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Preface

Following the 70th oil crisis, the world realized for the first time what it would be
like if fuels would no longer be cheap or unavailable. In order to damp the fallouts
of such a situation, renewable energies have been the subject of an intensive regain
of interest. So many R&D programmes were launched so far, with emphasis on the
investigation of the power potential of conventional (wind, solar and biomass) and
emergent (marine, geothermal) earth’s natural energy reserves.

Moreover, until the 1960s, automotive manufacturers did not worry about the
cost of fuel. They had never heard of air pollution, and they never thought about life
cycle. Ease of operation with reduced maintenance costs meant everything back
then. In recent years, clean air policies are driving the market to embrace new
propulsion systems in an attempt to substitute or to assist efficiently the internal
combustion engine (ICE) by an electric drive unit, yielding respectively the
so-called electric and hybrid propulsion systems.

The above sustainable energy and mobility applications consider in most if not
all cases a key component that achieves the electro-mechanical conversion of
energy: the electric machine. It operates as a generator which converts directly
converts the wind and wave energies, and through a turbine the solar, biomass and
geothermal ones, into electricity. It operates as a propeller fed by a battery or a fuel
cell pack embedded on board of electric and hybrid vehicles.

This said, it should be underlined that the machine integration in the above-cited
and the overwhelming majority of current applications represents a symbiosis of
several engineering fields with a dominance of the electrical one. Of particular
interest are machine control strategies thanks to which variable speed drives and
generators are continuously reaching higher and higher degrees of performance.
This has been systematically initiated by the selection of appropriate and accurate
models of the machines to be controlled.

Within this trendy topic, the manuscript deals with the modelling of AC
machines, in so far as they are currently equipping the major part of the variable
speed drives and generator; the dc machines are doomed to disappear in a near
future. The manuscript is structured in two chapters:
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Preface

The first one is aimed at modelling of the induction machine considering its
a-b-c and Park models. An analysis of the machine steady-state operation is then
carried out using its Park model. A case study dealing with the doubly fed
induction machine, a viable candidate for wind power generating systems, is
treated with emphasis on a typical topology in which the brush-ring system is
discarded, yielding the so-called brushless cascaded doubly fed machines.

The second chapter is devoted to the modelling of the synchronous machines,
with emphasis on its a-b-c and Park models. A special attention is paid to the
formulation and analysis of the electromagnetic torque with an investigation
of the variations of its synchronizing and reluctant components in terms of the
torque angle. The chapter is achieved by a case study dealing with an investi-
gation of the main features of the electric drive unit of a hybrid propulsion
system and the possibility of extending the flux weakening range of the pro-
peller which is made up of the PM synchronous motor.

Sfax, Tunisia Prof. Ahmed Masmoudi

Head of the Renewable Energies and Electric Vehicles Lab
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Chapter 1 ®)
Induction Machine Modelling oo

Abstract The chapter deals with the modelling of the induction machine (IM).
Following the analysis of the principle of operation which is based on the induction
phenomenon, the a-b-c model is established assuming a sinusoidal spatial repartition
of the air gap flux density, a linear magnetic circuit, and constant phase resistors. The
a-b-c model makes possible the establishment of a state representation of the IM.
Then, the Park transform is introduced and applied to the IM a-b-c model, leading
to its Park one. An analysis of the IM steady-state operation is then carried out using
its Park model. The chapter is achieved by a case study dealing with the doubly fed
induction machine which is widely integrated in wind power generating systems.

Keywords Induction machine - Modelling - A-B-C model - State representation
Park Model

1.1 Introduction

Generally speaking, the modelling of a system is an approach to formulate its
behaviour by a set of equations. The model allows, for a given domain of valid-
ity and a given accuracy, the prediction of the system outputs in terms of its inputs.
The modelling of electric machines has been and remains a state-of-the-art topic.
It represents a crucial step to initiate any R&D project aimed at the design or the
control or both, of electric machines.

Concerning the machine design topic, the modelling is achieved by means of:

e Numerical approaches they are aimed at the resolution of the Maxwells’ equations
considering different numerical procedures. The most popular one is the finite
element method (FEM), also named finite element analysis (FEA). FEA-based
design of electric machines is reputed by its high accuracy. However, it is reserved
to specialists and is a great consumer of CPU time,

e Analytical approaches they consider different formulations involving the machine
geometry and materials, taking into consideration well-known electromagnetic
laws. Of particular interest is the Hopkinson law on the basis of which is developed

© The Author(s) 2018 1
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the most popular analytical modelling approach, that is the magnetic equivalent
circuit (MEC), also called lumped circuit. The MEC modelling is a powerful tool
for the machine preliminary design and sizing. It is rapid and leads to acceptable
accuracy,

e Combined analytical-numerical approaches In order to improve the accuracy of
the MEC models, some features whose analytical prediction is critical are offline
computed by FEA and are provided to the MEC-solver. These approaches represent
the best compromise rapidity/accuracy.

Regarding the machine control topic, the modelling is mostly done analytically.
However and accounting for the high nonlinearities involved in the machine mod-
els, their resolution is achieved numerically considering different algorithms, such
as the Runge-Kutta one. Most if not all machine models include (i) an electrical
equation, (ii) a magnetic equation, and (iii) a mechanical equation. These involve
the machine phase variables, leading to the so-called a-b-c models. In order to sim-
plify the synthesis of the control laws, mathematical transformations are commonly
applied. These enable to substitution of the a-b-c models by two-phase ones. The
most popular transformation is the one introduced by Park.

The chapter deals with the modelling of the induction machine (IM) considering
its a-b-c and Park models.

1.2 Principle of Operation: Induction Phenomenon

Let us consider the case of a wound rotor three-phase induction machine, with:

e its stator circuits fed by three-phase balanced currents with an angular frequency
a)S B
e its rotor circuits are kept open.

Doing so, a rotating field takes place in the air gap that has the speeds:

e Q; with respect to the stator, with Q; = % where p is the IM pole pairs,
o g/, with respect to the rotor.

Giving the fact that the rotor circuits are open, the torque production condition is not
fulfilled and the shaft remains stationary, leading to:

Wy
S23/}’ = Qy=— (L.1)
p

The rotating field induces three back-EMFs in the rotor circuits that have an
angular frequency w,, with:

o = PQy = wy (1.2)

The similarity of the angular frequencies of both stator and rotor circuits yields the
so-called transformer operation of the IM. The motor operation is accessed when the
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torque production condition is met. For that, the rotor circuits have to be closed/short-
circuited, resulting in three-phase balanced currents with an angular frequency w,.
Hence, a second rotating field takes place in the air gap that has the speeds:

o 2, /s with respect to the stator,
— O _ Wy

e 2, with respect to the rotor, with 2, = 5 =D

As a summary, the air gap is traversed by two fields rotating synchronously at
the speed % with respect to the rotor. Consequently, an electromagnetic torque is
produced and the shaft starts rotating in the direction of the rotating field resulting
from the interference between the rotor and stator rotating fields. Following the
start-up, a steady state is reached, characterized by a rotor speed €2,,. Thus, the stator
rotating field speed 2, turns to be:

Qp = — Q (1.3)
The angular frequency of the back-EMFs induced in the rotor circuits is then:

wr = p(Qs — Q) = o5 — pQy (1.4)
The speed of the rotating field created by the rotor, with respect to the rotor, becomes:

Q= —=Q, - Q, (15)

Thus, the synchronism between the two rotating fields is kept and the torque produc-
tion condition is met for all rotor speeds, except for €2,, = €2, for which the induction
phenomenon disappears. Indeed, there are no back-EMFs induced in the rotor cir-
cuits, then no rotor currents and no rotating field created by the rotor circuits, and
consequently the torque production condition is no longer fulfilled.

In order to characterize the steady-state shift between the speed of the resultant
rotating field with respect to the stator 2 and the rotor one €2,,, a slip s is commonly
considered, such that:

g = - (1.6)

1.3 Model Simplification Hypothesis

AC machine models have been commonly simplified considering given hypothesis,
especially:

e The MMFs created within the air gap, by the different circuits (single or multi-
phase), are assumed to have sinusoidal spatial repartitions. Thus, the effects of the
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spatial harmonics on the developed electromagnetic torque or on the generated
back-EMFs are omitted,

e The magnetic circuit is supposed linear (unsaturated). That is to say that the fluxes
created by the different circuits remain proportional to the currents that generated
these fluxes. Consequently, the self and mutual inductances characterizing these
circuits turn to be independent of their currents,

e The resistances of the different circuits are assumed constant by neglecting the
heating and skin effects. It should be noted that the circuits installed inside the
machine are subject of heating due to Joules and iron losses, leading to an increase
of their resistances. The Joules losses increase with the load. The iron losses
increase with the frequency, so does the skip effect. Indeed, under high frequencies,
the electrons tend to circulate at the skin of the conductors rather than in their whole
section at low frequency. Thus, the resistances increase with the skin effect,

e In smooth pole machines (induction and smooth pole synchronous machines),
the slotting effect is neglected assuming a constant air gap. Consequently, the
winding self and mutual (between its circuits) inductances are independent of the
rotor position.

1.4 IM A-B-C Model

The a-b-c model considers the electrical variables applied to and measured in the IM
circuits. These variables are depicted in Fig. 1.1 which gives a schematic represen-
tation of a three-phase IM.

1.4.1 Electrical Equation
Referring to Fig. 1.1, the application of the Ohm law gives the following equation:

d
V = RI — @ 1.7
+ 7 (L.7)
where V, I, et ® are the voltage, current, and flux vectors, respectively. These could
be expressed as follows:

Vi I Dy
vV = I = ® = (1.8)
v, I @,
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rotor a-phase

stator a-phase

Fig. 1.1 Schematic representation of the induction machine

with:
i v(lS i lax ] _¢(ZS ]
Vs = Ups Is = ibs CDA = ¢bv
L UCJ L lL_S _ L ¢('S _
~ -~ ~ (1.9)
0 Lar Par
Vr - 0 Ir == ibr q>r == ¢br
_0 _icr _ _¢cr |
and where R is the resistance matrix, such that:
rIy O3
R = (1.10)
03 r,I3

where:

e 1, et r, are the stator and rotor phase resistances, respectively,
e 73 and Oj; are the identity and the null matrices of rank 3, respectively.
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1.4.2 Magnetic Equation
In Eq. (1.7), the flux and current vectors are linked by the following expression:

® = LI (1.11)

where L is the inductance matrix, such that:

LSS LSV
L = [ } (1.12)

Ly Ly,
with:
Ly Mg M, L, M, M,
Ly = | My Ly M, L, = | M L M, (1.13)
My M, L, M, M, L,
and:
cos 6 cos (9 + 2%) cos( — 27”)
L, = L, = M, cos( —%T) cos cos (9—{—27”) (1.14)

cos (9 + %71) cos (9 — 2371> cos 6

0  : the electrical angular displacement of the rotor with respect to the stator,
Lg : the stator phase self-inductance,

L, : the rotor phase self-inductance,

where: { M, : the mutual inductance between two stator phases,

M, : the mutual inductance between two rotor phases,

M, : the maximum value of the mutual inductance between a stator phase and
a rotor one which is reached when their magnetic axis are aligned.

Accounting for relation (1.11), the electrical Eq. (1.7) could be rewritten as fol-

lows:
Vs rIy O3 I d Lss Ly, I
= + — (1.15)
V; 05 1 I, dt Lys Ly, I,
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1.4.3 Mechanical Equation

The mechanical equation is derived from the dynamic fundamental principle, as:

T, T = Jde (1.16)
em I = dt .
Q. : the rotor mechanical speed,
T, : the electromagnetic torque,
where:
T; : the load torque,
J : the moment of inertia.
The rotor speed €2,, is expressed in terms of 6, as follows:
1 do
Q, = — — (1.17)
p dt
The electromagnetic torque has been formulated in [1], as follows:
T, _ 1 I’ d[L] 1 (1.18)
em — 2 p d@ .
which could be developed as:
' d
1 IS 0 @ [Lsr] lx
Tem = E P (119)
I d I
L (L) 0
Knowing that:
I! i[L] I, =1I i[L] I (1.20)
s 46 sr r — 1, do rs K .
the expression of the electromagnetic torque turns to be:
Com = pl! d[L]I (1.21)
em = P 1, 46 Lo s .

Assuming that the stator and rotor currents are balanced, the following relations
could be expressed:
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lgs + ips + lcs = 0
(1.22)
iar + ibr + icr =0

The development of Eq.(1.21), taking into account the relations given in (1.22),
leads to the following expression [2]:

S 2 27 . o
Tem =3P Mrs Laslpr Sln(e - ?) + ipsiar Sll’l(@ + T) - (laslar + lbslbr) sin 0
(1.23)

1.4.4 State Representation
The electrical Eq. (1.7) is rewritten taking into account the current-flux relation, as:

d
—1
V = RLT'® + dt(b (1.24)
Hence, the association of Egs. (1.24) and (1.16) leads to a state representation where
the flux, the electrical position, and its derivative with respect to time are the state
variables. The development of Eq. (1.24) requires the determination of the inverse of
the inductance matrix which will be carried out in what follows.
Assuming balanced fluxes in both stator and rotor phases, one can establish the
following:

¢as + ¢hs + ¢cs =0

¢ar + ¢br + ¢cr =0

(1.25)

Accounting for relations (1.22) et (1.25), the current-flux one (1.11) is reduced
to:

¢ = L1 (1.26)
D Ly,
¢r= g h=1, (1.27)
¢aS ias ¢ar iar
q>ls - ¢bs Ils - ibs q)lr - ¢br Ilr - ibr (128)

where:
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and where:

Lssl Lsrl
L, = (1.29)
Lrsl erl

with:

Ly —M; 0
Lgs1 =
0 Ly — M

L, — M, 0
erl =
0 L, — M,

[cos —cos(0 — ZF) cos(® + ZL) — cos(0 — 2y ] (1.30)
Lgr1 = Mys
_cos(6 - 2?”) — cos(6 + ZT”) cos — cos(f + 27”)
_cos9—cos(9+2T”) cos(f — 2%)—005(9+2%)—
Lyst = Mps
| cos(@ + ZT) — cos(® — &) cosd — cos(0 — ZT)

Letuscallly = Ly — My andl, = L, — M,. The development of matrix L gives:

r I . 2 . T
sin(f + =5~) —sin6
V3Myg 3
l. . . 2
0 3 sin 0 —sin(@ — =5-)
V3Myy 3
L= \/§Mrs o / (1.31)
—sin(@ — 53-) sin6 L 0
sin( 3 ) sin \/§M,S
—sin6 sin(0 + ) 0 ﬁ’[rw
rs
which could be rewritten as:
lxI2 \/ngsA
L, = (1.32)

\/ngs B lrIZ
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where 7 is the identity matrix of rank 2 and where matrixes A and B are defined as
follows:

sin(@ + ZL) —sin6 i
A =
: : 2
| sin@ —sin(f — T) ]
(1.33)
[ —sin(6 — ZT”) sin @
B =
| —sing sin(6 + 2?”)_

An interesting particularity of matrixes A and B has been noticed, such that:

3

AB = -1, (1.34)
4
which leads to:
1 _ 4
A" =3B
A (1.35)
-1 _ 4
B~ =3 A
The inversion of matrix L; could be proceeded as follows:
(bls = ls I + “/ngsA I,
(1.36)
(blr = \/ngsB Iy + lr L,
which gives:
L4~ oy, = LAt 41,
\/ngs \/ngs
(1.37)
% Dy, = \/gliw”B Ly + 1y

By eliminating /;, and taking into account expressions (1.35), the stator current
vector /;; can expressed as:

1 2 M
Iy, = — @y

- = T A, 1.38
ol Jaoll, " ! (1.38)
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where:
_3
M = 3M,,
5 (1.39)
Similarly, the rotor current vector [;, can expressed as:
L, = 2MB<I>+]<I> (1.40)
Ir = «/§Ulslr s O'lr 1r .
Accounting for Egs. (1.38) and (1.40), one can establish the following:
R
= (1.41)
2 M 1
I, ~BolL Bort Dy,

The substitution of matrixes A and B by their expressions given in (1.33) leads
to Lfl, such that [2]:

—\/Tglﬁr 0 —sin(@—i—z%) sin 6 1
0 gzﬁ —sing sin(0 — 27
2 M
P (1.42)
1 )
3 olly NeT,
sin(6 — %’T) —sind R 0
| sin® —sin(G-i—zT”) 0 élﬁ |

1.5 Park Transform

It consists in substituting the three stator phases and the three rotor ones by two
pairs of equivalent orthogonal circuits. These fictive circuits have therefore orthogo-
nal magnetic axis: the so-called: direct (noted “d”) and quadrature (noted “q’) axis.
Moreover, in order to account for possible unbalanced operation, a third axis orthog-
onal to the (d, q)-plane noted “0” could be included. The relative positions of the
magnetic axis of the stator and rotor phases with respect to those of the dqo-frame
are illustrated in Fig. 1.2.
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Fig. 1.2 Relative positions o A
of the magnetic axis of the

stator and rotor phases with
respect to those of the q
dqo-frame

d
—
or

Os

rotor a-phase
stator a-phase
The Park transform enables the expression of the a-b-c components of a vec-

tor X in terms of its equivalent components expressed in the dqo-frame, such that
(1, 3, 4]:

Xape = P(;B)quo (1.43)
where:
cos 8 —sin B %
2 2 . 2 1
P(B) = \/; cos(f — 5F) —sin(B — =) NG (1.44)
2N o 27y 1
cos( + %) —sin(B+ %)
with:

e B = 6, in the case of a vector of stator variables,
e B = 6, in the case of a vector of rotor variables.

Inversely, one can express the following relation:

Xago = P (B)Xape (1.45)
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where:

cos B cos(B — %71) cos(B + 2371) |

P(B) = \/g —sinf8 —sin(f — 27”) —sin(B + 27”) (1.46)

1 1 1

V2 V2 vz

The choice of the dqo-frame could be arbitrary. However, and for the sake of
simplification of the machine Park model, the following cases are commonly adopted:

e the dqo-frame is linked to the stator,
e the dqo-frame is linked to the rotor,
e the dqo-frame is linked to the rotating field.

1.5.1 Case of a dgo-Frame Linked to the Rotating Field

The dqo-frame is rotating at the synchronous speed €2,, which leads to:
0; = wst (1.47)

Accounting for the synchronism condition illustrated in Fig. 1.2, one can deter-
mine angle 6, required for the Park transform of the rotor variables, as:

6, =6, — 0 (1.48)
Knowing:

0 = pb, = pQut = wpt (1.49)

Accounting for expressions (1.47) and (1.49), Eq. (1.50) gives:
O, = (w5 — pQLu)t = (05 — W)t = wyf (1.50)
The case of a dqo-frame linked to the rotating field is systematically considered in
the synthesis of the IM field-oriented control (also named vector control) strategies.
Of particular interest is the dqo-frame linked to the rotating field with its d-axis

aligned on the rotor flux vector. Within such a dqo-frame, the IM model turns to be
similar to the one of a separately excited DC machine.
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Furthermore, the dqo-frame linked to the rotating field with the d-axis aligned
with the field one is exclusively used in the Park model of the synchronous machine.

1.5.2 Case of a dqo-Frame Linked to the Stator
In this case, the electric angles fulfil the following relations:

0, = 0
(1.51)
0, = —6

Thus, the inverse matrix used to transform the a-b-c stator variables turns to be:

I'=3 =
2
pig—n= 2| 0 £ -4 (152)
NI
LV2 V2 V2

Such a matrix is the inverse of the one introduced by Concordia. Furthermore, it

represents the inverse of the matrix proposed by Clarke within the factor \/g [1]. In
this case, the dqo-frame is commonly named «So-frame.

The inverse matrix used to transform the a-b-c rotor variables is expressed in terms
of the electrical position, as follows:

[ cos 6 cos(f + zTn) cos(0 — ZT”)_
2 . . .
Pl(B) = \/; sin@ sin(@ + 2?”) sin(6 — ZT”) (1.53)
1 1 1
L V2 V2 V2o

The case of a dqo-frame linked to the stator is commonly used in the synthesis
of the direct torque control (DTC) strategies dedicated to induction machines. In
these strategies, the adopted formulations are generally limited to the stator voltage
equations and the electromagnetic torque.
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1.5.3 Case of a dgo-Frame Linked to the Rotor

In this case, the electric angles fulfil the following relations:

0, =0
6, =0

Thus, the inverse matrix used to transform the a-b-c stator variables turns to be:

(1.54)

cosfd cos(d — 2?”) cos(f + 2?”) ]

—sing —sin(@ — ) —sin@ + ) | (1.5

Pl(B=0)= \/2
s 3

1 1 1

V2 V2 V2

Such a matrix is systematically considered for the transformation of the armature
electrical variables of the synchronous machine. This later is characterized by a
synchronous rotation of the rotor and the rotating field. In such a case, the d-axis of
the dqo-frame is hold by the magnetic axis of the synchronous machine excitation
source (field or permanent magnets).

The inverse matrix used to transform the a-b-c rotor variables of an induction
machine is expressed as follows:

Pl (B=0) = \ﬁ
s 3

1.6 IM Park Model

D —

NS
NS

=

D —

=

(1.56)

The application of the Park transform to the IM a-b-c model yields its Park one.
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1.6.1 Magnetic Equation

The substitution of the a-b-c variables by their equivalent dqo ones in Eq.(1.11)
gives:

P(Qs)(l’dqos Lss Lsr P(es)ldqas
= (1.57)
P(er)¢dqor Lys L,y P(Gr)ldqor
which can be rewritten as:
¢dq0s Pil(es) 03 LTTP(GY) LsrP(Gr) quos
= (1.58)
¢dq0r (93 P_l(er) LrsP(gs) erP(er) quor
which can be rewritten as:
¢dqos = Pil(es)LmP(Gs)qum + Pil(es)LsrP(er)quor
(1.59)

¢dqor = P71 (Qr)Lrs P(Qs)ldqos + P71 (er)erP(Qr)quor
Omitting the homopolar components and regardless the dqo-frame, the development

of the different matrixes gives:

Iy, O
Pil(es)LssP(es) = :|

MO0
P_I(G.Y)Lsrp(er) = i|

0 M
(1.60)
MO0
P_l(er)LrsP(es) =
0 M
[, 0
P_l(er)erP(er) =
L0 I
The development of Eq. (1.59) taking into account system (1.60) yields:
e Stator:
(pds = lsids + Miy,
(1.61)

¢q‘v = l‘viqs + Miqr
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e Rotor:

¢dr = lridr + Mids
(1.62)
¢qr = lriqr + Miqs

Once again, it should be underlined that the above flux expressions are independent
of the dqo-frame.

1.6.2 Electrical Equation

The substitution of the a-b-c variables by their equivalent dqo ones in Eq.(1.15)
yields:

P(05)Vaqos [rsZ3 O3 P(O5)1dgos Lgs Lgr ] P(05)1dq0s
= +4 (1.63)
P(er)vdqor _03 rr13 P(Gr)ldqor Lrs Lyr a P(Gr)ldqor

which can be rewritten as:

Vigos [ P~ (0,)r I3 P (0,) Os Lagos
Vagor | O P 6 T3P ©,) | | Lagor
(1.64)
P~1(6;) O3 LssPO5) Ly PO;) | | Ligos
+ &
O; P71(6,) LysPO5) Ly P©Oy) | | lagor

which can be rewritten as:
Vagos = P~ 0T3P ) agos + P~ 05) & {Lss PO5)1agos + Ler POr) Lugor )
(1.65)
Vagor = P10 T3P O Lagor + P~ 00) & {Lrs PO Lagos + Lrr P6r) Lagor )
where:
P~ 6,)r I3 P (0,) = r I3

(1.66)
P Y6,)r, Iz P(6,) = r, I3
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However, the matrix expressions P~ (05)% {Lss P0) Lagos + Ly P(6,)I4g0, } and

P~1(6,) % {L,S P(Os)1agos + Ly P(0,)Lagor } depend on the selected dqo-frame.
Following their development, the electrical Eq. (1.65) gives:

e Stator:
B d\ . . do, dig, . do,
Vgs = (rs + lg%) lgs — l.&‘quW + M= dl - Mlqrw
(1.67)
. ' . . ) di,,
Vgs = l.rlds% + <rs + 1 %) Igs + Mldr% d;
e Rotor:
Vg = dclz}“ _ Miqs% (r, 4 I,%) P ‘ift
(1.68)
digs . .
vqr - Mlds Ciletr + M C;t; + lrldrcil_etr + (rr + Zr%) lf[r
where vy, and v, are null in the case of short-circuited phases in the rotor.
1.6.2.1 Case of a dqo-Frame Linked to the Rotating Field
In this case, the following relations are fulfilled:
do, o
dt —7F
40, . (1.69)
dt — 7
The electrical Eqs. (1.67) and (1.68) turn to be:
e Stator:
vas = (1 + 1 ) ias = Liosiys dig; igr
) (1.70)
. d dig,
Vgs = Lyl + (rs + 1 dt) igs + Mwgiy, + M —~ Ir
e Rotor:
Var = ddl?h — Ma)riqs + (rr + lr%) idr - lra)riqr
(1.71)

Vgr = Ma)rids + MdC;zY + lrwridr + (rr + lr%) iqr
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In the electrical Egs. (1.160) and (1.150), the phase terminal voltages are totally
expressed in terms of the phase currents. They can be expressed in a mixture current-
fluxes taking into account relations (1.61) and (1.62), resulting in:

e Stator:
. doas
Vas = Fslgs + 5}1 - wsd’qs
i (1.72)
Vgs = rsiqs + 7;]_3 + wyPus
e Rotor:
Vgr = rridr + d¢dr - a)r¢qr
¢ (1.73)
Vgr = Trigr + —g- + Orar

Furthermore, relations (1.61) and (1.62) allow the expression of the currents in
terms of the fluxes as:

e Stator:
H _lr¢ds_M¢dr _ 1 _ M
lds = Il — MZ IS_U¢ds _lslro_(pdr 74
. lr¢ s M¢ r 1 M '
L v ey e e L nx A

e Rotor
P ls¢dr _ M¢ds _ 1 M
=T T Le® T ILe w79

iy = 5P =My 1M
" Il, — M? Lo™" Lo

The substitution of the currents in Egs. (1.72) and (1.73), by their expressions in terms
of the fluxes given by relations (1.74) and (1.75), enables a fully flux formulation of
the phase terminal voltages, as follows:

e Stator:

Ty d reM
Vdas = (ZX_O' + E) Gas — ws¢qs - md)dr
(1.76)
quzws¢d.s +(la+dt>¢qs_llg¢qr
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20
e Rotor:
M
Var = _lrslra"bd“ + (lrra di) bar = @rbyr
1.77)
M ry d
Uqr = _lxlrof(pqs + (lrU + %) ¢qr + wr¢dr
1.6.2.2 Case of a dqo-Frame Linked to the Stator
In this case, the following relations are fulfilled:
do, _
@ =0
(1.78)
de, _ —w
dr — m
The electrical Egs. (1.67) and (1.68) turn to be:
e Stator:
Vgs = (r3 +ls jl) lgs + Mddldr
(1.79)
Vgs = (rs +lsgt) igs + M%ﬂ
e Rotor:
diy, . d\ - .
Vdr = th_ + Mwmlqs + {7 +lra7 lar + lrwmlqr
(1.80)
Vgr = _Ma)mids + M% - lra)midr + (rr + lr%) iqr

Accounting for relations (1.61) and (1.62), Eqgs.(1.79) and (1.80) are rewritten as
follows:

e Stator:

Vds = rslds + ¢ds

(1.81)

. dogs
Vgs = Tslys + 5;1
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e Rotor:

. d
Vgr = Frlgr + 3;/1’ + wm¢qr

d¢qr

vqr == rriqr a)m¢dr +

1.6.2.3 Case of a dqo-Frame Linked to the Rotor

In this case, the following relations are fulfilled:

do; _
dr = @m
do, _
dt_o

The electrical Eqs. (1.67) and (1.68) turn to be:

e Stator:
— d : . didr ;
Vgs = | s + lsa las — lswmlqs + MW - Ma)mlqr
. d . . diqr
Vgs = Ls@pias + (rs + E) igs + Mwyiar + MW
e Rotor:
Ud ddlt;é + (rr + lr ddt) ldr

=l g (v 4,

21

(1.82)

(1.83)

(1.84)

(1.85)

Accounting for relations (1.61) and (1.62), Egs. (1.84) and (1.85) are rewritten as:

e Stator:
Vis = Tylas + ¢d‘ — Wnys
Vgs = Fsigs + Om®Pas + dj;;”
e Rotor:
Var = rrigr + dg;”
dgys

Vgr = Trigr + ~gp-

(1.86)

(1.87)
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1.6.3 Mechanical Equation

The electromagnetic torque is the only feature which is affected by the Park trans-
form. The expression of T, is obtained by substituting the stator and rotor a-b-c
currents by their equivalent in the dqo-frame, in Eq. (1.21), as follows:

| d
Tem =D (P(er) quor) {%[Lrs]} P(es)ldqus (188)

which can be rewritten as:

d
_ t t “
Tem =P quor P (Qr) {d@ [Lrs]} P(ea) quos (189)
Knowing that:
4 010
P'(6,) {E [L”]} PO)=M —-100 (1.90)
0 00
the expression of the electromagnetic torque is then:
Tew = pM (idriqs - iqrids) (1.91)

In the case of mixed current-flux model, the electromagnetic torque expression
(1.92) can be rewritten, for instance, in terms of the d-q components of the stator
current and the rotor flux taking into consideration Egs. (1.61) and (1.62), as follows:

r _M. s . r _M K .
Tow = pM (|:¢dl—ld] igs — I:(bql—lqi| lds) (1.92)

which gives:
Topy = P% (¢driqs - ¢qrids) (1.93)
This expression is considered in the field-oriented control of the induction machine

with the d-axis aligned with the rotor flux vector. Hence, the quadrature components
@4 s null, and the electromagnetic torque expression is reduced to:

T = p%(pdriqs (1.94)

which is similar to the one of a DC machine.
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Similar developments have led to the following flux-current expressions of the
electromagnetic torque:

T = P% (d)qsidr - d)dsiqr)
Tow =p (¢dsiqs - ¢qsids) (1.95)

Tow=1p (¢qridr - ¢driqr)

1.7 Park Model-Based Analysis of the IM Steady-State
Operation

Let us assume that the IM has reached a steady-state operation characterized by
sinusoidal stator and rotor variables, and therefore a given slip.
Let us define a phasor X, such that:

X = x4+ jxq4 (1.96)

where x4 and x, are the direct and quadrature components of a vector X of a-b-c
electric variables (voltage, current, or flux) corresponding to X, such that:

Xa = \/erms coswt — )
Xy = V2K s c08(01 — ¢ — ZF) (1.97)

Xe = \/Eerx COS((,()[ - ¢ + 2?7[)

where X, is the root mean square of X and where w = w; for the stator variables
and w = w, for the rotor ones.

The application of the Park transform whose dq-frame (instead of dqo-frame
because the hompolar component is null in the case of balanced a-b-c components)
is rotating at the angular frequency w with a null initial phase leads to:

Xd = \/gxrms cos ¢
(1.98)

- \/gxrms sin ¢

Xq
The magnitude (or modulus) of X is expressed as:

IXI = JxG+x2 = V/3Xpmg (1.99)



24 1 Induction Machine Modelling

1.7.1 Steady-State Stator Current Formulation

Under steady-state operation, the rotor voltage equations could be regrouped in a
phasor form, regardless the considered dqo-frame. In the case of a full current dqo
model of the IM, the resulting rotor voltage equation is as follows:

V,=0= (r,+jllo) 1, + jMo,I, (1.100)
which leads to the expression of the rotor current phasor /,, such that:

_ iMw, —
7, = — 27 7 (1.101)
(rr+]lrwr)

Similarly, the stator flux phasor could be expressed as:
o, = I,I, + MI, (1.102)

that gl\/es.
r M s sts

The equality of both rotor current phasors 1,, given by Egs. (1.103) and (1.100),
yields the stator current phasor I, as follows:

- 1 r .lr r -
7, = — (M)@s (1.104)
rr+ jolo,

L

and then:

q)sfrms (1105)

Equation (1.105) represents the basis on which are founded the scalar control
strategies of the IM fed by current source inverters. Figure 1.3 shows the variations
of I;_,,,s with respect to the rotor frequency f,, assuming a constant ®;_ ;.

1.7.2 Steady-State Stator Voltage Formulation

Under steady-state operation, the stator voltage equations could be regrouped in a
phasor form, regardless the considered dqo-frame, as:
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Fig. 1.3 I;_, s versus f,, 120
assuming a constant @5

Rotor current rms value (A)

0 2 4 6 8 10 12 14 16 18 20
Rotor frequency (Hz)

Vi = (s + jliw)ly + jMaol, (1.106)

Accounting for Eqﬁ.(l.lOl) et (1.106), the stator voltage phasor V, could be
expressed in terms of I as follows:

. M?w, w, -
Vs = ry + ]lsws s

+ — 1.107
rr + Thwn) (107

The substitution of the stator current phasor I, by its expression (1.104) in
Eq.(1.107), gives:
I7 M 2 rWs 1 r .lr r =
Vo = (r + jlo, + ——22 ) = (L2 g0 (08
(rr +]lrwr) ls ry +]alrwr
__ The development of Eq. (1.108) enables a formulation of the stator voltage phasor
V in terms of the stator flux phasor @y, the stator angular frequency wy, and the
rotor one w,, as follows:

5 1 K .ls s r .lr r MZ s Wy =
VS:_<(r + J w)(r+.J w,) + ww>¢s (1.109)
ls rr+]alrwr
then:
I, (1 I,
o re (1 _Urjr,wswr) + j (Ka)‘Y + ﬁa)r> -
Vs = l_ oo (O (1.110)

which leads to:
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Fig. 1.4 V,_, s versus f,,
for f, = 0.1Hz then f, =1
to 10Hz, step 1 Hz (bottom
to top), assuming a constant
QS*YWIS

Stator voltage rms value (V)
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;
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Inthe manner of Eqs. (1.105) and (1.111) represents the basis on which are founded

the scalar control strategies of

the IM fed by voltage source inverters. Figure 1.4

illustrates the variations of V,_,,, in terms of the stator frequency f, for different
values of f,, assuming a constant ®;_,,;.

1.7.3 Steady-State Electromagnetic Torque Formulation

The electromagnetic torque expression (1.88) could be rewritten in terms of the stator
and rotor current phasors, as follows [2]:

Tpw = pM Sm (ij)

(1.112)

Accounting for expression (1.103), one of the electromagnetic torque (1.112) is

rewritten as follows:
Ty = P Sm (73' (Ej

Knowing that:

1

* —k

1

- ljj)) = pom (TSES — ) (1.113)

s

(1.114)
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expression (1.113) is reduced as follows:

Tow = pm (T@f) (1.115)

The substitution of the stator voltage phasor I, by its expression (1.104) in the
electromagnetic torque (1.115) gives:

r .lr r -
Ty = = Lo (L2220 ) 2 (1.116)
I rr + jol.w,
then:
p (rlo(l—-0)\ — ,
Ty = = (2 72 1@, 1.117
. (r% Ty ) 1% (1.117)

Finally, under steady-state operation and for a sinusoidal power supply connected
in the stator terminals, the electromagnetic torque could be expressed as follows:

2

Ton = 3p % E (1.118)
e (%)
Taking into account the synchronization condition:
wr = gy — pQy (1.119)
expression (1.118) turns to be:
Tpw = 3p M (@, = pSin) 2 (1.120)

rel? 1+(Ulr(a)s r_ me))2

7

Neglecting the voltage drop across the stator resistor, Eq. (1.106) is reduced to:

Vy = jliogds + jMwgd, = jo,P (1.121)
then the electromagnetic torque expression (1.120) turns to be:
M? - pQ
Tn = (@ = pSm) 2 (1.122)

3
P rr(lsws)z 1+ (Ulr(a)s - me))2 s

ry
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Figure 1.5 shows the mechanical characteristics (7, vs. £2,,) for different values
of f; assuming a constant stator flux rms value, such as:

Vs—rms
Dy s = <—> (1.123)
Wy (rated point)

Actually, the IM behaviour is different from what is shown in Fig. 1.5. Indeed,
feeding the stator terminals by voltages of variable V;_,,,, according to wy in such a
way that their ratio V;_,,,; /@, remains constant equal to the one of the rated point,
the mechanical characteristics turn to be as illustrated in Fig. 1.6.
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1.7.4 Steady-State Powers Formulation

Basically, it is well known that the active power P is the average value of the instan-
taneous one P (¢). In polyphase circuits, and for sinusoidal voltages and currents, the
following relation is fulfilled:

P=P@) (1.124)

In the case of three-phase circuits, the instantaneous active power P () is expressed
in terms of a-b-c components as follows:

P(1) = valq + Vpip + veic = Vi dabe (1.125)
The application of the Park transform to Eq. (1.125) gives:
P(t) = (P(B)Vagos)' (P(B)lagos) = (Vigos P(B)') (P(B)lugos)  (1.126)
Omitting the homopolar components, the matrix product P ()" P(B) turns to be:
cosp cos(B— ) cos(p+ 0y | [F —sinf
PB) P(B) = % cos(B — ) —sin(B - &)

—sing —sin(8 — ZTH) —sin(f + %T) cos(B + 2%) —sin(B + 2?”)

which is equal to Z,.
Finally, the expression of the active power P is reduced to:

P = P(t) = vgiqg + v4iq (1.127)
The reactive power is expressed as follows:

—
0=Vl (1.128)

abc

where T/)abc is made up of a-b-c voltages which are shifted by — % with their respec-
tive of V,;.. That is to say:

Vatbc = ﬁvrms [COS wt cos(wt — 2?7[) cos(wt + ZTJT)]
N (1.129)
Vi = 2V [sina)t sin(ewr — Z) sin(or + %ﬂ)]

A formulation similar to the one of P, where the components of V. are substituted

by those of 7,1;,6, enabled the derivation of the reactive power Q and has led to the
following:
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0= qud - vdiq (1.130)

1.8 Case Study: Wind Energy Converters

1.8.1 Doubly Fed Operation of the IMs

From a topological point of view, the doubly fed induction machine (DFIM) is similar
to the wound rotor induction machine. However, the two machines differ by their
principle of operations. While the one of the wound rotor induction machine relays
on the induction phenomenon presented in Sect. 1.2, the principle of operation of the
DFIM is based on the synchronization of the stator and rotor rotating fields which
turn to be totally independent. Indeed, two scenarios are systematically distinguished,
such that:

e the stator and rotor rotating fields are turning in the same direction. In this case,
their synchronization is achieved by a mechanical speed lower than the one of the
stator rotating field, yielding the so-called hyposynchronism,

e the stator and rotor rotating fields are turning in opposite directions. In this case,
their synchronization is achieved by a mechanical speed higher than the one of the
stator rotating field, yielding the so-called hypersynchronism.

The principle of the synchronization of the stator and rotor rotating fields is illustrated
in Fig. 1.7, where €2, Q2,, and €2, are the stator rotating field speed, the rotor rotating
field speed, and the mechanical speed, respectively.

Referring to Fig. 1.7, the synchronization between the stator and rotor rotating
fields is expressed as follows:

(1.131)

o Q, — 2, hyposynchronism
" | @, + Q, hypersynchronism

Fig. 1.7 Principle of the (a)

synchronization of the stator

and rotor rotating fields in a

DFIM. Legend: a

hyposynchronism, b

hypersynchronism Q Qm

(b)
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To sum up, the DFIM has a topology identical to the wound rotor induction
machine and a principle of operation that represents a generalization of the syn-
chronous machine one. Indeed, synchronous machines, to be treated in the second
chapter, are considered as a particular case of the DFIM for which the speed of the
rotor rotating field €2, is a null; a statement basically obvious in so far as the field is
fed by a DC current.

1.8.2 Integration of DFIMs in Wind Generating Systems

The DFIM has been and continues to be a viable candidate in wind power generation
systems. The major motivations behind the selection of DFIMs for such a sustainable
application are as follows:

e the possibility of converting the wind mechanical power into electricity at variable
speed which is in full harmony with the random behaviour of the wind energy,

e the stator circuits are directly connected to the grid while the rotor ones are fed
by a power electronic converter through which the DFIM is controlled. It enables:
(i) the synchronization of the DFIM to the grid and (ii) a flexible control of the
active and reactive powers thanks to the implementation of dedicated control strate-
gies (vector and direct power control strategies). Furthermore, it should be under-
lined that the power electronic converter in the rotor circuits is sized for a power
flow not exceed 30% of the machine rated power. This represents a crucial-cost
benefit,

e the rotor circuits are fed by the slip frequency which is limited to +30% of the
grid one. This leads to a reduction of the commutation losses within the power
electronic converter in the rotor circuits, and therefore to an improved energy
efficiency.

In spite of the above-listed advantages, the integration of DFIMs in wind power
generating systems presents some limitations, such as:

1. the limited pole pair requires the integration of a multiplier between the shaft of
the turbine and the DFIM one,

2. the brush-ring system enabling the connection to the rotor circuits needs a sys-
tematic maintenance especially in offshore installations where the corrosion
affects the quality of the sliding contacts.

1.8.3 Brushless Cascaded Doubly Fed Machines

An approach to discard the second limitation of DFIMs has been proposed in [5]. It
consists in the association of two wind rotor induction machines which are back-to-
back connected through their rotor circuits and are mechanically coupled, yielding
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power machine control machine

!

mechanical
coupler

infinite control
bus converter

Fig. 1.8 Electrical connections of the BCDFM

the so-called brushless cascaded doubly fed machines (BCDFM). Consequently, the
brush-ring system turns to be useless which improves the machine reliability.

Figure 1.8 shows a BCDFM equipping a wind generating system where the rotor
circuits are interconnected with inverted phase sequences. The left-side machine is
called the power machine as far as it achieves the electromechanical conversion of
the wind power. While the right-side one is called the control machine. With its stator
fed by a static converter, the control machine is involved in the management of the
active and reactive powers between the BCDFM and the infinite bus.

1.8.3.1 Steady-State Operation

Let us call:

e (2, the mechanical speed of both machines,

e w, and w. the stator angular frequencies of the power and control machines,
respectively,

e P, and P. the pole pair numbers of the power and control machines, respectively,

e 5, and s, the slips of the power and control machines, respectively.

Question Establish the expression of €2,, in terms of:

® w,, Pp,and s).
e w., P., and s,.

Answer

Qn=(1-s,) % (1.132)
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and

Q, = (1 —s,) 2 (1.133)
m = — S¢) = .
P.

Question Establish the expression of €, in terms of w,, w., P,, and P.. Conclude
on the similitude of the BCDFM with one of the conventional AC machines to be
identified.

Answer Accounting for the inverted phase sequences of the rotor circuits of both
machines, the resulting rotating fields have opposite speeds which lead to:

Spwp = =S, (1.134)
From Egs. (1.132) and (1.133), one can deduce:
spw, = w, — P2,
(1.135)

Scwp = We — P(‘Qm

Accounting for Egs. (1.134) and (1.135), one can write the following equality:

wp — Py = —(0e — PoS) (1.136)
that leads to:
Q, = Lrt @ (1.137)
P, + P.

Referring to expression (1.137), one can clearly deduce that the BCDFM with
inverted phase sequences of the rotor circuit interconnection is equivalent to a syn-
chronous machine that has a pole pair number equal to (P, + P.) and an angular
frequency of the armature current equal to (w, + w,).

1.8.3.2 Application of the Park Transform
Let us express the rotor phase voltages of the power machine, as follows:

Varp = ﬁV,p cos(s,wpt)
Vbrp = \/zvrp COS(SpCl)pt - ZTJT) (1138)
Verp = N2V, c0Os(spwpt + ZT”)
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where V,, is the rms value of the rotor phase voltages.
The resulting currents in the rotor phases of the power machine are:

larp = ﬁl,p cos(s,wpt — @)
ibrp = /21, c0S(s,0p1 — ¢ — ZF) (1.139)
icrp = V211 cos(spwpt — ¢ + ZE)

where 1, is the rms value of the rotor phase currents.

Let us consider the Park transform whose dg-frame is rotating with the rotating
field created by the phase currents (i4p, iprp, icrp), and whose d-axis is aligned with
the phasor V,,, obtained following the Park transform of the rotor phase voltages
(Uarp, Ubrps vcrp)~ _ _

Furthermore, let us define the phasors /,, and /,. as:

7rp = idrp + jiqrp (1 140)

IrL' = idrc + jiqrc

where iy4,, and iy, are the direct and quadrature components obtained following the
application of the Park transform to the rotor phase currents of the power machine,
and ig. and i .. are the direct and quadrature components obtained following the
application of the Park transform to the rotor phase currents of the control machines.
Question Establish the expressions of 7,,, and T,C, and the relation linking these two
phasors.

Answer The Park inverse matrix is expressed as:

> cos B cos(B — 2?”) cos(B + ZTN)
P_l(,B) :\/j (1.141)

—sinfB —sin(B — 2?7[) —sin(B + Z?n)

where 8 = s,w,!
Its application to the rotor phase currents of the power machine is expressed as:

|:il,,.j 21, coss,wpt  cos(spwpt — ZTn) cos(spwpt + 277{) COS(sp@pt = ¢r)

cos(spwpt — @r — 2%)

; V3 : .
igr sins,wpt —sin(spwpt — ZT”) —sin(s,wpt + 27”) cos(spwpt — @r + 2%)

which gives:

ldrp = \/§er coS @
(1.142)
lgrp = —\/51,,, sin @,
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and then:

I,p = V3ls(cosp, — jsing,) (1.143)

Now let us consider, for instance, that the inverted phase sequence interconnec-
tions within the rotor circuits concern phases “b” and “c”. This leads to a field
rotating in the air gap of the control machine in the clockwise direction. Thus, the
angle involved in the Park transform turns to be:

B = —spwpt = scw,t (1.144)

Then, the application of the Park transform to the rotor phase currents of the
control machine is expressed as:

cos(spwpt — ¢r)

idre Cos spwpt cos(spwpt + ZT”) cos(spwpt — 2777)
21 27
= — cos(spwpt — ¢@r + 3 )

igre sinspwpt sin(spwpt + 27”) sin(spwpt — 2%) COS(sp@pt — @r — ZTT[)

which gives:

lgre = —\/EI,,, COS @y

(1.145)
gre = —\/§er sin ¢,
and then:
T = — (V3lms(cose, + jsing,)) (1.146)
Finally, one can conclude that:
L= -1, (1.147)

Considering the same approach, one can establish the relation between the voltage
phasors V,, and V,, as:

Ve =V (1.148)

1.8.3.3 BCDFM Park Model

Let us consider the Park model with the dq-frame linked to the rotating field of the
power machine. Accounting for the following items:
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= the induction machine full current Park,

[T3eR L)

=> adding subscript “p” to the power machine parameters and variables and sub-

script “c” to the control machine parameters and variables,
= o, the angular frequency of the power machine rotor variables.

Question Establish the power machine full current Park model limited to the voltage
equations.

Answer The electrical equations of the power machine expressed in terms of the
Park variables are as follows:

e Stator:
d)\ . didr[, .
Vdsp = (rSP +ZSPE) lasp — Lip@pigsp + M, ar Mpywpigrp
(1.149)
. d)\ . diqrp
Vgsp = Lsp@plasp + (rsp + Lsp 37) lgsp + Mpwpiarp + Mp—77=
e Rotor:
=M didSI’ M ; l d . l .
vdrp - P dl - pwrlqsp + rrp + rp% ldrp - rpwrlqrp
(1.150)
. digsp . d)
Vyrp = Mpw,iqsy + M, ar T Lporigrp + (rrp + l’Pd_t) igr

Question Rewrite the established model in a phasor form. Deduce the one of the
control machine.

Answer Accounting for the previously established equations, one can express the
power machine full current Park model in terms of phasor variables as follows:

e Stator of the power machine:

Vir = ((reo + 1o ) + lowp) T + (Mp s + iMp0,) T,y (1151)

e Rotor of the power machine:

V.= (Mp% + jMpw,) I, + ((r,p +l,pg—t) + jl,pw,) 1,, (1.152)

The Park model of the control machine expressed in terms of phasor variables
can be easily deduced from the power machine one, as follows:

e Stator of the control machine:

Vie=((re +bel) + jlewc) T + (M + jMeoc) Tre (1153)
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e Rotor of the control machine:

Vie= (Ml — jMeor) T+ ((ree + e ) = Jheorr) Tre (1159)

Let us call V, and 1, the power machine rotor phase voltage and current phasors,
respectively, with:

Vrp - Vr
(1.155)
7rp = _r
Relations (1.147) and (1.148) give:
Vrc = V:«k
(1.156)
Ly = _Tj

Accounting for relations (1.155) and (1.156), the Park models of the power and
control machines are rewritten as follows:

Power Machine Electrical Equations

e Stator:

V,p = ((rsp +zs,,%) + jlspa)p) T, + (M,,% + jMpwp) 7, (1.157)
e Rotor:
V= My + iMoo ) T + (e +lep ) + Jlopeor) T (1158)

Control Machine Electrical Equations

e Stator:

V. — ((r<.+z<.i) n jl“w.)i. _ (M.i n jM.w.)T* (1.159)
sC SC cht SC C SC Cdt C C r .

e Rotor:

— %k

Vi= (Mg — iMoo ) Toe = ((rve +1el) = jloewr) T, (1160)
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Chapter 2 ®)
Synchronous Machine Modelling i

Abstract The chapter deals with the modelling of the synchronous machines (SMs).
Following the introduction of the continuous development of the SMs, their a-b-c
model is established considering the case of salient pole machines. Then, the Park
transform is applied to the established a-b-c model, leading to the Park one. A special
attention is paid to the formulation and analysis of the electromagnetic torque with
an investigation of the variations of its synchronizing and reluctant components in
terms of the torque angle. Then, a characterization of the operation at (i) maximum
torque and (ii) unity power factor is carried out before focusing the flux-weakening
approaches that could be implemented in SMs considering both smooth and salient
pole topologies. The chapter is achieved by a case study dealing with an investigation
of the main features of the electric drive unit of a hybrid propulsion system and
the possibility of their improvement with emphasis on the extension of the flux-
weakening range.

Keywords Synchronous machines + Modelling + A-B-C model - Park model
Electromagnetic torque + Smooth/salient pole - Flux weakening

2.1 Introduction

Unlike induction machines (IMs) which have a family tree limited to two members:
(i) the squirrel cage IM and (ii) the wound rotor IM, the SMs have a very ramified
one. Indeed, in recent years, new concepts of SMs are more and more introduced to
equip a variety of applications, covering a wide range of power. Of particular interest
are permanent magnet (PM)-excited SMs, also called “brushless” SMs, which are
currently given an increasing attention due to their performance and the large number
of design freedom degrees.

Actually, there are different criteria based on which the SMs could be classified.
The classical ones are:
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e The smooth pole SMs in which the air gap is assumed to be constant with the slot-
ting effect neglected. These are characterized by the production of a synchronizing
torque,

e The salient pole SMs in which the air gap presents a variable reluctance that makes
the flux moving in this area within specific tubes corresponding to the “pole shoes”.
These SM topologies are characterized by the production of an electromagnetic
torque which is the superposition of a synchronizing and a reluctant torque.

An other classical classification criterion is related to the dc excitation which
could be achieved using:

A brush-ring system,
e An exciter which enables the elimination of the brush-ring system and the associ-
ated systematic maintenance.

Finally, the most challenging classification criterion is the type of excitation:

e No excitation yielding the switched reluctance SMs which are characterized by
the production of a reluctant torque,

Field excitation,

e PM excitation which enables three types of flux paths in the air gap, yielding:

— Radial flux machines,
— Axial flux machines,
— Transverse flux machines.

2.2 Synchronous Machine Modelling

2.2.1 A-B-C Model

In the manner of the IM, the a-b-c model of the SM considers the electrical variables
applied to and measured in the SM circuits. These variables are illustrated in Fig. 2.1
which shows a schematic representation of a three-phase salient pole DC-excited
SM.

2.2.1.1 Electrical Equation

The application of the Ohm law to the different circuits of the SM yields:

e Armature:

v = rl + 22 @.1)
- dt '
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field axis

armature
a-phase axis

Fig. 2.1 Schematic representation of the salient pole SM

where V, I, and ® are the armature voltage, current, and flux vectors which are
expressed as follows:

v[l ia ¢a
V= Up I = ib o = (]5;, (22)
Ve ic ¢c

and where R is the resistance matrix, with:

r 00
R=|[0ro0 (2.3)
00 r

where r is the resistance of an armature phase.
e Field:

, d
vp = Iyl + ar (2.4)
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vy the DC voltage feeding the field,

ir the DC current circulating in the field,
where
¢ the field flux linkage,

ry the field resistance.

2.2.2 Magnetic Equation

Assuming that the magnetic circuit has a linear behaviour, the fluxes and the currents
in the different circuits are linked by the following linear expressions:

S =Ll + Msfl'f
(2.5)
¢p =Myl + Lyiy

Lys square matrix of rank 3 including the armature self — and

mutual inductances,

M,y single — column matrix including the mutual inductances between

where the armature phases and the field,

M s transpose of matrix My,

L; fieldself — inductance.

The variable saliency of the rotor makes the field MMF waveform far from being
sinusoidal. Moreover, even though the armature winding is suitably arranged, its mag-
netic reaction still includes some harmonics. Consequently, the harmonic contents
of the fluxes linking the windings (self and mutual) are rich in harmonics. Limiting
their Fourier expansion to the fundamental terms enables a simple formulation of
the inductance matrices.

Hence, L could be expressed as the sum of two matrices, such that:

e L o including constant inductances,
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e L,» which includes inductances variables in terms of the electric angular position
0 of the rotor with respect to the stator, as:

Ly = Lgo + Ly (26)

where:
LsO MsO MssO

Lyo = Mo Lso Mo (27)
MsO MsO LsO

with:

Ls() = LpsO + ls
1 (2.8)
My = _QL[LVO + my

L 40 : armature phase inductance due to the main flux,
where { /; :  armature phase inductance due to the leakage flux,

my : armature mutuelle inductance due to the leakage flux.
and where L, is expressed in terms of 6 as follows:
cos 26 cos(20 — 2) cos(26 + )
Lo = Lo | cos20 — L) cos(26 + ZL) cos 26 2.9)

cos(26 + 2F) cos 26 cos(20 — &)

Matrix My is given by:
cos 6
My = My | cos® — ZF) (2.10)
cos(0 + ZTn)

where M, is the maximum value of the mutual inductance between an armature phase
and the field which is reached when their magnetic axis is aligned.
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2.2.3 SM Park Model

2.2.3.1 Electrical Equation

The Park transform is systematically applied to the SM a-b-c model considering a
dqo-frame linked to the rotor which is the same as the one linked to the rotating field
as far as this latter and the rotor are moving synchronously. Of particular interest is
the dqo-frame whose direct axis is aligned with the magnetic axis of the field which
is commonly adopted in the literature.

Let us recall the relations linking the electrical angles 6, 6, and 6, in such a
dqo-frame:

@2.11)

with:

dos

dr = @m

do,
dt

(2.12)
=0

The application of the Park transform to the armature electrical Eq. (2.1) has led to:

UdZVid—C()(ﬁq‘f‘dj?;—d
(2.13)

; d
vy =iy —i—a)qﬁd—i—%
The application of the Park transform to the flux Eq. (2.5) has led to:

¢a = Laiq + Mif
¢y = Lyig (2.14)
¢r = Miy + Lyif

where Ly and L, are the direct and quadrature inductances, respectively, with:

Ly =Ly — My + %Lsz
(2.15)

Ll[ = LSO —_— M_y - %ng

3
M = \/;Mso (2.16)

and where:
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It is to be noted that, in smooth pole SM, the armature phase self- and mutual
inductances are independent of the electrical position 6 of the rotor with respect to
the stator that yields:

Lir = O; (2.17)

Consequently, the direct and quadrature inductances turn to be:

Ly =L, =L = Ly — My (2.18)

2.2.3.2 Steady-State Phasor Representation

The qdo-frame is linked to the rotor. As far as the field is mounted on the rotor and
is fed by a DC current (null frequency), then the armature variables expressed in the
gdo-frame are continuous at steady state.

Under steady-state operation, Eq. (2.13) is reduced to:

Va0 = rigo — 0Pg0
(2.19)

Vg0 = rigo + @dqo

where subscript “0” indicates steady-state variables.
The substitution of ¢4 and ¢, in Eq. (2.19), by their expressions givenin Eq. (2.14),
has led to:

Vio = rido - quiqo
(2.20)
Vg0 = Figo + Lqwigo + Mwirg
Let us call: B
V =va0 + jugo
_ (2.21)
I =ig + jigo
and let us define: o
= Miyg
o - (2.22)
E = jod

where:

e @ is a vector aligned with the d-axis corresponding to the flux created by the field
at steady-state operation. It should be noted that @ is different from ¢, introduced
in Eq. (2.14). The equality of ® and ¢, is satisfied at no-load generator operation.
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e E isa vector corresponding to the steady-state back-EMF created by the field flux
represented by vector .

Let us define the armature current phasor as the following sum:

I1=1,+1, (2.23)
where: _
Iy =g
_ (2.24)
Iq = jqu

Then, the electrical equations (2.20) could be rewritten taking into consideration
relations (2.22) and (2.24), which give the Blondel model of the SM, as:

V =7l + jXql4 + jX, 1, + E (2.25)
where X; and X, are the direct and quadrature reactances, respectively, such that:

Xd = Lda)
(2.26)
X, =Lo

The phasor diagram of Eq. (2.25) in the dq-frame is illustrated in Fig.2.2 in the
case where the armature magnetic reaction generates a direct flux which is opposite
to the field one. Such scenario is known as “the flux weakening” which characterizes
the high-speed operation of the SM. The phasor diagram, dealing with the case where
both fluxes are additive, is shown in Fig.2.3.

In the case of a smooth pole machine, X; = X, = X = Lw is called the syn-
chronous reactance. Then, Eq. (2.25) is reduced to:

V =rl + jXI + E (2.27)

yielding the Behn-Eschenburg model whose phasor representation is shown in
Fig.2.4.

2.2.3.3 Electromagnetic Torque Formulation

Letus consider, for instance, the motor operation of the salient pole SM under which it
is fed by balanced three-phase voltages with an rms value V., resulting in balanced
currents and back-EMFs with rms values 7,,,,; and E,,,;, respectively.

Let us call T,,,; the electromagnetic torque developed by a given phase:
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Fig. 2.2 Graphical representation in the case of the flux-weakening range (¢ < 0)

Fig. 2.3 Graphical
representation in the case of
the constant torque range
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Fig. 2.4 Graphical q
representation in the case of iXT
a smooth pole SM operating - T
aty =0
v E
© 1
ki) d
P, eml
Tom1 = (2.28)
em Qm

where P, is the electromagnetic power developed by the phase, with:

Poi = Py — I}, (2.29)
where P; is the power absorbed by the phase, with:
Py = Vipslyms cos g (2.30)

Referring to Figs.2.2 and 2.3, a relation between the angular shifts between pha-
sors V, I, and E could be established:

=8+ (2.31)
which yields:

Vims Lrms €08 @ = Vypug Lrns (COs § cos ¢y —  sin § sin yr) (2.32)

The projection of Eq.(2.25) on the dqo-frame axis has led to the following rela-
tions:
IVIIsing = X1l — rif|lsiny
(2.33)

IVIicoss = =Xalllall + rliTllcosyr + | E]|
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Following the substitution 7, and Tq by their expressions in terms of 7, Eq. (2.33)
turns to be:

|VIsing = X,|lT]lcosy — || siny
(2.34)
IVIcosd = Xyl TlIsiny + r|I]cosyy + |E]

Accounting for the relation between the direct and quadrature components and
the rms value of an electromagnetic variable x:

IXI = JxG +x2 = V/3Xpmg (2.35)
and for relations (2.34), the equality (2.32) leads to:

Vims Lrms €08 @ = Ly COS Y (X g Lrms SINY + 1 lig COS Y + Erpps)
(2.36)
— L SINY (X Lrns COS Y — 7 Lrpys SIN YY)

The development of Eq.(2.36) yields:

VimsLms €089 = Eppslimscos¥ + (Xg — X )12, cosyrsiny + rl?,  (2.37)

rms

Taking into consideration expressions (2.28), (2.29), and (2.37), one of the elec-
tromagnetic torques is established:

L -3 <E,mslrms cosy + (Xg — X I, COSI/fSinl//) 2.38)

Qy
which, accounting for relations (2.22) and (2.26), turns to be:

(Ld - Lq) 12

T.. = 3p ((I)rmslrms cosy + 5 rms SID 21//) (2.39)

Accounting for the following:
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] (%
Eyms =pQu Prps = p L ”_ =pQ, =
R P s p 3 P \/g
1| I, | i
L5 cOS = ”— Ccos = 9 - 2.40
y="rmosv = & : (2.40)
Irms Sinw = M Sinlﬂ‘ = —M — l_d

V3
the expression of the electromagnetic torque is finally reduced to:
Tem =p (d’ iq + (Ld - Lq) idiq) (241)

Referring to expression (2.39), the electromagnetic torque could be decomposed
into two components, such that:

T =T, + T, (2.42)
where T and T, are the synchronizing and reluctant torques, respectively, with:

T, = 3P D5 I COS Iﬁ

3p Lo Lo) o

rms

(2.43)
T, = sin 2y
Figures2.5 and 2.6 show the variations of T, T,, and T, with respect to ¥ (the
so-called torque angle), in the cases of direct and reverse saliencies, respectively.
Referring to Fig.2.5, it clearly appears that, in the case of a direct saliency
(Lq > L), the reluctant torque contributes to the torque production capability of
the salient pole SM in the range of the positive values of 1. While for negative
values of 1/, the reluctant torque behaves like a brake that affects the torque produc-
tion capability. Nevertheless, such a drawback turns to be a requirement in order to
achieve the flux weakening that enables the operation at high speeds.
From the analysis of expression (2.39), one can distinguish three values of the
torque angle v, such that:

e = 0 for which 7} is maximum and 7, is null. The salient pole SM behaves like
a smooth pole one operating at maximum electromagnetic torque 7,

em

o Y= % for which 7, is maximum. In the case of a reversed saliency characterized

by Ls < L, the torque angle yielding a maximum reluctant torque is ¥ = —%,
e = Yy for which the electromagnetic torque is maximum.

In what follows, the analytical determination of v, is carried out, considering
the derivative of the expression of electromagnetic torque (2.39) with respect to i,

as:
d Tem

dy

= 3P Ling(=Ppmy sin + (Lg — Lg) Lrms €08 290) (2.44)
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Fig. 2.5 Electromagnetic, synchronizing, and reluctant torques of a salient pole SM versus ¥ in
the case where Ly > L (the so-called direct saliency)
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Fig. 2.6 Electromagnetic, synchronizing, and reluctant torques of a salient pole SM versus ¥ in
the case where Ly < L (the so-called reverse saliency)
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Thus, vy fulfils the following equality:
ksinyy = cos2yy (2.45)

where:
qums

k = —— (2.46)
(Ld - Lq)lrms

The development of expression (2.45) leads to a second-order equation in terms of
sin Yy, as:

2sin® Yy +ksinyy —1=0 (2.47)
whose resolution yields:

e In the case of direct saliency k > 0 and )y > 0 (as shown in Fig.2.5):

—k vk +8
Y1 = arcsin (%) (2.48)
e In the case of inverse saliency k < 0 and ¥j; < O (as shown in Fig.2.6):
—k — k2 +8
Yo = arcsin <+) = —Yu (2.49)

2.2.4 Operation at Maximum Torque

2.2.4.1 Case of Smooth Pole SMs

These machines could be excited by current or by PMs and could be equipped
with distributed or concentrated windings in the armature. Referring to the previous
paragraph, these machines develop a synchronizing torque, such that:

Tem = Tx = 3P q)rmslrms COSW (250)

The operation at maximum torque consists in feeding the armature circuits by
currents with their initial phase equal to Z so that the armature current phasor,
resulting from the application of the Park transform, is aligned with the back-EMF

one. Doing so, the torque angle is kept null (y = 0), which gives:
Telﬁfo = 3p DrinsLrms (2.51)

Furthermore, and referring to Fig.2.4, the power factor is expressed as follows:
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cosp = —— (2.52)
Assuming that r < X (condition commonly fulfilled except for low-speed oper-

ation), expression (2.52) turns to be:

cosp ~ Erms (2.53)
\/Eigms + (XIV””)Z

Giving the fact that E,,; = o®,, and that X = Lw, the power factor can be
formulated as follows:

cosp =~ (2.54)

Consequently, for a given no-load flux (case of PM-excited SMs or case of DC-
excited SMs operating at constant field current), the operation at maximum electro-
magnetic torque is characterized by a decrease in the power factor with the increase in
the load torque. This requires the oversizing of the associated power electronic con-
verter (the rating of the converter is higher than the machine one) which compromises
the cost-effectiveness of the electric machine drive.

2.2.4.2 Case of Salient Pole SMs

Referring to Sect.2.2.3.3, the maximum torque operation is achieved for a torque
angle v,,, such that:

—k + Vk*+38
Yy = arcsin (%) (2.55)
The substitution of k by its expression given in (2.46) in Eq. (2.55) gives:
—-o,, @2 8(Ly — L,)*I2
Yy = arcsin s+ VP 48— L) g (2.56)
4(Ld - Lq)lrms

which is positive for a direct saliency (L; > L) and negative for a reverse saliency.
(Ld < Lq) . o
The corresponding synchronizing and reluctant torques are expressed as follows:
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_ Py + \/<1>2 +8(Lg — Lg)2 13
T;/f_V/M = 3p ®pps Irms cosarcsin ( e e d 4z

4(Lg — Lq)lrmx

(2.57)

2 272
v=vy _ (Lg —Lg) » . . —Prms + \/cbrms +8(Lg — Lg) " Irims
T, = 3p ——5— Ij; sin2arcsin ALg = L) Tms

giving the fact that sin(2yr);) = 2cos ¥y, sin ¥y, one can establish the relation
between T,V ="" and T,V ="" as follows:

2
\/1 +8 <(Ld ;Lq)lrms) —1
rms T;D:wM

4

Trllf =Vm _

(2.58)

To sum up, for a given load torque, that is, to say for a given armature current, the
operating point corresponding to the maximum electromagnetic torque is reached
for a torque angle 13, > 0, yielding a lagging phasor I with respect to the back-EMF
phasor E in the case of a direct saliency (see Fig.2.3). While in the case of a reverse
saliency, the operation at maximum electromagnetic torque is reached for a torque
angle ¥ < O that gives a leading armature current phasor / with respect to the
back-EMF phasor E (see Fig.2.2).

Giving the fact that the armature circuits are of R-L type, the current phasor 7 is
usually lagging with respect to the armature voltage phasor V. As far as this latter
is usually leading with respect to the back-EMF phasor E, one can conclude that
the reverse saliency is more favourable to operate at a maximum electromagnetic
torque with an improved power factor than the direct saliency [1, 2]. This statement
is confirmed by Figs.2.2 and 2.3.

2.2.5 Operation at Unity Power Factor

The operation at a unity power factor is characterized by ¢ = 0, that is, to say by the
following relation:
§=—y (2.59)

with a negative torque angle .
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2.2.5.1 Case of Smooth Pole SMs

For the sake of simplicity, let us consider the case where r < X, and then:

Vrms
Erms

Erms = @@pps = vV Vrzms +(X1rms)2 (2.61)

Rewriting expression (2.60), taking into account relation (2.61), gives:

cosy = (2.60)

where

W 1 Llms )} (2.62)
COS = — _— .
<Drms

Hence, under a unity power factor operation, the electromagnetic torque expres-
sion turns to be:

L\
Tefnzo = 3p Oruslimsy |1 — (@ ) (2.63)
rms

Referring to expression (2.63), one can notice a parabolic variation of Tﬁfo with

respect to the rms value of the armature current /. Indeed, it is to be noted that,

beyond I,,,; = 0, the electromagnetic torque o= O turns to be null for Lps = %

which, accounting for expression (2.61), corresponds to a null armature voltage
(short-circuited armature).
The derivative of the electromagnetic torque 747" with respect to I, has led to

an armature current /e such that:

D
T, rms
Temax - — (2.64)
ms \/z L
The corresponding electromagnetic torque Te‘f;g is expressed as follows:
3 97,
T(p:() = Zp rms (265)

emax 2 L

Referring to Sect.2.2.4.1, it is to be noted that for a given armature current
different from 0, the electromagnetic torque developed under a unity power fac-
tor operation is systematically lower than the one under a maximum torque one.
Indeed, one can write the ratio:
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7470 Ll \*
=0 =41 — (—q)”“) <1 (2.66)
Tem_ rms

Consequently, the usefulness of the armature current is better under a maximum
torque operation than under a unity power factor one.

2.2.5.2 Case of Salient Pole SMs

Let us redraw Fig.2.2 with ¥ = —4, and let us neglect the voltage drop across r, and
then one can establish the following expression:

Erms X Irm‘ i
cosyr = + Vd s Siny (2.67)

Moreover, let us rewrite expression (2.37) accounting for ¢ = 0 and neglecting
the voltage drop across r, as:

Vims = Ermscos ¥ + (Xg — Xy) s cos Y sin (2.68)

Rewriting expression (2.67) taking into account equation (2.68) and substituting
E, s by o®,,; have led to:

o, Lyl sin
cos Y = rms + Lalrms Sty (2.69)
Dpscosy + (Lyg — Lg) Lrms cOS Y sin

whose development has given:
(1 = cos® Y)®@,s + Lalyms siny — (Lg — Ly) Ly cos®> Yrsinyr =0 (2.70)

and finally:
(Lg = L) s siny? + @5 sinyy + Lylys =0 (2.71)

The resolution of Eq. (2.71), taking into account the fact that ¢ < 0 regardless of
the saliency, has led to [1, 2]:

— D, s ®2 —4(Ly— L)L, 12,
+ \/ rms ( d q) q rms) (272)

Y,—o = arcsin
! 2La = Lg)rms
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2.3 Flux-Weakening Operation of SMs

2.3.1 Similarity with the DC Machine

The expression of the speed of a DC motor with compensated armature magnetic
reaction, regardless the type of excitation, could be expressed as follows:

Uy — RIy

Q, = (2.73)

P N

a o Or
U, : armature voltage,

14 : armture current,

O : field flux,

where:

: total resistance through which the armature current is circulating,

: pole pair,

R
N : armature total actif conductors,
p
a

: pairs of armature parallel circuits.
The motor develops an electromagnetic torque whose expression is as follows:

N
Tow = E Dp Iy (274)
a 2w

For a given field flux ® ¢ and for a given load torque, the armature current 74 turns
to be constant. In order to vary the speed, the armature voltage Uy is varied using
controlled rectifiers for average and high power drives and choppers for low power
ones, yielding the so-called constant torque operation. The speed variation within
this strategy is achieved when the armature maximum voltage is reached, leading to
the so-called basic speed €2, such that:

Upmar — RI

Q, = Jama = RIx (2.75)
PN ¢
al2g F

In order to have access to speeds higher than 5, without exceeding the thermal
limit of the armature circuit, one can simply reduce the field flux @, at a constant
armature voltage U 4,4, leading to the so-called flux-weakening operation. Keeping
the armature current /4 constant, the flux weakening is characterized by an increase
in the speed and a decrease in the electromagnetic torque, and therefore by a constant
electromagnetic power P,,, as formulated in what follows:

Pem = TeQO = (UAmax _RIA)IA (276)
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2.3.2 SM Flux Weakening

2.3.2.1 Principle

Both smooth and salient pole SMs turn to be equivalent to a DC machine if the torque
angle is kept null (¢ = 0). This yields an electromagnetic torque expression similar
to the DC machine one, such that:

Tem = 3P Pris Lrms (2.77)

In the manner of DC machines, SMs exhibit a capability to achieve a flux weak-
ening through a reduction of the field flux. If such a flux reduction is easily carried
out in DC-excited SMs with a decrease in the field current, it is not the case of the
PM-excited SMs.

In fact, in contrary to DC machines, the armature magnetic reaction of SMs is
never compensated. The flux-weakening operation of PM-excited SMs has been
made feasible thanks to the armature magnetic reaction.

The basic idea consists in selecting a negative torque angle. The armature current
phasor I is leading with respect to the back-EMF one E, yielding a negative direct
component of the armature current that produces a flux within the d-axis opposite to
the one created by the PMs. This leads to an increase in the speed according to the
formulation developed in the following paragraph [3].

2.3.2.2 Operation at Constant Torque

Let us consider a smooth pole PM-excited SM (for instance, the case of PMs mounted
on the surface of the rotor) operating at a null torque angle (¢ = 0). Under high-speed
operation, one can establish the following inequality:

X=Lo=LpQ, >r (2.78)

so that the voltage drop across r could be neglected.
Hence, the armature equation is reduced to:

V = E + jXI (2.79)
that gives:

Vims = PSm (D;%ms + (L Irms)2 (2.80)

leading to:
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Vrms
Q, = (2.81)
p CD}%ms + (L I’"m5)2

Referring to expression (2.81), the speed variation should take into account the
following limitations:

e The limitation dictated by the maximum armature current I,,,, that takes into
account the limit of the armature circuit tolerable heating,

e The limitation dictated by the DC bus voltage at the inverter input, in other words
the maximum armature voltage V..

Hence, increasing the speed at a constant electromagnetic torque (i.e. at constant
armature current / < I,,,,) is feasible as long as the armature voltage fulfils the
condition V < V...

The speed corresponding to V = V,,,,, the so-called base speed €2y, is expressed

as follows: y
Qb — max (282)
P VO + (L Lns)?

Figure 2.7 illustrates the principle of the speed variation by controlling the arma-
ture voltage, starting from a speed 2; until €2;. It should be noted that the phasors
E = jo®and jXI = jLwl are proportional to the speed. Consequently, the speed
increase from €2 to €2, is achieved at constant angle §.

Reaching the speed €2;, a crucial question arises: How could higher speeds be
accessed?

To do so, two approaches could be considered which are described in the following
paragraphs.

circle of maximum

armature voltage d

Fig. 2.7 Principle of the speed variation of an SM, operating at a null torque angle and a constant
armature current, based on the variation of the armature voltage, leading to a speed range varying
from O to 2;
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2.3.2.3 Speed Variation at Null Torque Angle

The first approach consists in keeping the torque angle v equal to zero and the
armature voltage at its maximum value, as illustrated in Fig.2.8.

Giving the fact that the operating points are located on the circle of maximum
armature voltage, these are characterized by speeds expressed as follows:

v,
Q, = max (2.83)

rms

The high-speed operation of SMs is commonly characterized by the so-called flux

ratio R, defined as:

L Irms
R, = —— 2.84
R 259

which depends on the machine design (®,,,; and L) on one hand and the operating
point (/,,,5) on the other hand. It is the ratio of the flux corresponding to the armature
magnetic reaction to the excitation flux.

Accounting for the expression of R, one of the speeds given in (2.83) turns to

be:

Vmax
Q) = —mm——— (2.85)

P®,, J1+R2

In order to reach speeds higher than €2, a significant decrease in the armature
current has to be carried out. Indeed, referring to Fig.2.8, the modulus of phasor
J L 15 is lower than one of the phasors j Ly 1. Moreover, w, > w;, which leads
to a remarkable decrease in the armature current and consequently in the electromag-
netic torque. In spite of the speed increase, the electromagnetic power falls sharply
to zero at a maximum speed €2,,4x1, such that:

Vinax
Qmaxl = (286)
p D, s

To sum up, it comes out that an increase in the speed of PM-excited SMs according
to the above-described approach does not meet the similitude of the targeted constant
electromagnetic power operation of the DC machines.
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circle of maximum
armature voltage

d
>

Fig. 2.8 Principle of the speed variation of an SM, operating at a null torque angle and maximum
armature voltage, based on the variation of the armature current, leading to a speed range varying
from 5 t0 QLpnaxt

V3 3 circle of maximum
armature voltage

0]

V=

Fig. 2.9 Principle of the speed variation of an SM operating at a constant armature current and
maximum armature voltage, based on the variation of the torque angle, leading to a speed range
varying from Qp, t0 Qyax2 if Ry > 1, 0r 10 Qyax3 if Ry < 1, or to an infinite speed if R, = 1

2.3.2.4 Speed Variation at Constant Armature Current

The second approach consists in maintaining constant armature current /., and
voltage Vs = Viuax, while reducing the torque angle v (from 0O to negative values)
in such a way that / is constantly leading with respect to E, as shown in Fig.2.9.
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The graphical representation considers, in a first step, that the armature voltage
could exceed its maximum value so that the graphical representation can be done in
a similar way as in the case of the constant torque operation. Then, the extremity
of the obtained phasor j X1 is moved along a circle that has a radius X1/,,,; and a
centre the extremity of the phasor E, until the interception of the circle of maximum
armature voltage. The resulting operating point is characterized by the following
armature voltage equation:

Vi = E(Q3) + jLanls (2.87)

Then, the application of the generalized form of the Pythagoras theorem is
expressed as follows:

IV31? = lljLaslsl1* = 2IEQ@)IjLasIslicosy + IEQ3)I*  (2.88)

where:

—

y = (E(3), jLwsl3) (2.89)
Angles ¥ and y are linked by the following relation:
s .
y =vY3+ E with Y3 <0 (2.90)
Thus, Eq. (2.88) turns to be:
VerS = (Lw3lrms)2 + 2nglrms (I)rsm sin wS + (w3q)rsm)2 (291)

which leads to:

Vl’ﬂ ax

Q3 = (2.92)
P \/(L Irms)2 + 2Llrms q)rms sin 1/f3 + q)%ms
which can be rewritten in terms of the flux ratio, as:
Vmax
Q3 = (2.93)

PO \/R; + 2R, sinvs + 1

Three scenarios could be distinguished, namely:

e R, > 1, in this case, a reduction of the torque angle v from 0 to —% leads to a
displacement of the operating point along the circle of maximum armature voltage
until reaching the point (0, —V,;,,) for the maximum speed:

Vmax
Qmax = (294)
2 P (Drms (R(p - 1)
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e R, < 1, in this case, a reduction of the torque angle v from 0 to —% leads to a
displacement of the operating point along the circle of maximum armature voltage
until reaching the point (0, V4, ) for the maximum speed:

Vmax
Szmax = (295)
T P (1 — Ry)

e R, =1, in this case, a reduction of ¥ from 0 to —% leads to an infinite speed

range.
2.3.2.5 Case of Low Power Drives

In the case of low power drives, the smooth pole surface-mounted PM synchronous
motor has an armature resistance » which could not be neglected in a wide speed
range.

Operation in the Constant Torque Range The phasor diagram characterizing the
steady-state operation of the synchronous motor in the constant torque region turns
to be the one shown in Fig.2.4. The application of the Pythagoras theorem yields:

V2 = (@Prs + L) 4+ (Lo)? (2.96)

that gives:
(97, + (LLn)?) 0 + 2r s loms + (Flimg)® — V3o =0 (2.97)

Then, the expression of the base speed turns to be:

\/(rq)rmslrms)z + (q)%ms + (LIrms)z) (Vyﬁax - (rIrms)z) - rq)rmslrms

Q
’ P (@2 + (LIps)?)
(2.98)
which can be expressed in terms of the flux ratio R, as follows:
rLoms)* + (14 R2) (V2ae — Flimg)®) — s
Qp = / : (2.99)

P O (1+R2)

Oor as:

o \/1 + (1+R2) <(r‘/lm—fn)2—1) —1

Qp = 2.100
T o (1+R2) @100
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(a) _ 1 (b) ~ q
rl rl
y Ny JL® pax T _
IO mar t EQyar )
T
circle of maximum
armature voltage ‘7((]%“ )
V(Quax ) circle of maximu
armature voltage
—’ g
1

Fig. 2.10 Phasor diagram of the PM synchronous machine, with the armature phase resistance
accounted for, under maximum speed operation achieved by a maximum armature voltage and a
torque angle ¢ = f%. Legend: a case where R, > 1 and b case where Ry < 1

Operation in the Flux-Weakening Range Adopting a speed variation technique
based on the same approach treated in Sect.2.3.2.4 leads to the three following
scenarios:

e R, > 1, in this case, a reduction of the torque angle ¥ from 0 to —% leads to a
displacement of the operating point along the circle of maximum armature voltage
until reaching the point shown in Fig.2.10a, for which the speed takes a maximum
value €2,,4x2,, With:

Q Visar = ("l (2.101)
max2r — .
p (Drms (R(p - 1)

e R, < 1, in this case, a reduction of the torque angle ¥ from 0 to —% leads to a
displacement of the operating point along the circle of maximum armature voltage
until reaching the point shown in Fig. 2.10b, for which the speed takes a maximum
value €2,,4,3,, With:

Vnzmx - (r1r1115')2

p (Drms(l - Rgﬂ)

Quaxz = (2.102)

e R, =1, in this case, a reduction of ¥ from O to —% leads to an infinite speed

range.
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2.3.2.6 Case of Salient Pole SMs

Let us consider, for instance, the case of a salient pole SM with a positive saliency.
Its steady-state operation is represented by the phasor diagram shown in Fig.2.3.

Operation in the Constant Torque Range Different strategy could be adopted under
variable speed operation, such as:

e Operation at maximum synchronizing torque (¢ = 0),
e Operation at maximum torque (Y = v,,).

Operation at Maximum Synchronizing Torque

The salient pole SM operation turns to be similar to a smooth pole one. Its phase
diagram turns to be similar to the one shown in Fig.2.4 where the reactance X
should be replaced by the quadrature one X,. Consequently, one can easily deduce
the expression of the base speed from the one given in Eq.(2.100), as:

2 Vmax 2
rlrms 1 + (1+R(pq) ((rlrmx) - 1) B 1

Qp = (2.103)
p q)rms (1 + Réq)
where:
Ropo = Lolrms (2.104)
(pq N (Drms '

Neglecting the armature phase resistance, the expression of the base speed (2.103)

is reduced as: v
Qp = max (2.105)

pq)rms (1 + Riq)

Operation at Maximum Torque

The application of the Pythagoras theorem to the phasor diagram of Fig. 2.3 yields
the following equation:

(@yms@ + 1 Irms €08 Yy + Lagwlypg sin 1/fm)z + (qulrms COS Yy — 1 Iy Sin 1/fm)2 = Vrzms
2106)

whose development leads to:

((@rms + Lalrms sin lﬁm)2 + (Lg1lrms cos wm)z) w? +

2r Irms €08 Y (Prms + Irms sin Y (Lg — Lq)) w + ("Irms)2 - Vrzmx =0
(2.107)

The resolution of Eq.(2.107), considering the maximum value of the armature
voltage, leads to the following expression of the base speed:



66 2 Synchronous Machine Modelling

Q rIrms Cos wm (Sin l[fm (Lq - Ld) - q>rms) + \/K
' p ((q)rms + LdIrms sin Kbm)2 + (Lq Irms Cos I//m)z)

(2.108)

where:

A= (rlrms COos Wm (Sin wm (Lq - Ld) - q)rms))2

(2.109)
+ ((q)rms + Ldlrms sin wm)2 + (Lq Irms Cos Wm)z)(v,ﬁax - (rIrms)z)

Neglecting the armature phase resistance, the expression of the base speed (2.108)
is reduced as:

Vma.x
Qp = _ (2.110)
Pqums \/(1 + R(ﬂd sm 1ﬁm)z + (Rtpq COos 1ﬁm)2
where: L1
d1trms
Ropg = —— 2.111
A D @D

Operation in the Flux-Weakening Range Reaching 25, one can keep increasing
the speed considering an approach similar to the one treated in Sect.2.3.2.4. This
leads to the three following scenarios:

e R,q > 1, inthis case, a reduction of the torque angle v from O or ,, to — % leads
to a displacement of the operating point along the circle of maximum armature
voltage until reaching a maximum speed $2,,4x25p. This latter is characterized by
a phasor diagram similar to the one shown in Fig.2.10a where L is substituted by
L4 and is expressed as follows:

Vzax - ("'Irms)2

m

pcprms(R(pd - 1)

Qmax2sp = (2112)

e Ryq < 1,in this case, a reduction of the torque angle ¥ from 0 or v, to — % leads
to a displacement of the operating point along the circle of maximum armature
voltage until reaching a maximum speed £2,,4x35p- This latter is characterized by
a phasor diagram similar to the one shown in Fig.2.10b where L is substituted by
L, and is expressed as follows:

VZax - (rlrms)2

g

p cI)rmx(l - Rwd)

S2/71(1):33‘17 = (2.113)

e Ryq = 1, in this case, a reduction of ¥ from 0 to ——727— leads to an infinite speed
range.
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2.4 Case Study

Figure 2.11 illustrates the block diagram of a series/parallel hybrid propulsion system.
Itincludes an electric drive unit and a thermal power one. This latter is built around an
internal combustion engine (ICE). Made up of a planetary gear, the power split device
enables the control of the complementary ratios of the ICE-produced mechanical
power applied to the traction wheels through the gearbox and to the generator shaft.

The electric drive unit is built around a PM-excited synchronous motor. It is
equipped with a three-phase distributed winding in the armature and surface-mounted
PMs in the rotor, with a pole pair p = 2. Moreover, the voltage drop across the
armature resistance is supposed to be negligible in the whole speed range.

When the motor absorbs its rated current I, it exhibits:

rms?>

e A constant torque region of [0 1200] rpm, developing an electromagnetic torque

of 400 Nm,
e A flux-weakening range reaching 6000rpm at a null electromagnetic power,
achieved following a reduction of the torque angle ¥,
o A flux ratio R;, defined as:
LI

R, = ﬁ <1 (2.114)

The motor is fed by a battery pack through an IGBT inverter of 5S0kW. The battery
pack is composed of 168 NiMH-made storage cells providing a total of 201.6 V DC.
A boost chopper enables the increase in such a voltage to reach a DC bus voltage
Upc =500V at the inverter input.

Starting from the base speed, the armature voltage is kept at its maximum value

Viax = #U pc; the voltage drops across the inverter switches as well as the dead

electric drive unit

batt: power .
o electronic il electric
pack unit i  moteur

gear box NEEE

green house
gas emission internal

- combustion
engine

power-split
device

traction
wheels

fuel supply fuel
reservoir

generator

thermal power unit

Fig. 2.11 Block diagram of a series/parallel hybrid propulsion system
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times, considered in order to avoid the simultaneous conduction of the switches of
the same leg, are omitted.

2.4.1 Part 1: Current Motor

Question Find out the flux ratio R;.
Answer The base speed €25 is expressed in terms of the rated flux ratio R;, as follows:

Vmax
Qp = (2.115)

PPrms /1 + (RL)’

The maximum speed €24, is expressed in terms of the rated flux ratio R;, as

follows: y
Qmax = m (21 16)
p (Drms (1 - R;)

Q 2
The expression ( g’z”g") gives:

2.117)

(szmax>2 _ Ry

25 (1 - Rp)’

whose development leads to:

D | 1) (R — 2 Sma ZR’ + (B 2 1 =0 (2118)
Qp ¢ Qp ¢ Qp B '

The numerical application yields:

24(R1)* — 50R, + 24 = 0 (2.119)

Giving the fact that R; is lower than unity, the solution is then:

Rl =0.75

Question Find out the PM flux ®,,,;.
Answer ®,,,, is expressed in terms of the maximum speed as follows:

Vmax
Y (2.120)
meax (1 - R&)
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which gives:

®,,s = 716mWb

Question Find out the rated current I, .
Answer In the constant torque region and for the rated armature current, the electro-
magnetic torque 7, is 400 Nm. This later could be expressed as follows:

T, = 3p®psl], (2.121)

rms

Then:

Question Find out the power factor at the operating point corresponding to the base
speed.

Answer Neglecting the armature resistance, the electromagnetic power P, turns to
be equal to the absorbed one which yields, for the base speed, the following relation:

P, =T, Q = 3Vual,, cosep (2.122)
Then:
Ten <2 (2.123)
cos = o - )
v 3 Vmux [:ms

which, accounting for the expression of electromagnetic torque given in Eq. (2.121),
leads to:
pcbrms QB
cospp = v (2.124)

The numerical application gives:

Question Find out the trajectories described by the extremities of the armature volt-

age phasor V and current one 7 in the dq-plane, considering the total speed range.
Answer see Fig.2.12.

2.4.2 Projected Motor

For the sake of an extension of the flux-weakening range, one could investigate the
solution consisting in increasing the inductance L through the substitution of the
armature-distributed winding by a concentrated fractional-slot one.
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flux weakening
range
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__—torque range
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constant torque
range
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circle of rated
grmature curren

circle of maximum
armature voltage

Fig. 2.12 Trajectories described by the extremities of the armature voltage phasor V (in blue) and
current one / (in red) in the dg-plane considering the total speed range

Question Assuming an infinite extension of the flux-weakening range, find out: the

inductance ratio LTOO
ROO
Answer The ratio R—f is expressed as follows:
F

LOOI}Tms
RE D, 1
= AUl = 2.125
R L, | =07 (2-125)
Thus:

L

= ~133%

L

that is, to say a 33% increase in L which is feasible following the substitution of the
armature-distributed winding by a concentrated one.

Question Find out the base speed Q23 (in rpm).

Answer Under a unity flux ratio, the expression of the base speed turns to be:
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Vmax
Qpoo = — (2.126)
pee pq)rms \/i

which gives:

Qoo 1061rpm‘

Question Find out the electromagnetic power P, in the flux-weakening range.
Answer Under a unity flux ratio, the flux-weakening range turns to be infinite and the
electromagnetic power P, turns to be almost constant and tends to its maximum
value:

Peoo = 3lrms Vinax (2.127)

which gives:

Popoo = 62.83kW

Question Find out the power factor at the operating point corresponding to the base
speed.
Answer In the manner of the current motor, the power factor of the projected one is
expressed as follows:

p (Drms QB o]

cos g, = Fr (2.128)
max

which, accounting for the expression of 25~ given by Eq.(2.126), leads to:

COS Yoo = (2.129)

1
V2
and then:

COS Yoo = 0.707

To sum up, one can notice that an infinite flux-weakening range is achieved with:

e A decrease in the constant torque region with a base speed of 1061 rpm instead of
1200 rpm,
e A decrease in the power factor from 0.8 to 0.707, at the base speed.



72 2 Synchronous Machine Modelling

2.4.3 Comparative Study

Question Find out the characteristics giving 7., and P,, in terms of €2, (in rpm)
assuming an infinite extension of the flux-weakening range. For the sake of compar-
ison, T, (€2,,) and P,,,(£2,,) in the case of the current motor should be also plotted.
Answer

e Constant Torque Range

for N,, € [0 1200]rpm

T, =400
(2.130)
P!, =400,
for N, € [0 1061]rpm
T2 =400
(2.131)
PSy = 40082,
e Flux-Weakening Range
The speed is expressed as:
Vm(l
Qn = al (2.132)
PP \/7230 + 2R, siny + 1
which gives:
( q)VmaxQ )2 — (R2+1)
siny = ~LZrmsdim (2.133)

2R,

The electromagnetic torque T, is then expressed in terms of the speed and the
flux ratio as follows:

< Vmax )2 _ (RZ + 1)
pcbrms Qﬂl @

Tow = 3pDsIms cos | arcsin (2.134)
2R,
so does the expression of the electromagnetic power P,,,:
Vimax )2 _ ( 2 )
_ _ . <p©rms Qm R‘p +1
Pem = Tem Qm = 3P¢rms Irms COS | arcsin Qm

(2.135)
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for N,, € [1200 6000]rpm

The expressions of the electromagnetic torque 7, and power P are deduced
from Eqs. (2.134) and (2.135), respectively, where I,,,, = I, and R, = R; as

follows:
Lma)c 2 r\2
) SP:I:rm‘y}r COS | arcsin PZ2rms>ém .
]em rms r

( q)Vmaxsz )2 _ ((Rr )2 + 1)
roo_ r : PLPrmsSim 4
P, =3p®,,l],, cos | arcsin R Q)

(2.136)

Projectedmotor

for N,, € [1061  oo]rpm
The expressions of the electromagnetic torque 7, and power P.° are deduced

from Eqgs.(2.134) and (2.135), respectively, where I,,,; =1/, and R, =1 as
follows:
(o) -2
Ton = 3p®@rms ], cos | arcsin W
(2.137)

[ cRu— r 3
P =3p®,,l],, cos | arcsin

( Vinax )2 _ 5
p(brms‘sz Qm

The derived torque—speed 7,,,(2,,) and power—speed P, (£2,,) characteristics
have been plotted, for both current and projected motors. They are illustrated in
Fig.2.13. One can clearly notice the great similarity of the characteristics of the
projected motor and the DC motor ones. Such a statement has been confirmed and
experimentally validated in [4]. In spite of this superiority, it should be underlined
that fractional-slot PM synchronous machines suffer from a dense harmonic content
of the air gap flux density which induces high eddy current loss in the PMs that could
lead to their demagnetization [5, 6]. Hopefully, this drawback has been eradicated
thanks to the PM segmentation [7].
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Fig. 2.13 Characteristics giving 7,,, (up) and P, (down) versus the speed
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