl=1Idla,

at / = 0 is shown, where / is the running variable along the z axis. It is clear that the integral

A= uoldfa

—w 47TR °

does not exist, since, when / is large, R = (. This is a case of a current distribution that extends to infinity.
It is possible, however, to consider the differential vector potential

dA =l dt a,
47R

and to obtain from it the differential B. Thus, for the particular current element at / = 0,

dA = 2u012d€ 202 A
da(x”+y +2z7) :
- _ Mol at -y X
d dB=V XdA = a_+ a
an 4 (x2+y2+z3)3/2 x (x2+y2 A

This result agrees with that for dH = (1/4,) d B given by the Biot-Savart law.
For a way of defining A for the infinite current filament, see Problem 10.20.

—>
.
<v

10.10 Stokes’ Theorem

Consider an open surface S whose boundary is a closed curve C. Stokes’ theorem states that the integral of the
tangential component of a vector field F around C is equal to the integral of the normal component of curl F

over S:
jl(F-dl=/ (VXF)-dS
S
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If F is chosen to be the vector magnetic potential A, Stokes’ theorem gives

j(A-dl=/ B-dS=®
S

SOLVED PROBLEMS

10.1.

10.2.

Find H at the center of a square current loop of side L.

Choose a Cartesian coordinate system such that the loop is located as shown in Fig. 10-10. By symmetry, each
half-side contributes the same amount to H at the center. For the half-side 0 = x = L/2,y = —L/2, the Biot-Savart
law gives for the field at the origin

_(Idxa,)X[—xa, +(L/2)a]
C 4n 2P

_ Idx(L/2)a,

dm[x® + (L2

Therefore, the total field at the origin is

L2
Heg / Idx(L/2)a,

o Am[x*+L12HP?
221 . 221
L

Z ﬂ:L a}‘l

where a, is the unit normal to the plane of the loop as given by the usual right-hand rule.

AY
L/2
f)
» X
—L/2 L/2
R
T
—L/2 x
Fig. 10-10

A current filament of 5.0 A in the a direction is parallel to the y axis at x = 2 m,z = —2 m (Fig. 10-11).
Find H at the origin.

am=="

Fig. 10-11
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10.3.

10.4.

The expression for H due to a straight current filament applies,

1
H=——a
2nr ¢
where r = 2V/2 and (use the right-hand rule)
a = a, t+a,
NG
. + +
Thus, H=—20 [t oy Beta |,y
2122\ 2 NG)
A current sheet, K = 10aZ A/m, lies in the x = 5 m plane and a second sheet, K = — IOaz A/m,is at

x = — 5m. Find H at all points.

In Fig. 10-12 it is apparent that at any point between the sheets, K X a, = —Ka, for each sheet. Then, for
—5<x<5H-= 10(—ay) A/m. Elsewhere, H = 0.

z K=10a,
a
Y —
| L
3 [0 X
K=-10a,
:}—}an /
Fig. 10-12

A thin cylindrical conductor of radius «, infinite in length, carries a current /. Find H at all points
using Ampere’s law.

The Biot-Savart law shows that H has only a ¢ component. Furthermore, H p is a function of r only. Proper paths
for Ampere’s law are concentric circles. For path / shown in Fig. 10-13,

j(H'dl = 2717rH¢=Ienc =0
and for path 2,
%H'd122m’H¢:I

Thus, for points within the cylindrical conducting shell, H = 0, and for external points, H = (1/ 27rr)a¢, the same
field as that of a current filament / along the axis.

Fig. 10-13
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10.5. Determine H for a solid cylindrical conductor of radius a, where the current / is uniformly distributed
over the cross section.

Applying Ampere’s law to contour / in Fig. 10-14,

fH-dI=1enc

2
HQrr) =1 (’"2]

Ta
Ir

For external points, H = (I/2xr) a "

Fig. 10-14

10.6. In the region 0 < r < 0.5 m, in cylindrical coordinates, the current density is
J=45¢"%a (A/m?)
and J = 0 elsewhere. Use Ampere’s law to find H.

Because the current density is symmetrical about the origin, a circular path may be used in Ampere’s law, with

the enclosed current given by j( J +dS. Thus, for r < 0.5 m,

2 r
— —2r
H¢(277:r)—/0 /0 45e “'rdrd¢d
1125
r

H (1—e " —2re*a, (A/m)

For any r = 0.5 m, the enclosed current is the same, 0.5947 A. Then,

H¢(2ﬂr)=0.594ﬂ,’ or H=@a¢ (A /m)
r

10.7. Find H on the axis of a circular current loop of radius a. Specialize the result to the center of the loop.
For the point shown in Fig. 10-15,
R=—aa, +ha,

(ladga,) X (—aa, +ha,) (lad¢)(aa, + ha,)
am(a® + h*)? ar(a® + h*)"?

dH=

Inspection shows that diametrically opposite current elements produce r components which cancel each other.
Then,

H_/z” la* do a — la* a
0 @+ 2@ Ry e

Ath=0,H= (I/2a)a,.
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Fig. 10-15

10.8. A current sheet, K = 6.OaX A/m, lies in the z = O plane and a current filament is located aty = 0,z = 4 m,
as shown in Fig. 10-16. Determine / and its direction if H = 0 at (0,0, 1.5) m.

K=60a,
Fig. 10-16

Due to the current sheet,

:lKXan :@(—a‘,)A/m
2 2 ’

For the field to vanish at (0,0, 1.5) m, | H | due to the filament must be 3.0 A/m.

1

2mr
30= I
27(2.5)
I1=471A

To cancel the H from the sheet, this current must be in the a, direction, as shown in Fig. 10-16.

10.9. Calculate the curl of H in Cartesian coordinates due to a current filament along the z axis with current
I'in the a_direction.

From Example 1,

2™ | 2 y?
and so
aA aV aZ
ER ]
VXH=| ox dy 0z
—y X 0

x2 +y2 x2+y2

I x Jd( —y
VxH=|— -2
_ax(xz +y2] ay[xz +y2J:|az

=0

except at x = y = 0. This is consistent with V. X H = J.
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10.10. A circular conductor of radius , = 1 cm has an internal field

10°( 1
H =—[— sin ar — ~ cos arj a; (A/m)
a

r a2

where a = 7/2r,. Find the total current in the conductor.

There are two methods: (1) to calculate J = V X H and then integrate; (2) to use Ampére’s law. The second is

simpler here.
21 104 2 2
10" (4ry . @ 2r Vg
o=, B~ | ro(nfsmz‘,f“’szj’ow

_8X10%g _ 8
T T
10.11. A radial field
39x10°
H=Mcosq)ar A/m

exists in free space. Find the magnetic flux @ crossing the surface defined by — /4 = ¢ = 7/4,
0 = z=1m. See Fig. 10-17.

B=uH= 300 cosga, (T)
r

1,4
q;:/ / (3'00 cos¢)ar-rd¢dza,
0 -mia\_ r

=424 Wb

Fig. 10-17

Since B is inversely proportional to r (as required by V « B = 0), it makes no difference what radial distance is
chosen. The total flux will be the same.

10.12. In cylindrical coordinates, B = (2.0/r)a 0 (T). Determine the magnetic flux ® crossing the plane
surface defined by 0.5 =r=25mand 0 = z = 2.0 m. See Fig. 10-18.

®d= /[ B-dS
20 /25

= ~—a,-drdza
/0 05 p Ce"Ardza,
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Fig. 10-18

10.13. Inregion / of Fig. 10-19,B, = 1.2a_+ O.Say +04a_(T).Find H, (i.e., Hat z = + 0) and the angles
between the field vectors and a tangent to the interface.

@ 'urz = 1
O
7.
@ i’ _
91 'ur1 =15
Fig. 10-19

Write H, directly below B,. Then write those components of H, and B, which follow directly from the two rules:
B normal is continuous and H tangential is continuous across a current-free interface.

B, =12a,+08a, +04a, (T)
1 _
H, =— (80a, +5.33a, +2.67a,)10 > (A/m)
Ho

1 _
H, = ™ (8.0a, +533a, +10° 1 H ,a )10 > (A/m)
0

B, =B,a, +Bpa, +04a, (T)
Now the remaining terms follow directly:

B 04 (A/m)

B, =l H,=80Xx107(T) B,=533x10°(T) H,=
HoHyy  Ho

Angle 6, is 90° — «, where @ is the angle between B, and the normal, a.

B, -a,
B |

whence ¢, = 74.5° and 6, = 15.5°. Similarly, 6, = 76.5°.
Check: (tan 6))/(tan 6,) = 1 /1L, .

cos o = =0.27

10.14. Region /, for which u | = 3, is defined by x < 0 and region 2,x > 0, has i , = 5. Given
H, =40a + 3.an — 6.0a_ (A/m)
show that 02 =19.7°and H, = 7.12 A/m.
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Proceed as in Problem 10.13.

H =40a +30a — 6.0a, (A/m)
B, = u,(12.0a,+ 9.0a — 18.0a) (T)
B, = u,(12.0a, + 15.0a, — 30.0a) ()
H, = 2.40a, + 3.0, — 6.0a, (A/m)

Now Hy =+(240)° + (3.0 + (=60 =7.12 A/m

The angle «, between H, and the normal is given by

cos a, = % =034 or «a,=703
2

Then 6, = 90° — &, = 19.7°.

10.15. Region I, where it | = 4, is the side of the plane y + z = 1 containing the origin (see Fig. 10-20).
Inregion2,u ,=6.B, =20a + l.an (T). Find B, and H,.

/van
®

'urz

o} @ =\

'urﬂ =4
Fig. 10-20

<wv |

Choosing the unit normal a, = (ay + az)/\/i,
B :(2.0ax+1.an)-(ay+az):L
" % 7

B, =B, —B, =20a, +05a, —0.5a,
1
H,=—(0.5a, +0.125a, —0.125a,) =H,,

0
B,, = uott,, H,, =3.0a, 0.75a, —0.75a,

Now the normal and tangential parts of B, are combined.
B, =3.0a, +1.25a,—-025a, (T)

H, = (0.50a, +021a, —0.04a,) (A/m)
Ho

10.16. Inregion /, defined by z <0, , = 3 and

H = L (0.2a, +0.Say —10a)) (A/m)
Ho
Find H, if it is known that 8, = 45°.

H .
"3 088 or o« =283

cos oy = H,|
1
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10.17.

10.18.

Then, 6, = 61.7° and

tan 61.7° _ u,,
tan 45° 3

or U,,=557

From the continuity of the normal component of B, u, | H_, = 1 ,H_,, and so

r2"7z2°

H, = I[O.Zax +0.5a, + 1 I.Oaz] L (02a,+05a, +0.54a,) (A/m)
Ho 3 Ho ’

A current sheet, K = 6.5:41Z A/m, at x = 0 separates region /,x < 0, where H, = Ian A/m and region
2,x>0.Find H, atx = +0.

Nothing is said about the permeabilities of the two regions; however, since H, is entirely tangential, a change in
permeability would have no effect. Since B,; = 0, B, , = 0 and therefore H , = 0,

H,-H)xa =K
(10a, — H ,a) X a = 6.5a,
(10 - H,)(~a) = 6.5a,
H,, = 16.5 (A/m)

Thus, H, = 16.5a (A/m).

A current sheet, K = 9.0av A/m, is located at z = 0, the interface between region /,z <0, with u | = 4,
and region 2,z >0, , = 3. Given that H, = 14.5a_+ S.OaZ (A/m), find H,.

The current sheet shown in Fig. 10-21 is first examined alone.
, 1
H = 5 (90)a, X(-a,)=4.5(-a,)

H, = % (90)a, Xa, =45a,

@ K=9.0a,

Fig. 10-21

From region / to region 2, H_will increase by 9.0 A/m due to the current sheet.
Now the complete H and B fields are examined:
H, = 145a_+ 8.0a, (A/m)
B, = u,(43.5a, + 24.0a) (T
B, = u,(22.0a_+ 24.0a) (T)
H, =55a + 60a, (A/m)
Note that H | must be 9.0 A/m less than H_ , because of the current sheet. B is obtained as g i H ;.
An alternate method is to apply (H, — H,) X a,, = K:

(Hja,+Hja +Ha)Xa =K+ (l45a + 80a) X a,
—H a +H a = —55a
x1 %y y1%x y

from which H | = 5.5 A/m and H ; = 0. This method deals exclusively with tangential H; any normal component
must be determined by the previous methods.
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10.19. Region 1,z <0, has u , = 1.5, while region 2,z > 0, has u_, = 5. Near (0,0, 0),

B, =240a_+ 100a_(T) B, =25.75a,— 17.7a + 10.0a_(T)

If the interface carries a sheet current, what is its density at the origin?

Near the origin,

H=—B,="L(60a,+ 6.67a.) (A/m)
Hollyy Ho

H, = L (5.15a, —3.54a,+20a,) (A/m)
Ho ’

Then the local value of K is given by

K=(H, ~H,)Xa,, = (-355a, +354a, +467a )Xa =5’0[ax+ay] (A/m)
1 2 nl2 1o - X . y . z 4 Uy \/5

10.20. Obtain the vector magnetic potential A in the region surrounding an infinitely long, straight,
filamentary current /.

As shown in Example 6, the direct expression for A as an integral cannot be used. However, the relation

VXA:B:LOI%
nr

may be treated as a vector differential equation for A. Since B possesses only a ¢ component, only the ¢ component
of the cylindrical curl is needed.

o, _ oA, _ ol
dz or 2mr

It is evident that A cannot be a function of z, since the filament is uniform with z. Then

_dA. _ Bl or AZ:—'u—Ollnr—FC
dr 2mr 2

The constant of integration permits the location of a zero reference. With A, = 0 at r = r,, the expression becomes

A='u—01 lnrl a,
2r r

10.21. Obtain the vector magnetic potential A for the current sheet of Example 2.

Forz >0,
VXA=B= M a,
2
whence ai — aﬂ = M
dy oz 2

As A must be independent of x and y,

dAv MoK HoK

-2 = or =-— 2%
dz 2 ) y BT

Thus, for z > 0,

K
A:—#OT(z—zo)ay:—%)(z—zO)K

For z < 0, change the sign of the above expression.
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10.22. Using the vector magnetic potential found in Problem 10.21, find the magnetic flux crossing the
rectangular area shown in Fig. 10-22.

0,2,2)

0,0,2) <t
v___
0,0,1) < 0,2,1)

= y
& i’
X
Fig. 10-22

Let the zero reference be at z, = 2, so that

In the line integral

A is perpendicular to the contour on two sides and vanishes on the third (z = 2). Thus,
y=2 U, 2
= A-dl:—7°(1—2)/ K dy=p,K
0

y=0

Note how the choice of zero reference simplified the computation. By Stokes’ theorem it is V X A, and not A itself,
that determines @; hence the zero reference may be chosen at pleasure.

SUPPLEMENTARY PROBLEMS

10.23. Show that the magnetic field due to the finite current element shown in Fig. 10-23 is given by

1
H=—(ing, —sina,)a
4nr ! 2750

Fig. 10-23
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10.24. Obtain dH at a general point (r, 0, @) in spherical coordinates, due to a differential current element / dI at the
origin in the positive z direction.

10.25. Currents in the inner and outer conductors of Fig. 10-24 are uniformly distributed. Use Ampére’s law to show that
forb=r=c,

I (-7
H=—- a
2m[c2b2j ¢

Fig. 10-24

10.26. Two identical circular current loops of radius » = 3 m and I = 20 A are in parallel planes, separated on their
common axis by 10m. Find H at a point midway between the two loops.

10.27. A current filament of 10 A in the +y direction lies along the y axis, and a current sheet, K = 2.0a_A/m, is located
at z = 4 m. Determine H at the point (2, 2, 2) m.
10.28. A cylindrical conductor of radius 1072 m has an internal magnetic field

2
r

H=477x10%)| L-—"
( )[2 3x1077

Ja(p (A/m)

What is the total current in the conductor?

10.29. In cylindrical coordinates, J = 103(cos? 2r)a_ in a certain region. Obtain H from this current density and then
take the curl of H and compare with J.

10.30. In Cartesian coordinates, a constant current density, J = Jja,, exists in the region —a = z = a. See Fig. 10-25.
Use Ampere’s law to find H in all regions. Obtain the curl of H and compare with J.

—a

Fig. 10-25
10.31. Compute the total magnetic flux @ crossing the z = 0 plane in cylindrical coordinates for r < 5 X 1072 m if

=22 (sin® ), (T)
r
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10.32.

10.33.

10.34.

10.35.

10.36.

10.37.

10.38.

10.39.

10.40.

10.41.

10.42.

10.43.

10.44.

Given that
B= 2.50(sin ’;"j e Pa, (T)

find the total magnetic flux crossing the stripz =0,y =0,0 =x =2 m.

A coaxial conductor with an inner conductor of radius a and an outer conductor of inner and outer radii » and ¢,
respectively, carries current / in the inner conductor. Find the magnetic flux per unit length crossing a plane
¢ = const. between the conductors.

Region I, where p1, = 5, is on the side of the plane 6x + 4y + 3z = 12 that includes the origin. In region 2, 1 , = 3.
Given

H =1 (30a, - 05a,) (A/m)
Ho

find B, and 6,.

The interface between two different regions is normal to one of the three Cartesian axes. If
B, = p,(43.5a + 240a) B, = 1,(22.0a + 24.0a)

what is the ratio (tan 6,)/(tan 8,)?

Inside a right circular cylinder, i, = 1000. The exterior is free space. If B, = 2.5a » (D inside the cylinder,
determine B, just outside.

In spherical coordinates, region / is r < a, region 2 is a < r < b and region 3 is r > b. Regions / and 3 are free
space, while 4, = 500. Given B, = 0.20a, (T), find H in each region.

A current sheet, K = (8.0/1)a (A/m), at x = 0 separates region /,x <0 and g, = 3, from region 2, x > 0 and
W, = 1.GivenH, = (10.0/;10)(ay +a) (A/m), find H,.

The x = 0 plane contains a current sheet of density K which separates region /,x <0 and y,, = 2, from region 2,
x<0Oandu,,="7.Given

B, =60a +40a +100a (T)  B,=60a —5096a + 896a (T)
find K.

One uniform current sheet, K = Koay, is at z = b > 2 and another, K = KO(—av), is at z = —b. Find the magnetic
flux crossing the area defined by x = const., =2 = x = 2,0 = y = L. Assume free space.

Use the vector magnetic potential from Problem 10.20 to obtain the flux crossing the rectangle ¢ = const.,

r,=r=r,0=_z=1L,due to acurrent filament / on the z axis.

1
Given that the vector magnetic potential within a cylindrical conductor of radius a is

2
__ Melr
A= 47a* A

find the corresponding H.

One uniform current sheet, K = K (—a), is located at x = 0 and another, K = Kja_, is at x = a. Find the vector
magnetic potential between the sheets.

Between the current sheets of Problem 10.43 a portion of a z = const. plane is definedby 0 = x =band0 =y =a.

Find the flux ® crossing this portion, both from / B - dS and from j[ A-dL
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ANSWERS TO SUPPLEMENTARY PROBLEMS

10.24.

10.26.

10.27.

10.28.

10.29.

10.30.

10.31.

10.32.

10.33.

10.34.

10.35.

10.36.

10.37.

10.38.

10.39.

10.40.

10.41.

10.42.

10.43.

10.44.

1d(sin@ a
anr? ¢

0.908a, A/m

0.398a, + 1.0a, — 0.398a_A/m

50A

H=10°| 7+ sin 4r +cos4r_i a,
4 8 32r  32r

Joaa, z>a
H=<Jyza, —a=z=a

—Jpaa, z<-—a
cul H=]J

3.14 X 1072 Wb

1.59 Wb

Mol b
27 n

12.15a_+ 0.60a  + 1.58a_(T), 56.6°

0.506
2.5, (mT)
-4
0.20 (A/m). 4 %10 (A/m). 0.20 (A/m)
Ho Ho Ho

L 100a,+20a) (A/m)

Ho
1 (3.72a,-928a,) (A/m)
Ho
4uK,L
:uOIL In ’;O
2t f
uH = curl A

(U Kyx + C)ay

abpyK,

Magnetic Field and Bouncdary Conditions



Forces and Torques in
Magnetic Fields

11.1 Magnetic Force on Particles

A charged particle in motion in a magnetic field experiences a force at right angles to its velocity, with a mag-
nitude proportional to the charge, the velocity, and the magnetic flux density. The complete expression is given
by the cross product

F=QUXB

Therefore, the direction of a particle in motion can be changed by a magnetic field. The magnitude of the veloc-
ity, U, and consequently the kinetic energy, will remain the same. This is in contrast to an electric field, where
the force F = QE does work on the particle and therefore changes its kinetic energy.

If the field B is uniform throughout a region and the particle has an initial velocity normal to the field,
the path of the particle is a circle of a certain radius r. The force of the field is of magnitude F = | Q| UB and
is directed toward the center of the circle. The centripetal acceleration is of magnitude @?r = U?/r. Then, by
Newton’s second law,

U? mU
B=m — =~
|Q|U m r or r |Q|B

Observe that r is a measure of the particle’s linear momentum, mU.

EXAMPLE 1. Find the force on a particle of mass 1.70 X 1072 kg and charge 1.60 X 10~!° C if it enters a field
B = 5 mT with an initial speed of 83.5 km/s.

Unless directions are known for B and U,, the particle’s initial velocity, the force cannot be calculated.
Assuming that U, and B are perpendicular, as shown in Fig. 11-1,

F=|Q|uB
=(1.60X107)(83.5x10%) (5 X107 %)
=6.68x10"" N
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X XIX X
X X X
X X X X

(B into page)
Fig. 11-1

EXAMPLE 2. For the particle of Example 1, find the radius of the circular path and the time required for one
revolution.

L mU _ (170 X107*)(83.5 X 10%) _
|0|B  (1.60%x107%)(5X107%)

0.177 m

2nr
T=—=133us
U H

11.2 Electric and Magnetic Fields Combined

When both fields are present in a region at the same time, the force on a particle is given by
F=QE + U X B)

This Lorentz force, together with the initial conditions, determines the path of the particle.

EXAMPLE 3. In a certain region surrounding the origin of coordinates, B = 5.0 X 10_437, TandE =50a_V/m.
A proton (Q, = 1.602 X 1071 C, m, = 1.673 X 10~?’kg) enters the fields at the origin with an initial velocity
U, = 2.5 X 10°a_m/s. Describe the proton’s motion and give its position after three complete revolutions.
The initial force on the particle is
F, = QE + U, X B) = Q (Ea_— UjBa))

The z component (electric component) of the force is constant and produces a constant acceleration in the z
direction. Thus, the equation of motion in the z direction is

E
L[ QF )
2 2

n,

The other (magnetic) component, which changes into —QpUBar, produces circular motion perpendicular to the
z axis, with period
7= 27r _ 21m,
U Q,B

The resultant motion is helical, as shown in Fig. 11-2.

Fig. 11-2
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After three revolutions, x = y = 0 and

11.3 Magnetic Force on a Current Element

A frequently encountered situation is that of a current-carrying conductor in an external magnetic field. Since
I = dQ/dt, the differential force equation may be written

dF =dQU X B) = (Idt)(U X B) =I1(dl X B)

where dI = U dt is the elementary length in the direction of the conventional current /. If the conductor is
straight and the field is constant along it, the differential force may be integrated to give

F=1ILBsin 6

The magnetic force is actually exerted on the electrons that make up the current /. However, since the electrons
are confined to the conductor, the force is effectively transferred to the heavy lattice; this transferred force can
do work on the conductor as a whole. While this fact provides a reasonable introduction to the behavior of cur-
rent-carrying conductors in electric machines, certain essential considerations have been omitted. No mention
was made, nor will be made in Section 11.4, of the current source and the energy that would be required
to maintain a constant current /. Faraday’s law of induction (Section 13.3) was not applied. In electric machine
theory the result will be modified by these considerations. Conductors in motion in magnetic fields are treated
again in Chapter 13; see particularly Problems 13.10 and 13.13.

EXAMPLE 4.  Find the force on a straight conductor of length 0.30 m carrying a current of 5.0 A in the —a_direc-
tion, where the field is B = 3.50 X 10~%(a_— a)T.

F=I(LXB)
= (5.0)[(0.30) (—a,) X 3.50 X 10 (a, —a,)]

—a, —a,
=742%1073 (#jN

NG

The force, of magnitude 7.42 mN, is at right angles to both the field B and the current direction, as shown in
Fig. 11-3.

.

/

ol
P, ,
e

Fig. 11-3

11.4 Work and Power

The magnetic forces on the charged particles and current-carrying conductors examined above result from the
field. To counter these forces and establish equilibrium, equal and opposite forces, F , would have to be applied.
If motion occurs, the work done on the system by the outside agent applying the force is given by the integral

final 1
W= / F,-dl
initial 1
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A positive result from the integration indicates that work was done by the agent on the system to move the par-
ticles or conductor from the initial to the final location and against the field. Because the magnetic force, and
hence F , is generally nonconservative, the entire path of integration joining the initial and final locations of the
conductor must be specified.

EXAMPLE 5. Find the work and power required to move the conductor shown in Fig. 11-4 one full revolution
in the direction shown in 0.02 s, if B = 2.50 X 10’3ar T and the current is 45.0 A.

F=1(0XB)=1.13x 107%,N
andsoF, = —1.13 X 10‘2a¢N.
W= [F,-dl

2

=/, (CL13x 10%)a, - rdga,
=—2.13x107%J

and P = W/t = —0.107 W.

X r=0.03m
Fig. 11-4

The negative sign means that work is done by the magnetic field in moving the conductor in the direction shown.
For motion in the opposite direction, the reversed limits will provide the change of sign, and no attempt to place
asignonr d¢a¢ should be made.

11.5 Torque

The moment of a force or torque about a specified point is the cross product of the lever arm about that point
and the force. The lever arm, r, is directed from the point about which the torque is to be obtained to the point
of application of the force. In Fig. 11-5 the force at P has a torque about O given by

T=rXF

where T has the units N + m. (The units N - m/rad have been suggested, in order to distinguish torque from energy.)

Fig. 11-5
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In Fig. 11-5, T lies along an axis (in the xy plane) through O. If P were joined to O by a rigid rod freely pivoted
at O, then the applied force would tend to rotate P about that axis. The torque T would then be said to be about
the axis, rather than about point O.

EXAMPLE 6. A conductor located at x = 04 m,y = 0 and 0 < z < 2.0 m carries a current of 5.0 Ain the a,
direction. Along the length of the conductor B = 2.5a_T. Find the torque about the z axis.

F = (L X B) = 50(2.0a_X 25a) = 250a N
T=rXF=04a X250a = 100a N-m

11.6 Magnetic Moment of a Planar Coil

Consider the single-turn coil in the z = 0 plane shown in Fig. 11-6, of width w in the x direction and length
¢ along y. The field B is uniform and in the +x direction. Only the

Fig. 11-6

*y -directed currents give rise to forces. For the side on the left,
F=1I(la X Ba )= —Bl(a,
and for the side on the right,
F = Bl (a,

The torque about the y axis from the left current element requires a lever arm r = —(w/2)a ; the sign will change
for the lever arm of the right current element. The torque from both elements is

w w
T= (_Tj a, X(—Bl/l)a, + (7J a, X Blla,=Bllw (—ay) = BIA(—ay)

where A is the area of the coil. It can be shown that this expression for the torque holds for a flat coil of arbi-
trary shape (and for any axis parallel to the y axis).

The magnetic moment m of a planar current loop is defined as JAa , where the unit normal a, is determined
by the right-hand rule. (The right thumb gives the direction of a, when the fingers point in the direction of the
current.) It is seen that the torque on a planar coil is related to the applied field by

T=mXB
This concept of magnetic moment is essential to an understanding of the behavior of orbiting charged particles.

For example, a positive charge Q moving in a circular orbit at a velocity U, or an angular velocity , is equiv-
alent to a current / = (w/2m)Q, and so gives rise to a magnetic moment

w
m=—QAa
27rQ "
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as shown in Fig. 11-7. More important to the present discussion is that in the presence of a magnetic field B there
will be a torque T = m X B which tends to turn the current loop until m and B are in the same direction, in which
orientation the torque will be zero.

SOLVED PROBLEMS

11.1. A conductor 4 m long lies along the y axis with a current of 10.0 A in the a_ direction. Find the force
on the conductor if the field in the region is B = 0.05a T. '

F=ILXB=100(4a X 005a) = —20a N

11.2. A conductor of length 2.5 m located at z = 0, x = 4 m carries a current of 12.0 A in the —a,
direction. Find the uniform B in the region if the force on the conductor is 1.20 X 1072 N in the
direction (—a_+ az)/\/z.

FromF =L X B,

a, a, a,
, (~a, +a. ' } '
(120 X 10 2)[2'\752‘«)— 0 —(120)25) 0|=-30B.a,+30B,a,
B, B, B.
4x107*
whence B =B, =—F—T
4 X \/5

The y component of B may have any value.

11.3. A current strip 2 cm wide carries a current of 15.0 A in the a_direction, as shown in Fig. 11-8. Find the
force on the strip per unit length if the uniform field is B = 0.203), T.

E TS
A /'B o

Fig. 11-8

In the expression for dF, I d1 may be replaced by K 4dS.

dF = (K dS)X B
150
= 229 i dy 020)a.
[0.02] wdy(0.20)a,
0.01 L
F=/ / 150.0 dx dya.
-001./ 0 ©

~=

=3.0a,N/m
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114.

11.5.

Find the forces per unit length on two long, straight, parallel conductors if each carries a current of
10.0 A in the same direction and the separation distance is 0.20 m.

Consider the arrangement in Cartesian coordinates shown in Fig. 11-9. The conductor on the left creates a field
whose magnitude at the right-hand conductor is

=7
g Mol _ (41x107)100) _ s
27 27(0.20)

T

z

\\B

| X

(L?/ J j 0.10

Fig. 11-9

-0.1

and whose direction is —a_. Then the force on the right conductor is

F=Ila X B(-a)=ILB(-a)

F _
and —=10"*(-a,)N/m
I :
An equal but opposite force acts on the left-hand conductor. The force is seen to be one of attraction. Two parallel

conductors carrying current in the same direction will have forces tending to pull them together.

A conductor carries current / parallel to a current strip of density K, and width w, as shown in
Fig. 11-10. Find an expression for the force per unit length on the conductor. What is the result
when the width w approaches infinity?

Fig. 11-10

From Problem 114, the filament K dx shown in Fig. 11-10 exerts an attractive force

9 _ Iga, = 1Ko dD)
L r

on the conductor. Adding to this the force due to the similar filament at —x, the components in the x direction
cancel, giving a resultant

dF Uo(Kydx) ([, h UoIKoh  dx
R o VSl R DA PN Y (e _
L 2rr r (-a;) T W+ 2 (-a,)
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Integrating over the half-width of the strip,

F _ uyIKh /W/Z dx UpIK, w
—=—("a, =|———arctan— |(—a
L T (-a.) o h+x3 n 2h (-a.)

The force is one of attraction, as expected.

As the strip width approaches infinity, F/L — (u, /K /2)(—a ).

Find the torque about the y axis for the two conductors of length 7, separated by a fixed distance w, in
the uniform field B shown in Fig. 11-11.

Fig. 11-11

The conductor on the left experiences the force
F, =1(a X Ba = Bll(—a)
the torque of which is
T, = % (—a,)XBI/(~a,)= BIZ%(—ay)
The force on the conductor on the right results in the same torque. The sum is, therefore,
T =Bllw(-a)

A D’Arsonval meter movement has a uniform radial field of B = 0.10 T and a restoring spring with a
torque 7 = 5.87 X 10736 (N - m), where the angle of rotation is in radians. The coil contains 35 turns
and measures 23 mm by 17 mm. What angle of rotation results from a coil current of 15 mA?

The shaped pole pieces shown in Fig. 11-12 result in a uniform radial field over a limited range of deflection.

Assuming that the entire coil length is in the field, the torque produced is

T = nBItw = 35(0.10)(15 X 1073) (23 X 1073) (17 X 1073
=205%X 105N+m

This coil turns until this torque equals the spring torque.

205X 1075 =587 X 107°0
6 = 0.349 rad or 20°

Fig. 11-12
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11.8.

11.9.

11.10.

11.11.

The rectangular coil in Fig. 11-13 is in a field

a +ta,
B=005—=2T

V2

Fig. 11-13

Find the torque about the z axis when the coil is in the position shown and carries a current of 5.0 A.

m=JAa, =1.60 X10 *a,

a, ta,
T=mXB=160X10"%a_ X005 >

V2
A=566x10""aN-m

If the coil turns through 45°, the direction of m will be (a_ + a ) /\V/2 and the torque will be zero.

Find the maximum torque on an 85-turn, rectangular coil, 0.2 m by 0.3 m, carrying a current of 2.0 A
inafield B=65T.

T .. = nBllw = 85(6.5)(2.0)(0.2)(0.3) = 66.3 N *m

ma

Find the maximum torque on an orbiting charged particle if the charge is 1.602 X 10~!° C, the circular
path has a radius of 0.5 X 107! m, the angular velocity is 4.0 X 10'6 rad/s,and B = 0.4 X 1073T.

The orbiting charge has a magnetic moment

4x10'
2r

m =23 QAa, = (1.602x107)7(0.5x107'%)%a, =801 x10 **a, A-m?
T

Then the maximum torque results when a, is normal to B.

T =mB=320X10""N-m

ma;

A conductor of length 4 m, with current held at 10 A in the a direction, lies along the y axis between
y = *2 m. If the field is B = 0.05a_T, find the work done in moving the conductor parallel to itself
at constant speed tox = z = 2 m.

For the entire motion,

The applied force is equal and opposite,

F, = 2.OaZ
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Because this force is constant, and therefore conservative, the conductor may be moved first along z, then in the x
direction, as shown in Fig. 11-14. Since F  is completely in the z direction, no work is done in moving along x. Then,

2
w =/ (20a,)-dza, =40]
0

Fig. 11-14

11.12. A conductor lies along the z axis at —1.5 = z = 1.5 m and carries a fixed current of 10.0 A'in the —a_
direction. See Fig. 11-15. For a field

B=30X10"e"a (T)

AZ
15
it
- . B = —— >y
2.0 U-15
Fig. 11-15

find the work and power required to move the conductor at constant speed tox = 2.0 m,y = 0 in
5 X 1073 s. Assume parallel motion along the x axis.

F=ILXB=90X10 % %2a

Then F, = —9.0 X 103 ~%%*a_and

2
w :/ (-9.0x1073 ¢ **a )-dxa,
0
=—148X107%J

The field moves the conductor, and therefore the work is negative. The power is given by

—1.48 %1072
W10 oy
t 5x%10

11.13. Find the work and power required to move the conductor shown in Fig. 11-16 one full turn in the
positive direction at a rotational frequency of N revolutions per minute, if B = Bja_(B, a positive
constant).
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Fig. 11-16

The force on the conductor is
F=ILXB=ILa XBa = BOILa¢
so that the applied force is
F, =B IL(—a,)

The conductor is to be turned in the a 0 direction. Therefore, the work required for one full revolution is

2r

W= / ByIL(—ay) rdga, =—2nrBylL
0

For a rotational frequency of N revolutions per 60 seconds, the power is

_27rByILN
60

P =

The negative signs on work and power indicate that the field does the work. The fact that work is done around a
closed path shows that the force is nonconservative in this case.

11.14. In the configuration shown in Fig. 11-16 the conductor is 100 mm long and carries a constant 5.0 A in
the a_direction. If the field is

B = —3.55sin ¢a, mT

and r = 25 mm, find the work done in moving the conductor at constant speed from ¢ = 0 to ¢ = 7,
in the direction shown. If the current direction is reversed for 7 < ¢ < 27, what is the total work
required for one full revolution?

F=ILXB=—-175X10"3sin ¢a¢ N
F,=175x 107 singa, N

T
Then w =/ 1.75 X 107" sin ga, - r dpa, =875 ul
0

If the current direction changes when the conductor is between 7 and 27, the work will be the same. The total
work is 175 u J.

11.15. Compute the centripetal force necessary to hold an electron (m, = 9.107 X 1073 kg) in a circular
orbit of radius 0.35 X 107! m with an angular velocity of 2 X 10'° rad/s.

F = m,o* = (9.107 X 1073") (2 X 1062 (035 X 10719 = 127 X 108N
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11.16. A uniform magnetic field B = 85.3a_uT exists in the region x = 0. If an electron enters this field at
the origin with a velocity U, = 450a _km/s, find the position where it exits the field. Where would a
proton with the same initial velocity exit?

m, UO

© lols

=3.00%10"%m

The electron experiences an initial force in the a_ direction and it exits the field atx = z = 0,y = 6 cm.

A proton would turn the other way. Part of the circular path is shown at P in Fig. 11-17. With m, = 1840m,,

3

P

r o =—=
nm,

» r,=55m

and the proton exits atx = z =0,y = —110 m.

Fig. 11-17

11.17. If a proton is fixed in position and an electron revolves about it in a circular path of radius
0.35 X 1079 m, what is the magnetic field at the proton?

The proton and electron are attracted by the coulomb force,
2
F -9 >
4dreyr

which furnishes the centripetal force for the circular motion. Thus,

2 2
Y 2 2_ 0O

5 m,0°r or 0 =—7
4meyr 4megm,r

Now, the electron is equivalent to a current loop / = (@/27)Q. The field at the center of such a loop is, from
Problem 10.7,

_ _ Mol _ po0Q
B=u,H=—"—="—""
Ho 2r 4rr
Substituting the value of @ found above,
_ (W/4mQ* (1077)(1.6 X107")?

B =35T

r2J47reO m,r

(0.35 X 10“’)2\/ [; X 109j(9.1 10731035 x1071%)
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SUPPLEMENTARY PROBLEMS

11.18. A current element 2 m in length lies along the y axis centered at the origin. The current is 5.0 A in the a direction.
If it experiences a force 1.50(a, + a_)/ V2 N due to a uniform field B, determine B.

11.19. A magnetic field, B = 3.5 X 10_23; T, exerts a force on a 0.30-m conductor along the x axis. If the conductor
current is 5.0 A in the —a_direction, what force must be applied to hold the conductor in position?

11.20. A current sheet, K = 30.0a  A/m, lies in the plane z = —5 m and a filamentary conductor is on the y axis with a
current of 5.0 A in the a direction. Find the force per unit length.

11.21. A conductor with current / pierces a plane current sheet K orthogonally, as shown in Fig. 11-18. Find the force
per unit length on the conductor above and below the sheet.

||~

/V ——
/////
K

Fig. 11-18

11.22. Find the force on a 2-m conductor on the z axis with a current of 5.0 A in the a direction, if
B=20a_ + 6.an T

11.23. Two infinite current sheets, each of constant density K,

Find the force per unit area on the sheets. Is the force one of repulsion or attraction?

are parallel and have their currents oppositely directed.

11.24. The circular current loop shown in Fig. 11-19 is in the plane z = h, parallel to a uniform current sheet, K = K a ,
at z = 0. Express the force on a differential length of the loop. Integrate and show that the total force is zero.

K

Fig. 11-19

11.25. Two conductors of length ¢ normal to B are shown in Fig. 11-20; they have a fixed separation w. Show that the
torque about any axis parallel to the conductors is given by BI/w cos 6.



11.26.

11.27.

11.28.

11.29.

11.30.

11.31.
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Fig. 11-20

A circular current loop of radius 7 and current / lies in the z = 0 plane. Find the torque which results if the current
is in the a - direction and there is a uniform field B = B(a, + a) 2.

A current loop of radius » = 0.35 m is centered about the x axis in the plane x = 0 and at (0, 0, 0.35) m the current is
in the —a, direction at a magnitude of 5.0 A. Find the torque if the uniform field is B = 88.4(a_ + a ) uT.

A current of 2.5 A is directed generally in the a 0 direction about a square-conducting loop centered at the origin
in the z = 0 plane with 0.60 m sides parallel to the x and y axes. Find the forces and the torque on the loop if
B = 15a), mT. Would the torque be different if the loop were rotated through 45° in the z = 0 plane?

A 200-turn, rectangular coil, 0.30 m by 0.15 m with a current of 5.0 A, is in a uniform field B = 0.2 T. Find the
magnetic moment m and the maximum torque.

Two conductors of length 4.0 m are on a cylindrical shell of radius 2.0 m centered on the z axis, as shown in
Fig. 11-21. Currents of 10.0 A are directed as shown and there is an external field B = 0.5a T at ¢ = 0 and
B = —0.5a T at ¢ = 7. Find the sum of the forces and the torque about the axis.

Fig. 11-21

A right circular cylinder contains 550 conductors on the curved surface and each has a current of constant
magnitude 7.5 A. The magnetic field is B = 38 sin ¢ a_ mT. The current direction is a_for 0 < ¢ < wand —a_for
< ¢ < 2r (Fig. 11-22). Find the mechanical power required if the cylinder turns at 1600 revolutions per minute
in the —a " direction.

A2 o™

Fig. 11-22
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11.32.

11.33.

11.34.

11.35.

11.36.

11.37.

11.38.

11.39.

11.40.

Obtain an expression for the power required to turn a cylindrical set of n conductors (see Fig. 11-22) against the
field at N revolutions per minute, if B = B sin 2¢ a_and the currents change direction in each quadrant where the
sign of B changes.

A conductor of length / lies along the x axis with current / in the a_direction. Find the work done in turning it at
constant speed, as shown in Fig. 11-23, if the uniform field is B = B a_.

Fig. 11-23

A rectangular current loop, of length ¢ along the y axis, is in a uniform field B = Bja_, as shown in Fig. 11-24.
Show that the work done in moving the loop along the x axis at constant speed is zero.

Fig. 11-24

For the configuration shown in Fig. 11-24, the magnetic field is

B=2B, (sin MJ a,
w

Find the work done in moving the coil a distance w along the x axis at constant speed, starting from the location
shown.

A conductor of length 0.25 m lies along the y axis and carries a current of 25.0 A in the a direction. Find the
power needed for parallel translation of the conductor to x = 5.0 m at constant speed in 3.0 s if the uniform field
isB = 0.06a,T.

Find the tangential velocity of a proton in a field B = 30 uT if the circular path has a diameter of 1 cm.

An alpha particle and a proton (Q, = 2Qp) enter a magnetic field B = 1 uT with an initial speed U, = 8.5 m/s.
Given the masses 6.68 X 10727 kg and 1.673 X 10727 kg for the alpha particle and the proton, respectively, find
the radii of the circular paths.

If a proton in a magnetic field completes one circular orbit in 2.35 us, what is the magnitude of B?

An electron in a field B = 4.0 X 1072 T has a circular path with radius 0.35 X 107 m and a maximum torque of
7.85 X 10726 N * m. Determine the angular velocity.
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11.41. A region contains uniform B and E fields in the same direction, with B = 650 uT. An electron follows a helical
path, where the circle has a radius of 35 mm. If the electron has zero initial velocity in the axial direction and
advances 431 mm along the axis in the time required for one full circle, find the magnitude of E.

ANSWERS TO SUPPLEMENTARY PROBLEMS
11.18. 0.106(—a, +a)T

11.19. —525X 10’23},N

11.20. 94.2 uN/m (attraction)

1121, +uKI/2

11.22. —60a, + 20a N

11.23. u,K2/2 (repulsion)

1124, dF = Llau K, cos 9dg (~a,)

1126, (nr?BlIV 2)a,

11.27. 170 X 107(—a) N -m

11.28. 135X 10’2(732) N'm;T=mXB
11.29. 450A-m?,90N+m

11.30. —40a N,0

11.31. 602W

BynIlrN
60

11.32. (W)
11.33. 7B (?1/4

11.35. —4Bliw/n
11.36. —0.625W

11.37. 144 m/s

11.38. 177 mm, 88.8 mm
11.39. 2.79 X 1072T

11.40. 2.0 X 10 rad/s

11.41. 1.62kV/m



Inductance and
Magnetic Circuits

12.1 Inductance

The inductance L of a conductor system may be defined as the ratio of the linking magnetic flux to the current
producing the flux. For static (or, at most, low-frequency) current / and a coil containing N turns, as shown in

Fig. 12-1,

L=N®
1

Fig. 12-1

The units on L are henries, where 1 H = 1 Wb/A. Inductance is also given by L = A/I, where A, the flux link-
age,is N® for coils with N turns or simply @ for other conductor arrangements.

It should be noted that L will always be the product of the permeability u of the medium (units on u are H/m)
and a geometrical factor having the units of length. Compare the expressions for resistance R (Chapter 7) and
capacitance C (Chapter 8).

EXAMPLE 1. Find the inductance per unit length of a coaxial conductor such as that shown in Fig.12-2.
Between the conductors,
1
H=—— a¢
27r

y

a
2mr 0



CHAPTER 12 Inductance and Magnetic Circuits

Fig. 12-2

The currents in the two conductors are linked by the flux across the surface ¢ = const. For a length 7,
1
A= / / i In b
27tr 2r a

=Ho 102 (H/m)

d —_
an ¢ 2

EXAMPLE 2. Find the inductance of an ideal solenoid with 300 turns, / = 0.50 m, and a circular cross section
of radius 0.02 m.
The turns per unit length is n = 300/0.50 = 600, so that the axial field is

B = p,H = p,6001 (Wb/m?)

Then
%_’\;—q’_zv( ]A 3006001y )(4 X 10™*)
— 568 uH/m
or L = 284 uH.

In Section 6.7 an imagined bringing-in of point charges from infinity was used to derive the energy content

of an electric field:
1
Wy =— / D-Edv
2 Jvol

There is no equivalent in a magnetic field to the point charge, and consequently no parallel development for its
stored energy. However, a more sophisticated approach yields the completely analogous expression

1
WH=—/ B-Hdv
2 Jvol

Comparing this with the formula W, = %LI 2 from circuit analysis yields

B-H
L=/ s—dv
vol [
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EXAMPLE 3. Checking Example 1,

2
[ errd(bdz—uofln—
4m?r?

12.2 Standard Conductor Configurations

Figs. 12-3 through 12-7 give exact or approximate inductances of some common noncoaxial arrangements.

Fig. 12-3 Toroid, square cross section.

2
[ = LNS (H)
2mr
(assuming average
flux density at
average radius r)

Fig. 12-4 Toroid, general cross section S.

L _ B0 gosnt % (H/m)

. ¢ @ 2
radius 7\ Ford >> a,
a 7
“ L 4o, d
g il In 2 (H/m)
Fig. 12-5 Parallel conductors of radius a.
Radius /
a
T\ g = 5—72 cosh™ 1% (H/m)
u d
Zfrln— (H/m)

Fig. 12-6 Cylindrical conductor parallel to a ground plane.

Fig. 12-7 Long solenoid of small cross-sectional area S.
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12.3 Faraday’s Law and Self-Inductance

Consider an open surface S bounded by a closed contour C. If the magnetic flux ¢ linking S varies with time,
then a voltage v around C exists; by Faraday’s law,

a9
dt

As was shown in Chapter 6, the electrostatic potential or voltage, V, is well-defined in space and is associated
with a conservative electric field. By contrast, the induced voltage v given by Faraday’s law is a multivalued
function of position and is associated with a nonconservative field (electromotive force). More about this in
Chapter 13.

Faraday’s law holds in particular when the flux through a circuit element is changing because the current
in that same element is changing:

_dodi__, di
di dt dt

In circuit theory, L is called the self-inductance of the element and v is called the voltage of self-inductance or
the back-voltage in the inductor.

12.4 Internal Inductance

Magnetic flux occurs within a conductor cross section as well as external to the conductor. This internal flux gives
rise to an internal inductance, which is often small compared to the external inductance and frequently ignored.
In Fig. 12-8(a) a conductor of circular cross section is shown, with a current / assumed to be uniformly distrib-
uted over the area. (This assumption is valid only at low frequencies, since skin effect at higher frequencies
forces the current to be concentrated at the outer surface.) Within the conductor of radius a, Ampere’s law gives

Ir _ Uglr
sa, and B= 5 A,

H-=

21a 2ra

Fig. 12-8

The straight piece of conductor shown in Fig. 12-8(a) must be imagined as a short section of an infinite torus, as
suggested in Fig. 12-8(b). The current filaments become circles of infinite radius. The lines of flux d® through the
strip ¢ dr encircle only those filaments whose distance from the conductor axis is smaller than r. Thus, an open sur-
face bounded by one of those filaments is cut once (or an odd number of times) by the lines of d®; whereas, for a
filament such as [ or 2, the surface is cut zero times (or an even number of times). It follows that d® links only
with the fraction 7zr%/7a? of the total current, so that the total flux linkage is given by the weighted “sum”
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2 a 2
,lz/ i dcbz/ E | Bl gy — Tt
Ta o \7ma” ) 2ra 87

and =—=—=—X10""H/m
/ / 8t 2

This result is independent of the conductor radius. The total inductance is the sum of the external and internal induc-
tances. If the external inductance is of the order of % X 1077 H/m, the internal inductance should not be ignored.

12.5 Mutual Inductance

In Fig. 12-9 a part ¢, , of the magnetic flux produced by the current i, through coil 1 links the N, turns of coil 2.
The voltage of mutual induction in coil 2 is given by

_ o 49, o .
=N (negative sign omitted)

vy 27y
: A
i ' m
q D
q D v
q
CD % 2
d D
N, N,
012
N2
Fig. 12-9
In terms of the mutual inductance M, = N,¢,/I,,
de,, di di
szNz_d).lzi: 12i
di, dt dt

This mutual inductance will be a product of the permeability u of the region between the coils and a geometri-
cal length, just like inductance L. If the roles of coils 1 and 2 are reversed,
di
— 2
v, = 2
1 21 dt

The following reciprocity relation can be established: M, = M.

EXAMPLE 4. A solenoid with N; = 1000, r, = 1.0 cm, and ¢, = 50 cm is concentric within a second coil of
N, =2000,r, = 2.0 cm, and ¢, = 50 cm. Find the mutual inductance assuming free-space conditions.

For long coils of small cross sections, H may be assumed constant inside the coil and zero for points just
outside the coil. With the first coil carrying a current /,,

H= 1000 I, (A/m) (in the axial direction)
0.50

B = 11,2000, (Wb/m?)

® = BA = (14,20001,)(xr X10~*) (Wb)
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Since H and B are zero outside the coils, this is the only flux linking the second coil.

M, =N, (%) = (2000)(47 X 10~ 7)(2000)(7r X 10" *)=1.58 mH
1

12.6 Magnetic Circuits

In Chapter 10, magnetic field intensity H, flux @, and magnetic flux density B were examined and various prob-
lems were solved where the medium was free space. For example, when Ampere’s law is applied to the closed
path C through the long, air-core coil shown in Fig. 12-10, the result is

%H°dI=NI

Fig. 12-10

But since the flux lines are widely spread outside of the coil, B is small there. The flux is effectively restricted
to the inside of the coil, where

Hzﬂ
/

Ferromagnetic materials have relative permeabilities 11 in the order of thousands. Consequently, the flux den-
sity B = p i H is, for a given H, much greater than would result in free space. In Fig. 12-11, the coil is not dis-
tributed over the iron core. Even so, the NI of the coil causes a flux @ which follows the core. It might be said
that the flux prefers the core to the surrounding space by a ratio of several thousand to one. This is so different
from the free-space magnetics of Chapter 10 that an entire subject area, known as iron-core magnetics or mag-
netic circuits, has developed. This brief introduction to the subject assumes that all of the flux is within the core.
It is further assumed that the flux is uniformly distributed over the cross section of the core. Core lengths required
for calculation of NI drops are mean lengths.

Fig. 12-11
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12.7 The B-H Curve

A sample of ferromagnetic material could be tested by applying increasing values of H and measuring the cor-
responding values of flux density B. Magnetization curves, or simply B-H curves, for some common ferromag-
netic materials are given in Figs. 12-12 and 12-13. The relative permeability can be computed from the B-H curve
by use of y = B/uH. Fig. 12-14 shows the extreme nonlinearity of (1 _versus H for silicon steel. This nonlin-
earity requires that problems be solved graphically.

1.40 T T
| N |
H H
. T
1.20 -
1.00
0.80
E
@ i
0.60
A Cast Iron
B Cast Steel
0.40 C Silicon Steel
D Nickel-Iron Allo
0.20 A
EPLAE e
100 200 300 400
H (A/m)
Fig. 12-12 B-H curves, H < 400 A/m.
1.60
D —
C
1.40 H
B
1.20
=
@ 1.00
0.80
A
0.60
A Cast Iron
0.40 B Cast Steel
C Silicon Steel
0.20 D Nickel-lron Alloy
1000 2000 3000 4000 5000 6000

H (A/m)

Fig. 12-13 B-H curves, H > 400 A/m.
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7000 —
6000 |-
5000 |-

u, 4000 |-
3000 |-
2000 |-

1000 —

| | | |
100 200 300 400

H (A/m)
Fig. 12-14

12.8 Ampere’s Law for Magnetic Circuits

A coil of N turns and current / around a ferromagnetic core produces a magnetomotive force (mmf) given by NI.
The symbol F is sometimes used for this mmf; the units are amperes or ampere turns. Ampere’s law, applied
around the path in the center of the core shown in Fig. 12-15(a), gives

F=NI=7[H-dl

=/H-dl+/H-dl+/H-dl
1 2 3

=H/(,+Hyl, +H3l;

Hiy 24 IR

1 A~
2 FOl @gﬂ = >§n2

R3

@) (b) (©

Fig. 12-15

Comparison with Kirchhoff’s law around a single closed loop with three resistors and an emf V,
V=V, +V,+V,

suggests that F' can be viewed as an NI rise and the H/ terms considered NI drops, in analogy to the voltage rise
V and voltage drops V|, V, and V,. The analogy is developed in Fig. 12-15(b) and (c). Flux ® in Fig. 12-15(b)
is analogous to current /, and reluctance R is analogous to resistance R. An expression for reluctance can be
developed as follows.
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NI drop=H(=BA (i) — O
UA

H R=— H"
ence, L

If the reluctances are known, then the equation
F=NI=®®R, + R, +R,)
can be written for the magnetic circuit of Fig. 12-15(b). However, u_must be known for each material before

its reluctance can be calculated. And only after B or H is known will the value of u_be known. This is in con-
trast to the relation

(Section 7.7), in which the conductivity o is independent of the current.

12.9 Cores with Air Gaps

Magnetic circuits with small air gaps are very common. The gaps are generally kept as small as possible,
since the NI drop of the air gap is often much greater than the drop in the core. The flux fringes outward at
the gap, so that the area at the gap exceeds the area of the adjacent core. Provided that the gap length 7 is
less than L the smaller dimension of the core, an apparent area, S, of the air gap can be calculated. For a rec-
tangular core of dimensions a and b,

S =@+ 1L)b+1)

If the total flux in the air gap is known, H_and H ¢, can be computed directly.

_L(O) 4O
Sa :UOSu

For a uniform iron core of length /, with a single air gap, Ampere’s law reads

NI=H.0, +H, 0, =H, +-®
:uOSa

If the flux @ is known, it is not difficult to compute the NI drop across the air gap, obtain B,, take H, from the
appropriate B-H curve and compute the NI drop in the core, H/,. The sum is the NI required to establish the
flux ®@. However, with NI given, it is a matter of trial and error to obtain B, and @, as will be seen in the prob-
lems. Graphical methods of solution are also available.

12.10 Multiple Coils

Two or more coils on a core could be wound such that their mmfs either aid or oppose one another. Conse-
quently, a method of indicating polarity is given in Fig. 12-16. An assumed direction for the resulting flux ®
could be incorrect, just as an assumed current in a dc circuit with two or more voltage sources may be incorrect.
A negative result simply means that the flux is in the opposite direction.
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i O
i O)

Fig. 12-16

12.11 Parallel Magnetic Circuits

The method of solving a parallel magnetic circuit is suggested by the two-loop equivalent circuit shown in
Fig. 12-17(b). The leg on the left contains an NI rise and an NI drop. The NI drop between the junctions
a and b can be written for each leg as follows:

F—H/{ =H/,=H,/l,
and the fluxes satisfy
D =0, + D,

Different materials for the core parts will necessitate working with several B-H curves. An air gap in one of the
legs would lead to H,/, + H (_ for the mmf between the junctions for that leg.

Hy4,
/ / a
——AVWA
i byro--- 0 3 I t3---- - o > Dy
F CI)1_’(D , E

N3 2 ' q)S ' >

AR FCDT 2|3 Trot Trsts
O N
S — S Sm— ;

Fig. 12-17

The equivalent magnetic circuit should be drawn for parallel magnetic circuit problems. It is good practice to
mark the material types, cross-sectional areas, and mean lengths directly on the diagram. In more complex prob-
lems a scheme like Table 12-1 can be helpful. The data are inserted directly into the table, and the remaining
quantities are then calculated or taken from the appropriate B-H curve.

TABLE 12-1

PART | MATERIAL | AREA 14 [} B H | H!
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SOLVED PROBLEMS

12.1. Find the inductance per unit length of the coaxial cable in Fig. 12-2 if a = 1 mm and » = 3 mm.
Assume (= 1 and omit internal inductance.

L_p, b_4rxi0”’
¢t 2 a b3

In3=0.22 yH/m

12.2. Find the inductance per unit length of the parallel cylindrical conductors shown in Fig. 12-5, where
d =25 ft,a = 0.803 in.
LB o L —ax10)cosh ' 292 5 37,1/m
{ & 2a 2(0.803)

The approximate formula gives

Lt s37,H/m
/" T a

When d/a = 10, the approximate formula may be used with an error of less than 0.5%.

12.3. A circular conductor with the same radius as in Problem 12.2 is 12.5 ft from an infinite conducting
plane. Find the inductance.
%=&lné —2x10"7ym 242

=22 118 uH/m
2r a 0.803

This result is . that of Problem 12.2. A conducting plane may be inserted midway between the two conductors of
Fig. 12-5. The inductance between each conductor and the plane is 1.18 yH/m. Since they are in series, the total
inductance is the sum, 2.37 yH/m.

12.4. Assume that the air-core toroid shown in Fig. 12-4 has a circular cross section of radius 4 mm. Find
the inductance if there are 2500 turns and the mean radius is » = 20 mm.

L UN?S _ (4 X 10~7)(2500)* 7(0.004)°
27r 272(0.020)

=3.14mH

12.5. Assume that the air-core toroid in Fig. 12-3 has 700 turns, an inner radius of 1 cm, an outer radius of
2 cm, and height a = 1.5 cm. Find L using (a) the formula for square cross-section toroids; () the
approximate formula for a general toroid, which assumes a uniform H at a mean radius.

2 %10~7 200,
[ —MoN"a, 1 _ (@4xX10"7)(700)°(0015)
2r 2

(@) =1.02mH

L NS _ (47 X 1077)(700)* (0.01)(0.015)
27y 27(0.015)

(b) =0.98 mH

With a radius that is larger compared to the cross section, the two formulas yield the same result. See Problem 12.26.

12.6. Use the energy integral to find the internal inductance per unit length of a cylindrical conductor of
radius a.
At a distance r = a from the conductor axis,

Ir Holr
H= a B=——a
27a* ¢ 27a* 4
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I2
whence B-H= foﬁrz
mla

The inductance corresponding to energy storage within a length ¢ of the conductor is then

L= 7(B°I-21)dv: :uz04/ r227rr€dr=M
4 dra” J o 87

or L/¢ = u,/8r. This agrees with the result of Section 12.4.

12.7. The cast-iron core shown in Fig. 12-18 has an inner radius of 7 cm and an outer radius of 9 cm. Find
the flux @ if the coil mmf is 500 A.

¢ =27(0.08)=0.503 m

H:E:ﬂ:%S A/m
¢ 0503

From the B-H curve for cast iron in Fig. 12-13, B = 040 T.

® = BS = (0.40)(0.02)> = 0.16 m Wb

m

2c
_T_

Fig. 12-18

12.8. The magnetic circuit shown in Fig. 12-19 has a C-shaped cast-steel part, /, and a cast-iron part, 2.
Find the current required in the 150-turn coil if the flux density in the cast iron is B, = 045 T.

X 2cm
2 cm IZ cm
NI )
| 14 cm
2cm
|<—12 cm—>| |<—1 .8cm
Fig. 12-19

The calculated areas are S, = 4 X 10~*m? and S, = 3.6 X 10~* m?. The mean lengths are

0, =0.11+0.11+0.12=034m
¢, =0.12 + 0.009 + 0.009 = 0.138 m

From the B-H curve for cast iron in Fig. 12-13, H, = 1270 A/m.
®=8,5, =(045)(3.6 X10"*)=1.62x10"* Wb

B=2_0417
Sy

Then, from the cast-steel curve in Fig. 12-12, H, = 233 A/m.
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The equivalent circuit, Fig. 12-20, suggests the equation

F=NI=H/, + H,l,
1507 = 233(0.34) + 1270(0.138)
I=170A

oy
vOl *l

Fig. 12-20

12.9. The magnetic circuit shown in Fig. 12-21 is cast-iron with a mean length ¢, = 0.44 m and square
cross section 0.02 X 0.02 m. The air-gap length is /, = 2 mm and the coil contains 400 turns. Find the
current / required to establish an air-gap flux of 0.141 mWb.

N = 400 i
T
Fig. 12-21
The flux @ in the air gap is also the flux in the core.
-3
_® _0.141X10 —035T

From Fig. 12-13, H, = 850 A/m. Then
H/t =1850(0.44) = 374 A

For the air gap, S, = (0.02 + 0.002)> = 4.84 X 10~* m?, and so

® , 0.141x1073

) = 2X107%) =464 A
S, (47z><10_7)(4.84><10_4)( )

Therefore, F = Hf, + H { = 838 A and

25283—8:2.09A
N 400

12.10. Determine the reluctance of an air gap in a dc machine where the apparent area is S, = 4.26 X 10~2m?
and the gap length £, = 5.6 mm.
‘ 56x107°

R=—a = = ——=105x10°H™'
oS, (4mXx1077)(4.26X107%)
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12.11. The cast-iron magnetic core shown in Fig. 12-22 has an area S; = 4 cm? and a mean length 0.438 m.
The 2-mm air gap has an apparent area S, = 4.84 cm?. Determine the air-gap flux ®.

F=1000 A

Fig. 12-22

The core is quite long compared to the length of the air gap, and cast iron is not a particularly good magnetic
material. As a first estimate, therefore, assume that 600 of the total ampere turns are dropped at the air gap, i.e.,

H (¢ =600A.
a“a
(O]
Hafa: a
:uOSa
-7 -4
o O00(TX107) (484 X107 _ o0 e

21077
Then B, = ®/S, = 0.46 T, and from Fig. 12-13, H, = 1340 A/m. The core drop is then
H(, = 1340(0.438) = 587 A
so that

H( + H/{, =1187TA
This sum exceeds the 1000 A mmf of the coil. Consequently, values of B, lower than 0.46 T should be tried until
the sum of H/, and H ¢ is 1000 A. The values B, = 0.41 T and ® = 1.64 X 10~* Wb will result in a sum very
close to 1000 A.

12.12. Solve Problem 12.11 using reluctances and the equivalent magnetic circuit, Fig. 12-23.

O o)

Fig. 12-23

From the values of B, and H, obtained in Problem 12.11,
B 4
Hop, =——=3.83X10 "H/m
H;

Then, for the core,

b 0438 s 86x10°H!
Holt,S;  (383X10 ") (4x10 %)

i
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12.13.

and for the air gap,

a

The circuit equation,

/ 1073 _
=4 = %7 10 ——=329x10°H™"
UoS, (4 x1077)(4.84 X10™%)
F=®@®R, +R,)
1000 =1.63x10"* Wb

gives

The corresponding flux density in the iron is 0.41 T, in agreement with the results of Problem 12.11. While the
air-gap reluctance can be calculated from the dimensions and (1), the same is not true for the reluctance of the

@ = 6 6
2.86X10° +3.29 X10

iron. The reason is that u_ for the iron depends on the values of B, and H,.

Solve Problem 12.11 graphically with a plot of @ versus F.

Values of H, from 700 through 1100 A/m are listed in the first column of Table 12-2; the corresponding values of
B, are found from the cast-iron curve, Fig. 12-13. The values of ® and H /, are computed, and H ¢ is obtained
from ®/ /S . Then F is given as the sum of H,/, and H /. Since the air gap is linear, only two points are
required. The flux @ for F = 1000 A is seen from Fig. 12-24 to be approximately 1.65 X 104 Whb.

This method is simply a plot of the trial and error data used in Problem 12.11. However, it is helpful if several

different coils or coil currents are to be examined.

TABLE 12-2
H,(A/m) | B,(T) @ (Wb) H/ (A |HY, (A) | FA)
700 0295 | 1.18 x 107 307 388 695
800 0.335 134 X 1074 350 441 791
900 0.365 1.46 X 1074 395 480 874
1000 0.400 1.60 X 10~ 438 526 964
1100 0420 | 1.68 x 107 482 552 1034
1.70
1.60 |
I
§ 150+ |
e Cast Iron Composite :
X 140} |
§ I
o 130 :
1.20 :
|
110 | ;
T | | | | :
200 400 600 800 1000
F A

Fig. 12-24
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12.14. Determine the fluxes @ in the core of Problem 12.11 for coil mmfs of 800 and 1200 A. Use a
graphical approach and the negative air-gap line.

The @ versus H,/, data for the cast-iron core, developed in Problem 12.13, are plotted in Fig. 12-25. The air-gap
@ versus F is linear. One end of the negative air-gap line for the coil mmf of 800 A is at ® = 0, F = 800 A. The
other end assumes H ¢ = 800 A, from which

OSa (H az a )

o="H =243X10"*Wb

a

which locates this end at ® = 2.43 X 1074 Wb, F = 0.

The intersection of the F' = 800 A negative air-gap line with the nonlinear @ versus F curve for the cast-iron
core gives ® = 1.34 X 10~* Wb. Other negative air-gap lines have the same negative slope. For a coil mmf of
1000 A, ® = 1.63 X 107* Wb and for 1200 A, ® = 1.85 X 10~* Wb.

@ (Wb x 10™4)
o

1
1
1
1.0 H
1
0.8 - Cast Iron:
06} |
1
04| i Negative
' Air-Gap Line
0.2

— Hitj —sie— H 4,
1 1 1 11 1 1 1 1 1

0
0 200 400 600 800 1000 1200
F®)

Fig. 12-25

12.15. Solve Problem 12.11 for a coil mmf of 1000 A using the B-H curve for cast iron.

This method avoids the construction of an additional curve such as the ® versus F curves of Problems 12.13 and
12.14. Now, in order to plot the air-gap line on the B-H curve of iron, adjustments must be made for the different
areas and the different lengths. Table 12-3 suggests the necessary calculations.

£ _1000 _ o83 A/m
¢; 0438
TABLE 12-3
S, £, F _ £,

B, (T) H, (A/m) B, [S—] (T) H,,(Z] (A/m) 7 H“(e,-j (A/m)
0.10 | 0.80 X 105 0.12 363 1920
030 | 239 X% 10° 0.36 1091 1192
050 | 3.98 X 105 0.61 1817 466
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The data from the third and fifth columns may be plotted directly on the cast-iron B-H curve, as shown in Fig. 12-26.
The air gap is linear and only two points are needed. The answer is seen to be B; = 0.41 T. The method can be used
with two nonlinear core parts as well (see Problem 12.16).

0.80
0.70
0.60
050
'_
@ 040 F-————————-—=—2 Cast Iron
Air-Gap Line,
0.30 - Adijusted
0.20 -
0.10 -
1000 2000 2283
H (A/m)
Fig. 12-26

12.16. The magnetic circuit shown in Fig. 12-27 consists of nickel-iron alloy in part /, where £, = 10 cm
and §;, = 2.25 cm?, and cast-steel for part 2, where f,=8cmand S, =3 cm?. Find the flux densities
B, and B,.

Fig. 12-27

The data for part 2 of cast-steel will be converted and plotted on the B-H curve for part / of nickel-iron alloy
(F/t, = 400 A/m). Table 12-4 suggests the necessary calculations.

TABLE 12-4
B,(T) H, (A/m) B, (%} (D H{%j (A/m) 7’:— H, [2] (A/m)
0.33 200 044 160 240
0.44 250 0.59 200 200
0.55 300 0.73 240 160
0.65 350 0.87 280 120
0.73 400 0.97 320 80
0.78 450 1.04 360 40
0.83 500 1.11 400 0
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From the graph, Fig. 12-28, B, = 1.01 T. Then, since B,S, = B,S,,
225%x1074

T ]=0.76 T

B, =1.01(

These values can be checked by obtaining the corresponding H, and H, from the appropriate B-H curves and
substituting in

F=H/(, + Hyt,

120 —
100 E———-= Nickel-lron Alloy
0.80 I~
E
~ 060
@ Cast Steel,
— Adjusted
0.40
0.20 -~
| | | | | | | | | |
100 200
H, (A/m)
Fig. 12-28

12.17. The cast-steel parallel magnetic circuit in Fig. 12-29(a) has a coil with 500 turns. The mean lengths
are £, = {, = 10 cm, £, = 4 cm. Find the coil current if ®, = 0.173 mWb.

D =0, + O,

Since the cross-sectional area of the center leg is twice that of the two side legs, the flux density is the same
throughout the core, i.e.,

_0.173%107?

Bi=By =By == T =LIST

Corresponding to B = 1.15 T, Fig. 12-13 gives H = 1030 A/m. The NI drop between points a and b is now used
to write the following equation [see Fig. 12-29(b)]:

F—Hl,=Hl,=Hl,  or  F=H({ +1£)=1030(0.14) = 1442 A

Then 1252%:0.29A
N 500
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12.18.

12.19.

Fig. 12-29

The same cast-steel core as in Problem 12.17 has identical 500-turn coils on the outer legs, with the
winding sense as shown in Fig. 12-30(a). If again ®, = 0.173 m Wb, find the coil currents.

The flux densities are the same throughout the core and consequently H is the same. The equivalent circuit in
Fig. 12-30(b) suggests that the problem can be solved on a per pole basis.

B=&=1‘15T and H =1030 A/m (from Fig.12-13)
3

F=H({, +/5)=1030(0.14)=1442 A I=029A

Each coil must have a current of 0.29 A.

He,

@ [—i

O,

Fig. 12-30

The parallel magnetic circuit shown in Fig. 12-31(a) is silicon steel with the same cross-sectional area
throughout, S = 1.30 cm?. The mean lengths are ¢, =1{,=25cm, !, =5 cm. The coils have 50 turns
each. Given that ®, = 90 yt Wb and @, = 120 u Wb, find the coil currents.

O, =0, —®, =030%X10"* Wb
_90x107°

=227 _=069T
130%x1074

1

From Fig. 12-12, H, = 87 A/m. Then, H,{, = 21.8 A. Similarly, B, = 023 T, H, = 49 A/m, H,{, = 2.5 A and
B, =092T,H, = 140 A/m, H,(; = 35.0 A. The equivalent circuit in Fig. 12-31(b) suggests the following
equations for the NI drop between points a and b:

H/!l —F =H/t,=F,— Hl,

218 —F, =25=F,—350

from which F| = 19.3 Aand F, = 37.5 A. The currents are [, = 0.39 Aand I, = 0.75 A.
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a
(1)1 (1)3
H, £, I%%
T3
F,  F > K
b

Fig. 12-31

Obtain the equivalent magnetic circuit for Problem 12.19 using reluctances for three legs, and
calculate the flux in the core using F; = 19.3 Aand F, = 37.5 A.
_ ¢
Hou,S

From the values of B and H found in Problem 12.19,
Ugpt ;=793 X 1073 H/m Ul , = 4.69 X 1073 H/m Uglt 5 = 6.57 X 1073 H/m
Now the reluctances are calculated:

Mol Sy

R, =243x10° H!

%, =820 X 10*H"!, %R, =293 X 10° H™'. From Fig. 12-32,

F,= 0 R, + O,R, 1
F,=0R — OR, @
D, + D, = D, (©)
«— O «—O
4 o T 2,
2
Fi=193A] 1F=375A
Fig. 1232

Substituting @, from (3) into (1) and (2) results in the following set of simultaneous equations in ®, and @,:

Fi=0@®, +R) - DR, o 193 = @,(3.25 X 10%) — d,(0.82 X 10%)
F,=-®®, + O (R, + Ry 37.5 = —®,(0.82 X 10%) + ®,(3.75 X 10%)

Solving, @, = 89.7 uWb, ®, = 30.3 uWb, @, = 120 uWh.

Although the simultaneous equations above and the similarity to a two-mesh circuit problem may be
interesting, it should be noted that the flux densities B|, B,, and B, had to be known before the relative
permeabilities and reluctances could be computed. But if B is known, why not find the flux directly from
® = BS? Reluctance is simply not of much help in solving problems of this type.
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SUPPLEMENTARY PROBLEMS

12.21.

12.22.

12.23.

12.24.

12.25.

12.26.

12.27.

12.28.

12.29.

12.30.

12.31.

12.32.

12.33.

Find the inductance per unit length of a coaxial conductor with an inner radius ¢ = 2 mm and an outer conductor
ath = 9 mm. Assume y_= 1.

Find the inductance per unit length of two parallel cylindrical conductors, where the conductor radius is 1 mm
and the center-to-center separation is 12 mm.

Two parallel cylindrical conductors separated by 1 m have an inductance per unit length of 2.12 uH/m. What is
the conductor radius?

An air-core solenoid with 2500 evenly spaced turns has a length of 1.5 m and a radius of 2 X 10~2m. Find the
inductance L.

A square-cross-section, air-core toroid such as that in Fig. 12-3 has inner radius 5 cm, outer radius 7 cm, and
height 1.5 cm. If the inductance is 495 H, how many turns are there in the toroid? Examine the approximate
formula and compare the result.

A square-cross-section toroid such as that in Fig. 12-3 has », = 80 cm, r, = 82 cm, a = 1.5 cm, and 700 turns.
Find L using both formulas and compare the results. (See Problem 12.5.)

A coil with 5000 turns, r; = 1.25 cm, and ¢, = 1.0 m has a core with ¢, = 50. A second coil of 500 turns,
r, =20 cm,and /, = 10.0 cm is concentric with the first coil, and in the space between the coils u =~ . Find
the mutual inductance.

Determine the relative permeabilities of cast-iron, cast-steel, silicon steel, and nickel-iron alloy at a flux density
of 0.4 T. Use Figs. 12-12 and 12-13.

An air gap of length /, = 2 mm has a flux density of 0.4 T. Determine the length of a magnetic core with the
same NI drop if the core is of (a) cast-iron, (b) cast-steel, (¢) silicon steel.

A magnetic circuit consists of two parts of the same ferromagnetic material (4, = 4000). Part / has ¢, = 50 mm,
S, = 104 mm?; part 2 has ¢, = 30 mm, S, = 120 mm?. The material is at a part of the curve where the relative
permeability is proportional to the flux density. Find the flux @ if the mmf is 4.0 A.

A toroid with a circular cross section of radius 20 mm has a mean length 280 mm and a flux ® = 1.50 mWb.
Find the required mmf if the core is silicon steel.

Both parts of the magnetic circuit in Fig. 12-33 are cast-steel. Part / has /, = 34 cm and S|, = 6 cm?; part 2
has /, = 16 cm and §, = 4 cm?. Determine the coil current I,if I, = 0.5 A, N, = 200 turns, N, = 100 turns,
and @ = 120 uWb.

Fig. 12-33

The silicon steel core shown in Fig. 12-34 has a rectangular cross section 10 mm by 8 mm and a mean length
150 mm. The air-gap length is 0.8 mm and the air-gap flux is 80 uWb. Find the mmf.
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o

Fig. 12-34

12.34. Solve Problem 12.33 in reverse: the coil mmf is known to be 561.2 A and the air-gap flux is to be determined.
Use the trial and error method, starting with the assumption that 90% of the NI drop is across the air gap.

12.35. The silicon steel magnetic circuit of Problem 12.33 has an mmf of 600 A. Determine the air-gap flux.

12.36. For the silicon steel magnetic circuit of Problem 12.33, calculate the reluctance of the iron, %, and the reluctance
of the air gap, % . Assume the flux is ® = 80 uWb and solve for F. See Fig. 12-35.

Ri

Ot 7 o,

P

N

Fig. 12-35
12.37. Asilicon steel core such as shown in Fig. 12-34 has a rectangular cross section of area S, = 80 mm? and an air
gap of length ¢, = 0.8 mm with area S, = 95 mm?. The mean length of the core is 150 mm and the mmf is 600 A.
Solve graphically for the flux by plotting ® versus F in the manner of Problem 12.13.
12.38. Solve Problem 12.37 graphically using the negative air-gap line for an mmf of 600 A.

12.39. Solve Problem 12.37 graphically in the manner of Problem 12.15, obtaining the flux density in the core.

12.40. A rectangular ferromagnetic core 40 X 60 mm has a flux ® = 1.44 mWb. An air gap in the core is of length
£, = 2.5 mm. Find the NI drop across the air gap.

12.41. A toroid with cross section of radius 2 cm has a silicon steel core of mean length 28 cm and an air gap of length
1 mm. Assume the air-gap area, S, is 10% greater than the adjacent core and find the mmf required to establish
an air-gap flux of 1.5 mWhb.

12.42. The magnetic circuit shown in Fig. 12-36 has an mmf of 500 A. Part / is cast-steel with /, = 340 mm and
S, = 400 mm?; part 2 is cast-iron with £, = 138 mm and S, = 360 mm?. Determine the flux ®.

Fig. 12-36
12.43. Solve Problem 12.42 graphically in the manner of Problem 12.16.
12.44. A toroid of square cross section, with 7, = 2 cm, r, = 3 cm, and height @ = 1 cm, has a two-part core. Part / is

silicon steel of mean length 7.9 cm; part 2 is nickel-iron alloy of mean length 7.9 cm. Find the flux that results
from an mmf of 17.38 A.
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12.45. Solve Problem 12.44 by the graphical method of Problem 12.15. Why is it that the plotting of the second reverse
B-H curve on the first is not as difficult as might be expected?

12.46. The cast-steel parallel magnetic circuit in Fig. 12-37 has a 500-turn coil in the center leg, where the cross-
sectional area is twice that of the remainder of the core. The dimensions are £, = 1 mm, §, = §, = 150 mm?,
S, =300 mm?, ¢, = 40 mm, ¢, = 110 mm, and £, = 109 mm. Find the coil current required to produce an air-gap
flux of 125 yWb. Assume that S exceeds S, by 17%.

ymmmmmmmmaa

Fig. 12-37

12.47. The cast-iron parallel circuit core in Fig. 12-38 has a 500-turn coil and a uniform cross section of 1.5 cm?
throughout. The mean lengths are £, = £, = 10 cm and ¢, = 4 cm. Determine the coil current necessary to result
in a flux density of 0.25 T in leg 3.

)
N

12.48. Two identical 500-turn coils have equal currents and are wound as indicated in Fig. 12-39. The cast-steel core has
a flux in leg 3 of 120 uWb. Determine the coil currents and the flux in leg /.

002
< P @ FS
0.01 0.01] 0.01
— 0tdm— )

Fig. 12-39

12.49. Two identical coils are wound as indicated in Fig. 12-40. The silicon steel core has a cross section of 6 cm?
throughout. The mean lengths are ¢, = /, = 14 cm and /, = 4 cm. Find the coil mmfs if the flux in leg / is 0.7 mWb.

FlZTF

Fig. 12-40
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ANSWERS TO SUPPLEMENTARY PROBLEMS

12.21. 0.301 uH/m

12.22. 0.992 yH/m

12.23. 5mm

12.24. 6.58 mH

12.25. 700,704

12.26. 36.3 u H (both formulas)

12.27. 7.71 mH

12.28. 318, 1384, 5305, 42, 440

12.29. (@) 0.64cm; (b)) 2.77m; (¢) 10.6m
12.30. 263 uWb

12.31. 832A

12.32. 0.65A

12.33. 5612A

12.35. 852 uWb

12.36. R, =0313uH',R =670 uH ', F =561 A
12.37. 85 uWb

12.38. 85 uWb

12.39. 1.06T

12.40. 1079 A

12.41. 952 A

12.42. 229 uWb

12.43. 229 uWb

12.44. 107* Wb

12.45. 10~* Wb. The mean lengths and cross-sectional areas are the same.
12.46. 134 A

12.47. 105A

12.48. 041 A,0Wb

12.49. 385A



Time-Varying Fields ancd
Maxwell’s Equations

13.1 Introduction

Static electric and magnetic fields were treated separately in the previous chapters. Our first observation on a
time-varying field was Faraday’s law introduced briefly in Chapter 12 in order to explain self- and mutual-
inductance. The present chapter starts with electromagnetic induction and the electromotive force (emf) due to
a changing magnetic field. It then introduces the displacement current proposed by Maxwell to remove the con-
tradiction in Ampere’s law when applied to time-varying electric fields. The collection of Faraday’s law,
Ampere’s law, and Gauss’s laws (both for the electric and magnetic fields) are called Maxwell’s equations. They
govern electrostatic, magnetostatic, and time-varying (also called dynamic) electromagnetic fields.

13.2 Maxwell’s Equations for Static Fields

Static electric and magnetic fields are not interconnected. They are treated separately by two sets of uncoupled
vector equations as follows:

Electric field: V X E = 0 (Faraday’s law) V - D = p (Gauss’s law for the electric field)
Magnetic field: V X H = J (Ampere’s law) V - B = 0 (Gauss’s law for the magnetic field)

Here p is charge density and J is current density.

13.3 Faraday’s Law and Lenz’s Law

The minus sign in Faraday’s law (Section 12.3) implicitly gives the polarity of the induced voltage v. To make
this explicit, consider the case of a plane area S, bounded by a closed curve C, where S is cut perpendicularly
by a time-variable flux density B (Fig. 13-1). Faraday’s law here takes the integral form

fE-dl=—i/B-dS
c dt /s

in which the positive sense around C and the direction of the normal, dS, are corrected by the usual right-hand rule
[Fig. 13-1(a)]. Now if B is increasing with time, the time derivative will be positive and, thus, the right side of the
above equation will be negative. In order for the left integral to be negative, the direction of E must be opposite to
that of the contour, Fig. 13-1(). A conducting filament in place of the contour would carry a current i, also in the
direction of E. As shown in Fig. 13-1(c), such a current loop generates a flux ¢ which opposes the increase in B.
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Lenz’s law summarizes this discussion: The voltage induced by a changing flux has a polarity such that the
current established in a closed path gives rise to a flux which opposes the change in flux.

Filament

G (b) (c)
Fig. 13-1

In the special case of a conductor moving through a time-independent magnetic field, the polarity predicted by
Lenz’s law is yielded by two other methods. (1) The polarity is such that the conductor experiences magnetic
forces which oppose its motion. (2) As indicated in Fig. 13-2, a moving conductor appears to distort the flux,
pushing the flux lines in front of it as it moves. This same distortion is suggested by the counterclockwise flux
lines shown around the conductor. By the right-hand rule, the current which would result if a closed path were
provided would have the direction shown, and the polarity of the induced voltage is + at the end of the conduc-
tor where the current would leave. Fig. 13-3 confirms this by comparing the moving conductor and its resulting
current to a voltage source connected to a similar external circuit.

Fig. 13-2

o
+ /'I /l
) (b)

(a
Fig. 13-3

13.4 Conductors’ Motion in Time-Independent Fields

The force F on a charge Q in a magnetic field B, where the charge is moving with velocity U, was examined in
Chapter 11.

F =0 X B)

A motional electric field intensity, E _, can be defined as the force per unit charge:

F

E,=—=UXB
Q

When a conductor with a great number of free charges moves through a field B, the impressed E creates a

voltage difference between the two ends of the conductor, the magnitude of which depends on how E  is

oriented with respect to the conductor. With conductor ends a and b, the voltage of a with respect to b is
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a a
v‘”’:/b Em.dlz/b (UXB).dl

If the velocity U and the field B are at right angles, and the conductor is normal to both, then a conductor of
length ¢ will have a voltage

v = BlU

For a closed loop the line integral must be taken around the entire loop:

V:%(UXB)°dl

Of course, if only part of the complete loop is in motion, it is necessary only that the integral cover this part, since
E, will be zero elsewhere.

EXAMPLE 1. In Fig. 13-4, two conducting bars move outward with velocities U, = 12.5(—ay)m/s and
U, = 8.0a m/s in the field B = 0.35a_T. Find the voltage of b with respect to c.
At the two conductors,
E =UXB=438(-a) V/m
E _,=U,XB=280a V/m

and so

0.50 0.50
Vo =/0 438(—a,)-dxa, =—2.19V v, =/0 2.80a,-dxa, =140V

Voo = Vo + Vg F Vg =219 +0+140=359V

Since b is positive with respect to ¢, current through the meter will be in the a  direction. This clockwise
current in the circuit gives rise to flux in the —a, direction, which, in accordance with Lenz’s law, counters the
increase in the flux in the +a_ direction due to the expansion of the circuit. Moreover, the forces that B exerts
on the moving conductors are directed opposite to their velocities.

13.5 Conductors’ Motion in Time-Dependent Fields

When a closed conducting loop is in motion (this includes changes in shape) and also the field B is a function
of time (as well as of position), then the total induced voltage is made up of a contribution from each of the two
sources of flux change. Faraday’s law becomes

d /aB jD/
e - | 22.4s+ UXB)-dl
Y dt sB ds s ot ds ( )

The first term on the right is the voltage due to the change in B, with the loop held fixed; the second term is the
voltage arising from the motion of the loop, with B held fixed. The polarity of each term is found from the
appropriate form of Lenz’s law, and the two terms are then added with regard to those polarities.
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EXAMPLE 2. As shown in Fig. 13-5(a), a planar conducting loop rotates with angular velocity @ about the x
axis; at7 = 0 it is in the xy plane. A time-varying magnetic field, B = B(r)a_, is present. Find the voltage induced
in the loop by using the two-term form of Faraday’s law.

Fig. 13-5

Let the area of the loop be A. The contribution to v due to the variation of B is

oB

dB dB
—-dS=—/ —a_-dSa, =—— A coswt
s ot sdt © dt

Vlz_

since a_-a, = cos or.
To calculate the second, motional contribution to v, the velocity U of a point on the loop is needed. From
Fig. 13-5(b) it is seen that

U=rwa,K = Y wa,
cos Wt
so that
UXB=—2 wa, XBa, = Y wBsin wt(—a,)
Ccos Wt " cos wt

since a, X a_ = sin wt(—a,). Consequently,

v, =f(UxB)-d1=—Mfyax-dl
COS wt

Stokes’ theorem (Section 10.10) can be used to evaluate the last integral. Since V X ya = —a,,
%yax' dl/ =V Xyax)-dSI/ (—a,)-dSa, =— A cos wt
s s '

@B sin ot .
Therefore, v, =— 22202 (A cos of) = BA @ sin ot

Ccos wt

13.6 Displacement Current

In static fields the curl of H was found to be pointwise equal to the current density J . This is conduction cur-
rent density; the subscript ¢ has been added to emphasize that moving charges —electrons, photons, or ions—
compose the current. If V X H = J_were valid where the fields and charges are variable with time, then the
continuity equation would be V- J =V - (V X H) = 0, instead of the correct
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dp
V-] =—-E
I ot

Hence, James Clerk Maxwell postulated that

VXH=J +J, where JDE%—?
With the inclusion of the displacement current density J ), the continuity equation is satisfied:
oD d op
V-] =—V-J.=—V.=2=_Zv.D=—2%&
1. To ATy

The displacement current i, through a specified surface is obtained by integration of the normal component of
J, over the surface (just as i_ is obtained from J ).

oD d
i, = dS=| —-dS=— .
'p /SJD s ot dt SD ds

Here, the last expression assumes that the surface S is fixed in space.

EXAMPLE 3. Use Stokes’ theorem (Section 10.10) to show that i, = i, in the circuit of Fig. 13-6.

Fig. 13-6

Since the two surfaces S | and S2 have the common contour C,
j( H-dl=/ (VXH)-dSZ/ (VXH)-dS
c Sy Sy

oD d
= + 9D s = + 9 s
/s1 [JC or ] /s2 (JC ot J

Assuming the flux is confined to the dielectric between the conducting plates, D = 0 over S,. And since no free
charges are in motion within the dielectric, J, = 0 over S,. Therefore,

oD ..
/SlJc‘dS— Szg'ds or . =1p

It should be noted that dD/0¢ is nonzero only over that part of S, that lies within the dielectric.
EXAMPLE 4. Repeat Example 3, this time using circuit analysis.
Refer to Fig. 13-6. The capacitance of the capacitor is

C:ﬂ
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where A is the plate area and d is the separation. The conduction current is then

lC:C@:ﬁﬂ
dt d dt

On the other hand, the electric field in the dielectric is, neglecting fringing, E = v/d. Hence,

and the displacement current is (D is normal to the plates)

P= a_D.dS:/ edv o _eAdv_.
b Ja o Ad dt d d ¢

13.7 Ratio of J.to Jp

Some materials are neither good conductors nor perfect dielectrics, so that both conduction current and
displacement current exist. A model for the poor conductor or lossy dielectric is shown in Fig. 13-7. Assuming
the time dependence ¢/’ for E, the total current density is

J,:JC+JD=GE+%(EE)=GE+ja)eE

from which

As expected, the displacement current becomes increasingly important as the frequency increases.

Fig. 13-7

EXAMPLE 5. A circular-cross-section conductor of radius 1.5 mm carries a current i, = 5.5 sin (4 X 10'%) (uA).
What is the amplitude of the displacement current density, if ¢ = 35 MS/m and €, = 1?

7
Jo_o o 30X _gg9x107
Jp @e (4x10°)107°/367)
5%107° 5%1077)° _
Then g, =82X10 VA5 XA0 VT 6651073 ya /m?

9.90 X 10’

13.8 Maxwell’s Equations for Time-Varying Fields

A static E field can exist in the absence of a magnetic field H; a capacitor with a static charge Q furnishes an
example. Likewise, a conductor with a constant current / has a magnetic field H without an E field. When fields
are time-variable, however, H cannot exist without an E field nor can E exist without a corresponding H field.
While much valuable information can be derived from static field theory, only with time-variable fields can
the full value of electromagnetic field theory be demonstrated. The experiments of Faraday and Hertz and the
theoretical analyses of Maxwell all involved time-variable fields.
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The equations grouped below, called Maxwell’s equations, were separately developed and examined in
earlier chapters. In Table 13-1, the most general form is presented, where charges and conduction current may
be present in the region. Note that the point and integral forms of the first two equations are equivalent under
Stokes’ theorem, while the point and integral forms of the last two equations are equivalent under the divergence
theorem.

TABLE 13-1 Maxwell’s Equations, General Set

POINT FORM INTEGRAL FORM
VXH=], +a—D f[H-dl=/ (JC BDJ dS (Ampere’s law)
ot s d
V><E——aa]t3 f[E-dlz/S[ Z]:] -dS (Faraday’s law; S fixed)
V-D=p j{sD-dS =/ pdv (Gauss’s law)
V-B=0 j{s B-dS=0 (nonexistence of monopole)

For free space, where there are no charges (p = 0) and no conduction currents (J, = 0), Maxwell’s equations
take the form shown in Table 13-2.

TABLE 13-2 Maxwell’s Equations, Free-Space Set

POINT FORM INTEGRAL FORM

oD f[ /
VXH=— H-dl= dS
ot (a J
B f[ / 3B
VXE=—— 1=
ot d 5( ot J a8

V:-D=0 j!SD-dSZO

V-B=0 7(5 B-dS=0

The first and second point-form equations in the free-space set can be used to show that time-variable E and H
fields cannot exist independently. For example, if E is a function of time, then D = €,E will also be a function
of time, so that dD/dr will be nonzero. Consequently, V X H is nonzero, and so a nonzero H must exist. In a
similar way, the second equation can be used to show that if H is a function of time, then there must be an E
field present.

The point form of Maxwell’s equations is used most frequently in the problems. However, the integral form
is important in that it better displays the underlying physical laws.

SOLVED PROBLEMS

13.1. In a material for which 6 = 5.0 S/m and €, = 1 the electric field intensity is £ = 250 sin 10'% (V/m).
Find the conduction and displacement current densities, and the frequency at which they have equal
magnitudes.

J_ = OE = 1250 5in 107 (A/m?)



13.2.

13.3.

134.
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On the assumption that the field direction does not vary with time,

Jp :aai: :% (€5€, 250 5in 10'°1) =22.1¢c0s10'°r  (A/m?)

ForJ, = J,,.

50

w=——"""=565x10"rad/s
8.854 X10

which is equivalent to a frequency f = 8.99 X 10'° Hz = 89.9 GHz.

A coaxial capacitor with inner radius 5 mm, outer radius 6 mm, and length 500 mm has a dielectric for
which € = 6.7 and an applied voltage 250 sin 377¢ (V). Determine the displacement current i, and
compare with the conduction current i..

Assume the inner conductor to be at v = 0. Then, from Problem 9.7, the potential at 0.005 = r = 0.006 m is
2
v=[ 2% G377 | n—— | V)
In(¢) 0.005

_ 1.37x10°
r
~8.13x10°°

r

From this,

E=—-Vy= sin 377ta, (V/m)

D =¢)c,E= sin 377ta, (C/m?)

_oD __3.07x107°
ot r
ip=J,Q2rrL)=9.63x10"7cos 377t (A)

Jp cos 377ta, (A/m?)

The circuit analysis method for i, requires the capacitance,

_2neel |y o
In(§)
Then i.=C % =(1.02X 1079)(250)(377)(005 377t)=9.63X107° cos377t (A)
1
Itis seen thati = i,.

Moist soil has a conductivity of 107* S/m and €, = 2.5. Find J, and J,, where
E=60X10"%sin9.0 X 10°% (V/m)
First,J, = 0E = 6.0 X 1077 sin 9.0 X 10° (A/m?). Then, since D = €€ E,

_9D_ €€, %E =120%10"%¢c0s9.0X10°t (A/m?)
t

Find the induced voltage in the conductor of Fig. 13-8 where B = 0.04a T and
U=25sin10’ra, (m/s)

E, =UXB=0.10sin10°t (—a,) (V/m)

0.20
v =/ 0.10sin10%7 (—a,)-dxa,
0

=-0.02sin 10z (V)
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13.5.

13.6.

V4
: UT
e 2 4
R « 020
Fig. 13-8

The conductor first moves in the a_direction. The x = 0.20 end is negative with respect to the end at the z axis for
this half cycle.

Rework Problem 13.4 if the magnetic field is changed to B = 0.04a_(T).

Because the conductor cuts no field lines, the induced voltage must be zero. This may be verified analytically by
use of Problem 2.8.

v=/(UXB)-dl=/U'(BXdl)=0

since B and dl are always parallel.

An area of 0.65 m? in the z = 0 plane is enclosed by a filamentary conductor. Find the induced
voltage, given that

_ 3 ay+az
B=0.05cos107¢t| ——— (T)

V2
See Fig. 13-9.

JoB
=— /| —-dSa
’ s ot ¢

—/SOSin103t a, ta. -dSa
ND :
=230sin10% (V)

The field is decreasing in the first half cycle of the cosine function. The direction of i in a closed circuit must be
such as to oppose this decrease. Thus the conventional current must have the direction shown in Fig. 13-9.

Fig. 13-9
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13.7. The circular loop conductor shown in Fig. 13-10 lies in the z = 0O plane, has a radius of 0.10 m and a
resistance of 5.0 Q. Given B = 0.20 sin 103taz (T), determine the current.

¢=B-S=2Xx10"27sin10°t (Wb)

_de_ _ 2mcos10%t (V)
dt

i=—=—04mcos10% (A)

At t = 0+ the flux is increasing. In order to oppose this increase, current in the loop must have an instantaneous
direction —a, where the loop crosses the positive x axis.

Fig. 13-10

13.8. The rectangular loop shown in Fig. 13-11 moves toward the origin at a velocity U = —250ay m/s in
a field

B = 0.806’0'5‘”aZ (T)
Find the current at the instant the coil sides are at y = 0.50 m and 0.60 m,if R = 2.5 Q.

z

+
&)

/ _ ~ e e

R
+tr—
1.0m R
y

X
Fig. 13-11
Only the 1.0-m sides have induced voltages. Let the side at y = 0.50 m be /.
v, = B (U = 0.80e"°%(1)(250) = 155.8 V v, =B,lU=1482V
The voltages are of the polarity shown. The instantaneous current is

;15581482
25

=304 A

13.9. A conductor 1 cm in length is parallel to the z axis and rotates at a radius of 25 cm at 1200 rev/min
(see Fig. 13-12). Find the induced voltage if the radial field is given by B = 0.5a_T.

Fig. 13-12
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The angular velocity is

1200 =L |[ L min |y, 1ad | g, 1ad
min J{ 60 s rev s

Hence, U=rw=(025)(40m) m/s
E, =10ma, X0.5a, =507 (—a,) V/m
001
v =/ 50m(—a,)-dza, =—50x10"°xV
0 .
The negative sign indicates that the lower end of the conductor is positive with respect to the upper end.

13.10. A conducting cylinder of radius 7 cm and height 15 cm rotates at 600 rev/min in a radial field
B = 0.20a_T. Sliding contacts at the top and bottom connect to a voltmeter as shown in Fig. 13-13.
Find the induced voltage.

® = (600)()(27m) =207 rad/s

U =(207)(0.07)a, m/s
E,=UXB=0.88(—a,)V/m

Fig. 13-13

Each vertical element of the curved surface cuts the same flux and has the same induced voltage. These elements
are effectively in a parallel connection and the induced voltage of any element is the same as the total.

0.15
v=/ 0.88(—a,)+dza, =—0.13V (+ at the bottom)
0
13.11. In Fig. 13-14 a rectangular conducting loop with resistance R = 0.20 Q turns at 500 rev/min. The

vertical conductor at , = 0.03 m is in a field B, = 0.25a T, and the conductor at 7, = 0.05misina
field B, = 0.80a, T. Find the current in the loop.

Fig. 13-14

U, = (500)()(27)(0.03)a, =0.507a, m /s

0.50
v, =/ (0.507a, X0.25a,)-dza, =—0.20 V
. ,
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Similarly, U, = 0.837a, m/s and v, = —1.04 V. Then

4
;104020
0.20

=420 A
in the direction shown on the diagram.

13.12. The circular disk shown in Fig. 13-15 rotates at @ (rad/s) in a uniform flux density B = Ba_. Sliding
contacts connect a voltmeter to the disk. What voltage is indicated on the meter from this Faraday
homopolar generator?

T

Fig. 13-15

One radial element is examined. A general point on this radial element has velocity U = wra 50 that

E,=UXB = wrBa,

a wa’B
and v =/ wrBa,-dra, = a2
0

where a is the radius of the disk. The positive result indicates that the outer point is positive with respect to the

center for the directions of B and @ shown.

13.13. A square coil, 0.60 m on a side, rotates about the x axis at @ = 60 rad/s in a field B = 0.80:11Z T, as
shown in Fig. 13-16(a). Find the induced voltage.

(@) (b)
Fig. 13-16
Assuming that the coil is initially in the xy plane,
o = wt = 607t (rad)
The projected area on the xy plane becomes [see Fig. 13-16(b)]:
A = (0.6)(0.6 cos 607t) (m?)

Then ¢ = BA = 0.288 cos 607t (Wb) and
V= —? =543sin 607t (V)
t

Lenz’s law shows that this is the voltage of a with respect to b.
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Alternate Method

Each side parallel to the x axis has a y component of velocity whose magnitude is
Ul = lrosin al = [18.07sin 607l (m/s)
The voltages BY| U‘| for the two sides add, giving
vl =2rlul) = 543sin60mtl (V)
Lenz’s law again determines the proper sign.
13.14. Check Example 2 by means of the original, differential form of Faraday’s law.
From Fig. 13-5(b) the projected loop area normal to the field is A cos wt, whence
¢ = B() (A cos wx)

and v=—ﬂ=—d—BAcosa)t-i-BAa)sina)t=vl-i-v2
dt dt

(It is almost always simpler to use the differential form.)

13.15. Find the electric power generated in the loop of Problem 13.11. Check the result by calculating the
rate at which mechanical work is done on the loop.

The electric power is the power loss in the resistor:
P,=i’R = (420)*(0.20) = 3.53 W
The forces exerted by the field on the two vertical conductors are

| = i1, X B)) = (420)(0.50)(0.25) (a_ X ) = 0.525a,N
F, = i(l, X B)) = (420)(0.50)(0.80)(—a_ X a) = —1.68a,N

To turn the loop, forces —F, and — F, must be applied; these do work at the rate
P=(=F)-U + (-F,) U, = (-0.525)(0.50m) + (1.68)(0.831) = 3.55W

To within rounding errors, P = Pe.

13.16. Given E = E, sin (ot — Bz) a in free space, find D, B, and H. Sketch E and H at r = 0.

D = ¢E = ¢E, sin(wt — fa,

The Maxwell equation V X E = —dB/or gives

a a, a

X y z
9 9 9|__9B
ox dy 0z ot

0 E,sin(wr—pfz) 0

or —aa—]? = BE,, cos(wt — PBz)a,

Integrating,

B=- PE, sin (or — fz)a,
(O]
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where the “constant” of integration, which is a static field, has been neglected. Then,

BE, sin (ot — fz)a,

H=-—

0

Note that E and H are mutually perpendicular. At ¢ = 0, sin (@t — fz) = —sin fz. Fig. 13-17 shows the two fields

along the z axis, on the assumption that £ and f3 are positive.

X

Fig. 13-17

13.17. Show that the E and H fields of Problem 13.16 constitute a wave traveling in the z direction. Verify
that the wave speed and E/H depend only on the properties of free space.

E and H together vary as sin (wr — fz). A given state of E and H is then characterized by

0]
wt — fz=const.= wr, or z=ﬁ(t7t0)

But this is the equation of a plane moving with speed
=@

B
in the direction of its normal, a_. (It is assumed that 3, as well as , is positive; for a negative f3, the direction of

motion would be —a_.) Thus, the entire pattern of Fig. 13-17 moves down the z axis with speed c.

The Maxwell equation V X H = dD/0t gives

a, a, a
0 o d| 0 .
— — —|== &k ot — fz)a
o oy 9z| g ofmsin(@ = o,
“BEw (@wt—Bz) 0 0
Ho
2
FE, cos (@t — ffz)a, = & E,,o cos (ot — fz)a,
220 ’
| w*
T n2
&My B
Consequently,
c= |~ = ! —— =3X10% (m/9)
€lo (1077 /36m) (4 X10™ ")
Moreover,
Ol — 1o < 1207 (vIA)=120m ©
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13.18. Given H = H e/'* ﬁZ)ax in free space, find E.

vxa=22
ot

9y eiarpoy 9D

0z ot

) i oD
jﬁHme’(““ﬁZ)ay =

ot

D= BHm ej(ﬂ)l+ﬁ2)a i
w
and E = D/g,.

13.19. Given

E=307¢/"" P2 (vim)  H=H,e P A/m)
in free space, find H and 3 (8> 0).

This is a plane wave, essentially the same as that in Problems 13.16 and 13.17 (except that, there E was in the y
direction and H in the x direction). The results of Problem 13.17 hold for any such wave in free space:

® 1 8 E _ |l
9= =3%10% (m/s) —= /—zlzong
B ek H €

Thus, for the given wave,

108 1 307
= =—(rad/m H
F 3%x108 3( )

=+ =+
== x

To fix the sign of H , apply V X E = —dB/or:

10814 B (1087 4+ 8-
jB30me 0 Pa = —j10%u,H e/ Fa
which shows that H, must be negative.

13.20. In a homogeneous nonconducting region where = 1, find € and @ if

E = 30me/l" ~@3Ma_(V/m)

H = 1.0e/l®~@53)g (A/m)
X
Here, by analogy to Problem 13.17,

o_ 1 _3x10°
B Jeu €

(m/s) E—\/ﬂ—1207r\/?’ Q)
l‘#r H € Er

Thus, since u. = 1,

3%x108 1
- 307 =1207 —
3 e

N

which yield €, = 16, w = 108 rad/s. In this medium the speed of light is c/4.
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SUPPLEMENTARY PROBLEMS

13.21.  Given the conduction current density in a lossy dielectric as J, = 0.02 sin 10% (A/m?), find the displacement
current density if 6 = 10> S/mand €, = 6.5.

13.22. A circular-cross-section conductor of radius 1.5 mm carries a current i, = 5.5 sin 4 X 10'°¢ (uA). What is the
amplitude of the displacement current density, if 6 = 35 MS/m and €, = 1?

13.23. Find the frequency at which conduction current density and displacement current density are equal in (a) distilled
water, where 6 = 2.0 X 107* S/m and € = 81; (b) seawater, where ¢ = 4.0 S/m and € =1

13.24. Concentric spherical conducting shells at 7, = 0.5 mm and r, = 1 mm are separated by a dielectric for which
€, = 8.5. Find the capacitance and calculate i , given an applied voltage v = 150 sin 50007 (V). Obtain the
displacement current i, and compare it with i .

13.25. Two parallel conducting plates of area 0.05 m? are separated by 2 mm of a lossy dielectric for which €, = 8.3 and
0 = 8.0 X 107* S/m. Given an applied voltage v = 10 sin 107 (V), find the total rms current.

13.26. A parallel-plate capacitor of separation 0.6 mm and with a dielectric of €, = 15.3 has an applied rms voltage of
25V at a frequency of 15 GHz. Find the rms displacement current density. Neglect fringing.

13.27 A conductor on the x axis between x = 0 and x = 0.2 m has a velocity U = 6.0a, m/s in a field B = 0.043), T.
Find the induced voltage by using (a) the motional electric field intensity, (b) d¢ /dt, and (c) B/U. Determine the
polarity and discuss Lenz’s law if the conductor was connected to a closed loop.

13.28. Repeat Problem 13.27 for B = 0.04 sin kza  (T). Discuss Lenz’s law as the conductor moves from flux in one
direction to the reverse direction.

13.29. The bar conductor parallel to the y axis shown in Fig. 13-18 completes a loop by sliding contact with the
conductors at y = 0 and y = 0.05 m. (@) Find the induced voltage when the bar is stationary at x = 0.05 m and
B = 0.30 sin 104taz (T). (b) Repeat for a velocity of the bar U = 150a_ m/s. Discuss the polarity.

0.05 /?

MRRE
rm/w

0.05
Fig. 13-18

y

13.30. The rectangular coil in Fig. 13-19 moves to the right at speed U = 2.5 m/s. The left side cuts flux at right angles,
where B, = 0.30 T, while the right side cuts equal flux in the opposite direction. Find the instantaneous current in
the coil and discuss its direction by use of Lenz’s law.

3 /
—_— 0.05m
U B, /
MW,
50 Q

Fig. 13-19
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13.31.

13.32.

13.33.

13.34.

13.35.

13.36.

13.37.

A rectangular conducting loop in the z = 0 plane with sides parallel to the axes has y dimension 1 cm and x
dimension 2 cm. Its resistance is 5.0 Q. At a time when the coil sides are at x = 20 cm and x = 22 cm it is
moving toward the origin at a velocity of 2.5 m/s along the x axis. Find the current if B = 5.0e’“’)‘az (T). Repeat
for the coil sides atx = 5 cm and x = 7 cm.

The 2.0-m conductor shown in Fig. 13-20 rotates at 1200 rev/min in the radial field B = 0.10 sin ¢a, (T). Find
the current in the closed loop with a resistance of 100 Q. Discuss the polarity and the current direction.

Fig. 13-20

In a radial field B = 0.50a, (T), two conductors at 7 = 0.23 m and r = 0.25 m are parallel to the z axis and are
0.01 m in length. If both conductors are in the plane ¢ = 407z¢, what voltage is available to circulate a current
when the two conductors are connected by radial conductors?

In Fig. 13-21 a radial conductor, 3 = r = 6 cm, is shown embedded in a rotating glass disk. Two 11.2 m€Q resistors
complete two circuits. The disk turns at 12 rev/min. If the field at the disk is B = 0.30a, (T), calculate the electric
power generated. What is the effect of this on the rotation? Discuss Lenz’s law as it applies to this problem.

Fig. 13-21

What voltage is developed by a Faraday disk generator (Problem 13.12) with the meter connections at r, = 1 mm
and r, = 100 mm when the disk turns at 500 rev/min in a flux density of 0.80 T?

A coil such as that shown in Fig. 13-16(a) is 75 mm wide (y dimension) and 100 mm long (x dimension). What is
the speed of rotation if an rms voltage of 0.25 V is developed in the uniform field B = 0.45ay (T)?

In free space, D = D_sin(wt + fz)a . Using Maxwell’s equations, show that

B= % sin (ar + fo)a,

Sketch the fields at t = 0 along the z axis, assuming that D >0, > 0.
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13.38. In free space,

B = B e/@rtBag
Show that

E=— me ej(wt +ﬂz)a

ﬁ X
13.39. In a homogeneous region where ¢, = 1 and €, = 50,

E =20mei/~Foa (V/im) B = p,H, /@ ) a (T)

Find wand H,, if the wavelength is 1.78 m.

ANSWERS TO SUPPLEMENTARY PROBLEMS

13.21. 1.15 X 107% cos 10% (A/m?) 13.30. 15 mA (counterclockwise)
13.22. 7.87 X 1073 yu A/m> 13.31. 0.613mA,2.75 mA
1323. (a) 444 X 10*Hz; (b) 7.19 X 10" Hz 13.32. 5.03 X 1072 sin 407t (A)
1324, i =i, =7.09 X 1077 cos 50007 (A) 13.33. 126 mV

1325. 0.192A 13.34. 463 uW

13.26. 5.32 X 10° A/m? 13.35. 0209V

13.27. 0048 V (x = 0 end is positive) 13.36. 1000 rev/min

13.28. 0.048 sin kz (V) 13.37. See Fig. 13-22.

1329. (@) —7.5cos 10% (V); 13.39. 1.5 X 108 rad/s, 1.18 A/m

(b) —7.5cos 10% — 2.25 sin 10% (V)

propagation

Fig. 13-22



CHAPTER 14

Electromagnetic Waves

14.1 Introduction

Some wave solutions to Maxwell’s equations have already been encountered in the Solved Problems of Chapter 13.
The present chapter will extend the treatment of electromagnetic waves. Since most regions of interest are free
of charge, it will be assumed that charge density p = 0. Moreover, linear isotropic materials will be assumed, with
D=¢E,B=uH,and J = cE.

14.2 Wave Equations

With the above assumptions and with time dependence ¢/’ for both E and H, Maxwell’s equations (Table 13-1)
become

VX H=(c+ joeE (1)
VXE = —jouH )
V-E=0 3)
V-H=0 “)

Taking the curl of (1) and (2),

V X (VXH)=(c+ jwe) (V XE)
V X (VXE) = —jou(V X H)

Now, in Cartesian coordinates only, the Laplacian of a vector
VA = (V?A )a + (Vsz)ay + (VzAz)aZ
satisfies the identity
VX (VXA =VVV-A) - VA
Substitution for the “curl curls” and use of (3) and (4) yields the vector wave equations

VH = jou(c + joeH = y’H
V2E = jou(c + jwe)E = y’E
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The propagation constant yis that square root of y? whose real and imaginary parts are positive:
y=o+jB

with a=w\/§(1+ (w%)z—]) ©)

ﬂzw\/%(]—k\/@-ﬂ) ©)

14.3 Solutions in Cartesian Coordinates

The familiar scalar wave equation in one dimension,

Pr_1or

02 u® or®

has solutions of the form F = f(z — uf) and F = g(z + ut), where f and g are arbitrary functions. These rep-
resent waves traveling with speed u in the +z and —z directions, respectively. In Fig. 14-1 the first solution is
shown at r = 0 and ¢ = ¢,; the wave has advanced in the +z direction a distance of ut, in the time interval ¢,.
For the particular choices

f(x) - Ce*jcox/u and g(x) — De+ij/u

o
t=0
"\/’ \
f(zo) / +— f(z, — uyty)

ZO z1 >
l¢ N
[ ut, >| z
Fig. 14-1
harmonic waves of angular frequency w are obtained:
F = Cei(@t = B2) and F = Deitot + B2)

in which 8 = w@/u. Of course, the real and imaginary parts are also solutions to the wave equation. One of these
solutions, F = C sin(wt — fz), is shown in Fig. 14-2 at = 0 and ¢t = 7/2®. In this interval the wave has
advanced in the positive 7z direction a distance d = u(r/2w) = 7/2f. At any fixed ¢, the waveform repeats itself
when x changes by 27/f; the distance

=2z

B

is called the wavelength. The wavelength and the frequency f = w/2m enjoy the relation
Af=u or A=Tu

where T = 1/f = 2r/@ is the period of the harmonic wave.
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The vector wave equations of Section 14.2 have solutions similar to those just discussed. Because the unit
vectors a . a, and a in Cartesian coordinates have fixed directions, the wave equation for H can be rewritten
in the form

2 2 2
PH,PH PH_ oy

ox’ 9yt 9

14.4 Plane Waves

Of particular interest are solutions (plane waves) that depend on only one spatial coordinate, say z. Then the
equation becomes

2
@ = 'J/ZH
dz

which, for an assumed time dependence e/, is the vector analog of the one-dimensional scalar wave equation.
Solutions are as above, in terms of the propagation constant 7.

H(z,t1)=Hye e/ ay,
The corresponding solutions for the electric field are
E(z,1)= Eoeiyzej“”aE

The fixed unit vectors a,, and a, are orthogonal and neither field has a component in the direction of propaga-
tion. This being the case, one can rotate the axes to put one of the fields, say E, along the x axis. Then from
Maxwell’s equation (2) it follows that H will lie along the *y axis for propagation in the * z direction.

EXAMPLE 1. Given the field E = E e~ "“a, (time dependence suppressed), show that E can have no compo-
nent in the propagation direction, +a._.
The Cartesian components of a, are found by projection:

E=Ee "[(a;ra)a + (a;-a)a + (a;-a)a]

FromV-E =0,

0 . _
a_zEOe “(ag-a,)=0

which can hold only if a; - a_ = 0. Consequently, E has no component in a._.
The plane wave solutions obtained above depend on the properties i, €, and o of the medium, because these
properties are involved in the propagation constant .
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14.5 Solutions for Partially Conducting Media

For a region in which there is some but not much conductivity (e.g., moist earth, seawater), the solution to the
wave equation in E is taken to be

E=Eyc "“a

X

Then, from (2) of Section 14.2,

+j _
H= —0'. ]wEEOe "a,
jou

The ratio E/H is characteristic of the medium (it is also frequency-dependent). More specifically for waves
E=Ea H= HyaV which propagate in the +z direction, the intrinsic impedance, 1, of the medium is
defined by )

jou

Thus, n= -
o+ jwe

where the correct square root may be written in polar form, | T]| /6, with

J
_ VM n20=2  and 0 <@<45

|n|:41+((g€)2 We

(If the wave propagates in the —z direction, EX/Hy = —1. In effect, yis replaced by — ¥ and the other square
root used.)

Inserting the time factor e/®* and writing ¥ = o + jf results in the following equations for the fields in a
partially conducting region:

E(z,1) = Eye %/ @ Pa_

Ey _o; iwi—B—
HG. = he e Ly
n

The factor e~ % attenuates the magnitudes of both E and H as they propagate in the +z direction. The expres-
sion for o, (5) of Section 14.2, shows that there will be some attenuation unless the conductivity o'is zero, which
would be the case only for perfect dielectrics or free space. Likewise, the phase difference 6 between E(z, t) and
H(z, t) vanishes only when o is zero.

The velocity of propagation and the wavelength are given by
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If the propagation velocity is known, Af = u may be used to determine the wavelength A. The term (o/®e)? has
the effect of reducing both the velocity and the wavelength from what they would be in either free space or per-
fect dielectrics, where o = 0. Observe that the medium is dispersive: waves with different frequencies w have
different velocities u.

14.6 Solutions for Perfect Dielectrics

For a perfect dielectric, o = 0, and so
€

Since o = 0, there is no attenuation of the E and H waves. The zero angle on 1 results in H being in time phase
with E at each fixed location. Assuming E in a, and propagation in a_, the field equations may be obtained as
the limits of those in Section 14.5

E(z.1) = Eye/ ™ Pa,

Ey o
H(z,t)=ﬁ P

The velocity and the wavelength are

—

2r 21

/'L:F o

=|e
H
m

B

Solutions in Free Space.

Free space is nothing more than the perfect dielectric for which

-9

U=, =47X10""H/m e=¢,=8854%10""? F/m=~ 1;)6 F/m
T

For free space, 1 = 1, =~ 120 Q and u = ¢ = 3 X 10% m/s.

14.7 Solutions for Good Conductors; Skin Depth

Materials are ordinarily classified as good conductors if 0> we in the range of practical frequencies. Therefore,
the propagation constant and the intrinsic impedance are

r=atip  a=p=\"C=rfua  n=|""jss

It is seen that for all conductors the E and H waves are attenuated. Numerical examples will show that this is a
very rapid attenuation. o will always be equal to 3. At each fixed location H is out of time phase with E by 45°
or 71/4 rad. Once again assuming E in a_and propagation in a , the field equations are, from Section 14.5,

E(z,t)= Eoe’“zej(“”fﬁ” a,

Ey, _o. iwr-Bz—
HG. 0= e el perihg

Moreover, u=
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The velocity and wavelength in a conducting medium are written here in terms of the skin depth or depth of
penetration,

1
nfuoc

)
ll

.

EXAMPLE 2. Assume a field E = 1.0e™ % /(@ ~ ﬂZ)aX (V/m), with f = w/2x = 100 MHz, at the surface of a
copper conductor, o = 58 MS/m, located at z > 0, as shown in Fig. 14-3. Examine the attenuation as the wave
propagates into the conductor.

X A
ko N
oc=0 o
E
> > Z
Propagation
direction
Fig. 14-3

At depth z the magnitude of the field is

|E| = 1.0e %= 1.0¢ /%

1
where 0=———==6.61 um
Jrfuc
Thus, after just 6.61 micrometers the field is attenuated to e~! = 36.8% of its initial value. At 56 or 33 microm-

eters, the magnitude is 0.67% of its initial value— practically zero.

14.8 Interface Conditions at Normal Incidence

When a traveling wave reaches an interface between two different regions, it is partly reflected and partly
transmitted, with the magnitudes of the two parts determined by the constants of the two regions. In Fig. 14-4, a
traveling E wave approaches the interface z = 0 from region /, z < 0. E/ and E” are at z = —0, while E' is at
z = +0 (inregion 2). Here, i signifies “incident,” r “reflected” and ¢ “transmitted.” Normal incidence is assumed.
The equations for E and H can be written as

E'(z,1)=ELe "%e/a_

E'(z,t)= Egefy‘zejw'ax

E'(z.1)=Eje "%/"a_

H'(z,t)=Hje "e/a,

H (z,t)= Haemejw'a),

H'(z,1)=H{e %/*"a,
One of the six constants—it is almost always E;—may be taken as real. Under the interface conditions about to
be derived, one or more of the remaining five may turn out to be complex.
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O s Uy, €

v
N

Fig. 14-4

With nominal incidence, E and H are entirely tangential to the interface, and thus are continuous across it.
At z = 0 this implies

E,+ E;=E| H,+ H]=H|
Furthermore, the intrinsic impedance in either region is equal to E /H (see Section 14.5).

Ej B Ej
Hé m H] m HL n

The five equations above can be combined to produce the following ratios in terms of the intrinsic impedances:

_h—m _Mh—n
Eo m+m Ho m+mnm
Ey_ 2, Hy_ 2w
E, m+m Hy m+mn
The intrinsic impedances for various materials were examined earlier. They are repeated here for reference.

jou
o+ jwe

conducting medium: n=, ’a)_u /45°
o

partially conducting medium: n=

perfect dielectric: n= Z

free space: Ny = /'u—o ~120m Q
€

EXAMPLE 3. Traveling E and H waves in free space (region /) are normally incident on the interface with a
perfect dielectric (region 2) for which €, = 3.0. Compare the magnitudes of the incident, reflected, and trans-
mitted E and H waves at the interface.

1207
nlznozlzon-g n2: E: =
€ e
=" (068 =" _ 06
Eo 771 +772 Ho 771 +772
Ey _ 2 Hy _ 2n,

=0.732

- - =1.268
E, mtmn Hy m+mn
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14.9 Oblique Incidence and Snell’s Laws

An incident wave that approaches a plane interface between two different media generally will result in a trans-
mitted wave in the second medium and a reflected wave in the first. The plane of incidence is the plane contain-
ing the incident wave normal and the local normal to the interface; in Fig. 14-5 this is the xz plane. The normals
to the reflected and transmitted waves also lie in the plane of incidence. The angle of incidence 0, the angle of
reflection 6 , and the angle of transmission 6 —all defined as in Fig. 14-5—obey Snell’s law of reflection,

6,=0,
and Snell’s law of refraction,
sinf,  [l,€,
sinf, \ me
X &
Reflected €1 \ €2

Transmitted

Incident
wave
normal

Fig. 14-5

EXAMPLE 4. A wave is incident at an angle of 30° from air to Teflon, €, = 2.1. Calculate the angle of trans-
mission, and repeat with an interchange of the regions.

Since , = U,,

sin@, sin 6,

Sinei _SiIlE:o = ,LZ =421 or 6, =20.18°
= . t .
€,

From Teflon to air,

sin30 _ 1 o 6 =4643

sinf, V2.1

Supposing both media of the same permeability, propagation from the optically denser medium (€, > €,) results
in 9; > Oi. As Bi increases, an angle of incidence will be reached that results in Ot = 90°. At this critical angle
of incidence, instead of a wave being transmitted into the second medium there will be a wave that propagates
along the surface. The critical angle is given by

1 €2
€

0, =sin
rl

EXAMPLE 5. The critical angle for a wave propagating from Teflon into free space is

0. =sin =43.64°

1
I [—
¢ V2.1
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14.10 Perpendicular Polarization

The orientation of the electric field E with respect to the plane of incidence determines the polarization of a wave
at the interface between two different regions. In perpendicular polarization, E is perpendicular to the plane of
incidence (the xz plane in Fig. 14-6) and is thus parallel to the (planar) interface. At the interface,

Ey _mycosf, —1m cos 6,
E) M, cos6; +1 cos6,

E_{) _ 21m, cos 6;
E) 1M, cos 6, +1, cos 6,

and

Note that for normal incidence, 6, = 6, = 0° and the expressions reduce to those found in Section 14.9.

Fig. 14-6

It is not difficult to show thatif 1, = u,,
1M, cos B, — 1, cos 6, # 0 for any 6,

Hence, a perpendicularly polarized incident wave suffers either partial or total reflection.

14.11 Parallel Polarization

For parallel polarization, the electric field vector E lies entirely within the plane of incidence, the xz plane as
shown in Fig. 14-7. (Thus E assumes the role played by H in perpendicular polarization.) At the interface,

Ej _ 1M, cos 6, — 1, cos 6;
E) m cos 6, +1, cosb,

Ey _ 21, cos 6;
E) 1 cos6; —1, cos 6,

and

In contrast to perpendicular polarizations, if 4, = u, there will be a particular angle of incidence for which there
is no reflected wave. This Brewster angle is given by

_ a1 €2
0y =tan = |—=
€
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Fig. 14-7

EXAMPLE 6. The Brewster angle for a parallel-polarized wave traveling from air into glass for which € = 5.0 is

6, = tan"! V5.0 = 6591°

14.12 Standing Waves

When waves traveling in a perfect dielectric (0, = &, = 0) are normally incident on the interface with a
perfect conductor (o, = «, 7, = 0), the reflected wave in combination with the incident wave produces a standing
wave. In such a wave, which is readily demonstrated on a clamped taut string, the oscillations at all points of a half-
wavelength interval are in time phase. The combination of incident and reflected waves may be written

i J@r=p2) j(r = pBz) ; ; —ibz Bz
EG ) =[Ee ~ +Eje " T la, = Ee " +Ele" Ha,
Since n, = 0, E}/E{ = —1 and
_ ot B i Jbe A joor
E(z,1) =&’ (Eje Eye” )a, =—2jE; sin fz¢'"a,

Taking the real part,
E(z, ) = 2E; sin Bz sin wta_

The standing wave is shown in Fig. 14-8 at time intervals of 7/8, where T = 27/ is the period. At = 0,E = 0
everywhere; att = 1(7/8), the endpoints of the E vectors lie on sine curve /; att = 2(7/8), they lie on sine curve 2;
and so forth. Sine curves 2 and 6 form an envelope for the oscillations; the amplitude of this envelope is twice the
amplitude of the incident wave. Note that adjacent half-wavelength segments are 180° out of phase with each other.

A X
0O = oo
o =
_— - 2F
——~ 0
Ve
° // \\
7 =TS
5, I/, ~
0,4,8 S >
V4
1,38t N7
2 / \
~= \\_—
A
' 2 7,
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14.13 Power and the Poynting Vector

Maxwell’s first equation for a region with conductivity o is written and then E is dotted with each term

VXHZGE+ea—E

ot
E-(VXH)=0E? +E-ea—E
ot
where, as usual, E? = E - E. The vector identity V- (A X B) = B+ (V X A) — A - (V X B) is employed to change
the left side of the equation.

H'(VXE)—V'(EXH)=0'E2+E'eaa—I;:

By Maxwell’s second equation,

Similarly, CE—=———

Substituting and rearranging terms,

_€OE puoH’
2 ot 2 ot

Integration of this equation throughout an arbitrary volume v gives

2 2
/oEzdvz—/ €JE” | uoH” dv—%(ExH)-ds
v w2 ot 2 ot s

where the last term has been converted to an integral over the surface of v by use of the divergence theorem.

The integral on the left has the units of watts and is the usual ohmic term representing energy dissipated per
unit time as heat. This dissipated energy has its source in the integrals on the right. Because eE?/2 and uH?*/2
are the densities of energy stored in the electric and magnetic fields, respectively, the volume integral (includ-
ing the minus sign) gives the decrease in this stored energy. Consequently, the surface integral (including the
minus sign) must be the rate of energy entering the volume from outside. A change of sign then produces the
instantaneous rate of energy leaving the volume:

OE* = —V-(EXH)

P(t)zf{S(ExH)-dS:j{S@-dS

where @ = E X H is the Poynting vector, the instantaneous rate of energy flow per unit area at a point.

In the cross product that defines the Poynting vector, the fields are supposed to be in real form. If, instead,
E and H are expressed in complex form and have the common time-dependence ¢/“”, then the time-average of
P is given by

P —%Re(EXH*)

avg

where H* is the complex conjugate of H. This follows the complex power of circuit analysis, S = 12 VIF*,
of which the power is the real part, P = 12 Re VI*.

For plane waves, the direction of energy flow is the direction of propagation. Thus, the Poynting vector
offers a useful, coordinate-free way of specifying the direction of propagation, or of determining the directions
of the fields if the direction of propagation is known. This can be particularly valuable where incident, transmit-
ted, and reflected waves are being examined.
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SOLVED PROBLEMS

14.1.  Atraveling wave is described by y = 10 sin (8z — @?). Sketch the wave at # = 0 and at ¢ = ¢, when it
has advanced A4 /8, if the velocity is 3 X 108 m/s and the angular frequency @ = 10° rad/s. Repeat for
® = 2 X 10° rad/s and the same ¢,.

The wave advances A in one period, T = 27/®. Hence,

T T
t1:*:7
8 4o
A 8 T
Z=e =(3X10%)———=236m
8 4(10°)

The wave is shown at = 0 and ¢ = ¢, in Fig. 14-9(a). At twice the frequency, the wavelength A is one-half, and
the phase shift constant 3 is twice, the former value. See Fig. 14-9(b). At ¢, the wave has also advanced 236 m,
but this distance is now A/4.

Fig. 14-9

14.2. In free space, E(z, 1) = 10° sin(wt — Bz)a (V/m). Obtain H(z, 1).

Examination of the phase, @7 — Bz, shows that the direction of propagation is +z. Since E X H must also be in
the +z direction, H must have the direction —a . Consequently,

E _ =120r Q o H_=-— 10’ sin (wt — Bz) (A/m)
—g, o Y1207
10° .
and H(z,1)=— sin (wt — fz)a, (A/m)
1207

14.3. For the wave of Problem 14.2 determine the propagation constant ¥, given that the frequency is
f=955MHz.

In general, y =/ jou (o + jwe).In free space, o = 0 so that

, [ 2xf 2m(95.5X10°%) . .
= jo =j| =L |=j 2= (20
Y =0\ Ho€ J( J 3% 10° Jj(2.0)m

Note that this result shows that the attenuation factor is o = 0 and the phase-shift constant is § = 2.0 rad/m.
14.4. Examine the field
E(z, 1) = 10 sin(wt + Bz)a_+ 10 cos(wr + ﬁz)ay

in the z = 0 plane, for wr = 0, /4, n/2,37/4, and 7.
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14.5.

The computations are presented in Table 14-1.

TABLE 14-1

ot | E.=10sin wt Ey =coswt | E=E a, +Eyay
0 0 10 Ian

E ﬂ £ 10 ax + ay

4 2 2 2

T 10 0 10a,

2
3_7[ ﬂ —10 10 aX + ay

4 V2 V2 V2

T 0 —-10 10(—a,)

As shown in Fig. 14-10, E(x, 1) is circularly polarized. In addition, the wave travels in the —a_direction.

Fig. 14-10

An H field travels in the —a_direction in free space with a phaseshift constant of 30.0 rad/m and an
amplitude of (1/37) A/m. If the field has the direction —a_when ¢t = 0 and z = 0, write suitable
expressions for E and H. Determine the frequency and wavelength.

In a medium of conductivity o, the intrinsic impedance 1, which relates £ and H, would be complex, and so
the phase of E and H would have to be written in complex form. In free space this restriction is unnecessary.
Using cosines,

H(z,1)=— i cos (ot + ﬁz)ay

For propagation in the —z direction,

E
H)‘ =—1n,=—120r Q or E,=+40cos(wt+fz) (V/m)
y

Thus, E(z,1) = 40 cos(wt + Bz)a,  (V/m)
Since 8 = 30 rad/m,

21w c 3x10% 45
= =—m or f:f: =

x10® Hz
B 15 A w5 T
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14.6. Determine the propagation constant y for a material having 4. = 1, €, = 8,and o = 0.25 pS/m, if the
wave frequency is 1.6 MHz.

In this case,

c 025 %1071 9

- ~ ~(

we  2m(1.6X10%)8)(10°/367)

so that

a~0 B=~aue=21f Y — 9485107 rad/m

C

and y= o + j = j9.48 X 1072 m~'. The material behaves like a perfect dielectric at the given frequency.
Conductivity of the order of 1 pS/m indicates that the material is more like an insulator than a conductor.

14.7. Determine the conversion factor between the neper and the decibel.

Consider a plane wave traveling in the +z direction whose amplitude decays according to
E=Ee ™
From Section 14.13, the power carried by the wave is proportional to E2, so that
— —20z
P =P

Then, by definition of the decibel, the power drop over the distance z is 10 log,(P,/P) dB. But

P, 1 P, 2
10 log,, —> = 0 In-2= 0
P 23026

P 23026

(0z) = 8.686 (0z)

Thus, oz nepers is equivalent to 8.686(crz) decibels; i.e.,
1 Np = 8.686 dB

14.8. At what frequencies may the earth be considered a perfect dielectric, if =5 X 107 S/m, u = 1, and
€ = 87 Can o be assumed zero at these frequencies?

Assume arbitrarily that

marks the cutoff. Then

For small o/we,

Thus, no matter how high the frequency, & will be about 0.333 Np/m, or almost 3 db/m (see Problem 14.7); & cannot
be assumed zero.
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14.9. Find the skin depth 6 at a frequency of 1.6 MHz in aluminum, where 6 = 38.2 MS/mand u_= 1.
Also find yand the wave velocity u.

5= —644x10°m =644 um

Jrfuoc

Because a = =671,

y=1.55 X 10* + j1.55 X 10* = 2.20 X 10* /45° (m™})

and u:%:w5:647(m/s)

14.10. A perpendicularly polarized wave propagates from region / (¢,, = 8.5, u , = 1, o, = 0) to region 2,
free space, with an angle of incidence of 15°. Given E;= 1.0 uV/m, find: E;, , E{, H} , H;, and H}.

The intrinsic impedances are

_ Mo _ 120 _ =
= =—=129 Q and =n,=120r Q
m \/a 35 M ="
and the angle of transmission is given by
in15°
sinl> _ € o g =48099°
sin 6, 8.5¢,

Then

Ey _ 1, cos6; — 1, cos 6,
E) 1, cos6; +1, cosb,

=0.623 or E;=0.623uV/m

Ey _ 21, cos 6,

, =1.623 or Ej=1.623uV/m
E, mM,cos6, +n cosb,

Finally, H = El/n, = 7.75n A/m, Hj, = 483 nA/m, and H) = 4.31 nA/m.

14.11. Calculate the intrinsic impedance 1, the propagation constant 7, and the wave velocity u# ata
frequency f = 100 MHz for a conducting medium in which 0 = 58 MS/m and = 1

y = Jouo [45° =2.14 X10° [45° m ™!

n= 2% /45 =3.60 %1073 [45° @
o

a=B=151X10° OS=4=66lum u=wd=415x10°m/s
o

14.12. A plane wave traveling in the + z direction in free space (z < 0) is normally incident at z = 0 on a
conductor (z > 0) for which 6 = 61.7 MS/m, y_= 1. The free-space E wave has a frequency f = 1.5
MHz and an amplitude of 1.0 V/m; at the interface it is given by

EQ.7) = 1.0sin2xfra, (V/m)

Find H(z, ) for z > 0.

For z > 0, in complex form,

E(z,0)=10e % e/ (V/m)
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where the imaginary part will ultimately be taken. In the conductor,

a=pB=\afo =x(1.5%x10%)4xx10"7)61.7x10°) =1.91x10*
n= \/@ﬂ =438 X104/
Then, since Ey/(—Hx) =,
H(z,1)=—228X10%¢ % (/@W1=B=mhy — (A/m)
or, taking the imaginary part,
H(z,1) = =228 X 10% “sinQnft — fz — n/4)a, (A/m)
where f, o, and  are as given above.

In free space, E(z, 1) = 50 cos (wt — Bz)a_(V/m). Find the average power crossing a circular area of
radius 2.5 m in the plane z = const.

In complex form,
E=50¢/“"P)a_ (V/m)
and since 11 = 1207 Q and propagation is in the +z direction,

H= éeﬂ“”‘ﬁ%y (A /m)

1 1
Then, g’avg ZERC (EXH*):Z(SO)( ]az W/m2

127

The flow is normal to the area, and so

P, = ;(50)[1;] (25 =651W

A voltage source, v, is connected to a pure resistor R by a length of coaxial cable, as shown in
Fig. 14-11(a). Show that use of the Poynting vector P in the dielectric leads to the same
instantaneous power in the resistor as methods of circuit analysis.

Fig. 14-11
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From Problem 8.9 and Ampere’s law,

=+ar and H=La¢7
rin(b/a) 2nr

where a and b are the radii of the inner and outer conductors, as shown in Fig. 14-11 (b). Then

Vi

97’=EXH=273Z
27r- In(b/a)

This is the instantaneous power density. The total instantaneous power over the cross section of the dielectric is

2T b Vi
P(t):/ / —————a_rdrdpa_ =vi
0 a 2ntr- In(b/a) ~ N

which is also the circuit-theory result for the instantaneous power loss in the resistor.

14.15. Determine the amplitudes of the reflected and transmitted E and H fields at the interface shown in
Fig. 14-12,if Ej = 1.5 X 107# V/m in region /, in which €, = 8.5, 11 = 1, and 6, = 0. Region 2 is
free space. Assume normal incidence.

= [Hotr _ 159 o n, =120 Q=377Q
6Oerl

Er ="t g~ 7355107 V/m
m+mn

Ey=—2" g —224%107V/m
m+m

1
H) =5 _116%1075 A/m
1

Hy =12l i~ _560%107° A/m
n+n
HYy=—2M_ pi—591%107° A/m
mTn
€1, LA 2 €0 Mo
E’bn Et0
7 —p —
Eb
Fig. 14-12

14.16. The amplitude of E' in free space (region 1) at the interface with region 2 is 1.0 V/m.
IfH;=—141 X107 A/m, €, = 18.5,and 0, = 0, find p,,.

From
B o pora=-3770 aa P -M3T7
Hy E, 377+m,
Ej 1 —377 (377 +
s - ( 1) n, =1234Q

Hj —141x10°  n,—377
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Then 1234 = |[Hol2 o —1984
& (18.5)

A normally incident E field has amplitude E; = 1.0 V/m in free space just outside of seawater in
which € = 80,4 = 1,and o = 2.5 S/m. For a frequency of 30 MHz, at what depth will the amplitude
of Ebe 1.0 m V/m?

Let the free space be region / and the seawater be region 2.
n, =377Q 1, =9.73/43.5° Q
Then the amplitude of E just inside the seawater is E.

Ey _ 2 -
So- o By =507%107Vim
E() 771 +772

From y=./jou(c+ joe) = 2436/46.53 m™"

o =24.36 cos 46.53°= 16.76 Np/m

Then, from
1.0 = 1073 = (507 X 1072)¢"1676:
z=0.234m.
A traveling E field in free space, of amplitude 100 V/m, strikes a sheet of silver of thickness 5 um, as

shown in Fig. 14-13. Assuming ¢ = 61.7 MS/m and a frequency f = 200 MHz, find the amplitudes
|E,|.E,| and | E,|.

€0’ Mo €0 Mo

4

—>| 5pum |<—

Fig. 14-13

For the silver sheet at 200 MHz, n = 5.06 X 10’3{45° Q.

E, _ 2(5.06Xx107%/45%)
E, 377 +5.06 X1073/45°

whence | E, [~2.68X107° V/m

‘Within the conductor,

a=p=rnfuc =221x10°
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Thus, in addition to attenuation there is phase shift as the wave travels through the conductor. Since |E 3| and
|E 4| represent maximum values of the sinusoidally varying wave, this phase shift is not involved.

|E,| = |E,| 7 = (2.68 X 1073)¢ @21 X 1096 X107 = g 88 X 10~* V/m

E 2(377 _
and == (377) =7 whence ‘E4 ‘%1.78><10 3V/m
E;  377X5.06X10 °/45

SUPPLEMENTARY PROBLEMS

14.19.

14.20.

14.21.

14.22.

14.23.

14.24.

14.25.

14.26.

14.27.

14.28.

14.29.

14.30.

Given

E(z,1) = 103 sin(6 X 10% — Bz) a, (V/m)
in free space, sketch the wave at r = 0 and at time ¢, when it has traveled A/4 along the z axis. Find 7, B, and 1.
In free space,
H(z,1) =10 05108y (A /m)
Obtain an expression for E (z, 7) and determine the propagation direction.
In free space,
H(z,1) = 1.33 X 107! cos (4 X 107r) — Bz)a_ (A/m)
Obtain an expression for E(z, 7). Find  and A.
A traveling wave has a velocity of 10° m/s and is described by
y = 10cos (2.5z + wr)

Sketch the wave as a function of zat = 0 and t = ¢, = 0.838 us. What fraction of a wavelength is traveled
between these two times?

Find the magnitude and direction of
E(z,1) = 10 sin (ot — Bz)a_— 15 sin(wt — ﬁz)ay (V/m)
atr =0,z =31/4.

Determine yat 500 kHz for a medium in which i = 1, €, = 15, 0 = 0. At what velocity will an electromagnetic
wave travel in this medium?

An electromagnetic wave in free space has a wavelength of 0.20 m. When this same wave enters a perfect dielectric,
the wavelength changes to 0.09 m. Assuming that 11, = 1, determine €, and the wave velocity in the dielectric.

An electromagnetic wave in free space has a phase shift constant of 0.524 rad/m. The same wave has a phase shift
constant of 1.81 rad/m upon entering a perfect dielectric. Assuming that ¢, = 1, find €, and the velocity of
propagation.

Find the propagation constant at 400 MHz for a medium in which €, = 16, u = 4.5, and ¢ = 0.6 S/m. Find the
ratio of the velocity v to the free-space velocity c.

In a partially conducting medium, € = 18.5, u = 800, and 0 = 1 S/m. Find «, 3, 17, and the velocity u, for a
frequency of 10° Hz. Determine H(z, ), given

E(z.1) = 500¢~% cos(ax — fz)a, (V/m)

For silver, 0 = 3.0 MS/m. At what frequency will the depth of penetration § be 1 mm?

At a certain frequency in copper (¢ = 58.0 MS/m) the phase shift constant is 3.71 X 103 rad/m. Determine the
frequency.
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14.31. The amplitude of E just inside a liquid is 10.0 V/m and the constants are i, = 1, €, = 20,and o = 0.50 S/m.
Determine the amplitude of E at a distance of 10 cm inside the medium for frequencies of (a) 5 MHz,
(b) 50 MHz, and (c) 500 MHz.

14.32. In free space, E(z,7) = 1.0 sin (0wt — Bz)ax (V/m). Show that the average power crossing a circular disk of radius
15.5 min a z = const. plane is 1 W.

14.33. In spherical coordinates, the spherical wave

0.265

E= 100 sin @ cos (wr — Brya, (V/m) H= sin 6 cos (wf — Br)a, (A/m)
r

represents the electromagnetic field at large distances » from a certain dipole antenna in free space. Find the
average power crossing the hemispherical shell » = 1 km,0 = 6 = 7/2.

14.34. In free space, E(z, ) = 150 sin (ot — Bz)a_(V/m). Find the total power passing through a rectangular area, of
sides 30 mm and 15 mm, in the z = 0 plane.

14.35. A free space-silver interface has Ej = 100 V/m on the free-space side. The frequency is 15 MHz and the silver
constants are €, = 4, = 1 and 6 = 61.7 MS/m. Determine E/, and E at the interface.

14.36. A free space-conductor interface has H; = 1.0 A/m on the free-space side. The frequency is 31.8 MHz and the
conductor constants are €, = ¢ = 1 and 0 = 1.26 MS/m. Determine H} and H; and the depth of penetration of H'.

14.37. A traveling H field in free space, of amplitude 1.0 A/m and frequency 200 MHz, strikes a sheet of silver of
thickness 5 ym with ¢ = 61.7 MS/m, as shown in Fig. 14-14. Find H} just beyond the sheet.

€0’ Ko

€0’ Mo

-

Hi

/l/::
—b( 5um ‘4—

Fig. 14-14

14.38. A traveling E field in free space, of amplitude 100 V/m, strikes a perfect dielectric, as shown in Fig. 14-15.
Determine E.

€0 o

Ei

Fig. 14-15
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14.39. A traveling E field in free space strikes a partially conducting medium, as shown in Fig. 14-16. Given a frequency
of 500 MHz and E(’) = 100 V/m, determine Ej and H|).

€0 Mo

Ei

Fig. 14-16

14.40. A wave propagates from a dielectric medium to the interface with free space. If the angle of incidence is the
critical angle of 20°, find the relative permittivity.

14.41. Compute the ratios E}/E} and E//E} for normal incidence and for oblique incidence at 6, = 10°. For region I,
assume €, = 8.5, 1, = 1,and o, = 0. Region 2 is free space.

14.42. A parallel-polarized wave propagates from air into a dielectric at a Brewster’s angle of 75°. Find €.

ANSWERS TO SUPPLEMENTARY PROBLEMS

14.19. ¢, =2.62 ns, B = 2 rad/m, A = mm. See Fig. 14-17.

10% [~

NY

-10° [~

Fig. 14-17

14.20. E, =377 V/m, —a

14.21. E,=50V/m, (5)rad/m, 157 m

14.22. % See Fig. 14.18.



14.23.

14.24.

14.25.

14.26.

14.27.

14.28.

14.29.

14.30.

14.31.

14.33.

14.34.

14.35.

14.36.

14.37.

14.38.

14.39.

14.40.

14.41.

14.42.
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_ 10
t= t1 ,—'\\
\4// \
/ \
[ A \ | | >
—yy J A2 \ 0 A4 A2 z
//
NP
Y t=0 Y\ _
|« »le >
/3 A —251m
Fig. 14-18

18.03 V/m,0.555a  — 0.8323},
j4.06 X 1072m~!,7.74 X 10" m/s
494,135 X 108 m/s

11.9,8.69 X 10" m/s

99.58 /60.34°m™!,0.097

1130 Np/m, 2790 rad/m, 2100 /22.1° Q,2.25 X 10°m/s,2.38 X 1072e~%cos(wr — 0.386 — fz) (— a) (A/m)

84.4 kHz
601 MHz

(@ 732V/m; (b) 391V/m; (¢) 142V/m
555 W

13.4 mW

—100 V/m, 7.35 X 10™* /45° V/m

1.0 A/m,2.0 A/m, 80 ym

1.78 X 1075 A/m

59.7 V/m

19.0 V/m, 0.0504 A/m

8.55

For nomal incidence, E}/E; = 0.490 and E}/E} = 1.490. At 10°, E}/E]

13.93

0.539 and E!/E} = 1.539.



Transmission Lines
(by Milton L. Kult)

15.1 Introduction

Unguided propagation of electromagnetic energy was investigated in Chapter 14. In this chapter the transmis-
sion of energy will be studied when the waves are guided by two conductors in a dielectric medium. Exact
analysis of this two-conductor transmission line requires field theory. However, the performance of the system
can be predicted by modeling the transmission line with distributed parameters and using voltages and currents
associated with the electric and magnetic fields.

Only uniform transmission lines will be considered; that is, the incremental distributed parameters shall be
assumed constant along the line.

15.2 Distributed Parameters

The incremental distributed parameters per unit length of line are inductance and capacitance as determined
in Chapters 8 and 12, the resistance of the conductors, and the conductance of the dielectric medium. It was
seen that the parameters depend on the geometry of the configuration, the characteristics of the materials, and
in some cases the frequency. In the following summary list the dependence on geometry is represented by a
geometrical factor GF.

Capacitance.
C = me,(GFc)  (F/m) [e, = permittivity of dielectric]

Conductance.

. o, (S/m) [0, = conductivity of dielectric]
€

Inductance (external).
L,= Ha (GFL) (H/m) [1t, = permeability of dielectric = i, ]
T
DC Resistance (useful for operation up to 10 kHz).

R, = L (GFR,) (&/m) [0, = conductivity of conductors]
.7

c



CHAPTER 15 Transmission Lines

Ac Resistance (for frequencies above 10 kHz).

R ! Q/ 6= 2 = skin depth
= FR =— =
¢ 216,68 (GFR,) - (©/m) U0,

Inductance (internal).

i

R, 2xf (H/m) for f>10kHz
Ho/4m  (H/m) for f<10kHz

Inductance (total).
L=L +L~=L
t e 1 e
For three common line configurations the geometrical factors are as follows:

Coaxial Line (inner radius a, outer radius b, outer thickness 7).

In(b/a) GFC
GFRdZLz-I—; GFRaZl-i-l for 1>6
a t(b+1) a b

Parallel Wires (radius a, separation d).

GFch GFL=cosh71i%1ng for d>a
GFL 2a a
2 2
GFR; =— GFR, ==
a a
Parallel Plates (width w, thickness ¢, separation d).
w 1
GFC = — GFL = —
nd GFC
GFRd=2—” GFRa=4—7r for t>6
wt w

15.3 Incremental Models

The model in Fig. 15-1, where R, L, G, and C are as given in Section 15.2, is the simplest incremental model of
a two-conductor transmission line. It permits analysis of the line using voltages and currents at each cell in the
model. For within a cell of length Ax, the voltages across the line at points a and b differ by

di(x,t
Av(x,1)=(RAX)i(x,1) + (LAX) l(axz ) (1—a)
RAX LAX a RAX LAX b c RAX LAX
- --—/\V\V/\/—00000 L VAYAVAYA 700000 @ —/\/\/\/"—"00000 —-
GAx —< CAx GAx —=< CAx
le N
I~ AX il

Fig. 15-1
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Likewise, the current at point ¢ differs from that at b by

Ai(x,1) = (GAx)W(x, 1)+ (CAx) 8D av(x L (1-b)

Other incremental models may also be used. They lead to the same transmission line equation as the one obtained
in the next section.

15.4 Transmission Line Equation

The incremental equations for the model of Fig. 15-1 can be written as the following:

Av(x,t) . di(x,1) _

o R L= (I—a

A0 _ ;)+cav(x 1) (1 —b)
Ax ot

In the limit as Ax — 0, the equations become first-order partial differential equations

WD) _ i1y 4+ 1, 2D @ - a)

ox ot
di(x,1) — Gy +C8v(x,t) 2 —b)

ox ot
The above two first-order partial differential equations imply a single second-order partial differential equation

2 2
%=RGf(x,z)+(Rc+LG)af(a);’t)+Lca J;(f”) 3)
X t

whose f(x, t) can be either v(x, ) or i(x, t). The equation describes the behavior of the current and voltage at
any point on the line. Now, (3) is an equation of the hyperbolic type and very similar to the wave equation.
Indeed, for a lossless line (R = G = 0), (3) is precisely the one-dimensional scalar wave equation studied in
Chapter 14. Thus, it is known in advance that the transmission lines support voltage- and current-waves which
can be reflected and/or transmitted at discontinuities (sites of abrupt parameter changes) in the line.

15.5 Sinusoidal Steady-State Excitation

When the transmission line of Fig. 15-1 is driven for a long time by a sinusoidal source (angular frequency ),
the voltage and current also become sinusoidal, with the same frequency:

v(x, 1) = Re [V(x)ei®] i(x,1) = Re [[(x)e/®]

Here, the phasors ‘7(x) and [(x) are generally complex-valued; often they are indicated in polar form (with the
x-dependence suppressed) as

=vi/ev  P=1il /o

where ¢ denotes the angle between the complex vector and the real axis. Steady-state analysis of the transmis-
sion line is much simplified when all voltages and currents are replaced by their phasor representations.

Fig. 15-2 models in the phasor domain a uniform line of length /¢ that is terminated in a (complex) load
Z, at the receiving end and is driven at the sending end by a generator with internal impedance Z, and voltage
V = V .. /6 . The per-unit-length series impedance and shunt admittance of the line are given by

Z=R+ joL Y=G+joC

Distance from the receiving end is measured by the variable x; from the sending end, by d.
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Sending End Receiving End (Load)

Zg Ig—> lg —>

O

~ + + ~ +/\

Ve () Vg zZyY Vg z,

e o

x=1L +Xx — x=0

d=0 —» +d d=1¢

Fig. 15-2

Equations (1), (2), and (3) of Section 15.4 become ODEs for the phasors V(x) and I(x).

d‘;(x) =7I(x) (1 bis)
X
_d; ‘xx) —YV() (2 bis)
-
dFD _ o 2py (3 bis)
dx*

with y= V' ZY = «a + jB, the square root being chosen to make ¢ and 8 nonnegative. Equation (3 bis) is identical
in form to the equation of plane waves (Section 14 .4); it has the traveling-wave solutions

V() = Vter + Ve "=V, (x) +V_,(x)
Iy =Tter +Ie =1 (x)+1,x

The coefficients V*, etc., are phasors independent of x that are interrelated by the characteristic impedance Z

and the boundary reflection coefficient Ty, defined as

A

Ry 10 v (0)

inc

It is easy to express I', in terms of the characteristic and load impedance:
r. = ZR — ZO
Kz, +2
R %0

Then, if a pointwise reflection coefficient is defined by

Vi ()

IR =
RRTES

it follows that

Zg — 7, 6*270C

T(x)=Tpe 27 =
(=T Zp +7Z,

Similarly, if Z(x) = f/(x) /T (x) is the pointwise impedance looking back to the receiving end (x = 0), then

1+T(x)
1-T(x)

Z(x)=Z,



CHAPTER 15 Transmission Lines

The conditions at the sending end [rerotate I'(¢), etc., as I, etc.] are

1+T
S:ZO—S

I_FS
~ A Z
VS: g g

Zs+Z,
7
J.=-5
Sz

Average power received at the load and average power supplied to the sending end are calculated as
1 NI NP
Py = Re (Vy )= §|IR| Re (Z,)
=P (x=0) = Py (x=0)

Lo o L p
Py = Re (Vg IS)=5|1S| Re (Z)

15.6 Sinusoidal Steady-State in Lossless Lines

A line is ideally lossless only when R = G = 0. In practice, at high frequencies for which R << wL and
G << wC (e.g., above 1 MHz), the sinusoidal steady-state response of the line and the parameters derived in
the previous section are simplified to

R+joL _ [L
z,— |[RHioL _ [L_ o
G+joc \cC
R _ GR,

y:\/(R+ja)L)(G+ij)z[— —]"—jW\/EZO{'Fjﬁ
2R, 2

- 1 and 2r 1

e ™ TR T

where, as always, u, and A denote phase velocity and wavelength.
For the ideal lossless line with R = 0 and G = 0, the reflection coefficient is of constant magnitude.

f¢R - 2ﬁx

Zp — Ry

[(x)=Tpe 2P =
Z,+R,

where ¢, is the polar angle of T',. The voltage is given by

V) =V (1 + T, /=2
which implies

A

max

min

VEITR]) [V =Vl 0=k )

Adjacent maxima and minima are separated by Bx = 90°, or one-quarter wavelength. For the resulting wave the
voltage standing-wave ratio, VSWR, is defined as
_ 14T

1= | Tr |

v
1%

min

For the small-dissipation line the VSWR can still be used if a correction is made for the attenuation (see
Problems 15.2,15.9, 15.41).
Some other parameters of lossless transmission are also discussed in Section 1.15.
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15.7 The Smith Chart

The Smith Chart (Fig. 15-3) is a graphical aid in solving high-frequency transmission line problems. The chart
is essentially a polar plot of the reflection coefficient in terms of the normalized impedance r + jy.

Z(x) _ 1+T(x)
R, X =)+ i) =1 o

+
[(x)=T,/-2Bx= - / 7;0 +1 [0 —2Bx=T, +T; (forz=0)

&

= —tai—g

E e
3
H
3
2
H
5
g
&
H
s

aD LOAD —

nk
AnBLE,

Radial scales
1.0 0.8 0.6 04 0.2 OI 1.2 L6 2.0 30 5 10 =
T R e e i e e e L e
o 0.7 05 03 0.1 ll.u 1.4 18 24 4 7 20
Reflection coefficient magnitude Voltage standing-wave ratio (VSWR)
Linear div. () to 1.0 for I’ R > 1 scale for VSWR

Fig. 15-3 Smith chart: normalized resistance and reactance coordinates.
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where r, = r(0) and y,, = x(0). In the complex I plane the curves of constant r are circles, Fig. 15-4(b), as are,
of course, the curves of constant T , Fig. 15-4(a). The curves of constant j are arcs of circles, Fig. 15-4(c). Some
important correspondences are listed in Table 15-1.

T; T; T
-1+j Tgoo 1+ —1+j T 1+ -1+j T 1+

1 R

1180°

-1—j ‘790° 1—j —-1—j ‘ 1—j —1—j ‘ 1—j

O |I"| = const. O r = const. O y = const.
@) (b) ()
Fig. 15-4
TABLE 15-1
CONDITION r r z
Open-circuit 1/0° o (arbitrary) arbitrary (%)
Short-circuit 1/180° 0 0
Pure reactance 1/%£90° 0 *1
Matched line 0 1 0

The complete Smith Chart of Fig. 15-3 is obtained by superposing Figs. 15-4(b) and (c). The circles of constant
|T'| are not included; instead the value of | T corresponding to a point (r, y) is read off the left-hand external scale.
The value of the VSWR is read from the right-hand scale. The two circumferential distance scales are in fractions
of a wavelength. From r = 0, y = 0, the outer scale goes clockwise toward the generator (i.e., measures x/A), and
the inner one counterclockwise foward the load (i.e., measures d/A). Once around the chart is one-half wavelength.
The third circumferential scale gives ¢ = ¢, — 2x.

The chart can be used for normalized admittances,

Yo _ y(x) = g(x) + jb(x)
GO

where r-circles are used for g, y-arcs are used for b, the angle of I" for a given y is 180° + ¢, and the point
y = 0 + jO is an open-circuit.

15.8 Impedance Matching

At high frequencies it is essential to operate at minimum VSWR (ideally, at VSWR = 1). Several methods are used
to match a load Z, to the line, or to match cascaded lines with different characteristic impedances. Matching
networks can be placed at the load (x = 0) or at some position x = x, along the line, as in Fig. 15-5. The two sets
of normalized conditions are as follows:

(@) Before match: z(0) = z, = r, +jx,;; y(0) =g, +jb,;, VSWR>1
After match: z(0)=1+,0; y0)=1+,0; VSWR=1
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VSWR = 1 VSWR = 1 VSWR > 1
o —o0 o——
Ay won | Sz, [ | wen | [] $a
o —o0 o———
+“—|x=0 “—|x=x +—x=0
(@) b)
Fig. 155
(b) Atload: z2(0) = ry + jx,; y(©0) = g, +jby;  VSWR(0) > 1
Before match:  z(x,) = r, +jx;;  y(x) =g, +jb;; VSWR = VSWR(0)
After match: z(x) = 1+ jO; y(x) =1+ j0; VSWR =1

The matching networks at lower (radio) frequencies can be made with lumped low-loss reactive components;
one lumped L-C network is shown in Fig. 15-6. If Z, has a reactive component, a reactance of opposite sign is
added in series so that Z;, = R + jO. Then, for a match,

1 1
Y =JjolC, + o ===
R+ joL, R,

L

1
or Li=—\JR(Ry—R) and C,=—1-
0]

RR,

If R > R, the capacitor should be connected to the other end of the inductor.
To minimize dissipation losses at higher frequencies a length of open- or short-circuited line is used for
matching, in either a single-stub or double-stub configuration.

7HO000
L1
Yin — X= _XH
¢  R—»
R,
Z. =R+ jX,
Fig. 15-6

15.9 Single-Stub Matching

The configuration shown in Fig. 15-7 uses one shorted stub, of length £ , placed at a distance x, from the load.
To accomplish matching:

(1) Determine x, such that y(x) =1+ jb,.
(2) Determine ¢ such that y(¢) =0 — jb,.

After matching, y(x,) = 1 + jO and VSWR = 1 from x, to /.
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Ry Z

— x =/ X=X

Fig. 15-7
EXAMPLE 1. The above two steps may be accomplished on the Smith Chart (Fig. 15-8).

(@) Ploty, and trace the | FR| [or VSWR(0)] circle.
(b) Mark the intersections of the |FR| circle and the circle g = 1.

(¢) From y, move toward the generator to the first intersection, read y, = 1 + jb , and note the distance
x, as a fraction of A (or read off angle 2f3x)).

(d) Mark the pointy = 0 — jb, on the IT| = 1 circle. From the short-circuit position y = %, move
toward the generator to the point y = —jb,. Note the distance /_ as a fraction of A. If the first
intersection is not accessible, the second one can be used by readjusting the stub length for the
susceptance at the new position.

—1+j

+\

Fig. 15-8

For matching two cascaded lines with different characteristic impedances, the above procedure is used at the con-
nection point where the equivalent load is the input impedance to the second line.

15.10 Double-Stub Matching

A double stub “tuner” has two shorted stub lines separated by a distance d_on the main line, as shown in Fig. 15-9.
Stub 1 is nearest the load and frequently is connected at the load (x = 0). Common separations for the two stubs
are A/4 and 31/8, hence the names “quarter-wavelength tuner,” etc. The Smith Chart solution for the two-stub
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matching problem involves the construction of the funer circle for the given d_. This is the circle g, = g(d) = 1,
which plays the same role for stub 2 as the g = 1 circle plays for the main line. The tuner circle is obtained by clock-
wise rotation of g = 1, about the center of the chart, 1 + jO: a rotation of 180° gives the A/4 tuner circle, rotation of
90° gives the 3A/8 tuner circle, etc. See Fig. 15-10.

X

| x =ds x=0

Fig. 15-10

EXAMPLE 2. Assuming that d, = A/4, a five-step sequence is used for two-stub matching, as shown in Fig. 15-11.

1. Plot the A/4 tuner circle.

2. Mark the intersection(s) of the tuner circle and the g, circle through the entry point y, = g, + jb,.
Read b, at this point, which may be either intersection.

3. Stub 1 at x = 0 is used to change the susceptance b, to b..

From y, = g, + jb, move on the |FR| circle a distance d, = A/4 toward the generator onto the g = 1
circle and read y = 1 + jb,.

5. Cancel the susceptance b, by adjusting stub 2 to produce y = 1 + j0, the matched condition.
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Fig. 15-11

A problem arises when using the A/4 tuner to match a load with g, > 1, since the conductance circle does not
intersect the tuner circle. The 34/8 tuner works for some values of g, > 1.In any case, a tuner can be displaced
from the load by a distance x, to put g in the range for matching. Should g = 1 at the displaced position, the
single-stub condition holds and stub 2 must be set for b = 0.

Note the standing waves on the various sections of line. The shorted stubs each have VSWR = . For
ds <x</,VSWR =1;for0<x< ds, VSWR is determined by y = g, + jb,; and if line is added between the
load and stub 1, the VSWR is determined by y,.

15.11 Impedance Measurement

A slotted line is used with high-frequency coaxial lines to measure VSWR and to locate voltage minima on the
line. With the aid of the Smith Chart, the impedance of an unknown termination can be easily found from the
VSWR and the shift of a voltage minimum from a short-circuit reference position.

In Fig. 15-12 the slotted line is inserted at a convenient terminal. With the Z in place, a probe is moved along
the line to locate and measure maximum and minimum voltages. A suitable amplifier/indicator converts the
probe output to a VSWR reading. Z,, is replaced by a short circuit, and the reference minima are located for the
high-VSWR condition. As would be expected, maxima and minima alternate at intervals of A/4.

Max 1
Min 2 Min 1
I I
— SLOTTEDLINE  }——23 27,

I I
"

«—— GENERATOR | M2 !
| Min 2 | Min 1
| |

| I
- - SHORT
— _SLOTTED LINE I—I SIRCUIT

! AX

: : ,  EQUIVALENT
' I R LOCATION

Fig. 15-12
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To find z,, with the Smith Chart, draw the measured VSWR circle as in Fig. 15-13 and locate the voltage-
minimum line (from O to 1 on the ¥ = 0 line). Convert the measured Ax to wavelengths, and mark the points
on the VSWR circle that are Ax from the V_. line. The correct z, is capacitive; a rotation through Ax toward
the generator takes it into a V_. point. (If z, were inductive, Ax would be greater than a quarter wavelength

anda V__ point would occur before the V. point.)

Fig. 15-13

15.12 Transients in Lossless Lines

In switching applications and pulse operation, a change in voltage is suddenly applied to the line. An analysis
of this transient condition generally requires recourse to the time PDEs of Section 15.4 or to their Laplace trans-
forms. However, in the special case of a lossless line (R = G = 0,R, = VL/C, u,= 1/LC), a simple graphical
method is available, based on superposition of multiply reflected waves.

Fig. 15-14 shows a model for the lossless system, in which the exciting voltage v, (1) is switched on at
t = 0 and where R, is the source resistance. Now, an abrupt change at one end of the line has an effect at the
other end only after one delay time, t,, = Z/up, has elapsed. Reflection will occur at the receiving end if the load
is not matched to the line (R, # R,); at the sending end if the source is not matched (Rg # R,).

Sending End Receiving End
Rg
— NN/ —e °
+ + +
Vg (t) v, (®) R, U 790] Ry
— . o
x=/4 +x «+—X=0
d=0—» +d d=
Fig. 15-14

EXAMPLE 3. For the case where vg(t) isa 10-V step at = O (i.e., a dc voltage), and where the line is matched at
both ends (R, = R, =R)), the transient voltage conditions are displayed in the time-distance plots of Fig. 15-15.
Because the source voltage is constant and there is no reflection at the receiving end, the system reaches a steady
state, v(d, f) = 5V, after only one delay time. In Fig. 15-15(a) and () different boldface numerals indicate different
space-time combinations corresponding to the steady-state condition. For instance, 5 signals v(0.5¢,0.5¢,) = 5 V.
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v="Vst t=0.1t,
1 2 3 4 5 6 1 0 05¢ R
5re—eo—e—eo—o—o 5 0 T »
I d
I
0 ! ! ! L, 0 L L1, &y s, !
0 th 2t, t 0 ¢ d ¢ ~a :
Va 4 t=05t
= D l
d=0.5¢ tD————————————Q———/— (Tg =0
s 3 524 o7
—> s |
— // 1
0 | | | > 0 | | | > ///’ :
0 ty 2t, t 0 ¢ d e .
_ 2t |- I
V="Vha 9= A t=1t, D :
3 5 6 I
5 16—— 5 . ] :
: I
0 L L L > 0 l l L . > tY :
0 ty 2ty t 0 0.5¢ L d
@) vvs.t (b) vvs.d (c) t-d plot
Fig. 15-15

EXAMPLE 4. Assume that everything is as in Example 3, with the exception of the load, which is now an
open-circuit (R, = ). Fig. 15-16 gives the time-distance plots. Because of the single reflection at the load,
a uniform steady state of 10 V is attained after 27,,.

D

V="Vsa . —

10 |- 10‘ t_OStD d
,— ; o0 0.5¢ ¢
5 5 | L

: v !

0 1 1 1 L, 0 1 1 L, - 4 !

t 2t t 0 0.5¢ £ d |

I

va VA e Tg=1)
ol i

I
5 REFL <—T | “?\(’3\’/ i
51 NG — | !
0 1 1 1 > 0 1 1 ! L P ot
t 2, 't 0 0.5¢ £ d o310, i
= g ]
V="Vra Py Va t=2t, (Ts=0) NN :
10 - } 10 | 1 :
t y
REFL 1
5+ 0} 5+ !
INC 1
0 L L L, 0 L L L L,
0 t 2t, 't 0 05¢ ¢ g
@vvs.t b)vvs.d (c) t-d plot
Fig. 15-16

EXAMPLE 5. A line is excited as in Examples 3 and 4; parameter values are

Vg=20Vdc Rg=3R r =

o . I'; = 1 (open-circuit)

NI —

The voltage transient is described in Fig. 15-17. With reflections occurring at both ends of the line, an infinite
time is needed for the attainment of a uniform steady state of 20 V.
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Fig. 15-17

SOLVED PROBLEMS

15.1.

15.2.

A parallel-wire transmission line is constructed of #6 AWG copper wire (dia. = 0.162 in., o, = 58 MS/m)
with a 12-inch separation in air. Neglecting internal inductance, find the per-meter values of L, C, G, the
dc resistance, and the ac resistance at 1 MHz.

The four geometrical factors for the parallel-wire line involve the conductor radius, a = 2.06 X 1073 m, and the
separation d = 0.305 m. Since d > a

GFL=1In 4 =50 GFC:LZO.ZO
a GFL

2

GFR, = 2 47 X10° m™? GFR, = 2_971m"!
a a

For air dielectric, i, = i, and €, = €,; for copper, i, = u,. Hence:

L= (GFLy=20 uH/m R, =— (GFR,)=2.59 X 10~* Q/m
T o,
1
C =re, (GFC)=5.56 pF/m §=—— =66um
¢ P o,
G=0S/m R, = ! (GFR,)=4.04 X10"* Q/m
21,0,

The specifications for a rigid air-dielectric coaxial line used in a radar set operating at 3 GHz are:
copper material, stub-supported at intervals to maintain the air dielectric; outside diameter, Z inch;
wall thickness, 0.032 inch; inner-conductor diameter, 0.375 inch; characteristic impedance, 46.4 €;
attenuation, 0.066 dB/m; maximum peak power, 1.31 kW; operating peak power, 200 kW; lowest safe
wavelength, 5.28 cm. Determine the per-meter values of L, C, G, and R, for the line, neglecting
internal inductance.

The inner radius a is 4.76 mm and the outer radius b is 10.3 mm. Then In (b/a) = 0.771, GFL = 0.386, GFC = 2.59.

L= (Gr)=0.154 uH/m  C = re,(GFc)="71.9 pF/m
/9
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For copper and a frequency of 3 GHz, 6 = 1.2 um. Then,

o, =L+l =307m  and R =—'(Grr,)=0.702Q/m

a b ‘ 2n6.8

&

For air dielectric, G = 0 S/m.

15.3. Show that the voltage v(x, f) = A cos (wt + 6)e/” satisfies the transmission line equation (3), for a
uniform lossless line, if § = @ VLC.

For the lossless line, R = G = 0, so that the equation reduces to

% (x,1) —IC v (x,1)
ox? or’

For the given voltage, this requires
—-pv=LC(-w’v) or B=wJLC

15.4. For the parallel-wire line of Problem 15.1, find the characteristic impedance, propagation constant
(attenuation and phase shift), velocity of propagation, and wavelength, for operation at 5 kHz.

At 5 kHz the dc resistance may be used.

Z=R,+ joL =259 X107+ j27 (5 X10°)(2 X 10 °)=6.289 X 1072 /87.6° Q/m

Y =G+ joC=j2r(5%10%) (556 X10712)=1.747 x 107 /90° S/m
Zy= \E =600 /—1.2°Q
Y
y=ZY =1.048 X 10 */88.8°=(2.19 X 10 %) + j(1.048 X 10 *)m !
Then o = 2.19 X 107°N/m, f = 1.048 X 10~*rad/m,u, = ®/f = 2.998 X 10° m/s, A = 27/f = 59.96 km.

15.5. A 10-km parallel-wire line operating at 100 kHz has Z; = 557Q, o0 = 2.4 X 1073 Np/m, and
B =2.12 X 107° rad/m. For a matched termination at x = 0 and V,, = 10 /0° V, evaluate V(x) at
x-increments of A /4 and plot the phasors.

The line is matched at the receiving end, so that I', = 0 and V(x) = Vtex /Bx.But
V() =Vt=V,=10/0°V

whence V(x) = 10e™ /Bx (V)
Forx = n(A/4) (n =10,1,2,...,13,13.48), where n = 13.48 corresponds to the 10-km length,
Bx = n[’; rad) = n(90°)
o
ox= E (Bx)=n0.0178 Np

By use of these increments, Table 15-2 is generated. A polar plot of the tabulated results is given in Fig. 15-18.
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TABLE 15-2
QUARTER WAVELENGTHS Br=9,
FROM LOAD deg. ax, Np Veol, v

0 0 0.0 10.00
1 90 0.0178 10.18
2 180 0.0356 10.36
3 270 0.0534 10.55
4 360 0.0711 10.74
5 450 0.0889 10.93
6 540 0.1067 11.13
7 630 0.1245 11.33
8 720 0.1423 11.53
9 810 0.1601 11.74

10 900 0.1779 11.95

11 990 0.1956 12.16

12 1080 0.2134 12.38

13 1170 0.2312 12.60

1348 1215 0.24 12.71

90°
A

134.6° '\

270°

Fig. 15-18
Repeat Problem 15.5 if a mismatched load results in I', = 0.4 /0°; all other data remain the same.
In contrast to Problem 15.5, the voltage is now given by the superposition of an incident and a reflected wave:

V() =V, () +V,_ (0) =V¥e™ /Bx + T,V* e o /=P
The boundary condition at x = 0 gives (omitting physical units)
10 /0° = 14V*/0°  or V*=7.14/0°

Thus, V(x) = 7.14¢ /Bx + 2.86¢~% /—fx

where o and f are as specified in Problem 15.5. The required calculations are presented in Table 15-3 and Fig. 15-19.
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TABLE 15-3
/4 FROM
LOAD oux, Np e Bx V&) V%) [ Vi)l
0 0.0 10 0° 7.14 /0° 2.86 /0° 10.00 /0°
1 0.0178 1.018 90° 7.27 /90° 2.81 /—90° 4.46 /90°
2 0.0356 1.036 180° 7.40 /180° 2.76 /—180° 10.16 /180°
3 0.0534 1.055 270° 753 /270° 271 /=270° 482 /—90°
4 0.0711 1.074 360° 7.67 /360° 2.66 /—=360° | 10.33 /0°
5 0.0889 1.093 450° 7.80 /450° 2.62 / —450° 5.18 /90°
6 0.1067 1.113 540° 7.94 /540° 2.57 [ —540° 10.51 /180°
7 0.1245 1.133 630° 8.09 /630° 2.52 /—630° 5.57 /—90°
8 0.1423 1.153 720° 8.23 /720° 248 /—=720° 10.71 /0°
9 0.1601 1.174 810° 8.38 /810° 244 /-810° 5.94 /90°
10 0.1779 1.195 900° 8.53 /900° 2.39 /—900° 10.92 /180°
11 0.1956 1.216 990° 8.68 /990° 2.35 /—990° 6.33 /—90°
12 02134 1.238 1080° 8.84 /1080° 2.31 /—1080° 11.15 /0°
13 0.2312 1.260 1170° 9.00 /1170° 227 /—1170° 6.73 /90°
13.48 0.24 1.271 1215° 9.08 /1215° 225 /—1215° 9.34 /148.5°
A|\>|
—12
-2
Ll |1 | | | | | | | | | | | | 0
4/M\=n 14 '13 12 11 10 9 8 7 6 5 4 3 2 1

13.48
Fig. 15-19

15.7. Measurements are made at 5 kHz on a 0.5-mile-long transmission line. The results show that the
characteristic impedance is 94 / —23.2° Q, the total attenuation is 0.06 Np, and the phase shift
between input and output is 8°. Find the R, L, G, and C per mile for the line; the phase velocity on the
line; and the power lost on the line when the sending-end power is 3 W and the load is matched.

The measured attenuation is o/ = 0.06 Np, whence o = 0.12 Np/mi, the phase shift is 3¢ = 8° = 0.14 rad,
so that = 0.28 rad /mi. Hence,

VZY =y=0.12 +j0.28 = 0.305 / 66.8° mi~! or ZY =0.093 /133.6° mi~?
From this and the measured value VZ/Y = 94 / —23.2° Q:

Z=28.67/43.6° =208 + j19.8 Q/mi = R + j2rfL
Y =324 %1073 /90° = j3.24 X 1073 S/mi = G + j27fC

which imply: R = 20.8 Q/mi; L = 630 uH/mi; G = 0; C = 0.103 uF/mi.
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The phase velocity is u, = 27f/ = 2(5 X 10%)/0.28 = 1.12 X 10° mi/s.

For a matched load (no reflections), the received power is given by
P, =P =302 =266 W

and the power lost as the result of attenuation is 0.34 W.

15.8. A 600-Q transmission line is 150 m long, operates at 400 kHz with ot = 2.4 X 1073 Np/m and
B =0.0212 rad/m, and supplies a load impedance Z, = 424.3 /45° Q. Find the length of line
in wavelengths, I', T, and Z . For a received voltage VR =50 /0° V, find V, the position on the line
where the Voltage is a maximum, and the value of |V|

Because A = 27/ =2964m,{ = 150m = 0.51 A.Atx =0,

_Zr—Z, _ 300+ ;300 —600

=045 [116.6°=—0.2+ j0.4
Zy+Z, 300+ 300+ 600 !

R

Therefore, at x = /,

Ty =|Tgle ™ [¢p —2B0=045¢""7[116.6° — 363°

=0.22/113.6°=—0.09 + j0.20
14T 091+ 0.2
and Zg = S |=600] ———L== 1=502.7 /22.8°Q
S [1 rsj [ 1.09 - j0.2 ] [2¥e

FromV,, = 50 /0° =V* (1 + T,),V* =562 / =26.6° V. Then,

Vo= W+ e /Bl [1 + Tyl = (56.2¢9% / —26.6° +181.5°) [0.91 + j0.2] = 750 /167.3° V

To find x where the voltage is a maximum, construct the phasor diagram Fig. 15-20. At x = 0 the incident and
reflected voltages are separated by an angle of 116.6°. WhenVI rotates 58.3° counterclockwise and V " TOtates
the same angle clockwise, the two phasors add together. The distance x for which fBx = 58.3° is 48.2 m, the
position of the maximum. The magnitude is

V] =562e0116 + (0.45)(56.2)e~0116 = 855V

max

26.6°

Fig. 15-20

15.9. For the coaxial line specified in Problem 15.2, determine the actual characteristic impedance and
attenuation, and compare the values with the specifications. Determine the length of the shorted stub
required to support the center conductor at the operating frequency of 3 GHz and calculate the highest
“safe” frequency of operation for this line from the specifications.
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15.10.

The characteristic impedance for the high-frequency low-loss line is

-7
Ry = \/Z = % =46.33Q (specification is 46.4 Q)
C 7.19 X10

The per-meter attenuation is

where the conversion 1 Np = 8.686 dB has been used.

A stub to support the center conductor must be A/4 long so that the short circuit reflects to an open circuit at
the point of connection to the main line. At 3 GHz the length should be

/_1%_1[3><108

s 4f74 3><1OQJ—O.OZSm or 25cm

The “safe” highest frequency of operation is determined by the specification for lowest “safe” wavelength.

At frequencies above this value, propagation modes other than the TEM could exist.

A 70-Q high-frequency lossless line is used at a frequency where A = 80 cm with a load at x = 0 of
(140 + j91) Q. Use the Smith Chart to find the following: 'y, VSWR, distance to the first voltage
maximum from the load, distance to the first voltage minimum from the load, the impedance at Vo
the impedance at V_, , the input impedance for a section of line that is 54 cm long, and the input
admittance.

On the Smith Chart, plot the normalized load Z,/R, = 2 + j1.3, as shown in Fig. 15-21. Draw a radial line from
the center through this point to the outer A-circle. Read the angle of ', on the angle scale: ¢, = 29°. Measure the
distance from the center to the z-point and determine the magnitudes of ', and VSWR from the scales at the
bottom of the chart.

IT,l =050 VSWR=30 and T,=05/29°

T B
max = 3 t/0[ 0252

z o, .
05\ Vi \z

0.385 L +—

Fig. 15-21
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Draw a circle at the center passing through the plotted normalized impedance. Note that this circle intersects the
horizontal line at 3 + jO. This point of intersection could be used to determine the VSWR instead of the bottom
scale, because the circle represents a constant VSWR. Locate the intersection of the VSWR circle and the radial
line from the center to the open-circuit point at the right of the z-chart. This intersection is the point where the
voltage is a maximum (the current is a minimum) and the impedance is a maximum. The normalized impedance at
this point is 3 + jO, whence Z = 210 + jO Q. To find the distance from the load to the first V., use the outer
scale (wavelengths toward the generator). The reference position is at 0.211 and the max. line is at 0.25 A; so the
distance is 0.044 toward the generator, or 3.2 cm from the load.

From the V__ point move 0.254 toward the generator and locate the V_, point. The normalized impedance is
033 +j0,and Z , = 23.1 + jO Q. The distance from the load to the first minimum is

0254+ 0044 = 0294 =232 cm

To find the input impedance, move % = 0.675 wavelengths from the load toward the generator, and read the
normalized impedance. Once around the circle is 0.5A, so locate the point that is 0.175A from the load on the outer
scale. The point is at 0.214 + 0.175A = 0.385A. Through this point draw a radial line and locate the intersection
with the VSWR circle. The normal impedance is 0.56 — j0.71 and Z, | = 39.2 — j49.7 Q.

The normalized input admittance is located a diameter across on the chart, which corresponds to the inversion
of a complex number. For z = 0.56 — j0.71,y = 0.68 + j0.87; therefore,

Y.

=Y —(9.71+ j124)mS
RO

The high-frequency lossless transmission system shown in Fig. 15-22 operates at 700 MHz with a phase
velocity for each line section of 2.1 X 108 m/s. Use the Smith Chart to find the VSWR on each section
of line and the input impedance to line #1 at the drive point. (There are three distinct transmission line
problems to be solved.)

Z,=+j70Q

#1

A

Ry =500

A

¢, =125m

Z.=40+0Q

Fig. 15-22

For the three lines the wavelength is A = (2.1 X 10%)/(7 X 10%) = 30 cm. For line #2 the length is
(43.5/30)A = 1.45A and the normalized load is (0 + j70)/70 = j1. Plot this value as point 1 in Fig. 15-23.
Note the reference position, 0.1251 and VSWR = «. Move on the VSWR circle 1.45A roward the generator
to point 2 and read the value z;, = 0 + j0.51. The input impedance to line #2,

Z ,=2,R,=0+j3570Q

in2

is one part of the load on line #1.
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0.257

VSWR = 14

Fig. 15-23

For line #3 the length is % = 0.7A and the normalized load is (40 + j0)/90 = 0.44 + jO. Plot this value as point 3
and note the reference position of 0A and the VSWR = 2.25. Move on the VSWR circle 0.71 toward the generator
to point 4, and read off

z,, = 1.62 + j0.86 or Z z R,=1458 +j774Q

i in3 = in 03

This is the second part of the load on line #1.

For line #1: the length is 1.25/0.30 = 4.167A and the load is the parallel combination of Z_, and Z, ,. Normalize

each impedance to the 50-Q line, find each admittance, add the admittances for y,, and then find z,.

= ][35507] =0+ ;0.714 (point 5) and y, =0—jl.41 (point 6)

_ 14584774

50
yg=027—j155 (point9) with VSWR =14

23 =292+ j1.55 (point7) and y; =027 —j0.14 (point 8)

Invert by moving a diameter across to point 10 for z, = 0.1 + j0.63 at the reference position 0.094. Now move
4.1672 toward the generator from z, on the VSWR = 14 circle to point 11, and read z,, = 9.5 — j6.3. The input
impedance to line #1 is

50(9.5 — j6.3) =475 — j315 Q

15.12. (@) Ahigh-frequency 50-Q lossless line is 141.6 cm long, with a relative dielectric constant €, = 2.49.
At 500 MHz the input impedance of the terminated line is measured as Z,_ = (20 + j25) Q. Use the
Smith Chart to find the value of the terminating load. (b) After the impedance measurement an 8-pF
lossless capacitor is connected in parallel with the line at a distance of 8.5 cm from the load. Find the
VSWR on the main line.

(a) Fore =249,

3x10® g u, 19x10°
I/lp: m =19X10°m/s /127’=W=380m

and the length of line is (141.6/38)A = 3.726A. The normalized input impedance is z,, = (20 + j25)/50 =
0.4 + j0.5. Plot this value on Fig. 15-24 as point 1, measure the VSWR, draw the VSWR = 3.2 circle, and
note the reference position at 0.4184 toward the load. From z,, move 3.726A toward the load on the VSWR
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circle (a net change of 0.2264) and read the normalized load impedance z, = 0.72 — j0.98 at point 2. The
load impedance is Z, = (36 — j49) Q at 500 MHz.

(b) Since the capacitor is connected in parallel it is convenient to work on the y-chart, Fig. 15-25. In Fig. 15-24
read the value diametrically opposite z,: y, = 0.48 + j0.67. Plot y, as point 3 in Fig. 15-25 and draw the
VSWR = 3.2 circle. The reference position is 0.105A toward the generator, corresponding to x = 0. Move
8.5 cm, or (8.5/38)A = 0.2244 toward the generator on the VSWR circle and read y (x,) at point 4. Before
the capacitor is added, y(x,) = 1.04 — j1.22. The normalized admittance of the capacitor is

y, = (j27fC)R, = j27(5 X 108)(8 X 10712)(50) = 0 + j1.26

and the new admittance at x, is y, + y(x,) = 1.04 + j0.04. Plot this new admittance as point S and measure
VSWR = 1.04 (a significant reduction from 3.2).

o

Z0C

—v
oAb

Fig. 15-24

y sc
0.25

Fig. 15-25



CHAPTER 15 Transmission Lines

15.13. A 4-m-long, stub-supported, lossless, 300 Q, air-dielectric line (Fig. 15-26) was designed for operation
at 300 MHz with a 300-Q resistive load, using shorted (4 /4)-supports. With no changes in dimensions
or load, the line is operated at 400 MHz. Use the Smith Chart to find the VSWR on each section of line,
including the supports, and the input impedance at the new frequency.

0.5 m—»‘

Z,=3000Q

\

2.5 m;Tf
|

!
o.2ls m U

Fig. 15-26

The wavelength is A = u,lf =3 X 10%)/(4 X 10%) = 75 cm and distances in terms of A are
Total length = 4 m = 53331
Load to stub 1 = 50 cm = 0.6674
Stub length = 25 cm = 0.3331
Stub separation = 2.5 m = 3.3331
Stub 2 to input = 1 m = 1.334

Since the stubs are in parallel, use a y-chart, Fig. 15-27, for the solution. Atx = 0,y, = R /Z, = 1 + jO (point 1) and
VSWR = 1. The line is flat to the point of connection of the first stub, 0.667 A from the load, with y(x,) =1+ j0in
the absence of stubs.

Q.Qg — 0 748

Fig. 15-27

To find the admittance of the shorted stubs, plot y,. at point 2, move 0.333A toward the generator on the
VSWR = < circle to point 3, and read y = 0 + j0.58. This value must be added toy = 1 + jO to get the
admittance at x, with stub 1 connected; thus, y(x,) = 1 + j0.58 (point 4), VSWR = 1.75, and the reference
position is 0.148A toward the generator. Draw the VSWR circle through point 4; move 3.3334 toward the
generator from 4 to 5; and read the admittance at x, without stub 2 in place: y (x,) = 0.57 — j0.08. At this point
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add the second stub to get y(x,) = 0.57 + j0.50 (point 6) draw the VSWR = 2.3 circle. The reference position is
0.092A roward the generator. From point 6 move 1.333A toward the generator on the VSWR = 2.3 circle to point
7 and read the normalized input admittance y, = 0.52 — j0.38. Invert this value by moving across a diameter and
read z,, = 1.23 + j0.92 (point 8). The input impedance to the line at 400 MHz is z, R, = (369 + j276) Q.

The lossless lumped-parameter network shown in Fig. 15-28 is used to match a 50-Q2 line to the input of

an RF transistor operating at 1 GHz. The input reflection coefficient for the transistorisI" = 0.6 / —150°,
measured for a 50-Q system. Find the values of L and C for the conjugate matched condition.

1
1
i
1
Ry =50Q 1
1

m TF T Transistor
“— —>
Fig. 15-28

Normalizing the reactances of the matching network to the 50-€2 line gives y = @wL/50 and b = 50wC. The
normalized impedance looking back to the network from the transistor is

Ly =Jjxt
m = JX 1 jb )
Now, the matching criterion is I', = T'*, or
_1+T* .
Zp = T 0.27 + j0.25 )

together (1) and (2) yield b = *=1.64. For b = +1.64,x = +0.70, where the positive sign on b corresponds to a
capacitance. Then

C:LZS.ZpF and L:X—ROZS.6nH
wR, w
A 15-m length of 300-€2 line must be connected to a 3-m length of 150-€2 line that is terminated in a
150-Q resistor. Assuming the lossless condition for the air-dielectric lines and operation at a fixed
frequency of 50 MHz, find the R, and the length for a quarter-wave section of line (quarter-wave

transformer) to match the two lines for a VSWR = 1 on the main line. If no transformer is used, what
is the VSWR on the main line?

A model for the system is shown in Fig. 15-29. For f = 50 MHz and u,= 3 X 10% m/s, the wavelength is A = 6 m;
a A/4 section of line must be 1.5 m long.

Ryy =300 Q Ror Ry, = 150 Q Rs =150 Q

®

£ =15m X=2\4

Fig. 15-29

With no transformer in place, the termination of the 300-Q2 line is 150 €2, since line 2 is Ro-terminated. The
reflection coefficient on line 1 is
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1
. 1+ (1)
1073001 vswr=— 3/ s
150+300 3 1—(1)
3

With the transformer inserted as shown, the reflection coefficient at the load Ry, is

R —_
Ty =Re—for M
Rp + Ryr
and the input impedance at Bx = 90°, which, as the load on line 1, must be 300 €, is
1+T,/—180° —
Zi, =300 Q= Ry R/ = 1~ Ty @

=R
1—Tg/-180° " 14T,

Substitution of (1), with R, = 150 Q, in (2) gives

300(150 + Ry, + 150 — Ryp) = Ryy (150 + Ry — 150 + Ryy)

or Ry, =V300x 150 = VR R, =212.1Q.

017%02

A generator at 150 MHz drives a 10-m-long, 75-Q coaxial line terminated in a composite load consisting
of the parallel connection of two 50-Q lines of lengths 0.5 m and 1 m, each terminated in a 50-Q
resistance. All lines are lossless with €, = 2.2. With reference to Fig. 15-30, determine the length /_and
connection point x, of a parallel-connected 75-€2 stub that will produce minimum VSWR on the feed

line. The stub should be as close as possible to the load.

£;=10m

Ry=75Q¢, = 2.2

[ ]

z
QA0

Ls Zp, =50 Q

Fig. 15-30

Phase velocity, u,=3X 10%V2.2 = 2.02 X 108 m/s; wavelength, A = u, /f = 1.35 m. The input impedance to
each of the 50-Q lines is 50 Q for R -termination, the composite load on the 75-Q line is 25 Q or, when normalized,
7z = 0.333 + jO. Plot z,, on the Smith Chart and through this point draw the | FR| circle and the radial line to the
angle scale, as shown in Fig. 15-31. Read ¢, = 180° and measure

ITl =05 and VSWR =3

Since the matching stub is in parallel, locate y, = 3 + jO by projecting a diameter across from z,. Locate the
intersections of the g = 1 and VSWR = 3 circles and note the distances from the load at x = 0:

y=1+j 1.15 at a distance 025+ 0.166 = 04164 toward the generator
y=1—j 1.15 at a distance 0.3335 — 0.25 = 0.08354  toward the generator
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Fig. 15-31

Locate the 75-€ stub at x, = 0.08354 = 11.3 cm. The stub length /_is that which makes y_ = 0 + j1.15, for a net
y = 1 + jO, (matched condition). Thus, plot y_and determine the distance from the short-circuit condition y =
to this point. The length of stub is (0.25 + 0.1345)A = 51.9 cm.

The VSWR on lines ¢, and /, is 1.0 for the matched loads. On the shorted stub the VSWR is infinite. From x = 0
on the main line to x = x, the VSWR is 3.0 and from x = x, to x = /, the VSWR is 1.0.

Find the shortest distance from the load and the length (both in centimeter) of a shorted stub connected in
parallel to a 300-€2 lossless air-dielectric line in order to match a load Z, = (600 + j300) Q at 600 MHz.
The matching stub is the same type of line as the main line.

For both the line and the stub, u, = 3 X 10* m/s and A = 0.5 m. Plot z, = (600 + j300)/300 = 2 + j1 on the
y-chart, Fig. 15-32. Draw the VSWR = 2.6 circle, move diametrically across to y, = 0.4 — j0.2, and read the
reference position 0.464A toward the generator. Move from y, on the VSWR circle to the first intersection with
the ¢ = I circle, and read y(x,) = 1 + j I at the reference position 0.1624. The stub location is

x, =[(0.5 — 0.464) + 0.162]A1 = 0.1984 = 9.9 cm

Fig. 15-32
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from the load. To match the line for VSWR = 1, the admittance of the shorted stub must be y = 0 — j1 to cancel
the susceptance at point x,. The required length of stub is 0.1254 = 6.25 cm.

If this position is not accessible, the second intersection with the g = 1 circle may be used, where y(x,) = 1 — j1 and
x, = [(0.05 — 0.464) + 0.338]1 = 0.3741 = 18.7 cm

The stub would have to be adjusted to give y_ = +j1, for a length of 0.3754 = 18.75 cm.

A high-frequency lossless 70-Q line, with € = 2.1, is terminated in Z, = 50 /30° Q at 320 MHz. The
load is to be matched with a shorted section of 50-€2 line, with €, = 2.3, connected in parallel; the stub
must be at least 5 cm from the load. If such matching is possible, find the distance from the load and
the length of the stub.

For the main line, u, = 3 X 108V2.1 =207 X 108 m/s, A = up/f = 64.7 cm; for the stub line,um =3 X 10%V23 =
1.98 X 108 m/s, A, = 61.9 cm. The normalized load is z, = (50 /30°)/70 = 0.62 + j0.36, with VSWR = 1.92, and
the admittance is y, = 1.20 — j0.70 at reference position 0.327A, toward the generator; see Fig. 15-33. Move

on the VSWR circle from y, toward the generator to the first intersection, y(x,) = 1 — j0.66, at 0.3504, or a

distance of 0.0234 = 1.49 cm. This point cannot be used due to the 5-cm limitation. Continue on the VSWR circle

to y(x,) = 1 +j0.66 at position 0.1514 ; the distance

x, = (05 —0327) + 0.151 = 03244 =210cm

gives the point of connection for the stub.

As the stub has a different R, it is necessary first to “denormalize” y(x,):

_1+,0.66

=(14+ j0.94)x107%S
70 ( j0.94)

y(x;)

which shows that for cancellation of susceptance we must have
y, = (—j0.94 X 1073)(50) = —j0.47
The length of shorted stub is then (0.43 — 0.25)A, = 0.184_= 11.1 cm.

~0.324 A

ysc
0.25

Q-
(,=043-025=0181 o0

Fig. 15-33
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15.19. A complex load is measured with a VHF bridge at 500 MHz; the impedance is 29 /30° Q. This load
is connected to a 50-Q air-dielectric line, with a 50-Q 3A/8 tuner between the load and line. Find
the lengths of each shorted stub to produce a VSWR of 1.0 on the main line. Show both solutions if
they exist.

The model for the system is shown in Fig. 15-9. For the air line, u, = 3X108m/sand A = u, /f = 60 cm. The
normalized load impedance is

Z

Zp= Ri =0.58/30° = 0.5 + j0.29
0

On the Smith Chart draw the 3A/8 tuner circle, plot Zp, draw the VSWR = 2 .25 circle, locate y, = 1.52 — j0.88,
and find the intersections of the tuner circle and the g, = 1.52 circle. There is a solution for each intersection;
first consider y = 1.52 — j1.82 (Fig. 15-34a). Here, the first stub must be adjusted to change the susceptance
from —0.88 to —1.82 (point 1); thus, y , = 0 — j0.94 at point 2. The stub length for this b is read on A scale from
y = o toward the generator:

¢, =(0380 — 0254 =78 cm

From point 1 move 31/8 toward the generator to point 3, where y = 1 + j1.53. Stub 2 mustadd y = 0 — j1.53
(point 4); and the stub length is

{,=(0342 — 025)A=5.52cm

Fig. 15-34b presents the second solution, which follows the same pattern.
At1”: y=152-j0.16
At 2" ¥, =0 +0.72 and
£, =025+ 0.099)A = 21.6 cm
At 3" y=1+;045
At4”: ¥, =0 —j0.45 and
l,=1(0433-025A=114cm

The first solution is preferred because the total length of the stubs with infinite VSWR is 12.63 cm, which will
introduce lower losses in a practical system.

Fig. 15-34
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15.20. Use a two-stub quarter-wave tuner (50-€2, shorted stubs) located 7.2 cm from the load of Problem 15.19
in order to match the load to the line.

The normalized load admittance in Problem 15.19 is y, = 1/z, = 1.52 — j0.88, and the wavelength is 4 = 60 cm.
At 72 cm or 0.12 from the load, y, = 0.54 — j0.36; this value is to be matched to the line with the tuner. Two
solutions exist:

Solution 1 (Fig. 15-35) Solution 2 (Fig. 15-36)
y, =054 —j0.36 v, = 0.54 —j0.36
y;=0.54—j0.50 1 y,=054+,0.50
2: y,=—j0.14 2y, +j0.86
£, =(0478 —025)A = 13.68 cm £, =(025+0.113)A=21.78 cm
Move A/4toy =1+ j0.95 3: Move A/dtoy=1—j095
Y, = —j0.95 4: y,=+j095
l,=1(03795 — 0254 ="7.77cm £, =025+ 0.1205)A = 22.23 cm
Total stub length = 21.45 cm (preferred) Total stub length = 44.01 cm

Fig. 15-35 Fig. 15-36

15.21. A70-Q2 double-stub tuner is used to match a load Y, = (4.76 + j1.43) mS at 600 MHz to a 70-Q2
lossless air-dielectric line. The first stub is located at the load and the separation between the stubs is
10 cm. Find the shorted-stub lengths for the matched condition.

For the air line, A = (3 X 10%)/(6 X 10%) = 0.50 m and the stub separation is 10 cm = A/5. Draw the A/5 tuner circle
as shown in Fig. 15-37. Plot the normalized load y, = Y, R, = 0.33 + j0.10, which determines the VSWR = 3.0
circle. Two solutions exist, one for the intersection with the tuner circle at y, = 0.333 — j0.18 (VSWR = 3.2) and the
other aty, = 0333 + j0.84 (VSWR = 4.9).

First solution. y = —;0.28 to change y, to y,, for a length of 0.2074 = 10.35 cm. Move on the VSWR = 3.2
circle 0.24 toward the generator from y,,toy = 1.0 + j1.23. The second stub must be adjusted to give y , = —j1.23
foranety = 1 + j0, the matched condition. The length is 0.1094 = 5.45 cm.

Second solution. y’, = +;0.74, for y, = 0.33 + j0.84 and a length 0.3514 = 17.55 cm. Move on the
VSWR = 4.9 circle 0.22 toward the generator from y,,to y" = 1.0 — j1.75. The second stub must be adjusted
for y/, = —j1.75 to produce 1 + jO, the matched condition. The length is 0.4174 = 20.85 cm.
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Fig. 15-37

15.22. A 50-Q slotted line that is 40 cm long is inserted in a 50-€2 lossless line feeding an antenna at
600 MHz. Standing-wave measurements with a short-circuit termination and with the antenna in
place yield the data of Fig. 15-38; the scale on the slotted line has the lowest number on the load side.
Find the impedance of the antenna, the reflection coefficient due to the load, and the velocity of
propagation on the line.

Min Min
28 cm 3cm

— =

High VSWR

Max Min
20.5cm 8cm

A

VSWR = 2.2

5cm

Fig. 15-38

For the short circuit, minima are separated by a half-wavelength, so A = 50 cm. For a frequency of 600 MHz the
phase velocity is u,= fA =3 X 108 m/s (air dielectric). With the antenna in place the minimum shifts 5 cm = 0.14
toward the generator. On the Smith Chart draw the VSWR = 2.2 circle and identify the voltage minimum line as in
Fig. 15-39. Locate z, on the VSWR circle 0.14 toward the load from the V_, position:

2, =064 —j052  and  Z, =Rz, = (32— j26)Q

The load I, is read from the chart: ¢, = —108° and | FR| = 0.375 is the distance from the center to z, as read off
the external scale.
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VSWR = 2.2

0.64 — j0.52

= 7080
Fig. 15-39

15.23. A 40-m length of lossless 50-Q coaxial cable with a phase velocity of 2 X 108 m/s is connected at ¢ = 0
to a source with vg(t) = 18 Vdc and Rg = 100 Q. If the receiving end is short-circuit terminated, sketch
the sending-end voltage v¢(¢) from s = 0 to t = 2.5 us.

The delay time of the line is

The incident voltage at the sending end at = 0 is

veRy _ 18X50 _

vo(0)= =
s(©) R,+R, 100+50

The reflection coefficients at the two ends are

_R =Ry _100-50 _ 1 _Ry—R, _0-50

=
R,+R, 100+50 3

Fig. 15-40 shows the t = d plot over a total time of 2.5 us = 12.5¢,,. From this, the desired v, = # plot, Fig. 15-41, is
easily derived. At any time v, is the sum of all incident and reflected waves present at d = a, up to and including the
last-created incident wave. For example,

\/5(4.01tD):6—6—2-i-2-i—g:g
3 3
On account of I', = —1 the waves preceding the last incident wave cancel in pairs.
_1 '
0 e b 2 4 6 8 10 12 : t
Send 0 T T T T T T T > =
D
6V -2V +2/,V A +%,,V far V| \tausV
2 2
-6V +2V A +2/4V %,V +2/g, V
Rec. £
aqY Tp=-1

Fig. 15-40
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6
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2
3
+2/27 2/243
— o
IS | I Lo
2 4 6 ) 8 10 12 th
— /9 2/
81
-2
Fig. 15-41

15.24. A well-designed, lossless, 100-2, 100-us delay line produces a good 10-us pulse at the output 100 s

after it is driven at the input, at t = 0, by a 10-us rectangular pulse recurring with a period of 2 ms.
The generator has a 9-V peak open-circuit output and an internal resistance of 50 Q. Sketch v((#) and
vp(®) from ¢ = 0 to ¢ = 650 us if the termination is a 50-€2 resistor.

At ¢t = 0 the sending-end incident voltage is pulse of 10-us duration with a peak value of

0000 _
50 +100

The sending-end and receiving-end reflection coefficients are

_R,~Rg_50-100 1 . _Rg—R,_50-100_ 1
¢ R,+R, 50+100 3 K

" Rg+R, 50+100 3

Since the pulse period is 2000 us, only the pulse sent out at # = 0 need be considered in the # = d plot of Fig. 15-42,
which covers only the first 650 us. Applying to Fig. 15-42 the summation technique described in Problem 15.23, one
obtains the required voltage plots, Fig. 15-43.

For proper operation the delay line must be terminated in R, = 100 Q.

_1
r,= 1
0 100 200 300 400 500 600
Send 0 I I I >t (us)
6V
EAY %,V LAY
J I
—U_ LI T
_oV —2/9 \Y 2/81 \
Rec. ¢
_ 1
Tp=-",
adv

Fig. 15-42
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vg,V 4

200 400 600

' ' T ' = > t(us)
-1~ 4/ 74/243
— o7
VS’VGA
4
- 4
2 : /9 4/81
0 H El > t(s)
100 300 500

Fig. 15-43

SUPPLEMENTARY PROBLEMS

15.25.

15.26.

15.27.

15.28.

15.29.
15.30.

15.31.

15.32.

15.33.

A coaxial cable with the dimensions ¢ = 0.5 mm, » = 3 mm, and ¢ = 0.4 mm is filled with a dielectric material
having €, = 2.0, 0, = 10 uS/m. The conductors have ¢, = 50 MS/m. Calculate the per-meter values of L, C, G,
R,,and R at 50 MHz. Neglect internal inductance.

Find the per-meter values of L, C, G, and R for a parallel-wire line constructed in air of #12 AWG copper wire
(dia. = 0.081 in., 0, = 52.8 MS/m) with a 4-inch separation. Operation is at 100 kHz.

In a “twin-lead” transmission line, two parallel copper wires (o, = 50 MS/m) are embedded 0.625 in. apart in a
low-loss dielectric with €, = 2.4. Neglecting losses, determine the diameter of the conductors for a characteristic
impedance of 300 Q. For this size of conductor, find the dc resistance and the ac resistance at 100 MHz.

A high-frequency application uses a coaxial cable with copper conductors, where the diameter of the inner
conductor is 0.8 mm and the inside diameter of the outer conductor is 8.0 mm. The dielectric material has

€, = 2.35, and the thickness of the outer conductor is much greater than the depth of penetration at the operating
frequency. The engineer wants to use a new cable having the same R, but with a larger outer conductor such that
b, —a = 1.5(b, — a). Find €, for the new cable and calculate R and the capacitance per meter for each cable.

For the coaxial cable of Problem 15.28, calculate the line characteristics Zy, a, B, u, A for operation at 10 kHz.

Find the characteristic impedance, propagation constant, velocity of propagation, and wavelength for the parallel-
wire line of Problem 15.26.

A transmission line is 2 miles long, operates at 10 kHz, and has parameters R = 30 Q/mi, C = 80 nF/mi,
L = 2.2 mH/mi, and G = 20 nS/mi. Find the characteristic impedance, attenuation per mile, phase shift per
mile, phase velocity, and wavelength. What is the received power to a matched load when the sending-end
power is 1.2 W?

A transmission line 250 m long operates at 2 MHz with a load impedance of 200 Q. The line characteristics
are Z, = 300 /0° Q, o = 4 X 10~* Np/m, f# = 0.06 rad/m. If the sending-end voltage is 30 /0° V, find the
receiving-end voltage, power to the load, sending-end current and power, and the reflected power from the load.

One method of determining the characteristics of a line is to measure the input impedance at x = ¢ (line disconnected
from source) when the receiving end is opened for Z_, and when it is shorted for Z_. From the product Z Z_ and the
ratio Z_/Z_ the characteristic impedance and the propagation constant per unit length can be calculated. If measured
values at S5kHzare Z = 141.9 /—84.1°Qand Z_ = 62.0 /37.7° Q for a 2-mile length of line, use the equation for
Z to find Z,, o (per mile), and B (per mile).
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A 200-m length of 300-Q transmission line has o = 2.5 X 1073 Np/m and 8 = 0.02 rad /m when operating at
200 kHz. IfV,, = 20 /0° V and Z, = 350 /20° Q, find the distance from the receiving end to the first impedance
minimum. What is the value of this Z_, ?

A 500-Q line is connected to a 10-kHz generator rated at 80 /0° V open-circuit with an internal resistance of

600 Q. The line is 3 miles long, with & = 0.05 Np/mi and 8 = 0.9 rad/mi at 10 kHz. For a matched load at x = 0,
find the sending-end power, the receiving-end power, and VR. If the line is opened at the receiving end, what is the
sending-end power?

For the line of Problem 15.35, find the receiving-end current and the sending-end power if the line is shorted at x = 0.

The rigid coaxial line of Problems 15.2 and 15.9 would be classified as a low-loss line. (@) What are the reflection
coefficients at the load and VSWR if the load is a 40-Q resistor? (b) Determine the maximum and minimum load
resistance for VSWR = 1.5. (¢) Calculate the reflection coefficient 3 cm from the load, if Z, = (55 + j0) Q
(consider attenuation).

A 90-Q, lossless, high-frequency, coaxial line, with € = 2.1, operates at 150 MHz. Of interest is the sensitivity

of the VSWR to small changes in terminating resistance. (a) Tabulate I', and VSWR against R, = (90 * 2n) Q,
for integral values of n from 0 to 5. (b) If the specifications for an application limit the maximum VSWR to 1.025,
find the maximum and minimum values of terminating resistance.

For the transmission line of Problem 15.38, (a) find the phase velocity, wavelength, and the phase shift per meter.
(b) If the terminating resistance is 100 Q, find the input impedances for line lengths A/2, A/4, and A/8.

Use the Smith Chart to find (a) [, (b) VSWR, and (c) y, for the following (Z,, R )-pairs, in ohms: (100 + 150, 50);
(28 — j35,70); 90 /—30°,90); (120 /90° , 50); (0, 70); (50 + j5, 50).

Find (a) y,, (b)) VSWR, and (c) Y, (in mS) for the following (I, R,))-pairs: (0.5 /60° , 50 Q); (1 /=80°, 90 Q);
(0.1 /0°,70 Q); (—=0.6 /—30°,50 Q); (0.8 + j0.4,70 Q).

Alossless high-frequency line 3 m long, with R = 50 Q and €, = 1.9, is operated at 350 MHz. The VSWR on
the line is 2.4 and the first voltage maximum is located 7 cm from the load. Use the Smith Chart to find the load
impedance, the reflection coefficient at the receiving end, the location of the first voltage minimum, and the input
impedance.

A70-Q lossless line, with € = 2.2, 1is 2.5 m long and operates at 625 MHz. The VSWR on the line is 1.7 and the
first voltage minimum is located 5 cm from the load. Use the Smith Chart to find the load admittance, the reflection
coefficient at x = 0, and the input admittance to the line.

An air-dielectric line with R, = 150 Q is terminated in a load of (150 — j150) € at the operating frequency, 75 MHz.
(a) Use the Smith Chart to find the shortest length of line for which the input impedance is (150 + j150) Q. (b) What
are the VSWR on the line and the reflection coefficient at the load? What is the shortest length of line for which

Z, = R+ jO,and what is the value of R?

Two lines are connected in parallel at the input to a 250-MHz source. Each line is 2 m long and is terminated in a
70-Q resistance. Line #1 has R = 50 Q, €, = 1.9, line #2 has R = 90 Q, €, = 2.3. Use the Smith Chart to find the
input impedance to the parallel combination. (Be careful in combining the two input impedances/admittances.)

Alossless 50-Q line, with a phase velocity 2.5 X 108 m/s, is 105 cm long and is terminated in a load

Y, = (20 — j16) mS at 500 MHz. A short-circuited line, 17.85 cm long and also having R, = 50 Q, is
connected across Y, as shown in Fig. 15-44. Use the Smith Chart to find the VSWR on the main line and the
input impedance. What is the equivalent capacitance (or inductance) of the short-circuited line?

Ry =50 Q Y,
4—[1:1050m4>|<— £, = —»{

17.85cm

Fig. 15-44
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In the line of Problem 15.46, the short circuit on line two is inadvertently changed to an open circuit. Use the
Smith Chart to find the VSWR on the main line and the input impedance.

A parallel-wire line of the type in Problem 15.1 is operated at 20 MHz to supply a resistive load of 500 €2 through a
quarter-wave matching transformer connected at the load. Neglect losses on the main line and the transformer section.
(a) For the transformer calculate the length of line and characteristic impedance required for matching. (b) If the same
sized wire is used for the main line and the transformer, find the separation d (in inches) required for matching.

Alossless 70-Q line is terminated in Z, = 60.3 /—30.7° Q at 280 MHz. Use the Smith Chart to find the value of
the inductance or capacitance to connect in parallel with the load for minimum VSWR on the line. What length
(in centimeter) of shorted line would give the desired value, if €, = 2.17

A 200-Q air-dielectric line is terminated in ¥, = (3.3 — j1.0) mS at 200 MHz. (a) Find the VSWR and the position
nearest the load where the real part of the normalized admittance is unity, using the Smith Chart. (b) What value of
susceptance (in millisiemens) should be connected at this point to make VSWR = 1 on the line?

Two 72-Q resistive loads are connected in parallel as the termination for a 120-Q air-dielectric lossless line
at 150 MHz. Find the location nearest the load and the length (both in centimeters) of a single shorted parallel-
connected stub to match the line for a VSWR = 1.0.

(a) In Problem 15.51, if the maximum length of the adjustable shorted stub is 50 cm, can the load be matched to
the line? (b) If the answer to (a) is Yes, find the position and length of the stub for the matched condition. (c) If
the stub were left at its original position and set to the 50-cm maximum, what would be the VSWR on the line?

A 90-Q lossless line with € = 1.8 operates at 280 MHz and is matched to the termination with a single shorted
stub that produces VSWR = 1.0. The stub is located 15.8 cm from the load and is of length 10 cm. Find the
ohmic value of the terminating impedance.

A 50-Q air-dielectric lossless line has Z, = (25 — j30) Q at 120 MHz. An adjustable shorted stub is located
45 cm from the load (fixed in position). Find the length of stub for the best match on the line. What is the
minimum VSWR on the line?

(a) An air-dielectric lossless 70-€2 line is matched at 200 MHz to a 140-€2 load by means of a shorted parallel
stub. Find the position nearest the load and the length of the stub (both in centimeter) for the matched condition.
(b) The line is now used at 220 MHz without changing the position or length of the stub. Find the VSWR on the
main line at the new frequency.

The termination on a 90-Q lossless air-dielectric line is Z, = (270 + j0) Q at 600 MHz. A double-stub 0.252
tuner is connected with the first stub at the load for matching. Find the lengths for the shorted stubs (both
solutions). Which solution is preferred?

A 32/8 tuner is connected at the load to match Z, = (50 — j50) Q at 400 MHz to a 50-Q lossless air-dielectric
line. Find the lengths of the shorted stubs for both solutions and indicate the preferred solution.

A 50-Q air-dielectric line, with a load Y, = (0.024 — j0.02) S at 470 MHz, has a A/4 tuner with the first stub
located 7 cm from the load. Find both solutions for the lengths of the shorted stubs to match the load to the line.
Indicate the preferred solution.

A two-stub 31/8 tuner is constructed of 70-2 line with €, = 2.0 for use at 272 MHz on the same type of line and a
certain load. For the matched condition the shorted stub at the load is 4.76 cm long and the other shorted stub is
4.60 cm long. Find the ohmic impedance of the load at the operating frequency.

A 225-Q resistive load is matched to a 90-Q air-dielectric line at 300 MHz. The matching is via two shorted stubs
separated by 30 cm, with the first stub connected at the load. Find the lengths of the stubs (both solutions) and
indicate the preferred solution.

A 50-Q slotted line is used to determine the load impedance at 750 MHz on a lossless 50-Q line. When the
line is terminated in a short circuit, the high VSWR has adjacent minima at 30 cm and 10 cm (the scale has the
low numbers on the load side). With Z, connected, the VSWR is 3.2, a minimum is located at 13.2 cm, and
the adjacent maximum is at 23.2 cm. Find the ohmic value of Z,, at the operating frequency.
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Find the load impedance and the operating frequency for a 90-Q air-dielectric system that has the following
slotted-line measurements:

With load: VSWR = 1.6 and a voltage minimum at 10 cm (high numbers on load side).

With short circuit: VSWR > 100, minimum at 40 cm, maximum at 10 cm.

A 50-Q slotted line is used to measure the load impedance at 625 MHz on a 50-€2 lossless coaxial line. Adjacent
voltage minima are found at 10 mm and 250 mm (high numbers at the load side) when the termination is a short
circuit. With the load connected, VSWR > 100 and a minimum occurs at 172.7 mm. Find the ohmic value of the
load impedance.

A tuner is connected at the load to match the load to a 50-€2 lossless air-dielectric line at 517 MHz. To check the
quality of the matching, a slotted line is inserted in the system. With the tuner and load connected, VSWR = 1.15,
witha V. at253.4 mm. When the tuner and load are both removed and replaced by a short circuit, adjacent minima
are found at 40 mm and 330 mm (low numbers on the scale are at load side). Find the residual normalized
admittance on the line that results from the “best match.”

A 60 m-long, lossless, 50-Q coaxial cable, with a phase velocity of 2 X 108 m/s, is terminated with a short
circuit. The line is connected at # = 0 to a 30-V dc source having internal resistance 25 €. Plot the sending-end
voltage from ¢ = O up to the time when the voltage drops below 0.1 V.

A 90-Q lossless line, with € = 2.78, is connected at t = 0 to a 70-V dc source with an internal resistance of 120 Q.
If the line is 135 m long, find the time when the open-circuit voltage at the receiving end is 97% of the steady-state
value. When is the voltage 99.95% of the steady-state value?

A pulse generator with internal resistance 150 Q produces a 20-us pulse with an open-circuit amplitude of +8 V.
The generator is connected to a 50-€2, lossless, 200-us delay line that is terminated in a 100-Q resistance.

If the period of the recurring pulses is 4 ms, sketch the voltage at the input to the delay line from pulse onset

att =0totr=14ms.

Sketch v and v, versus time, from ¢ = 0" to t = 300 us, when a 70-Q, lossless, 50-us delay line is terminated
with a 30-Q resistor and driven by a pulse generator. The generator has an internal resistance of 70 Q and produces
a 2-us pulse with a peak open-circuit voltage of +10 V at a repetition rate of 1000 pulses per second.

In Fig. 15-45 a line is used to produce a short rectangular pulse of width 12 ns and peak value 800 V. With S-2 open,
S-1is closed to charge the line to V, ; after charging, S-1 is opened. Then, at # = 0, S-2 is closed to discharge the line
through R, and form the pulse. Find the length of line and V, .

2kQ
+{/\:\Wst1 |R0=1509,Er=2.25 S-2 ERR o;
g 150Q o
I=0 o
Fig. 1545

Sketch v, and v, versus time, from 7 = 0% to r = 30 us, when a 220-m-long, 90-Q, lossless line, with € =3.65,is
terminated in a 50-Q resistance and driven by a pulse generator. The generator has an internal resistance of 90 Q and
produces a 5-us pulse with open-circuit peak value +140 V, at a repetition rate of 100 pulses per second.

ANSWERS TO SUPPLEMENTARY PROBLEMS

15.25.
15.26.
15.27.
15.28.
15.29.

0.358 uH/m, 62.0 pF/m, 35.1 uS/m, 0.030 £/m, 0.743 Q/m

1.84 uH/m, 6.05 pF/m, 0, R, = 0.0268 Q/m

0.026 in. = 0.66 mm, 0.117 Q/m, 2.72 Q/m

3.18,90 Q, 56.8pF/m (old), 66.1 pF/m (new)

327 /152°Q,1.04 X 1073 Np/m; 4.2 X 10~*rad /m, 1.49 X 108 m/s, 14.9 km
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15.30. 552.5 /—0.65° Q, (2.4 +j210)10-5m~',2.99 X 10® m/s, 2.99 km

1531. 167.7 /—6.1° Q,0.0896 Np/mi, 0.838 rad/mi, 7.5 X 10* mi/s, 7.5 mi; 838.6 mW
1532, 22 /—130° V; 121 W; 105.4 /18.3° mA, 1.5 W; 50 mW

15.33. 93.8 /—23.2°Q,0.12 Np/mi, 0.28 rad/mi

1534, 1072m,2394Q

1535. 132 W,098 W,31.3 /—154.7° V; 0.65 W

15.36. 0.12 /—157.6° A,0.55 W

1537. (@) —0073,1.16; (b) 6945Q,3089Q; (c) 0.0856/—216°

15.38. (a) SeeTable 15-4. (b) 9224 Q, 87.81Q

TABLE 15-4
N R, T, VSWR
0 90 0.0 1.0
1 92 0.0110 1.022
88 —0.0112 1.023
2 94 0.0217 1.044
86 —0.0227 1.046
3 96 0.0323 1.067
84 —0.0345 1.071
4 98 0.0426 1.089
82 —0.0465 1.098
5 100 0.0526 1.111
80 —0.0588 1.125

15.39. (a) 2.07 X 108m/s,1.38 m,4.55rad/m; (b) 100/—0°Q,81/—0°Q,90/—6°Q

1540. (@) 0.75/26.5°,0.53 /—121°,0.27 /=90, 1.0 /45°, —1.0,0.05 /90°
(b) 7,33,175,0,%,1.1
(¢) 0.16 —j0.225,0.97 + j1.23,0.87 + j0.52, —j0.415,, 1 — jO.1

15.41. (a) 044 —j0.495,0 +j0.84,0.83 +j0,2.0 — j1.85,0.06 — j0.238
(b) 30,%,12,40,17
(c) 88—79.9,0+,93,11.9 + 0,40 — j37,0.86 — j3.4
15.42. (40 +j39)Q,042 /81°,22.6cm, (223 —j11) Q
15.43. (104 + j54)mS, 027 /—68°,(16 — j7.9) mS
1544, (@) 13m; (b) 26,047 /—64°(c) 64.8cm,57Q
1545. (246 + j35)Q
15.46. 10,50 Q; 5.1 pF
1547, 62,(265 +j725)Q
1548. (a) (,=375m,R,=5477Q; (b) d,=777in.
1549. C=48pF (VSWR . =10);248cm



15.50.
15.51.
15.52.
15.53.

15.54.
15.55.
15.56.

15.57.

15.58.

(@) 1.65,293cm; (b) —2.55 (inductive)
16 cm, 78.6 cm

(@) Yes; (b) 838cm,214cm; (c) 3.3.

Hint:  Remove y,, find the VSWR, and move
back toward the load.

201.2 /26.6° Q
96 cm, 1.08
(a) 22.65cm,2280cm; (b) 122

9 cm and 4.95 cm (preferred); otherwise, 16 cm
and 20.05 cm.

4.5 cm and 4.3 cm (preferred); otherwise, 12.1 cm
and 26.1 cm.

14.5 cm and 7.6 cm (preferred); otherwise, 23.1
cm and 24.3 cm.

15.59.
15.60.

15.61.
15.62.
15.63.
15.64.
15.65.
15.66.
15.67.
15.68.
15.69.
15.70.
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(58.1 — j58.1) Q

13.6 cm and 8.5 cm (preferred); otherwise, 28.1
cm and 37.5 cm.

3124 /—502°Q
144 Q; 250 MHz
80 Q (capacitative)
098 —j0.14

See Fig. 15-46.
2.25 us,5.25 us
See Fig. 15-47.
See Fig. 15-48.

1.2 m, 1600 V

See Fig. 15-49.

Vg Va
20
6.67
222 o074 o025 o008
0 : 1 » t,us
0 0.6 12 2.4 3.0
Fig. 15-46
Vg %4
20
1.0 017 003
0 I |_| I [ o L » t,ms
0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6
Fig. 15-47
v, V Ve V
+5.0 3.0
0 | | | > t,US |_| | | | » t,US
‘ 100] | 200 300 0 50 100 200 300
—2.0
Fig. 15-48
v v
70
50 50
0 1 1 1 1 1 : t us 0 1 1 1 :t I“IS
0 28 50 10 20 30 014 6.4 10 20 30 ’

Fig. 15-49



CHAPTER 16

Waveguides
(by Milton L. Kult)

16.1 Introduction

The electromagnetic waves of Chapter 14 can be guided in a given direction of propagation using several
different methods. For instance, the two-conductor transmission line, supporting what are essentially plane
waves at megahertz frequencies, was considered in Chapter 15. The present chapter is restricted to single-
conductor (hollow-pipe) waveguides, of rectangular or circular cross section, which operate in the gigahertz
(microwave) range. These devices too support “plane waves” —in the sense that the wavefronts are planes
perpendicular to the direction of propagation. However, the boundary conditions at the inner surface of the
pipe force the fields to vary over a wavefront.

16.2 Transverse and Axial Fields

The waveguide is positioned with the longitudinal direction along the z axis. In general, the guide walls have
o, = o (perfect conductor) and the dielectric-filled hollow has o = 0 (perfect dielectric), it = yy i , and € = €€, .
It is further supposed that p = 0 (no free charge) in the dielectric. The dimensions for the cross section are inside
dimensions. In Fig. 16-1(a) the a X b rectangular waveguide is shown in a Cartesian coordinate system, Fig. 16-1(b)
shows the circular or cylindrical waveguide of radius a in a cylindrical coordinate system.

o
v

Fig. 16-1
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As in Chapter 14 the time dependence ¢/®’ will be assumed for the electromagnetic field in the dielectric
core; this time factor will be suppressed everywhere in the analysis (as in phasor notation). Thus we have the
following expressions for the field vector F (which stands for either E or H), assuming wave propagation in
the +z direction.

Rectangular coordinates.  F = F(x, y)e /% where

F(x,y) = F (x,y)a_+ Fy(x, y)ay + F(x,y)a,
=F, (x,y) + F(x,y)a,

Cylindrical coordinates. F = F(r, §)e /*  where

F(r,9) = F (r,p)a, + F¢(r, ¢)a¢ + F.(r, ¢)a,
=F,(r,0) + F.(r, $)a,

Because the dielectric is lossless (o = 0), the wave propagates without attenuation; hence, the wave number
k = 27/A (in rad/m) is constrained to be real and positive.

Note: In the other chapters of this book, unbounded dielectric media are considered, for which the wave num-
ber, notated 3, depends on frequency and dielectric properties only. However, as will soon appear, the wave
number in a bounded dielectric depends additionally on the geometry of the boundary. This important distinc-
tion is emphasized by the employment of a new symbol, , in the present chapter.

The reason for decomposing the field vector into a transverse vector component F,. and an axial vector compo-
nent Fa_is two-fold. On the one hand, the boundary conditions apply to E;. and H,. alone (see Problems 16.1 and
16.2). On the other hand, as will now be shown, the complete E and H flelds in the waveguide are known once
either Cartesian component D_or H_is known.

Transverse Components from Axial Components.

Assume a rectangular coordinate system. Maxwell’s equation (2) of Section 14.2 yields the three scalar equations

—jouH = jkEy + . (la)
. ) OE
—jouH =— jkE ——= (1b)
J ox
ol JE, OE, (o)
—io =_ Y _ x c
JORH, ox dy
Maxwell’s equation (1) of Section 14.2, with o = 0, gives three additional scalar equations:
oH
jweE, = jkH, +—= (2a)
dy
oH
joeE, =~ jiH, ~ == (2b)
’ X
oH, oH
jWeE, = — — —= 2c
Joek, =—" > (20)

Now eliminate H between (1a) and (2b), and H between (1b) and (2a), to obtain

ik OE iy OH
E =- Jk 9F, 4 JOU T, (3a)
Y kcz dy kf ox

g = d% . _ joudH, -
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in which k> = w?pe — k*. The parameter k_ (also in rad/m) functions as a critical wave number; see
Problem 16.3. Finally, slide (3b) and (3a) back into (2a) and (2b), to find

__ﬁaHz_EaEz
Ty R

(30

_ JkOH. |, joeE,

3d
k2 ox kX dy .

X

By exciting the waveguide in suitable fashion it is possible to force either E_or H_ (but not both) to vanish
identically. The nonvanishing axial component will then determine all other components via Equations (3).
See Problems 16.4 and 16.5 for the analogous results in cylindrical coordinates.

16.3 TE and TM Modes; Wave Impedances

The two types of waves found in Section 16.2 are referred to as transverse electric (TE) or transverse magnetic
(TM) waves, according as E_ = 0 or H, = 0. When carrying such waves, the guide is said to operate in a TE
or TM mode.

For any transverse electromagnetic wave, the wave impedance (in ohms) is defined as

_IE|
] @

(compare Chapter 14). For a waveguide in a TE mode, (1a) and (1b) imply

2 2
B, P =2 4|, _[ ] (1, +1, |)_(ij 1,
TE TE
or e =7 (%)

Because (4) only involves lengths of two-dimensional vectors, 1) must be independent of the coordinate system.
Problem 16.6 confirms the value of 7, by recalculating it in cylindrical coordinates. In Problem 16.7 it is shown
(using rectangular coordinates) that

_krm

v = “we (6)

16.4 Determination of the Axial Fields

All that remains for a complete description of the TE and TM modes is the determination of the respective axial
fields: F, = H_for TE; F, = E_for TM. The good word is that F e % being a Cartesian component of F
(in elther rectangular or cyhndrlcal coordinates), must satisfy the scalar wave equation found in Section 14.2,

V2(F e %) = — @ ue(F e %) (7
together with appropriate boundary conditions which are inferred from the boundary conditions on the compo-
nents of F. [Warning: Transverse components such as H ¢e’f"z are not Cartesian components and do not obey a
scalar wave equation.]

Explicit Solutions for TE Modes of a Rectangular Guide.

The wave equation (7) becomes

2 2
o, IH. +kipH. =0
ox? oy? ars




CHAPTER 16 Waveguides

where, as previously defined, k2., = w’ue — k2. Solving by separation of variables (Section 9.7),
H(x,y) = (A cos k. x + B sin kxx)(A), cos kyy + B, sink y) 8)

where k2 + ki = k. . The separation constants k_and ky are determined by the boundary conditions (review
Problem 9.19). Consider first the x-conditions Ey(O, y) = Ey(a, y) = 0; in view of (3a) and E = 0 these
translate into

oH,
ox

_H,

=0
ox

X=a

x=0

Applying these conditions to (8) gives B, = 0 and

sinka=0 or  k ="F (m=0,1,2,..)
a

By symmetry, the boundary conditions in y force B, = 0 and

nw
k,=— (n=0,1,2,...
b ( )

Each pair of nonnegative integers (m, n)— with the exception of (0, 0) which gives a trivial solution—identifies
a distinct TE mode, indicated as TE . This mode has the axial field

Hzmn(x, y=H,, cos mex cos nny )
a b

from which the transverse field is obtained through (3). The critical wave number for TE, is

2 2
chEmn = [ e J +(ﬂJ
a b

in terms of which the wave number and wave impedance for TE,  are

kTEmn = w2’u6 - kcz'TEmn (11)

op

2

T . (12)
- le — kaEmn

nTEmn =

See Problem 16.9 for the TM  modes of a rectangular waveguide; it is shown there that k .\, = Kk 1y, -
Consequently, the subscripts TE and T™ can be dropped from all modal parameters of rectangular guides save

the wave impedance. This is not the case with cylindrical guides; see Problem 16.12.

16.5 Mode Cutoff Frequencies

In practice one deals with frequencies, not wave numbers; it is then desirable to replace the concept of critical
wave number (k) by one of cutoff frequency (f.). This is accomplished in the definition (see Problem 16.3)

_ Uy 1
T T (13)
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In terms of the cutoff frequency f,_ and the operating frequency f = w/2x > f_(10), (11), and (12) become

2 2
Somn = L%O (%J + (?nj (rectangular waveguide) (10 bis)
kmn :2_77: f2 _fc%nn or /’)’mnza—o ;
U, /1 — o /) (11 bis)

Mo

77 mn = i
TE - /f)2 (12 bis)

where A, = u,/f is the wavelength of an imaginary uniform plane wave at the operating frequency and where
N, = \/M is the plane-wave impedance of the lossless dielectric. The second form of (11 bis) exhibits the
relation between the operating wavelength A, and the actual guide wavelength A . For TM  waves, (12 bis)
is replaced by [see (6)]

2
nTan = T'O 1= [fc_}n‘nj (14)

The phase velocity of a TE, or TM = wave is given by

U

2
-]
f

If (10 bis) is replaced by a similar expression involving a Bessel function (see Problems 16.10 and 16.11), all
formulas remain valid for cylindrical guides.

The meaning of cutoff is made particularly clear in (15). As the operating frequency drops down to the cut-
off frequency, the velocity becomes infinite— which is characteristic, not of wave propagation, but of diffusion
(instantaneous spread of exponentially small disturbances).

Uy = Ly f = (15)

16.6 Dominant Mode

The dominant mode of any waveguide is that of lowest cutoff frequency. Now, for a rectangular guide, the coor-
dinate system may always be oriented to make a = b. Since (Problem 16.9)

2 2
U m n
= —_ + | —
for either TE or TM, but neither m nor n can vanish in TM, the dominant mode of a rectangular guide is invariably
TE, , with

10°
fero = 2 Ao = 4 = 2 i

M =1 Mo
2a 10 — /2a)2 ko Uy 10J Tho % Mo

From (9), E_ |, = 0, and the equations of Section 16.2:

H,,=H cos—n-x E. =0
a
[ 2a . X  (2a x
H 9 :](_llojHlo s1n7 Eyio=—MoH 0 =—JMo (Z)HIO sm; (16)

Hyp=0
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For H,, real, the three nonzero field components have the time-domain expressions

T
H_,=H COS[TXJ cos(wt — kjgz)

2a | omx ).
H,o=— [l_j H,, sm(Tjsm (0f — kip2) (17)
10

2 | .
Ey o =M [%] H, sm(%j sin (wt — k;yz)

Plot of the dominant-mode fields (17) at ¢+ = O are given in Figs. 16-2 and 16-3. Both |E}| and |Hx| vary as
sin (7x/a). This is indicated in Fig. 16-2 by drawing the lines of E close together near x = a/2 and far apart
near x = 0 and x = a. The lines of H are shown evenly spaced because there is no variation with y. This same
line-density convention is used to indicate the local value of |E| = |E‘| in Fig. 16-3(a) and of

|H|=\H?+H>

in Fig. 16-3(b). Obse